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I should say it meant something simple
and obvious, but then I am no philosopher!

I.Murdoch  The sea, the sea

BBEJIEHUE

Teopus mpensiTCTBUH SABJASETCH BAXKHOU 4aCThI0 alrebpandecKoll TOMOJIO-
TUU 1 UMeeT MHOTOYNCIeHHble TpUMeHeHNs B NIPYTuX 001acTAX MaTeMaTHKH.
A pasz Tak, OCHOBHEIE HJeH 3TOU TeOpHH HABEPHAKA MOYXKHO NOCTYMHO W3-
JOXHUTH 49€T0BEKY, He HMeMIIeMy CHeMHaJbHRIX TMO3HAaHWH B Tomogoruu. K
COXKaJIeHNI0, U3yYeHNe TeOpPHH MPensTCTBHH MO CYHIIeCTBYIOIUIEH JHTepaTy-
pe BO3MOXKHO TOJbKO NOCJe MJIHTETbHOTO OCBOEHNS HEMOTHBHPOBAHHBLIX ab-
CTPaKTHHRIX HOHATUU U Teopuil. HacTosas e cTaThs, HATPOTUB, MOCBSAIIIE-
Ha W3JOXKEeHWO HIed TeOPHH MPensTCTBHH Ha MPOCTEUIINX YaCTHRIX Caydasx.
Ona npegHa3sHadYeHa B MepPBYIO odepelb s YUTATENEH, He BJIaEONINX TOMO-
JOTHel, HO MBI CMeeM HaAesiThCH, 9TO OHa Oy/IeT HHTEePeCHA W CMeNnaJncTaM.

B mKoABHBIX (B 9aCTHOCTH, OMMMITHA THEIX) 32/]a9aX HEGO3MONCHOCTD Pea-
JN30BaTh HEKOTOPYIO KOHCTPYKIINIO 9aCTO NOKa3bIBaeTCd NyTeM MOCTpPOeHNUd
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anreGpanvieckoro npenamcemeus, WIM uneapuanma (Hampumep, n3 coobpa-
KeHn# JeTHOCTH). TOYHO Tak e HEIK6U6AAEHMHOCMb KOHCTPYKINH 9acTo
[OKa3bIBaeTCs MyTeM MOCTPOEHNs alrebpanvdeckKoro uH6apuaHma, uX pasJm-
qaoIero (3TOT WHBAPHAHT SBASETCA NPENAMCMEUEM K DKBHBAICHTHOCTH).
MHorue HemoxoxKme APYT Ha ApPyra 3a/add TOTMOJOTHH aHAJOTHYHBIM OOpa-
30M eCTeCTBEHHO MPHBOJAT K MOXOXKHM JPYT Ha [Apyra npensamcmeusm. B
HaCTOSAIIEH CTaThe 3TOT NPONecC MPOIeMOHCTPUPOBAH Ha MpHMepe HanboJee
HaTJAATHBIX TOMOJOTHIeCKUX 3aad.

Mnst atenns cratbn (kpome §3.C,D) moctaTodHo reoMeTpHYecKOn MH-
Tynuun (WCrnonb3yeMble HadalbHble TOHATHS Teopnu TpadoB MPHUBENEHB B
KOHIIe BBeJeHHS, a HCHOAb3yeMoe B §3 MOHSTHE ABYMEPHOTO MHOrOOOpa3us
TaM KpaTKo oObscHAeTcs). B 9acTHOCTH, Bce HeOGXOMMMEe alrebpandeckne
06BEKTHI (CO CTPAIIHBIME HAa3BAHUAMHA PYTTBI KOTOMOJOT W, TPENATCTBHS U
XapaKTepHCTHIeCKne KIaCChl) eCTeCTBEHHO BO3HMKAIOT W CTPOTO onpedeis-
1omces B mpolecce JT0Ka3aTenhcTBAa TeopeM. MBI TakyKe TPHBOINM Pe3yJIbTaT
BRIYHCJIEHUS MPENATCTBUN, MAfOIINNH HHTepeCHkBIe TeoMeTpHIeCKre CJe/ICTBUs
(caMO BBIYHC/IEHNE OCTAETCS YHTATEN0 B KadeCTBe 3a/a4l, KpOMe BBIYHCJIe-
unit B §3.C, D, 3a koTopeiMn MBI oTchiTaem 4dnTatens K [5]). [loggepknew,
YTO MBI He TpebyeM OT YHTATENS 3HAKOMCTBA C airebpamvecKuM TOHSTH-
€M TPYNNB, B TEKCTe MOXKHO BOCIPHHIMATEH DTO CJAOBO KaK CHHOHHM CJIOBa
«MHOYKECTBOY.

Yacte MaTepuaia cpopMyaupoBaHa B BHjJe 3aMad, 0603HaYaeMBIX KHP-
HBIMHU YHCJAaMu. uTaTenbh TakKKe MOXKeT pacCMaTpUBATh BOCIOJHEHHE JeTa-
Jel HabpocKkoe doka3ameabeme Kak MaTepnan IS CAMOCTOATEeILHON paGoTH.
CaegyeT MOM49€pKHYTh, 9TO 3aJa49H He HCMONB3YIOTCS B OCTalbHOM TekcTe. B
HEKOTOPHIX 3a/ladaX MOTYT BCTPETHThCS HE3HAKOMEBIE BaM TEPMUHEI; TaKue
3ajJlavu caeyeT MPOCTO HTHOPHPOBaTh. OTMeTHM TaKyKe, YTO JIf PelleHus
3aj/la4Y JOCTATOYHO MOHUMaHUSA WX POPMYJUPOBOK U HE MPEOYEMCA HUKAKIK
JMOTIOTHUTENbHEIX TOHATHH U TEOPHH.

[Taparpadgsl cTaThil HE3ABUCHMBI APYT OT ApPyra (CCHIIKH MeXKIy HUMH
MOCBAIIEHBI NCKIOIATENBHO CpaBHeHNT0 MaTepnana). OHI pacmoMoKeHkl Mpu-
MEpHO B TOPS,IKe BO3pAaCTaHus CA0KHOCTH. B Kax oM maparpade TpuBOIHT-
csi KpaTKas MCTOpHs Bompoca. KOHKpeTHBIe CCBHIIKH JTal0TCA TOMbKO 1O (K
COJKAIEHNIO, OTHOCATENBHO MAJON3BECTHOMY) MaTepnary §2.

Jlas auTaTens, yKe 3HAKOMOTO € aareGpanieckoll TOTMOJIOTHEHd, OTMeTHM,
YTO MKl He HCHOJb3YeM CTAHIAPTHYI TEPMHUHOJOTHIO TEOPHH MPensTCTBHR
TaM, T/Jle MBI CIUTaeM, 9TO OHA HeyoOHa g HavnHatotlero. [[puBegem 31ech
ISl CpaBHEHHS DTY TepMuHOJOTHI0. PaccTaHoBKHU BieMeHTOB Tpynnbl G Ha i-
cUMILTeKcax moandapa K HaswsIBalOTCA t-mepublmy Koyenamu na K ¢ xkoaddu-
yuenmanmu 6 G (y Hac OHI HA3BIBAIOTCSA MPOCTO paccmanoskamu). I'pynma Ta-
KUX paccTaHOBOK 06GLIHO o6ozmadaerca C* (K, (7). MuoxecTBO SC(K, G)
Bcex KoTpammm obpasyeT moarpynmy rpymnns C'(K,G), obosmataemyto
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B'(K,G). Korna G = Zjy, Mbl nponyckaeM KodpUUIUEHTH B 0603HATEHN-
AX KOllene, KONNKJIOB, KOTpaHUI i (KO)TOMOJOTHH.

* % % * % %

HamomunMm mcmonsb3yeMble HadaabHble TOHATHA Teopun rpados. ['py6o ro-
BOpsA, rpad) MOXKHO MOHHMATh KaK KOHEYHOE MHOXKECTBO TO4YeK (ero «Bep-
IIMHBD ), HEKOTOPKIE Maphl KOTOPHIX BHIJEJeHB («COenHeHBl peGpamMmy ). Mur
npuMeM ciaefnyioliee (opMmaibHOe onpejgenenne. Pazbuenuem (npeacTaBasio-
mnM rpad) HazoBeM KOHEYHOe MHOKECTBO TOYeK (Ha MIOCKOCTH), HEKOTOpHIe
napbl KOTOPBLIX COeJMHEHBl JOMAaHBIMU; DTH TOYKH HA3BIBAIOTCHA 6EPULUHAMY
pasbuenus, a JoMaHbBIe — €To pebpamu; pebpa MOTYT mepeceKaThCs, HO TOY-
KN Tepecedenns (KpoMme IBYX KOHIOB peGpa) He MOTYT OBIThH BepIIMHAMI.
Pas6uenus GG u (G3 HA3BIBAIOTCA U30MOPPHBIMU, €CAU CYIIECTBYET B3aNMHO
O/THOBHaYHOE 0TOOpaKeHne f MHOYXKeCTBa BepiinH pa3buenus (G Ha MHOXKeCT-
BO BepilinH pasbuenus (Go, yIOBIeTBOpAIOIlee yCJIOBHIO: Bepiinabl A, B € GG
coeMHEeHEl pebpoM B TOM W TOJbKO B ToM caydvae, ecan f(A), f(B) € Gj
coenHeHB pe6poM. Pazbuenns Gy u (G HA3BIBAIOTCA 20MEOMOPPHBIMU, €CTH
(GG1 MOXHO TONy4nTh U3 (G omepanusmn nodpasdeenus pebpa (puc. 0.1) u

Pwuc. 0.1.

obpaTHEIMHA. [ pagom Ha3RIBaeTCS KAacC YKBUBANEHTHOCTH pasbuenus (Mo oT-
HOIIIEHN IO ToMeoMopdHOCTH). Pasbnenne (s1eMeHT Ki1acca SKBUBATeHTHOCTH)
Ha3bIBaeTCs pasbueHneM WM TPHAHTYISIHEN COOTBeTCTRBYIoNIero rpada (mo-
nycKas BOABHOCTE PeYH, MHOT Ta KOHKPETHOe pasbneHne Ha3LIBAIOT TPadoMm).
Yepes S! o6ozmavaeTcs rpad, roMeoMopdHEI OKpy:KHOCTH. ' py6o ToBOpA,
nodepag manHOrO rpaa — DTO €ro 4acTh (TOYHOE OmpejeNeHne MPHBEIATe
camn). I'pad HasbIBaeTCs Jepe6o.m, eciil OH CBSA3€H M HE COJEPKAT NOATpada,
romeomopduoro St. Cmenensio BepIINHB Ha3BIBATCA YHCIO BEIXOANINX 3
Hee pebep. KonmdecTBa Bepinuh, pebGep n KOMINOHEHT CBA3HOCTH rpada K
ob6osznadatotcs V, ¥ u (', coOOTBeTCTBEHHO.

§1. B HANIPABJEHUN XOIdA

Jlas mosMuOKecTBa (Hanpumep, rpada) K C R? onpegenny nousTne 6e-
mpa (WU HempepbLBHOrO OTOGpakeHus B OKPY:KHOCTL). Berep f: K — S1
COMOCTaBAAET KAXKION Todke z € K ernHuvHbi BekTop f(z) (TOYKY Ha OK-
pyxuocTh). Bektop f(z) momkeH HempepwmIBHO 3aBuceTh oT z. /[Ba BeTpa
fo. fi: K — S' nasmBatotcs 2omomonmbimu (o6ozmatvenue: fo ~ fi), ec-
JU cylecTByeT ceMmeiictBo fi: K — S' BeTpoB, HempepuIBHO 3aBHCAIICe OT
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napametpa t € [0, 1]. Tas rpacdha K C R? o6o3naunm qepes [K, S'] muoxecTno
BeTpoB K — S! ¢ TounocTwio o romoTonnu. B nToMm maparpade pemaeTcs
3afava Haxozxjenns mMuoxkectsa [K,S'] (a B Buje 3ajad B Konue maparpada
npeararaoTcs ee 0600IIEHNs Ha APyTHe CAyYan).

Teopema Xormga 0 TOMOTONNYECKON KAACCUPHKATHE OTOOPAKEHUH N-M0-
amapa B.S™ (T.e. «MHOTOMEPHBEIX BeTPOBy ) 6bITa ToKazana XaiuueM Xondom
okono 1930r. («mo 3akasy» [laBra CepreeBmua Anexcamgposa). Wnes mpn-
BO/IIMOTO HEXKE [TOKa3aTelbCTBa TeopeMbl Xomlda mpuHapiekuT CoMoaio
Dinenbepry n Comgepcy Makreiiny (okono 1940r.). 3amaga o romoTonmnye-
CKOW KJacCH(PUKAINN TPOU3BOIBHBEIX OTOOpaXKeHWll — OJlHa W3 OCHOBHHIX B
aarebpandeckon Tonogorunn. [lankHelliee pa3BuTHE TeopeMa Xormga moay -
na B pa6otax Hopmana Cturpona (1941r.), JIsBa CemenoBnua [lonTpsrunua
(1942r.) m» Muxanra Muxaitosnia [loctankosa (okomo 1950r.).

1. [lnsg mo6oro mepeBa CyNMIeCTBYET POBHO OJWH BETEP C TOYHOCTHIO MO T'OMOTOIIHH.

Cmenenvio deg f Betpa f: S' — S maswBaeTcs 4ncao 060poTOB BeKTO-
pa f(z) (BOKpyr cBOero HemoJBHKHOTO Havalxa) MpH OJHOKPATHOM 06Xorme
TOYKON o OKPYKHOCTH S' MPOTHB YacoBoil CTpeIKH.

OCHOBHASA TEOPEMA TONOJOTUH. Omobpaxcenue deg: [S1,S1] — Z
A6afemMca buexyued.

Mpr He TPpUBOANM [TOKA3aTeNhCTBA (MHTYNTHBHO OYEBIIHON) WHBEKTHB-
HocTH B OCHOBHOW Teopeme TOTOJOTHH.

2. a) JlokaxuTe cIopbeKTHBHOCTE B OCHOBHOI TeopeMe TOMONOTHH.
b) Bueegure nz OcHoBHOl TeopeMnl Tononorun OCHOBHYIO TeopeMy aireGpHl.

