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Evolution model for ginzburg-landau vortices
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Evolution model for ginzburg-landau vortices

Mean field model for the evolution of the vortex densities in a
superconductor, derived by W. E (1994), Lin and Zhang (2000):

d . .
Got0) = dv(Vh,g (1)) =0 in R?,

—Ah#(t) = ,u(t) in R.
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Evolution model for ginzburg-landau vortices

Mean field model for the evolution of the vortex densities in a
superconductor, derived by W. E (1994), Lin and Zhang (2000):

d . .
a;L(t) —div(Vh,qu(t)) =0  inR?
—Ah“(t) = ,u(t) in R.
Model proposed by Chapman, Rubinstein and Schatzman (1996)

d . .
Goh(D) = div(Vh, () =0, inQ  (CRS)

—Ah, +h,=p InQ
h,=1 ondQ.
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Evolution model for ginzburg-landau vortices

Mean field model for the evolution of the vortex densities in a
superconductor, derived by W. E (1994), Lin and Zhang (2000):

d . .
Got0) = dv(Vh,g (1)) =0 in R?,

—Ah“(t) = ,u(t) in R.
Model proposed by Chapman, Rubinstein and Schatzman (1996)

d . .
Goh(D) = div(Vh, () =0, inQ  (CRS)

—Ah, +h,=p InQ
h,=1 ondQ.

The model involves signed measures.
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Evolution model for ginzburg-landau vortices
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The positive measure setting

Suppose first that the vortex density 1 is a positive measure. In this
case we search for solutions in H—1LQ) N P,(Q), where Z,(Q) is the
space of probability measures over Q2 with finite second moment.
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The positive measure setting

Suppose first that the vortex density 1 is a positive measure. In this
case we search for solutions in H—1LQ) N P,(Q), where Z,(Q) is the
space of probability measures over Q2 with finite second moment.

The basic idea is to view a solution to (CRS) as a steepest descent
curve in 2,(Q) of the related energy:

A 1
o310 := Sl@ +5 [ (VP +Ih—17). Az,
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The positive measure setting

Suppose first that the vortex density 1 is a positive measure. In this
case we search for solutions in H—1LQ) N P,(Q), where Z,(Q) is the
space of probability measures over Q2 with finite second moment.

The basic idea is to view a solution to (CRS) as a steepest descent
curve in 2,(Q) of the related energy:

A 1
o310 := Sl@ +5 [ (VP +Ih—17). Az,

Formally find a curve t — p(t) such that

fut) = =V (u(t)).

Edoardo Mainini (Universit a di Pavia) Gradient flow of a signed measures model 4/22



Optimal transportation distance
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Optimal transportation distance

Kantorovich optimal transportation problem

nt{ [ -yRaay) e M)

Transport plans: v € [(u,v) (i.e. v € (X x X), my = p, 757 = v).

Edoardo Mainini (Universit a di Pavia) Gradient flow of a signed measures model



Optimal transportation distance

Kantorovich optimal transportation problem

nt{ [ -yRaay) e M)

Transport plans: v € [(u,v) (i.e. v € (X x X), my = p, 757 = v).
Optimal plans set: ['o(u, v).
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Optimal transportation distance

Kantorovich optimal transportation problem

nt{ [ -yRaay) e M)

Transport plans: v € [(u,v) (i.e. v € (X x X), my = p, 757 = v).

Optimal plans set: ['o(u, v).
Plan induced by a map: v = (I,t) 4.
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Optimal transportation distance

Kantorovich optimal transportation problem

nt{ [ -yRaay) e M)

Transport plans: v € [(u,v) (i.e. v € (X x X), my = p, 757 = v).
Optimal plans set: ['o(u, v).
Plan induced by a map: v = (I,t) 4.

Optimal transport distance (Wasserstein distance )

2

wau) = (int] [ x-yPa(ey)irerun})
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Gradient flow in the space (Z,(X), W,)
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Gradient flow in the space (Z,(X), W,)

Jordan-Kinderlehrer-Otto (1998) framework:
Consider a functional ¢ : &7,(X) — R and a PDE of the form

8t,ut + div (thu,t) =0.
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Gradient flow in the space (Z7,(X), W5)

Jordan-Kinderlehrer-Otto (1998) framework:
Consider a functional ¢ : &7,(X) — R and a PDE of the form

8t,ut + div (thu,t) =0.

