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K&K MaTEMATUKHN N3y9al0OT XaOC
Axanemux PAH A.T". Cunan

B asrycre 2000 roga A moxyuma IpUrIaIleHNe BRICTYIHUTE C IUKIOM XeIPH-
KOBCKUX JeKIuy Ha 3acesanum Maremarmaeckon acconmanuu Avepuxu. Ayam-
TOPHA COCTOAIA M3 MATEMATHKOB, IPENOJAIOMINX B PA3INIHBIX YHUBEPCUTETAX
CIITA, nmpodeccroHaIbHBIE HHTEPECH KOTOPBIX PA3HOPOAHEI ¥, KK IPABUIO, a-
JIEeKW OT TEMATHKU JAHHBIX JEKIUA. DTOT TEKCT IPEACTABIIET COGOU BBEJEHUE
B MaTEMATHYECKYIO TEOPHIO Xaoca 1 601ee NI MEHee COOTBETCTBYET (haKTUIe-
CKOMY COJEpXAHUIO MPOINTAHHBIX JEKIVN.

JIEKIIIA 1. XAOC U BECHOPALOK. 'MIEPBOJINYHOCTD

B Tedenume mocregHUX TPUALATA — COPOKA JET TEOPHUA Xa0Ca CTANa BEChMA IO-
nyaspHou. B m060M KHUXHOM MaraswHe, CAe €CTh HAYYIHHEIU OTAET, CErONHA MOXK-
HO HANTU MHOXECTBO KHUI', B KOTOPHIX OOBACHAETCS, YTO TAKOE Xa0C. DTO CBUIE-
TEILCTBYET O TOM, 9TO Xa0C — UHTEPECHOE U COAEPKATEIHHOE ABICHUE, IPUYEM HE
TOJBKO I MATEMATHUKA, HO U [ (PU3NKA, UHKEHEPA, DKOHOMUCTA, CICIUAIUCTA,
paboTaIOmEro B Pa3HEIX 00JACTAX MPUIOKEHUN HAYKU.

Ha camom gesne T0, 94TO HEIHE 30BETCS Xa0COM, CYIECTBOBAJIO B MATEMATHUKE 3a-
IOJCO 00 HAINMX IHEHU O] MMEHEM SProaudeckor Teopun. O 1HAKO PU3NKYM HE MOLVIA
WCIOMB30BATE 3THU CJI0BA, UOO TEPMUH DPTOAAIHOCTDL) HATTOMUHA UM 3P0 IUIECKY IO
TUNOTE3Y U OCHOBAHUA CTATUCTUIECKOU MexaHuKu. COMIacHO MUPOKO PACIPOCTPaA-
HEHHOU B TEOPETUYECKOU (PUBMKE TOYKE 3PEHUS, KUIHb IEI0BEYECKAs CAUIIKOM KO-
POTKa, 9TOOK TPATUTH €€ Ha 060CHOBaHMUA. HACKOIBKO 5 3HAI0, CIOBA, (1€ TEPMUHUPO-
BAHHBIN Xa0C» OLLIN BIEPBHIE MPOU3HECEHBI 00Iee TPUIAIATH JET HA3AL POCCUUCKUAM
dusukom UMpUKOBEIM 1 TOKOMHEIM npodeccopoM Popaom — dusukom u3 TexHoao-
IUYeCKOro MHCTUTYTA mrara [KOopaxusa. DTOT TePMUH [IOHAOOWICT IOTOMY, UTO
B T€ T'OJILI MOABIWIOCH MHOT'O PE3yJbTATOB, OTHOCAIIUXCA K 3PTrOAUIECKON TEOPUN U
€€ MPUIOKEHUAM.

Teopus BepOATHOCTEN TAKXKe U3ydaeT xaoc. Kazuno, azapTHLIE UTPBI, KAPTH —
KJIACCUYECKUE MPUMEPHl Xa0Ca, HO 9TO — HEJAeTePMUHUPOBAHHEIN Xa0c. Teopus xa-
0Ca, UCIIOIb3YeT METOILI U OCHOBHEIE PE3YJIbTATHI TEOPUM BEPOATHOCTEN, HE ABJIAACH,
OJHAKO, €€ 4acTbio. B Teopur BEPOATHOCTEN BCEr[a MPEANOIAraioT, YTO UMEETCs
CIIy9aUHBIA MEXAHU3M, NEJAIOMUNA UCXOAbl CTATUCTUYECKUX JKCIEPUMEHTOB HEIpe/I-
CKA3YEeMBIMU, U [eIh TEOPUNM — U3Y4YaTh CTATUCTUKY OyAYIEro Pa3BUTUA U AeIaTh
Pa3yMHBIE TPOTHO3HI.

B Teopunm xaoca HeT CIy4anHOroO MexaHu3Mma. Hao6opoT, mpeanosaraeTcsa Halu-
que NeTePMUHUPOBAHHON TUHAMUKY, e TEPMUHAPOBAHHLIX 3AKOHOB IBUXEHUA U T. II.
B 5TOM cMEICTE TEOPUA XA0Ca MOXKET PACCMATPUBATHLCA KAK 9aCTh TEOPUM TUHAMU-
geckux cucreM. Maubie IIyMer, KOTOpPEIE HEM30EXKHO MPUCYTCTBYIOT B KOHKDPETHEBIX
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CUTYyaUusX, MPUBOLAT JUIIb K dddexTam 601ee BEICOKOIO MOPAIKA MAIOCTU. 3AKO-
HEI IVHAMWKYU ONPEIEJIAT WHIUBUAIYAIbHBIE TPAEKTOPUN IBUXEHUA; TEOPUA XA0Ca,
M3y9aeT CTATUCTUIECKUE CBOUCTBA, DTUX TPACKTOPUM.

Ecau 3anana TpaeKTOpUs, MOXHO MOCTABATL BONPOC, UMEETCS JU y HEE HEKOTO-
pOe yCpemHeHHOE IO BPEMEHU MOBEeHne. BOT THHOMYHBIE BOMPOCH TEOPUH XA0Ca:

a) CyILIECTBYIOT JU CPeqHss 9acToTa 3arMenuu B Hamen Counednon cucreme?

b) sBaserca mum Commednas cucrema yCTOMYMBOU, MHAYME TOBOPS, OCTAHYTCS JIM
PACCTOAHUA MEX Iy IIaHETAMU OTPAHUYEHHLIMU B Oy ayImeM?

C) MOXHO JI TIPEICKA3EIBATE TIOTOLY !

IMocae Toro, Kak y JaHHOU TUHAMUYIECKOU CUCTEMEI YCTAHOBJIEHO CYIIECTBOBAHUE
BPEMEHHEIX CPEIHUX, [ TUMUYIHBIX B ONPEIEIEHHOM CMEICIE TPACKTOPUU MOXKHO
MOCTABUTD BOIPOC 00 YKIOHEHUAX TPACKTOPHUH OT UX cpeaHero nosegenus. C Toukm
3PEHUSA TEOPUN BEPOATHOCTEN 3TO BOIPOC O CIPABEIIABOCTY HEHTPAILHOU TTPEIETh-
HOU TEOpPEeMbI B CUTYalUAX, KOTJA CIyIaMHOCTD (B OOEIMHOM CMBICJIE CJIOBA) OTCYT-
CTBYy€T.

