ITo-HoBOMYy 0 cTapom: pparMeHTHI
KJIACCMYIECKON MaTeMaTUKN

dusuaeckoe JAO0Ka3aTeJIbCTBO TE€OPEMBIL YUTHHI o
I[IJIOCKNX KPHUBbIX

C. 1O. Opeskos

YacTto ¢usnieckue coobpaykeHns MOMOTAOT PEIIUTh MaTeMaTHIeCcKyIo
3aavy, cPOPMYJNPOBAHHYIO YHCTO abCTPAaKTHO, W, Ha TEPBBLIN B3TJAM, Ta-
Jekyio oT ¢usnku. [Ipu >ToM mHOTHa (pU3MUecKNe pacCy:KIeHUS TOJIBLKO MO-
3BOJSIIOT yrajgaTh OTBeT, HO MHOTJa UX HETPYAHO JTOBECTH U MO CTPOroOro
MaTeMaTHIecKoTo JoKa3aTelbCTRa.

[IpuBeeM U3BeCTHRIN MpUMEp U3 DAEMEHTAPHON CTepeoMeTpHH.

S3ATAYA. Jan 6binykapiii MHOZ0O2PAHHUK U MOUKA 6Hympu €20. [oxaxcu-
me, umo 6ce2da Hailidemcs MaKas 2pamb, YMO OCHO6AHUE NEPNEHIUKYAAPA,
ONYUWERN020 HA HEE U3 dannoli mouku, nonadaem enympsb amot 2panu.

PEmEHUE. [logoXuM MHOTOTpPaHHNK Ha TOPHU3OHTAILHYIO MIOCKOCTL W
pacmpeequM B HEM MAcCy Tak, 9TOOHI HEHTP THAKECTH COBIAJ C TaHHON TOY-
koi. Torga MHOTOTpaHHUK MOKATHTCA U OyAeT KaTUThCH [0 TeX Mop, MOKa
BepTHKa/lbHaf MPOEKIINS MeHTpa TAXKEeCTH He MoTajeT BHYTPh TOW T'paHu, HA
KOTOpPOU MHOTOTpaHHUK JexKuT. [locKoNbKY MHOTOrpaHHUK 6eCKOHEYHO [TOJ-
0 KaTUThCS He MOXKET, DTO PaHO WU MO3[HO MPOU30I,IeT.

B nacTosiell cTaThe nokazaHo, KakK U3 PU3NYECKHX COOOPaKeHWH MOJy-
YaeTcsd JMOKa3aTeIbCTBO OHOW TOMOJOTHYIECKON TeOpeMHEI.

PaccMmoTpnum riagkme 3aMKHYTHIe KpUBHIE Ha TJIOCKOCTH, BO3MOYXKHO, C Ca-
MollepecedeHusMU, T. €. KpUBbIe, IapaMeTpU30BaHHbIe NuddepeHnpyeMbIMi
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oTobpakenuaMn okpyxuoctn S! B mrockocts R?, co Bciogy HemyJeBLIM Bek-
TOPOM CKOPOCTH (TaKne 0TOOpaKeHHs Ha3hIBAIOTCA no2pyicenusmu). [lorpy-
JKeHNe OKPYKHOCTH B IJIOCKOCTH 3aMaeTcs Mapoil IndpepeHnnpyeMux Ie-
pHOINIeCKNX PYHKINN ¢ OJMHAKOBBIME ME€PHOTAMHE, TPON3BOIHEE KOTOPHIX
HUTIe OJHOBPEMEHHO He 06palIaloTCs B HYIb.

Korja aBe Takue KpiBbie MOYKHO HENPEPHIBHO MPOIeOPMHPOBATH OTHY B
JIPYTYIO Tak, 9TOOHI B mponecce fed)OpMalni Ml B KaK/bIH MOMEHT BpeMeHN
nMensn OB KpuByIo m3 Toro ke kracca? (Takme medpopmannm HaseIBaoTCS
PERYAAPHBIMU 20.MOTMONUAMU.)

Nlas norpyxenns f : S' — R? onpegenrum ero wucao epawenus N (f)
KaK B3fTOE CO 3HAKOM KOIHIECTBO 060POTOB, KOTOPOE BEKTOP CKOPocTH f (1)
JlelaeT BOKPYT Hadajda KOOPAMHAT, B TO BpeMs Kak ¢ OJWH pa3 npoberaet
OKPYKHOCTH B MOJOKHATEIbHOM HanpaBiaennu. [Tpyrumu caoBamn, N (f) ecThb
06pa3 rOMOTONHYIECKOTo Kiacca oToGpaxkenns f : S — R? — {0} npu nso-
mopdusme 1 (R? - {0}) — Z.