@ Given u® € #,(X) and atime step 7 > 0, find recursively ;X
among solutions of

1
min @ W2 (y, k-t 0_ 0
LI (”)+2T 2 (v ), Por =
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Gradient flow in the space (Z7,(X), W5)

Jordan-Kinderlehrer-Otto (1998) framework:
Consider a functional ¢ : &7,(X) — R and a PDE of the form

8t,ut + div (thu,t) =0.

@ Given u® € #,(X) and atime step 7 > 0, find recursively ;X
among solutions of

1
min W2y, pkt 0 =0
Lomin W)+ o We vipe ), =

@ Constructacurve t € [0,T] — u(t) € &,(X) interpolating the
discrete values and passing to the limit as 7 — 0.
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Gradient flow in the space (Z7,(X), W5)

Jordan-Kinderlehrer-Otto (1998) framework:
Consider a functional ¢ : &7,(X) — R and a PDE of the form

8t,ut + div (thu,t) =0.

@ Given u® € #,(X) and atime step 7 > 0, find recursively ;X
among solutions of

1
min W2y, pkt 0 =0
Lomin W)+ o We vipe ), =

@ Constructacurve t € [0,T] — u(t) € &,(X) interpolating the
discrete values and passing to the limit as 7 — 0.

@ Show that the obtained limit curve satisfies the continuity equation.
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Gradient flow in the space (Z7,(X), W5)
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Existence and regularity result
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Existence and regularity result

In the #2,(2) framework, we have the following

Theorem (L. Ambrosio, S. Serfaty, 2008)
Let u° € H71(Q) N 22,(Q). Then there exists a curve
t — u(t) € H1(Q) N 22,(Q) such that:
(i) 1(0) = 0 and p(t) is solution to the (CRS) model;
(i) The above solution is the Wasserstein gradient flow of the energy

A 1
o310 = SIl@+5 [ (VP +In-1R). A0

(iii) If moreover xqu® € LP(Q), then ||xau(t)|lp < C;
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Existence and regularity result

In the #2,(2) framework, we have the following

Theorem (L. Ambrosio, S. Serfaty, 2008)
Let u° € H71(Q) N 22,(Q). Then there exists a curve
t — u(t) € H1(Q) N 22,(Q) such that:
(i) 1(0) = 0 and p(t) is solution to the (CRS) model;
(i) The above solution is the Wasserstein gradient flow of the energy

A 1
o310 = SIl@+5 [ (VP +In-1R). A0

(iii) If moreover xqu® € LP(Q), then ||xau(t)|lp < C;

The actual (CRS) model involves signed measures. Can we extend the
above framework and results to the signed case?
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Transport cost for signed measures
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Transport cost for signed measures

Extension of the 2-Wasserstein distance to the space

M (Q) = {p € M(Q) 1 Q) = &, [|(Q) <M}, KER,M>0.
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Transport cost for signed measures

Extension of the 2-Wasserstein distance to the space

M m(Q) = {u e M(Q) : u(Q) =k, |u|(Q) <M}, KeR,M>0.

First attempt: given u,v € M, m(Q), letu=pt —p- v =v+ —v~

(Hahn decomposition), and let

Wa(p,v) = W3 (" + v, 0" + 7).
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Transport cost for signed measures

Extension of the 2-Wasserstein distance to the space

Myem(Q) == {p € M(Q) : 1(Q) = £, |u|(Q) <M}, KERM=0.

First attempt: given u,v € M, m(Q), letu=pt —p- v =v+ —v~

(Hahn decomposition), and let

Wa(p,v) = W3 (" + v, 0" + 7).

