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I: KAK TPOBOAUIACH OJMUMIUAILA. USAMO — Taxosa a66peBuaTypa
HA3BAHUA MOCJIETHETO TYyPa MATEMATUYIECKOU OJUMITAA b, IIPOBOAUBIIENACA B
CIHIA secmou 2001-ro roga B TpuanaTeu pa3. Ha sToT Typ 68110 ipuraaiie-
HO 250 mo6enurenen npeasiaymero rypa AIME, va koTopom gaBanocs (kax u
Ha [BYX APYTrUX TypaxX, eMy OpeamecTByommx, ¢ abbpesuarypamu AHSME
u AJHSME) nBa-Tpu AecATKa TECTOBBIX 3ajad: W3 5 OTBETOB, IpEAIarae-
MBEIX TIOCJE KaXJOU 33a0a49M, CAEJOBAJIO BHIOPATH MPABUILHLIA U OOBECTH €T0
kpyxoukoM. B ormmaune or AHSME, AJHSME u AIME, na USAMO muxkaxux
TECTOBBIX 33139 HET: yIACTHAKAM CAMUM HAJIO JaBATH OTBETHI, 8 B PENICHUAX
crefyeT MPOBOAUTH CTPOTME NOKA3ATEIHLCTBA, U PACCY XK ICHUA.

Bce Typst omumnua g, npegmectsyonme USAMO, npoBogaTes mo mko-
aaM, a USAMO — B KpymHBIX YHHBEPCHTETAX COOTBETCTBYIOUIAX NITATOB
CIIA. 3agamwme, npemmaraemoe mia USAMO, cocraBiseTcsa COenUaIbEHBIM
«boapImMy XKIOpH, packugaHHaeM 1m0 Teppuropun CIIMA. 3anonro o magama
OJIMMIINA, JBI KAXK IBIN WIEH «OOMBIIOrO» XIOPH IMOCHLIAET B €€ «IIrTaby 0T OJHO’
[0 TIATYU CBEXUX 33]a4; 3aTeM BECh IOLYIEHHBIN KOMIUIEKT («pooly) mpumep-
HO m3 50-60 33729 paccHLIAETCSA BCEM WIEHAM XIOPHW, M OHW B IMUCHMEHHOM
BU € ULIIOT B IHTa.6 CBOM KOMMEHTAPUU O KAaYIECTBE, CJIOXHOCTU W IIPUEM.JIEC-
MOCTHY KaXJOU OTAEJbHO B3ATOU 3a1a4u. B pesynbraTe eme AByX UTEpamun
TAKOTO PO BO3HMKAET «aapo» m3 10-15 ayumwmx 3agad. OTO AAPO 33434
3aTeM OOCYXAAETCA IAPOM» XKIOpU U3 6 9enoBeK («MATBIM XKIODW)); TAKOE
o6cyx aenne («conferencer) mpoucxoauT OOBITHO 1O TeAePOHY B CIEIUATLHO
HA3HAYEHHBIN BOCKPECHBIN [€Hb, M HA HEM MPOU3BOAUTCA OTGOP 6 aydmmmx
sagaa pis USAMO. OxomuarensHas muim@oBKa (HPOPMYJIUPOBOK OTOOPAH-
HBIX 33/a9 MOPYYaeTCA MPENCEaTeN0 XIOPU U ero 3aMEeCTUTEN0, KOTOPHIE
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M3TOTABIUBAIOT TAKXKE CHenUaIbHEH OykieT u3 33134 USAMO u ux pemenun
IUISL TeX, KTO MPOBepseT PabOTHI MKOJILHUKOB.

