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06 oaHOU 3aMevaTeTFHON HyMepallll
OJOKITEIbHBIX PAlllOHATLHBIX THCET

/1. H. Aunpees

BBEJIEHUE

CYéTHOCTHL MHOXKECTBaA pPallmOHAaJAbHBIX YHCeJ — 3TO OAUH U3 CaMBIX Iep-
BBIX dpaKTOB7 C KOTOPBIMH 3HAKOMAT HAYHMHAOINHX HU3yIaTh SJ€eMeHTapHEIe
OCHOBBI T€OpHUHU MHOXZKeCTB. HpI/I 9TOM, OJHaKO, BCe H3BeCTHLIe aBTOpPY MOO-
Ka3aTeJbCTBa 3TOT O (I)aKTa JOBOJBCTBYIOTCA JUITH ,L[eMOHCTpaHHefI HIpUuHITA-
THAJIBHOH BO3MOXKHOCTH HyMepalnunm MHOXKeCTBa pPallMOHAJBbHBIX YHCEJd, TaK
Wi mHave CBOJASA HeJo K BOOPOCY O HyMepallunl ap HeJblX Tucet] (C Ha 1Je-
KallluM OrpaHUYIeHneM Ha HX 3HaKI/I). B 10 Xxke BpeMs, palllOHaJbHBIE THCJTaA
eCTeCTBEHHBIM 06pa30M OTOXK TeCTBAAIOTCSA JUIIE C TapaMi B3aHMHO IIPOCTHIX
neJqbIxX 4duceda (TaK)Ke C HYZKHBIM OI'DPaHHUY€HHEM Ha 3HaKI/I)7 n 3To obcTosA-
TeJAbCTBO IIpH JT1060M «CTaHTapTHOM» cnocobe HyMepallun geaaeT 3adavdy pe-

aJbHOTO HAXOXK/IEHNS HOMEepa 3aJaHHOTO PAalMOHAILHOrO YHCAa — WM, Ha-
060pOT, palNoOHAILHOTO YHCAA 1O 3aJaHHOMY €ro HOMepy — HpPaKTHIeCKH
Gesna JEKHOM.

B macTosmien paboTe cTpouTCS U U3y4aeTCs OJNH CMOCO6 HyMepalnn mo-
JOXKHUTENbHBIX PANOHATBHBIX YHCET, 06/1a TAIOUINT eJbIM PS[OM 3aMedaTelb-
HbIX cBolicTB. [Ipex e Bcero, B TOll HyMepanuu yOOMsSHYTHIE BEIIE 3aa4H
peraloTcs >pPeKTUBHO: HAXO0XK TeHIe HOMepa palnoHaILHOTO YHCIa P/q Tpe-
6yer anub O (log max(p, ¢)) apudMeTndecknx onepannii, a HAXOXK TeHHE palln-
OHAJBHOTO YHCIa MO ero HoMepy n BuimoauseTcs 3a O(log n) apudmeTnaecknx
oneparnui. /lanee, apudpmeTndeckas PyHKIHSA, OCYIIECTBAAIONIAA HyMepaNnio,
OKa3bIBaeTCs MOPA3HTENbHO (T IKOW» B CYMMAaTOPHOM CMBICJIE: OHA He TOJb-
KO 06J1a 1aeT CpelHIM 3HaYeHHeM, HO I HMeeT BCEero JHIb JoTapupMudecKni
OCTATOYHHIN WIeH cymMmMmaTopHon ¢gopmyas! Hakonemn, sTa mymepanus ecte-
CTBEHHBIM 06pa30M MPHUBOJUT K NPOCTOW W KPACHBOU (POPMYJIUPOBKE MTPHH-
uira MaTeMaTH9eCKOH HHYKIIHH [l HOJOKUTEeNbHBIX PAMOHAJBHBIX YHCE.
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1. IIPEABAPUTEJIbHBIE 3AMEYAHUA

Mgt no3BoiuM cebe UCHOAB30BATh 63 CMeNnalbHBIX CCHLIOK MPOCTERIIne
CBOWCTBA Pa3JOXKEHNH PaUMOHANBHBIX JHCEeT B (KOHEYHBIE) NemHBe TpobH,
KOTOpBIE MOYKHO HAaWTH NpPaKTHYeCKH B JIOOOM CTaHAapPTHOM KypcCe DieMeH-
TapHOU TEOPHH HYHCel.

