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Hamma menb — pemuTs Caeqymomyo 3a1ady:
IMpocToe aucao Buga 4k + 1 npeacrapiseTcsa B BUAE CYMMBI 2 KBaPATOB.

[ns ee permeHus Mbl GyneM TOMB30BATHLCA HEILIMU MayCcCOBRIMM unciamu (o6osHauenue: Z[i]), T. e.
KOMTLIEKCHBIMU YUCIAME, ¥ KOTOPHIX ICUCTBUTENbHAA W MHUMAaA Jactu o6e mensie. C saTuMum «ducaamu
MOKHO 06paImaThCa KaK ¢ OOBIMHBIME HeJbIMU 9ucIaMi. B 9acTHOCTH, AJI1 HUX BepeH aHAIOr TeopeMEl O
PA3IOKEeHUN Ha MPOCThIe MHOKHUTEIN.

[Tenoe TayccoBo YUCIO G HA3BIBACTCA 06DAMUMbIM, €CITU €IVHUIY MOXHO MPEACTABUTHL B BUIe ab = 1
IJIs1 HEKOTOPOT'O IENOro rayccoBa b (MHBIMM CI0BaMHM, BCe YUCIa U3 Z[i] nenarcs Ha a.

Yup 1. Kakue nesnsre rayccopsl 9ucaa o0paTuMEBL?

Yuceno a HABBEIBAETCA NPOCMbIM, ECIU OHO HE 0OPATHMO, a IJIA JI0OOT0 PA3IOKEHUA HA MHOXKUATEMN 4 = be
au60 b, 6o ¢ 06paTUMO.

B permenuu 3a1aum HaM TOMOXKET CJACIYIOMUN (AKT, JOKA3ATEILCTBO KOTOPOT'O ABJIACTCA HAIIEH O~
JKAUIIeN Meabio:

a) J1060€ IUCA0 PACKIAIBIBACTCA B MPOU3BENCHUE MTPOCTHIX.

6) BTO pPAa3MOKEHUE eIVHCTBEHHO C TOYHOCTBIO 0 IEPECTAHOBKMA COMHOXUTENEH U JO JOMHOMKEHU
KaXOr0O U3 HUX HA OOPATHMBIL.

[loKa3aTeIbCTBO ABIACTCA HEKOTOPHLIM 0000IIEHIEM OOBIYHON TEOPEMEI O CYIIECTBOBAHUN U €[UHCTBEH-
HOCTHU pasioxkeHusa Ha npocteie. Kak u npex e, Mbl Gy 1eM NOMb30BATHCA BO3MOXKHOCTBIO JEJACHUA C OCTAT-
KoM. [lA 3TOro CHAYaNa HYXKHO HAYYATHLCA KAK-TO CPDABHUBATDL LIEJILIE TAyCCOBBHI YMCIa. BBeieMm Ha HUX
nopmy n: Z[i] - NU {0}, xotopas onpegeaserca tax: n(a + bi) = a® + b*.

1. (Teomerpudieckas uHTEpOPETALNA)

a) Ilycre nan xBagpar ABCD u touka K BuyTpu Hero. JlokazaTb, 9T0 XOTa Obl OJHO U3 PACCTOAHUN
AK, BK, CK, DK cTpOro MeHbIIEe CTOPOHLI KB IPATA.

6) [lokasaTh, 9TO B Z[i] BO3MOXKHO JeJeHne ¢ OCTATKOM: I JIOOLIX IBYX LEABIX TayccoBrX a n b (b # 0)
CyLIECTBYIOT Takue ¢ u T, 910 a = bq + r u n(r) < n(b).

2*, TloBropuTh paccyxaeHue 3agadu 1 anrebpandeckuMu MeTOAaMU (MOXKHO MOMB30BATHCA G€3 I0Ka-
3aTENLCTBA M3BECTHEIMEA HAM (PAKTAMEU U3 OOLIYHOW TEOPUH THCEJ, HAIPUMED BO3MOXKHOCTBIO MEJEHHUA C
OCTATKOM, TIDUHIIATIOM ApXUMEIa, ... )

llanee, B 3amavax 5—9 moa caoBoM ”¥mcao” ciregyeT MOHMMATBL UMEHHO IEI0€ I'ayCCOBO HUUCIO.

Hauboavwum obuwum deaumenem ducer a # 0 u b # 0 HasbIBAETCA UX OOUIMY IEIATENL C HANOOJIBIIEH
HOPMOM.

5. llokasats, uro HO/I cymecTByeT n eIMHCTBEHEH C TOYHOCTBIO 10 HOMHOXKEHUSA HA 0OpATUMBIE.
yKaBaHI/IeZ MOBTOPUTH AJA HaAIlEr0 CAyvasd aalrOPUTM EBKJII/IA&.

6. [lokazars "memmy o amuenHoM pasnoxennun HOI”: nycts d — HO/ a # 0 u b # 0. Torga cyrmme-
CTBYIOT Takme u U v, 910 d = au + bv.

