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Ynera Pudonatin u npoctoTta ncia 227 — 1

A. H. Pynakon

DTa cTaThA OCHOBaHA HAa MaTepualax JEKIIWHU, TPOYNTAHHOW CTYIeH-
TaMm Buicirer o Koanepzxa Matematuku HezaBucumoro Mockosckoro Yuu-
BepcuTeTa 3 anpensa 1999 rona.

1. BBEJAEHUE

Yncao M = 2'?7 — 1 gonroe BpeMs GHLIO B CIHCKE PEKOPAOB, OHO C
1877r. mo 1951 r. ABAANOCH CAaMBIM OOJBIINM U3BECTHBIM NMPOCTHIM YHCJAOM.
[poctora 2'%7 — 1 6nia yeranopiena D..Jykacom (E.Lucas). WUwm 6b11 HAH-
JIeH 3aMedaTeNbHbIN cI0co6 MoKa3aTelbCTBA NPOCTOTHI, NOTPeOOBABIIHI s
M = 2'27 — 1 okono cTa 9acoB BLunCAennil (6e3 KoMNbioTepa!l), HO HUKAaKNX
JeleHuil Ha MeHblIHe npocThie ncaal). I cobHpaoch W3I0KHTH MAaTeMaTH-
JecKyIo CcyTh aaroputma Jlykaca, o6CyIuB 3a0THO HEKOTOPLIE H3AIIHLIE pe-
3yJABTATH U3 KOHedHOU apudmernkn. CaMu BHIYHCJIEHHUS MBI HPOBOJNTH HE
Oy meMm.

Mue qu9HO DTOT CIOXKET KaXKeTcs OYeHb XOPOIINM NPUMEPOM TOTO, ITO
I TOCTPOEHNUs XOPOIero ajiropuTMa HYXKHA Xopolnas Teopus. Bmnpouem,
CYIIeCTBYIOT W3J0XKeHHS pe3yabTaTa Jlykaca, mpuBIekaionne 3HAYNTEIHLHO
MEHBIIIe (TEOPUIy, 9eM MOE m3jaokenue 31ech (cm. [2] u [1]).

[Topobuoe ncToputdeckoe ucciaegqoBanne pabot . Jlykaca n HaxoX JTeHUS
NPOCTHIX dncen ¢M. B [3].

2. YUncjaa PUBOHAYYHU U OCHOBHAS TEOPEMA

Kak maBecTHO, mOCTemOBaTeNbHOCTDL Ynces PUOOHATIN MOAYIACTCS CJe-
AyIOUINM 00pa3oM: MBI onipefenseM u; = 1, ug = 1 U HaXOMUM KaxKaoe caeny-
folree INUCI0 O POPMYIE Upyy = Uy + Upy—1. Y THCes PuboHATIN

1,1,2,3,5,8, 13, 21, 34, 55, ...

HeMaJIo 3aMedaTeNbHBIX CBONCTB. HanmpuMep, cHadana uaAyT ABa HEYETHRIX TH-
cla, TOTOM 96THOe, a TOTOM ONATh JIBa HEYETHRIX U T. [. DTO JerKO YBUIETH,

UIpo alropuTMBEI B TEOpHM HHCEN, B TOM HHCIE PO alTOPHTMHI TPOBEPKH TPOCTOTHI
9uciia, MOXKHO TpoYvecTh B ctaThe Hecmepenxo FO. B. Anroputmutdeckue npo6aeMbl TeOPUR
qancen [/ MaTtematmdeckoe npocsenierne, 1998. Cep. 3, o, 2. C. 87-114.

MaTemaTuuyeckoe npocseuerue, cep. 3, Bbin. 4, 2000(127—139)
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ecam paccMaTpuBaTh yncaa Pubonavdn mo Moayaio 2. Ecan M 3HaeM u,_1 1
Uy, MO MOAYIIO 2, TO Uptq OYAET UX «CYMMON O MOIyJIo 2. CleroBaTeabHo,
MBI IM€eeM TMOCjae0BaTeNbHOCTD:

ug = 141 = 0 (mod 2)
ug = 04+1 = 1 (mod 2)
us = 140 = 1 (mod 2)
wim 1, 1,0, 1,1,0,1,1,0,... DT0 u 03HAYaeT, 4TO KaXKJI0e TPEThe UUCJIO

JETHO, a YUCJAA Tepel HUM W TMOCJe Hero HeYETHH U T. 1.

Moxkuo 3aMeTHTh U ITO KaXKJIoe MAToe Tucao menutcsa Ha 5. /Lasg sToro
HaJI0 TOABKO BHIYHCAUTH ducia PuboHAIIH MO MOAYAI0 5. DTO 6yeT mocie-
MOBATENbLHOCTH YHUCEN

1,1,2,3,0,3,3,6,9=-1,0, -1, =1, -2, -3, 0, =3, —3, ...