Ov4eBHHO, 9TO YUCJIO BpalIeHHs HE MEHSETCS MPH PeryaspHON IOMOTO-
nnu. Takum 06pazoM, HeOGX0IMMOe YCIOBHE PEryJIsPHON TOMOTOMHOCTH IBYX
MOTPYKEeHNI — COBHajeHne nx 4nces BpatieHns. OKa3slBaeTcs, 9TO yCIOBHE
SABIAETCH U JOCTATOYHBIM.

TEOPEMA (YUTHH). /[Ba norpyxenus f u g okpyxmuoctu S! B mroc-
xocth R? peryaspro romoTommel Torja W TOJTBLKO TOTJa, KOTja HX THCIA
ppaiernus copmajgaor: N(f) = N(g).

Jlerko BugeTh, 4TO JM1060€ IeJ0€ YHCIO N PeanTu3yeTcs KaK UHCA0 Bpa-
HIeHHs s HeKOToporo norpyxenns. Ecan n # 0, To 5To mpocTo OKpYyX-
HOCTb, MPOIIeHHas |n| pa3 B Ty WIH APYTYIO CTOPOHY B 3aBHCHMOCTH OT 3Ha-
ka n. Ecan n = 0, To 510 «BochMepka». Takum obpazom, pyukuus N 3amaet
B3aNMHO-O/THOBHAYHOE COOTBETCTBHE MEXK/IY MHOXKECTBOM KJIACCOB PeryJsp-
HO TOMOTOMNHBIX MOTPYKEeHNH OKPYKHOCTH B TJIOCKOCTh U MHOXKECTBOM IIeJAbIX
qHCe.

B nanwmeniiem 3Ta Teopema YUTHU OvLIa 3HAYUTENHHO 06061eHa CMeli-
jgom, XupiieMm, ['poMOBEIM 1 Apyrumu aBTOpaMu. B vacTtHOCTH, 3a/1akva Kiaac-
CHMUKANNN TOTPYXKEHNH JIOOKX MHOTOO6GPa3nil ¢ TOYHOCTBIO MO PeryJsip-
HOW TOMOTOINH MOJHOCTBIO CBeJleHa K 3ajlade TOMOTONMHYECKOW Kaaccupuka-
I 0OTOGpaKeHnt HeKOTOPBIX MpocTpancTB. Hanmpumep, norpy:xenus cdeph
S”™ B mpocTpancTBo R™ KiaccuuuupyoTcs dJIeMeHTaMH TOMOTONHYEeCKON
rpynnel 7, (V,(R™)) muoroo6pasus llltudens n-penepo B R™ (mockoabky
m2(V2(R?)) = m2(S3) = 0, oTo o3mavaeT, 94To AByMepHYIO chepy B Tpexmep-
HOM MPOCTPAHCTBE Pery/spHOH TOMOTONNEN MOKHO BHIBEPHYTH Ham3HAHKY!)
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Puc. 1.

[lepeiimem k gokazaTenbcTBY TeopeMmbl YuTHu. llpemctaBum cebe, 1To
B/IOJb KPUBOW YJIOXKIIH KOJBIIO, CleTaHHOe U3 abCOMIOTHO YIPYTOU CTalbHOH
NPOBOJIOKH, W 3aKaJu ero MeX /Iy AByMS MJACTHUHAMH, TPHYEeM eCcTeCTBeHHOe
COCTOSIHIE TPOBOJOKN (B KOTOPOM OHa OBLTa 3akafieHa) — mpsamoe. PasiBu-
HEM YYTb-4YTh MJIACTUHBI, TaK YTOOBI TPOBOJOYHOE KOJAbIIO CMOTJI0 CBOOOTHO
IBUTAThCSA B 0Opa30BaBIIIeNcs €11, OCTaBasCh MPH DTOM BCe BpeMs B ONHOH
niockocTu. Torga oHO HaYHET ABUTATHCA W Yepe3 HEKOTOpOe BpeMs MpHaeT
B ycTON4HBOe nojnoxkenue. [Ipn oToM MBI cliemaem gomyiienne (He BIHsIOlee
Ha [OKa3aTelbCTBO TEOPEeMBl YHTHH), 9TO B MpOIecce TBUKEHNS HIKaKMe
y9aCcTKN TPOBOJOKH He OYIYT 3alemafaThcAd TakK, Kak TMoKaszaHo Ha puc. 1.
(Mm 6y meM c9uTaTh, 9TO KaXKAbI pa3, KOrja MpubimKaeTcs Takoe Hexena-
TeJbHOE COOBITHE, KTO-TO O9eHb OBICTPO pa3pe3aeT MPOBOJOKY Ha ONHOM W3
BTUX YYaCTKOB, MPOJeBaeT MPyroi depe3 06pPa30BaBUINUCS Pa3pes U TYT xKe
3amanBaeT ONATh.)

