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Pemrenns 3a a4 U3 MPEAbIAYIINX BBIITYCKOB

1.2. YCJOBHE. [loka3aTh, 9TO CymecTByeT 6ECKOHEYHO MHOI'O HATYPAJIbHBIX YU~
cer N rakux, aro 2V oxamunsaercs ma N.
PemEHUKE. IIpexge Bcero, HETPYAHO IPOBEPUTD, ITO
236 oxamumsaerca ua 36. (1)
Mycrs
2% = 10" N + 10°K + 36. (ii)
IMokaxem, 9T0 okamumBaercs Ha 103K + 36. Ilo xoxy gera HaM IpuieTcs
BOCIOJIB30BATHCA TEM, ITO

2103K+36

3
245" — 1 memmres ma 5%, (iii)

510 cregyer u3 6unoma Huworoma: (15 + 1)% —1=53.15- N = 5 - N;. Wueewn:
210°K+36 _ (103K + 36) & 219°K (10N + 103K + 36) — (103K + 36) =

3\ 2K
= 21K 10'N + (10°K + 36)(2'7°K — 1) 2 10'N, + N (((2“)5 ) - 1)-

Bropoe craraemoe neurcs ma 5* B cuny (iii). C gpyroi croporsr, B cury (i) 103K +36
memnea Ha 24, smaxmr 210°K+36 _ (103K + 36) gemarea ma 10, wTo u Tpe60BATOCH.

Mer copeprumiu nepBem mar nHAyKoua. O0mee mocTpoenne Takopo. Ilomoxum
am+1 = 2%, b, — uuca0, 06pa30BaHHOE MOCAEIHUME M HUDPAMU UUCTA Ay, M 2
> 2. Torga 2= — b, nemurcs ua 10™. IIpefoCTaBUM YUTATETIO IPOBECTH M-I IIAT
MHIYKIWKA CAMOCTOSATEIBHO. (B. M. Tuzomupos)

1.4. YcJOBME. [laun rpeyroabuuk ABC. K — TO4YKa KACAHUA BOUCAHHOU B HET'O
okpyxHOCTH u cTOpoHEl BC. PaccMOTpuM OBE OKPYXHOCTHU, KACAIOIIUECT TPAMOU
BC, aysa AK u okpyxHocTH, onucanuon BOKpyr A ABC (ua puc. 1 uzobpaxkeHbr
myHKTUPOM). J[0Ka3aTh, 9TO UX PAAYCHl DABHEL.

PEMEHUE. [Tycts F — 1eHTD BHEBIUCAHHOU OKPYKHOCTH, KACAIOIIEUCI CTOPO-
uvel BC u npogomxenun ctopod AB u AC, paguyc 3Ton OKPYXKHOCTYU 0003HAYUM Ty,
a 7y — OKPYXHOCTb, Kacawmomanacsa nponomkenuin orpeskos AK, BK u Takxe xaca-
OIAACA OMMUCAHHOU BOKPYT Tpeyroabuuka ABC OKPYXHOCTU ¢ BHEIIHEN CTOPOHHI.

JIEMMA 1. Paduyc vy pasen r,.

YTBepxkaenue 3a1a4u cpasy caenyet u3 gemmbl 1. Oxa3niBaeTcs, 06€ MyHKTUPHEIE
OKPYXHOCTU Ha PUC. 1 HE TOJIBKO PABHBI MEXKAYy COOOU, HO U PABHLI BHEBIUCAHHOU
OKPYXHOCTH.

MaTemaTu4eckoe npoceewenue, cep. 3, Bein. 5, 2001(218-229)
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Puc. 1.

Jlemma 1 BEIBOAUTCA U3 Caeayromero yreepxaesus. llycts K' — npoussoanHas
To4Ka Ha cTOpOoHe BC, 7' — OKpPYyXHOCTH, KACAIOMAACA IPOIOLKEHNN OTPe3KoB AK'
u BK' (touxku xacanusa o6o3uasuM M u L COOTBETCTBEHHO) U TaKXKe KaCAIOMIAACT
OMMCAHHOU BOKPYT Tpeyroabunka ABC OKPYyXHOCTHU C BHEITHEU CTOPOHHI.

JIEMMA 2. Jas ao60t mouxu K' € BC npamas ML nporodum uepes mouxy E.

[MokazaTeascTBO 5TOr0 GakTa (U aHAJOIMYIHOrO (PAKTa [IJA BIUCAHHOU OKDPYK-
HOCTH) MOXHO HauTu B kuure U. ®. Mlapriruna «3anadu no reomMerpun (ILIaHuMe-
Tpua)», Gubmmoreuka «Ksanty, Ne7, 1986 u B xuure pemennin geTsepTon CoOpOCOB-
cxont Ommvmumansr (10 xracc).

IMokaxxem, kak 3 JeMMBI 2 BEIBOAUTCS JEMMA 1, 8 3HAUUT, U YTBEPXK JEHUE 33,1a .

JOKABATEJBCTBO JEMMBI 1. Onycrum nepnenaukyasp EV ua cropony BC u
npogo/kuM ero 33 Touky E ma ero mauny. Iloaywum orpesox VW, mepnenukyasp-
uwemt BC u Takou, uro VW = 2V E = 2r,. Jlerko noka3ars (13 rOMOTETHN OKPY K-
HOCcTen), 9To oTpe3ok BW mpoxogur depes K. Ilpumenss memmy 2 nua K' = K,
3akmo4aeM, 410 Touku E, M, L nexar Ha ogHOu npsMou. Bosbmem Touxy H Ha
cropore BC Tak, awro6mt WH || ML. O6ossasum O cepenury W H. Tpeyroas-
uuk M KL — paBHOOeqpeHHBIN, 3HAYUT, U Tpeyroabuuk WK H Takxke paBHOOe-
mpennnin. [Tosromy KO — 6uccekrpuca yrma WKH. Boree Toro, orpesoxk EL
saBaserca cpeguen auuuen B TpeyroabuHuke WV H. Ilostomy WELO — mapasure-
JorpamMmm. JTo o3uadaer, 4ro OL = r,, OL 1 BC. Takum o6paszom, O — ueHTp
OKPYKHOCTH 7y (KaK eJUHCTBEHHAs TOYKA IepecedeHus nepnedaukymrapa LO ¢ Guc-
cextpucon yrma WK H). CaegoBaTensHo, paauyc v PaBeH Tg, 9TO U TPeGOBAIOCH

IOKa3aTh. (B. ITpomacos)

AHAJIUTAYECKOE PEIIEHUE. [JokaxkeM, 9TO PAAUyCHl OKPYKHOCTEN, YKA3AHHBIX
B YCJIOBUM 33,49, PABHEI PAIUYCY ', BHEBMUCAHHOU OKPYXHOCTU C, TPEyrOILHUKA,
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ABC, kacatwormencsa cropousl BC. Ilycts | — BTOpas xacareabnas k C,, mapaiieib-
nas BC. Touky kacamus | u C, o6o3aauum K'. JIerko BUAETD, YTO 3Ta TOUKA, JCKUT
Ha npamoun AK.