[Mocre 20-ro 4waena Bcé HAYHET TMOBTOPATHLCA, W PEryASpHO, Uepe3 TeTHIpe
MecTa Ha MATOM HAYT HYJH.

3A71A4YA 1. TlokaxknTe, 9TO KaxKJoe 1eTBEpTOE Tncao PuGoHATIN JeAUT-
cg Ha 3.

SA/:[ALIA 2. HOKEDKI/ITG7 9YTO ecam m JelIuT U, TO M JIeIUT Uk, U3k,
ULy - - -

MoxkHO TONyYuTh Takxke Gopmyay mis duces dubonavdn. OHA XOPOIIO
M3BeCTHA, HO MO3BOJLTE MHE HANOMHATH, KaK MBI paccyKaaeM. Ecim MBI OT-
BIEYEMCH OT «HAYAABHHIX TAaHHBIXY, U1 = 1, Uy = 1, a pacCMOTpPHUM TOJBKO
ypaBHeHNe Tepexoia

Tpt1 = T + Tp—1, (1)

TO, KOH€YHO, €CThb MHOI'O IIOCJIer/I[OBaTeJIbHOC’l'eI./JI7 Y AOBJETBOPAIOIINX OTOMY
YpaBHEHHUIO. O,l[Ha 13 HUX, Ha3bIBaeMasfd MHOT fa 4uUcCAAMU JIy?C(ZCCZ, 2TO:

vy =1, v =3, U3:47"'7vn+1:vn+vn—1-

EcTh n gpyrue nociaenoBaTeabHocTH, npn >ToM ecan {a,} u {b,} — 1Be Ta-
KHe ToCIeJoBaTelbHOCTH, TO MOKHO TTOCTPONTH TPeThio, B3AB HX JTHHEHHYIO
KOMOMHAIMIO ¢ HEKOTOPLIME KO>(PPUIHEHTaMu, HanpuMmep, ¢, = 2d, + 3b,.
TyT cToaT KodpduuuenTH 2 1 3, HO OHI MOTYT OBITH JIOOBIMI. B acTHOCTH,
ecan

oo L+V5

2

1—+/5
uf=——,

2
T.e. & U [} — KOpPHH ypaBHeHHS T~ = z + 1, TO moc/IefoBaTeAbHOCTH @, =
=a" n b, = " yIoBIeTBOpAIOT ypaBHeHNO Mepexoaa (1), a 3HAYAT, n x06as
X JuHelHas KoMOuHaNus objaajaeT d>TUM CBoucTBoM. Tak kak o + [ = 1,

2
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a? 4 3? = 3, To cymMa >THX mocaeoBaTerbHOCTEN JaéT uncaa Jlykaca
n n
"+ (" =wv,. (2)
Nlns ancen dubonavdn Hago HoJee MCKYCcHO MOTo6paTh Kod(pGUIHeHTH. B
pe3yabTaTe MOAYIUTCA
n n
a” —p
Uy = 20 (3)
a-p
B wacTHOCTH, 13 >TOTO CIAENYyeT, UTO Uz, = Uy * Up,.
MHe 6B XOTe0Ch ceiidac chOpMyTHPOBATH HAIIY OCHOBHYIO TEOpeMy, KO-
TOpas ecTh MO cyinecTBy Teopema Jlykaca (1876), xoTs ona e 6wl1a cdop-

MyJInpOBaHA UM B Takoil ¢gopme. CoBpeMeHHOe H3J0XKEHNe HCTOPHIECKAX [Te-
Tagnei ecth B [3].

TroPEMA 1. [Tyems ¢ — npocmoe wucao 6uda 4k +3 u M = 29 — 1.
Toeda M npocmoe ecau u moapko ecau vm41)2 =0 (mod M).

ODTOT pe3yabTaT ABJAAETCH OCHOBOHW AATOPHTMA, MO3BOJSIOINIETO YCTaHO-
BUTEL MpocToTy uncra 227 —1, oqnako Ha 1o emé 106aBUTh (GHICTPHIY CTOCO6
BBIYHCICHUS V(pf41)/2- MBI 5TO 06Cy UM mo3Ke.

3. KOMNJEKCHBIE YHUCJA B KOHEYHON APUPMETHUKE

JlaBaliTe HEMHOXKKO U3MEHHM CTOCO6 BHIPAYKEHUS: BMECTO TOTO YTOOKI TO-
BOPHTH «@ CPaBHUMO ¢ b o Moxyaio m, a = b (mod m)», 6yseM roBOpuTh «a
paBHO b B ,apudMeTHKe IO MOAYIIO M, & =(y,) by. PopMarbHO DTO HETETO
He MeHfieT, 9YYTh-4yTh JAPYTHe CJ0Ba, HO MOXKHO Ha4aTh MPEACTABIATEH cebe,
YTO eCTh HeKWe Yncjia «apudMeTHKn MO MOIYII0 M», KOTOphe TPOCTO 060-
BHAYAITCA MeJBIMI YHCIAMH, a CaMu 1o cebe ecTh HedTO Apyroe. Hanpumep,
6 u —1 5To gBa 0GO3HAYEHUS 51 OMHOTO H TOTO K€ YHCJIa «apUPMETHKH MO
MOZYJII0 T».