[Mokaxkem, 9TO Jif KayKIOTO METOTO 7 C TOYHOCTBHIO [0 MBUKEHUU TLIOC-
KOCTH UMeeTCs POBHO ONHO TIOJOXKeHNe paBHOBECHSA ¢ YNCJIOM BpallleHus, paB-
HBIM n. [[18 >TOTo 3aMeTHM, 9TO B TOJOXKEHNN PAaBHOBECHS TOCTUTAETCS MU-
HIUMYM HOTEeHIHAJbLHON dHEPrHH, KOTOpas BeIpaxKaeTcs (POPMY.Ioi

/KQd.s,

rae K — kpuBmn3Ha, ds — 3JeMeHT [JUHBI, I HHTeT pajl 6epeTcs BIOAb KPUBOM.

BymeMm cumTaTh, 9TO IIWHA KPUBOH paBHA efnHuue, n nycTh z(t), y(t) —
mapaMeTpu3alus KPUBON HATYPAJTbHBEIM TAapAMETPOM, T. €. [Be TaKue raa IKie
nepuognyeckne ¢ nepnojomM 1 GyHKIHU, 9TO

B8 +y(1)* =1
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TOXKIeCTBEHHO IIO t. 3anuuem BEKTOP CKOPOCTH B IOJAPHBIX KOOp/JAWHATaX:

B(t) = cosp(t), y(t) =sinp(t).

Taxknm obpaszom, Hallla KpUBasg OMHO3HAYHO (€ TOYHOCTBIO [0 MapaJIeSbHOT O
nepeHoca) 3ajaeTcs TJa Kol GyHKmned ¢(t):

2(t) :/Otcosg.:(r)dr, y(t):/otsincp(r)d.r.

[Ipn sTOM ycaoBue nepuognanoctn Gynkuun z(t), y(t) 3annceBaeTcs Kak

/Olcosg:(t)dt:/ol sin @ (t)dt =0, (1)

a yCJI0OBHe MepHOJNIHOCTH UX MePBBIX NPON3BOTHBIX —
¢(t+1)=¢(t)+2mn, n€Z, (2)

rie n = N(f) ecTh 9nciao Bpalennst KpUBOH, 3ajaBaeMoll pyHKunen ¢(t).
Jlerko BujgeTs, aTo K = ¢(t).
B pesyabTaTe MBI monydaeMm cjAeIyIONIYI0 BapHAlMOHHYIO 3ajavy: Hatimu
Pynryuwio ¢(t), 3adannyio na ompesxe [0, 1], das Komopoi munumaibHo 3Ha-
YEHUE UHMESPAAU

1
| etwra
0
npu oepanuvenusz (1), (2).
CoracHo KIaccuIeckoMy BapHANHOHHOMY ncducienuiol), Heo6Xo mmum
yCIOBHEM DKCTpeMyMa IpH orpaHudeHnsx (1) sBiaseTcs CyllecTBOBaHHE MO-
CTOAHHBIX MHOXKHTemelnl Jlarpamka Ay, Ap, TaKuX, 9TO JarpaHKIaH

L(¢, @) = @24+ 2 1 cos ¢ + 2Mgsin ¢ (3)
yIOBIETBOpAET ypaBHenno Jiaepa—/larpamnka

doL 0L
i og 0y (4)

[MogcTaBass (4) B (3), noaydaem anddepeHnnaibHOe ypaBHEHIE BTOPOTO MO-
psiTKa
¢ = —Arsin g+ Ay cos ¢.

