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O HEKOTOPBIX TOMOJOIMIECKIX JOKa3aTeIbCTBAX
OCHOBHOI TE€OPEMBI aIreOphl

I1. E. [Iymkapn*

BBEJIEHUE

OcHoBHasi TeopeMa aireGphbl YyTBEpXK,aeT, 4TO B MoJe KOMILIEKCHBIX YH-
cen qi060e anrebpanvdeckoe ypaBHeHHe HMeeT KOPeHb. DKBHUBaJeHTHAs Bellle-
CTBeHHAsi (POPMYJINPOBKA: JM00ON BeIIeCTBEHHBIN MONMHOM PACKJa IbIBAETCSH
B NMpOU3Be/leHNe JUHEHHBIX I KBaIPAaTHYHKIX COMHOXHUTeJNell — MOXKeT OGBITh
JoKa3aHa 6e3 WCHONb30BAHUS MOHATHS KOMILIEKCHOTO YHCIa (CM., HalpuMep,
nokazateanctBo A. B. [lyxaukosa [1]). B macTosmein 3aMeTke MBI 06Cy XK Ta-
eM TomoJorudeckne (haKThI, JeKalllne B OCHOBe nokazaTelbcTBa A. B. Ilyx-
JUKOBA H HEKOTOPHIX JIPYTUX MOKA3aTelbCTB OCHOBHON TEOPEMEI aireGphl, n
mpejiaraeM Jpyroe nMoKazaTeJbCTBO OCHOBHON TeopeMbl alreGphl, TaKkKe He
HCMOMB3YIONIee MOHATHE KOMILIEKCHOTO 4Yncjia (OCHOBAaHHOE HAa TOHATHH CTe-
MeHN OTOOpaKeHN).

[IpuBenenHOe B cTaThe [OKAa3aTeIbCTBO OCHOBHON TeOpeMbl ajirebphl Mo-
SIBUJIOCH B pe3yjibTaTe O06IyMbIBaHusA gokazaTeabcTBa A. B. [lyxaukoBa, xo-
TOpoe OBLIO pa3buTO Ha 3aa4d, NPelIoKeHHBIE CTYIeHTaM BTOPOro Kypca
MK HMY na cemmaapax mo MaTeMaTHIeCKOMY aHaJn3y.

ABtop 6aarogapen A. I'. XoBaHCKOMY 3a MOMOIIb W BHHMaHHe K DTOMN
3aMeTKe.

1. O TONOJOTUYECKUX ®AKTAX JEXKAIIUX B OCHOBE
«BEIIECTBEHHOT' O» JOKA3ATEJBCTBA OCHOBHOM TEOPEMBI
AJITEBPHI.

Chopmyanpyem HeoOXOMUMEIE OTPeIeIeHNus.
HamomuuM, 9TO HenmpephIBHOe OTO6pakeHme Ha3BIBaeTCAd COOGCTBEHHBIM,
ecan Mpoobpa3s M1060ro KOMNakTa — KOMMIAKT.

*Pabota mogaepxkana Poccuiickum Pomgom Pyrsamentansabix Vccrenosarmin (mpo-
exT 96-01-01104) u rpanTom INTAS-94-4373.
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ycts M™HE M™ — raagkume Muoroo6pasus pasmepnocT n+ k u n co-
otBetcTBerno (k > 0), f: M™% 5 M"™ — rnagkoe oTo6paskenne.

Touky o6pasza oTob6paxkenusi f Ha30BeM CHJAbHO PEryJspHBIM 3HAYEeHHEM,
eciu Cpejin ee MPOOGPa30B HaleTcs TOYKA, quddepeHinag oTobpakenus f
B KOTOPOH MMeeT MaKCHMalbHBIN paHT (paBHBIH 1).

Touky obpaza oTobpaxkenus f OygeM Ha3bIBaTh CHILHO OCOOLIM 3Hate-
HIEeM, eclii BO BCeX ee mpoobGpaszax paHr guddepeHinala He MaKCHMaJTbHBIT
(MeHbBIIE 7).

Takum obpaszom, MBI pa3buan o6pas oToOpakenns f Ha ABa MHOXKECTBa
— MHOYXeCTBO CHJBHO PeryJspHBIX 3Ha4YeHUN OTOOpaxKeHus f U MHOXKECTBO
CHTBHO OCOOKIX 3HAYEeHHH OTOOpa)keHus f.