3. a) llyctes K — HecBszHoe 06bequHenne mwm 6ykeT k okpyxkHocTen (puc. 1.1). Pukcn-
PyeM IPOM3BOIBHO HATpaBIeHNe Ha KaXJoH 13 >TuX okpyxkHocTeir. [laa Betpa f: K — S!
IIOCTABUM HA KAaXKIOU U3 3TUX OKPYXKHOCTEN CTEIEHb CYKEHUs BeTpa f Ha 3Ty OKPYKHOCTb.
Hony4ernyio paccTaHoBKy k membix «mcen oGosmawum deg f. Torga deg: [K.S'] — 7k —
OreKITH.

b) Muoxectro [K, S'] ne MensieTcs ipu cTaruBanuu pe6pa.

) [K,S' =7E-V+e.

St OyKeT OKPYKHOCTEN Ky

Pwuc. 1.1.
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Xong MOKa3LIBAT CBOIO TeopeMy NpH MOMOIIH 0606IeHns MeTo a 3a,1a4
3b, 3c. [IpuBefem Apyroe MOKazaTelbCTBO, pa3BHBaOIee HIef0 3a1a49n 3a U
caemyiotiee obiieMy MeTONY TEOPHH NPensiTCTBHM.

TEOPEMA XoT®A. Jas epada K omobpaxcenue deg: [K, SV — HY(K,Z)
A648€MCA OUERYUET.
Borancaenne. H'(K,Z) = ZF-V+¢,

Onpenerenne H'(K,Z), deg u goxazareibcTBo. 3HAKOMCTBO ¢ DTHM JIO-
Ka3aTelhCTBOM PeKOMeHTyeM HadaTh co caydas K = Ky (pmc. 1.1). duk-
cHpyeM NPOM3BOALHLIH e MHAYHLIH BekTop v. [IponsBoabustii BeTep K — S!
COMOTOIEH KAEMOUHOMY BETPY, T.€. BETPY, JIsg KOTOPOTO B KayKJIOW BepIInHe
rpaga K ctout BekTOp v. [losTOMy MOCTaTOYHO KIacCHPUIEPOBATH KIeTOY-
uie BeTpel K — S ¢ TownocThIO 10 TOMOTOMHE, Bce 0TO6pakenns (BeTpH)
KOTOpOU He 065i3aTeJbHO KJIETOYHHI.

dukcupyeM TPON3BOIBLHO HANpaBIeHNe Ha KaxK, oM pebpe rpada K. Bo3n-
MeM KleTodnwii Betep f: K — S'. [octaBuM ma kawxjgom pebpe ¢ C K ¢
HAYaJOM 1 W KOHIOM k dncio o60poToB BekTopa f(z) mpm o6xome TOIKON &
pebpa € ot n k k. Ilonrydennyio pacctanoBky o6osuaqdnm v(f). MuoxecTBO
BCEX PacCTaHOBOK NeENBIX 4ncel Ha peGpax rpada K o6osnaunm wepes Z%.
PaccTanoBKEH MOXKHO CKJIaABIBaTh: JJAsf DTOTO MPOCTO CKJIABIBAIOTCA HHCIA,
CTOfAIINE HA KaJKJOM pebpe (Takoe CJIOKeHNe Ha3hIBAETCA NOKOMNOHEHTIIHBLM).
Ecan f,g: K — S — Taxue kaetounsie Betpr, ato v(f) = v(g), To no Oc-
HOBHOW TeopeMe TOmoJaoTun f =~ g.

O6paTHOoe HEeBepHO, KaK MOKa3bIBaeT MPUMeEp CJIeIYIONell TOMOTONNH (CM.
puc. 1.2). /lns Bepumusl a Tpada K msmennm BeTep f Tak, 9TOGH BEKTOP B @
cenana o 060pOT MPOTHB YaCOBOU CTPENKH, BeTep B MaleHbKON OKPEeCTHO-
CTH BEPIINHBI @ «TOTAHYJICSY 32 BEKTOPOM B @, a BHE DTON MaJeHhKOU OKPeCT-
HOCTH BeTep He Mensicsa. B peayabTaTe noxydum Betep g: K — S', romoTon-
ubrit Betpy f. [lonsitro, 9To ¥(f) —7(g) ecTh paccTanoBka +1 (B 3aBHCHIMOCTH
OT opueHTannn) Ha pebpax, cofepKalinx Bepunay a, n 0 Ha BCeX OCTaIbHBIX
pebpax. DTa pacCTaHOBKA HABBIBAETCH IAEMEHMAPHOU KOZPAHUYED 6€pPULU-
Hbl @ W obo3zHaTaeTcs da.

B OKpPeCTHOCTAX BepHIWH dip, ..., ap caejgaeM ONMHUCaHHYIO BbIII€ T'OMOTO-

nuio BeTpa f, MOBOpadnmBas BeKTOPH B DTUX BepIIWHAX HA Ny, ..., NL 060pO-
TOB, COOTBETCTBEHHO. DTY TOMOTOMNHNI0 MOKHO 3a/[aTh PAacCTaHOBKON 4ucen
ny,..., N} BBePIINHAX d1, . .., A}, COOTBETCTBEHHO (W HYy.J€ll B OCTATbHBEIX Bep-
mnHax). O603HATNM TOJYIeHHYIO PACCTAHOBKY depes |', a moaydeHHBIN BeTep
gepe3 fr. MHOXKeCTBO Bcex pacCTaHOBOK HMENBIX dHcesN Ha BepliuHax rpada
K ¢ onepammeii MTOKOMIOHERTHOTO CloKenns o6o3matny wepes ZY . Kax o
BepIIHE ¢ OTBEYaeT «XapaKTephHCTHYecKasy paccTanoBka a € ZY equnn-

OBl B BepuinHe a n HYJs1 B OCTaJbHBIX BepIInHAX. OHpe,Z[eJII/IM OTO6pa)KeHI/Ie
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Puc. 1.2.

§: 2V — 7P dpopuymoit §(nyay + ...+ ngag) = niday + ...+ ngdag. Torma
v(f) —v(fr) = dL.

HasoBeM paccTamoBKH 1,72 € ZF xozomonroeuunvimu, ecin vy — 9 = 6T
aas mexotoporo I' € ZV. I'pynna HY(K,Z) = Z¥/§(ZY) paccranopox c
TOYHOCTHIO IO KOTOMOJOTHIHOCTH HA3LIBACTCA odnoMepHOTU 2pynnot xo2o-
moaozuii epaga K ¢ wosfuyuenmamu 6 Z. O6oznadnm deg f = [v(f)] €
€ H(K,Z).

Teneps paccMoTpuM ToMoTonnio fi: K — S MeX Iy KIeTOYHEIMHI BeTpa-
Mu fo, f1. [loctaBum Ha Kaxk ol Bepimae ¢ 4ncio o60poTOB BeKTOpa fi(a)
npn usmernennn t ot 0 1o 1. loxydennyio paccranoBky o6oznadum ['({fi}).
Jlerko mpoBeputh, uto Y(fo) — 7(f1) = SU({fe}). 3naunt, deg fi = deg fo.
[osTomy oTo6pawkenue deg: [K, S — H'(K,Z) koppexTho onpeeneno. Ec-
au deg f = degg, To v(f) — v(g) = O aas mexotoporo I' € ZF, smaunt
f ~ fr ~ g. llooTomy oTo6paxkenne deg nuhekTnBHO. [JOKa3aTeILCTBO €T0O
CIOPHEKTHBHOCTH OCTABASEM IATATEN0 B Ka9eCcTBe 3a/atin. O

3ameTnM, 9T0 mocTpoennoe otob6paxkenue deg: [K, S — HY(K,Z) sanu-
cUT OT BbIGOpa HampaB/ieHnd Ha pebpax rpadga K. /las Berpa f kaacc deg f
ABIACTCA NPENAMCMEUEM K TOMOTOTHOCTH BeTpa f BETPY € MOCTOAHHBIM Ha-
mpaBJIeHHTEM.

4. a) Tpymma H 1([(,2) 3aBUCHT TOJBKO OT Tomojorudeckoro tuma rpada K, T.e. of-
HOMEpHBIE TPYIITH KOTOMOJIOTHI TOMeOMOP(MHBIX TpadOB M30MOP(hHHI.

b) OTo6paxenue deg: [K,S'] — H'(K,7Z) sasercs maomopduamom rpynm (S' aps-
eTcsa rpynmoii, nostomy [K, S'] smaseTca rpymmoi).

5.a) Ucrombays [S', RP?] = Z,, masigure [K, RP?] ama rpada K, T. e. ompefiennTe ofHo-
MepHYIO I'pyHIy KoroMmoJoruid H 1([() ¢ Zo-kosbdurmentamu u 6uexnmio deg: [K,RP?] —
- H'(K).
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b) [las rpada K ¢ 5KBHBADMAHTHON MHBOJIONWEN HanauTe MHOXeCTBO [K, S ]eq sKBH-
BapMaHTHHIX (T.e€. IEPeCTAHOBOYHBIX € JAHHON WHBOIIONMEN Ha K W aHTHIOJAIBHON WHBO-
mrormedt Ha S') oTobpaxkermnit K — S ¢ TOYHOCTBIO [0 SKBWBAPHAHTHON TOMOTOIHM.

6. a) OTo6paxenne dD? — S! romoTomnHO 0TOGpaKeRHNIO B TOYKY (T. €. MMeeT CTeleHb
HOJIb) TOTJa W TOABKO TOT[a, KOTJa OHO TIpojomKaeTcsa Ha D?.

b) Ucrnonbays [S?, S'] = 0, maitaure [K,S'] gua nosepxuoctu K, T.e. onpegemure oj-
HOMepHyo Tpymy Koromomxormia H' (K, Z) ¢ Z-kosbdunnenramu u Guekimio deg: [K, S N
=~ HY(K.Z).

c) Haiigure H'(K,7) ans ceasHoro 2-MHOT006pasus K ¢ TpmanTyaammed T, mMetomet
V. E u F BepumH, peGep u rpaHell, COOTBETCTBEHHO (CM. OlpefeleHne B Havae §3).

d) KoHeuHEI n-noausAp MOXHO HPEeACTABIATE cebe KaK 06beUHEHNE HEKOTOPOro KO-
JU¥eCcTBa T'paHel pa3MepHOCTeN He 6ojee n B pazbuennn mpocTpancTBa R™ Ha e MHUYHBIE
Ky6s1. Ucnonsays [S*, S'] = 0 gas 1 > 2, mangure [K, S'] g komewsoro n-nomsgpa K, 1. e.
oTIpefieMTe OAHOMEPHYIO Tpyry Koromomormin H (K, 7)) ¢ Z-xoadpunueHTaMu U GUEKITHIO

deg: [K,S'|= H'(K.7).

7. a) (n-mepnas Teopema Xomda) Ucnomsays [S*,S"] = 0 gua ¢ < n u [S™,S"] = Z,
manguTe [K,S™] nas xoHednoro n-mosmsgpa K, T.e. ompeseqnTe n-MEpHYIO TPYIITYy KOTO-
monoruut H™ (K, Z) ¢ Z-koadpdunmentamu u 6uexnuio deg: [K,S"| = H" (K, Z).

b) s xoneuHoro momagpa K omnpegenute n-MepHyto rpyumny xoromonorun H"(K,Z)
¢ Z-xosddurmentamu Tak, 9To6b oTobpaxenue deg: [K,S"] — H"(K,Z) 6bL10 10-1IpeK-
HEMY KOPPEKTHO OIMpPeeseHo.

¢) Ecmn dim K =n 41, 1o deg: [K,S"] - H"(K,Z) CloOpBEKTUBHO.

8. a) TlonwiTaiiTech 0GOGIMTE BALIN BHYHCIEHAS MHOXECTBA [K.RP?] Ha 2-nommsgp K
u HaiiguTe Takoi 2-nommap K, uro [K,RP?] # H'(K).

b) Ucnompaysa [S',RE"?] = Z, u [S*,RP"*?] = 0 aaa i = 2,3,...,n, qokaxute
[K,RP"?] = HY(K) ansa n-nommapa K.

¢) Ucnomsays [S?,CP"| = Zu [S*,CP"] = 0 gusii = 1,3,4, ..., n, gokaxure [K, CP"] =
=~ H*(K,Z) pas n-nomapa K.

9. (Teopema Crunpoga s n = 2) Hanomuum, 4ro [S2. 5% = Z.

a) Jlna 3-nommsapa K wxnacca v € H?(K,7Z) nocrpoire 6uexmuio deg™" v — H? (K, 7).
Honyuurcs Guexmms [K,S%] = H*(K,Z)x H*(K,7Z).

b) Jus 4-nommaapa K u otobpaxenus f: K©®) 5 g2 nocTponTe npensTcTBue Sq° (deg )
ms H*(K, 7.) K Ipo JOKEHUO 0To6pakeHus f : K©®) 5 52 na pee K. ToayuuTcsa oTobpaxe-

Hue S, AIA KOTOPOTO ToceoBaTe bHOCTh [K, 57] deg, H?*(K.Z) b—q?> H*(K,Z) Touna.
c) Jas xormkaa a € Z*(K,Z) snement Sq°[a] npegcTaBaseTcs xormkaom b € Z4(K,7Z),
onpegeneHHBIM 110 dopmyte b(oo1234) = a(oo12)a(o2a4).
d) Tlyctes K — deTmIpexMepHOe MHOrooGpasme W Kaacc a € HQ(K,Z) BOMCTBEHEH
no Ilyankape kmnaccy Da € H>(K.Z), npejgcraBasitomemycsi norpyxermem h: N — K
2-muoroobpasus N. Torga Sq° a ecth cymma Todex (co snakom) B h(N)NA'(N), rae h' —
norpyxenmne, 6au3zkoe K h.

10. (Teopema Crunpoga) Ilycts po: H" (K, Z)— H"(K) — npusejeHne o MOAY.IO 2.
Hamomemm, =to [S™T!, S™] &= 7y aua n > 3.

n+1) _y §" mocTpoiiTe

a) lag n > 3, (n + 2)-nomsgpa K u orobpaxenus f: K
npensrctrue Sq pa(deg f) € H"?(K) x npogomkennto orobpaxenus f: Kt 5 gn

- - deg
Ha Bce K. Ilomyamrca oro6paxenme Sq°, ais KOTOporo mociaegoBaTembsocTs [K, S™] —

2q2 0 .
— H"(K,7) =222, H"*2(K) Touna.
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b) Maa n > 3, (n + 1)-nommsgpa K u snementa v € H"(K,7Z) noctpointe 6uex-
mmo deg™' v — H™(K)/Sq® po H" (K, 7). Hoayaurcs 6uextmsa [K,S"] = H"(K,7) x
x H™(K)/Sq? p H'\ (K, Z).