Yxe 5T0 mpocTOe 0OCYXKACHUE TOKA3EIBAET, YTO B TEOPUU XA0CA UMEETCI 6Oab-
IIIOU apaMeTp t — BPeMs, U HAC UHTEPECYIOT PA3IUIHEIE BOMIPOCHL, (hOPMYIUPYEMBbIE
B BUJ€ IPEIEIBHBIX TEOPEM IPHU ¢ — 00. Y IUBUTEIBLHEIM OTKPBITUEM MATUAECATHIX —
meCTnAEeCATHEIX I'O40B 6hLHO OCO3HaHUEe TOI‘O, 9TO MHOI'ue sABJI€HUS 1 I/Ir[[eI/I7 CBsI3aHHBIE
€ Xa0COM, MOI'yT OTHOCUTBCA K CIy4a, KOrga ¢ha3oBoe MPOCTPAHCTBO MAJIOMEDHO
¥ 3aKOHEI [UHAMUKU BBHITVIALAT BeCbMa NPOCcTO. COOTBETCTBYIONIYIO TEOPUIO MHOT'IA
HA3LIBAIOT MAJIOPa3MepHEIM Xa0coM. C Apyrou CTOPOHBI, UMEETCI MHOXECTBO BaXK-
HBIX IPOOJIEM, KACAIOMUXCA CUCTEM CTATUCTUICCKON MEXAHUKM ¢ OONBIIMM TUCIOM
crenenen cBOGOAEL. B sTux cucremax asa mapamerpa: t — Bpema u N — YUCIO CTe-
meHer cBo6OALI, 1 00a cTpeMATCA K 6eckonednocTr. O IUH 13 BaXKHEUIINX BOIPOCOB
31eCh — O CTpese BpeMeHu u HeoOparumocTu. Ecau BcraTh HA TOUKY 3penus [lemo-
KPUTA, COIVIACHO KOTOPOU OKPYXKAIOIIAsa CPEAa COCTOUT U3 C1ab0 CBA3AHHBIX MEXIY
co60U OJMHAKOBLIX YACTUIl, TO MOXKHO 331aThCA BOMPOCOM, B KAKOU MEpe OCHOBAH-
HEIE H3 DTOU KAPTUHE MOEJU OTPAXKAIT HAMPABJICHHOCTHL Bpemenu. KoHedHo, 210
OY€Hb TPYAHLIN BOIPOC, 10 CAX TIOP OCTAXUMUCA OTKPHITEIM. [[puBegem npumep. Ec-
JI1 B HEKOTOPOM 00BbeMe UMeeTC A ra3, cogepxkanun 10 9acTull, TO B IPOLECCe SBOTIO-
UMY MOXKHO OOHAPYKUTH MOMEHTHI BpDEMEHU, KOT'[[a I'a3 3aHUMAET TOJIHKO MOJOBUHY
o6wvema. s 100 gacTur BEpOSTHOCTE 3TOr0 COOBITUS IOPA3 A0 MEHBIIE, XOTS U I0-
aoxuTeabHa. Heo6xoqumo HaOM04ATh JUHAMUKY CYIIECTBEHHO NOJBIIE, IPEX 1€ IeM
Mo 00HOE COOBITHE TPOU30UAET. MBI MOXKEM BHIOPATH HEKOTOPHIU MOPOT U CIUTATD,
4TO COOBITHE, BEPOATHOCTH KOTOPOI'O MEHBIIIE DTOr0 MIOPOra, HUKOT' A HE CIy9aeTCs.
Ha camoMm gesie 5T0 — O4€Hb CEPHE3HLIN IIIAr; HO TEOPUs ONUCHIBAET PE3YIbTATHL DKC-
MEPUMEHTA TOJBKO MOCJIE TOr0, KAK DTOT HOPOT BHIOPAH. 34€Ch CeAyeT BCIIOMHUTD
3HAMEHUTHIN YucaeHHbn sxcnepumenT Pepvu — Macta — Yrama. Ouu o6HapyRuim
MOJEIE, B KOTOPOU 3IPABEIU CMBICT MPEACKA3LIBAI MOTEPIO TAMATHA O MPEILITYIX
COCTOSIHUAX U CXOAUMOCTH K PABHOBECUIO, 8 PEAJbHOE MOBEJEHNE 0KA3aJ0Ch COBCEM
VHBIM.

Ecau cucrema coO MHOrMMU CTENEHAMU CBOOOABI HAXOAUTCS B TEPMOJUHAMUYE-
CKOM PaBHOBECHUU, TO DTO — COCTOSHUE IIPOCTPAHCTBEHHO'O 0€CIIOPS KA, IIOCKOILKY
JIOKAJIbHBIE KOH(DUIY DALMY YACTUL] HE MOIINHAIOTCA HUKAKIM e TEPMUHUCTCKAM 33~
KOHAM, 8 MMEIT yCTOMYUBYIO NMpEeAeabHyio cratuctuky npu N — oo. Ogaum u3
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TIABHEIX JOCTUKEHWUU TEOPUA XA0CA CTAJI0 OTKPHITHE, YTO OOMBLINON mapameTp t B
IVHAMUKE UTPAET Ty K€ POIb, 9TO U 60bmon napameTp N B CTATUCTUYIECKON MexXa-
HUKE. B 5TOM CMEICIE I€TEPpMUHUPOBAHHLIM XA0C €CTh AUHAMUIECKUU GECIIOPANOK.
CoOTBeTCTBYIOmMAA TEOPUA HABLIBACTCA B AUHAMUKE TEPMOJIUHAMUYECKUM (GOpMa-
mm3mom. Huxke Mbl mpmBOAMM TpPUMED TEOPEMBI W3 3TOU TEOPUHU, OTHOCAIUUCA K
npeaMeTy Hamero 00CyX IeHU.

Mycre 2 = (21,...,24) — TOYKA d-MEDPHOU PEMIETKH, 2z; — LEJABe duCaa. [las
GOJBIMMHCTEA HAIIUX 330389 JOCTATOIHO paccmarpusaTth d = 1. Ho BaxmO, oanako,
“MeTh OOIIYI0 KapTUHy N Ipou3BoabHOrO d. Ilpeanonoxum, uro 2z € V, rge V. —
OTPAHUYEHHAA 00JIACTh, U B KAXKJOU TOYKE 2 € V eCTb nepemenHas o (z), IPUHUMAIO-
Masa KOHEIHOE YUCA0 3HAYeHNN. TUNUIHEIM npuMepoM aeasgerca o(z) = +1, korga B
KaXK OV TOYKe BHIOUpAeTCs caydanHun 3Hak. Pacemorpum dyukumio U(o(z); o(2'),
|z — 2'| € ), KOTOPYIO HA30BEM MOTEHIWAIOM B3AMMOLEUCTBUA NEPEMEHHOU 0(2) ¢
eé cocenamm B panmyce r. 3adukcupyem korpurypammo 5(0V) = {o(z) | z ¢ V,
dist(z,V) < r}. Cymma

Y Ulo(2); 0(2), |2 = 2| <) = U(a(2),2 € V | (V)
zeV

HA3LIBAETCA DHepruen kouburypamuu o(z),z € V npu rparmasom ycaosuu G (0V).
ToTom Takme xouuUrypanuu Oy Ay T UCIOIL30BATHCA IJIA KOAUPOBAHUA TPACKTOPUN
IVHAMAYECKAX CUCTeM. TUOWYHLIM TpUMEp — TakK Has3hBaeMmas (hepPOMATHUTHAA
Mogens Uaunra, rae o(z) = +1,r=1m

U(o(2); 0(2), 2= 2| <) = D (0(2) = 0(2)* + ho(2).
z':|z—2'|=1
TMocaeausia cymma mpu h = 0 eCTb AUCKPETHBIM BAPUAHT U3BECTHOT'O WHTETDAJIA

Mupuxme

/V(Va, Vo) dz.

OHAaKO BO MHOIMX OTHOLIEHWSX MOJAeIb W3uHra naneka OT €€ HempephIBHOIO aHA-
Jora.
Bripaxenne

75(0(2), 2 € V;3(dV)) = e BU(e(2):z€Va(8V)

HA3BIBAETCA CTATUCTUIECKUM BecOM KoHburypauuu o(z),z € V. Ilapamerp 8 —
obparHas Temneparypa. Beegem o603HaeHIE

E(V|8,6(0V)= Y, ws(0(2),z € V;a(dV)).

{o(2),2€V}
Pacnpenenenve I'm66ca B o6veme V mpu rpammanom ycaosuu (0V) m o6paTrOU
TemmepaType 3 — 2TO BEPOATHOCTHOE DPACHpEIeNeHue Ha KOHurypamusax o(z),
z€eV,rue
1

p(o(z),z€V) = (0(2),2 € V;5(0V)).

SV 15507

Moxuo 6e3 Tpya 0600IMTE BCE IPEILIAYINNE TOHATUA HA CIydan, KODIa MHOXECTBO
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3HaueHUn 0(z) GECKOHEYHO WX JaKe KOHTUHYAIbHO, a noTeHimuan U umeer 6ecko-
HEYHBIN PAANYC B3auMOLEUCTBUs 7. Takue BHIPAXKEHUs YACTO BOSHUKAIOT U3 AUHA-
MUKU.

IlepBri BOompoc — 0 mpegenae TuGOCOBCKONO paclpeneresus npu Vo — oo u 3a-
BUCUMOCTH TOr0 PEIEIA OT MPAHMYHLIX yCIOBUU. IIpenentl, oLy darommecs TakuM
CIIOCOO0M, MOI'YT OBITBH OIIPENEJIEHEL ¢ IOMOIIBIO TAK HA3LIBAEMEIX ypasHeHut [Jo6py-
muHa — JIbadopga — Prooas. O curyarusax, KOrga 5Ty npefenasl 3aBUCAT OT MPAHNY-
HBIX yCJIOBUY, TOBOPAT KAK O CATYAIMAX, UMEIOMUX JATbHUN HOPSI0K; OH CBA3AH C
dazoBeIME nepexogaMu epBoro poga. Cernyac ecTh pa3HOOOPA3HEIE METOLEI JOKA3a-
TEIBCTBA CYLIECTBOBAHNS JATBHErO MOPALKA. B 9acTHOCTH, TaIbHUY IOPALOK €CTh B
yHoMsaHyTOu BhIme Monenu Usunra mpu d > 1, h = 0 u gocrarouno Goasmux 3. On-
HAKO 334341 O (ha3OBLIX [IEPEXONaX AOCTATOYHO AAIEKU OT Teopuu xaoca. IIpuanna
B TOM, YTO JAJbHErO MOPAAKA 3aBefoMO HET mpu d = 1, IOTOMY 4YTO B DTOM CIydae
pacmpegenenus ['u66ca — MapKOBCKUE IEMU C KOHEYHOU MaMAThIO. Bmpodem, koe-
9YTO MHTEPECHOE MOXKET MPOUCXOIUTD, eCau T = 00. PaccMoTpuM mpuMep TEOpeMEL,
HMEIOLEeN IPUIOKEHUs B JUHAMUKE U TEOPUU Xa0cCa.