@ W, does not satisfy the triangle inequality:
Let u = dg,v = 4. Let o = 61 — 62 + d3. We get

Wo(u,v) =4 and Wy(u, o)+ Wy(o,v) = 2V2.
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Transport cost for signed measures

Extension of the 2-Wasserstein distance to the space

Myem(Q) == {p € M(Q) : 1(Q) = £, |u|(Q) <M}, KERM=0.

First attempt: given u,v € M, m(Q), letu=pt —p- v =v+ —v~
(Hahn decomposition), and let

Wa(p,v) = W3 (" + v, 0" + 7).

@ W, does not satisfy the triangle inequality:
Let u = dg,v = 4. Let o = 61 — 62 + d3. We get

Wo(u,v) =4 and Wy(u, o)+ Wy(o,v) = 2V2.

@ 11— Wj(-, ) is not weakly I.s.c.
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Transport cost for signed measures
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Transport cost for signed measures

At least by Holder inequality we have, if v € To(u™ + v, v 4+ u7),

x —yPdy) > / X —y|dy > \/ oWy (),
([ _xovrar) =g [ x-vidy= /5men)

where

Walv) = Wale* +07 0" )= b xeyldy
yel(pt4v=,vt+u™) JOxQ
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Transport cost for signed measures

At least by Holder inequality we have, if v € To(u™ + v, v 4+ u7),

x —yPdy) > / X —y|dy > \/ oWy (),
([ _xovrar) =g [ x-vidy= /5men)

where

Walpor) =W 400 +p) = it [ xeyldy,
yel(ptr+v—,vt+u~) JOxQ

The new object W, is a distance, as clearly seen from the duality
formula

Wi(p" +v v +pu7) = sup / d(p—v)
pELip(Q ||4PHL|p<1
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Transport cost for signed measures
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Transport cost for signed measures

Relaxed l.s.c. version: for |v|(Q) < |u/(Q),

Wi, = it {WR(o™, 1) + WE(e™,u7)}

ot—o—=v
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Transport cost for signed measures

Relaxed l.s.c. version: for |v|(Q) < |u/(Q),

Wi i= it {WR(o",u*) + WEo™ 1)
We have

1
> —_— .
WZ(V’:U’) fel oM Wl(lb V)
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Transport cost for signed measures

Relaxed l.s.c. version: for |v|(Q) < |u/(Q),

Wi, = it {WR(o™, 1) + WE(e™,u7)}

ot—o—=v

We have

1
> —_— .
WZ(V’:U’) fel oM Wl(lb V)

The discrete scheme: given 1.° € M, u(Q), find pX+1 by

. 1
_min_ _ @)+ o W2(v, 1k).
vEM . m(Q), I(Q)=<[1X1(Q) T
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Convergence of the discrete scheme
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Convergence of the discrete scheme

Existence of a limit curve in M, ().
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Convergence of the discrete scheme

Existence of a limit curve in M, ().

From
1

1 .
A + =WE(E, Y= min @
A(/j“'r) + 27_W2 (.u“raﬂ-r ) veMy (@) )\(V) + or

W3 (v, i),

we have 1
Z—Tsz(u'i,uf‘l) + Oy (1) < OA(uhT) < dA(1),

1O _ :
> WE (s, i) < dA(ud) — da(p]) < da(p%).  (f D >0)
k=1

Gradient flow of a signed measures model

Edoardo Mainini (Universit a di Pavia)



Convergence of the discrete scheme

Existence of a limit curve in M, ().

From
1

1 .
A + =WE(E, Y= min @
A(/j“'r) + 27_W2 (.u“raﬂ-r ) veMy (@) )\(V) + or

W3 (v, i),

we have 1
Z—Tsz(u'i,uf‘l) + Oy (1) < OA(uhT) < dA(1),

1 _ :
o D Wi(pr, 1) S A7) = Oa(u7) < @a(p). (f@20)

k=1
2
Hence, for n,m € N, n > m, using (ZiN:l ai) <NYN, a2, we get

n n 1/2
3 Wik, i < <1 > w%(ut,u51)> ((n = m)r)2 < /270, (0)(n — m).

-
k=m+1 k=m+1

Gradient flow of a signed measures model
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Convergence of the discrete scheme

Existence of a limit curve in M, ().