[Ipu Takom moAXOM€ MOYTH CpPa3y BO3HHKAeT BOMPOC, a HEIb3s JH pac-
MIPHTH 06JACTh YHCeN, pACCMOTPeB, HATPUMep, «KOMILIeKCHBIe dnciaay. Benn
KOMILIEKCHBIE YUCaa — DTO Haphl JeHCTBHTENBHBIX, a TTaphl MOXKHO paccMa-
TpUBaTh 1 37ech. [laBaliTe pacCMOTPUM «KOMTIJIEKCHEIE THUCIa IO MOJIYIIO 7».
Ompenennm Takoe KOMILIEKCHOe YHCIO z KakK mapy z = (a,b), rie a mw b —
«ancaa mo Mmomyaio 7». Caoxkenne 3a1aéTcsi OOBIYHBEIM 06pa3oOM:

(a1, b1) + (az, ba) = (ay + ag, by + by):
yMHOXKEHHIe TOoxKe:
(a1,b1) - (ag, by) = (ayag — byba, a1by + agby).

JloBOIBLHO TPOCTO y6eaNThCA, UTO DTO XOpolliee oNpefefeHme: eCTh HYJb,
eTMHNTA, aCCONMATHBHOCTh, KOMMYTATHBHOCTD. .. MOYXKHO BHIYHCINTEL U
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o6GpaTHHIN dleMenT: ecan z = (a,b), To

-1 a -b
2 =lm e )
a®+b°" " a*+0b
OHako MOXKET 0Ka3aThCsA, ITO a® + b2 =(7) 0 # 06GpaTHBIN DIEMEHT He Ompe-
EJNEH.

Tak kak 7 — o4YeHb HeOGOMBIIOE TUCIO, MOKHO CIeIaTh ABHYIO TPOBEPKY.
BceBoamoxuBIE DJIeMEHTH O MOAYAIO 7 JErKO BHIMACHBAIOTCA, DTO:

0.1,2,3,4,5,6.

Keagpatamu 6yayT 0, 1,4, 2. n Bcé! CyMMBI ABYX KBa/JpaTOB MOJIYIatOTCS
Takmne:
0,1,4,2; 1.2,5,3; 4,5, 3,6; 2, 3,6, 4.

T.e. 0 BcTpevaeTcs Toabko ognn pa3 kak 0 = 02 4 02, Bce ocTaabubIe CyMMBI
HeHyJeBble. 3HAYHUT, ¥ HEHYJEBOTO KOMILIEKCHOTO YHCJIa €CTh OOpaTHRIH dJe-
menT. [Toryumaace xoporrnas apudpMeTnKa €O BCEMH YeTHIPbMSA ONepalusiMHu,
UJU TO, YTO HHAYe Ha3bIBAIOT MOJEM, a TOYHEe, KBaIPATHIHBIM paclIupeHneM
NPOCTOrO TOJA U3 7 DJIeMEeHTOB.

KcTaTn, 7 Helb3s 3aMeHUTh Ha 5, MOCKOAbKy 124 22 =(5) 0 B apudmeTnKe
no Moxyaio 5. [Ipobaema, cobcTBeHHO, B TOM, KaKHe YACTIa B apudMeTHKe MO
MOZYJI0 P HaJO CYINTATh OTPUIATENbHBIMH.

BenomunwM, mias mocTpoenns O6BYHBIX KOMIIEKCHBIX YHCEN MBI 6epeéM OT-
punaTtenbHoe qHucaA0 —1, Mag KOTOPOTO He CyIIeCTBYET KBaApaTHOT O KOPHS, 1
«10b6aBiseMy 3TOT KBaIpaTHHIN KOpeHb (POPMaJdbHO, T.e. muilieM z = a + b,
rjae i = —1. /lalee npaBuia onepannii BOZHUKAIOT caMi cO60Il, U3 PaCKPBLITHSA
CKOOOK:

(a1 + b17) + (a2 + bai) = (a1 + az) + (b1 + b2)1,
(a1 4 b17) - (ag + bai) = (arag + biba(—1)) + (arbg + azby)i.

Moxuo B3TEH 1 Ipyroe oTpunaTesbHOe YUCJA0, HalpuMep —2, I pacCMOTPeTh
KOMILTEKCHBIe 9ncia B Bue 2 = a + bj, rae j2 = —2. [loaydnTcs Bcé To ke
caMoe, B 94aCTHOCTH, ONEepPAINN TOXKe BO3HUKAIOT caMi cO6O0l, U3 PaCKpHITUS
CKODOOK:

(a1 4+ b17) + (a2 + b2j) = (a1 + az) + (b1 + ba)J,
(a1 4 b17) - (a2 + baj) = (a1az 4 b1b2(—=2)) + (arby + azby)j.