1)CM., Hanpumep, Tuxomupos B. M. Pacckaswl 0 makcmmymax u muanmymax. b-ka Kean-
ma, evin. 56. M.: Hayka, 1986.
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A A :
N/ ./ ’

Puc. 2.

OHo IPUBOIUTCA K BHIY
& = —Xsin( — o),
rje KOHCTAHTBl A H (g HAXOAATCA U3 COOTHOIICHIH
A= /\% + /\3, cos@go = A1/A, singg = A/,

[ToBepuyB, ecanm Ha 0, BCIO KPUBYIO HA YT O (o, MBI MOYXKEM CINTATh, UTO (fg =
= 0. Taknm o6pasom, npn A # 0 pyHKuns () TBAAETCS pelleHneM ypaBHe-
HIS (PU3NIECKOTO MasTHUKA

¢=-Asing, (5)

anpu A =0 — ypaBrenus ¢ = 0, T. e. JuHelHA.

Craydato nuHEHHOW (DYHKUNH ¢(f) OYEBHIHO OTBEYAIOT T€ W TOMBKO Te
MOTPYXKEHUS, KOTOPBIe HECKOABKO pas 00XOMAT OKPY:KHOCTH B TOM WM MHOM
HanpaBaeHun. TaknX TOTPYKEHUH C TOTHOCTHIO 10 IBUKEHNT MIOCKOCTH MMe-
eTcs POBHO MO OJHOMY [ KayKJOTO MeJOro HeHYIeBOT O 3HAYeH s Tncia Bpa-
IeH A,

Pas6epem Tenepsb caydair A # 0. Mbl cHava1a mOKaKeM, 9TO eCan KpuBas
yIOBJIETBOpSAET ypaBHeHuio Dujepa—/larpamxka, To oHa UMeeT BH] BOChMep-
KM, BO3MOXKHO, MPOHIeHHON HECKOJBLKO Pa3, a 3aTeM MOKaxKeM, ITO Bce TaKue
KPHUBBIE PEryaAsSPHO TOMOTOMHEI.

Nrak, nycTh ¢(t) — perrenne ypaBuenus (5), yI0BIeTBOPSIOIIEe YCJIOBUAM
(1) m (2). /lns Ka9eCTBEHHOT O MCCJIeTOBAHNS PEIIEHNN YPaBHEHUS (PU3NIECKO-
ro MagTHWKA yA06HO HapHcOBaTh ero asoBLIl MOPTPET, T. €. MIOCKOCTh €
KoOpauHATaMn (¢, ¢), Ha KOTOPOH IIs KaxKJIOTO pellenus ¢(f) HapncoBaHa
TpaekTOpus TOYKH ¢ kKoopamHaTamn (¢(t), ¢(f)). (DT TpaekTopnn Ha3bIBa-
I0TCSA (Pa30BBIMH KPUBBIMH. )
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Jlerko BmIeTH, 9TO BJONb pellleHns ypaBHeHHs (5) BHIMOTHIETCS 3aKOH
COXpaHeHUs DHEePTUH:

2
Elg,¢) = % — Acos¢ = const.
[losToMy hazoBBIe KpuBBIE HAYT BAOJAB JUHUU yPOBHs dHeprum F = const
(puc. 2). (3mech nMeeTcs B BHAY DHEPrus (PU3NIECKOTO MAsSTHIKA, TBUKEHIE
KOTOPOT O ONACKIBAeTCS ypaBHeHneM (5); DTa DHEpPT s He NMeeT HIKAKOTO OT-
HOIIEH NS K TTOTEeHINalbHOW DHePT UH COTHYTOH MPOBONOKH, MUHUMYM KOTOPOH
MBI HIIIEM. )

[Tycth Upax — TOTeHNHaTbHas DHEPTUs MAasSTHUKA B BepXHeH (HEYCTOI-
9MBON) TOYKe paBHOBecus. /I3 pucyHka BHAHO, 9TO peleHus ypaBHeHus (5)
npu F < Upax nepunogndeckne, a npu F > Uyax — MOHOTOHHEBIE, IPUYEM B
5TOM caydae ¢(t) HUT e He obpalaeTcs B HYIb.