IIpumeprO depes Hememio mociae mposegeHusa Typa USAMO neboabimas
9aCTh «DOMBIIOr0» XKIOPU CHEXATACh HA NMPOBEPKY PabOT MIKOALHWKOB B I'O-
pon Jluekoasr (Lincoln), mrar He6packa (Nebraska). Ilocae TmarersnOn
OPOBEPKU ¥ MEPENPOBEPKU PAbOT YIACTHUKOB BCE PE3YIbLTATHL (OUKM, 3apa-
6OTaHHBIE MIKOILHUKAMY [0 KAX IO 33,1a49€) ObLIM BHECEHB B KOMIBIOTED, U
COOTBETCTBYIOMIAA MPOTPAMMA, MPOPAHKUPOBAIY, YIACTHUKOB MO UX PE3YJIh-
TATaAM B NOpAJKe yOBIBaHWA. B KOMObIOTED OBLIM BHECEHBI TAKXKE U MPE.-
JOXEHWS IO CIENMAJLHBIM HAIPAJAM. ODTHU HATPALBI NPEACTABIAIT CO60M
OpWINYHBIE JeHEXHBIE IPEMUN, BPyIaeMble 03K€e HE CAaMOMY IIKOJILHUKY, &
TOMY YHUBEPCHATETY, B KOTOPHIM OH MOUAET YIUTHCSA MOCIE OKOHYAHUA IIKO-
aer (Tak HaswBaemble scholarships). Ha pykm xe HarpaxmaemMbll moxrydaer
TOJBKO CIEMUAILHYIO TPAMOTY, MENATh U KAKOW-HUOYAb NOBOJLHO IOPOIOH
MOaPOK, HanpuMep KoMmnbioTep «lap-top» mocaemuen mapku. Umena yvact-
HUKOB OBLTU 3aKOAUPOBAHBI YMCIAMA U TOJBKO TMOCTE TOrO, KaK BCA TPOBEPKA
OBLIa, TOMHOCTBHIO 3aBEPIICHA, U €€ PE3yIbTaTH 3a(pUKCUPOBAHBI B KOMIBIO-
Tepe, NPeACefaTeNb KIOPA HAXKAI MOCIETHAN Pa3 KIABUILY KOMIBIOTEPA, U

BO3HUK DAHXUPOBAHHHIY CIHUCOK mMeH Bcex 250 y4acTHUKOB. Pesyib-
TATH OJUMINAAH] B PACHEYATAHHOM BHjE OBLINM BPYUEHBI WICHAM XIOPU HA
OpOIIATLHOM 3aBTPAaKe B [€Hb WX OTJETA IO AOMAaM; B BTOT Xe€ AeHb y9aCT-
HAKAM Pa30CIAJIN [0 MOYTE UX PE3YAbTATHI.

JlBeHa IUIATEH IIKOIBHUKOB C HAWIY YIIAMU PE3YJILTATAMY CTAIU T0OequTe-
aavMu USAMO wm 6butm npuriamessl Ha Harpaxgerue B croamry CIIMA —
r. Bammarron. B sToM rogy, B oTimYme OT TPOILIHIX JeT, B BamwHrTOH
IPUTIACUIN 13 MKOIBHUKOB BMECTO ABEHAIIATHU: TPUHAAUATHIM OBLI He-no-
bedumenp Mankn XaMOypr, KOTOPOrO HATPAAUINA TPEMUEN AMEPUKAHCKOTO
maTemaTudeckoro macTuTyTa Kimu (Clay) 3a camoe KOpoTkoe W M3AUHOE
pellleHne mocae Hen, Hanboaee TPy JTHOU 33391 OAuMIua sl (0 Hel pedb Ble-
peau). Exquucreennoro nobegurens Pouga Baprona, pemusmero Bce mecTs
3a/[a9 OMMMIMAIBI, HATPAJWIN MOYeTHOM mpemuen ['paurnepa — Knavkuna;
Bpyuan oty npemumio cam Moppen Kravkua (Murray Klamkin), n3secTasim
KaHAICKUU KOMIIO3UTOP 3334, Clenuaibuo mpuexasmmu n3 Kanager 8 CIITA
I 9TOTO HATPAXK ICHUS.