11. HaromuwnM, 9T0 aas mo6oro n cymecTsyeT (Geckorneunsinn) nommsap K (Z,n), Takon
aro [S™, K(Z,n)] = Z u [S*, K(Z,n)] = 0 aas moboro i # n. Hanpumep, K(Z,1) = S' u
K(7,2) = CP*.

a) H"(K,Z) = [K.K(Z,n)] gusa xo6oro noamsapa K.

b) Ecm o € H*(K,Z), To fsqza = fro fa, THE 1 € H*(CP®,Z) = H,(CP? Z) =
&= 7 — obpasyomias u oTobpaxenns fsqz,: K — K(Z.4), fi: CP? - K(Z,4) u fa: K =
— CP® coorrercTRytoT kKnaccam Sq° o, 1 u o ipu maomopduamax H*(K,7Z) = [K, K(Z,4)],
H*(CP?,Z) = [CP?, K(Z,4)] w H*(K,Z) = [K,CP?).

§2. B HATIPABJEHUN BAH KAMIEHA

[TonaTHe MpenaTCTBUA, MO-BAANMOMY, BIepBhle BO3HMK/IO HMeHHO y Ban
Kamnena npu pemennn npo6JeMbl O BIOKHMOCTH T-MEPHBIX IOJAMDIPOB B
R?” [6], [4], [9, §2], [11, §2], [12, §2]. Ho moka3aTh OCHOBHYIO WJeI0 TOpa3/o
npoiiie Ha npobiemMax allpOKCHMHPYEMOCTH MYTH BIOKEHUAMHI M TJaHapHO-
ctu rpacos [14], [9, §9]. [3, §4]. [10, §1], [1, §4]. DTum npobremam (aKKypaTHO
cOpMyINPOBAHHKIM HIKE) W MOCBSIIEH HACTOAMINH Taparpad.

1. a) OXOTHHK IpOIIe] O JEeCHOH AOPOXKe B opMe OKPYXKHOCTH guaMeTpoM 1 Km,
caenas aBa o6opota. OH Ben Ha ToOBojKe AuHON 1M co6aKy, KOTOpas B KOHIE [BUKEHUs
BepHYJIaCh B MCXOJHYIO TOYKY. Torjga cobaka o6s3aTelbHO IepeceKaia CBOM cliefl (B HEKO-
TOPHII MOMEHT BPEMEHHM, OTIUYHBIE OT KOHEYHOI0).

IlpuBegem Apyryio GbOpPMyIMPOBKY 3TOU 3aiavy (SKBUBAIEHTHOCTH AoKaszaHa B [8]).
PacemotpuM gBe moasHKm (T.e. ABa Kpyra), COeAMHEHHBIX ABYMS TPOMMHKaMH (T.e€. IO-
nockamu) a u b, kak Ha puc. 2.1. Co6aka Gerana 1o THOJSHKAM W TPOIMHKAM U BEPHY.JIACH
B HCXOQHYIO TOYKY. Kaxabi pas, Korja cobaka rnepeberana ¢ NOJSHKA HA TPOIWHKY, OHA
3anmchiBaia 0603HAYMEHNE 3>TOW TPONUHKK. Fcim noay«miack 3amuck abab, To cobaka o6si3a-
TeNBHO MepeceKana CBOU clef] (B HEKOTOPHIM MOMEHT BPEMEHW, OTIMIHEIN 0T KOHEYHOI0).

b) Bepro au a) 6e3 npeAONoKeHIS 0 TOM, 9TO co6aKa B KOHIlE JBIIKEHUS BEPHYIACH B
WCXOMHYIO TOYKY?

c¢) JlokaxuTe a) Aas ciy<as, KOI'jja OXOTHHK Cjielal mpu 060poTa.

d) Jas xakoro wmcia 060poTOB B a) cobaka 06si3aTelbHO MepeceKala CBON caey”?

Oyt ¢: I — R? na MI0CKOCTH Ha3BIBACTCA ANNPOKCUMUPYEMBLI 6A0UCE-
HUAMU, €CJAU CYIIeCTBYeT CKOJb YIOMHO OMU3KHH K HEMY MyThb 6e3 caMmolepe-
ceveHni, T.e. Mis ai06oro € > 0 cylmecTByeT TaKOU HecaMoTliepeceKatolnicsa
nyTh (T.e. Broxkenne) f: I — R% uro paccrosmme mexny Toukamn f(z) u
¢(z) mMenbIne £ mast 0601 TOYKN & € [. AHATOTMYHO ONMpeTenseTcs ammpoKCh-
MIPYeMOCTh BIokKeHHAMH yukad ¢: ST — R2. Ilycts I — rpad ¢ BepmmaaMu

ag. @y, ..., d, W pe6paMu dgdy, ..., Ay_1ay,. [IyTh o1 I — R? naswiBaeTCs cum-
navyuatbnvim, ecin ¢(a;) ¢ ¢(a;—1a;) 41g M06LIX 1, § = 1,...,n 1 cyxKenue
©l[a;_1,a, TMEEHHO A15 MO6OTO ¢ = 1,...,n. Bee BcTpevalommecs mam myTn

6y Iy T CAMILININATBHBEIME (C PasHBIMA 1).
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Crporas dopMyIupoBKka 3afaqn la) Takosa: kommosunng ¢: ST — St C
C R? gBykpaTHOll HaMOTKH M CTaH apTHOTO BKIIOYEHHS He alNpPOKCHMUPY-
eTcs BIOKeHUSMI. UTOOK OOBACHUTH HEI0 TOCTPOECHNS TpenaTcTBuS Ban
Kawmnena, npuBesem HaGpockn ABYX pelnenni 3ajgaqn la). Hazosem myTh co-
6aKkm HE3AMEUAUEBILM, €CIT BO BPEMS JIBIKEHNA O TPOMMHKAM OHA He mepece-
Kaja CBOW caefnl. [Ina HezaTelAuBOTO MyTH f MOCTaBUM Ha KaXKJOHW MOJAHKE
0, ecam ToIKkM BXoja cOHGAKY Ha MOJSHKY M €€ BHIXO/a ¢ TOJSHKH pacroJara-
I0TCA KakK Ha puc. 2.2a, n 1 B npotnBHOM caydae (puc 2.2b). [lycts v(f) 6yger
CYMMON 1O MOJAyJio 2 >Tux AByx 4ncen. /las mytn f wa puc. 2.1 v(f) = 1.
flcwo, 9To v(f) 3aBUCHT TOMBKO OT PACTONOKEHNS OTPE3KOB My TH COOAKN HA
Tponnukax. [[pr n3aMeHeHNN TaKOTO PACTONOKEHHS HA OHON TPOMHHKE TUCAO
Ha KaXKIOW MOJSHKe U3MeHNnTCs, no>ToMmy v( f) He mamennTes. Tak kak ot Jio-
60T0 PacToONOKEHHUS OTPE3KOB MYTH HA TPOMMHKAX MOXKHO MEePelTH K JI060MY
IPYroOMy yKasaHHBIME onepannsmu, To v(f) =1 118 4106020 He3aTeHINBOTO
nytn f. [losToMy cobaka o6a3aTeabHO Tepecekana CBOM Caef.

Teneps mpuBegem npyroe perienne. BozbMem 0601 IAKI 061I€ro mMoao-
wenus f:S' — R2?, 6amskuit x komnosunnu ¢: St — S' C R? aBykpaTnoit
HAMOTKW W CTaHJapTHOTO BKIoUeHnsA. [Iia J06HX IBYyX pebep i, j mepecetde-
une f(i)Nf(j) cocronT m3 KoHedHoro uncra tovek. [lycts v(f) 6ymeT cymmon
no moxyio 2 dncen | f(i) N f(j)| mo Bcem HeymopsrouenHsIM mapam {i,j} He-
cMeskHBEIX pebep rpada St las nukaa fo, nokasannoro na puc. 2.3, v(fo) = 1.
Ecau B npomecce HempepbiBHOTO u3MeHeHus f;, t € [0, 1], ABHKeTCs TOIBKO
BHYTpeHHOCTEL pebpa e C S, To v(fo)—v(f1) paBHO YnCay TOUeK mepecevenus
nnkaa fo(e)U fi(€) c mytem fo(S'—€) (rae € — ob6beunenne pe6pa € u IBYX
cocemnux ¢ Hnm). Tak xak myTh fo(S! — €) MoxkHO 3aMKHYTH, He Ho6GaBaAs
HOBHIX mepecedennii ¢ fo(e) U fi(e), To v(fo) — v(f1) = 0. DTO HHTYNTHBHO
OYEeBHIHOE YTBEpKJACHUE CIeIyeT N3 (POPMYIRl Diaepa; Apyroe JOKa3aTelh-
ctBo eM. B [2]. Jlo6oit mnka fi: S — R? obutero nonoxenns, GAM3KHI K

_--=~ _fole)

Pue. 2.1. Puec. 2.2. Pue. 2.3.
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(¢, MOXKeT 6HIThH Mpeobpa3oBal K fy MOCAEIOBATENHLHOCTHIO HECKOIBLKIX W30-
Tonuii mIockocTn R? u HeCKOABKAX TOMOTONHI, OMUCAHHLIX BHIIE. SHAYAT,
v(f) = 1 aas wobozo mukaa f: S' — R2 6auskoro x ¢. CiremopaTenbno, ¢
He aNnMpPOKCHMAPYETCS BIOKEHHUIMI.

2. a) Ecim o6pasom (1) nytu ¢: I — R? sBiseTcs OTPE30K WM OKPYKHOCTE, TO 3TOT
Oy Th alNpOKCIMIPYeM BJOXKEHUAMH.

b) MyTu u nukaer Ha puc. 2.4 He aNNIPOKCUMUPYEMBI BIOKEHUAMHE (/A HATISAJHOCTH MBI
pHCYeM He TOJBKO €aM IyTh f, a GAM3KHUI K HEMY IIyTh (p OGIIEr0 MOJIOXKEHUs). YKasaHUe:
€c/Ii He MOJIy<aeTcs, UCHOIb3yHTe HUKECIEAYIOUIYI0 TeopeMy Wi 3ajady 4a).

) DIIEPOB Iy Th WK UK. Ha IOCKOCTH ALNPOKCUMUPYEM BIOXKEHUAMH TOI Ja U TOIBKO
TOrza, KOrja OH He UMeeT TPAHCBEPCAJBHEIX caMollepecedeHnl (puc. 2.4a).

d) Topog N cOCTONT M3 HECKOJBKHX ILIOMAAeN (KPYIOB), COeANHEHHBIX HEMEPECeKao-
muMACH goporaMu (IpsAMOIMHENHBIMU oTpesKamu). M3BecTHO, 4TO CylIecTByeT MapuipyT,
MPOXOAAIINAN [0 KaX/JOW A0pOore POBHO OJMH pa3 (3TOT MaplIpyT MOXeT IPOXOAUTH IO
oA AAM HECKOJABKO pa3). [lokaxuTe, 9TO CYMIECTBYET HECAMONEPECEKANWUECA MAPII-
PYT, IPOXOISAIINN [0 KaX I0H Kopore poBHO ofauH pa3. (HkIMEU cioBaMu, B TI060M HAPHCO-
BAHHOM HA ILIOCKOCTH G€3 CaMoIepecevdeHrui SUIepoBOM I'pade CYIIECTBYET SUIEPOB TTHKJI,
ANIPOKCUMUPYEMBIN BIOKEHIAMU. )

TEOPEMA. Cumnauyuassuoiii nyms ¢: I — R? annpoxcumupyem 6a0xice-
HuaMu mo2da u moavko mozda, xkoeda npenamcemeue Ban Kaunena v(g) €

€ Ho(A) = H*(I}) uyaeeoe.

f(I2)

Puc. 2.4.
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Ompegerenne Ho(A), H*(I%), v(¢) u f0Ka3aTeIbCTBO HEOGXOHMOCTI.
SHAKOMCTBO € DTHM JI0Ka3aTelhCTBOM PeKOMEHIyeM HadaTh C OTOOpaKeHu
¢ u f c puc. 2.4c). O6o3naanm pebpo a;_ja; rpada I qucioum i.

[octpoenne npenstcrsus Ban Kamnena v(¢) € Ho(A) aBasercs o6o61ie-
HUeM TepBoro petnenus 3afga4dn la. /Jas cummanunansuoro nytn ¢: I — R2
MOCTPONM ero cun2yaapusit epad A (puc. 2.5 na c. 165 gi1s nyTn Ha puc. 2.4c¢).
Bepumusr rpaga A — Takme napsl (a;, a;) Bepuinn rpada I, 1to ¢(a;) =
= ¢(a;) mi—j > 1. Bepumaunt (a;,a;) n (@;+1,a;41) coefuHeHE pe6GpOM B
rpade A, ecim OHEN MpHUHAIJIEXKAT eMy (3HAKH + BEIOGHPAIOTCSA HE3ABHCHMO).

PaccmoTpnM mpou3BobHLIN He3aTelinBbiii nyTh f. B Bepmune (a;,a;)
rpada A moctaBum dncao 0, ecqm TOYKH BXojga mMyTn f Ha NOASHKY ¢(a;) =
= ¢(a;) n TOUKN ee BEIXO/IA € DTON MONAHKH PACIONaraloTCd Kak Ha puc. 2.2a,
n 1 B npotuBHOM caydae (puc. 2.2b). [lonydennyio paccTaHOBKY 0603HAINM
depes v(f). [locTaBnm Ha KaXI0W KOMIOHEHTe CBS3HOCTH Tpada A, He co-
JTepiKalein Touek (a;, a;y2), CyMMy (MO MOIyJXi0 2) Yncen B BEPIIMHAX DTOH
KOMTOHEHTHI. MHOXKeCTBO BCeX pacCTAHOBOK HYJell W e THHUII Ha KOMITOHEHTaX
rpada A o6osnaunm depes Ho(A). [lonrygennyio pacctanoBky v(g) € Ho(A)
HasoBeM npenamemeuem Ban Kamnena (¢ koadduyuenmamu 6 Zz) K ammnpok-
CHMUPYEMOCTH MYTH (¢ BIOKEHHSIMH.

flcwo, 9to v(f) = 0 Torga m TOABKO TOT A, KOTIa MyTh f MOXKHO TakK W3-
MEHHTh Ha MOJSHKAX, 4TOOBI OH CTaJ HecaMomnepecekatommMcs. SlcHo Takxke,
49710 V(f) 3aBHCHT TONBKO OT PACHONOKEHHS OTPE3KOB IMYTH HA TPONMHKAX.
[Tpu u3MeHeHHE TAKOTO PACTOJOXKEHUS HA OTHOW TPONUHKE € JIJs JIOOKX IBYX
pebep i n j rpada I Takux, 9T0 ¢ (i) = ¢(j) = €, N3MEHATCSA UNCIa B BepIIn-
Hax (a;, a;) u (@41, aj41) (nnn (a;, aj41) 1 (@41, a;)) rpada A. [HosTomy v(¢)
He m3MeHuTCS. Tak Kak oT J11060r0 pacnosoKeHusi OTPe3KOB MyTH HA TPOTHH-
KaX MOXKHO MepeiTH K JI060MY ApyroMy yKa3aHHBIMH ONepanusMu, To v(¢)
He 3aBucHT oT f. 3Ha4ynuT, ecanm v(¢) # 0, TO NYTh ¢ He AMTPOKCAMHUPYETCS
BJIOYKEHHUSIMH.