Mpeanonoxmum, uro 3agana pyakuus p(o(0) | o(—=1),0(-2),...,0(-n),...), ymo-
BJIE TBODSIIOIIAS yCAOBUAM:

a) p(a(0) | o(-1),0(-=2),0(=3),...,0(—n),...) > const > 0;
b) > p(o(0) | 0(=1),0(=2),0(=3),...,0(-n),...) = 1.

a(0)
Torga p(c(0) | o(=1),0(-2),...,0(—n),...) MOXHO PACCMATPUBATEL KAK yCIOBHYIO
BeposaTHOcTh 0(0) mpu 3aganson npegsicropuu o(—1),0(-2),...,0(-n),... 3aga-

IUMCST BOITPOCOM: KaK MHOT'O BEPOATHOCTHEIX PaCIpenesennin P COBMECTUMBL C 9TOU
YCJIOBHOU BepOATHOCTRIO? [locaequee o3HAYALT, YTO

P(U(O),a’(—l),...,a(—n)) _
P(O’(—l),. . .,J(—n)) - p(O'(O) | U(_1)7 . .,U(—n), . )

lim

n—oo
Ecaun p 3aBucuT TOXBKO OT KOHEIHOIO IMCAA mepemeHHbrx, T.e. p = p(o(0) | o(—1),
0(—2),0(-3),...,0(—n)), TO 06bruHAs Teopus Henen MapkoBa roBopuT, 4To P exun-
crBerHO. [las TOro, 9TO6B €VHCTBEHHOCTD MMEIa MECTO ¥ HPHU N = 00, QyHKIMA
P BOJKHA NOCTATOYIHO XOPOIIO IPUOIMKATECA (PYHKIMAME KOHETHOTO <HCIA IEPe-
MeHHEBIX. [Tonoxum

_ poO) | o(=1),, . o(=n)o'(=n=1),.)
o o) 1 o(=1),,. . o(=n) 0" (—n—1),...)

TEOPEMA. Ecau ), an < 00, mo P eduncmeenno.

Ecm )°, @, = 00, TO, BEPOATHO, MOXKET MPOABUTHCA dPdEKT JaTbHero mopsagka
u P MOXeT CTaTh HeeqUHCTBEHHBIM.

B sagagax Teopum xaoca P 06vraHO eguucTBeHHO. Crepylomee, 9TO HAM HYX-
HO, — 9TO TaK HA3BIBAEMEIE BPEMEHHEIe Koppesnuonnsle dyukunu E,(o(0)o(2)) n
CKOPOCTB UX CXOAUMOCTY K NPEELy IIPU 2 — 0O.

Teopusa xaoca COCTOUT U3 IBYX OCHOBHBLIX YacTel. B mepBou u3 HUX riaBHAA 33,13~
93 — J0Ka3aTh, YTO HEKOTOPAsA AUHAMUYIECKAsA CUCTEeMa (W1 KIaCC JUHAMUIECKUX
CUCTEM) HEYCTOWYMBa, Win runepbosnyna. BTopas — 5T0 Teopus, MOKA3LIBAIOIIAL,
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9YTO HEyCTOUYMBEIE AUHAMUIECKIE CUCTEMEL UMEIOT OCOOBIE CBOUCTBA, KOTOPHIE MOXK-
HO aCCOLMEPOBATH € Xa0COM.

Unest 0 CBS3M HEYCTOUYUBOCTH U XA0CA IMPOCIEKUBACTCA YK€ B CTATHAX U KHU-
rax Ilyamkape (0CO6EHHO B €ro y4eGHUMKE MO TEOPUU BEPOATHOCTEU, rae OH 06-
CyX[IaeT MPOUCXOXKAEHUE CAyYalHBIX cOObITHU), B paborax Amamapa, Bupkroda,
Mopca.

B 6Gonee Gimskme x HaM BpeMeHa (TPUANATHL — COPOK JeT Ha3ajg) 2Ta TeMma
ObL1a, nerTpansaou B paborax ¢usukos H. C. Kpeuosa, B. Yupukosa, I'. 3aciascko-
ro, [Ix. Popaa u ap. B MaremaTuke TOMOIOrAIECKUE ACTIEKTHI 3TOU UEU PA3BUBA-
auck C. Cmemnom, /1. AuocoBeim, M. lly6om, [dx. Ilermmcom u ap. Maremarudeckas
Teopus xaoca nosBumiack B padorax [I.Prwoomas, P.Boysna, B. Ocenenna, f. [lecuna,
MOUWX ¥ [Ip.

BEeIBOA OCHOBHEIX CBOMCTB Xa0Ca U3 HEYCTOUYMBOCTU SBJIAETCSI CEMIAC XOPOIIO
paspaboTaHHON MaTeMaTUIeCKOU Teopuer. Mur 06cyqum ee B sekmuu 3. Bo MmuOrmx
CIIy9asX OCHOBHAS TPYIHOCTH COCTOUT B TOM, YTOOBL /s JAHHOU AMHAMUYECKOU CH-
CTeMBI JOKA3aTh JOCTATOYHO CAILHYIO HEyCTOMINBOCTE. B 5TOM Jekiuu MBI 06CyAuM
o0I1ee TOHATUE TUHAMAIECKOU HEYCTOUIUBOCTH.

IIycTe MBI uMeeM cucTeMy OOBLIKHOBEHHEIX nudpepEHINATBHEIX yPABHEHUN

%Zfi(mly"wxd): 1<Z<d7 (1)
31ecb d — pasMepHOCTE (pa30BoOro npocrpancrsa. PyHkimuy f; AOCTATOUHO ruanKUe
U peryaspHBE, 9TOOH A mo6oro HagamsHoro ycaosua z(0) = (21(0),...,zq(0))
cucrema (1) umena eguucrsenHoe pemenue £(t) = (z1(t),...,24(t)), onpegesennoe
A Beex t, —oo < t < o0.

Paccmorpum manoe Bosmymenne Hasansubix ycaosun z'(0) = (21 (0),...,25(0)),

2;(0) = 2;(0) + 62;(0). Bekrop dz(0) = (dz1(0),...,024(0)) xapaxrepusyer pas-
Mep BO3MymneHusA. BoamymnenHoe pemenue z'(f) OTKIOHAETCA OT HAYAJIBHOTO De-
menus z(f) ¥ MOXHO 33aJaTh BOIPOC: HACKOJIBKO BEINKO BpeMs t, IPU KOTOPOM
|z’ (t) — z(t)]| = O(1), T.e. 2'(t) — 2(t) mO HOPsAAKY CPABHEMO C XAPAKTEPHEIM Da3-
MepoM ¢a3oBoro npoctpancTea? (B KOHKPETHEIX CUTYAMAX OOLIMHO JETKO OIpeje-
JATH TOYHOE 3HAUEHNe DTOM BeINYUHEL.) eM MeHbIne BpeMms t, TeM 6oiee HeyCTON-
guBa guHamuka. [Ipexnonoxum, ato dz(0) — 0 BOOIB HEKOTOPOrO HANPABIECHUS U
t ~ An ||62(0)|| ana mexoToporo A > 0. Koneuno, A 3aBucAT 0T BEIGPAHHOIO HANIPAa-
BJIEHUs, KOTOPOe HA3HIBAETCA B DTOM CIydae HeycTowdmBeM. Ilocaenssas gopmyna
osmauaet, 1ro ||6z(t)|| < e*||dz(0)||. Oxnako npasas “acTe 3HAMMMA TOJBKO TPH
taxux t u 6x(0), aTo Bermwamna e’t||dz(0)|| cpaBEMMa MO MOPATKY ¢ XapaKTepPHLIM
pasmepoM (azoBoro mpocrpaHcTsa. Ecau t — —00, TO COOTBETCTBYIOIEE HANpa-
BJICHVE HA3LIBAETCA YCTOMIUBEIM (TepMuHOIOrua npegioxena Cvemtom). Jucao A B
STOM BEIDAXKEHUM HA3EIBAETCA OKazaTeneM Jlamynosa. MHOXECTBO BCEX BO3MOXKHEIX
A HA3BIBAETCSA JIAILYHOBCKUM CIEKTPOM ([JAHHOU TPAEKTODUN).

Touka 2(0) HaswBaeTca rumep6ommdeckon, ecmm R = RY(2(0)) + E® (2(0)) +
+ E®)(2(0)), rae R (2(0)) — ogHOMEpHOE TIOAIPOCTPAHCTBO, MOPOXK JEHHOE BEKTO-
poum f(z(0)) = (f1(z(0)),..., fa(z(0))), E™ u E®*) — noanpocrpancrsa, mopoxaéu-
HEIE HEYCTOMYUBEIMA U yCTOMIMBLIMYA HATIPABICHUAMK COOTBETCTBEHHO. IIOHATHUA TU-
mepOOAMIECKON HEMO IBUXHON TOYKU U TEPUOANYECKON OPOUTHI XOPOIIO U3BECTHEI
B AHAIM3E, MUAPOANHAMUKE, IPUKJIATHON MATEMATUKE. 1€0pus xaoca MMeeT memo C
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obummu runep6oandeckuMu TpaekTopuamu. Cucrema (1) HasbBaeTCs runepboInde-
ckon, ecau Kax nas To4uka (0) — runepboandeckas. ['unep60oamaHOCT MOXKET OBITH
paBHOMEpHOU u HepaBHOMEpHOU. COBpEMEHHOE MOHATUE IUIepOOINIHOCTY BBEIEHO
Anocosrm n Cmenmom.