IMo6eguTenen, npuraamessbIX B BammmarT0H, 9€CTBOBAIN TPpU pasa. [lep-
BRI pa3 HeodumumaibHO, B mTab-kBaprupe Maremarmdeckon Accomuanum
Awvepuku (MAA), xyna KpoMe WIEHOB XIOPY U OMUIHAAILHEIX JAL ChEXAIUChH
Pa3HOOOPA3HBIE CHOHCOPHI A OOBABICHUSA CBOMX HAarpas (TJIaBHBIM CIOH-
copoMm Owuta ¢upma «The Akamai Foundation»). Bropon pas odumumansHo,
B Axagemunm Hayk CIIA, rge mkOIbHUKOB BBI3BIBAJIYU 10 OJHOMY HA CIEHY
BMECTE CO CBOUMU DOJUTENAMU, OPATHAMYA U CECTPAMU (ECAM TAKOBHIE UME-
JIUCB), Bpy9aay Mealb U IPaMoTy, 1 ¢GoTorpadupoBaln BCIO CEMbIO (a mepes
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sTum npodeccop Ilpuncronckoro yausepcurera dpouk Mopran (Frank Mor-
gan) OpOYATAI 3aMEeYaTeIbHYI0 JEKINI0 O MBUIBHBIX My3HIpAX u «Teopeme o
casoernHoM MbuibHOM my3sipes («The Double Soap Bubble Theoremy)). U, na-
KOHEII, TPETUU pa3 mobeauTenen HATPAXKAAIN HA, OPUIIMAILHOM OaHKETE B
muiomaTuaeckoM 3aae Murucrepcersa Unocrpanasix gea CITA (Diplomatic
Reception Rooms of the United States Department of State), rae mkoasHu-
KaM BpPYYaJIuCh CHEeNHATbHBIE IPU3BI [I0 PA3HBIM HOBOAAM. B mpomexyTkax
MEX Iy ONMUCAHHBIMU COOBITUAMU AEIATOCH MHOTO (poTorpaduit, HATPUMED y
COBEPIIEHHO HEOOBIYHOU GPOH30BOM CKyAbOTYPHI AnpbepTa OWHIITENHA Iie-
pen BxogoMm B Akanemuio Hayx CIIA, koTOpy0 MIKOALHUKY OGJIETUIN CO BCEX
CTOPOH.

II: O 3A0A4YAX. USAMO nposogmrace B 2001-m roxgy 1 mas B aBa sTama:
mepBLIA ¢ 9 9aCcOoB yTpa A0 MOy aHA, BTOpou ¢ 1 waca mua x0 4 JacoB aus. Ha
KaXOM DTAalle MPeNIarajoCh PENuTb 3 TPYAHBIE 331291, PACIOIOXKEHHEE B
HNOPSAAKE BO3PACTAHUA WX CJAOKHOCTH (TAK 9TO CAMBIMU TPYAHBIME OBLTA 3a-
naau #3 u #6). Kak Boime yxe 6bLI0 cKa3aHo, B pemeHusax 3agad USAMO
HAaJ0 IPEIBABIATH CTPOTHE JOKA3aTEeILCTBA, & HE yraJbIBATHL OTBETHL. Xa-
paktep USAMO B0 MHOrOM HamoMumHaeT MeXIYHAPOIHBIE OMUMITUAIBI TE
xe 6 3a1a4, 3 + 3; 3a4a9U IPUMEPHO TAKOU XK€ CIOXHOCTHU; KPOME U3ALUIHBIX
CO06paXeHu!, TP PELIeHNN HYXKHO MCIOIb30BATH MATEMATAYIECKYIO TEXHU-
Ky, IIOPOM JOCTATOYHO I'Iy0OKYI0 — HHUKAKasA 33/4a49a HE PEIIAeTCSI B OTUH
xom (uem 3mamenuThl Mockosckue u Camkr-IleTepOyprekue oamMmuasi);
KaK IPABWIO, KAXIasg 334398 UMeeT OOJIbIIe OJHOTO PEIIeHus.