YHOPAKHEHUE. Kaxum modcem 6bimb MHOMNCECME0 CUABHO 0COOBIT 3HA-
uenuti omobpaxcenus f:R =R, f(z)=2" +ajz" '+ -+ a,?

ChopMyanpyem OCHOBHON TOMOJOTHYeCKHT PAaKT, JeKAIINNd B OCHOBe TPH-
BeJIEHHBIX HUYKE JOKa3aTeJbCTB OCHOBHON TeOpPeMBl aarebpH.

TEOPEMA 1. Iyems f: M™% — M"™ maxoe 2aadxoe cobemeennoe omo-
bpaxcenue, umo:
a) donoanenue do MHONCECTN6A CUABHO 0COOMIT 3Hauenut omobpaxcenusn f
C6A3HO,
6) MHOMNCECTN6O CUABHO PECYAAPHBIT 3HAUENRUT omobpadcenus f nenycmo.
Tozda o6paz omobpaxcenus [ coenadaem ¢ muo2oodpaszuem M™.

JIOKABATEJBCTBO. /lokaxeMm, 9TO MHOXKECTBO CHJIbHO peryJaspHBIX 3Ha-
YeHUIl OTKPBITO U 3aMKHYTO B JOTMOJHEHNN K MHOXKECTBY CHIBHO OCOOBIX 3HA-
YeHU.

1. MHOXeCTBO CHABHO PeryasipHbIX 3Ha4YeHUH OTKphITO B M.

DTO O4YeBHJHOE CJeJCTBHE W3 TeopeMbl O HesiBHOW (yHkumu. CiemoBa-
TeThHO, DTO MHOYXKECTBO OTKPHITO U B MOJAMHOXKecTBe M"™ — [HomosHeHun 10
MHOXKECTBa CHJIBHO OCOOBIX 3HaYeHUll 0TOOpaxenus f.

2. MHOXeCTBO CHIBHO PEryJasipHbIX 3HAYeHUH 3aMKHYTO B JOMOJHEHUH K
MHOXKECTBY CHJABHO OCOOBIX BHAYEHUN.

PaccmoTpnm nocie[oBaTebHOCTH CHIBHO PeryaspHBIX 3HAYeHHT (Z;) CXO-
IANIYIOCA K TOYKe a, He JieXKalllel B MHOXKeCTBe CHJAbHO OCOOKIX 3HAYEHHH
otobpaxkenns f. O6bequHeHNE YICHOB MOCIENOBATENBHOCTH (Z;) W TOYKA @
— komnakT B M". Tak kak oTobpaxkenne f co6CTBEHHO, ero Mpoobpas —
kommakT B M"T*. BriGepem mo mpoo6pasy y; ToUKH z;. Y TOCIeIOBATENb-
HOCTH (IY;) €CTh CXOJAMIASACS IOIMOCTe0BATENLHOCTE (3/1€Ch, COBCTBEHHO, 1
NCTOIBb3YeTCs COGCTBEHHOCTh 0TOOpakeHus f), cXoaaiascsa K Touke z. OTo-
GpaxkeHne f HeNpepBIBHO, cilenoBaTenbHO f(z) = a.
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Takum o6pazom, a 1ekuT B 06paze f U He HPHHA/IEKUT MHOKECTBY CHJIb-
HO 0COOKIX 3HavYeHn oToOpaxenus f. CreoBaTelbHO @ CHIBLHO peryaspHOe
3HaveHne oTobpaxkenus f. YTBepXkKjeHHe 0 3aMKHYTOCTH JOKa3aHO.

B cuny ycaoBuit Teopembl 1 n JoKa3aHHBIX YTBEePXK IeHHH MHOXKECTBO CHJIb-
HO peryJispHBIX 3HAY€HHU OTKPHITO, 3AMKHYTO W He MyCTO B JOMOJHEHUH [0
MHOXKECTBA CHJIBHO OCOOBIX 3HaYeHUll 0TOOpaxeHnus f.

ITockonbky momoaHeHWe CBA3HO, TO OHO COBMATAaeT ¢ MHOXKECTBOM CHILHO
peryJaspHBIX 3Ha4YeHull oTobpaxenus f. Teopema mokasana.

JlokaxxeM TpW MOMOIIN TeOpeMEl 1 OCHOBHYIO TeopeMy aarebpHI.