OTJH/I‘{I/IG BO3HHKaeT TOJBKO B OJHOM MecCTe, r'Je IMPUXOTUTCA CINTaTh J2
DPopmyaon a1 o6paTHOTO dAeMenTa OyaeT
a -b

bj)t =
(a+ J) a2+2b2+a2—|—262

7y

u Tak Kak a’ + 2b% # 0 xax Toabko (a,b) # (0,0), To HEKaKUX Npobiem He
BO3HIKAeT.
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3A1A49A 3. [lpoBephTe, 9TO MOXKHO MOCTPOUTH KBaIpaTHYHOE PaCIITHpe-
HIle TPOCTOTO MOJA U3 5 DIeMEeHTOB, paccMaTpuBas uncia a+bj, rae j2 = —2.
Bce geTripe meiicTBus apudmMeTukn 6yIyT KOPPEKTHO ONpefeNeHHl.

[laBaiiTe 6yqeM HCIOJIB30BATH TaKOe ONpe/iejeHle: CKayKeM, 9TO dJeMeHT
a B «apuMeTHKe MO MOAYJIIO Py, TAe p — MPOCTOE UUCIO0, ABIAETCT OTPHUIA-
TeIBHEIM, CITH ypaBHEHTE 2> =(p) @ HE MMEET PeIIeHNH, N MOMOKNTEILHBIM B
MPOTHBHOM cydae (ecju ph HTOM @ ;é(p) 0). Hanpuwmep, mo moxy.mio 5 dncia
1 w 4 monoxuTenbHLIe, a 2 n 3 — oTpunarenbusle. Tak kak —1 =(5) 4, TO 1NI-
cio —1 ToXKe MOJOKUTeAbHOE, TAK YK MOJAy9IaeTCd. 3aTO MO MOAYAI0 7 duciaa
1, 2, 4 moaoxuteabuwie, a —1, —2 u —4, nanm 6, 5 n 3, orpunaTeanunie. To,
YTO HAM €CTeCTBEeHHO HA3BATh «3HAKOM DJIEMEHTa», HCTOPUIECKN HA3HKIBAeTCA

a
CUMBOJOM JIeH(aH,z[pa —].Ilo onpenejJeHnto
p

+1, ecam a MONOKUTENBHO TIO MOJYIIO P,
—] =< —1, ecin a oTpunaTenbHO IO MOAYJIIO P,

p 0, ecama = 0.

MO}KHO MIPpOBEPUTH, 9TO IJad HeqéTHOFO IIPOCTOrO 9rucCJaa p pOBHO MOJOBHHaA
p—1
(T. e. T) HEHYJEeBbIX THCeJ MO MOIYJII0 P MOJOKHNTEIbHa I POBHO MOJOBHUHA
OTpHIIaTeJbHa W 9YTO ODPpOH3BeAcHHE IBYX OTPHIATEALHLBIX BCerJa IMOJOXKH-
TeJbHO.

a b ab
3A0AYA 4. JlokaxnTte, 9Toecan (— | =—-1lu (-] =—-1.10 | —] = +1.
p p p

3Aa71A4A 5. [lpoBepbTe, 9TO eciul £ OTPUNATENLHO O MOLYIIO P, TO THCIA
a+bj, rae j* = t, onpejenfOT KBaApaTHUHOE paclInpeRue MPOCTOrO MO
U3 p BIeMeHTOB (Tje Bce deThIpe TeHCTBHS apH(METHKI KOPPEKTHO Olpe/Te-
JeHBI).

I'naBnoe IIPpUJAOKeHHNEe BBIINIeCKAa3aHHOT O 15 HaC B CJeIYIOIIeM. HyCTB pP—
IIpoCcTOE YHUCJIO U YTHUCIO 5 OTpHIIaTeJIbHO IO MOIYJIIO P. Tor;[a qHuCJla & =

14++5 NG

1—
=— 1 b = —,  OmpejeNenbl Kak KOMILIEKCHbE THCIA MO MOJYIIO p

(kaK BIeMeHTHI KBa[PaTHYIHOrO pacumpenns) n GopMmyast (2) u (3) xis 9u-
cen Jlykaca uw PubOHATIN COXPAHAIOT CMBICA B KOMILIEKCHBIX YHCAAX MO MO-

AyTio p.