Yepes N MBI 0603HavaeM MHOMKECTBO HaTypadbHBIX dnced, depes QF —
MHOXKECTBO MOJOXKHTEAbHBIX PAlHOHATLHEIX YHces. CHMBOIOM Y OTMedaeTcs
KOHell ToKa3aTelbCTRa.

Kak wm3BecTno, Jmio6oe OTJIMIHOE OT HYAS palNoHAJbHOE THCAO MOYXKET
OBITH Pa3J0kKeHO B OOBIKHOBEHHYIO KOHEYHYIO NeNHyo Npo6h

def 1
[QO§91:---791]:QO+7 (1)

_I_i
q1 1

ST
a
POBHO JIBYMs Pa3anIHBIMI CIOCOGAMNU, OJIUH U3 KOTOPBLIX MOJy9aeTcs U3 JApy-
. _ _ 1
roro 3amenoit ¢ > 1 (mmm go = 1 npn [ = 0) na (¢ — 1) + 7. Herpyamo
NOHATH, 9TO MPH TAKON 3aMeHe CyMMa (g + - - - + ¢; He U3MEeHAETCSA; TODTOMY
KOPPEKTHHIM GYIeT cjeayioliee

ONPENEJEHUE. Beicomoti h(r) noJoXnTelIbHOr0 PANINOHAIBHOTO THCAA T
MBI OyJeM Ha3bIBaTh CYMMY g + -+ + ¢ BCEX DJIEeMEHTOB €ro pa3fJokKeHns B
OGBIKHOBEHHYIO IemHyo 1pobb Bujga (1).

HenocpeicTBeHHO OYeBHHBI CaejIyiolline CBONCTBA BBEIEHHOTO MOHATHS
(ToKazaTenbCTBA MPEJOCTABISIOTCS YATATENO):

CBoO#CTBO 1. h(r) npnEIMaeT TOIBKO HATypa/JbHEE 3HATEHHS, TPAIEM
BCe HATYpAJbHEIE TACTA CAYXKAT €€ 3HATCHUAMI.

CBoticTBO 2. h(r) = 1 Torga nm Toabko TOrAa, Korga r = 1.

1
CBOIICTBO 3. [las mo6oro r € QT nmeem: h (—) =h(r), h(r+1)=
r
= h(r)+1.

2. OCHOBHAA KOHCTPYKIIUA

Ompejgerum apudmeTnieckyio GyHKINo r(n) cleIyomuM o6pa3oM: Io-
aoxuM (1) =1, n gasg moboro n € N nycrs r(2n) =r(n)+1, r(2n+1) =
= ——— . OueBuHO, 5TH ycaoBus 1is Bcex n € N 0JHO3HATHO ONPeeIIoT

r(n)+1

3Ha1eHue ’I"(’fl)7 ABJsAOIICECHS MOMOKUTEABHBIM pallHOHAJBbHBIM THCJOM.
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TEOPEMA 1. dyrKuns r(n) IpEHAMAET KaXKIoe MOJOKHTETHHOE PAlNo-
HaJbHOe 3HaYeHNe OJUH W TOJABKO ONWH pa3.