Yucao a HABBIBAETCA NPOCMbLM, €CIU OHO HE 06PATUMO, & Ui JI000T0 PABIOKEHUI HA MHOXUTENU a = be
au60 b, 60 ¢ 06paTUMO.

7. Doxkazars "aeMMmy 0 cokpameHun”: mycTh ab gerurca Ha ¢ (T. €. cymecTByeT Takoe k, ato ab = kc),
U a ¥ C 63aumMno npocmel (T. €. He UMEIT OOMIUX AEIUTENeH, OTIUYHEIX 0T oOpaTuMbix). Torga b neaurcs
HA C.

8. [lokazaThb, 9TO J00BIE 2 MPOCTHIX MO0 B3AUMHO IPOCTHI, JJUO0 OTANYAIOTCA Ha 0OpATUMBLIN MHOXKU-
Telb.

9. [oxkaxuTe TEOPEMY O PA3I0KEHNUW Ha TPOCTHIE A Z[i].

Teneps npuMeHNM Hamw MO3HAHUA K npakTuke. [lna Havana pazbepeMcs, KaKUMU BOOOIIE MOIYT OBITH
MPOCTHIE LEIBIE MayCCOBBI YUCIA.

10. [okasaTb, 9TO HOpMa HPOCTOrO I'AyCCOBA YUCIA €CTh CTENeHb (HATYPAIbHOIO) HPOCTOrO HUCIA.
Yemy MOXKET OBITH PABEH MOKA3ATENb 3TOU CTEIEHN?!

11. Teopus umcen yuur, uro ecim p = 4k + 1 — HATypanbHOE MPOCTOE HUCIO, TO CYIIECTBYIOT TaKue
HAaTypalbHEe @ ¥ b, uTo a? + b2 meruTcsa Ha p, a ecIm p — IPOCTOE HATYpaATLHOE Umcio Buma 4k + 3,
TO Takux a u b He CymecTByeT. DTOT (PAKT MPENONaraeTCsA M3BECTHLIM, HO TIPU KEIAHUU MOXKHO ero
JOKa3aTh. (DTO NOKA3BIBAETCA CYyLMIECTBEHHO APYTUMU METOAaMHU, €M PacCMOTpeHHbIe Boiute.) Ucnonbays
3TOT QakKT, PEmUTh 334341y, CPOPMYIUPOBAHHYIO B HAaYAaJe.

12. OnumuTe BCe MPOCTHIE MAyCCOBLI YNCIa (B TEPMUHAX HATYPATBHBIX TPOCTHIX TUCEN).

13. (Coscem "mpaxTuyeckas” 3anata) HailTu Bce HaTypatbHbIe uncta a u b, Takue 110 a’ + 4 = b>.



Ilearre rayccoBbl 9mCIa MO3BOIAIOT PEIIATH MHOTHE 3a1a4u, C(hOPMYJUPOBAHHLIE B TEPMUHAX HATY-
PATBHBIX YUCEI, HO MHOTJA UX HeqocTaTouno. Hanmpumep, yciaosue 3anadu 14 (cM. HEXKeE) OUEHB TIOXOXKE HA
ycaoBue 3aaa4uu 13, HO PEemuTh €€ MOMHOCTHIO AHAJOTMYHO, MONb3YACH IEILIMA TayCCOBEIMU YMCAAMY, HE
nonyuaerca. Ho momoraer 6onee cumbHOE 0000IIEHNE TOHATHA HATYPAJBLHOTO YUCI0 — obiiee anrebpan-
YECKOE MMOHATHUE KOMBIA.

HewmHoro o6imen Teopuu:

MHOX)eCcTBO A HABBIBACTCA GCCOUUGMUBHBIM KOMYMAMUESHBIM KoAbUOM ¢ edunuyet 6e3 deaumenets nyan
(manee — MPOCTO KOMBIIOM), €CJIA B HEM €CTh 2 ONepAIiu, CJIOKEHUAE U YMHOXKEHHUE, IPUA DTOM BBIIOJHEHO
CJeIyIOIee:

(a+b)+ec=a+ (b+¢)
0+a=a+0=0

s 1106010 BaeMeHTa CymeCTBYeT OOPATHLIN 1O CI0XKeHuto a + (—a) = 0
a+b=b+a

a(b+ ¢) = ab+ ac

ac + be = (a + b)c

(ab)c = a(be)

l-a=a

ab = ba
ecmab=0,Toa=0umwmb=0
1#0

Yup 2. 0 egunacreenen, 1 eguncreenna, 0a = 0.

Yup 3. Ecau ac = be, To a = b.

OJIEMEHT @ KOJbIIA HA3LIBACTCA 00pamumbim, €CId HangeTcs Takoe b, uro ab = 1. IIpu 5ToM b Ha3BIBAIOT
0OpaTHBIM K G.

Yup 4. llpoussenenne 06paTUMBIX IEMEHTOB 0GPATUMO, OOPATHEIN K OOPATUMOMY DJIEMEHTY TaK¥Ke
obpaTum.