[loctpoenne npensitctBust Ban Kammena v(y¢) € HQ(I:;) ABasgeTcs 0606-
[IeHHeM BTOPOTO pellleHus 3agadu la. DTo mocTpoenne Hojee CIOXKHO, deM
IpeIbIIyiliee, HO UMEHHO OHO MOXKeT OHITh 060O6IIeHO [0 HACTOSAIIEro Tpe-
naTcTBus Ban Kavmena (k BroxmMocTn TpadoB B MI0CKOCTH). O603HATNM
yepe3 [* BepXHIOW «HaIAHaTrOHAJIby TabJIUIIEl 1 X 1, T.e. 00'beIHHEHNE KIeTOK
iXjci < j—1,oTBevaromnx napaM HecoceTHnx pebep rpada I (puc. 2.5). las
no6oro nytu f: I — R? obuero nojoxenus, JoCTaTOYHO GIN3KOIO K ¢,
T06HIX IBYX HecoceTHNX pebep 7, j mepecedenne f(i)Nf(j) cocTonT n3 Koned-
HOrO wncaa Tovek. [loctaBum B kieTke ¢ X j € [* wncao |f(7) N f(j)| mod 2.
[Monyvyenuyto paccTaHOBKY Ha30BeM npensmcmeyioujeti n 0603HAYUM depe3
v(f): ecim myTh f mecamonepecekatommniics, To v(f) = 0. MaOXecTBO pac-
CTAHOBOK HyJell W eTWHUI B KJIeTKaX «Haaanaroxaam [* (B Hem 2(n=1)(n=2)/2
aaeMenToB) o6oznavaeTcs depes C?(I*). PaccTaHOBKH MOXKHO CKaaIHIBaTh:
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1 2 3 4 5 6

8 |
7 a a
6 AN
4
[*
3
a) b)
Pue. 2.5. Puec. 2.6.

LIS DTOT'O MPOCTO CKJIa[bIBAIOTCS YNCTa, CTOSAIINE Ha KaXK /oM pebpe (Takoe
CJIOJKEHNe HA3BIBACTCA NOKOMNOHENMHBIM). [IOKpAaCHM B 9epHBIN BT KITKH
i X 7 Tabanusl [*, qis koTopeix ¢(i) N¢(j) = @. Tak kak nyTh f 6am30K K
¢, To v(f) = 0 B 4epHBIX KIeTKax. O60o3HAYINM Tepes Ci([*) MO TMHOKECTBO
muokectBa C%(1*), cocTosIee U3 PacCTaHOBOK € HYJIAMH B YePHBIX KJeTKaX.

Urak, v(f) € CZ(I*).

[Ipn npeobpazosanuu Paiidematicmepa nytu f na puc. 2.6a paccTanoBka
v(f) m3MeHsieTCs POBHO B JBYX COCETHNX KJIeTKax 1 X j mi X (j+1) (mam j X1
n (j+1)x1). Ecim omra u3 5THX IBYX KJI€TOK He JeXHUT B [*, To 9ucio B Hel
He CTOUT U He MeHsieTcsi. PaccTanoBka 1 B kieTkax Tabauibl [*, cocemnux c
pebpoum €, u 0 B OCTATbHBIX KIeTKaX Tabaulkl [* Ha3bIBaeTCs AAEMEHMAPHOTU
Ko2panuyet pebpa € mabauyst [* u obozmadaercsa de.

Crenaem ykazanHoe mpeobpazoBanne PaiiemaiicTepa J1ias peéep €1, .. ., €k
Tabanuel [*. DTy omepannio MOXKHO 3aJaBaTh PaCCTAHOBKOW eIWHUI Ha pe-
6pax €1,...,€; (W Hy’Jen Ha ocTarbHBIX pebpax). O603HAYNM MOXYIEHHYTO
paccTanoBKy ¥epes N, a TMOAydeHuwBIN NyTh depes fr. MuoxecTBo paccra-
HOBOK HyJell U eTWHWI Ha pebpax Tabamiuel [* (B HeMm gn®—n=2 5JIEMEHTOB)
C omepamnneil MOKOMIOHEHTHOTO caokeHns obozmadaerca depes C1(1*). Ka-
KIOMY pebpy € oTBedaeT «XapaKTepHCTHYecKasd» PACCTAHOBKA € € C&(I*)
eIVHUILI Ha pebpe € W HyAf Ha OCTAABHHIX pe6pax. OmpegenuM oTobparke-
HUE & Cl(I*) — CQ(I*) dopmyaont §(e; + ...+ €x) = de; + ...+ deg. Torma
v(f) —v(fn) =6N.

[lokpacum B 9epHBIN IBeT pebpa ¢ X a; U a; X ¢ Tabauusl [*, 118 KOTOPHIX
¢(a;) € ¢(1) (Takum o6pasom, rpaHnna IepHON KICTKH COCTOUT M3 TEPHLIX
pebep, HO MOTYT OBITH N Apyrue depHble pebpa). O6o3HaINM epes Ci(]*)
noMuoKecTBO MEOKecTBa C'1(I*), cocTosee U3 PacCTAaHOBOK ¢ HYJAMH Ha
qepHBIX pebpax. Tak kak f 6aM3K0 K ¢, TO yKazamHoe peobpasoBanne Pan-
remaiictepa Boamoxuo mmth npn N € CL(I*). Slewo, ato 6CL(I*) C CZ(I*).
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HasoBem paccranosku vy, vy € CL(I*) x020m0.002uunblitu, eciu vy — vy =
= 6N pas mekoroporo N € CL(I*). I'pynma H2(I*) = C%(I*)/5(CL(I*)) pac-
CTAHOBOK € TOYHOCTBHIO 0 KOTOMOJOTHIHOCTH Ha3hIBaeTCs d6yMepHOT epyn-
noti kozomonozuti (¢ kosdduyuenmanu 6 Zs) npocmpancmea I* omuocu-
meabHo €20 uepnozo nodnpocmpancmea. lpenamemeue Ban Kamnena (¢ xo-
sfpPuyuenmanu 6 Zy) onpenensercs kak v(g) = [v(f)] € HE(I*).

Y1068 T0Ka3aTh KOPPEKTHOCTH DTOTO ONMpPe/IeNeHNs, T. €. HE3aBHCHMOCTh
v(¢) oT BEGopa myTn f, paccmoTpuM nyTn fo, fi: I — R? obmero nonoxe-
nns, 6an3Kkne K . BoabmeM mpomssoabuyio ToMoTonuio fi: I — R2 ¢ € [0,1]
obulero nojoxenus, 613Ky K ¢. Ha kaxjgom pebpe ¢ X a; nim a; X ¢ Taban-
ubl [* mocTaBuM 4ncio (Mo MOIyJTi0 2) MOMEHTOB BpeMeHN f, s KOTOPHIX
fi(a;) € fi(i) (oT0 UncaO KOHETHO MO COOGPAYKEHUSAM OOIIErO MOMOKEHNS).
[Tonrydennyio paccTaHOBKY HyJedl n eIWHWI Ha pe6pax Tabaunel [* o6o3Ha-
anM tepes N({f:}). Tak kax f;(z) 6ausko x ¢(z), To m3 ¢(a;) ¢ ¢(i) BBH-
Texaet fi(a;) € fi(i). llostomy N({fi}) € CL(I*). Jlerko mpoBepnth, 91O
v(fo) —v(fi) = SN({fi}). llosTomy v(¢) He 3aBucuT ot f. fcuo, 910 v(¢¥)
ABJSETCA MPENATCTBHEM K aNMPOKCHMAPYEMOCTH TYTH ¢ BJIOKEHUAM.

Nloxaszarennero usomopduama Ho(A) = H?(I) (on HasbBaeTCs H30MOP-
¢usmom I[lyankape) m Toro, 9To JBa MOCTPOEHHBIX TpensTcTBHS Bam Kawm-
NeHa MepexoaT IPYT B ApyTa MpH 5TOM N30MOpQHU3Me, OCTAB/ISEM INTATENI0
B KavecTBe 3a/1a4n (pelmnTe cHavasa 3a1a9y 3). O

Korctpykuns npenstctBus Ban Kammnena v(¢) € Ho(A) n 1okazatensb-
CTBO JOCTATOYHOCTH B TeopeMe (KOTOPOTO MBI 3/1eCh He MPHBOIHM) OBLIN
MOJyYeHsl cAylaTeseM Kypca, o MaTepualaM KOTOPOTO HalWcana HacTos-
mas cTaThs [15].

O6osnavnm depes [*¢ obbeanuenne YepHbIX KieTok n pebep. CramgapT-
HBEIME 0603HATEHUAME T PYII Cf;(]*, ) om Hi(]*, 3 spastores CH(I*, 1*¢, )
H?(I*, I*%,.), coOOTBeTCTBEHHO.

3. (Berauciuenne) a) H i([ *) = 7% rpe k — wmcno xyckor Tabmmmet 1*, orpanmHMeHHBIX
YepHBIMEU pebpaMu M COJAePKAIINX XOTsA OB OAHY Gelyio KJIeTKY.

b) [last Kax)goro Kycka ma a) COCYMTAEM CyMMY CTOSIINX B HEM HHCE]l PACCTAHOBKU
v(f). Torga v(e) ects Habop U3 k Takux cymm.

. . 2
4. a) Ecim cummummmmanpaei 0yTh ¢ [ — R annpokcuMupyem BIIOXKEHHAME, TO

IS T060r0 HENPEPHIBHOIO JBUXKEHUSA TOYEK T W Yy 1o oTpeaKy I, B Ipolecce
KoToporo ¢(z) # ¢(y), a B KOHIle KOTOPOT'o TOYKH T W Y BO3BPAIIAIOTCA KaxkAasd

(R) B cBOe HCXOAHOE TIOJOXKEHHE (T.e. IS JI0GOro HelpPePHBHOrO oTo6pakenna S —
= {(z.y) € I x 1| ¢(z) # ¢(y)}): wmcao oboporos BekTOpa oT ¢(z) K ¢(y) B
mpoliecce 3TOro ABUKEHUS PaBHO HYJIIO.

b) To xe BepHO A1 NUKIA @ S' - R? u gua oTo6paxkenns ¢: K — R? npomssoasHoro
rpada K.

c) TpexxpaTnas HamoTKa ¢: S' — S' C R? He anmpoKCHMHDYeTCS BAOKEHUAMH, XOTA
JJs Hee BHINOJAHEHO ycioBue (R).
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Ks K33

Puc. 2.7.

d) B kaxjout Touke (z,y) Ha pe6pe Tabaunsl [* MOCTABUM BEKTOP C HAIIPABICHHEM OT
f(z) x fy). Torga B Kax g0l KaeTKe TA6AUNEL [* CTONT YHCIO ¢IETHOCTH 9HMCIa 06OPOTOB
BeKTopa npu 06xofe IO ee TPAHUIIE.

e) Paccmorpum Gonee caabyo dopmy (r) ycaosus (R): wmuciao o6oporos detHo. Torga
(r) & (v(e) =0). Takum o6pasom, npensrcreue Ban KaMieHa siBiseTcs 9acTHEIM CllydaeM
TIPETATCTBAN, pacCMOTPeHHBIX B §1, T.K. Tabammy [* MOXHO paccMaTpUBAThH Kak JIBYMeEp-
HBIU TOMUA P, A KAETKH 1 X J KAK ero JBYMEpHbIe KJETKHU.

5. [TocTponte npensarcrene Ban Kamnena V(@) ¢ Z-koaddunnenTaMm 1 foKaXuTe A
Hero aHaJoT 3ajgad 3 u 4.

6. IlocTponTe aHanor npenatcTBull v(@) u V(¢) A ANIIPOKCHMUPYEMOCTH TUKJIOB BIO-
KenuAME. JloKaXnTe UX HEMOJHOTY (Zaxe s 0TOOpaKeHUH, 06pa3saMi KOTOPHIX SBIAIOTCS
TPHOJHI).

TEOPEMA. Cuaedyioujue ycao6us pasHocuabibl 0ai Koneunozo 2paga K:

(P) K naanapen (m. e. y ne2o cyujecmeyem pa3buenue, pebpa Komopozo
NONAPHO HE NEPECEKAIOMCSA),

(K) K mne codepacum nodzpagos, 2omeomoppuviz epagpam Ks (noansiii
epag ¢ 5 eepuunanu) u Kz 3 (domuxu u xorodywt) (puc. 2.7),

(v) npenamcmeue Ban Kamnena v(K) € H*(K*) nyaeeoe.

Yenosue (K) mpote, 9em (v), Ho He 060611aeTCs Ha BHICIINE PA3MePHOCTH.