JIOKABATEILCTBO. 1) /lokaxem cnepBa, 4To aas aoboro r € QF nail-
nércs Takoe n € N, 9to r(n) = r. /lokasaTelbCTBO MPOBEIEM WHIYKINEH MO
Beqnanue h(r). Basa mHIyKnunm odeBHgHA, MOCKOABKY npn h(r) = 1 nmeem
r =1, n MoxHO B3aTh n = 1, Tak kak r(1) = 1. [lycts A > 1; mpeanosoxnm,
ato mast h(r) < h Tpebyemoe yxe TOKa3aHO, I BO3bMEM NPOM3BOJBHOE T,
st Kotoporo h(r) = h; sameTnM, 9to r # 1, Tak kak h > 1. Ecam r > 1,
to h = h(r) = h(r — 1) + 1, otkyaa h(r — 1) = h — 1; M0 WHIYKTHBHOMY
npenoioKennio, Haigércs takoe n' € N, uto r(n') = r — 1, u, B3sgB n =
= 27/, noayyum r(n) = r(2n') = r(n’) + 1 = r. Ecin xe r < 1, TO % > 1;
torga h = h(r) = h(%) = h(%—l) + 1, oTkyma h(%—l) = h—1; no

1

WHIYKTHBHOMY TpeJToIoKennio, Haigérca Takoe n' € N, uto r(n') = > -1,

w, B3sB n = 2n' + 1, noayuum r(n) = r(2n' + 1) = r(n/) + 1 =T

2) [lokaxkeMm Temeps, 4To gif Jaio6oro m € N umeem r(n) # r(m) npn
n € N, n # m; 1okasaTelbCTBO NPOBeJEM HHAyKIHeH no m. basa nugykmnn
3/lech TakXkKe odYeBHHA: ecan n # 1, To 6o n = 2n' ¢ HekoTopuim n' € N,
u Torga r(n) = r(2n') = r(n') +1 > 1, mbo n = 2n’ + 1 ¢ HeKOTOPBHIM

n’ € N, u torga r(n) = r(2n' + 1) = < 1. Ilycte m > 1, u mycTh

r(n)+1
st Bcex m' < m yxe jgokasano, 4to r(n) # r(m') npu n € N, n # m'.
BosbMém npousBoabuoe n € N, n # m. Ecan m 4étuo, To m = 2m/, rae
m’ € N u m' < m; tenepsr npn nedéraom n umeeM r(n) < 1 < r(m), a
npu 4étHoM n noaokum n = 2n’, rge n' € N, u, oueBugno, n’ # m’, orkyga
r(n) — r(m) = r(2n') — r(2m') = r(n') — r(m') # 0 Mo npegnONOKEHMIO
naaykunn. Ecan ke m wedérno, To m = 2m' + 1, rme m' € Nu m’ < m;
Tenephb NpH Y€THOM n uMeeM 7(n) > 1 > r(m), a Upn HEIETHOM 7 TOJOKAM
n=2n"+4+1, e n' € N, u, oueBnjgno, n’ # m’, orkya

r(n) —r(m) =
1 J—
r(n')+1 B r(m’)+1 o
r(m') — r(n')

~ (r(m) + D(r(n) + 1)

=r2n' + 1) - r(2m’ + 1) =

£0

MO MPEeJINOJOKEeHHI0 HHAYKINT.

Taknm 06pasoM, MBI BHJIAM, 9TO MOCTPOeHHass HaMn QYHKIHS r(n) gei-
CTBHTENBHO OCYIIECTBASET HYMEPAINIO BCEX MOJOKUTENbHBIX palllOHAJbHBIX
qucen, u, caejoBaTenbno, Ha QT ompegenena o6paTHas eil GyHKIHA CO 3Ha-
dennsiMu B N, KoTopyio MBI OyeM 0603Ha9aTh depe3 n(r).
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3. BBIYUCJIEHUE HYMEPALIUU

Teneps 3aliMémcs BOMPOCOM O TOM, KaK CBA3aHBI MeXIy COBGOH COOTBET-
CTByIOIIe JpPYT ApPYTy 3Hadenus QyHkund n = n(r) n r = r(n). Oxass-
BaeTcHd, DTa CBA3b BBIpaKaeTcAd TeM, YTO JBOHTHOE pasJjoXKeHue YucCaa 1 1
pasJjoxKeane B NENHYIO ApOOb 4UCa T NPaKTHYeCKH MOTYT OBITh, YTO Ha3bl-
BaeTCs, «IPOYNTAHED OJHO MO JAPYyroMy.