BBegem mpAMOYrombHy0 CuCTEMy KOOPAUHAT, OCh abCIUCC KOTOPOU COBIANAET
c l, a ocs opaunar npoxoaut deped A. Koopaunater A pasusr (0, L), abcuuccsr TO-
qek nepecedenus npsameix AK, AB, AC c ocwio abenuce o603uaaum ¢, &1, Ea COOT-
BeTCTBeHHO. Hamaem cooTHOmEHrE Mex Ay HUMU. AIre0pandecku yCAOBUE KACAHU
oxpyxuoctu C, u npamon AB (AC) osnadaer, 9TO y ypaBHEHUs

(@ =)+ (y—ra)® =17,

reey = L — £.w, — KPATHHIN KOPEHb, T.€. AUCKPUMUHAHT TpexwieHa paseH (.
2
IMoacrasass BeIpaXkeHue MU Y, HOJYIAEM YCIOBUE
2
2L(L — L?
(2%-1- g) —4 (1 + —2> (3% + L(L - 2r,)) =0,
&i &
¥3 KOTOPOI'O HOCJIE YIPOIIEHUs caefyer, 94To &, o — KOPHU KBALPATHOI'O YPABHEHUs
(oTHOCHTEMBHO &)
(L —2r,)€* — 2(L — r,) € + Ls* — Lr2 = 0. (1)
A6cuuccer 71,72 TOYek KacaHus (M LEHTPOB) OKPYXHOCTen, kacawomuxcs BC),

l, AK, sBasroTca kopHAME aHajsormgHoro (1) kBagpaTHOro ypaBHeHus (HO OTHOCH-
TEIBHO 7))

(L —2ry)s* —2(L —ry)sm + Ln* — Lr2 = 0. (2)
Tenepb HYXHO IPOBEPUTDH, YTO DTU OKPYNKHOCTH KACAKTCSA ONMCAHHOU BOKpPYTI

AABC OKpyXHOCTH, T.€. COBMNAJAIT C MyHKTUPHLIMU OKPYXHOCTAMU HA, PUCYHKE
K yCJIOBHIO 3aJa4HU.

Koopaunare: Bepmmus B u C' paBHBL (%(L —2r4),2r) m (%(L —2r,),2r,) COOT-

BercTBeHHO. [loaTomy m3 (1) momywaem, aTo abcuucca nerTpa O ONUCAHHOM BOKPYT
AABC okpyX)HOCTEH paBHA

n J— (6_1(_[1 _ 2,,«(1) + %(L _ 27‘&)) 21“0, (61 +£2) L’l" = m ‘;"72, (3)

opaunaty O o6o3HauuMm h, a paguyc onucauson okpyxuoctu — R. Torma abcumccs
B u C aBasioTCsa KOPHAMEI KBAIPATHOTO YPABHEHUA

(@ —0)* + (2ra — h)* = R?,

KOTOPOE TOTOMY MOXKHO IIEPeNUCATE B BUIE
L — 2r —2r
z’ (& +§2)»’E+( a) §1& =0.

IpupaBrWBasA CBOGOAHBIE WIEHEI DTUX yPABHEHUU U ucroab3ys (1), moxyaaem

—2rg\2 L(32 — 12 L —2r,
Lr) 5:—2ra):(”2_ri) LT' (4)

Terneps yIpocTUM JeByIo 9acThb (4), yauTnBas ypasaenue 72 + (h — L)? = R? (Bep-
mrHa A TeXuT Ha OmMCaHHOW OKpykHOCTH). 3amenas > — R? ma —(h — L)? u pac-

i+ (2ra - h)? — B = (£



Permenns 3ama4 221

KJIAJBIBAsA PA3HOCTH KBA,IPATOB HA, MHOXWUTEIH, NOLY4IaeM BIpaXKeHue s h
2h=L+2ra+# (5)
u i R?
R2:ﬁ2+i<2ra—L+#)2. (6)

OcTanocs TPOBEPUTD, ITO OKPYKHOCTH ¢ TeHTpaMu (1);,7,) U PAIAYCOM T, Kaca-
IOTCS OKPYXKHOCTH ¢ nentpom (7, h) u paguycom R, T.e.

(ﬁ_ni)Q + (h‘_ra.)2 = (R+'ra)2- (7)
ITo ycaosme, ¢ yaerom (1), (2), (3) u (6) MOxHO 3amucaTs B BUAE
2 2

2 2\ 2 9 2
m—n2 1 H —Ta _ .2, 2,1 _ H —Ta
( 5 ) +4<L+7L > =7, +17 +4<2m L+—F ) + 2r, R,

OTKy/[a TOCJe YIPOIIEHUN TPEACTABIAEM €r0 B BUe BhIpaKeHus i1 R:

L(L - 2ra2)L+ 42 ‘ 8)

HenmocpecTBeHHEIM BEIMUCIEHIEM TIPOBEPACTCA, ITO KBAAPAT HNpaBon gactu (8)
TOX IECTBEHHO paBeH npason gactu (6). )
(©6) (M. H. Baawiit)

R=

1.6. YCJOBHME. a) Jan muorounen P(X). Mua mo6oro X > 0: P(X) > 0. Joka-
3aTb, 9T0 9T0 P = /T, rne Q u T — MHOTOWIEHEI C HEOTPULIATEILHEIME KO3(hhu-
LIUEHTAMU.

6)* Iycre P — KBaApaTHEIA TPEXWIEH, @ — aPryMEHT €ro KOMILIEKCHOI'O KODHIL.
Torga crenens () He MeHbIIE T /.

