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Teopema o myvIKe KOHUK, ITPOXOIAIINX depe3 4 TOIKN

B. B. Ilpacosos

Konuveckum cevenuem mian IIpocTO KOHUKOU Ha3bIBaeTCsH KpuBas, 3alla-
BaeMas ypaBHeHHUEeM

a;r2—|—bxy—|—cy2—|—dm—|—ey—|—f:0.

CemelicTBO KOHUK, TPOXOAAIINX Yepe3 BepIINHb (PUKCHPOBAHHOT'O YeThI-
pPeXyroabHuKa, TONyCKaeT MPOCTOe oNucanne. BygeM ciuTaTh, 9To TpsaMas
AB 3anmaetcs auneilnsiM ypaBuenuem [4p = 0. Torga Bo Bcex BeplimHax de-
Thipexyroabinka ABC D obpamatoTcs B HyJ b KaK GyHKIHS (4B - [cp, Tak
dyukuus [go - lap. [looToMy ypaBHeHue

Mg -lep + plpe - lap =0

3ajlaeT KOHWKY, MPOXOMANIYI0O Yepe3 BeplluHKE deThipexyroibauka ABCD.
OxaswiBaeTcst, BepHO 1 06paTHOe.

TeoPEMA 1. Hycms nuxaxue mpu u3z mouex A, B,C u D wne aexcam na
oduot npamot. Toeda ypasuenue 410601 KoHUKU, NPOTLOJAUET UEPES MOUKU
A, B,C u D, moocno npedcmasums 6 6ude

Alag -lop + plge - lap = 0.

JIOKABATEJBLCTBO. MoxHO ciuTaTh, 9T0 npsaMmbie AB n AD 3aganbi
ypaBuenusimn y = 0 n £ = 0 COOTBETCTBEHHO (CHCTEMa KOOpINHAT He 06s3a-
TelbHO npsiMoyroabHas). [lycts f = 0 — ypaBrenne maunoinl koumku. Orpa-
aundenns Gyuknuin f u Map -lop + plpe - lap = Aylep + palpe wa awbyo
U3 OCell KOOPAWHAT SIBAAIOTCSA KBAAPATHREIME TPeXdIeHaMHi ¢ ABYMS OOIIUMHE
kopusamn (A n B win A n D). [losTomy 4ancia A  y MOXHO Of06paTh Tak,
YTO MHOTO4JIEeH

P(z,y) = f(z,y) = Mylop(z,y) — pzlpo(z,y)

ob6paiaeTcs B HyJAb Kak npu z = 0, Tak u npu y = 0. ITO O3HAYaeT, 4TO
oH meruTcs Ha zy, T. e. P(z,y) = zyQ, rae ) — xoncranTta. B Touke C
MHOrO4IeH P obpatraercs B HyJb, a zy # 0. [lootomy Q = 0, T. e.

f=Map-lep+ plee - lap.
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Puc. 1. Pwnc. 2.

CaencTBUE 1. Illyems f =0 u g = 0 — ypasuenus d6yxr pa3iuunbl Ko-
HUK, NPOTOIAUWUL YePe3 6eputunbl uembipexy2oaprura ABC D. Tozda ypaene-
Hue 210601 KOHUKU, NPOTrodawel uepes 6eputunbl uempiperyeoaviura ABC D,
umeem 6ud \f + ug = 0.

/TOKABATEJBCTBO. Konuku, mpoxoafiline depe3 BepIINHLI 9eTHIPEXYTO-
apanka ABC D, 06pa3yoT NPOeKTHBHYIO MPAMYI, MOPOXKIEHHYIO TOYKaMU
lap - lcp =0mu lsp - lpc = 0. DTa npsaMas mopoXKIeHa TakyKe Mapol JIOOBIX
IPyTrux Todek, Hanmpumep, Toukamu f =0 u g = 0.

TeopeMa 1 no3BoasgeT JaTh IPOCTEIE JOKa3aTeJbCTBa MHOTUX NPYI'UX r'eo-
MEeTpHIeCKHX TeOpeM. HpI/IBerf_[eM HECKOJbBKO TaKHUX IPpUMEPOB.

TEOPEMA O BABOYKE

B cBs3m ¢ TeMm, 9TO HA puc. 1 MOXKHO IpH KeJaHUN YBUIEThH N306paKeHne
6ab0uKH, creayioliee YTBepK,IeHHEe YaCTO Ha3bIBAT TeopeMoi o 6abouke.

TroPEMA 2. [Tyems zopdut KL u MN npozodam uepes cepeduny O zop-
dvi AB unexomopoti oxpyocnocmu. Toeda npawvie KN u ML nepecexaiom
npamyio AB 6 mouxaz, pasnoydaiennviz om mouxu O.