TEOPEMA 2. [lyctb n € Nu r € QT rakoswl, uto r = r(n) n n = n(r).
CrangapTHoe mpejcTaBlIeHne n B IBOMTHON cHCTeMe cuncienus: n = 2™0 4

4270 o 2" tne 0 < mp < -+ < My, U IINHHOE» Pa3joXKeHHe I B
OOBIKHOBEHHYIO MENHY0 ApO6b: ' = [qo; q1, - - -, qi—1, qu], TA€e gy = 1, cBA3AHBI
tak, 910 I’ = [+ 1, m mas Bcex k, 1 < k < [, uMeeT MecTo paBeHCTBO

mp=qo+ -+ G-

/TOKABATEJILCTBO. llepedpasnpys maBecTHoe m3pedenme [x. U. JInta-
BY/Ia O TOXK,IECTBaX, MOKHO CKa3aTh, 9TO JOKa3aTeAbCTBO YTON TEOPEMBI TPH-
BHATBHO, — NOCAE MO20, KAK OHG CHOPMYAUPO6aAHd; NeHCTBATEILHO, TOKa3a-
TeJBCTBO, KOTOPOE MBI MPOBEJIEM HHIYKIHEH MO 7, CBOAUTCA K AOCTATOYHO
PYTHHHOH MpOBEpKe.

Ba3za WHAYKINE ycMaTphBaeTcs HemocpecTBenHo: 4id n = 1 = 20 nmeen
r=1=1[0;1], Tak ato [ = 0, mg = 0; I' =1, qo = 0, u cupaBeINBOCTH
YTBepXKAeHUS TeopeMbl odeBuana. [IycTh n > 1; IpeAnono)uM, 9To Aad Bcex
n’ € N, n’ < n yrBepxkjenue yxe nokazano. Ecan n 4étno, To n = 2n’, rue
n' € N, n' < n; oweBugno, mg > 0u n' = 2m0~1 4 ... 4 2m~1 nockonnky, Mo
NpeAnoIoKeHnio HHAYKInn, fis 1’ = r(n') nmeem ' = [mg — 1;my — mo, ...
cooymp—my_1, 1], tor = '+ 1 = [mg;my — mo,...,,my — my_1,1], aTo 1
yTBepKaaeTca. Ecan ke n weuérno, to n = 2n’ + 1, rae n’ € N, n’ < n;
oueBHIHO, mg = 0 m n/ = 2™1 =1 ... 4 2™~ L ocKOIBKY, IO TpPeAIONOKEHHIO
nHayknun, gas v’ = r(n') umeem r’ = [my — 1;mg — my, ..., my —my_1, 1], TO

CHEACTBHE. /las naxoxaenus n(r) no r u r(n) Mo n 10CTaATOYEH 0OBEM
BRIYHCJICHHH, UMEIOIINT JOTapu(pMUYeCKHH OTHOCHTEIHHO JaHHOTO MOPSTOK.

[lelcTBUTENBHO, pa3JoXkKeHne 4ucia r = p/q B OOBIKHOBEHHYIO NEMHYIO
Ipo6b CBOAUTCSA K aqropuTMy EBKAnNga, KOTOPHIN, KaK W3BECTHO, BHRITMOJHSI-
etcs 3a O(log max(p,q)) maroB ¢ OrpaHNIeHHBIM IHCIOM apUMMETHIECKIX
omepalnil Ha KaKJOM IIare, a HaM [ HaXOXKJeHHs n TMOHaIo6uTCH m0o6a-
BUTh B KQXKJKIH IIar TakKyKe JHUIIh OrpaHNYeHHOe YUCca0 omnepanuni. ITo xke
KacaeTcsd pasJioKeHHS YHCAa 1 B CTaHJAapTHOE JIBOMYHOE TpeacTaBleHne, TO
OHO, 09eBIIHO, ocymecTBaseTcs 32 O(logn) maroB ¢ OrpaHmIeHnHBIM THCIOM
apuMeTHYeCKHX ONepaluii, a HaM /s BBIYUCJAEHHUS T', KOTOPOe CBOAUTCA K
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CBOpDAYHMBAHUIO [EeNHOU JApo6u B OOBLIKHOBEHHYIO, MOHAJOOUTCS MOGABHTH B
KaKIBIU 11aT TaKKe JHIb O paHNYeHHOe YHCA0 OTepPalInil.