4. KOMNOJEKCHOE COIPAYKEHWUE IJIA YUCEJ IO MOIYJIIO p

CyliecTBeHHON COCTABAAIONIEH CTPYKTYPhl OOBI9HEIX KOMILJIEKCHBIX 9HCe
SIBJAS€TCS ONepanus KOMIJIEKCHOTO CONpsKeHus: ecan z = a+bi, To z = a—bi.
Mpgzr 3naeM, 9TO COMPAKERHOE CYMMBI €CTh CYMMa CONMPSKEHHBIX U TO ¥XKe 175
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Npou3BeTeHNA:

(21 +22) =21+ 22, (21-22) =721 - Z0.
OTCIOﬂa JerkKo 3?1}(.71}()‘{1/1'1‘]:,v7 YTO eCJn & €CThb KOMHJIGKCHBH;I KOpeHb ypaBHeHI/IH
¢ TeHCTBUTENBHBIMI KOD(P(MUIHEHTAME:

x2+ax—}—b:0,

TO @ ToXe Gy/IeT KOPHEM HTOTO YPaBHEHHUS.
Mbi MOZKeM ONpejeJuTh CONpsiKeHne W B KBA[PATHIHOM PACIIHPEHHN I10-
A5 W3 P DJIEMEHTOB (HhOPMYJIOi
5~ def .
(a+bj) = a —bj.
flcHO, 9TO COMpPSIKEHHOE CYMMBI €CTh CyMMa CONPSKEHHBIX, CONPSKEHHOE
NPON3Be/IeHNs eCTh PON3Be/eHne CONPSKEHHEX. KpoMe Toro, nmeer MecTo

cjefyiolias 3aMedaTenbHad popMmy.a.

t
[Tycth p — mpocToe UuCaO W ¢ OTPUNATEIBLHO O MOIYIIO P, T.e. | — | =

= —1. llocTpoum KOMILIEKCHBEIE 4YHCJIa KaK 4Yuciaa Bujga a + bj, rme a u b
paccMaTpHUBAIOTCA MO MOAYIIO p U j2 = ¢,

[TPEANTOXKEHUE 1. B amux ycaosusr ecau z=a+bj u z=a — bj, mo
z= 2P (4)

Otcroa caenyer, ato 2Pt = 2z = a® — tb?, T.e. (p + 1)-1 cTenenn «xoM-
MIEKCHOT Oy 9ncaa o6s3aTenbHo 6yeT «IeiCTBHTEIhHBIMY THCIOM.

[nst tokazaTenbcTBa GopMyasl (4) maBaiiTe BCIOMHUM, 9TO IS HAUIHNX
qucen

(@ + ) =) 2 + "
P !
IDTO cleyeT U3 TOro, 94To KoapdununenThl 6nHoma HetoTona, | °, ) = TPk
1 (p—12)!
ABASAIOTCA MeNABIMU YUCIaMu, geasmumucsd Ha p npu 0 < ¢ < p. Torga Mur
MOXKEeM HaMucaTh
(a+ bj)*P =(p) a? + P57,
Ucnonbsys manyio Teopemy depma, MBI 3ak109aeM, 110 af =(,) @, bP =, b.
Octaérces Beraucanth jP. Koneuno,
Hawm Hy:XHO TOKa3aTh, 9TO /I OTPUIATENBHOTO DIeMEHTa ¢ BHITOJHAECTCH pa-

BercTgo ¢(P~1)/2 =(p) —1. OT™MeTnM, ITO TNCIO b

MOJOXKUTEJAbHBIM 2JIeMeHTOM, TO S = 612 n

nejgoe, n eCan s ABJAdeTCH

ap—l _

(p) S ORE
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rle TocaeTHee PaBeHCTBO caenyeT u3 TeopeMbl Pepma. Tem caMbIiM moao-

pP— o
KHTEIbHBIC DICMEHTH! MPeoCTaBIfI0T HaM — — KOpHell NOIMHOMHAILHOrO
ypaBHeHUS

2(P-1)/2 — 1

B TIOJe «dIEMEHTOB Mo Momyaio py. [lotnHoMmanbHoe ypaBHeHHe, IO TeopeMe
Besy, He MoxkeT nMeTh GoJbllle KOpHEN, 4eM ero CTelleHb, I TeM CaMBIM s
OTPHUIATENBHOTO dJeMenTa ¢ nMeeM

H(p=1)/2 7§(p) 1.

B To ke Bpems tP! =(p) 1, m Tak Kak
-1 =) (t(p—l)/2 _ 1) (t(p—l)/2 + 1) 7

TO OCTAéTCA €MUHCTBEHHAS BO3MOXKHOCT: t(p=1)/2 =(p) —1. ITo0 3aBepuaeT
JTOKa3aTeIbCTBO GopMyIsl (4).

CAEACTBUE. Ilycmb p npocmoe u 5 ompuyameavro no modyato p. Tozda
das o = 1+v5 uf= 1=V
2 2
1) a? =) 5, B =@) o
2) aP*l =@, B =@ o f=(,) —L.