Mycts dim EM (2(0)) = k, dim E®)(2(0)) = | u 5T pasMepHOCTE He 3aBUCAT
or z(0). C'-nogmuoroobpasume I'(*) () HazwBaeTCS HEYCTONYMBEIM MHONOOOpas‘eM
rouku ¢ = 2(0), ecim dimT(¥)(z) = k, kacaremsuas miockocts k [ (z) B ToUKe T
comagaer ¢ EW (z) u T (z) = {y : dist(z(t),y(t)) = 0 mpu t — —oo}. Anamormi-
HO, [-MeprOe C''-no nmuOr006pasue I'() (z) HAa3BIBAETCSA YCTOMYMBEIM MHOTO06pa3ueM
roukn z = x(0), ecmn dim'®)(z) = I, kacareabnas miockocrs k I'®) () B TouKe
cosmagaer ¢ EC)(z) u ) (2) = {y : dist(z(t),y(t)) = 0 mpm t — oo}. Anamormi-
HBIE OIPEIEIEHU MOXHO JaTh B 6osee 00IeM CIydae TJIaJKAX BEKTOPHBIX IIOJEH Ha,
DIAJKIX MHOTO0OPA3UAX WIM IVIAJKUX UTEPAlUi Ha TIaIKAX MHOroo6pasuax. Bo
BCEX 3TUX CIyYadX UMEETCA OTHOMAPAMETPUYECKAA TPYNNa Npeobpa3oBanuil Ghaso-
BOI'0 IPOCTPAHCTBA, 0OPA30BAHHAA CABAMAMU BOJb TPAEKTOpU. Takue Cpymnnsl u
HA3BIBAIOTCA JUHAMUIECKAMY CACTEMAMM.

YTBepx aeHue, YTO NPU HEKOTOPHIX JOMOJIHUTEIbHEIX YCAOBUAX MUNEPOOIMIECKIEe
TOYKM WMEIOT yCTOWYMBEIE W HEYCTOWYUBEIE MHOTOOOPA3NA, HABKIBAETCA TEOPEMOU
A namapa, — Tleppona iz TeopemMon 06 UHBAPUAHTHLEIX MHOTMOOOPA3UAX.

Huxe mam norpebyeTcs Takxke MOHATAE MHBAPUAHTHOU Mephl. HopMmuposanuas
Mepa (4 HA3BIBAETCSI WHBAPUAHTHOU [JIA JAHHOU IVUHAMUYECKOU CUCTEMEI, eCIN [/
JMI000U OrPAHMYEHHON M3MEPUMOU (PYHKIMA

/ (@(0)) dp(z(0)) = / o ((t)) dp((0)).

Mepa p abCcomr0THO HempephiBHA (O OTHOmEHMIO K Mepe Jlebera), ecau du(z) =
=p(x)dzry - ... dxg. B oTOM cryuae GpyHKUUS p HABBIBAETCA IWIOTHOCTHIO MEPEL. ME
00Cy UM POJb MHBAPUAHTHEIX MED B JEKINHA 3.

JIEKIA 2. OCHOBHBIE IPUMEPHI THIIEPBOJUYECKUX
AJUMHAMUYECKNX CUCTEM

1. OIHOMEPHBIE OTOBPAYEHUA. Ilyctes f — onpegenennas ua [0, 1] kycouno C2-
rnagkas gyskmma, aas koropou f(z) € [0,1] npu 0 < z < 1. Takas pysxnua no-
poxjaer utepamuu 17: Ty(z) = f(z), T} (z) = f(T]?*l(m)) Orobpaxenne Ty —
runepbommaeckoe, ecau f'(x) > 1 npu Beex &. DTO HEPABEHCTBO MOXKET BEIIOIHATH-
€A TOMBLKO IS PA3PLIBHEIX [, IPUYEM B TOYKAX Pa3pLIBA, MMEIOTCA B BHUIY JEBasd
¥ TpaBas MPOM3BOAHLIE. HTEPECHO OTMETUTh, 9TO B OTOM M APYTUX CIYYaaX Pas-
PBIBHOCTH AMHAMUKK HE MPEACTABIACT CEPbE3HOUM TPyaHOCTH. IIpocTermmas cuTya-
LW BO3HWKAET, Korga f o6aagaeT MapkOBCKEM CBOMCTBOM: oTpe3ok [0,1] moxmO
pa3OuUThL HA KOHEYHOE YUCJIO MOAUHTEPBAIOB [Z;, Liy1] TaK, ITOOHI Ha KaXKJOM KMH-
repBate f(x;) =0, f(zit1) = 1, T.e. Tz, zi41] = [0,1]. ¥V runepboamaeckoro Ty
BCEra €CTh A0COMIOTHO HENPEPLIBHAS MHBAPUAHTHAA MEPA. B MAapKOBCKOM Ciydae
2TO0 — Teopema Penbu, oHa MOXET OBITHL NOKA3aHA IIPU MOMOIIM TEOPEMEl U3 TIEpP-
Bou Jekimu. OOmee yTBepxaeHue gokasaHo Jenpamse, Kewrepom, Xodbayspom u
OPYTUMU.
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CaMbill U3BECTHRIU CAYYal B TEOPUU OTHOMEPHBIX OTOOPAKEHUN — KBa,IPATUYI-
uwe orobpaxkenus ¢ — rz(l —z), 0 < z < 1. 3gecs r — mapameTp, 0 < r < 4. D1
OTOOPAKEHUSA W3YyIAMUCH B TOJOMODP(MHON NTUHAMWKE, UMEIOMEH €10 C WTEePAIAAME
roaomopdubix pyuknun (Pary, 2Kwaua, Kaprecon, Munnop, Jlrobud, Maxmroien,
Oyamu, Xa66apa u muaorue apyrue). OHU OKA3aIUCh BAXKHBL [T TaK HA3LIBAEMOU
yHuBepcansHOCTH Penrenbayma, ONUCHEBAIOMEN BOSHIKHOBEHNE XA0CA.

s xaoca BaxHO, 9TOOBI ¥y 0TOOpaxKenus ObLIa AOCOMIOTHO HENPEPHIBHAS UHBA-
puanTHasg Mepa. lleHTpaJbHEIM DE3yJbTaTOM 34ECh SABIACTCA CAEAYIOLIAT TEOPEMa
Axobcona.

TEOPEMA. Mwuoxcecmeo 3navenuti v, npu xomopwvix y Ty ecmv abcomomuo He-
NPEPHLIBHAL UHBAPUAKMHAA MEPA, UMEEM NOA0HCUMEsLHY0 mepy Jebeza.

Hepasro Jliobma poxasar, aro [0,4] = C; U Cy U Cs, rae [(C1) =0, 1(C2) >0 n
ansBeex r € Cy mpeobpasosanue Ty nmeeT a6COMOTHO HENPEPHIBHYIO NHBAPUAHTHYIO
Mepy, a 4 Beex r € Cs y Ty eCTh IepuoAndecKas TPAeKTOPYs, IPUTATMBAIOLIAS [I0-
4TH Bee Touku 0Tpe3ka [0, 1]. MuoxecTso C3 OTKPHITO 1 BCIOAY IIOTHO. MHOXECTBO
3HAYEHWH T, IPU KOTOPHIX 1y runepO6OIMaHO, UMEET HOMHYIO0 Mepy.

2. [IBYMEPHBIE OTOBPAYKEHUA. IIpocTenmun npumMep IByMEPHOTO rumepboamde-
CKOr0 OTOOPaXKEeHUsA — TPYHINOBOU ABTOMOPGU3M AByMEpHOro Topa, T (r1,Ts) =
= (az1 + bx2,cx1 + dz2), rie * = (z1,72) — Touka T?, KoOpaAMHATLI GEPyTCA MO
Moayamwo 1, koadduiuenTs a, b, ¢, d — teasie u ad—bc = 1. OTobpaxenue T runep6o-
MMYHO, ecaM COOCTBeHHEE ncaa Ay, Ay MaTpumet || ¢ b || Taxoser, wro [A1] > 1> Ayl
Heycroituussie u ycromumpeie Maoroo6pasus (% (x), T'(®)(z) — npamsre, ugymme
BJIOJIb HATIPABIEHUN COOCTBEHHEIX BEKTOPOB, COOTBETCTBYIOIINAX A| U .

3. CTAHIAPTHBIE OTOBPAXKEHUA. PaccMmorpum nepumogudeckyio raaakyio GyHK-
mmio V(z) mepmoga 1, MMEOmy0 nBEe HEBHIPOXKIEHHBIE KpUTHIeCKuE TOIKuA. OTO-
Opaxenus geymepHoro topa I'(z1,x2) = (x],zh), rge =i = z1 + kV(z) (mod 1),
zh = za+2) (mod 1), kK — mapameTp, HA3EBAIOTCA CTAHIAP THHIMA OTOOPAKECHUAMI.
Onu 6butn BBenensr b. B. Yupukosbiv u 6puranckum ¢usnkom Tennopom u mmpoko
HCIOAL3YIOTCA B (DUBUKE ILIA3MEI, HEJIMHEMHEIX KOJaeOauuax u T. . CTaHngapTHEIE 0TO-
OpaKeHUs IPU MAJIBLIX 3HAYEHUAX K JAIOT IPOCTENIINE IPUMEDEI IPUMEHEHNsT TEOPIN
KAM (Koamoropos — Aprorbn — Mozep). B HEKOTOPOM CMEICTE CTaHIAPTHEIE OTO-
OpaxeHus ABIAIOTCA IBYMEPHBIME AHAJIOTAMU KBAAPATUIHEIX OTOOpaxkenuu. Kak
TOJBKO CTAHIAPTHEIE OTOOPAXKEHNS CTAIN TONYIAPHEIMY, IOABAIACH MUIIOTE3A, ITO
MHOXECTBO I'AIePOOIMIECKUX TOYEK MMEeeT MOJOXKUTEIbHYI0 Mepy Jlebera mas Bcex
k > 0. Ora oveHp TpyaHAA IPOOIEMa BCE €Ile OCTACTCA OTKPBITOM.