PEWEHKE. a) [Ipexne Bcero sameruM, 9TO JMHOGOU MHOTOWIEH C BELIECTBEHHEL-
MU KO>(pPUIMEHTAMI PA3NATALTCA B MPOU3BEACHNE JIUHEVHLIX U KBAJPATHEIX MHO-
TOYWIEHOB C BEIIECTBEHHBIMU KO2((PUIMEHTAMH, NPUIEM TUCKPUMUHAHT BCEX DTUX
KB IPATHLIX TPEXIIEHOB OTPUIaTENeH. VI3 yCIOBUA ClIeAyeT, YTO BCE IUHEUHBIE MHO-
KUTEIN HE UMEIOT MOJOXKUTEIbHEIX KOPHEH U IOTOMY UMET BUA & + ¢, rge ¢ > 0.
IosTOMYy HOCTATOYMHO pemmMTH 33439y MIsA KBAAPATHOrO TpexwieHa. [lanxee, memas
3aMEHy £ — A+ ¥ yMHOXas KBAAPATHLIM TPEXWIEH HA MOAXOAAmee ', MOXHO mMpu-
BecTu ero k suay P(z) = 22 — 6z + 1. lpu oToMm § < 2 ¥ HETPUBMATLHEIM ABIACTCA
crydan, korga 6 > 0. T0 ycaoBre PABHOCWILHO MOJOXUTEILHOCTH BEIeCTBEHHBIX
gacren kopHer MEOrownena P. Teneps npucTynum x pemeHuio.

TMomuoxus muorowren P(z) = x2 — 6z + 1 ma muorowien P(z) = 22 + 6z + 1
noryanm seipaxenue Pi(y) = y? + (2 — 6%)y + 1, rme y = z2. [Ipu 5TOM aprymenTE!
KODHeU MHOrowreHa P, kak jerko sugers, OyAyT B OBa pasa OOJbIIE apryMEHTOB
COOTBETCTBYIOIX KOpHEu P.

Anamornyasiv 06pasoM, IOCTPOUM IO MHOrOwieHy P, muorowien P u T. n. WUas-
HAYAJIbHO apryMeHT OLHOrO U3 KOpHen 3akmoded Mexay 0 u m/2. Ilockonbky apry-
MEHTHI KOPHEU BCAKUU pa3 OyayT yABaWBATHCA, TO HA HEKOTOPOM IIAre BO3HUKHET
MHOrowIeH Py, apryMeHTH KOpHEH KOTOPOro Oy Ay T 3akao4eHsr Mexay 7/2 u w. Bee
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ero xk0a¢duIEeHTE 6y Iy T HEOTPULATEILHEL Il0CKOIEKY MEOrOUIeHE P; mveror Heo-
TPUIATENbHBIE KOS(D(DUIMEHTEl, MHOIMOWICHE () = Hf;ll 131-(.1721_1) ul =P (:czk_l)
YAOBIETBOPAIOT TPEOOBAHUAM 3aJANU.

OTmeTuM, YTO MOKHO OBLIO GBI PAGOTATH C HOCAELOBATETBHOCTHIO §; = 2 — 62,
1 y6equThCA ABHO B HATMYUYA HEMIOMOXKUTEIHHOTO WICHA.

YrBepxaeHue MyHKTa 0) O3HAYAET, 9TO NPEALIAYINAs KOHCTPYKUUA OIM3Ka K
onTumansaon. Kak u BeITe, paccmarpuBaercs mEorowies suga P(z) = 22 — éx + 1,
npudem § > 0. Torga § = 2 cos ¢ u Bemmuuna ¢ (0 < ¢ < 7/2) eCcTb apryMeHT OJHO-
ro u3 kopaen P. 3ameTuM, 9T0 K03(PpPUIUEHT § MOHOTOHEH OTHOCUTEILHO MOMOKU-
TEJBLHOI'O APryMeHTa KOpHsA. Kpome Toro, eciau xoadgduimenTs MEHOrowieHoB PT u
T meoTpuuaTenbHbL, 8 KOd(pduimenTsl P; He MeHbIIE COOTBETCTBYIOMMX K0P uim-
entoB P, 7o Bce xoopdunmentrr P;T Toxe HeoTpunarensusl. [losTomy gocraroydno

IOKA3aTh, YTO €CIHU (p = TO MUHUMAJIbHAA CTeneHb () paBHa k u 6oabie k, ecan

T2
) 2K’
p < %E‘ B mambmeumem Mbl OygeM CIATATH CTENEHb MHOTOWIeHA 1, yIOBIETBOPA-

IOIIEr0 YCJAOBUIO 33,1341, MUHIMAILHO BO3MOXHOU.

ITockonwpky mMuOrowien P ¢ukcupoBaH, koadduuueHTs MHOrOWeHa () = PT 6y-
IyT JWHEWHO 3aBUCETH OT KO3 duueHTos t, muorounesa 1. Bynem neurars mapa-
METPHI t); C MOCTOAHHKIMU CKOPOCTAMH, T. €. PACCMATPUBATL CEMEUCTRA, MAPAMETPOB

;C =t + UxT (7' — (<Bp€Mﬂ»). O6pamenuio B HyJ b KO3(hPUINEHTOB MHOTOWICHOB ()
win T OTBEYAIOT JVHEUHBIE YPABHEHUA HA MAPAMETPHL.

ITycTs B iporecce ABUXEHUA HEKOTOPHIU KO3 DUIIUEHT 06PATUTCA B HyIb. Torga
paccMOTpUM HOBBIE HAYAJBHBIE 3HAYEHUA 1;, & HA CKOPOCTHU V; HAJOXKUM OTpPaHUAIE-
HEEe, 03HAYAOIIEe, ITO DTOT KOX(MOPUIMEHT HE MEHAeTCs. 10rga OH OCTAeTCsA HyJIeM
¥ COOTBETCTBYIONIEE OrpaHutdeHue OyIeT UMETh BU[ JUHEWHOIO YPABHEHUS C HYJe-
BOU TPABOM 4YaCThIO: », @;v; = 0. B caMom neme: TMHEMHOCTEL yXe yCTAHOBJIECHA, a
YTBEDPK JEHUE IPO HYIEeBYIO IPABYIO 9aCTh CIELYyeT U3 TOr0, YTO BCe KOIDMOUIMEHTHI
COXpaHAITCA, Koraa Bece v; = 0.

Byzem 1o Tex mop, noka 3T0 BO3MOXKHO, CTPEMUTHCS OOPATUTH B HYJIb KAK MOXHO
64abmmee yucao xkoapdunuenTos MuorowieHos 7' u R. Crexyromas 1eMMa, MO3BOIAET
Or'PAHUYUTHCA PACCMOTPEHUEM TOJBKO KO3(hPUImeHToB MHOrOwieHa () = RT.

JIEMMA 1. Iyems T(z) = 1+ tyx + ... +tgz® +--- +t.2"; t, > 0. Toeda muo-
eouaen Ty (z) = L+ tiz+ ... +ty_12% 1 ydosaemsopsem ycaosuo zadawu (m. e. sce
xoadPuyuenmsr Q1 = PT) neompuyamesvrvt) u uMeem MeHbWyY0 Cmeneky.