Hwxe mMb1 mpuBoauMm ycaoBusa Beex mectu 3aaa4d (cm. gacts 111) m mx pe-
wenus (dacts [V). Xogercsa Takxke 06paTuTh 0c060€ BHUMAHUE YATATENA HA
HauboJee TPy AHLIE, HANOOIee KPACUBEIE, U, B TO XK€ BpeMs#A, HANMeHee TEeXHUI-
HBIE 330297 #3 u #6. OTMeTuM, 9TO reoMeTpUIeCcKas 3aa49a #6 okazarach
CaMOM «(MATEMATHIECKON» U UAEUHOU: IIOMUMO TOI'0, 9TO ¥ HEe eCTh GOIbIIoe
KOIMYECTBO DIEMEHTAPHBIX PEIICHUN, aBTOPY DTOU 3aMETKH YAAI0CH 0606-
AT DTy 3334y HA MHOTOMEDHBIM CILydYall ¥ HA OQHODPOAHBIE (KPUBOIMHEN-
HBEIE) IPOCTPAHCTBA, B YaCTHOCTU Ha (MHOTOMEDHYIO) cdepy U IPOCTPAHCT-
Bo Jlob6aueBckoro. YuraTenio, 3HAKOMOMY C MHOTOMEDHLIMYU ¥ OJHODPOTHBIMHA
OPOCTPAHCTBAMY, IPEIJIATaeTCA HANTHU 060OMEHNE MPUBOAUMOrO HUXKE pe-
mIeHus 33,0a9u #6 CaMOCTOSTEIBHO.

III: YcnoBus 3AIAY.
Iman I (9:00-12:00)
1. B xaxmon u3 BOCHMHM IIKATYJIOK HAXOAUTCA 6 IBETHHIX mapukoB. Ha

PACKPACKY BCEX MIAPUKOB MCIOIL30BAHO 7, PA3HBIX IBETOB, IPUIEM KAXK IHIN
MIAPWK TOKPAIIEH B OAWH IBeT. V3BECTHO, YTO BCE MIAPDUKYU B OJHOU W TOU
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Puc. 1.

Xe MIKATYJIKe PA3HOIBETHH M UTO HUKAKAA IMAapa IIBETOB HE BCTPEIACTCA OJ-
HOBpEMEHHO (Gojee 4eM B OMHOM IMIKATYyIKe. HauTw HamMeHbIlee BO3MOXHOE
3HAYEHWE N, NII KOTOPOTO TaKasd PACKPACKA IIAPUKOB CYIIECTBYET.

2. B Tpeyronsauk ABC BumcaHa OKPYXHOCTH W. TOYKM KACAHWUI W CO
croporamu BC u AC 0603Ha4eHEBI, COOTBETCTBEHHO, uepe3 Dy u F;. Ha cTo-
porax BC u AC oTmevenwsl Takxke TOUYKH Do m Fo, COOTBETCTBEHHO, A
koTopuix CDy = BD1 u CEy = AE;. Ilycte P — TOYKa mepecevdeHus OT-
peskoB ADy u BFEs, u () — 6iamxkaumas K BepmuHe A TOYKA NEpeceveHus
okpyxHOCTE W U oTpe3ka ADs (puc. 1). [lokazars, aro AQ = Dy P.

3. HeoTpumnaTersHble IUCIA @, b ¥ ¢ YAOBICTBOPAIOT ycIoBmiO a’ + b% +
+ ¢ + abc = 4. Tokaszats, 910 0 < ab+ bc+ ca — abe < 2.

Sman IT (18:00-16:00)

4. Ha mrockoctu gansl Tpeyroasauk ABC m Touka P Takwme, 9TO Tpe-
yroabHuK A, cocraBieHHb u3 oTpe3koB PA, PB u P(C, TynoyroibHBIA.
HamGonsmasn cToposa Tpeyronbanka A KOHrpysHTHA 0Tpesky PA. [lokazaTs,
aro /BAC ocTpsin.