Mgur MmoxkeM TIpHMEeHUTDH DTOT pe3yJbTaT K uncaaMm Punbomatydn u Jlykaca.
B »>Tux ycroBuax moaydaem:

UMEEM?

p+1 _ gp+l
Up+1 = % =0 (mod p);

vp,=aoP+pP=a+F=1 (mod p).

Y106 MONB30BATHCA DTUMH CPAaBHEHUAME, HAM HAJO YMETh OMpeneisiTh,
M KaKuX p 9UCA0 «Hy OyMIeT MOMOKUTENbHBIM U IS KaKUX OTPUIATeNbHBIM
no moayato p. Celidac MBI TONpoOGyeM B 3TOM pa3obpaThCs.

5. KBAJPATHBII KOPEHBL U3 5 MO MOJYJIIO p

CBolCTBO, KOTOpOe s X04y ceindac CPOPMYyJHPOBATh, JErKO CIeIyeT W3
6osee OOIUX W TOBOJBHO TIYHOKUX pPe3yabTaTOB o cuMBoJe Jlexkanmapa, Ko-
TOpble 00BEeNUHAIOTCA 11O/ Ha3BaHNeM KBaAPaTHYHOT O 3aKOHA B3aHMHOCTH?).
Hawm Hy:XKeH TOJIBKO YaCTHBIU cAy9all >TOTO OO6IIero 3akoHa, OOHAPYKEHHO-
ro Dittepom u Jlexkanapowm, mokazanuoro l'ayccom u sBASOIIErocs OTHON U3

KeMTyKnH (<3JI€M€HTapHOI‘/JI>) Teopun duced.

2 Cum. cTaThio B. B.Ilpacosnosa, cc. 140-144. — Ilpum. pes.
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[IPENJIOZKEHUE 2.

(5) B {—}—1, ecau p=+1 (mod 5),

p -1, ecaup=+42 (mod5).

Cragaina aBe OOHINX JeMMEI.

JIEMMA  (JIEZKAHJP).
alP=1)/2 = (ﬁ) (mod p).
P

dakTHdeckn 3TO 3HAYAT, 9TO (p — 1)/2-51 cTeneHb @ MO MOJIYJIO P paBHA
+1 [aast HOMOXKUTENABHBIX ¢ U —1 [Misi OTPHIATENBHBIX €. DTO MK pa3obpann
B IIpeJBIAyIIeM NYyHKTe.

321M€TI/IM7 q9T0 J060e HeHyJeBoe YHUCJ0 1O MOAYJAI0 P paBHO C TOYHOCTHIO

-1
Mo 3HaKa OofHOMY u3 4mcenx 1, 2, ..., pT' Ecan o6oznadunth depes P MHO-

KeCTBO 5THUX YHCeJ:
-1
P: {1/ 27...7PT}7

TO A JI0O0T0 HEHYJEeBOTO & TO MOJAYyJIi0 p aubo z € P, anbo —zx € P.
PukcupyeMm p m HEKOTOpPOE d #(p) 0

JIJemMMA  (Tavece). Myems dasnk=1,2,..., P ucao € paerno +1 wau

—1 u eéwmbpano max, umo a- k- € P no modyaio p. Tozda
(p—1)/2
()= I =

[lelicTBATENBHO, BO-TIEPBLIX 3aMeTHM, 9TO ecan ducaa k' w k" pasimansr,
To mpousBegenus a - k' -y m a - k" - g ToX)e 6yayT pasamannl. OHKM Moran
bl COBNAIATh TOABKO ecan a - k' =,y a k" wan a-k' =,y —a-k", no n neppoe
I BTOpPOE HeBO3MOXKHO. 3HAYHT, Korjga k npoberaeT BCé MHOXKecTBO P, To u
npousBejenne a - k - £ npo6eraet Bcé P. [lycth K ecTh mpoussejienne Beex
saeMeHTOB U3 P. Mb1 nmeewm:

(p—1)/2 (p—1)/2

K= H a-k-ek:(p)a(p n/z. {¢ H k-

k=1

. _ -1)/2 ..
Coxpamas na K, moryqaem, 910 1 =, alr=1/2. Hgle )/ €k, 9TO C YIETOM
aemMbr Jlexxamapa mokaswniBaeT JemMmy laycca.

3AMEYAHUE. Moxuo CKa3aThb, 9YTO MLEI 371eCh MOJeJnpyeM OJTHO U3 H3-
BeCTHBIX NTOKa3aTeJlbCTB MaJol TeoOpeMEI CIDepMa.
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Temeps MBI MOXeM 06paTHThCS K TpetoxkKeHnio 2. Y Hac OymeT a = 5.
Jlns HeYETHOTO P

p=+41 (modb) <= p=10n+1mwmp=10n+9,
p=142 (mod5) <= p=10n+3mnmp=10n+7.