KonugecTBo cBoGonubix mapamerpos pasHo cremenu deg(T) muorourena T, a
KOIMYECTBO KO3(PpPUIUEHTOB (), KOTOPHIM OTBEYAOT ypaBHeHus, paBHo deg(Q)) —
—1=deg(T) + 1 (cBOGOHEIT wieH HEe MEHAETCA). MBI BOCIONB3YeMCs ClIe Ly OmuM
YTBEPXK ICHUEM U3 JUHEUHOU AJIre0phI:

JIEMMA 2. Jhobasa 00nopodnas cucmema n asunetdnuix ypasnenut om k > n weus-
BECTIVHBIT UMEET, HEMPUBUAMLHOE Peuerue (68 KOMOPOM HE 6CE ZHAYEHUSL HEUIBECTI-
HBIL HYAL).

[loka3aTeasCTBO 9TOU JEMMEBI — UHAYKIUSA [0 YUCIY YPABHEHUU U HEM3BECTHBIX.
B cuny mamHOU JeMMBI MOXHO H06uThCA TOro, 4To0Hl deg(T) xoadduuueHTOB
MHOrOwIeHa, () 06paTmmch B Hyab. Hysrem HE OkaxeTcs CBOGOAHBIN SWIEH U CTAPIIMN
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xoa(ppurenT. [losTOMY HEHYJIEBHIM KPOME DTUX IBYX MOXKET OKA3aThCA EIe TOIBKO
OIVH KO2d(MPUIIMEHT.

TToxaxem, kak TOOUTHCSI TOT'O, ITOOLI DTOT KOX(PGUIMEHT OBLT TPEAIOCIeTHIM
(T.e. mpu zdes(@)—1)

O6ozuaumnm k-it koadbdumment (mpu 2¥) MEorowrena @ wepes qi. Torna qx = ty, +
+tgo—2cosp-tp_1- Oycts tp > 0 gaa k < deg(Q) — 2 u tp = 0 gas ocTATBHBIX
k # 1,deg(Q). HoxaxeM, Kak TOCTPOUTHL MHOTOWIEH 1" | yI0BIETBOPAIONUIAN YCIOBUIO
33,4241, y KOTOPOro nepBhe k KO3(PPULMEHTOB — HyJIU.

Monoxunm ¢, = t; mpu i < k u t), = At; ecam ¢ > k. Ilpu srom 0 < A < 1. fAcuo,
9TO MPU TAKOM BAPBUPOBAHUU y KOIPPUIMEHTOB ¢s a1 § < k— 1w s > k + 2
COXPAHAIOTCS TOMOKUTETBHOCTD, 8 TAKKE CBOUCTBO «OBITH PABHBIM HY.JIIO).

TMockonbky Q;c+1/’\ = gg+1 — (1/X — D)tgy1, TO HEOTPUIIATEALHOCTD tg41 TaAKKe
coxpanseTcsa. UTo KacaeTCs WIeHa G, TO OH YMEHBIIAETCA U B KAKOU-TO MOMEHT CTa-
HOBUATCS PABHEIM Hym0. Takum 06pa3oM, OCYIIECTBIEH IMePexO] K CATYalnn, KOraa
nepseie k k0dddunmenTos y MEHOrouwneHa () (He camras CBOGOIHOTO WIEHA) HYJEBEIE.

B sTom caygae xkosddurmenT £y, Oy 1y T yAOBIETBOPATE CIEAYIOUIAM PDEKYPPEHT-
HEIM COOTHOMmEHUAM: tg = 1,t; = cosp,ts = 2¢08@ -ts 1 — ts_o; 8 = 2,...,deg(T).
IMosTomy muOrowien I' 6ymer 06pa3oBaH nepBuIMuU k wieHaMu pana Tewmropa dyHK-
uun

1 _ 1 (1 1
1—2cospr+a2 (2—2) (zx—2) (xz-2))°
rae z = cosy + i sin .
_ E_ sk} — o :

Orxyna ty = 5 Sin(p(z Z") = sin(ky) /sin(p).

Ecnu Benuunna ty,, onpeaeneHHas IpeIbIIyIIAM COOTHOIIIEHNEM, TePeCTaeT OBITh
HONOXATENBLHOU, TO DAL Y b, 2™, HauuHas ¢ (k+1)-ro wiena, MOXHO 060pBaTH. Jlerko
BUIETH, YTO BEPHO U O0OpaTHOE.

[l1s1 3aBEPIIEHUA PEIIeHNs 33,1891 OCTAeTCA OTMETUTD, 4TO yciosue sin(ky) = 0

PABHOCWIBHO ycaoBmio k = 7/ arg(ep). (A. A. Beaos)

1.9. YcCJOBUE. U3BecTHO, YTO mpu A0OBIX AeucTBUTEIbHEIX A, B psan

1
pacxogutcs. OOs3aH 1 PACXOSUTHCS PAT Y ek ? A 9To0 ecan

1
2 Az + Byn] B

A B MOryT OBITH KOMILIEKCHEIMIU!

PENEHME. B ycroBuu 3ana<y He OrOBOPEHO, KAK TPAKTOBATDH WIEHHI PSIOB C
Az, + By, = 0. Mu 6yaeM noiarartsb, 9T0 pedb UAET O PALAX

1
LAB = Y
n:Azn+ Byn#0 |A$n + Byn'

S= Y i 2 far L=+l

|7 |+|yn|#0 f(n)#0
[l ynpoleHns 3anucu CINTAEM IaJjee, ITO BO BCEX (POPMYJIAX M3 CYMM KCKJIIOYa-
IOTCA YWIEHHI, B KOTOPHIX OJWH U3 3HaMeHaTeJen obpamaerca B 0.
OTBETZ «HEeT» B rqel';,ICTBI/ITeJII)HOM Cay4dae U «oa» B KOMILJIEKCHOM.
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KOMOJIEKCHBIA CJIYYAN. Ilycts S cxomgurcs. JokaxkeMm, 9TO TOra CXOAUTCS U
omun u3 panos L(g, —1). ockoabky

1 1
— < — =35,
2 Tl S 27w
n:xy, =0
cxoaumocTh paga L(g, —1) He MeHAeTca npu 0TOPACHIBAHUY WIEHOB C L, = 0. 060-

3HAYUM DAL C OTOPOIIEHHBIMU WIEHAMH, I KOTOPEIX L, = 0, 1epes L(q), BBemém
TaxxKe 0003HAMCHIE \,, = —Yp, /:cn Torxa