From
1

1 .
A + =WE(E, Y= min @
A(/j“'r) + 27_W2 (.u“raﬂ-r ) veMy (@) )\(V) + or

W3 (v, i),

we have 1
Z—Tsz(u'i,uf‘l) + Oy (1) < OA(uhT) < dA(1),

1 o _ .
> WE (s, i) < dA(ud) — da(p]) < da(p%).  (f D >0)
k=1
. N 2 N
Hence, for n,m € N, n > m, using (ZiZl ai) <N, aiz, we get

n n 1/2

1 _
3T W, i) < ( ST OWBK, K 1)) (N —m)7)2 < /270, (,0)(n — m).
k=m+1 k=m+1

By Wa(v, i1) > 1/ 51 W1 (u, v) and triangle inequality,
k+l).

1 m n / 1 - k k41 - k
mwl(/‘l"rnuT)S m Z Wl(lu7'7,u’7 )S Z WZ(!‘LT“LLT

k=m+1 k=m+1

Gradient flow of a signed measures model
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Convergence of the discrete scheme
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Convergence of the discrete scheme

We are left with

Wa(p7, 17) < /AM®, (1)°(n —m)r.
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Convergence of the discrete scheme

We are left with

Wi (p?, 17) < V/AMOA(1)°(n — m)r.
Interpolation: fort > 0, let

m.(t) = pk ifte((k —1)7, k7], k > 0.
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Convergence of the discrete scheme

We are left with

Wi (p?, 17) < V/AMOA(1)°(n — m)r.
Interpolation: fort > 0, let
m.(t) = pk ifte((k —1)7, k7], k > 0.
We find the C% /2 estimate

Wi (7, (1), 72,(5)) < V20x(m) V[t —s[+7 Vs, t>0.
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Convergence of the discrete scheme

We are left with

Wi (p?, 17) < V/AMOA(1)°(n — m)r.
Interpolation: fort > 0, let

m.(t) = pk ifte((k —1)7, k7], k > 0.
We find the C% /2 estimate
Wi (7, (1), 72,(5)) < V20x(m) V[t —s[+7 Vs, t>0.

A limit exists by compactness:

i, (1) = p(t) inthe sense of measures, for a.e. t.
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Variational result
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Variational result

For simplicity let Q = R2.
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Variational result

For simplicity let Q = R2.

Theorem (L. Ambrosio, E. M., S. Serfaty, 2010)

Consider a single step of the minimization problem above, starting
from p € LP(R?), p > 4.
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Variational result

For simplicity let Q = R2.

Theorem (L. Ambrosio, E. M., S. Serfaty, 2010)
Consider a single step of the minimization problem above, starting
from p € LP(R?), p > 4.

@ There exists a minimizer p, € LP(R?) such that ||u-[|p < ||x/|p-
(uniform in 7 estimate)

Edoardo Mainini (Universit a di Pavia) Gradient flow of a signed measures model



Variational result

For simplicity let Q = R2.

Theorem (L. Ambrosio, E. M., S. Serfaty, 2010)
Consider a single step of the minimization problem above, starting
from p € LP(R?), p > 4.
@ There exists a minimizer p, € LP(R?) such that ||u-[|p < ||x/|p-
(uniform in 7 estimate)
@ There holds

1 1 _
_thTNT = g W;lg&((x - y)'Y(T) =+ ;77;1@&(()( - Y)'Vo )7

where vg € Fo(u, 1g) and 7 € To(ur, 1g)-
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Sketch of the proof
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Sketch of the proof

@ The regularity part: there exists functions ¢ : R — R, with

p-growth, such that
R2 R2
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Sketch of the proof

@ The regularity part: there exists functions ¢ : R — R, with

p-growth, such that
R2 R2

(They are characterized characterized by the McCann (1997)
displacement convexity inequality: 2x2¢"(x) > x¢'(X) — (X))
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Sketch of the proof