JlaBanTe npumennm gemMmy laycca gis p= 10n + 1. 31ech P = 5n, U HAM
HYXKHBL k=1, 2,..., hn.
k 5k Ek
1,2,....n 5,10,..., 5n +1
n+1,....,2n |5n+1,...,10n -1
2n+1,...,3n | (10n4+1)+4,..., (10n+1)+5(n—-1)+4 | +1
3n+1,...,4n -1
dn+1,...,5n +1

Tem cambim —1 BeTpedaeTes 2n paz u [[ex = +1. T.e. ecan p= 10n+ 1,

TO (§) = +1.
p

Nlns caygas p = 10n + 3 MOXKHO pacCyXJaTh COBEPIIEHHO aHaJOTHIHO.
-1
31ecn P = hn + 1.

k 5k Ek
1.2,....n +1
n+1....,2n -1
2n+1,...,3n +1
3n+1,....4n -1
4n+1 20n+5=(10n+3)+ (10n+2) | —1
dn+2,...,5n+1 +1
B pesyabTaTe MBI moaydaeMm Ha OquH diaeMeHT — 1 6ouabliie, Bcero 2n+1 Mu-
5
HYC €JIUHWI, a 3HAYUT, (—) = —1 B oTOM caydae. MBI mpegocTaBasgeM InTa-
p

TeadM CaMOCTOATEJNbHO NPOBEPUTH ABa OCTABHINXCH CJaAydasd U 6y,£[eM CIYUTaThb
npernoxKenne 2 MTOKa3aHHBIM.

6. /TOKABATEJbLCTBO OCHOBHOII TEOPEMBI

BosBpamianch K [0oKa3aTelILCTBY OCHOBHOH TeOpeMEI, chOPMYIHPOBAHHON
B KOHIIe pa3sjera 2, 3aMeTHM IpeXkK /e BCEro, ITO Mbl MOXKEM BLIMHCIHTH 3Ha-
venne M (mod 5). Mut smaem, uto 2* =1 (mod 5) u 4To0

M=2"-1=2%_1=23_1=2 (mod 5).

3amoMHIM 5TO: B yeioBusx Teopembl M =2 (mod 5).
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5
[Mpennonoxnm Teneps, ¥To M — mpocToe uncyo. Torga (M) =—1uwmn

MOKeM INPpUMEeHUTHL NpelaoKeHnne 1mn cleqCcTBHe M3 IMyHKTa 4. B TaCTHOCTH,

oM+l = gM+l = 1 (mod M),
a 3HAYNT, vpr41 = —2 (mod M).
M4+1

Oyctn N = 2971 = , T.e. M+ 1=2N. 3ameTum, 9710

(,UN)Q — (aN_i_ﬁN)Q — a?N +ﬁ2N —}—Q(Qﬁ)N = vy + 2 (_1)N‘ (5)
B mamewm cryvae N 9éTHO, 3HAYNT,
(’UN)2 =vn+2=-242=0 (mod M).
Tem caMBIM MBI TOJAYYHAH yTBEpKeHIEe TEOPEMEI B DTOM CJydae.

O6paTtHo, mycTh m3BecTHO, 9TO vy = 0 (mod M). Hago mokasath, 4TO
qucao M npoctoe. Bo BCsiKOM caydae, MBI MOXKeM yTBEpPKAaTh (MOCKOABKY

M = 2 (mod 5)), aTo He Bce mpocThe genuTenu p qucaa M umeroT Bu1

p = £1 (mod 5); maigércs mpocTon mernTenb p 4mcaa M, mas KOTOpOro
5

p = 12 (mod 5), n Tem caMBIM —) = —1, modTOMYy HHCIO H OTpHUIIATENHHO
p

O MOJIYJIIO P I MBI MOXKEM HCMONB30BAaTh pe3yabTaThl nyHKTa 4. B wacTHOCTH,
aPt! =(p) prtl =(p) —1. B T0 xKe Bpems p neant M, sHadur,

Uy = oy + ﬁN =(p) 0.
[lycth € = a/f3. Torga Mbl MOAy9UM, C OJHOU CTOPOHHI,

eV =) —1, (6)

a ¢ gpyroii ctoponsr, ePT! = L.

s pasenctBa (6) cregyet, 9T0O eV =¥ =(p) T1.

JEMMA. [lyems € =,y 1 u b =(p) 1. Hcnoavays dedenue ¢ ocmameon,
3anuuem a =) be+r. Tozda " =(p) 1.

MencrBuTensno, 1 =, & =, (eb)eer =p 1" =@p e
[MoBTOpsA DTO paccykjenne, moay«nm, 91o €% = 1, rae d — HanGoxbIINi

obImi genuTenn 4as a u b. B mamem caydae 5To o3HavaeT, 9TO
g =@y 1, rae d=HO/A(2, p+1).

Tenepb mu6o p+1 =29, T.e. p= M u M — npocTtoe 4ncio, mm6o p+ 1 < 29,
Bo BTopom caydae d = 2°, rae s < ¢. Torga d gemur N = 297!, smaunr,
eV = (ed)N/d =(p) 1, 1TO IPOTHBOPETNT PaBEHCTBY (6). Teopema 1 mokasana.