/TOKABATEJABCTBO. Yepes Touku K, L, M, u N mpoxXoadaT ciaelyIolIne
Tpu KOHHKHN: OKpYy:xkKHOCTH f = 0, g = Igr - lyny = 0w h = Ign - Iy = 0.
[Moatomy h = Af+ pg. DTo paBeHCTBO BEPHO U /151 OTPAaHUYEHNT YKA3aHHBIX
dyukuui #Ha npamyio AB. Bregem Ha AB xoopaunaTy z, npuHsB TOuky O
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3a Havajto kKoopjamuatT. Torga MoxKHO cimTaTh, 9To f = 22 —a u g = z°2,

nostoMmy h = bx? — c. CreoBaTensno, KOpHH ypaBHeHus h = (0 paBHOYJaTeHE!
ot Touku O.

IIpuBemennoe mokazaTeabCTBO TeopeMH 0 6abovKe MO3BOMAET MOKa3aTh
cregytotiee eé 06061IeHIe, B KOTOPOM HHKaKoll 6a60YKN yKe He BHIHO.

TroPEMA 3. Tpu xonuxu umerom 4 obuuxr mouxu. Ilpsmas AB evicexa-
em na deyr u3 wux zopdul, umerouwue obuyyro cepeduny O. Tozda mouxa O
A6AAEMCA maKdce cepedunot ropdsl, ebicexaemoti AB na mpemoveii xKonuxe.

TEOPEMA O JIBYX BABOYKAX

Kak MBI yKe TOBOpHIH, CaMONEpPECeKANINACH 4eTHIPeXYTOJbHUK 10 He-
KOTOpOU CTeneHn HamoMuHaeT 6Gaboduky. [loaToMmy ciexnyioliiee yTBepxkKjeHue
HHOTIa HAa3bIBAIOT TeopeMol o JAByX 6abodkax.

TEOPEMA 4. ITycmb cmopoust CAMONEPECERAIOUUTCA UEMBIPELY20.AbHU-
ko6 KLMN u K'L'M'N', enucannviz 6 odny u my Jice oKpyscHoCmb, neé-
pecexaom ropdy AB omoti oxpyacrnocmu 6 mouxar P,Q, R, S u P',Q', R, S’
coomeememeenno. Tozda ecau mpu uz mouex P,Q, R, S cosnadarom ¢ mpe-
ma uz mouex P',Q', R',S’, mo u ocmaswueca mouxu modce cosnadaiom.

TOKA3BATEJILCTBO. Coraacuo Teopeme 1,
7 7
Mrrlvn + pleniyve = f= Ny + @lon e

PaccmoTpeB orpannveniie 3Toro paBeHCTBa Ha npsMyo AB. MOay49uM paBeH-
CTBO BHJa

a(z=p)z—q)+ B -r)(e-s) =d(z-p)(z-q+8-r)(e-5). (1)

[Tpu >TOM TpebyeTcs HOKa3aTh, 9TO S = §'.
PagenctBo (1) MokHO mpeo6pa3oBaTh K BHIY

oz —p)(z—q)=(z -8z —s5) = fz - 5.

B tom caywae, korga Toukn P,Q), R, S nonapuo pasandnsl, (z — p)(z — q) He
neautces Ha (z —r). Hostomy Sz —s)— ' (z —s') = 0. CrenoBaTenbho, s = s'.
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TOYKU NEPECEYEHUA NIPAMBIX ITACKAJIA

Paccevotpum ntectuyronbiuk ABC DFEF, BepliiHE KOTOPOTO JeXKaT Ha
kornuke f = 0. Yerwipexyroasuuku ABCD, AFED u BEFC Buucatsl B 5Ty
KOHUKY, TTOPTOMY f MOYXHO MpeJCTaBUTh B JI000M U3 CAEIYIOUINX BHIOB:

f=Mlap - lep + 1lap - e, (1)
f=Xlar - lgp + p2lap - lur, (2)
f=Xslgg - lcr + pslee - lEF. (3)

[TpupaBuuBas Beipaxkenus (1) u (2), noaydaem
Mlag -lep — Alar - lgp = (lee — poler)lap.