Ha6pocok onpegerenns H*(K*), v(K) n jgokazateasctia. ITo6H 06D-
SICHUTH Hjel0 nocTpoerus npensTcTBusi Ban Kammena, mokakem HemiaHap-
HOCTh rpada Ks. Bozbmewm n060e oTo6paxkenue obirero nonoxenus f: Ky —
— R2. /las mo6wix 1Byx pebep o, T nepecedenne f(o)N f(T) cocTouT u3 Komed-
HOTO 9ncaa Todek. [lycts v(f) 6yaet cymmon mo mogayaio 2 qucern |f(o)N f(T)]
0 BCEM HEYNOPSTOYeHHBIM mapaMm {0, T} HecMeXHEX pebep rpada Ks. /s
oTobpaykenns f, mokazamnoro wa puc. 2.7, v(f) = 1. [as xkaxgoro pe6pa
rpaga K ¢ Bepuinnamn a, b rpad Ks— {a, b}, noaydenuniii yraaennem n3 Ky
BepIinH a,b U BHyTpeHHOCTel pebep, BHIXOAANINX U3 @, b, eCTh OKPYKHOCTH
(aTo TO camoe cBoicTBO rpada K5, KOTOpoe HEOOXOTUMO IIf MOKa3aTelb-
ctBa). [losToMy anamormdno BTOpoOMY pelenuio 3ajgadn la v(f) me 3aBmcnT
ot f.3uaunt, v(f) = 1 gas w0020 oTobpakenus f: Ks — R2 CaegosaTens-
HO, K5 He nutanapeH. HemrarnapuocTh rpada K33 JOKa3hiBaeTCs aHAJOTHYHO.
Urak, (P) = (K) gokasano.
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Moxaxem Teneps (P) = (v). 3apukcnpyem Tpnanryasunio T rpada K.
Mg mo6oro otobpaxkenns f: K — R? o6liero noroxkenns n J06BIX JBYX
HecMeKHBIX pebep o, T n3 K nepecedenne f(o)N f(7) cocTONT n3 KOHEIHOT O
qncaa touek. lycts v(f),» = |f(e) N f(7)] mod 2. Torga v(f) € C*(K*),
rae C?(K*) ecTh MHOXecTBO paccTanoBoK 0 1 1 Ha HeymOpAJOYeHHEIX Mapax
HemepeceKaInxcs pebep rpadga K ¢ onepanmeid TOKOMIOHEHTHOTO CJOXKe-
HILS.

[Ipn nBmxenun Paingemaiicrepa ma puc. 2.6b x v(f) mobaBasieTcs pac-
CTAaHOBKa €MWHWIK Ha mape o X 3 masg @ € o W HYJS Ha OCTAJLHBIX Ta-
pax. DTy pacCTaHOBKY Ha30BeM aaemenmaproti xozpanuyet 6(a x [3) Heymo-
psjgodennon mapwl {a,}. I'pynma paccTaHOBOK HyJel W eIHHUI HA TMapax
{v, 3} c onepanueii TOKOMIOHEHTHOTO c.l0kKeHusA o6o3nadaeTcs depes O (K*).
Urax, N({f:}) € C*(K*). Onperernm oTo6paxkenne §: C1(K*) — C*(K*),
ornomenne koromosormanoctn Ha C?(K*), deymepuyio epynny xozomoso-
euti H*(K*) = C*(K*)/§(CY(K*)) u npenamemeue Ban Kaunena v(K) =
[v(f)] € H(K*), kak u B I0KazaTeJabcTBe MpeblIyllell TeopeMbl.

/e 3aTaHELIX 0To6pakenui fo, f1: K — R? o6mero noxoxenns paccMo-
TPUM TpPOU3BOIBHYI0 romoTonnio f;: K — R? o6mero moroxkenns. Ha xa-
K101 mape {a, §} mocTaBnM 4nc10 (MO MOTYJIIO 2) MOMEHTOB ¢, MJIsi KOTOPHIX
fi(a) € fi(B). lony4yenuyto paccTaHOBKY HyJel W emwHun Ha mapax {v, [}
o6oznaunm wepes N({f:}) (3amernm, ato B [11, §2] paccranoBka N ({fi})
omnpejerena HempaBmIbHO). Jlerko mposepnth, To v(fo) — v(f1) = SN({fi}).
3uaunt, v(K) He 3aBHCAT OT f, N MODTOMY SBIAAETCS MPENATCTBHEM K BJIO-
KAMOCTH Tpada K B MIOCKOCTh.

Ummaukamns (K) = (P) 6sa nokasana Kasmumpom KypaToBcknm B
1930r. (cm. mpocToe moKazaTelbcTBO B [7]). /loka3aTeqbCTBO MMILIHKAUNH
(v) = (K) ocTaBisem 9uTaTeNO B KadecTBe 3agaqn. [IpsMoe 1okasaTesbcTBO
nmmrnkanni (v) = (P) n (K) = (v) cm. B [13]. O

7. a) IloctponTe npensrcreue Ban Kamnena V(K ¢ neasimu xosddurmenTamm.

b) Moctpoirte npensarcreue Ban Kamnena v(K') k Baoxumoctu n-nomagpa K B R2" i
JOKAXHUTe, 9T0 n-0CTOB (2n + 2)-cumriiekca He BAoKUM B R?™,

§3. B HATIPABJAEHUU IITUDENA U YUTHU

HamomuuM ompemensenme yTOMIIEHHS W ABYMEPHOTO MHOTOOGPa3us, WMC-
noan3yeMble B >ToM maparpade. [las rpadpa K paccmoTpuM ob6belnHeHme
MUCKOB, UMCJI0 KOTOPHIX paBHO 4Ymcay BepmwH rpadga K. Ha kaxmaoMm Takom
JUCKe BBeJeM OpHeHTalnio (Widm, 9TO TO JKe caMoe, BIOKHM DTH [THCKH B
MJIOCKOCTH ¢ (pUKCHPOBaHHON opnenTannei). Torga rpanndHbe OKPYKHOCTH
[ICKOB TOXe OyAyT opHeHTHpPOBaHB. Ha Kaxmoll TakoW TpaHUYHON OKPYIK-
HOCTH OTMEeTHM HelepeceKalollnecs OTpe3KH, OTBedalolline BBHIXOMANINM W3
COOTBeTCTBYyMWIIIEN Bepinubl pebpam. [lias kawxjgoro pebpa rpada K coenn-
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HIM (He 06s3aTeIBHO B IUIOCKOCTH) COOTBETCTBYIOIINE €My [1Ba OTpe3Ka JeH-
TOYKOU. DJTa JeHTOYKAa HA3bIBAETCA NEPEKPYUEHHOU, €Cau CTPeNKH Ha JIBYX
ee MPOTHBOMOJOXKHKEIX KOHIAX, JeXKallnX B ANCKaX, COBMajgalT. JleHTOUKA
HA3BIBAETCA HENEPEKPYUEHHOU, €CIU DTH CTPEIKH MPOTHBOMONOKHEL. [lycTh
N — o6bequHeHNe TOCTPOEHHBIX [UCKOB U JeHTo4dek. Tonojorudeckas mapa
(N, K), coctosimiast w3 N u rpaca K, ecTecTBeHHO BIOKeHHOTO B N, Ha3HI-
BaeTcs ymoaujenuem rpadpa K. NHorma mis KpaTKOCTH MbI OyeM Ha3hBaTh
yTogmenneM noBepxuocTsh V. /IBa yToaenns oguoro rpada K sxeuearenm-
Hbl, €CAW MOYXKHO H3MEHUTL OPHEHTANNH Ha WX AUCKaX TakK, IYTOOH

1) meHTOYKN B JBYX YTOJIIEHUSX, COOTBETCTBYIONINE OTHOMY W TOMY ¥XKe
pebpy rpada K, 6uin 661 0THOBpEeMEeHHO TepeKpyIeHsl WIH HET, U

2) mast 60T BepinHEl rpada K HemepeceKalounecs OTPe3KN Ha TPaHMd-
HOIl OKPYKHOCTH COOTBETCTBYIOIIETO JNCKA MIYT B OJMHAKOBOM (OpH-
eHTHPOBAHHOM) TOPS TKE.

3akaenB Bce TPAHWYHBIC OKPYKHOCTH YTOMIIEHAS THCKAME, TTOAYIIM 3a-
MEHYMOE 2-MH02000pazue. YTOMIIEHNE HA3KIBACTCS MPUAHLYAAYUET COOTBET-
CTBYIOIIETO 2-MHOTO06PA3NA, ecAn KaXKJad TPpaunudHas OKPYKHOCTH DTOTO
YTOJIIEHNs TPOXOANT POBHO MO TPeM JEHTOYKAM, POBHO MO TpPeM JIHCKaM
W IPH DTOM KaK Y0 JeHTOYKY U KaK /bl ANCK MepecekaeT POBHO MO OJHOMY
oTpesky. Kaxjoe 3aMKHYToe OpHEeHTHpYeMoe CBA3HOe 2-MHOroo6pa3ue DKBH-
BaJeHTHO (MBI He YTOYHSIEM, B KAKOM CMEICTE) cepe ¢ g pydIKaMn. 31ech g —
HEKOTOPOe 9HCJI0, OJHO3HATHO ONpejeaseMoe 10 MOBEPXHOCTH W Ha3hIBaeMoe
ee podom.

A. OPUEHTUPYEMOCTDL

YToaulenne Ha3LIBACTCA OPUEHMUPYEMBLM, €CIN OHO DKBUBAJECHTHO yTOJ-
[IeHWI0, He WMeIolIeMy MepeKpydeHHBIX JeHTO4YeK. 3AMKHYTOoe 2-MHOTr006pa-
3He, MOJYYeHHOe U3 HeKOTOPOH TPUAHTYJIANNE, HA3BIBAETCS OPUEHMUPYEMBLM,
ecJii DTa TPUAHTYJASINs opueHTHpyeMa. [Ipn moMorin nepexona K JBONCTBEH-
HOMY KJeTOYHOMY pa3bueHnio MOKa3bIBaeTcsd, YTO DTO oNpejeneHne paBHO-
CHJIBHO CTAaHJIAPTHOMY: MOYXHO BBECTH OpHMEHTANNIO HA BCeX 2-CHMILIeKcax
TPHAHTYJAAUAN (B OOBITHOM CMBICJIE), TaK 9TO OPHEHTAINN COCETHNX 2-CHM-
MJIEKCOB coTyacoBanbl. OpHEeHTHPYEMOCTh He 3aBHCUT OT TPHAHTYIATHA (KTO
He X04UeT DTOTO MOKa3bhiBATh, MOXKeT CIYNTATh, UTO HUXKe Be3je paccMaTpuBa-
I0TCA 2-MHOT006pa3ns ¢ PUKCHPOBAHHON TPHAHTY.IANNEN).

1. Yromuenue okpyxHocTu Ha puc. 3.1 (imct Mé6uyca) HeopueHTHpPYEMO.

2. T'omeomopdHble TPadB UMEOT 0ANHAKOBOE KOJIMYIECTBO (OPUEHTUPYEMBIX) yTOJIIIE-
HUU C TOYHOCTBIO [0 S9KBUBAJIEHTHOCTH.

3. CKonbKO (OpMERTHpYeMBbIX) YTOMIMIEHHH ¢ TOIHOCTHIO [0 SKBUBAIEHTHOCTH ¥
a) okpyxkHocTH, b) Tpmoga, c) kpecra, d) n-oga, e€) BocbMepku, f) Gyken O7
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S'c N StvS'c N ©OCN

Pue. 3.1. Puce. 3.2.

[IponnriocTpupyeM MeTOJ TEOpPHH NMPeNATCTBAN Ha IMpHUMepe MOJyYeHus
KPUTepns OPHEeHTHPYEMOCTH YTOMIIEHNA. DTOT KPUTEPH ABIAETCA MO CYyTH
JUIIb TlepedOpMyINPOBKON ONpeeNeHns OPHEHTHPYEMOCTH Ha alrebpande-
cknil A36IK. KpoMe Toro, cymecTByeT 60jlee NPOCTON KPATEPHHl OPHEHTHPYe-
MocTH (3aja4a 5). [losToOMy MpHBOANMEIN KPHTEPHH OPHEHTHPYEMOCTH YTOM-
HIeHns BaykeH He caM To cebe, a HMEHHO KaK WIMIOCTPANNA MeTOla TeopHu
npensaTcTBuil. W 1es qokazaTenbcTBa 2TOro KpUTepHs HY:KHA NPH Kaaccudn-
Kalun yTomamenuit (3ajgadn 8 u 9).

TEOPEMA. Ymoawenue (N, K) (uau deymeproe mnoz006pazue N) opu-
enmupyemo mozda u moabko moada, ko2da €20 nepewiii Kaacc Hmudeasn —
Yumnu wi(N,K) € HY(K) (wiu wy(N) € H'(N)) nyaesoii.

Borancaenne. HY(K) = Z2-V4C (H\(N) =22 = 227X, 2de g u x —
pod u slineposa rapaxmepucmura noeeprrocmu N, cOOM6EMEMEEHHO).

Onpegererne H'(K), wi(N,K), HY(N), wi(N), H'(N) n gokasarein-
crBo. PaccmoTpuM cHawama cay4ai yrtodiierunid. BozbMeMm Habop opueHTa-
nui o Ha Auckax jganHoro ytoauienns N. Ha xawxjgom pe6pe rpaga K mo-
cTaBUM 1, eciim cOOTBeTCTBYOIIAf JeHTOYKA nepekpydena, n 0 B mpOTHBHOM
cay4ae. [lonydeHHy0 pacCTaHOBKY Ha3OBEM NPENAMCM6youleld 1 0603HaTUM
w(o): ecim w(o) = 0, To yronmenne N opunentupyemo. Konewno, w(o) 3aBu-
cut Takxke oT yroamenus (N, K), HO MBI He yKa3bIBaeM 9TO B 0003HATEHUAX.
MHOKecTBO BceX pacCTAaHOBOK HyJell W eIWHUII Ha peGpax rpada K c omepa-
el TOKOMIIOHEHTHOTO CIOKeHus 0603HaInM Jepe3 ZY. Pacctanoskm Moxmo
CKJaBIBATh: IS DTOTO MPOCTO CKJIAIRBAIOTCS YHUCAA, CTOSAIINE HA KaXKIOM
pebpe (Takoe CIOKeHNEe HABBLIBAECTCH NOKOMNOHEHTIHBLM).
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Pasandune Mexy HabopaMu opueHTaunii o n o' MOXKHO W3MepsiTh (W 3a-
maBaTh) Tak. Ha kaxgon Bepumue rpada K moctaBnwm 0, ecanm opneHTanmm
COOTBETCTBYIONIErO ANCKa B 0 U B o' coBmagaioT, n 1 B NIPOTHBHOM Caydae.
[MonydeHHyio paccTaHOBKY HazoBeM pasduuarowet n obosnadnm d(o,0'): ec-

an d(o,0') = 0, To 0 = o (m HaobopoT). I'pynny Bcex pacctanoBok 0 m 1
Ha Bepmnuax rpapa K ¢ onepanmneil TOKOMIOHEHTHOTO CIOKEHUS 0603HATHM
qepes ZY .