4. 'EOIE3UYECKUE IOTOKN HA IIOBEPXHOCTAX HOCTOAHHOM OTPULIATEJBHON
KPUBU3HBI U JPYTUX MHOTI'OOBPA3UAX. It AMHAMUYIECKNE CHUCTEMBI SIBIAIOTCS
€CTeCTBEeHHLIMU AHAJOTAMH I'PYINOBEIX aBToMopduamos Tor?. 3agaium Ha BepXHE
noxymnockocty H = {z : Imz > 0} KOMILIEKCHOU IJIOCKOCTV PUMAHOBY METPUKY
ds? = (dz* + dy?) Jy*.

Xoporo u3BecTHO, 9T0 H ¢ TaKOU METPUKOU UMeeT rayccoBy kpusuany —1. Hro-
OBl [TOCTPOUTH MPUMEP IEe0AE3MYECKOr0 MOTOKA, BO3bMeM rpymmy [ = {|| gg”},
a,b,c,d — nenvie u ad — bc = 1. Moxuo BeIOpaTh QyHIAMEHTAILHYIO 00JACTH
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0
Puc. 1.

@ = H/T', xax msobpaxeno Ha pucyHke 1. Jlerko mojgcuuTarh, 9TO mIomajgs ()
KOHEYHa.

[ mOCTpOEHUs APYTUX MPUMEPOB HYKHO OpaTh Pa3JUYHBLIE NUCKPETHHIE MOJ-
rpynnet rpynnet SL(2,R) mgencreureasusix marpun || 2 Y ||, zw — 2y = 1.

Ob6macTs () UrpaeT BaXHYIO POJIb B TEOPUM YNCET, TEOPUM PEICTABICHUN, KBAH-
ToBOM xa0ce. PazoBoe npocTPaHCTBO M reome3mIecKoro moTOKa — HTO TPEXMEPHOE
MHOTI'000pasue e [MHIYHEIX KACATEIbHEIX BEKTOPOB K (). ['eogesnyeckunt moTox — 510
OUHAMUYECKASs CUCTeMa B M, mepeMernaonmas KaX 6l BEKTOP ¢ eIUHUIHOU CKOPO-
CTBIO BAOJb ONPENENAeMOU DTUM BEKTOPOM Ie0ne3nIeCKOM.

leopesnyeckne mOTOKM MOXHO BBECTH Ha, JOOOM PEMAHOBOM MHOroob6pasmu. B
CIIy9ae MHOr00Opa3uil OTPULNATENbHON KPUBU3HLI OHU UMEIOT OCOOBIE CBOUCTBA PAB-
HOMEPHO CHIBHOU rUIe€POOIUIHOCTHU. Y CTOMYUBEIE 1 HEYCTOUIMBEIE MHOI000pa3ns —
XOPOIIO M3BECTHEIE B TUIEPOOIAIECKON MeOMEeTPIN OOBEKTH, HA3BIBaEMEIE OpuCde-
pamu. B 1aBymepHOM Ciydae yCTOMYMBLIE M HEYCTOMYKMBEIE MHOIOOODA3UsI — 3TO
OJHOMEDHEIE CEMENCTBA BEKTOPOB, OPTOrOHAIBHBEIX K OKPYKHOCTSAM, KACAMIIIMCA
npsavou Im z = 0, wim eqVMHWYIHBEIE BEKTOPHI, OPTOrOHAIBHEIE K T'OPU30HTAIBHBIM
npameM. Opucoeps (B AByMEPHOM CIydae — OPUIUKJILI) MOXKHO [OIYy9aTh KaK IPe-
[eIbl OKPYXKHOCTER (CM. puc. 3).

Puc. 2. Puc. 3.

5. CUCTEMBI AHOCOBA. /[uHAMUYECKUE CUCTEMEI C OJHOPOMHOU TUMEPOOIUIHO-
CTBIO BCEX TPAEKTOPUA HABEIBAIOTCA CuCTeMaMu AHOCOBA (B 9€CTH POCCUUCKOTO Ma-
TeMaTnKa AHOCOBaA, KOTOPHI ux BBeN). OHU BKIIOYAIOT B Ce0s MPYIIIOBEE ABTOMOD-
JU3MEI TOPOB ¥ UX HEIVHEUHBIE BO3MYINEHUA, TE0NE3NIECKUE TOTOKN Ha KOMIIAKT-
HBIX MHOI0O0PA3MAX OTPULATENLHON KPUBU3HEL 1 HEKOTOPBIE APYTUE CACTEMBL.
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6. PACCEI/IBAI’OIHI/IE, NJN TUNEPBOJUNYECKUE BUJIJIMAPIBI. BI/IJIJII/Ia,prZ[LI — 3TO
MUHAMAYIECKUE CUCTEMEI, COOTBETCTBYIOIINE PABHOMEPHOMY ABUKEHUIO TOYKU MOJIO-
KUTEILHON MACCHL BHYTPpU HEKOTOpou obaactu (). Touka oTpaxkaercs OT IpPAHUILD
TaK, YTO yroJ MAJEHUsA PABEH yIUIy OTpakeHus. [MHAMUKA, TAKOrO ABUXKEHUSA Pa3-
peieHa. CBOMCTBA, OMLIMAPAA 3ABUCAT OT CBOUCTB ero rpanuns 0@). Buumapn za-
3BIBAETCA TUNEPOOINIECKM WM PACCEUBAIOMINM, €CaU €r0 rpanund 0@ — BOrHyTa
(cm. puc. 4).

O

Puc. 4.

Kaxk u B ciIyuae reoe3m4eckux NOTOKOB HA MHOIOOOPA3UAX OTPULATEILHON KPU-
BU3HEBL, TUNXYIHASA TOYKA UMEET YCTOMYMUBOE U HEyCTOMINBOE MHOr000pasus. Ilpume-
PHI 47 IBYMEPHOT'O CIy4as npuBeneHbl HA puc. 5. Ocobble TOYKHM HA DTUX MHOIO-
00pasunax, uMermue BA KII0BA, COOTBETCTBYIOT TPAEKTOPUIM, KOTOPEIE B HEKOTO-
PBIM MOMEHT KACAIOTCA IPAHUIEBL. B DTUX TOYKAX AMHAMUKA PA3PHLIBHA. SHAMEHUTAA
CHCTEMA YIPYT'O CTATKUBAOIINAXCS TBEPALIX IIIAPOB MOXKET TaKKe OBITH [IPeICTaBIe-
Ha KaK OwlamapaHas cucreMa. ByHUMOBUY [IOKA3a1 runepOOIMIHOCTD OULIAAPI
BHyTpu CTaauoHa (cTaguon Bynumosuua). [asy w3 Teepabix cdep u qpyruM Ouim-
apaMm nocBsAmeHa 6oubinas kKuura non pegakmuen /. Caca, K0Topas HETABHO BBIILIA,
B m3gareascTse [lnpuurep.

Puc. 5.

7. CucTEMBI CMEWJIA ¢ AKCUOMOM A. ATTPAKTOP JIOPEHIA. C.Cwmena npen-
JIOXKWI PACCMATPUBATL TUHAMUAYIECKUE CUCTEMEL, Y KOTOPHIX CUIBLHASA OTHOPO THAS TU-
epOOANIHOCTD JOCTUIAETCS HA IPeIeIbHOM MHOXKECTBE, IPUTACMBAIOIIEM BCE TPa-
exTopuu. CMeI Ha3BaI TAKUE CUCTEMBI CUCTEMAMU, Y JOBIETBOPAIOIIIMY aKcruoMe A.
Onu urpaioT GONBIIYI0 POJb B TOMOJIOTTIECKON TEOPUN IWHAMUIECKIX CACTEM.

B 1962 roay E.Jlopenn npusen mpumep CUCTEMBI U3 TPEX OOBLIKHOBEHHEIX IU(D-
(pepeHIMaIbLHLIX YPABHEHNN, KOTOPAsA 00Ia1aeT MHOTMMY CBOUCTBAMY CUCTEM C aK-
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cuomont A. OHa uMeeT O4YeHb TPOCTOU BUL

% = —0ox1 +ox2,

d.’I}2 _

o =TT T2 @i, (2)
dx3 _

pral bxs + x12o.