5. MuoxecTBo S measix (HEOOGA3ATENBHO MOIOKUTEIBHBIX) IUCE YI0BIE-
TBOPSET CJeAyromuM ycaoBuaM: (A) cymecTByoT Takue 4ducia a,b € S, 910
HOI(a,b) = HOd(a —2,b—2) = 1; (B) ecm  m y — saemenTs S (BO3MOX-
HO, paBHEIe), TO 72—y € S. JlokazaTs, aT0 S CORMALAET C MHOXKECTBOM BCEX
LeJbIX aucen Z.

6. Kax1ou ToYKe IIOCKOCTHU MOCTABJIEHO B COOTBETCTBHUE HEKOTOPOE Be-
meCTBeHHOE YUca0. VI3BeCTHO, ITO IJIA IPOU3BOJILHOTO TPEYTOJbHUKA, TUCIO,
CTOSIIEE B IEHTPE BIMCAHHOW B HETO OKPYXHOCTH, PABHO CpegHemy apud-
METHUYIECKOMY YHUCEN, CTOAIMUX B €ro BepmmHax. /[0ka3aThk, ITO BCEM TOYKAM
IUIOCKOCTY IPUIUCAHO OJHO U TO XK€ IUCJIO.



30-1 Amepukanckaa MaremaTuieckaa Oaummuaga, rox 2001 123

IV: PEMEHUA 3ATAY.

PEMEHUE 3AOAYU 1. Omeem: npmin = 23. [IpuBegem nexomburnamoproe
pelleHve, OCHOBAHHOE HA BHIMYKJIOCTH runepborsl y = 1/1.

« IIycts 1,2,...,n — mBeTa mapukoB. PaccTaBuM Bce IBeTa mOCTpPOU-
HO («mo-mkaTymao4HO») B Tabumimy A pasmepoMm 8 X 6 (Tak 9TO mOIydIMM
8 CTPOK-LIKATYIOK C UWHAEKCOM i u 6 CTOAOIOB-IIAPDUKOB C UHAEKCOM j.)
[IycTs b;; 0603HAMAET YMCIO IMAPUKOB TOTO XK€ IBETAa, 9TO W IIAPHUK C HO-
MepOM j B MKATYJIKe C HOMEDPOM %} 3aII0MHAM DTUMHU IUCIAMEU HOBYIO TAOIUITY
B pasmepom 8 X 6. OdeBmmgHOE, HO pemIAIOIEE 3aMEIAHUE: CYMMAL 00PaAM-
noiz seaunun 1/bj; no eceti mabauye B pasua n. ([Jokaxure 310 camocTos-
TeapHO! )

[TosTomMy paccMoTpuM ABE CTpOYEIHBIE CyMMBL: S; = E?Zlsz u s =
= Z?Zl(l /bij). Tak Kax B CTPOKe i BCE WIECTHh IIBETOB DA3IMYHBI, OCTAJb-
HblE CeMb IIKATYJIOK HOGABAT B S; MAKCHMyM 7 IIAPUKOB, TAK ITO MMEEM
orpanmvenue S; < 6 + 7 = 13. Ilockonbky ¢yskmus y = 1/z Bhmyxia
BBEpX, TO 3HAYCHUE S; MUHUMAALHO, KOTJa OFHO U3 b;; paBHO 3, a OCTaIbHBIE
naTh ducen pasHel 2. Urak, s; > 1/3 4+ 5/2 = 17/6. Coraacuo 3aMevanuio,
n=Y 5 Y0 1/b; >8-17/6 = 68/3 > 22, orxyza n > 23.

IIpumep must n = 23 (HO-IIKATYIOTHO):

(1,3,4,5,6,7); (1,8,9,10,11,12); (1,13,14,15,16,17); (2,3,8,13,18,19);
(2,4,9,14,20,21); (2,5,10,15,22,23); (6,11, 16, 18, 20, 22); (7,12,19,21, 23).»