[okakeM, 9TO BO BTOPOM caydae He MOTYT BHIOJHATELCS orpanndenns (1)
n (2). [eficTBuTenbro, npeanogoxnm npotnsroe. Toraa, tuddepenunpys (5)
no ¢, meqs MOJydYeHHOe PaBeHCTBO Ha ¢ (MMEHHO 3/eCh MBI HCMOJb3yeM, 9TO
¢ HUT e He obpalaeTcs B HyJIb), U mofAcTaBasas B (1), noxyvaem:

1 Lad 1 @ ! v.d 1 L g
0=— [ Xcosedt = —(G)zdt == | — [ ¢—(=)dt= [ (%)%dt.
0 o At ¢ ¥ lo o dt ¢ 0o ¥

3/iech MBI BOCIHOJb30BaIUCh HHTET PHPOBAHUEM 10 4aCTSAM U TeM, 9YTO PyHK-
IUN ¢ W ¢ mepuojgndeckne (3TO BHIHO, HampuMmep, n3 guddepeHnnpoBaHus
paBeHcTBa (2)), a 3HAYAT, TpHUpallenne ¢/¢ 3a mepnoj paBHO Hy.M0. flcHo,
YTO TOJYYeHHOE PaBEHCTBO MOXKeT JOCTUTATHCA JHUIIL B TOM caydae, Kormia
¢(t) — annennas venoctosuuas pynkuns. Ho mpn A # 0 ypaBrenne (5) Taknx
pettternii He umeeT. [IpoTuBOpedne.
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[Tony4yennoe mpoTuBopedvne MOKa3bIBaeT, 4TO ciydaio A # 0 oTBedaoT
nepHoguYecKne pelleHns ypaBHeHns (5), mpudeM nx (a3oBble TPaeKTOPHH
3aMKHYTH W OTPAaHUIWBAIOT BHINYKJIYIO obaacTh. HeTpynuo BuaeTh, 9TO Ta-
KHM pellleHNAM COOTBETCTBYIOT KPUBbIE, NMeOlINe BU BOCbMEPKH, BO3MOXK-
HO, TPONIeHHOW HEeCKOJBKO Pa3 B TOM WJIH JPYTOM HalpaBJIeHWH.

ITokaxkem, 1TO Bce Takme KpHUBBIe peryaspuo romoTtonnwl. Ha pmc. 3 ma
OpeJbIIyiell CTpaHuile MOKa3aHO, KaK W3 Ayru AB B HUXKHeH 4YacTH BOCh-
MEepPKH peryJspHON TOMOTOMNEN MOYKHO MOJAYYNTh BCIO BOCEMEPKY, ¥ KOTOPOH
BTa Jyra MpoujeHa MBaxbl. [IpnMenss mocaeoBaTelbHO DTY OMepannio, MbI
MOXKEM U3 OMHOKPATHO MPOHJeHHOW BOCBMEPKH MOJNYYHTh BOCBMEPKY, MPOii-
TeHAYIO Ji060€ KOJINIeCTBO pa3 B TOM Ke HampaBieHnn. YTOOH CMeHATH Ha-
npasaenne 06Xoma, JOCTATOYHO Bce MoBepHYTh Ha 180°. Teopema mokazana.

SABasieTcs au npuBeIeHHOE MOKA3aTeJIbCTBO TeopeMbl YuTHu ctporum? He
coBceM. OcTanoch HeTOKAa3aHHBIM, YTO MPOBOJOKA 06832 TENBHO TPHIET B O]
HO W3 YCTOWYHMBHIX MOJOXKeHUH. /[[pyrumn cioBamu, 9To J060€e TOTPYKeHIe
peryJafapHO TOMOTOINHO MOTPYKEHUI0, MAs KOTOPOTO MOCTHTAeTCS MUHUMYM
HOTeHINaTbHON DHepTrun. Pusndeckn >3TO yTBEpXKIeHHe KaxeTcs Honee dem
OpaBIOTNONOGHEIM, XOTSH, CTPOTO TOBOPS, a pPriori HeACHO, MOUeMy HeJab3fA Tak
U30THYTH MPOBOJOKY, YTOOBLI MPH OTHYCKAaHUN OHa 00A3aTelbHO cJaoMafach
13-32 HEOTPAHUYEHHOT O BO3PACTAaHUA KPUBU3HBI B KAKOM-TO MecCTe.

B manHOM ciydae MOXKHO CTPOTrO JOKa3aTh, 9TO TAKOT'O He MPOU30UIET,
XOTHA JT0Ka3zaTelhCTBO HE COBCEM MPOCTOe.