3xech o,r,b — uucaoBele napaMeTpul. E. JIOpeHI] OTKPBLI DTy CHCTEMY NPU UCCIE-
MOBAHUY 3HaMeHuTOU mpobaemel Benapa B rugpoaunavmuke. OH 0OHAPYKWI TIPA IU-
CJIEHHBIX PACIeTax, 9TO CACTeMa (2) IpPU HEKOTOPHIX 3HAYEHUAX O,T,b MPOABIAET
CHWIBHEIE CBOUCTBA runepbonndHocTu. [JecaTrio rogamMu mo3xe 5Ta CUCTEMA CTaIad
BECHMa, MOMYJPHON, U UAEU Xa0Ca HAYAIA IPOHUKATE B pusuky. [Ipumepno B 510 ke
Bpems Prooub u Takenc (PT) npenmoxuiu noHaTHE CTPAHHOIO ATTPAKTOPA IPUMEHU-
TeJIBHO K pobaeme TypOyaenTHOCTH. CTPOro roBops, cucrema (2) He yI0BIETBOPAET
onpeaenenmio PT, ognako ouens Giuska k memy. QO6bsacaenue runep6oamarocTa (2)
6510 gaHo P. Buibamcom u (Heckoabko uHBEIM crioco6om) AdpamoudeM, BrikoBriM,
MunsuukoeiM. Hegasuo Taxep mpu moMOmu KOMUBIOTEPHBIX BLEIYUCICHUN HAIIENT
[OKA3aTEILCTBO TUIEP6OIMIHOCTH cucTeMbl Jlopenna (2).

8. OTOBPAXKEHUE DHO U ATTPAKTOP DHO. Bpoxuosaenuem padoroun E.Joper-
1a, GppaHIy3CcKun acTPOHOM M. JHO HPeIoKWI AUCKPETHYI0 BEPCUI0 CUCTEMH Jlo-
penna (2), B YUCACHHBIX DKCIEPUMEHTAX JEMOHCTPUPYOIIYIO aHAJOIMIHEIE CBOUCTBA.
Ona mveet Bun (21, 22) — (1 + 2 — ax?,bzy), rae a, b — napamerper. M. Bereaux u
JI. Kaprecon moxasanm 3aMedaTenbHbIe Pe3YIbTATE O TUIEPOOInIHOCTE OTOOpaXKe-
HUAU DHO.

9. IToaAKOBA CMEﬁﬂA, TOMOKJIMHNYECKHWE U I'ETEPOKJIMHUYECKHUE TPAEKTO-
PUM. Bcé 5T0 — MexaHuU3MBL, IOPOXK IAM0Iie NHBAPUAHTHEIE MHOXECTBA, COCTOAIINE
u3 runepboaudeckux TpaekTopui. OOLIMHO TaKue MHOXECTBA UMEIOT MEpPy Hy/lb U
B HEKOTODPOM CMBICJ/IE MCKIIOYUTENbHEL. 1eM He MeHee, TPACKTOPUM HA DTHUX MHOXKEe-
CTBaX MPOSBIAIOT Xa0TUIeCKoe nosegenue. IIpenmymecTso mogkosel Cmenia, roMo-
KJIMHIYECKUX U [eTEePOKINHUYECKUAX TPASKTOPUM B TOM, YTO BO MHOI'MX CIy4YasX KX
Topa3fo Jerde OOHaAPYXUTh AHAIAUTUIECKUMU WIN YUCIEHHBIMU METOAMU.

JIEKIINA 3. MATEMATUKA YCTOABIIEI'OCA XAOCA

13 runep60amaHOCTY 1 HEy CTONIMBOCTY TPACKTOPHI JETKO CIELYET, 9TO B TAKUX
CUCTEMAX YUCI0 BO3MOXKHEIX THUIIOB TPAEKTOPUU PACTET DKCIIOHEHINATBHO. MHOrmMe
X HUX — XAOTUIECKHE, IOTOMY 4TO OOIIee YuC/I0 HEXA0TUIECKNX TPACKTOPUU Pa-
CTeT MEeIJIEHHEe, YeM DKCIOHEHIMAJILHO. To4YHas (GOpMyINpPOBKA TEPMUHOB U IIOHS-
T, OTHOCAIIUXCA K 3TOMY BOIPOCY, CBA3aHA C TEOPUEH CIONKHOCTH TUHAMUICCKUAX
cucteMm. Mur He Oygem 31eCh €€ 06Cy X 1aTh.

JleTepMUHUPOBAHHAA TUHAMUKA XAOTUYIHA, €CIM OHA 00JA13eT CBOUCTBAMMU CJIy-
YaUHBIX COOBITUU WX CIyIaUHBIX DKCIIEPUMEHTOB U3 TEOPUM BePOoATHOCTen. IlepBon
OCHOBHOU TEOPEMOU TEOPUU BEPOATHOCTEU ABIACTCA 3aKOH OOJBINAX YUCEJa O CYIIe-
CTBOBAHUU M YCTOMYUBOCTYU BPEMEHHEIX cpeauumx. OH MMeeT €CTECTBEHHLIN aHAJOT
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B QUHAMUKE. A MMEHHO, OmpemeIuM s J60U OrpaHUYeHHOU (PYHKIUU  e€ Bpe-
MenHbe cpegHee
1 utt
lim — p(z(s)) ds = ¢(x(0))

t—oo t ”

TIpU yCJIOBUM, 9TO 3TOT mpepen cymecTtByer. OH HE 3aBUCAT OT U, HO MOXKET 3aBU-
cetb ot z(0). dproguyueckas reopema Bupkroda yTBepxIaeT, YTO €CIU i — UHBA-
PUAHTHAsA MEpa, TO BPeMEeHHOEe CpeqHee CyIeCTBYeT masd p-modtu Beex Tovek (0).
Taxum 06pa3soM, MEPBEIA IIAI B aHAIM3E XA0CA COCTOUT B BLIOOPE MHBAPUAHTHOUN
Mepsl f. OOLIYHO TUHAMUYIECKUE CUCTEMEI MMEIOT MHOT'O THUIIOB TPACKTOPUU: EPUO-
OWYeCKNe TPACKTOPUU, ACUMITOTUYECKNE TPACKTOPUY, TPAH3UEHTHEIE TPACKTOPUN
u 7. 1. Eciu Mb1 pukcupyem g, TO MBI (PUKCUPYeEM HEKOTOPOE MHOXKECTBO TPAEKTOPUN
C OJHOPOIHBIM PEXUMOM.

EcTb 00mue TeopeMEl 0 CyIIeCTBOBAHUU [0 KPAUHEN Mepe OJHOU MHBAPUAHTHOU
Mepel (OOWH U3 IPUMEPOB — Teopema, Boromobosa — KpbuioBa, 11 IMHAMUYECKIX
CUCTEM C KOMIAKTHBIM (ha30BLIM IPOCTPAHCTBOM ). BO MHOrUX ClIy4asx CyIecTBOBa-
HME €CTECTBEHHBIX MHBAPMAHTHBIX MEp CJAeAyeT M3 3aKOHOB auHamuku. Hampumep,
TaK HA3BIBAEMBIC 'aMWJIBTOHOBEI CUCTEMBI, I'DYIIIIOBEIC aBTOMOp(bI/IaMBI, reogesmie-
CKUe TTOTOKY Ha KOMITAKTHLIX PUMAHOBLIX MHOI000pasusax, OMaImap sl uMeroT abco-
JIIOTHO HENIPEPBIBHBIC NHBAPUAHTHBIC MEPHI.

UssecTen obmmi Crioco0 BEIOOPA €CTECTBEHHON MHBAPUAHTHON MEPLI, HA3LIBAC-
MBIM WHOTAa TPUHIUIOM Prooma. BosbMém m00y:0 HOPMUPOBAHHYKI TLIOTHOCTH
p(z;0), [p(z;0)dzydzy - ... dog = 1. OHa mopoxpaeT Mepy fi, AXL KOTOPOW
dpo

e p(z;0). das mo6oro ¢ > 0 u orpanudeHHOn

[ o) duata(0) = [ planpzi0)ds = [ oot dy.
IlnorrocTs p(y;t) yaosaeTBopser ypasHeHuo Jluysuiisa

WK €ro aHAJOTY [IJA CIydas urepaunuu. Kcam cymecTByeT npenen

Jim [ (a(®) duo(w(0)) = / o(y) dos (4),

TIe oo — TPENeabHAS MEPA U fio, HE BABUCUT OT Lo, TO [loo — €CTECTBEHHAS MEpA.
Teopema fAxob6cona u pesynprar Benegukca — Kapaecona, ynoMsHyTeIe B mpennl-
OYLIEN JeKIUKU, TapaHTUPYIOT CYIIECTBOBAHUE [loo IS COOTBETCTBYIOIIAX CUCTEM.
[ raMUIBTOHOBEIX CHCTEM U IPYCUX CUCTEM, HA3BAHHLIX BHIIIE, TPYAHOU 3371a-
9el ABJIAETCA NOKABATEIBCTBO TOrO, ITO [y COBIAIAET C €CTECTBEHHON a0COMIOTHO
HEMPEPHEIBHON MEPOU. JTa 3343493 CBOJUTCA K NOKA3ATEILCTBY MEPEMEIIABAIONIETO
CBOUCTBA NUHAMUKM U OyaeT 00CYXKIaTHCA HIKE.