1+ |)\n
1
=2 Fla— @
Ipu mocTpoenuu g GyaeM UCIOAB30BATL MEPY

2 EX,n0 fm)~
X) = )
M) = s f

O6osnaunm [y = 1, m = 30. Pasoobém kBagpar Qo = {z : |Rez| lo/2,|Imz| <
< lo/2} upambiMu, napaieTbHEIME JEHCTBATETIBHOM M MHUMOM OCAM, Ha M’ KBa-
IOPATOB €O CTOPOHOU l1 = ly/m (npmHA 1IEKXHOCTD TPAHMYHEIX TOYEK IPOM3BOILHAL).
s xaxaoro w3 (m — 2)? BHyTpeHHWX KBaApaTOoB () OmpeseruM «OKPecTHOCTE Q1
KakK OOBENUHEHUE DTOr0 KBaAPATa U 8 CMexXHBIX ¢ HUM. I[OCKOIBKY KaXIBIU KBa-
IpaT pa30ueHus BXOAUT He OoJee 4eM B 25 «OKPECTHOCTEW», TO HAUAETCA KBAIPAT
pasbuennus (; Taxon, aTo pu(Q7) < 25u(Qo)/(m — 2)%. lipumenus Ty xe nponeaypy
K ()1, momyuum kBagpaT Qo u 7. 1. [locrenoBarensHoCTh KBaAPATOB (); OnpeneseT
HEKOTOPYIO TOUKY (.

Tokaxem, aro pan (1) aas g cxogurcea. O6ozmauum No = {n : A\, ¢ QF}, N1 =
={n: A, & QF}\ No u 7. 1. VI3 mporie1ypsi OCTPOEHHA CIEAYIOT ONEHKE

1

25k
an) gES mEN) = la=hl>

2)

Bribepem reneps Takoe R, 4Tobet mpu |z| > R Bemoansaocs (1 + |z])/|g — 2| < 2.
OrneHuBasA MO OTAEABLHOCTH WIEHHL C A, > R u A, < R, nonyuaem

k
14 A 25m
24+ (R+1)m (R+2) | ——] S,
Z OTESSR Z o) )<(m—2)2>
oTkyma mpu 25m/(m — 2)? < 1 cregyer cxogumocts paga L(q).

JEACTBUTEJBHBIN CIYYA#. Ucnoasays y:xe BBefEHHBIE 0003HAYMEHUs, TOIArA-
em f(n) = nln*n (sroro gocrarouno gaa cxogmmoctu S). TlocaegoBaTeabHOCTE
An HOCTpOI/IM caemyomuM obpaszoM. Pazmenum eé ma 1Be MOAMOCTENOBATEIHLHOCTH]:
A = )\S ,rae n =t+2s,t € {0,1}. 3anagum )\S) = n. IlocaegoBaTeILHOCTD )\510)
OIpefenuM CJAeIYIOUM 00pa3oM. 3aHyMepyeM HATYPATbHBIMU YUCIAMU Haphl IIETBIX
aucen (u,v), v > 0, B nopagke Bospacranus max{|u|,v} (B ocTasbHOM Hymepauus
npousBoabHan). O6o3HaUM N-10 mapy (Un,v,), TOra )\%0) = Uy [Up. 3aMeTUM, 9TO
napa (u,v) BCTpeTuTCcs He mosxe, yeM Ha (max{|u|,v}?)-M mecTe.

ITposepum pacxogumocTs panos L(A, B) mpu TakoMm BEIGODE Ay,.
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Myctes B = 0. Bospmém nmoanocrenoBaTenbHocTs Ny = 1 + 2k. s ueé
11 1+ Angl _ 1+k
; |[Azn, |  |4] ; flng) 1A Z (1 + 2k)In%(1 + 2k)’

tak 4To psax L(A,0) pacxogurcs.
Ilpn B # 0 o6ozuaunm a = A/B. Ouenum Bkaag L,, KOTOpHIL 1aéT B psfg MOJ-
MOCJIEOBATEIBHOCTD Ty, = 28, TH€ S HyMepyIT Te maphl (u,v), I11 KOTOPBIX

ja— 2| <L

[ns Takmx map max{|u|,v} < vmax{l,|a| + 1} = Cv, nosromy umeem

L4 ug /o]
= >
L. Z |Azn, +By"k| 1B Z f(ng)la —ugfor| =

v/2
1 Inv/2 1

v
> =0
~ 40?|B| ;; kv? In?(4C%0?) 7 4C?|BlvIn® (4C%0?) Sy

).

Tax kak L(A,B) > ), L., pax L(A, B) pacxogurcs.
(M. Baawiii)

1.10. YCJIOBUE. PyHKuus, 3aJaHHAS HA BCEU BELIECTBEHHOUN IPIMOU, 6ECKOHEY-
HO muddepernupyeMa. B Kaxgoun TOYKE HEKOTOpas MPOM3BOAHAA (HOMED MPOM3-
BOJHOU MOXET 33aBUCETH OT TOYKM) PaBHA Hy/0. [Jokaxure, 9TO 3Ta (QyHKUUAA —
MHOTOYJICH.

PemenuE 1Y. Tycts F, = {z | f™(z) = 0}, G, = R\ F,. Tokaxem Bcro-
morareasHoe yreepxaeaue (A): Eciu f He ABIseTCS MHOMOWIEHOM HA HEKOTOPOM
OTKPBLITOM MHTEpBade A, TO misA Ji0O0r0 7 HAUAETCA COCTABIAIOMIAN NHTEPBAL HE-
IIyCTOrO OTKPHITOrO MHOXECTBa G, N A, Ha KOTOPOM [ He ABIAETCA MHOMOWIEHOM.

W3 (A) s1€erko BHIBOAUTCA yTBEDXK IEHUE 330a49U: IPEINOI0KUM, 9TO [ HE MHOIO-
wieH Ha R, DOCTPOUM HOCIEI0BATEILHOCTD BJIOXKEHHBIX HHTEPBAIOB A, = (ayn;by) C
C G, [@nt1;bnt1] C Ay, nepecedeHne KOTOPHIX HEIYCTO, ITO IPOTUBOPEIAT yCIO-
BUIO.