1. «Komnaercnoer dokazameabcmeo 0cHO6HOT MEOPEMDBL AA2EBDBL.
PaccmoTpum otobpaxkenne f: C — C, f(z) = 2" +a12" L+ - -+ a,.
OTobpaxenne f — cOGCTBEHHO. DTO CAeIyeT W3 XOPOIIO W3BECTHOH OleH-
K abCOJIOTHOW BeJWYNHBI KOPHEH ypaBHeHUS dYepe3 KOd(P(UIHEHTHI ypaBHe-
unst (cM. [2]). MHOXKeCTBO CMIBHO OCOBBIX 3HAYEHNT OTOOpaKeHns f KOHETHO,
Tak KakK CHABLHO OCOBLIX 3HAYEHHN He 60JbIIe YeM KOpHeH Mpou3BofHoin. Muo-
JKECTBO CHTHHO PETyAAPHBIX 3HAYEHWH, O9eBH/HO, He TYCTO.
CremoBatensro, f(C) = C n Teopema jgokasana.

2. Ob6cyuM BellleCTBeHHOE MOKA3aTeabCTBO OCHOBHOUW TeOpeMbl airebGphl
— nokasaTeabcTBO A. B. IlyxaukoBa.

CohopmyanpyeMm caenyioliiee yTBep:K JeHIe:

YTBEPXKIAEHUE 1. Jhob6oii 6euecmeennniii noaurnom cmenenun > 3 nped-
cmasum 6 6ude NPou36edenus d6yr NOAUHOMOE MEHBULET CMENEN.

[I1AH JOKABATEJILCTBA: OTOXICTBUM TOJHHOMEl CTENMEHH ¢ CO CTap-
MM K0>((HUIHEHTOM paBHBIM efuunIe ¢ R (0TOXeCTRISEM TOIHHOM C €ro
KOO PHITEeHTaMN).

PaccmoTpum oTobpakenne yMuoKenns i; : R xR"™" = R”, (f, g)— f-9.

n—1

Omnpegennm otobpaxenne p : [ J R* x R*™* — R"™ kak otobpakenne,
=1

COBMAfafolliee HA KaXKJTOU KOMIOHEHTE ¢ COOTBETCTBYIOIINM OTOOpaKEHHEM

YMHOXKEHUS ;.

Ham meo6xommMo moka3zaTh, 9TO 2TO oTobpakenne «Hay. MBI XoTuM Boc-
MOJB30BaThCsi TeopeMon 1.

Bo-mepBuIX, 1ad 5TOro HE06X0IMMO OMUCATH MHOXKECTBO CHIBLHO OCOOBIX
3HAYEHUU OTOOPAKEHUS L.

3aMedaTenbHBIN PAaKT COCTOUT B TOM, 9TO Ju(PepeHnnan oToopakeHus
{; B TouKe (f, g) HEBBIPOXK IE€H, €CIN U TOMBKO €CJIH HaNOOMBIINT OGN Ten-
Tenb moanHoMoB f m ¢ paBen 1 (cu. [1]). DTo nmo3BoiseT onncaTh MHOXKECTBO
CHUJIBHO OCOOKIX 3HAYEHHH OTOOPaXKeHus K.



O TonogoruieckKux JOKa3aTelbCTBaX OCHOBHOH TeopeMbl aﬂre6pm 93

[Ipu HedeTHOM N MHOXKECTBO CHJIBHO OCOOBIX 3HAYEHHH OTOOPaKeHUS [
COBMaJaeT ¢ MOJWMHOMAaMM Bujga (z + a)”, a mpnm 9eTHOM 7 CONEPKHUTCA B
MHOKeCTBe MOoJHHOMOB Buja (22 + ax —}—b)”/2. Jlomonnenne 10 DTUX MHOXKECTB
CBSI3HO (MOYYHTEIbHOE yIpaXKHEHNHe).

Bo-BTOpHIX, HYKHO TPOBEPHTH, 9TO OTOOpaxkenne y — cobCcTBeHHOE (CM.
[1] 1 10Ka3aTeaABLCTBO COBCTBEHHOCTH MONOGHOTO OTOOPAYKEHIS B TOKA3aTe b
CTBe TEOpeMHbl 2 HIKe).

Takum o6pa3zoM, MBI MOXKeM MPUMEHUTH TeopeMy 1, 9TO TOKa3HIBaeT yT-
Bepxaenmue 1.