3*. Hopmoti sneMeHTa KOJbLA Ha3blBalOT Takyio dyskmuio n: A — N U {0}, aro n(ab) = n(a)n(b).
Kosb1o ¢ 1aHHON HOPMOW HA3LIBAIOT €6KAUJ068bLM, €CAU TaM €CTh ~ HeJeHHe C OCTATKOM”: IJA JIOOBIX 2
saemenToB g u b (b # 0) cymecTByoT Takue q u r, 9To a = bq + 7 u n(r) < n(b). MokazaTs, 9TO:

a)n(a)=0&a=0

6) n(a) =1 & a o6paTum

4%, (3agada B CTOpPOHY)

MoxHo npenbasaiaTh Gogee ciaabble TpeGOBaHUA K HOpMe, a uMeHHO: eciu a # 0, To n(ab) > n(b).
Omnpegenenue eBKJINIOBOCTA MOXHO OCTaBUTEL Oe3 uaMenenun. Toraa

a) a =0 & n(a) — MUHUMATBLHBLIY BIEMEHT MHOXKECTBA 3HAYCHUN 7.

6) a obpaTnm < n(a) — MUHUMAILHBIN DJIEMEHT MHOXKecTBa 3HaveHnu n Ha A \ {0}.

B) Eciu nas mexoroporo b seimosnseno n(ab) = n(b), To a obparum. O6parHo, eciu a o6paTuMm, TO
n(ab) = (b) pas ao6oro b.

Yup 5. llposepbTe, 9TO BCE yTBEPXK ACHUA 33439 5—9 BHITOMHEHEI 714 TPOU3BOILHOT0 €BKJIM0BA KOTbIA
(TonbKO €N0BO ”uUC0” CrenyeT Tenephb MOHUMATHL KAK ~BJIEMEHT KOJbIa” ).

Tenepb MBI MOXKEM CKa3aTh, YTO LEJBIE MAyCCOBLI YMCAA C HOPMOU, ONPENEJEHHOU BEHIIIE, ABIAIOTCA
€BKJIUI0BLIM KOABIOM. [anee Bce KOABIA B 3a1a9aX MOAPA3yMEBAIOTCA eBKINIOBEIMA.

Kak MBI y2Ke TOBOpPWIN, PEIIUTE 3a4ady 14 MOJHOCTBIO aHAJOTMYHO 3ajade 13, mOIb3yAach TOMBKO IIe-
JLIMUA TayCCOBBIMU YUCIAMU, HE MOJYydaeTCA. [loDTOMY MOME3HO PACCMOTPETH APYroe KOMbIO, & WMEHHO
uncaa Buga a + v/2bi ¢ Hopmoit a? + 2b%. JJoKa3aTerbCTBO BO3MOKHOCTH JEICHUA € OCTATKOM MOIHOCTBIO
AHAJIOTUYIHO.

14. HajiTu Bce HATypaIbHBIE UUCIA @ U b, Takue 4TO a’ + 2 = b3,

15%. Byzger /u eBKINZOBBIM KOIBIOM MHOXKECTOB UHCel BUAA a + by/2, rie a u b — messle, ¢ HOPMOI
n(a + bv/2) = |a® — 20%|?

He BCce K0mbIIa, B KOTOPBIX BBIMOJHEHA TEOPEMa O CYIIECTBOBAHUU U €IUHCTBEHHOCTU DPA3IOKEHUS HA
MPOCTHIC, ABIAIOTCA €BKIMAOBEIMEU. HampuMep, MHOTOYIEHBI OT OJHOU TEPEMEHHON ¢ KOX(P(UIMEHTAMA B
Q, R wmu C 06pasyoT eBKAMA0BO KOALUO (T. €. MBI JOKA3AIH A HUX TEOPEMY O DA3JIOKEHUU HA HEPUBO-
OVMBIE MHOXKUTEN), a ¢ Koddduimenramu B Z — HeT. TeMm He MeHee, A4 HUX €JUHCTBEHHOCTD PA3I0KEHUS
MMEET MECTO, YTO O0BACHACT BOZHUKHOBEHME CJAeqylomen 3aa49n. [Jego B ToM, 9T0 HHOrAa OLIBAECT yI0OHO
TMOJIB30BATHCA HE CAMUM PA3JIOKEHUEM HA MPOCTHIE MHOXKUTEN, 8 YTBEPXKEHUAMHI 321349 7 1 8.

16*. TlycTh PO KOMBIO W3BECTHO TOMBKO TO, UTO OBLIO CKA3aHO B HAYAIE, €BKIMA0BOCTH HET. HO mycTh
BEITIOJHEHA TEOPEMa O CYyIIeCTBOBAHUY U €IMHCTBEHHOCTH PA3JI0XKEeHN HA IPOCTHIE MHOKHATeI. JokaxuTe
B DTUX IPEIIOIOKCHAAX:

a) sagavy 7



6) sagavy 8
17. JlokaxuTe, 9TO B KOMbIIe WUCeT BUIA a + v/3bi Teopema O CYIMECTBOBAHUM M eIWHCTBEHHOCTH
Pa3IoKeHNs Ha TPOCTHIE HE BEpHA.