Temepb NpenmOIOKUM, 9TO [IJaA AAHHOU IUHAMUYECKOU CUCTEMEI BHIODAHA WH-
BapuaHTHasA Mmepa u. Teopema Bupkroga mossomser spemennrim cpearuM @(z(0))
sapucets ot z(0). Mepa p maspsaercs sprogmaeckoit, ecan @(z(0)) = [ ¢(y) du(y).
B sToM ciayuae sprogmdeckas TeopeMa MIPUHUMAET BUJ OOBIYHOTO 3aKOHA OOJBIINX
qucen. TepMUHOIOTUA TPOUCXOIUT U3 CTATUCTUYECKON MEXAHUKU, a MOHATUE 3Pro-
OWYHOCTY B HEMHOI'O MHOM Buje ObLI0 npemioxeso JI. BoabmvanoMm.
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OOBIYHO OYeHL TPYAHO MOKA3ATh, YTO NAHHAA UHBAPUAHTHAA MEPA DPTOJUIHA.
Hanpumep, mul ceruac 3maem Omarogaps KAM Teopum, 4T0 MHOrME MaMUILTOHO-
BEI CUCTEMEI, ONMUCHIBAOIINE AMHAMUKY B3aUMONEUCTBYIOIIUX YACTHIL, HESPrOIMd-
vel. OOHAKO 1A TUNEPOOIMYEeCKUX TUHAMAYIECKUX CUCTEM UMeeTCs Oo0Iee paccy-
xaerne J. Xomnda, KOTOPOe yCTAHABIUBALT 3ProAnIHOCTL. MuI onumem 3T0 paccy-
2K [eHIe, HO, KOHEYHO, DTO He OyJeT MOMHBIM CTPOrUM J0KAa3aTeabCTBOM. [lis mpo-
CTOTEI OrPAHUYUMCS CIYIa€M KOMIAKTHOrO (Pa3soBOro mpoCTpaHcTBa. J0CTaTodHO
PacCMOTpPETh HEMPEePHIBHBEIE (PYHKIMU . PaccMOTpUM [ TOYKU T €€ JOKATLHOE
ycroiunBoe MuorooGpasue (%) (), T.e. MaTyI0 OKPECTHOCTH &, IPHHAICKAIIYIO
yeroirunomy muoroo6pasuio ') (), 4()(z) C T (z). Ecan cymecrsyer @(x), 10
u $(y), y € ) rakxke cymecrryer, mpuuém @(y) = @(z). Takum 06pasom, moKa
T IBUXETCS BIOJb JOKAJILHBIX YCTOMYUBLIX MHOTO0OGPA3uil, BPEMEHHEIE CPeJHue B
TIOJIOXUTEIBHOM HAIIPABICHIYN BPEMEHU OCTAITCI TEMU XKe CaMbIMu. [lpu aBuxeHun
T BAOJb TPAEKTOPUU BPEMEHHEIE CPEIHUE COXPAHSIOTCS MO OYEBUIHBIM ITPUYUHAM.
OnHO U3 CIeCTBUU SPTrOIUIECKON TeOpeMEl Bupkroda yTBepXK 1aeT, YTO [ MOYTH
BCEX Y

0 t
lim 1 p(z(s))ds = lim 1/(,0(:1;(3)) ds
t—oo t t—oo t
~t 0
7 0062 mpeneaa CymeCcTBYIOT. DTO NOKA3EIBAET, ITO BPEMEHHEIE CPEJIHUE OTHU U Te
XKe I MOYTU BCEX TOYEK JOKAJBHEIX HEYCTOWYUBEIX MHOr00Opasuu. B rumep6o-
JUYECKUX CUCTEMAX MOXHO MEPEUTH OT HAYAILHOU TOYKHU K JIOOOU TOUYKE B MAJION
OKPECTHOCTU HAYAJIBHOU, NBUTAACH BAOML TpaekTopuid (1) M JOKAIBHEIX yCTONYH-
BBHIX ¥ HEyCTOMYUBEIX MHOrOOGpasui. [losTomy Bpemenude cpeguee @(y) mOCTOSHHO
B MaJIO OKPECTHOCTH Z. Kak mpaBmiio, He CAUIMIKOM TPYIHO MEPEUTH OT JOKATHLHOU
SProAUYHOCTH K IVIOOAILHOM.

O.Xomnd MCIOABL30OBAT 3TO PACCYXKJAEHUE, YITOOLI TOKA3aTh DPrOAUYHOCTEH I'€O-
[E3NYIEeCKUX HNOTOKOB HA KOMIIAKTHBIX MHOI'0O0DA3UAX OTPUIATENLHOU KPUBU3HEL
IMosanee oHO MPUMEHATOCHL K cucTeMaM AHOCOBa, CUCTEMaM C akCuoMou A u T. m.
O HAKO 0KA3aI0Ch, YTO NPUMEHEHNEe PACCYX AeHUA XO0mndha K PACCENBAIOIINM CHAIED-
6ommyueckuM OummuapaaMm — TpyaHas 3agada (Byuumosud, Yepuos, Cunan, lMuma-
um, Cac u ap.).

DProamdeckas TeOPeMa 1 MAPKOBCKUX LIENeU YTBEPK AAET, UTO IPU €CTECTBEH-
HBIX YCJIOBHAX J11000€ HAYAJIBbHOE PACIPeseIeHne CXOIUTCA K €IMHCTBEHHOMY CTAalllo-
HapPHOMY PACHPEIETEeHN0. AHATOIOM B JUHAMUKE SIBISAETCS YIOMAHYTHIA BBILIE IIPUH-
uun Prosus. B caydae aGCOMIOTHO HEIPEPHIBHON MHBAPUAHTHON MEPHI C ILIOTHOCTHIO
DTO 0O3HAYAET, UTO

/ o(@)p(z, t) do — / o(@)p(z) dz, t - co. 3)

B o6men 5proauyueckou TeOpUn MOCTIefHEe CBOMCTBO HA3EIBAETCS [MEPEMEINBAHIEM.
Koneuno, orcioga e caemyer moTodednas cxoaumocts p(z,t) k¥ p(z). IIpocree npu-
MEpH MOKA3BIBAIOT, 9TO GyHKIuA p(-,t) mpu 60abImMX ¢ CTAHOBUTCA OYEHD HEPEry-
JAPHOU 1 (3) BBIIOIHAETCA BCJAEACTBUE TOO, YTO COAEPKUT HEKOTOPOE yCPEIHEHNE.
Bo MHOrmx BaXXHEIX CIy4asX HPENeIbHAS MEPA [loo CUHTIYISIPHA MO OTHOIIEHUIO K
Mepe Jle6Gera.
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s TUnepGOIMIeCKIX CUCTEM I0KA3ATeIbCTEO (3) U CXOAMMOCTH K TIPenery Co-
CTOAT U3 ABYX IIAroB, 1 06a m1ara MOXHO €CTeCTBEHHO HHTEPIIPETUPOBATHL HA A3BIKE
TEPMOAMHAMUYIECKOr0 HOPMAIU3MA, YIOMAHYTOrO B jekiuu 1. [lepeemn mar — mo-
KA3aTeILCTBO TOrO, UTO JMHAMHUKA TOPOXaer Ha kaxgoM I'(*(z(0)) mexoropyio
VHBAPUAHTHYIO, HO HE HOPMUPOBAHHYIO Mepy. Mexauuam omsarb-Taku npoct. Bepém
mepy Jle6era ua T(%) (z(—t)) u eé o6pas ma ') (2(0)), 3azasaembir qunavukoin. He
OY€Hb TPYAHO MNOKa3aTh, YTO BOSHUKAKIINE INIOTHOCTU CXOOATCA. B DJIaIKNX CUCTe-
MaX C CI/IJIBHOIl/i FI/IHep6OJII/I‘*IHOCTBIO CXOONMOCTB OKCIIOHEHIINAJIbHA.

BTOpOit mar COCTOMT B TOM, 9TOOBI MOKA3ATH, UTO cpeuee Ha aooom (% (z) mo
MOCTPOEHHOU Mepe UMeeT mpefet. ITOT mwar 6onee Tpyaubin. OGBIMHO N/ HETO Hy K-
HEI CHEeIUAJbHEIE Pa30ueHnsa (ha30BOro IPOCTPAHCTBA, TaK HA3LIBAEMBIE MAPKOBCKIE
pasbuenus. Mur o6cyaum ux mo3gnee. BosHukaromme TakuMm myTEM MeEPHI MHOLIA,
nasuBaiorTca SRB-mepavu (B wects Cunas, Prosna, Boysna).

CrenyromuM IEeHTPATLHEIM PE3yILTATOM TEOPUA BEPOATHOCTEU ABJIACTCA TPe-
menbHas Teopema [aycca, omuceBaromasn nosenenne GIyKTyaun

¢

[ etatsds g,

0

| =

@¢(y) = [ ¢(z)dp(z). Ecmm sra npegenpHas TeOpeMa BHIIOIHAETCS, TO yKA3AHHAI
1

Vit

B OOBIYHOM CMEIC/IE, HO HODMUPOBAHHAA PA3HOCTH

pasHOCTb yorBaeT kak O(—=). Y HEE HET HEUKAKOTO ACUMITOTHIECKOrO DA3JIOKEHM

t

Vi (1 [elands - e

UMeeT YHUBEPCAJIbHOE IayCCOBO DACHpPEleNeHue Opu ¢ — 00. YHUBEPCAIBLHOCTH B
[OAHHOM KOHTEKCTE O3HAYAET, 4TO ITO PACIHPEIENEHUE IOYTHU He 3ABUCUT OT (0 U OT
MepH! 1. Boree TO9HO, Mepy {4 MOXKHO 3aMEHUTh HA NPOU3BOIBHYI0 HEMHBAPDUAHTHYIO
Mepy, abCOMIOTHO HEMPEPHLIBHYIO 110 OTHOIICHUIO K L.