Takum o6paszom, mpoctoTa uncia M = 29 — 1 3aBUCUT OT 3HAYEHAA TUCIA
Ugq—1 TO MOTyIT0 M.
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3aMedaTelbHEIM 06Pa3oM MBI MOXKEM HCTOIB30BATH (GOpMyay (5) mas BEI-
YUCJACHUSA YHuCen Vyi. OBo3HAUMM r; = wvyi. Torma rg = v; = 1. Teneps u3
dopumyanr (5) umeem: 1y = 13 +2 = 3 (3gecy N neudrno). llpu i > 1 Mur
npumMenseM dopmyay (5) ¢ 9étabiM N:

Tip1 = 1“22 -2, r =3.
W narmr ocHOBHON pe3yabTaT NPHHUMAET CAAYIONINHA BH .

TroPEMA 2. Feau ¢ — npocmoe uucao 6uda 4k+3, mo uucao M = 29—1
npocmoe ecau u moavko ecau r,_; =0 (mod M).

7. OPTAHU3ANINA BBIYUCJIEHUNA. [IPUMEPHI

Beraucaenne r; y1o6HO Npon3BoANThL B ABOWYHON 3anucu: ry = 11 (B 1BO-
HIHOH CHCTeMe).

Takum obpazom, 1o = 111, T.e. 7 B JecATUYHON cHCTeMe.

Jlas ro monydaem:

+
— == == =

7“2:1

Mas ra:

—_ = = | e
—_ = | = =

—_ =

— 10
rs =101111
Utak, r3 = 101111, T.e. 47 B AecATHYHON CHCTeMe.
3/lech MBI yKe BUIUM OJUH CIydall Haiiel Teopemsr: npu ¢ = 3, M =7 —
npocToe, n Kak paz ro =7 =0 (mod 7).
Crenytommnm g 6yget ¢ =7, M =27 — 1 = 127. KoHe4HO, MOKHO HCIOIb-

30BaTh OOBIYHEIE JeJeHus O4d aHaau3a MPOCTOTHI YucCaa 127 HO MOCMOTPHUM,
KaK pa60TaeT AJTOPUTM.
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Hawm wa o nocunTtath rg, 15 1 rg (mod 127). [IpnsTHO 3aMeTHThH, ITO MBI
MOXKEeM MPOU3BOIUTH PEAYKIINIO MO MOAY.At0 127 yiKe B mpoliecce BEIYUCICHHH,
I OHA COOTBETCTBYET «CABHUTY JHBOUYHOU 3AMUCH» HA 7 €MUHUIL:

27=1 (mod 27 — 1), smaunt, 27t* = 2%  (mod 27 — 1).

Tem cambiM 14 O MOAyA0 127 MOXKHO CIHTATh CAETYIONINM 06pa3oM:

101111
10111
+ 1:0 1111
1 0:1 1 11
101 1:1 1
— 10
[Tocne nepenoca momydaem
101111
1011110
0111101
1111010
1101011
— 10
Tenmepsb MBI JOMKHBI CIUTATH «IUKANIECKTY — MePEeHOCH JI06YI0 BLLIE3AIOITY IO
BJIEBO 3a 7 pa3pAJOB eIUHWIKY HampaBo. [loayaaem:
101101
1011110
+ 0111101
1111010
1101011
1111111
1 1111
1
1 11111
1 1

01100060

Taknm obpasom, r4 = 0110000 (mod 127).
Tenepnb mns rs:

-I-O 000110
0001100
0010000
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To ecth r5 = 2* (mod 127). Teneph rg = 2% =2 =2 —-2=0 (mod 127). Tem
caMbIM 127 — mpocToe 9ucao.

AHBanorndHbIM 06pa3oM OBLIO MOCYHTaHO, 9TO dncao M — 1 mpo-
ctoe. Torbko TyT HaJ0 OBLIO OCYIIECTBAATH NUKJINYEeCKHe CIOKEHNS IBOMY-
HBIX qucen panabl 127. Kak o6bsacuser Buabsamc [3], Jlykac cenan cebe mrax-
MaTHYIO TOCKY U 3alHCHIBAJ THCIA 110 IMHAAM DTOU TOCKH, PACCTaB/IAA I IbH
Ha MecTaxX eJUHUI W OCTaBIAfl MIYyCTHIMA KJIeTKH HyJel. llukinmieckne croxe-
HUS MOXKHO TOT/a OCYIIeCTBIATH KaK ATPY», clelys HeCKONbKHM IPOCTHIM
npasuiaM. [lorpe6oBanocs npuMepro 100 JacoB Takoll UTPHI, ITOOLI BEIMH-
CAUTH T197 IO MOJY.TIO 2127 _ 1,

— 2127
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