4. CPEJHEE 3HAYEHUE

31ech MBI TOKaXKeM, 9T0 QyHKIns r(n) obragaeT cpeJHUM 3HAUEHNEM, I
HOJY9UM HEYJAydlIaeMyio OlleHKY OCTATOYHOTO djeHa €€ CyMMaTOpPHON (op-
MyJabl. [JoKa3aTelhCTBO OCHOBLIBACTCSA Ha pAde TOXKAECTB, KOTOPLIM VIOBJIE-
TBOPSAIOT PyHKUUS r(n) W Ipyrue, ¢ Hell CBA3aHHBIE; MBI CHOPMYIHPYEM HX
B BH/JIe OT/€NbHBIX JEMM.

JIEMMA 1. [lns ao6oro k € N numeeT MeCcTO TOXKIECTBO:

r(dk+1)+r(4k+3)=1.

/TOKABATEJIBCTBO. OueBngno, nmeem: r(4k+1)+r(4k+3) = 1“(%)—}—1—1_
1 1 1 1 r(k) + 1
= — - 1
Jr1~(2k+1)+1 r(k-)+2Jr 1 41 r(k)+2+r(k)+2 *
r(k)+1

JIEMMA 2. [lns mo6oro k € N nmeeT MeCcTO TOXKIECTBO:

r(4k)+rdk+1)+rdk+2)+rdk+3)=7(2k)+r(2k+ 1)+ 3.  (2)

JTOKA3BATEJBCTBO. U3 meMMBl 1 cienyeT, 9TO
r(dk) +r(dk+ 1)+ rdk+2)+r4k+3)=72k)+1+r2k+ 1)+ 1+ 1=
=r2k)+r2k+1)+3. %

OTciola BUTHO, 9TO TOABKO YHCIO 3/2 MOXKeT NpeTeHJI0BaTh Ha POJb
cpenuero suadenns ¢ynkunu r(n). O6osnadas depes R(n) cymMMaTOpHYyIO

k
¢yakunio gas r(n), T. e. R(n) = > r(k), MBI JOTKHB GBLIN GBI pac-
1<kLn
CMOTpeTh Tenepb pasHoCTh R(n) — 3n; ogHaKo, MOCKOIBKY MBI cOGHpaeM-

€A BLIBECTH MOYHbI€ T'PAHUIBl H3MEHEHHHS OCTAaTOIHOrO dleHa, HaM OyjeT
YyIOGHO B3ATh €r0 B HECKOIBKO MOAN(UINPOBAHHOM BHIe, TOJOKNB R(n) =
_3n—-14 p(n)
N 2

cioBa 6yjet He p(n), a

, TaK 9TO OCTAaTOYHBIM YJ€HOM B COOCTBEHHOM CMBICJE DTOT'0

p(n) —1
—
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JIEMMA 3. /lasg aio6oro m € N nMeoT MecTO TOXKIeCTBa:

1
R(4m) = R(2m) +3m + 3

R(4m+1) = R(2m+1)+3m+ % © (r(m) + 1)1(r(m) +2)°

3

(3)
R(4m+3) = R(Qm—|—1)+3m+g.