Ecin w(o) # 0, To o He onpejenseT OpUeHTANNN YTOJIIEHNS, HO ellle He
BCe TMOTEPAHO: MOKHO MONBITAThCA H3MEHNTH 0, TaK YTOOLI MPensTCTBYIO-
mas pacCTAaHOBKA CTala HyJeBoH. BeiscHnM, kak w(o) 3aBucnt ot o. [Ipn
M3MEHEeHNH OpHEHTAINH OJHOTO JHUCKa, COOTBETCTBYIOIIETO BeplluHe d, K
w(o) mpubaBasieTcs paccTaHoBKa 1 Ha pebpax, BeIXoAfmnx w3 a, n 0 Ha
BCEX OCTAJbHBIX pebpax. DTa pacCTaHOBKa HA3BIBACTCHA IAEMEHMAPHOT KO-
epanuyeti 6epuunbl a n oboznadaeTcs da. Kaxk 0 Bepiinie a oTBevaeT «Xa-
paKTepuCTHTIecKas) paccTaHOBKa a € ZY eIMAWTH B BepIIAHe a W HyIs B
ocTaTbHHX Bepiumuax. Onpegernyv oto6pakenme §: ZY — ZY popwmyroi
Say+ ...+ ar) =day + ...+ dag. Torma w(o) — w(o') = dd(o, o).

HazoBem paccTamOBKE Wy, wy € Z¥ koeomosozuunvimu, ecim wy —wy = 69
nas HexkoToporo € € ZY. I'pynna H'(K) = ZF/§(ZY) paccranosok ¢ Tono-
CTBIO 10 KOTOMOJOTHYHOCTH Ha3BIBaeTCA 0dHOMEPHOT 2pynnoti Ko20Mo.4021ul
epagpa K ¢ xoadduyuenmanu 6 Zo. U3 popumyant w(o) —w(o') = dd(o, o') cie-
qyetT, 9To nepeviti kaace Hmugdeas — Yumuu wi (N, K) = [w(o)] € H'(K) ne
3aBUCHT OT 0. 3Ha4nT, wi(N, K) sBIseTcs NTpensTCTBIEM K OPHEHTHPYEMO-
ctu yronmenns (N, K). Tak kak d(o, 0’) MoxeT NpHHEMATH 41060€ 3HAYEHIE
w3 rpynms §(Zy ), To B caydae w(o) € §(Z)) MOXKHO TaK HIMEHUTL 0 Ha o,
9T06B oAy InI0ch w(0') = 0. 3uaanT, wy (N ) ABIAETCS NOAHBLM TPENSATCTBH-
eM K OpHeHTHpyeMocTHn yToamrenus N.

KpuTepnii opHeHTHPYEMOCTH MHOTOOOPa3uil MoJyvaeTcs aHajJorundmno. B
5TOM CJydae [JIsi MPeNsTCTBYIOIEH pacCTAHOBKH w(0) cyMMa 4dnces Ha Tpex
pe6pax, 06pa3yIolINX TPaHUIy HEKOTOPOrO MPHKJICCHHOTO ANCKa, PaBHa HY-
mo. PaccTanoBKE ¢ TaKUM ycIOBHEM 06pa3yioT MOATPYNNY 00HOMEPHBIT KO-
yuraos Z'(N) < ZT. llposepsercs, wto §(ZY) C Z'(N). Hepsviii xaacc

Hmugeas — Yumnu wi(N) = [w(o)] noxysaeTcs pexamnm B 0dHOMEPHOT
2pynne xozomono02uii 2-muoroobpasns N (c kosddunuentamn B Zo) HY(N) =
= Z'(N)/8(ZY). O

Jlns mmoroo6pasns N krace [w(o)] € CY(N)/8(ZY) = H'(K) Takxe snas-
eTcsi (MOMHBIM) MPENsSTCTBHEM K OPHEHTHPYEMOCTH, HO OH JIEKHT B TpyIe
H'(K), xoTopast cIUIIKOM BelWKa W TOMNOJOTHYeCKH He WHBapHaHTHA, T.e.
3aBucuT oT Tpada K, a He oT MHOroo6pasus N.

1 g -
4. I'pymma H (K') 3aBHCHT TOJBKO OT TOIOJOrHYecKoro Tuma rpada I, T.e. ogHOMED-
HBIE T'PYIIIB KOIOMOJOTHI TOMeOMOP@HBIX TpadoB U30MOPQHHI.
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5. Crenytomme ycaous Ha yromuenne (N, K') paBHOCHIBHE OPHEHTUDPYEMOCTH:

H) nepsuiii xaace Mlmugeas — Yumnu wi(N, K): Hi(K) — Z, Hyneson,

M) (N, K) He COAepKUT NOAYTOIIIEHNs, TOMeOMOPGHOro u3obpaxeHHoMy Ha puc. 3.1
aucty Mébuyca.

3aecy Hi(K) — muOXecTBO moarpados rpada K, y KOTOPHIX CTElEHb KAk 0K BepIIIH-
HBI 9€THA (WM, 9TO TO e caMOe, MHOXKECTBO TakmxX pacctaHoBok O m 1 Ha pebpax rpada
K. uro gas mo6ol BepmmHEL a 4uciao 1 Ha pe6pax, BHIXOASIIMX U3 BEPLUIMHBL d, 9ETHO).
Orepariis CHMMeTPHHYECKON PA3HOCTH (WM, 9TO TO K€ CAMOe, IIOKOMITOHEHTHON CYMMBI TI0
MoJy/o 2) mpeBpaiiaeT 3T0 MHOXKECTBO B abelleBy I'DYIILY U B JUHENHOE IPOCTPAHCTBO HAJ|
Zo. Jlas moboro nogrpada g € Hi(K) cymma w(o) - g 3HaveHnit w(o) 1o BceM pebpam Hoj-
rpada g He 3aBUCUT OT Habopa opuenTanuin o. [losTomy dhopmyna wi(N,K)(g) = w(o) g
KOPPeKTHO 3ajaeT juHenHyo dbyukimo wi (N, K): Hi(K) — Z,. Yromuenus (N,K) n
(N',K') comeomopdubt, eciu oT OJHOIO MOKHO NEPEHTH K APYTOMY ONEPAIUAME OJHO-
BPEMEHHOT'0 TIojipa3jiefielns pebpa rpada W COOTBETCTBYIOIIEN JEHTOUYKH yTOMIIEHAA WU
o6patubiMu. Ecan [ — moarpad rpada K, To yromuenune N rpada K cofep)uT yTolleHne
rpada L, HazbiBaeMoe nodymoaujenuen yroamennsa N. Ykazanue K gokaszaTeabctBy HeM:
HecaMolIlepeceKaoInecs UKL 06pa3yoT 6asuc B iuHenHOM npoctpancTse Hi(K) Hag Zo.

6. a) Hi(K)= ZE-V4C = g (k).
b) Orobpaxenne ¢: H'(K) — (Hi(K))*, sagannoe dopmy.oit ¢[v](h) = v-h koppekT-
HO OTIpejlesIeHo, ABIAeTCA N30MOPGU3MOM W TIepeBOANT w1 B wi (cM. 3agady 5).

7. Jlas rpada K o6oanaunm epea ST (K) (T2 (K )) MHOXeCTBO OpUEHTHPYeMBIX (Bcex)
ytommuermi (N, K) ¢ ToIHOCTBIO 10 »KBWBaleHTHOCTH. [lisi CBABHOTO cneyuaabnozo (T.e.
MMeIOIero TOMbKO Bepmmakl cTemerm 3) rpada |ST?(K)| = 2¥V 7! un |T*(K)| = 2% (70
HEBEPHO 6e3 TIPeINo0KEeH A O CeMMaTbHOCTH — CM. 3a1aqdy 3).

8. Jlns cesasHoro rpada K (He ToMeoMOpdHOr0 TOUKe, OKPYKHOCTH WM OTPe3Ky) ¢ V

BepumHaMu cTeneneit ki, ..., ky  a) |[ST?*(K)| = %(kl =t (kv = 1)L

b) nepeniit kaacce ltudens — Yurau onpegenseT WHBApUAHT w1 : TQ(K:) - H 1([().

) ITHK) =25V (ke = 1) ... (kv = 1), e E = %(k1 4.4 k).

9. /lns rpada K paccmoTpum o6bejuHEHHE TPEXMEDPHBIX IIAPOB, YHUCI0 KOTOPHIX PABHO
V. Ha kax 1oM TakoM 1iape BBeJeM OPUEHTAIINIO (W/IH, 9TO TO Ke CAMO€, BIOKUM 3TH TIAPHI
B IPOCTPAHCTBO ¢ (UKCHPOBaHHOU opueHTarmeln). Torga rpannvable cdephl AUCKOB TOXe
6yayT opueHTHpOBaHbl. Ha Kax ol Takol rpaHu<HON chepe OTMETHM HENEPECEKAIOIINECs
IBYMEDPHBIE IUCKH, OTBEYAONINe BEIXOAAIINM U3 COOTBETCTBYIONIEN BepinuHbl pebpam. [lus
Kaxjoro pebpa rpada K coegunum (He 06A3aTeNBHO B TPEXMEPHOM IPOCTPAHCTBE) COOT-
BETCTBYIOIIME €MY [BA AUCKA TPYOKOU. DTa TpyOKa HA3BIBAETCHA NEPEKPYUEHHOT, €CIU OPH-
€HTAITNN Ha JBYX €€ MPOTHUBOIOJIOXKHBIX OCHOBAHUSAX, JEKAIIUX B 1Iapax, coBnaaanT. Tpy6-
KA HA3BIBAETCH HENEPEKPYUEHHOU, €CU 3TH OPHEHTAIINH MPOTHUBOMOJIOXKHEL. [lycth N —
06beJUHEHNE TIOCTPOEHHKIX MApoB U TpyGok. Tomomorudeckas mapa (N, K), coctosmas u3
N u rpada K, ectecTBeHHO BaoXKeHHOro B N, HazpiBaeTcA 3-ymoaujenuem rpada K. /Isa 3-
yToamenus rpada K sxeusasenmusl, eCii MOXHO U3BMEHUTH OPUEHTAITNA HA UX JUCKAX TakK,
49TO6B TPYOKM B JBYX YTOJIIEHUAX, COOTBETCTBYIOIINE OJHOMY W TOMY Xe pebpy rpada
K, 6bumi 6B1 OIHOBpEMEHHO TepeKpy4deHbl muan HeT. O603HAYNM depes TS(K) MHOXECTBO
3-yTommennin rpada K ¢ TOIHOCTHIO J0 SKBHBaleHTHOCTH. Torjga w: TS(K) — Hl(K)
ABJISAETCS B3AUMHO OJHO3HAYHBIM OTOOpaXKeHHEM HA.

10. Kakune na yTomuennn 3aga< 3e, 3f BIOKHME B INIOCKOCTH?

11. TlorsiTHe yTOMIEHNA BOBHUKIO MTPU WCCJIENOBAHUN BIOKMMOCTH rpada B IIOCKOCTH
u B moBepxHOCTH (cp. §2). [eficTBuTensHO, Korga rpad BIOKEH B INIOCKOCTDH (MM B IIOBEPX-
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HOCTB), JIETKO BHIOpATh OKPECTHOCTH 3TOr0 rpada, ABIAOIIYIOCA €ro yToileHneM. Fciam
naHo oTobpaxkenue o6rnero mojoxenns rpada K B MIOCKOCTH, TO AHATOTUYHO MOXKHO TIO-
CTPOUTH OPHMEHTHpYyeMoOe yTodlleHre Tpada K. COOTBETCTByMOIIEe 3TOMY OTOOPAKEHHIO.
Tak kak @060 rpad WMeeT KOHEYHOe ©WCA0 YTOMIEHNH (3anada &), To BOMPOC O BIOXKH-

MOCTH Ipad0OB B INIOCKOCTh CBOJAUTCA K BOIIPOCY O BAOKUMOCTH OPUEHTUPYEMBIX YT OIIIEHUI
B ILIOCKOCTh.

Caenyromue ycnous Ha yromuenne (N, K') paBHOCHIBHBL:

P) N BioXuMMO B ILIOCKOCTH,

E)V—-E+S5=2 rage VuFE — komudectBa Bepumt u pebep rpada K, a S — uucio
TPAHUYHBIX OKPYXHOCTeN yTomamenus N,

S) (N, K) He COAepXUT MOAYTOMIIEHNUH, TOMeOMOPGHEIX N306paKeHHRBIM Ha puc. 3.2.

12. CopmyaupyliTe U penrmmTe aHaIoru 3aja<u 11 /s BAOKEHNH B MOBEPXHOCTH (aHa-
JIOT KPUTEPHs S — TOJIBKO IS CHENUATLHEX I'padQoB U BIOXKEHHUH B Top u auct Mébuyca).

B. IIOCTPOEHHWE EJUHUYHBLIX KACATEJbHBLIX BEKTOPHKIX IOJIENR

Te, KTo He 3HAIOT, YTO TaKoe N-MepHOE MHOT006pasme, MOTYT CYATATh,
9To n = 2. Funuunblm KacameabubiM 6€EKMOPHBIM NOAEM Ha TIOIMHOXKECTRE
K raangkoro mHoroobpasusi N Ha3wblBaeTCs HENPEPBIBHOE CeMelCTBO eTHHI Y-
HBEIX KacaTedAbHHIX K [N BeKTOPOB B TOYKaX MOAMHOXecTBa K, riaako 3aBu-
camux oT Toukn z € K. UccneqoBanie BeKTOPHBEIX TOJeH OBLIO HaYaTO AHDPH
[lyankape B kadecTBeHHOU Teopun guddepeHINaIbHEX ypaBHeHnd. B sToM
naparpade, ciaenys ugesm XaitHma Xomnda, MEl TOCTPOUM MPensTCTBHE K CY-
IeCTBOBAHUIO €IMHUTHOTO (& HEHYJIeBOTO) KacaTelbHOrO BEKTOPHOTO MOJS
Ha JaHHOM IJa[KOM 3aMKHYTOM MHOT00Gpasnu. CJIOBO «1mojey 6y 1eT 03Ha49aTh
«eIMHUIHOE KacaTelbHOe BeKTOPHOE MoJey.

TroPEMA DHUAEPA — [IYAHKAPE. Cpedu cep ¢ pyuxamu moabko mop
uMeeEM €JUHUUHOE KACAMEABHOE 6EKMOPHOE NOAE.