@ The regularity part: there exists functions ¢ : R — R, with

p-growth, such that
R2 R2

(They are characterized characterized by the McCann (1997)
displacement convexity inequality: 2x2¢"(x) > x¢'(X) — (X))

@ The Euler-Lagrange equation: suppose ., is the minimizer.
Consider a variation of the form

(MT)E = (I + 55)##7’)

where ¢ is a C3° vector field. First order argument:

1 1 _
Ve = —7h(X —y)0g) + — 7h (X — ¥)g):

Edoardo Mainini (Universit a di Pavia) Gradient flow of a signed measures model



Limit PDE
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Limit PDE

Theorem (L. Ambrosio, E. M., S. Serfaty, 2010)

Let 0 € L4(R?). There exists a minimizing movement y(t) and it
satisfies

%,u(t) — div(Vh,me(t)) =0 in D'((0, +00) x R?),

where p(t) is a suitable positive measure satisfying o(t) > |u(t)].
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Limit PDE

Theorem (L. Ambrosio, E. M., S. Serfaty, 2010)

Let 0 € L4(R?). There exists a minimizing movement y(t) and it
satisfies

%,u(t) — div(Vh,pe(t)) =0 inD'((0, +00) x R?),

where p(t) is a suitable positive measure satisfying o(t) > |u(t)].

Idea of the proof: in the sense of distributions (¢ € C2(R?)),

& Lot - (/ sautst = [ odut) e,

& [ odn Za{m [ 600 = 0y 895y,
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Limit PDE
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Limit PDE

d
at J, ¢d#T Z&kf} </ (Vo(x),x —y) dy T (x,y) +R5>

=2 dun ( / (Vo) x = yyd () (75)5+1)(x,y)>+ o(2).
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Limit PDE

d
i ¢d#T Z::%w} </ (Vo(x),x —y)drti(x,y) +R5>

= Z Ofkr} (
k=0

But  —Vh, (uf)* = 2aL((x —y)(g)%),
Vhu (15) ™ = 2m5((x = y)(70 )%)-

) (G = 00 )7 ey) - o(0)

><]R2
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Limit PDE

25%} </ (Vo(x),x —y) dystH(x y)+R">

d
i ¢duT
:Za{h (f )ox =¥y (G4 = 06 )7 )0y) - of0)
K—0 ><]R2
BUt  —h,e ()" = dr((x — y)(5)5),
Vi ()~ = 2k ((x ) ).
We find
d B e’}
L0970 = = ot [ (9000 9 0) ik )+ 02

Gradient flow of a signed measures model
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Limit PDE

25%} </ (Vo(x),x —y) dystH(x y)+R">

d
i ¢duT
=Za{k7( V600X -y} d (695 - () )+ o).
k=0 2%
But  —Vh (u)* = Lk ((x —y)(1)%),
Vs (1)~ = Led (¢ — y)(3 )%):
We find
G L oam ) = =3 w6 [ (Tox). This () d1uk]) + o(0)
k=0
u(t) for any t, but

Passing to the limit as 7 goes to zero, we have 7 (t)

- (O] = o(t) # |p(t)].

Gradient flow of a signed measures model
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Limit PDE

25%} </ (Vo(x),x —y) dystH(x y)+R">

d
i ¢duT
=Za{k7( V600X -y} d (695 - () )+ o).
k=0 2%
But  —Vh (u)* = Lk ((x —y)(1)%),
Vs (1)~ = Led (¢ — y)(3 )%):
We find
G L oam ) = =3 w6 [ (Tox). This () d1uk]) + o(0)
k=0
u(t) for any t, but

Passing to the limit as 7 goes to zero, we have 7 (t)

72, (t)] — o(t) # |u(t)[- Then
gt ¢dpu(t) + /2<V¢7Vhﬂ(t)>dg(t):

Gradient flow of a signed measures model
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Limit PDE
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Limit PDE

A more interesting formulation is

d

g2 (O = div(Vh,ge (1) = —o(t)
St ~(t) +div(Vh, e (1)) = —a(t).
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Limit PDE

A more interesting formulation is

;Q+(t) —div (Vh#(t)9+(t)) =—o(t)
St ~(t) +div(Vh, e (1)) = —a(t).