/TOKABATEJIBCTBO. [Ipnvenss dopmyay (2), 1is mpousBoabHOTO M > 1
uMeeM:

k
R(Am+3)=R(3)+ Y (r(4k)+ 74k + 1)+ r(4k +2) + r(dk + 3)) =
1<k<m

N\

k
7 7
=3 +) 0 (r(2k) + r(2k+ 1) +3) =3m + 5 +) 0 (r(2k) +r(2k+ 1)) =
1<k<m 1<k<m
5 k 5 k
=3m+ 5 +r(l)+ > (r(2k) +7(2k + 1)) = 3m + - + Y (k)=
1<k<m 1<EL2m+1

:R(Qm—l—l)—|—3m—|—g.

HemocpencTBenno mpoBepseTcs, ITO HOAYIeHHAA (POPMYTA 6€EPHA MAKICE

u npyu m = 0; nodTOMy, 3aMeHsis B Heit m Ha m — 1, mias awoboro m > 1
5 1
monyanm: R(4m — 1) = R(2m —-1)+3(m— 1)+ 5= R(2m — 1)+ 3m — 3

OTCIO,,'_{a nmocjae 10BaTeNbHO TMOJYyIUM:

R4m)=R(4m — 1)+ r(m)=R(2m — 1)+ 3m — % +7r(2m)+1=

1
:R(Qm)—}—3m+§;

1 1
R(4m+1) = R{4m) + r(4m + 1) = R@2m) + 3m+ 5 + oy =

1
= R(2 3 - 4 —
(2m) + m+2+r(m)—|—2'
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R(4m+2)=R(4m+1)+r (4m +2)

:R(Qm)—|—3m—|—§—|— +r(2m+1)+1

!
(m)+2

—_

:R(2m+1)—}—3m—|—§—l—f

Teneps ocTanocsk Bepasuth R(4m + 1) ne depes R(2m), a 4epes R(2m + 1);
nMeeM:

1 1
1 1
= R(2 1) — — -4+ — =
(2m +1) r(m)—l—l+3m+2+r(m)—}—2
1

1
= ROmA DI S ) A D) 1)

*

JIEMMA 4. /lasg aio6oro m € N nMeoT MecTO TOXKIeCcTBa:

p(4m) = p(2m) +1,

p(4m+1) = p(2m + 1) +

' (@
4 2) = p(2 1
pAm+3)=p2m+1)-1.
JTOKA3ATEILCTBO. IloaydaeTcs HemocpeiCTBeHHOH IIOACTAHOBKOH B
3n—-1
dopmyasr (3) Bcioxy nf—l—p(n) BMecTO R(n) n BEIMOMHEHNEM OY€BH THHIX

npeobpa3oBaHni. K

TEOPEMA 3. /lna mo6oro nenoro [ > 0 npu Bcex n u3 nmpomeskyTka 2! <
< n < 21 cnpaseaanBo mepasencTso |p(n)| < [, mpuuém pasencTso p(n) = |
JocTHTaeTcs Toabko mpu n = 2!, a pasemnctBo p(n) = — — Toabko TpH
n =2+ 1.

JIOKABATEJIbCTBO. /lokasuiBaTh TeopeMy MBI OyjeM WHAyKIHeH mo [.
Mnal=0m l = 1 yTBepXK/eHue TeopeMbl IPOBEPALTCA HEMOCPeJCTBEHHO: TakK
kak (1) = 1, »(2 ) =2, r(3)=1/2, 170 R(1) =1, R(2) =3, R(3) =7/2,
M, 3HAYNT, p( )= (2) =1, p(3) = —1, Tak 9TO B HTHX CAyIasX TeopeMma
BepHa.
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[lycte Temepn | > 1, m nycTh yxke nokasano, 9to |p(n)| < [ — 1 upn
211 < n < 2!, npnaém p(n) =1 — 1 Toasko mpu n =271 a p(n) = —(1 - 1)
Toabko ipu n = 2! —1. Torja, no dpopmyaau (4), umeem p(2') = p(2=1)+1 =1
n p(Ql‘H -1) = p(QI — 1) =1 = —[, Tak 9TO B DTON YaCTH YTBEepXKIeHHe
TeopeMbl BepHO. Ecam ke 28 < n < 241 — 1, 1o, B 3aBHCUMOCTH OT BHIYETa
n mod 4, uMeeM cJieIyIolIne BO3MOKHOCTH:

0) mpu n = 4m, BBUAY N > 2L Gymer 21 4+ 4 < n < 21 — 4, oTkyja
271 < o2m < 28 — 1, m, amawmt, —([ — 1) < p(2m) < [ — 1, a Tak Kak o
dopmyaam (4) nmeem p(n) = p(2m)+ 1, To orcioga —(I — 2) < p(n) < [, Tak
aro |p(n)| < I

1) mpu n = 4m + 1 6yget y | <n < 2+l — 3, oTKyJa 21 < oam+ 1 <
<2V — 1, u, 3maunr, —(l=1) < p(2m+1) <l-1,a Tak Kak Mo GopMmyram

r(r+3)
D0+
npu r = r(m) ), To orciona —(I — 1) < p(n) < [, Tak 1to |p(n)| < [;

2) mpu n = 4m + 2 6yget 2L 42 <n< i — 2. oTKy1a 2l < oam 41 <
< 20— 1, m, smawnt, — (I —1) < p(2m+1) < [ —1, a Tax kak no hopmysam (4)

(4) umeem p(n) = p(2m+ 1)+ 61, rre 0 < 01 < 1 (nbo 6, =

nmeem p(n) = p(2m+1)+6;, rae 0 < ; < 1 (n6o b, = npu r = r(m) ),

Tto otciona —(I — 1) < p(n) < [, Tak 910 |p(N)| < I; e

3) mpu n = 4m+3, BBUAY N < 2l _ 1, 6ynet 2'43 <n< 2+t —5, oOTKy1a
21 < 2m 41 <2 — 1, m, smawmT, —([ — 1) < p(2m+ 1) < — 1, a Tak KaK
no popmyram (4) umeem p(n) = p(2m—+1) — 1, To otciona —I < p(n) < -2,
Tak 910 |p(n)| < . %

CaeacTBUE. /Ias Bcex n € N cupaBeinBel HeEpaBeHCTBA:

3n—1 —2Uog2 n| < R(n) < 3n—1 —1—2[10g2 n| 7 (5)

B KOTOPBIX KaK CJ€Ba, TaK U ClIpaBa PaBeHCTBO JOCTHUTa€TCs IIPpU 6ecKOHeYHO

MHOT'HX 7.

5. IIPUHINAT UHAYKIIUU

[locTpoennas namu 371ech nymepanud QF npuBoauT Hac K MBICIH O TOM,
YTO BBOJUMEIH €f0, B HEKOTOPOM CMBICJe, «eCTECTBEHHBINY TMOPSAJI0K JOJKeH
NPUBOAUTH HAC K CTOMD YK€ «eCTeCTBEHHOMY» TMpolieccy WHIYKTHBHOTO mepe-
xonma. B camoMm mere, mo cpaBHenuio ¢ N ycaoxknenme HeBeIWKO: K ONepannu
yBeJUYeHHs Ha eIUHUILY TOOABIIACK ONepanus B3ATHA O6PATHON BeJHINHBI, I
OHH, CIIaYKEHHO JeHCTBYS B Mape, KaK XOpolline MOJOTOOONIBI, BEIKOBBIBAIOT
OJHO 3a NPYTHUM B COBEPIIEHHOM TOPSAJKEe BCe MOJOXKHTENbHbIE PAalNOHATIL-
aole qncaa, Hadnnad ¢ 1. [looTomy mam 6ymeT HeTpyIHO CPOPMYJINPOBATH
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n TO0Ka3aTh Cjlegyiollee yTBepxKAenne, KOTOpoe MBI BIIpaBe 6y,11eM Ha3bIBaTh
IpUHIOAITOM MaTreMaTHICCKOH HAHAYKOAA OIS MTOJOKUTEJbHBIX PallHOHAJBbHBIX
quceJ.