HE®OPMAJIBHOE 3AMEYAHUE. BO3MOXHOCTEL NpUMeHeHNA TeopeMbl 1 B
BeIIeCTBEHHOW CHTYyaluu, B YaCTH KacCAIOUIENCs CBA3HOCTH [JTOMOJHEHUS 10
MHOXKECTBAa CHIBHO OCOOBIX 3HAYeHUN OTOGpaKeHUs, BBI3KIBAeT HEKOTOPOe
yIUBIEHUTE.

Tak, MHOXKeCTBO OCOOKIX 3HAYEHHH [T OTOOPaYKeHHs 0OIIero MOMOKEeH A
OTHOTO MHOT0O06pa3sns B IPyroe — TCHIEPHOBEPXHOCTEL (C 0COGEHHOCTSIMN)
(cum. [4]) m, creoBaTerbHO, MOXKET TeanTh 06pa3. Bece memo B ToMm, 9T0 MHO-
JKeCTBO CHIBHO OCOOBIX 3HAYEHUTT MOXKET ObITh CYIIeCTBEHHO MeHblIe (B CMBbI-
cJle pasMepHOCTH), 9eM MHOYKEeCTBO OCOOBIX 3HAYEHNH, a «Ha CKOMBKO MEeHBIITe
0 pa3MepPHOCTH» — 3ABUCAT OT UHNCJAA «INCTOBY OToOpaKenus. B koMmiIekc-
HOW yKe CHTyalllu THIePIOBEePXHOCTE He JeJUuT MTPOCTPAHCTBO U BO3MOXKHOCTh
OpuMeHeHNs TeopeMBl | He BHIBEIBAeT BOMPOCOB.

2. O HEKOTOPBIX TOKA3ATEJABCTBAX OCHOBHOWN TEOPEMBI
AJTI'EBPBI. OCHOBAHHBIX HA I[TOHATUU CTEINEHU
OTOBPAZKEHUA.

B >Tom Haparpac]pe MBI 06Cyrl[I/IM KOMILJIEKCHOe W BellleCTBeHHOe JOKa3a-
TeJlbLCTBa OCHOBHOM TeoOpeMbI aJII‘e6pr7 OCHOBaHHBIE Ha cjaelylolleM TOIOJO0-
rm9eCKOM (l)aKTe:

YTBEPYKIAEHUE 2. [Tyemvs M™, N" — 2q4adKkue c643uble Opuenmupoe6an-
nbie muo2006pasua, f : M™ — N" zaadkoe cobcmeennoe omobpascenue,
CMENEHD KOMOPO20 HE PAGHA HYAIO.

Tozda f — omobpaxcenue «nay (f(M"™) = N").

HanomuuMm, 4T0 s T71a IKUX COBCTBEHHBIX 0TOOpaKeHnit OpueHTHPOBaH-
HBIX MHOTOOOpa3uil CTelleHb ONpe/ieaseTcsi OOBIYHBIM 06pa30M: HYKHO B3SiTh
peryJifapHyio TO4Ky B oOpa3e U MOJACYNTATh YUCJIO ee TPooOpPa3oB ¢ yIeTOM
3HaKa onpejenTens nuddepennnasa oTo6paxkenns (cM. 1o po6HoCcTH B [3]).
To, 4To cTemens onpeeneHa KOPpeKTHO — MOBOJILHO CJAOKHO MTOKa3zLIBaeMmas
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(B oTimume oT TeopeMmul 1) TeopeMa. YTBepKaeHue 2 — oUeBHHO (10 MOTY-
J10 KOPPEKTHOCTH ONpeeJleHnsi CTENeHN) i OOIIen3BecTHO.

BriBegem u3 yTBepiKIeHus 2 OCHOBHYIO TeOpeMy ajrebphl.

/TOKA3BATEALCTBO([3]): Paccmorpnm otobpaxkenne f : C — C, rae
flz) = 2" 4+ a12" 1 4+ .- 4 a,. Otobpaxkenne f — co6cTRenno. CTenenpb
oTobpakenus [ paBHa m, TaK KaK f COOCTBEHHO I'OMOTOIIHO OTOOGpa:KeHnIo
z — 2", cTemeHb KOTOPOro Jerko BhIvuciagercsa. TakuMm o6pazoM, MBI HaXo-
IUMCA B paMKaX yTBep:xKJenus 2. OcHoBHasg TeopeMa alre6pnl JoKa3aHa.