Ha6pocox nokazaterncTBa. [locTpoenne mojs Ha TOpe OCTaBAgEM YNTATe-
JI0 B KadecTBe ynpaxknenus. /lokaxem, 94To Ha cdepe S? He cylecTByeT mous
(caygai cdep ¢ g > 2 pydKaMu pacCMaTpHBaeTCs aHAJIOTHIHO). PaccmoTpnm
na cdepe rpad S ¢ gyms pepumnavu (puc. 3.3). [locTponm moJe Ha MHO¥MKe-
ctBe SO oTux AByx Bepmun. OUeBHIHO, YTO DTO MOXKHO CelaTh, IPHIEM OJ-
HO3HAYHO (C TOYHOCTHIO MO HEMPEPHIBHOW AeOpMATNN B KJIacce eMHIIHBIX
KacaTelbHBIX BeKTOPHLIX nodeit). [losTomy cymecTBoBanue nois na S2 paBHo-
CHIBLHO TPOIOTKIMOCTH MocTpoennoro noid ¢ S ma S?. Maayio okpecTHOCTE
KayK/0To U3 AByX pebep rpada S' MoXKHO paccMaTpHBaTh KaK 4acThb ILJIOC-
koctn. [ooTomy mose na S° mpogomxaercs go nmoas ma S (geitcTBETeMBHO,
nojie Ha pebpe ecTh TO XKe camoe, 9TO oToOpakeHne pebpa B OKPYKHOCTh!
KayKTOMY BEKTOPY COMOCTaBAAETCSA TOYKA HA OKPYKHOCTH C HamlpaBJIeHHEeM
DTOTO BEeKTOpa; Ji06oe 0ToOpakeHne TPaHUIBI OTpe3ka B OKPYKHOCTH TPO-
TOJKATCA HA OTPE3OK). 3aMeTnM, 9TO TaKoe MPOAOIKeHNe HeoTHO3HATHO.
O603navum nonydennoe noje na S' wepes v. Malyio OKpecTHOCTD KazK oM U3
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Pwuc. 3.3.

JIBYX Tmoaycdep, Ha KOTOphIe JaHHas OKPYKHOCTH pazbmBaeT cdepy, MOKHO
paccMaTpUBaTh KakK 9acTh MJMOCKOCTH. AHAJOIHYIHO PacCysKaas o MPoI0aKe-
HUM TOJA ¢ Tpannubl JA noaycdepsl A wa camy noaycdepy A, NpuxoanM K
3ajave o mpojomkennu ortobpaxkenns OA — S!' ma A. [locieanee npojo-
JKeHIe BO3MOXKHO TOT/Ia M TOMNBKO TOT/a, KOT/a CTeNeHb £A (V) 0TOOpaKeHns
OA — S' pasua nymo. [Toroxnm €(v) =ea, (v) +ea_(v). fcno, 9To ans mo-
as v’ onpegenrennoro ua eceii cdepe, €(v') = 0. /g moas v, n306paKeHHOTO
ua puc. 3.3, €(v) = 14+ 1 = 2 (pas6epnrech, nodemy ne 1 — 1 = 0!). Pazin-
qne Mex Iy moaamu v m v’ ma S1, copnagarommnuu na S°, Moxno waMepATH (1
3a/1aBaTh) mapon wucen (dy,d_): 9ucao di paBHO 4nCIy 060pOTOB BEKTOpa
Npu JBUKEHHN OT Hadala pebpa a4 K ero KOHIY (MpH 5ToM GepeTcsi BEKTOP
NepBOTO TOJsA) 1 06paTHO (MpH TOM GepeTcsi BEKTOP BTOPOro mois). flcuo,
910 £ay (V) = eay (v) £ dy £+ d_. TlosTomy €(v) = €(v') — nporuBopeqne. O

TEOPEMA XolndA. Ha opuenmupyemonm n-muozoobpazuu N cyujecmey-
em eUHUUNOE KACAMEABHOE 6EKMOPHOE NOAE Mo20a U MOoAbKO mo2da, Ko2dd
kaacc Jiaepa e(N) € H"(N,Z) nyaesoti.

BBIYMCAEHNE. Feau N c6a3no u umeem nenycmoti xpaii, mo H* (N, Z) =
=0 ue(N)=0. Fcau N c6a3no u 3amxnymo, mo H"(N,Z) = Z u e(N) =
=x=2-2g, 2de x u g — 2AEPO6a TAPAKMEPUCTNUKA U POJ MHO2006PA3UA
N (6mopoe pasencmeo uMEEM cMblCA U CNPAGEDAUGO MOABKO Oaf N = 2).
Aaqee, e(N?+1) =0 u e(S%) = 2.

Omnpegerenne H™(N.Z), e(N) n jgokazarerbcto. PaccMoTpnM TOXBKO
caydait n = 2 (o6mni caydai paccMaTpHBaeTCs aHAJOrmdHO). BosbMmem He-
KoTopylo Tpuanryasnnio 7' muoroo6pasus N. [locTponm mose Ha MHOXKECTBe
TO ee pepmmnn. O9eBHIHO, 9TO DTO MOKHO CJefaTh, TPHYeM OJHO3HAYHO (C
TOYHOCTBIO MO HEeNpPepEBHOHW AedopMaluim B KJiacce eIUHUYHBIX KacaATelb-
HBIX BeKTOPHBIX noden). [losTomy cymectBoBanme mons Ha N paBHOCHIBHO
NPOIOKIMOCTH nocTpoennoro mnoas ¢ 70 na N.
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Teneps mpojgomkuM mocTpoennoe moxe ¢ T0 ma o6nmemunenne T' pe6ep
Tpuanryasunn 1. Jlroboe pe6po TPHAHTYJAANNE HMeeT Malyi OKPeCTHOCTh,
nuddeomoppuyto maockoctu. [loaTomy mose Ha MOAMHOXKECTBE 3TOU OKPECT-
HOCTH (WJIH, 9TO TO JKe caMoe, Ha MOIMHOKECTBe TLIOCKOCTH) OTOXK JeCTBIs-
eTcsi ¢ 0TOOPaKeHneM 5TON JacTh (B TaHHOM clydae, pe6pa) B OKPY’KHOCTh:
KayKJOMY BEKTOpY COMOCTaBJAfeTCS TOYKAa HAa OKPYXKHOCTH ¢ HampaBlIeHHEM
»TOrO0 BeKTOpa. Jlio6oe oTo6GpakeHne rpaHulibl OTPe3Ka B OKPYKHOCTh MpPO-
JOMKATCA Ha OTPe30K, MODTOMY TOCTPOEHHOe MoJe MOKHO PO ot KT ¢ 10
na 7T''. 3ameTuwMm, 9TO Takoe NPOJOMKEHHe HeOJHO3HATHO.

[ycTh Temepsb Ha T 3agano moge v. [lonpo6yeM TpoIoaKnTh ero Ha N.
AHaJOTHYHO paccyX/gas O MPOJOMKEHUH MoJs ¢ TpaHuusl JA rpamnm A Ha
caMy Tpaib A, IpUXOINM K 3ajatde o MPOJOTKeHHN oTo6paxenus OA — S1
Ha A. [locaegnee npomgoakenne BO3MOXKHO TOTJa I TOJABKO TOT A, KOTIa CTe-
nens oTo6paxkenns JA — S! pasma mymo. Bei6epeM opueRTanmio Ha MHOTO-
o6pasuu N u okpyxnoctn S'. [locTaBuMm Ha KayKJoil FpaH; TpPHAHTYJIANNH
T cTenent ykazannoro oTo6pawxenus OA — S, [loayvennyio paccTaHOBKY
MeJBIX YHCel HAa TPaHdX TpHaHryasuuu 1 HazoBeM npensmcmeyoued u 060-
3HAYNM depe3 £(v): moje v npogomKaeTcs Ha N TOr1a n TOJBKO TOT/[a, KOT 1a
e(v) = 0. I'pynny Bcex pacCTAaHOBOK HeJBIX 9HCEN HAa TPAHAX TPHAHTYJIANAH
T ¢ omepammeil TOKOMTORERTHOrO CloKenns o6o3matny wepes ZF, roe FF —
KOJUY9eCTBO TpaHeldl TpuaHryasuuu 1.

Pasanune mexay moasmu v u v’ ma 7', copmagaromumu na 17°, moxno
n3MepsTh (7 3agaBaTh) Tak. Ha kaxkaom pebpe Tpmanryasunn T mocTaBuM
YHCA0 MOBOPOTOB BEKTOpa TMPH JIBIKEHWH OT Hadajga pebpa € K ero KOHITY
(mpm ToM GepeTcsi BeKTOp MepBOTO MoJs) W o6paTHO (Mpm >TOM GepeTcs
BeKTOpP BTOporo nous). [loaydennyo paccTaHOBKY HA30BeM paz4uuaiowjeti n
o6osnadum d(v,v'): ecan d(v,v’) = 0, To NMOJE ¥ MOKHO HENPEPHIBHO TPO/Ie-
(hopMEPOBaTh B KAacce eINHMIHBIX KacaTeAbHbIX BeKTOPHBIX MoJel B noje v’
(o6paTHOe TakkKe cnpaBeAanBo). ['pynmy Bcex pacCcTaHOBOK METHIX WHCeN Ha
pebpax TpuaHryasuuu T’ ¢ omepaluell TOKOMIOHEHTHOT'O CJIOXKeHUs 0603Ha-
qum qepes ZY, rie E — xonmvecTBo pebep Tpuanryasmun T,

Ecan £(v) # 0, To v me mpogoaxaerca Ha T2, HO eme He Bce MOTepsAHO:
MOYKHO TIOMBITAThCA H3MEHHTL TMote v Ha T, Tak 4TO6LI MpenaTcTByIOMIAsn
KOIlellb CTaxa paBHON Hy.i0. /s 5TOro BBISCHNM, Kak £(v) 3aBHCHT OT v.
[Ipn m3meneHun moJst HA OMHOM pebpe € «Ha OAMH 060POTY K €(v) MpubGaBIs-
eTcs paccTaHoBKka +1 m —1 Ha ABYX MPUMBIKAIOMINX K € TPaHAX (BbIGOp 3HAKA
onpegensieTcss opnerTannsmu) n 0 Ha BCeX OCTATbHBIX TPaHAX. JTa paccTa-
HOBKa Ha3BIBAETCS adeMeRmMapnotli xoepanuyetd pebpa € m obozHavTaeTcs Je.
KaxgoMy pe6py € OTBeYaeT «XapaKTepuCTHUecKafy paccTaHOBKa € € ZF
eJITMHUIILI Ha pebpe € U HYJs Ha OCTalbHHIX pebpax. Onpegenum oTo6paXke-
ane §: Z¥ — ZF popumyaoi d(niay +...+ngar) = niday +. ..+ npdag. Toraa
e(v) —e(v') = dd(v, v').
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HazoBem paccTanoBkn 1,89 € Z wozomonoeuunvimu, ecin €1 — 5 = 69
ans nexotoporo 2 € ZP. I'pynma H%(N,Z) = Z*/§(Z*) paccranosok ¢ Tou-
HOCTBIO /10 KOTOMOJOT MIHOCTH Ha3bIBAETCH J6YMEPHOT 2PYynnoti Ko2o.moa02ui
noseprrocmu N ¢ koafduyuenmamu 6 Z. N3 popmyasi £(v)—e(v') = dd(v, v')
caenyet, uto kaace Jiaepa e(N) = [e(v)] € H?(N,Z) ne 3aBucut ot v. 3Ha-
anT, €(NN) ABISETCS MPensaTCTBHEM K cyliecTBoBaHmWio moiast Ha N. HesaBn-
CHMOCTB Kaacca Jigepa oT 1 MBI OCTaB/IseM YHTATEN0 B KadecTBe 3a1atn.
Tax kax d(v,v') MOxKeT TPUAEMATH A1060€ 3natenne w3 rpynnsr §(ZF), To »
cayae €(v) € §(ZF) moxno mamennTh v Ha v/, ITO6H MoMyIHIOCH (V') = 0.
DTO JTOKA3BIBAET YaCTh (TOT/[ay. O

13. Oupegemnte n-i kaace Mmugeas — Yumnu w,(N) € H"(N) kax monHoe mpensrt-
CTBHE K MOCTPOEHWIO €JIMHUYHOI0 KACATEJHLHOIO BEKTOPHOT'O TOJA HA HEOPHEHTHUPYEMOM
n-muoroo6pasuu N. Beraucanre ero mis n = 2.

C. IIOCTPOEHUE OPTOHOPMHUPOBAHHBIX CUCTEM BEKTOPHBIX IOJEN

Ydaenuk Xonda Iayapsa lltudens paccMmoTpen 3aavy 0 TOCTPOSHHH Na-
pul, Mpotiku W T.[T. OPMOHOPMUPOE6AHHBIL KACATEAbHBIX BEKTOPHBIX TOJEH
Ha [MaHHOM MHOTroo6pasmnu (BBUIY KaHOHHYHOCTH MpOIecca OpTOTOHAIN3a-
mun I'pama — HIMugra OpTOHOPMUPOBAHHOCTH MOYXKHO 3aMeHUTh Ha JHHEl-
HyI0 He3aBHCHMOCTH). PasBuBas mgen Xonda, okono 1934r. on mpumen x
OTpeIeeHNi0 XapaKTePHCTHIeCKIX KIacCOB (OKOHYaTeqbHas (hOpMATN3anus
6uira 3aBepuiena Hopmanom Crtuuponowm). JloGonsrtao, 9to llTngenrs na-
YaJ € 9aCTHOTO CAydas OPHeHTHPYEMBIX 3-MHOT000Pa3uil U NBITAJICSH MOCTPO-
UTh MpPHMep TAaKOTO MHOT00Opa3us, Ha KOTOPOM He CyUIeCTBYyeT maphl (&
TPOWKN) OPTOHOPMUPOBAHHBIX KacaTeNbHBIX BEKTOPHBIX MOJEM. 3aTeM, HC-
TOJAB3YA CBOIO TEOPWIO, OH MOKa3ajd, 9TO TaKOTo MHOToo6pa3us HetT. [lozike
OBLIO MPO/IETAHO MHOTO IPYTUX KOHKPETHRIX BRIYHUCIEHUN, JAOIIHX HHTEePec-
HBIE CJeICTBUS (HampuMep, HeCylieCTBOBaHme aare6p c jgenenmem ua R™ mus
n # 2%).