B Teopuu BepoaTHOCTEN mpenenbHas TeopeMma laycca OKA3BIBAETCA NPU Pad-
JINTIHBIX HperqHOJIO)KeHI/IﬂX O HE€3aBUCUMOCTHU WIN Cﬂaﬁoﬁ 3aBUCUMOCTHU Cﬂy‘{aﬁHHX
BEJINYIUH.

OxasbIBaeTCs, 9TO CBOMCTBO TAKXKE BEIIOJIHACTC AU TANEPOOIMIECKIX JUHAMY-
YeCKuX CuCTeM. I[a,rqI/IM HeKOTOpHe IIOsICHEHUs B C.Hy‘{ae AHCerTHOFO BpeMeHI/I.

OTOT MOAXO0[ OCHOBBLIBAETCS HA UUCTO ['€OMETPUYECKOM WM, OOIee TOIHO, Uh-
CTO AVHAMUYECKOM I[IOHATUM MAPKOBCKOI'O pa3OueHus. 3aMKHYTOE [IOAMHOXECTBO
C $a30BOro MPOCTPAHCTBA HA3LIBAETCA MAPALIEIONPAMMOM, €CJIU OHO COCTOUT W3
JIOKAJBHBIX YCTONYMBEIX ¥ JOKAJIBHEIX HEYCTOMYMBEIX MHOIOOOPA3WU U KaXKI0€ JO-
KAJbHOE YCTOMYUBOE MHOI000Da3ue MEPECeKAeT KaxkKI0€ JOKAIbHOE HEYCTOUIMBOE
MHOroo6pasme B oguon Touke. Ha6op mapamrenorpammos {Cy,Cs, ..., C,} HasbBa-

T
ercs pasbuenueym, ecan |J C; — Bcé dasopoe npocrparcteo u C; N C; = 0C; NIC;.
i=1
Pas6uenne {Cy,Cs, ..., C,} HaA3BIBAETCS MAPKOBCKUM, ECIN IJIS KAXK OO JOKAILHOTO
meycroiransoro 7% C C; mo6oe nepeceuenne T (¥ N C; ecTb JIOKAIBHOE HEYCTOH-
amBoe MHOroo6pasue B Cj ¥, aHATOIWYHO, AIS KAXKJIOrO JOKATEHONO YCTOMIMBOIO
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+(8) € C; mob6oe nepecegenne T~ 4(5) N Cj — JI0KaIBbHOE yCTONYNBOE MHOI000pa3ue
B Cj.

OOBIYHO HETPYAHO NOKA3ATh, YTO MUMEPOOITIECKASA CUCTEMA UMEET MAPKOBCKOE
pasouenne. OqHO M3 TVIABHBEIX JOCTOMHCTB MAPKOBCKUX PA3OUEHUN 3aKIIOYAETCSI B
TOM, 9TO IMOPpOXK JaeMbI€ UMHN TAaK HA3bIBa€MbI€ CUMBOINYECKHUE IIPDEACTABJICHUA TUHA-
MUKHJ OKa3BLIBAIOTCA NOBOJILHO IMPOCTHIMU. A MApKOBCKUX pas3bueHnil 6€CKOHEIHOe

—+oo
nepeceuernue (| T*C;, memycro, ecim

—00
C,'kﬂTCik_H#@ mpu — oo < k < 400

MapxkoBckue pa3bueHus MO3BOJIAIOT MPENCTABUTEH (PA30OBOE MPOCTPAHCTBO KAaK
MPOCTPAHCTRO PEATM3ANUY CTALMOHAPHOTO CAYIaWHOTO TPOIECCA U3 TEOPUU BEPO-
ATHOCTEN M TPUMEHUTL BEPOATHOCTHEIE MeTOAbI. Bo mHOrmx caydasx SRB-mepwr
MOXKHO IPEACTAaBATH KaK IruOOCOBCKUE paCIpeaeTeHus B CMbICHe jJeKiuu 1 .

Bot npumep pesyabTaTa, KOTOPHEU MOXHO JOKa3aTh TaKUM MeToa0M. IIpeamono-
KM, MBI IMEEM TEePUO IMIECKYI0 KOH(MUIyPALMIO OKPYKHOCTEN HA, IIOCKOCTH. BEI-
GepeM CIydaiiHOe HadambHOe yciaosue (q,v), rae ¢ = (qi,q2), v = (v1,vs), v¥ +v3 =
= 1, ¥ PACCMOTPUM QUHAMUKY OWLIMAD JHOU YaCTULLI C HAYAJbHEIM yCJIOBUEM ((, V).
OxasuiBaerca (Byuumosny, Cunan), 9T0 pacnpeneseHre HOpMAPOBAHHOTO CMEIIEHU

C)oO O O O
Qo Qo

P P @

Puc. 6.

q(t)/ V't cxonuTes k Mepe Bumepa, T.e. JeTepMUHMPOBAHHAA JUHAMUKA IIOPOXKIAET
muddysuonnun npouecc. OObIYHAA KAPTUHA OPOYHOBCKOIO ABUKEHWUS — DTO Ie-
peMeIneHne MaCCUBHON YACTUIBL IO BO3AEUCTBUEM MHOIQYUCICHHBIX HE3ABUCUMEIX
CTOJKHOBEHUN C JETMKUMU YaCTUIAMU OKPYXKAIOUMEro ra3a. B HaleMm cirydae Jérkas
YaCTHUIQ JBUXKETCA N0 BO3EUCTBUEM CTOJIKHOBEHUN C MACCUBHEIMU HETIO IBUKHLIMU
vacTugaMu u aud@dys3us BOZHUKAET U3-33 HEYCTOUIUBOCTY JUHAMUKY. OTO, BO3MOXK-
HO, IepecTaéT OLITh BEPHEIM MPU 3aMEHE OKPYKHOCTEUN Ha KBAADATHL.

Muorux uHTEpeCcyeT, B 4éM COCTOAT OCHOBHEIE JOCTIKEHWs Teopuu xaoca. Bor
HECKOJIBKO OTBETOB.

1. Pe3yabrarsl, NOKa3pIBAOMME, KAKIM 00pa3oM 00paTrMas geTEePMUHUPOBAH-
Has AMHAMUKA MOXET IOPOXKIATh HeOOpaTuMOCTh. IIpuMep 6bL1 IpUBEnEH BHIIE.

2. Ananus mpOCTHIX CUCTEM CO CTPAHHBEIMU ATTPAKTOPAMU, HAMIOAOOUE CUCTEMEI
Jlopenna. OkasbiBaeTCA, CAOKHAA AUHAMUKA MOXKET BO3HUKATDL MPHU MPOCTHIX YPaB-
HEHUAX TBUKEHU.
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3. YuusepcaapHocTs DenrendayMa Ipyu BOZHUKHOBEHUU XA0CA U MOCJIENOBATENb-
HOCTH OudypKaIui yIBOEHUS MEPUOAa. JTO 3aMEeUaTeIbHOEe OTKPHEITUE TEOPUHN Xa-
0ca, KOTOpoe HABIAAIOCH BO MHOI'MX DKCIEpUMEHTax. B maremarwke OGraromaps
€My BO3HUK TaK HA3LIBAEMEIX METOJ PEHOPM-TPYINEL B TEOPUU TUHAMUAIECKUX CHU-
cTeM.

4. B HpI/IJIO)KeHI/I}IX Teoppm I,I[I/IHa,MI/I‘IeCKI/IX CucTeM I/ICHOJII)BYIOTCH TaKNe MMOHATUA
TEOPHUH XA0CA, KAK TONOJOIMIECKAA M1 METPUICCKAA SHTPONNA, JAITYHOBCKUN CIEKT]
n T.II. 3TI/I mapaMeTpPhl MOXHO OLUEHUTHh YUCJICHHO C JOBOJIBHO 60JII:>IHOI>& TOYHOCTBIO,
W3 Yero 4acTo YAAeTCA 3aKIIYATH, YTO HA IPOTAXKEHUU OOJbIINX, HO KOHEYHBIX
WHTEPBAJIOB BPEMEHU CUCTEMA BeRET cebsA Kak runep00oaImdeckas CUCTeMa C XaOTHu-
9EeCKMMU CBOVCTBAMMU.

5. fI me mymaroo, 9YTO TEopus Xaoca Aana ITO-AuO0 MHTEPECHOE [ TUIPOINHA-
MUKW, ¥, B YACTHOCTH, M TypOyaeHTHOCTH. BEeposaTHO, MEI 1O CHX [IOp HE MMEeM
rlIOCTa,TO‘IHO Xopomero IIOHUMAHUA II[I/IHa,MI/IKI/I B 9TUX cnyqaﬂx.

OTOT TeKCT crenyeT Gojee miu MeHee OIM3KO XeIPUKOBCKUM JEKIWAM, MIPO-
quranubiM B Jloc-Amxenece B aBrycre 2000 roga. Muorue BaxHbIE T€MBI TEOpUM
xaoca B HéM mpomnyineHsl. IIpexpge Bcero s uMero B BULY 3aMedaTelbHbBIE PAOOTHI
[.Opucrenna u ero xowrer mo npobiaemMe #30MOPGU3MA AUHAMUAIECKUX CUCTEM U
CIOXHOCTY AuHaMukY, paboThl [x. Mesepa, I'. Kcua o HeycronuusocTu u quddysun
ApHOnbIa B raMUIBTOHOBEIX CUCTEMAaX U T.A. Bce 5Tu TeMbl TpeOyOT OTAEILHOIO
W3I0XKEHU.