Ilycts X — Touka mepecedenns npiambeix AB nu EFD. B Ttoike X o6pa-
MA0TCA B HYIb QYHKIEE (45 -lop n loF - lgpp, a dyuknus [4p B DTOH TO4-
Ke B Hyab He obpamaetcsa. CiaeroBaTenbHo, B Todke X o6palaeTcs B HYIb
dyukuus pilpe — polgr, T. e. Touka X gexuT Ha nupsmon pilpc = palgr.
AHaJOTHYHO [TOKa3BIBaeTCs, YTO Ha NpAMoOu p1lpc = polpp J€XUT TodKa
nepecedennus npaMbix CD n AF. O4eBugHo TakxKe, 9TO TOYKa MepecedeHns
npsaMeix BC u E'F nexut Ha nupaMoi uylpc = polpr. B pesyabraTe nonygyaem
clegyiolliee yTBep:K IeHe.

TeoPEMA 5 (ITacKAMb). Feau mouxu A, B,C, D, E u F aexcam na o0-
Hotl Konuke, mo mouku nepecevenus npamvir AB v DFE, BC v EF, CD u
FA aexcam na odnoti npamoi.

Ho npojomxknm paccyxnenue gaqbire. [IpupaBruBas (2) n (3), noxydum,
4TO TOYKH nepecedenns npsamuix AF uw BE, ED uw CF, AD uw BC nexar
Ha npaMon fiplap = pslpc. A upupaBmsB (1) m (3), moxydum, 9TO TOYKH
nepecedenus npsmuix AB uw CF, CD uw BE, AD u FF jexaT Ha npsMon
t1lap = pslpr. Jlerko mpoBepuTh, YTO MOAYyYEHHBIE TPSIMBIE

pilpe = polgr, polap = uslpe u pilap = puslpr

mepecekanTCs B OfHON Todke. B camom jerne, ecain X — ToYKka mepecevyeHus
NepBBHIX IBYX M3 DTHX MPAMBIX, TO

pipelo(z)lap(z) = popslpr(z)lpo(z).
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CokpatnB Ha pzlpc(z), nonyanm pilap(z) = pslgr(z) (Mbr He Gymem ocTa-
HaBJIUBATHCS HAa OOCYKIEHIH BBIPOXK TEHHOTO caydas, Korjaa palpe(z) = 0).

Byaem maswiBaTh npamoti Ilackais MecTHyrolbHUKa, BIHCAHHOTO B KO-
HUKY, IPAMYIO, Ha KOTOPOH JexKaT TOYKH MepecedeHns map ero NpoTHBOIO-
JOXKHBIX cTOpoH. [Ipu 5TOM HIeCTHYroJIbHEKOM MOXKHO CYHTATh H 3aMKHY-
TyI0 caMollepecekalomyocs JoManyo. Joka3anHoe BHIIIE yTBepXK IeHHe MOXK-
HO c(hOpPMyJNpPOBaTh CIeIYIOMIHM 06pa3oM.

TeoPEMA 6 (IITEWHEP). Hycmb mouxu A, B,C, D. E. F aexcam na o0-
noti xonuxe. To2da npamsie Hackaan weecmuyeoavnuxos ABCDFEF,
ADEBCF u ADCFFEB nepecexatomca 6 0dnoti mouke.

HamomunM, 9To mpu M0Ka3aTelbCTBe DTOW TEOPEMbI HCXOMHBIMHU TeThI-
pexyroabiukamu 6b1in ABCD, AFED w BEFC. MoxXHO HCXOIUTh TaKkKe
u3 deTwipexyroibinkoB ABFE, ABDC uw CDFE. Torga noay4um cienyio-
Ilee yTBep:K IeHe.

TeEOPEMA 7 (KUPKMAH). [pamsie [lackars wecmuyeoabnuroe
ABFDCFE, AEFBDC u ABDFFEC nepecexaiomes 6 odnoti mouxe.

HeTpyano y6eanTbcs, 9TO NTAaHHBIM IIeCTH TOYKAaM Ha KOHWKE COOTBET-
ctByeT 60 mpameix [lackans. [lpm >ToMm kawxmas mpamas Ilackans BXoanmT
poBHO B onuy Tpouky Ulteiinepa u B Tpu Tpoiiku Kupkmana.

KOHUKHM ¢ NEPNEHAUKYJAPHBIMU OCAMU

TrOPEMA 8. Feau deée xonurxu umeiom uemwvlpe oO6WUT MOUKYU, MO IMu
mouku Aexcam Ha odnoll okpyxcHocmu moada U Mmodbko moz2da, Ko2da ocu
KONUK NEPNEHOUKYAAPHDL.