Ipeanonoxmum, 9To (A) HE BLINONHAETCA, T. €. ITO 1JA HEKOTOPEIX 1 1 A (hyHKIus
f — He MHOrOwWIeH Ha A, HO €€ OrpaHUYEHUE HA JIOOOU COCTABIAIIMA MHTEPBAJI
mHOXecTBa G, N A sBiaserca MHOorowieHoM. O6Gos3HaunM cumBoioM o(z) (x € A)
MAKCUMAJBHLIA IPOMEXYTOK, OOIAJAImi cBoucTBaMu: & € o(x) C A, f|a(z) —
mHOrowieH. [Ipoeeppre, 9TO €Cim OrpaHm4eHus [ HA OBA MPUMBIKAIOMMAX IPOMe-
XKYTKa — MHOIOWIEHBl, TO f — MHOrowieH Ha ux oObegunenuu. [lokaxwre, 9TO0
eCau @ — CPaHuYHAsg TOYKa o(r), TO: 1) CyIIecTByeT MOCIenOBATEIBHOCTD Ty € Fry,
Tp # a, tp = a; 2) £ (a) = 0 gaa Bcex m > n; 3) f(™ obpamaerca B Hyas Ha 0 ().
Torga, B wacraoctu, f((z) = 0 gas Beex z € G, N A, 9TO HEBO3MOXKHO.

(4. FO. Bypazo)

PEmEHKUE 2. Ilycrs F, — muOxecTso Hyxenr dpynkmun f(™). O6bejunenue 3a-
MKHYTBEIX MHOXECTB Fj, NOKPEIBAET NMPAMYIO, 8 NOKA3aTh HANO, YTO OJHO W3 DTHUX
MHOXECTB COBIaIaeT co Bceu npamou. [Ipeanonoxum nporusHoe: F,, # R mpu Bcex n.

U3 kaurw B. M. Makapos, M.I". lonysuma, A. A. Jlogkun, A. H. llogkopsrTos «/A36paHHELe 3a1a-
um 0 BemecTBeHHOMY aHaam3dy». M.: Hayka, 1992. C. 294-295.
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Ilycre E, = F! — MHOXeCTBO IMpeJeIbHEIX Todek MHOXecTBa F,. loctaTodHo
IOKA3aTh CICIYIOUINE TPU JEMMEL:

JIEMMA 1. Iocaedosameavnocms (E,) 6o3pacmaem.

JIEMMA 2. Ecau nenycmot omxpuymuili uwmepsaa (a,b) we nepecexaemca ¢ ne-
xomopoim E,, a 0dun u3 e2o xonyo6 a,b npunadaeacum E,,, mo (a,b) ne codepacum-
ca 8 B, nu npu xaxom m > n.

JIEMMA 3. Tyemo (G,) — ybuisarowas nocaedosamesbhocmes HENYCMbvEL 0m-
KPOIMbIL MHOHCECTNS Ha NPamot. [Ipednososcum, wmo das 6cex n < m Kaxcovh MmaK-
cumaavnblti uwmepsan (a,b) 6 G, nepecexaemca ¢ Gy, npuuem a = inf(a,b) N Gy,
ecau a xoneuno, u b = sup(a,b) N G, ecau b xoneuno. Toeda mmoxncecneo (G
HECUEMHO.

Ipegnonoxum, 4T0 3TU JeMMHEL yeTaHoBleHbL. lomoxum G, = R\ E,. Cornac-
HO JemmaM 1 u 2, mocaenosaTeabHOCT (Gr,) yaoBaeTBOpseT ycaosuaM deMmer 3. Ilo
aemme 3 muoxectBo A := (|G, = R\ | E, Hecuerno. C gpyroul CTOPOHH], Tak
kak JF, = R, o A C J(F, \ E,). Muoxectso F,, \ E, — 5TO MHOXeCTBO H30-
JUPOBAHHBIX TOYEK MHOXKECTBA, Fj,. Y m060T0 MHOXECTBA HA TPAMOU MHOXKECTBO
M30JMPOBAHHLIX TOYEK CIeTHO. (YKa3aHWe: pACCMOTDPUTE BCE MHTEPBAILL C PALUO-
HAJBHBIMYU KOHI[AMW, KAXKABIU U3 KOTOPHIX COAEPXKUT POBHO OHY TOYKY MTAHHOTO
mHOX)ecTBa.) U3 Bxmowenus A C |J(F, \ E,) Burexkaer, Takum o6pasom, aro A
IOMKHO OBITH CI€THBEIM, ¥ MBI IPUXOAUM K IIPOTUBOPETHIO.

Ocraercsa q0Ka3aTh TPU JeMMEI, ChOPMYIUPOBAHHEIE BHIIIE.

JokazareascTBo qemmer 1. [[0CTATOMHO yCTAHOBUTEH CIEAYIOMIECE: BCAKUN HEM30-
JUPOBAHHLIY HYJIb A hepEeHInpyeMon (PYyHKINA ABIAETCA HEM30MNPOBAHHEIM HyJIEM
€€ IPOM3BOSHOU. DTO BHITEKAET U3 TeopeMul Posuisa: Mex 1y BCAKMMU ABYMS HYJISIMU
QYHKIWY JEXUT HyJIb €€ [IPOU3BOLHOM.

JoxazareascTBo gemMul 2. Jomycrum, uro (a,b) me nepecekaercsa ¢ E,, a € E,
u (a,b) C E,, npu mexkoropom m > n. Ha uarepsane (a,b) dynkuus f cosmagaer ¢
muOrOunenoM crenenu k, rae n < k < m. Orcioga f*)(a) # 0. Oguaxo no xemme 1
a € E, C Ey, max aro f*)(a) = 0. IIpoTusopeune.

JoxazareascTBo aemmer 3. Eciu muoxecTBO (|G, COAEPXKUT UHTEPBAJ, TO OHO
recuerHO. [Ipegnonoxum, aro (|G, me cogepxut uarepsana. Ecm (a,b) — maxcn-
MaJIbHEIU UHTEPBAT B G, TO YUCIO KOMIOHEHT (MAKCUMAJIbHLIX MHTEPBAJIOB) MHO-
xectBa (a,b) N G, HEOrPAHUIEHHO PACTET C POCTOM M, TAK YTO HPU GOJBLIUX 17
MOXKHO BHIODAThb IB3 MAKCUMAJIBLHLIX HHTEPBaIa B (a, b) NG, ¢ HenepecekamomumMucsa
3aMBIKAHUAMHA. VICIOMB3ysa BTO 3aMeYaHUe, JerkO MOCTPOUTHL MO0 MHAYKIMU BETBSA-
IIYIOCS CUCTEMY OTKDBITHIX WHTEPBAJIOB If, 1<s<2F wuncnang < ng < ...,
taxme, uto: (1) npu duxcuposansom k maTepsat I¥ mveror momapro memepecexa-
OmIecs 3aMEIKaHus; (2) Kaxk el uHTEpBat [F ABIAETCS KOMIOHEHTON MHOXECTBA
Gny; (3) IFFL U IEF! C I*. yere By — o6wmeaunenue unreppamos IF, 1 < s < 2%,
a Oy — oObenuuenue ux 3aMbikaaui. MuoxectBo (| C) HAXOAUTCA B €CTECTBEH-
HOM B3aUMHO OJHO3HAYHOM COOTBETCTBUU C MHOXKECTBOM BCEX GECKOHEYHBIX IIOCJe-
NOBATEILHOCTEN HyJEW W €IUHUI] U TOMEOMOP(MHO KAHTOPOBY COBEPIIEHHOMY MHO-
xectBy. Takum o6pasom, (| C) HecueTHo. MuoxecTBo (| B, TaxkXe HECIETHO, HO-
cxonbKy pasHocTs (| Cy \ [ Br cogepxurca B caeraom muoxectse | J(Cy \ By) xon-
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noe Bcex mnTepsatos 1F. Tak xax (| By C ((Gn, = [1Gn, TO MuOXReCTBO ()G