TeEoPEMA 4. [IycTh A1s KaxKIOT0 TOJOKHATEIHHOTO PANHOHATLHOTO TACIA
r 3aaHo HeKOTOpoe yTBepxk aerne @,.. Ecau yTBepxkaenne 1 HCTUHHO, U U3
NCTHHHOCTH YTBepxXKjenus P, BbITeKaeT HCTHHHOCTH yTBepxkiaeHuid ®,..q u
®,/,, TO Bce yTBepK IeHus P, MCTUHHBL.

/IOKABATEJBCTBO.  PaccmoTpum mocieoBaTelbHOCTh YTBEPXKIEHUN
{\pn}neN’ rie W, — oTo yrBepk aenne «P, BepHO M1 1 = 7(n)»; ACHO, 9TO, B
CBOIO 0vepenb, yTBepx aenue ®,. —oTo, Mo cymiecTBY, yTBep:K qenne «V,, BepHO
mast n = n(r)». JokaxkeM WHIYKINEH MO 1, 9TO Bce yTBep:Kaenns W, BepHBHI.
Basa nugykunn oveBngna — Wy BepHo, Tak kak r(1) = 1, a no ycioBuio
BepHo. [IycTs Teneps n > 1; mpeamonoxnM, 9TO yTBepXK aeuans W, yke moka-
sanel 1i1s 1 < m < n. Ecan n 9étHO, TO n = 2m, rge m < n; nycth r = r(n)
u ' = r(m). llo uagykTuBHOMY Tpennonoxennio, ¥, BepHO, T. e. BepHO P/,
a Tak Kak 10 YCJIOBHIO U3 DTOTO CleIyeT, 4YTO BepHO P11y = P, TO BepHO U
U,,. Ecan e n HedéTHO, TO n = m+ 1, e m 9éTHo 1 m < n; MycTh 1 = 7(n)
n ' = r(m). [lo unaykTuBHOMY Tpennonoxennio, ¥, BepHO, T. e. BepHO P,
a Tak KaK 1O yCIOBHIO U3 DTOTO caefyeT, 9To BepHo ¥/, = ®,, To BepHO 1
v,. %

3AMEYAHUE. 3aMeTHnM, 9TO B JOKa3aTeabcTBe ycaoBuem «us P, caenyet
®;/,» MBI TONB3OBANUCH MOAbKO NPU T > 1: TEUCTBATENLHO, I1f IETHOTO M
nveeM r(m) = r(%)+1 > 1. [looToMy GOpMyTHPOBKY TEOPeMBI MOMKHO CJIeT-
Ka 0caabuTh: ecau ucmunno @, uz ucmunnocmu O, 6pimexaem ucmunHocmsb
Q. 11, u uz uemunnocmu @, npur > 1 eimexaem ucmunrocms Py, mo 6ce
O, ucmumnnsl.

6. 3AKJANYEHUE

B szakiaodenne npegiparaeM YHTaTeal0 HECKOJLKO 3ajlav OJas CaMOCTOd-
TeJIbHOTO pelllenns; cojgeprKallnecs B HUX Pe3yJAbTaThl NPOJUBAIOT, KaK HaM
KazxKeTcCs, rE[OHOJIHI/I’l'eJH:HbII./JI CBeT Ha NPUYUHLI CTOJDL 3aMeYaTeJbHbBIX CBOUCTB

nocTpoenHoil Hamn HyMmepanun Q7.
3A7AYA 1. TokazaTh, 910 gas moboro h € N nmeetcss posmo 2771

KHUTEJbHBIX PaOlWOHAJBHBIX THCEJ BbBICOTBI h, a X HOMepa ’I’L(?”) Y IOBJIE€TBO-

IOJIO-

pafoT mepapencTBam 2771 n(r) < 2",

3A1A9A 2. JlokasaTh, 9To aas awoboro r € QF, 0 < r < 1, umeem
h(1 —r)=h(r) nn(l—r)=n(r)+2sgn(3 —r).