/IOKABATEJBCTBO. Ha HanpaBaeHue oceli KOHUKH BAUSIOT JHIIb KBA [pa-
THYHBIE YIEeHBI €€ ypaBHEHNS, TOPTOMY 6yieM YINTHIBATh TOJBKO UX. MOXHO
CYUTATD, YTO ypaBHEHHE OTHON U3 KOHUK uMeeT Buj ax’+by?+- - = 0. Ecan
JMHelHas KOMOGUHATINA DTOTO ypaBHEHNS I ypaBHEHUS a1 x2+biy>+cizy+- - =
= 0 nmeet Bug 22 +y? +--- =0, To ¢; = 0, T. €. OCH KOHUK HepIeHIHKY-

a—>b
a) — bl
cooTBeTcTBYeT OKpy:kHOCTH). Torma a + Aay = b+ Ab;. OctaeTcs 3ameTnTh,
910 eciun a + Aay = b+ Aby = 0, To paccmMaTpnBaeMble KOHUKHE HMeOT He 60-

aspusl. [lycth, Hao6oport, ¢; = 0. [logoxum A = — (caydqait a3 = by

Jee IBYX OBIINX TOYEK, TaK KAK CPeIH JUHEHHBIX KOMOWHAIINN UX YpaBHEHU
ecTh JHHEeHHOe ypaBHeHHe.
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['MIIEPBOJIBI C HEPIEHAUKYJAPHBIMU ACUMIITOTAMU

TroPEMA 9. Jhobas kKonura, nporodawjas YePE3 6EPUUNBL MPEY20AbHUKA
ABC u mouky nepeceuenus €2o evicom H, aeasemesa 2unepbo.aoti ¢ nepneu-
QUKYAAPHBIMY ACUMNIMOMAMU.

JTOKA3BATEJBCTBO. HeTpyaHo y6eqnThes, 9TO KOHHKA
azr? +bzy+cy? +---=0

ABJAACTCH THHePOOJOH ¢ IepIeH JUKYAIPHLIME aCHMITOTAMH TOCAa H TOJLKO
Torjga, korga a+c = 0. [looToMmy nuHelinas KOMOMHANNS ypaBHEHHH THIEPOOI
C DepHeHUKYJIAPHLIME ACHMITOTAMH TOXKe ABILeTCHA ypaBHeHHEM THIep6o-
JBI C TePHeH UKy IAPHBIMI aCAMITOTaMu. B nydke KOHUK, HPOXOIAIINX depe3
toukn A, B,C n H, ecTb 1Be (BBIPOXKJEHHBIX) THIEPOOJHI C MEPIeH IIKYISIP-
HBIMH acHMITOTaMu, a uMeHno, l4g - lcg = 0 u lgg - lag = 0. CregoBaTennh-
HO, BCe KOHUKH DTOrO IyYKa ABIAIOTCA THIepOoJaMil ¢ IePIeH JHKY IS PHLIMI
aCUMIOTOTaMH.

IIEHTPBI KOHUK OJHOI'O INYYKA

TroPEMA 10. [Jeumpst xonux, nporodswur uepez mouku A, B,C u D,
obpazyrom xonuxy .

/TOKABATEJBCTBO. Kouuka, mpoxosiias depes Toukn A, B,C' u D, ume-
et ypaBuennme F' = 0, rae F = Mg - lcp + lgc - l4ap. UenTp 5Toll KOHUKH
3agaeTcd cucTeMonl ypasHenni [y = 0,1, = 0; o6a 5Tn ypaBHeHNA JHHEHHBI
mo .,y u A. BeIpasuB A m3 o1HOrO ypaBHEHHS H IMOJCTABHB DTO BBHIPAXKEHHE
BO BTOpOE ypaBHeHHe, MOJYINM ypaBHEHHE BTOPOrO MOPAIKa, CBI3LIBaoIIee
x|y,

B sakmiodenne mpepiaraeM GHTaTeNSM IMPOBEPHTHL CJAeIYIONINE CBOHCTBA
konukn I'.

1. T mpoxoanT depes 6 cepeAnH OTPE3KOB, COCMUHAIONINX TMAPH TaHHBIX
TOYeK, 1 4Yepe3 3 TOYKHN NepeceveHns NPAMbIX, COeIUHAIONINX NaPhl TaH-
HBIX TOYEK.

2. Hentp I' coBnagaer ¢ neatpom macc touek A, B,C u D.

3. Ecim D — To4ka nepecedenns BrICOT Tpeyroabuanka ABC, to I’ —
OKPY:KHOCTH [eBATH TOYEK DTOTO TPEYTOMbHUKA.

4. Ecan wetwmpexyroabank ABC' D Bnucauusii, 1o I — runep6oma ¢ nep-
HeHTNKYJIAPHBIME aCHMTITOTaMu. B 3TOM caydae ocn BcexX KOHHK MydKa
napaJjjieabHbl acumnToTam .