HECHCeTHO. (B. B. Ycenencrud)

2.2. YcnoBuE. Ilyers P(z) n Q(z) — muorowrensi, mpudem Q(0) = 0. doxka-
xute, 9To ecmn P(Q(z)) — uérHas dyskuusa, To Q(zr) — uéTHas wiM HeIETHASL
dyHKIAA.

PEMEHUE. YTBepxkaeHre 334349y HENOCPEICTBEHHO BBITEKAET W3 CJETYHOLIIX
$axTOB IIPO MHOT'OYJIEHEL:

JIEMMA 1. ITycmo @ — mnoeouaen. Toeda ||Q(:L')| — |Q(—x)|| ecmov Aubo KOH-
cmanma, 4ub0 cmpemMumcs ¥ 6ECKOREUROCTU NPU T — 00.

JIEMMA 2. ITycms P # const — muoeouaen u ||z,|—[y,|| = oo. Tozda ||P(z,)|—

[loka3aTeIbCTBO 3TUX YTBEPK ICHUU HECIOKHO U OMyCKAETC. (A. A. Beaos)

3.3. YcnoBUE. (a) CymecTByeT Ju Takas HenpepuiBHas (yHkmma f(x), 910
f(f(f(z)) =e™"7

(6) Tor xe BOHPOC A/ PA3PHIBHOU (DyHKIWA.

(8) ToT xe BOIpOC M GYHKOMA ¢ KOHEIHBIM YUCJIOM TOYEK PA3PHIBA.

PENIEHUE.
Oreet: a) HE cymecTByeT, 6) CyIMECTBYeT, B) HE CyIIECTBYET.

(a) He cymectsyer. IlycTs menpepwiBHas ¢yHkmma f(Z) yIOBIETBOPAET ypas-
uwenuio f(f(f(z))) = e *. Tak kax e~ ” B3aUMHO OJHO3HAYHA, TO U f(z) B3aUMHO
OnHO3HAYHA. Byay<dn HenmpephBHOM, OHA TOTAA CTPOro MOHOTOHHA. Ilockombky €~
ybumBaer, To u f(z) yOumaer. Ecin ee MHOXECTBO 3HAMEHUN — BCS BEMIECTBEHHAA
npsaMast, To 270 BepHo u gas f(f(f(z))), Torga kax e~ BCIOAY NOMOKUTEIbHA. SHA-
ut, f(x) orpanuyena ceepxy wmu causy. Ecau f(x) orpanudena CHu3y 9mMCIOM ¢, TO
f(f(z)) orpanmyena causy Tem xe ImCaoM, a ceepxy — 3uadenumeM f(c). IIporumso-
peune. Aranorwaro, eciun f(x) orpanmdena ceepxy, o f(f(z)) Taxxe orpanmiena ¢
o6eux cropol. Kak cregcrsue, 5o Bepro u gasa f(f(f(z))). Oguako e~* He orpanu-
YeHa, CBEPXY. SHAYNT, NCKOMOU (PYHKINU HE CYIIECTBYET.

(6) Takmx QyHkuE 6eCKOHEYHO MHOrO. [JencTBuTeabHO, Iy4 (—00;0] mog men-
crBueM e 7 orobpaxaercsa Ha ayd (+00;1]. ToT, B CBOI0O 04epens, 0TOGPAKACTCA
Ha nonyunTepsan (0;1/e], u 7. 1. lIpn 6eCKOHEYHOM NPOOIKEHNAN DTOTO MPOLECCA,
3AIONHAETCS BEIIECTBEHHAS NPAMas, 33 MCKIIOYEHHEM HEKOTODPOro orpeska [A; BJ,
mpuuem 0 < A < B < 1,e 4 = B, e P = A. 3amerum reneps, 4T0 mpomssogHas
byukumna g(r) = ¢ — r paBHA e~ ¥ — 1 ¥ UpU NOJOXKUTEIBHBIX T 3aBEJOMO
OTpULATENbH, (HETPYAHO MOKA3aTh, YTO OHA OTPULATENLHA MPU BCEX BEIIECTBEH-
ueix 7). Tax kax g(A) = g(B) = 0, to A = B. Kak crencreue, e 4 = A.

PazobbeMm Temeps BCe OTPULIATEIbHLIE YUCIa Ha TPOUKuU. Ecau T, T2, T3 — Of-
HA U3 TAKUX TPOEK, TO momoxuM f(x1) = o, f(z2) = z3, ampu n > 3 x, =
=e n-3 = f(x,—1). Ynucaa B 3TON NOCIEIOBATEILHOCTHU HE TIOBTOPSIOTCA, IOCKOIb-
Ky GyHKI®A € ¥ B3aMMHO OJHO3HAYHA W BCIOAY NMOIOXKHATENIbHA. 110 TOU Xe mpuan-
HE [Be MOCJIeOBATEILHOCTH A PA3HEIX TPOEK He MmepecekaroTcs. [lomoxuM Takxe
f(A) = A. U3 nokazanHOrO BHILE CreqyeT, 9TO f(X) OnpeaeneHa Ha BCEU BELECTBEH-
uou npavou, npuiem f(f(f(z))) =e .

e % —
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(8) Takou pyukuuu He cymecrsyer. llycts f(f(f(x))) = e ® maa Bcex Beure-
cTBeHHBIX Z. IlycTb Takxke A — (eQUHCTBEHHBIN) KOPeHb ypaBHeHus e * = . Ecan
C — rouka paspema ais f(x), To C sBasercs Toukon paspea u g e (@), Ho
e~ 7@ = f(f(f(f(x) = f(e~?), moaTOoMy e~% — TOUKa paspema mia f(z). Anarormi-
HO, TOYKOM pa3phiBa, sBAseTcs ¢, u T. 1. Kak mokasano B pemrennu myrkTa (6),
npu C # A 371€MeHTH MOJSYYEeHHOU TOCIEI0BATEILHOCTA HEe TTOBTOPAKTCA. SHAYNUT,
ecau f(z) umeeT XOTs GBI OAUH PA3PHIB IPU T # A, TO TAKUX PA3PHIBOB OECKOHEIHO
MHOTO.