The term o > 0 is responsible of mass cancellation.
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Limit PDE

A more interesting formulation is

%Q+(t) —div (Vh#(t)9+(t)) =—o(t)
St ~(t) +div(Vh, e (1)) = —a(t).

The term o > 0 is responsible of mass cancellation.

Remark : Orthogonality preserving solutions to the system above are
solution to

SLult) — div(Vh, g [u(H) =0.  (CRS)

Edoardo Mainini (Universit a di Pavia) Gradient flow of a signed measures model



The boundary
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The boundary

Unigueness of solutions up to the boundary.
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The boundary

Unigueness of solutions up to the boundary. \

We work with probability measures. We begin with a formulation that
accounts for the boundary.
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The boundary

Unigueness of solutions up to the boundary. \

We work with probability measures. We begin with a formulation that
accounts for the boundary.

The actual formulation in Ambrosio, Serfaty (2008) is

d . .
ap(t) — div(xoVh,mu(t)) =0 inR?>  (CRS?2)
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The boundary

Unigueness of solutions up to the boundary.

We work with probability measures. We begin with a formulation that
accounts for the boundary.

The actual formulation in Ambrosio, Serfaty (2008) is
d . .
ap(t) — div(xoVh,mu(t)) =0 inR?>  (CRS?2)

In the sense of distributions this means

//6t¢xtdut+/ /th -Vo(x,t)du = 0.
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The boundary
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The boundary

Notation. If u € 2(Q), let i = xau, it = Xoqk-
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The boundary

Notation. If u € 2(Q), let o = xau, L = xXoqu-
We try to be even more precise on the role of the boundary with the
following
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The boundary

Notation. If u € 2(Q), let o = xau, L = xXoqu-

We try to be even more precise on the role of the boundary with the
following

Definition (regular gradient flow)
Let T > 0. A solution of problem (CRS 2) is a regular gradient flow if
) )]l € L>(0,T),
i) (Vh,q)(x),y —x) > 0forall (x,y) € supdy(t)) x Qandt e (0,T].
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The boundary

Notation. If u € 2(Q), let o = xau, L = xXoqu-

We try to be even more precise on the role of the boundary with the
following

Definition (regular gradient flow)
Let T > 0. A solution of problem (CRS 2) is a regular gradient flow if
) )]l € L>(0,T),
i) (Vh,q)(x),y —x) > 0forall (x,y) € supdy(t)) x Qandt e (0,T].

Condition (ii) means that, at least for convex €2, the (limit of) velocity
field at the boundary points away from €.

Edoardo Mainini (Universit a di Pavia) Gradient flow of a signed measures model



Existence of a regular gradient flow
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Existence of a regular gradient flow

Theorem (E.M., 2009)

Let Q be convex. Let 1i% € L>=(Q).
Then there exists a regular gradient flow p(t) such that (0) = f°
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Existence of a regular gradient flow

Theorem (E.M., 2009)

Let Q be convex. Let 1i% € L>=(Q).
Then there exists a regular gradient flow p(t) such that (0) = f°

The proof is based on a new variation, made on the boundary: let x.,
be a discrete minimizer and

(1tr)e = [ir + &?Tep(0) + (1 — a®)fir.

where a = (1 —€)2. Here 0 < £2.Q and T € To(fir, o).

Edoardo Mainini (Universit a di Pavia) Gradient flow of a signed measures model



Existence of a regular gradient flow

Theorem (E.M., 2009)

Let Q be convex. Let 7i° € L=(Q).
Then there exists a regular gradient flow p(t) such that (0) = f°

The proof is based on a new variation, made on the boundary: let x.,
be a discrete minimizer and

(1tr)e = [ir + &?Tep(0) + (1 — a®)fir.

where a = (1 —€)2. Here 0 < £2.Q and T € To(fir, o).

Theorem (E.M., 2009)

Let Q be convex. Let x!, 12 be regular gradient flows. Then
pt(0) = 12(0) implies pt(t) = p?(t) forall t € [0, T].
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