JlokaykeM Termepb OCHOBHYIO TeOpeMy aireGphl B Cledyollell YKBUBAJTeHT-
HOW «BelllecTBeHHOW» (POPMYJINPOBKE

TroPEMA 2. Jhoboii 6eujecmeennpiii noauHoM cmenenwy 2n packaadviéa-
EMCA 6 NPOUBGEJEHUE N NOAUHOMOE 6MOPOT CMENEN.

JIOKABATEIBLCTBO. OTox IecTBEM noauuaoM z2 + az + b ¢ Toukoi (a,b)
nrockocTn R2 PaccMoTpuM oTo6GpaKeHne YMHOKEHNS

w: (R = R™  (fi, forees fa) > fro faroe .

Mgz xoTnM mOKa3aTh, 9TO % — OTOOpaYKeHNe «Hay.

1. OTob6paxkenne u cO6CTBEHHO.

OToXIecTBUM NPOCTPAHCTBO OTAHYHBIX OT HYJS HOJUHOMOB BTOPOU CTe-
MeHN TO MOJMYJI0 YMHOXKEHUS Ha OTJIHYHBIE OT HYJs YHCAAa C MPOEeKTHBHOU
m1ockocThio R P2, PaccMoTpuM oTo6paykenne yMHOKEHHS

u: (sz)n — RPQn: ([fl] R [fn]) = [fl """ fn]

OTob6paxkenne & cOGCTBEHHO, TaK KaK OHO OIpPeIeJeHO Ha KOMIAKTHOM MHO-
roo6pasnn n HeIpPepPBIBHO.

OTob6pakenne # e€CTECTBEHHO «KOMOAKTH(PHIUPYyeT» OToOpakenme u.
(RP?)™ moxHO TpeAcTaBUThL B BHje oObesuHenus R?” u «GeckoHeTHo yja-
JeHHON YacTmy Bi, a RP?*" MoXHO mpeicTaBuTh B Bije o0beinHennds R n
«6ecKoHeTHO ynatennoi gactmy By. [lpu otom ma (R?)™ @ coBnagaet ¢ u m,
odeBuHO, 4(By) C Bs.

CiremoBaTelbHO, YMHOXKEHNE ¢ COOCTBEHHO, TaK KakK Mpoobpa3 KOMMak-
Ta PN OTOOPaKeHWH % COBMHAgaeT ¢ MPooOpPa3zoM KOMMAKTa MPH O0TOOpaKe-
HHW .

2. CTenenb oTo6pakKeHns u MO MOJAYJII0 paBHa n!.

OpnerTHpyeM IPOCTPAHCTBO MOJHHOMOB BTOPOH CTEMEHH CO CTaPIIHM KO-
sduunentom 1 (MBI 0603HaTaeM DTO MPOCTPaHCTBO vepes R?) kak-HuGy b,
a (R?)" opuenTupyem Kak nmpomnsBejeHHe OPHEHTHPOBAHHLIX MHOT006pa3Mil.
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n
JIEMMA. Hoaunom p = [] (2% + 1) — peayaaproe 3nauenue omobpasice-

=1
HUA U.

YTOPAZKHEHUE. /lokaXuTe JeMMy.

YKA3AHUE: Bocnogb3yiiTech ONHUCAHHEM PeryispHBIX TO4eK O0TOOpayke-
HUSA ji; W3 TIaHa JoKa3zaTelbCTBa yTBep:xkKaenus 1.

Y moamHOMa p ecTh n! Mpoo6GPa3OB — Bce yNOPAAOTEHHLIE HAGOPH TMO-
aunomoB (2% 4+ 4),4 = 1,...,n. /lokaxkeMm, 9TO OHH BHOCAT B CTeNeHb OJUH
3HaK.

OTobpakeHne YMHOXKEHUS ¥ WHBaPHAHTHO OTHOCHTEJNbHO MEpPeCcTaHOBOK
comuoxnTtemnein. OTobpaxeHnue nepecTaHOBKH COMHOXKHUTENEN COXpaHieT OpH-
eHTANNO (ynpaKHeHNe), CIeJOBATENLHO 3HAK ONpeaennTens nuddepennnana
BO BcexX MpooOpa3ax coBMajaeT.

IIpumenss yTBepkaenne 2 K OTOOPaKEHWIO %, 3aKaHIABAaeM [JOKa3aTelhb-
CTBO TE€OPEMBI.
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