IIycte Teneps f(x) umeer eauucrsennny paspuis npu £ = A. [lockonsky f(A) =
=fleM = f(f(f(f(@)) =e T 10 f(A) = A. CreBa or A pyHKIMA HEPEPHIB-
HA; €CIU B DTOU O6JACTH OHA IPWHUMAET 3HAYEHWA W OOosbime, u MeHbme A, TO Tam
BCTpEYaeTCa U 3Hadenne, pasHoe A. Ho 5T0 npoTuBopevuT B3anMHOU OJHO3HAIHOCTH
f(z), xoropas crenyer u3 B3aumuOu ogHo3HawHOCTH e *. Ecun f(z) < A = f(A) npn
z < A, 10 370 BEMOJHATOCH OB maa f(f(x)) u €%, HO moce[Hee HEBEPHO. SHAYMUT,
f(z) > A upu z < A. Aganoruuso f(z) < A npn z > A.

JIro6oe aucno, 6oabiiee uem A, comepxurca B obaactu 3aadenuu e~ = f(f(f(x))).
TMosTomy m060e uucno, menbmee dem A, conepxutca B obaactu suavenun f(f(z))
(¢ ygerom B3ammmou ogmosnaunoctu f(z)). Bee 5Tu umcaa ABASIOTCA 3HAMEHUAMY
f(x), u ¢ yserom pasencrBa f(A) = A sra QyHKIMA OTOOPAKAET BEIIECTBEHHYIO
npamyio Ha ceba. Ho Torna Tem xe csoucrsom obaagaer u f(f(f(z))), B To Bpema
KaK e % BCIOAy MOJNOXUTEIbHA. SHAMAT, NCKOMOU (DyHKIUM HE CyIIECTBYET.

(A. Kaneav)

4.8. YCJOBUE. Pemure ¢QyHKIMOHAILHOE YPABHEHUE s HENPEPHLIBHLIX BeIle-
CTBEHHEIX (DYHKIUNU BEIECTBEHHOT'O MEPEMEHHOT0:

F(z+y) = A(z) + B(z)C(y).
PENIEHHUE.
ITocrapaemcs cBeCTH MCXOQHOE yPaBHEHUE K JacTHOMY ciaydaro. [lomoxum
Fi(z) = F(z) - F(0); Ci(y) = Cy) — C(0);
Ai(z) = A(z) — F(0) + B(x)C(0). (1)
Torga F1(0) = C1(0) =0,
Fi(z +y) = Ai(z) + B(z)C1 (y)- 2)
onoxunm B (2) y = 0:
Fi(z) = Ay (2). 3)

Ecau Fi(z) = 0, To (BBUay (2) — (3)) mmm B(z), mm C(y) aBaseTcs TOXIECTBEH-
ueM HyJaeM. Ucnonsays (1) (F(0) u C(0) MOXHO B3ATH IPOU3BOILHBIMY), TIOLYYaeM
KIACCH (PyHKINY, YKA3AHHEIE B KOHIIE PEeImeHus nog Homepavu 1 u 2.

Iycte Teneps Fi(z) Z 0. omoxum B (2) £ = 0. C yuerom (3) Fi(y) = B(0)Cy (y).
Kaxk crencreue, B(0) # 0. Ilonoxum By (z) = B(z)/B(0). Torga

Fi(z +y) = Fi(z) + Bi(z) F1(y). (4)
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I/ICI'IOJIBByeM ACCOINATUBHOCTE CIOXKEHUA:

Fi(z+y+z)=F(+y) +Bi(z+y)Fi(z) =

= Fi(z) + Bi(z)Fi(y) + Bi(z + y) F1(2);
Fi(z+y+z)=F(z) + Bi(a)Fi(y +2) =

= Fi(z) + Bi(z)F1(y) + Bi(z)B1(y) F1(2)-

Orcroga (B1(z + y) — Bi(z)B1(y))F1(z) = 0. Mockoawky Fi(2) Z 0, To Bi(z +y) =
= Bi(z)Bi(y). Takum CBOUCTBOM CpPEIU HENPEPLIBHEIX (PYHKIMU 0613 1aI0T TOJIBKO
SKCIOHEHTHL 1 TOXxAeCTBeHHBIN Hyab. Ho B(0) # 0, u (4) npuaumaer sug Fi(z+y) =
= Fi(z) + e**Fi(y) ana mexoroporo a. Ecm a = 0, To Fi(z +y) = Fi(z) + Fi(y).
Cpenu HenpepuIBHLIX (QYHKIUU TAKUM CBOMCTBOM OOJIANAIOT TOJHKO OJHOPOTHBIE
aunensse (y = kz), 9To npusoauT K kiaaccy ¢pyukumu 3. Ecau xe a # 0, To BBUY
KOMMyTaTUBHOCTH Cioxkenus Fi(z) + e F(y) = Fi(z +y) = Fi(y) + e Fi(x).

Fi(z) Fi(y)
Orcroma npu z,y # 0 a7 = gl ]

A10 Bomoareno u npu £ = 0 (mockoapky Fi(0) = 0). Orcooga BO3HEKAET KIace
dyuxuun 4.

B urore momyuaem ciegyonme pemeHus:

1) F(z) = A(z) = K (K — npomssonbHas xoucranta); B(z) = 0; Cy) —
[IPOM3BOJbHAA HENPEPLIBHASA (DYHKIVS.

2) F(z) = K;; B(z) — npousBosnbHas HenpepriBHas yukius; C(y) = Ka; A(z) =
= K1 — B(z)K> (K1, K3 — npousBoIbHEIE KOHCTAHTHL).

K

3) F(z) = K1z + K»; A(z) = K1z + K2 — K3K4; B(z) = K3; C(y) = F;y + K,y

(Ki, K2, K3, K4 — npousBoabHEe KOHCTAHTHL, K3 # 0).

4) F(IL') = Kl(e‘” - ].) +K2, A(.’E) = e‘”(Kl —K3K4) +K2 —Kl; B(.’L‘) = K3eaa:;

axr _
Cly) = Kl(eIT + K4 (a, K1, K5, K3, K4 — npou3BOJIbHEIE KOHCTAHTHI, a # 0,

K3 #0).

= ¢ g1a HekoToporo ¢, n Fy (z) = ¢(e® —1).

(A. Kaneav, B. @Ppenrun)