“epes Z ;) ob6o3HaduM rpynny Z Jis 9eTHOrO ¢ U Zg JUIs HE4eTHOTO 1.

TeorEMA [Tu®EAA. Ha 3-mnozoobpazuu N cywecmeyem napa opmo-
HOPMUPOEAHHBIT KACAMEALHBIT 6EKMOPHBIL Nodell mo2da u moabko moada,
xo2da emopoii xaacc Mmugeas — Yumnu wy(N) € H*(N) nyaesoii.

BBIYUCAEHNE. we(N) =0 das opuenmupyemozo 3-mnozoobpazus N.

Ha6pocok onpegerenns wy(N), H*(N) u qokazaterscrpa. Tpnanryrupy-
em N. llocTpoum mapy BeKTOpHBIX TOJeH HAa HyJabMepHOM ocToBe. /lis mpo-
JMOJYKEeHUS Maphl MoJel Ha pe6po MOKPOeM ero OfHOH KapToll, TOrfa KaxKJoH
nape BeKTOPOB B TOUKe T Ha DTOM pefpe COMOCTaBHTCA Mapa BeKTOpoB B R,
a BCeMy CHMILIEKCY oToGpaxKeHne pe6pa B V3o (IPOCTPAHCTBO OPTOHOPMH-
poBanubx 2-penepoB B R?). U3 cBsasnocTn npoctpanctsa Vs caeayer, 9To
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MOCTpOeHHas Mapa BeKTOPHHIX MoJel MpojgoakaeTcs Ha 1-octoB. OTobpake-
une rpamunsl OA rpamm A B V3, CTaBHT eMy B COOTBETCTBHE DIEMEHT U3
m1(Vs,2) = Zjy. TakuM o6pa3om, 3ajaHnIO Naphl W OPTOHOPMHPOBAHHLIX BEK-
TOPHBIX TMOJell Ha 1-0CTOBe COOTBETCTBYET MPenaTCTBYOIIas pacCcTaHOBKa
e(w) Hy el n eIMHNI HA TpaHAX. B HaleMm caydae Jis NpensTCTBYOMEN pac-
CTAHOBKM £(w) CyMMa 9uceJ] Ha TPaHAX JIOO0TO 3-CHMILTIEKCAa paBHA HYJIO.
PaccTanoBkn ¢ TaknM ycjaoBrHeM 06pas3yioT MOATPYNNY 06 YMEPHbIL KOYUKAOE
ZXT) < Zg. [lanee aHAJOTMYIHO MPEILIIYIIEMY OTpeIeaseTcs oToOpaKeHne
§: ZY — Z5 w noxaswBaetcs, uto §(Z¥) C Z*(T) n ato emopoii xaacc Mmu-
Pean — Yumnuwqe(N) = [e(w)] € H*(N) = Z*(T)/$(ZF) pasen nymio Torga u
TOJBKO TOT/[a, KOT/Ia W MOYKHO MPOAOJKUTH Ha 2-0cToB. [lapbl w opTOHOPMH-
POBAHHBIX BEKTOPHHIX MOJeH Ha 2-0CTOBe BCeTa MOXKHO MPOAOIKUTL Ha BCe
muoroo6pasue N, nockoabky ma(Vs o) = m2(S03) = m(RP?) = my(53%) = 0.
O

TEOPEMA. Fcau na n-mmo2006pazuu N cywecmeyem k opmonopmupo-
6AHHBIT KACAMEABHBIT 6€KMOPHBIT noaet (1 < k < n), mo (n—k+1)-i kaacc
HMImugean — Yumnu

Wikt (N) € H*MY(N, Z,_y)

AGAAEMCA HYAEGBIM.

[TPUMEP BEIYUCIEHNA. w;(RP") = C! mod 2, 2de w;(N) € H'(N,Z,) —
npueedenue no modyaio 2 npensmemeus W;(N) (xomopoe sezue eviuucas-
emes).

Haé6pocox ompenenenms H"‘k"'l(N,Z(n_k)), Wi—k+1(N) n gokazarern-
crBa. Ananmornvno npesiaymemy, n3 cootrotennit w;(Vyr) = 0 musi i < n—k,
crenyet, 9To k mosell GecnpensTCTBeHHO cTposTes Ha (n — k)-octose. [lo-
cKOMBKY Ty (Vak) = Zin—ry Ans 1 < k < m, TO IpW NPOJOIKEHAN MO
na (n — k + 1)-ocToB mosBAseTcs npensaTeTe W, _pyq € H* (N, Z(n—k))
(KoTOpOe yKe He SBISETCS MOJHBIM). O

14. a) OnpesieMTe ONMUCAHHBIM BHIIIE CIOCOGOM w1 W MOKAXKUTE, 9TO 3TO ONpejeNeHue

COBMAJAeT C TMOAyYeHHBIM B §3.A.

b) B 1942r. Jles CemenoBud [ToHTpArus NpugyMan HOBEIE XapaKTePUCTHYECKUE KIac-
co1. Bnagmmup A6pamosry Poxane mokasan, 9To 3TH KIACCH €CTECTBEHHO TIOABIAIOTCS TIPH
MOCTPOEHUN CUCTEMBI KaCATEIbHBX BEKTOPHHBIX TOJNEH, HEKOTOpPHE (PUKCHPOBAHHBIE TI0ICH-
CTEMBI KOTOPOU UMEIOT PAHI, HE MEHBIINN 33 JAHHOI'O PAHra IS KAXK JOU U3 3TUX (PUKCUPO-
BaHHHIX TofcucTeM (0606menne 3anaqan [Itndensd). B gansHelem okazanock, 9TO KIaCCHI,
paccMoTperHBle [JOHTPATMHEIM, 3aBUCUMEL (MBI HE yTOYHAEM, B KAKOM CMBICIE) MEXKAY CO-
6ou u ¢ kaaccamu lTudens — Yuruu. [losTomy cpean Bcex >TUX KJIACCOB BbIIEJIEHBI KAACCbI
Honmpsaeuna, o6pasyrorme «MaKCUMATBHYO HE3ABUCHUMYIO CHCTEMY).

Onpegemnte j-it Kaacc llonTparura p,(N) € H*(N,7) xak TpenmaTcTBHe K TOCTPO-
€HWIO0 CACTEMHI M3 n — 27 + 2 BeKTOpOB, WMeOIe paHT He MeHee n — 27 + 1 B Kaxkgou
TOYKe.
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D. I[IorPy3uUMOCTb U BJIOYKUMOCTb MHOTOOBPA3MIA

I'nagkoe orobpaxkenne f: N — R™ raagkoro maoroo6pasus N Ha3bIBa-
etcst nozpyxcenuenm, ecin df (z) # 0 mas aobon Toukn z € N. [lorpyxkenne
f: N — R™ Ha3wIBaeTCHd 6.40MHCEHUEM, ecan OHO HHBHeKTHBHO. [lo coobpaxe-
HuAM O6IIero MOMOXKeHHs, Ji060e n-MHOToo6pasne BKIajgbBaeTcs B R2*H! u
norpyxaetca B R??. B 1935r. Xond pacckasan o pesyabraTax llTndens
Ha MexayHnapogHon Tomonorudeckoi kougepennnn B MockBe. TaMm BhisicHU-
JOCh, 9TO Xaccaep YuTHI 0Koo 1934 r. ToxKe ecTeCTBEHHO MPHUIIEN K OTpeIe-
JeHWI0 XapaKTepHCTHIeCKNX KJIaCCOB, U3ydas BJIOKHMOCTH U MOTPYy3UMOCTh
n-MHOTO006pasul B R™ ¢ m < 2n+ 1 u m < 2n, coorBetcTBerHo. Ucnoab3ys
CBOIO TeopHIo, YATHH A0Kaszal BJIOKHMOCTEL n-MHOroo6pasuii B R??, ux mo-
rpysuMocTh B R?"~!, a Takike HEBIOKIMOCTE W HETIOT Py3UMOCTh HEKOTOPHIX
MPOEKTHBHBIX NPOCTpaHCcTB. [lo3Ke 6BLIO MPOIelaHO MHOTO IPYTHX KOHKPET-
HBIX BBIYHCJAEHUH, TAlOIINX HHTEePeCHBIe CleICTBUS.

TEOPEMA YUTHU. Fcau n-mmnozoobpazue N noepyzumo 6 R™, mo
(m —n+ 1)-i nopmasvnwti xaacce Hmugeas — Yumnu

I/T/’fn—n+1 (N) € Hmor (N Z(m—n))
AGAAEMCA HYAECE6DIM.

k .
[IPUMEPHI BHIYHCAEHUI. Y CE =@, (RP") = 0, 2de k > 1 u w;(N) €
=0
€ H'(N,Z3) — npueedenue no modyaio 2 npenamemeus W;(N). Feau q
MEHBULE KOAUUECTNEA €DunUY 6 J60UUNOT 3anucy wucaa n, mo wy,_,(N)=0.

Ha6pocoxk ompegererns H™ "t1(N, Z(m_n)), ﬁ/m_n+1(N) " JOKa3aTeab-
crBa. Ecim N morpysnmo B R?%7!, 1o gn1a kommosmmun N — R?7~! ¢ R??
HOTPYKeHHs U BKJAIOYEHHS CYHIECTBYeT eINHUYHOE HOPMUAIbHOE BEKTOPHOE
noje. Aualorumduo Teopeme Xom(a MOXKHO ONPENeTUTh HOPMAAbHBLL KAACC
Diinepa €(N, f) € H"(N,Z) kak UpensTCTBHE K MOCTPOEHUIO €THHUIHOTO
HOPMa/bLHOTO BeKTOPHOTO Toas aas norpyxenus f: N — R?7. Utak, ecan
N norpyxkaetca B R~ 1o €(N, f) = 0 nas nexomopozo otobpaxenns f, a
uMenno, aia komnosumun f: N — R?"71 C R?" (cum., Bupodem, zagady 16a).
Ananoruuno ara xomnosunun f: N — R~ - RM norpyxkenus n Brirode-
HIS PaBHO HYJTO Zo-TPENAaTCTRIe K nocTpoernio M —2n+1 opToHopMupoBaH-
HBIX HOPMaJbHBIX BEKTOPHBIX MOJEH, HA3bIBAEMOE 7 -M HOPMAAbHBLM KAACCOM
Hmugpeas — Yumnu w, (N, f) € H*(N). Ararornano, ecin N morpysumo B
R™, To ana komnosumun f: N — R™ — RM norpyxkenus n BxIouenns
paBHO HYJIIO MPENATCTBHE K MOCTpoeHuio M — m JnHelHO He3aBUCHMBIX HOP-
MaJbHBIX BEKTOPHBIX MOJeH, HazbiBaeMoe (m —n+ 1)-M HopMaibHblM Kaaccom
HMmugeas — Yumnu W, _,11(N, f) € Hm_”+1(N,Z(m_n)). Ocranoch JoKa-
3aTh HedaBUCUMOCTh W,y _pni1 (N, f) ot f. Knace W, 11 (N, f) coxpansercs



Teopus npenaTcTBuil Jis HATAHAKOIIHX 179

npn kommosuunn f: N — RM ¢ srmovenmem RM ¢ RM’, MOCKOTBKY TO-
MOMOP(MU3M BKIOICHUS Tpy—p (Vaf—p M—m) — ﬂm_n(‘/M/_n7M/_m) ABIfAETCA
n3omoppuamom 1npn M > m + 2. Bo3bMeM Temeph IBa Pa3HBIX MOTPYKEHUS
fig: N - R". Tak xkak T vy = 7S v, = m, Tovy&m = v, & m, u
Wm-’/l-l-l(N? f) = Wm—’ﬂ-}-l(N:g)' O

3aMeTnM, 9TO TOKa3aTeIbLCTBO JeMMEl 1 Ha ¢. 178 [5] HemosHO: MOKa3aHo,
9YTO KJacCChL IHTI/I(I)GJIH - yI/ITHI/I CTaOUIBHO DKBUBAJEeHTHBIX paCCJIOGHI/Iﬁ O/THO-
BpeéMeHHO paBHBI HYJIIO, @ HE TO, 9TO OHHU COBIIa/JalOT. B MTOKa3aTeabCTBe Teo-
pPeMbI yI/ITHI/I CpaKTI/I‘{eCKI/I CTPOUTCHA NpensTCTBUE K CyIIeCTBOBaHUIO TaKOI'O
paccaoenns v #ax N, 9to v &7 = m. Ha oTol njgee ocHoBata (hopMyanpPOBKa
Teopembl CMelina — XupIia 0 KIacCuPUKAIAT TOTPYKEHHH.

15. Amamoru+no HopMaabHBIM Kiaccam [llTudgens — Yurau wnopmaavmvie xaaccot [Ton-
mpAeuHa MPENATCTBYIOT MOIPY3UMOCTH: €CJAM OPUEHTHpyeMoe n-MHoroobpasue N morpy-
aumo B R™, To k-ii nopmaavnviti kaacc Ilonmpaeuna ﬁk(N) € H4k(N,Z) HyJIeBOU JJs
2k > m —n.

16. Iycte f, f': N — R™ — gBa morpyxeHma n-MHOToo6pasma N, Haxojdlimecs B
06I1IeM TIOJNOKEHHHN.

a) Ecmm N opwenTnpyemo m m = 2n, to f(N)N f'(N) ecTh KoHeIHOE 9WMCIO TOYEK CO
3HAKAMU, CyMMa KOTOpHIX pasHa O u pasHa €(N, f).

b) Ecru f, f' — snoxenus, To f~' (f(N)Nf(N)) ecth nogmuoroo6pasue MHOT006pasus
N, romonorudeckul Kiaacc Koroporo paset 0 u gBoicTBeHeH 1o IlyaHkape K @Wm—n(N).

) Torga f~H(f(N)N f/(N)) u 2(f) = Cl{z € N : |[f~'(f(2))| > 2} ecTb mOrpy*emumbie
10 AMHOI 006pasus MHOroob6pasus N, MpUYeM rOMOJOrHYeCKHU Kaacc mepBoro pased 0, a
BTOPOT0 — JBONCTBeHeH Mo [lyaHKape K Wm—n(N) (u He 3aBucut ot f).

17. a) Ecmm n-mmaoroo6pasme N Broxumo B R™, To @m_n(N) =0.
b) Ecm x Tomy xe N opmeHTHPYeMO M m — n M€THO, TO P(m—_n)/2(N) = 0 (cM. 3aga-
qay 14b).
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