PENEHUE 3ATAYN 2. [[oKaXUTe CAMOCTOATEIBHO, 9TO: (1) snesnucannasn
0KPYAHCHOCTb, Kacawaacs cmoponst BC, Kacaemcesa samoti cmoponsl umen-
1o 6 mouke Do (2de CDy = BD1); u, kak (He OYeHb MPOCTOE) CIAEACTBUE

u3 sToro, uaro (2) D1Q — duamemp snucannol oxkpyxscnocmuy w (Tax 9TO
O € D1Q n D,0 = 0Q, rge O — uenTp w, puc. 2).

Puc. 2.
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« IIycty Tenepy M1 — cepenuna cropoust BC; Torga M; — cepenuna
orpeska D1 Dy u OM; — cpepuss aunus AQD1Dy. Orcrona M0 || QDo,
M0 || ADy, @Dy = 2M10. Eciu My — cepenuna croponst AC, To, 1o
aHATOrmIHbIM coobpaxenuaMm, MO || BEs. Ilycts G — Touka nepecedeHus
meguan AABC (r.e. G = AM; N BMs).

Paccmorpum romoreruio ¢ ¢ nearpom G u koapdunmentom k = —1/2.
Ilo oupepnenenmnio, 6(A) = My u §(B) = M. IlapamnenrsHsie npsaMbe Ipw
TOMOTETHM NEPEXOAAT B IAPAJICJABHBIC IIPDAMBIC 1 TOYKH IIE€PECECYCHUA IIDA-
MBIX TIEPEXOJAT B TOYKM IHepecedenusa ux o6pa3os. [looromy uz ADy || M70
crenyer 0(AD2) = M10; u3 BEs || M2O cregyer 6(BE3) = M>0; orciona

§(ADy N BE,) = §(ADs) N §(BE,) = M10 N M0 = O,

wm xopodue §(P) = O. Uz §(A) = My, §(P) = O Burexkaer AP = 2M;0. Ho
QDy = 2M1 0, 3aaunt AP = (QD,. Burauras obuuu oTpe3ok P(Q), HaxoquMm
AQ = PDy. »

PEMEHUE 3ADAYM 3. JTa 334393 UMEET TOBOJIHLHO I'POMO3IKOE M TEXHU-
4Yeckoe (HO HeTPUBHUAALHOE!) TPUTOHOMETPUYECKOE DEIIeHUe, HATNHAIOMIEEC s
croBamu: «Cpenaem sameny a = 2sin(A/2), b = 2sin(B/2), ¢ = 2sin(C/2),
rae A, B u C — yrabl TPEyroTbHUKAY. 34439y MOXHO PEIATHL TAKXKE C TO-
MOLIBIO0 IpaBmia MHOXuUTexed Jlarpanxka, HO ¥ 5TO (CTAHZAPTHOE C TOYKH
3PEHUA MAaTEMATHKA-NIPOGECCUOHANA) PEIIEHNE JOBOILHO IPOMO3AKO, XOTA U
BecbMa HagexkHO. OHAKO OOraTHIY ONBIT WIEHOB XIOPX MOACKA3BIBAIL, 9TO Y
UBSAMHO C(POPMYIUPOBAHHON 33a9HU JOJKHO UMETHCA MUISAIIHOE XK€ PEIIeHue.
OHO B KOHIIE KOHIIOB 1 OBbLIO HAWJIEHO.

« 3aMeTHUM CHAYAIA, 9TO MO KPAWHEN Mepe OJHO U3 TPeX 4ucer a, b, ¢ e
npesocxoaut 1, maasxe a’ + b? + ¢ + abe > 4. Ilycrs, manpumep, o < 1. Torga
Cpa3y HOLy9aeTcs HUXKHAA oueHka: ab+ bc+ ca — abc = a(b+c) + (1 — a)bc >
> 0. HeTpyaHO I0Ka3aTh, ITO PABEHCTBO HOCTUTAETCA TOALKO Ha CIeYIOIMINX
Tpoukax uucer: (2,0,0); (0,2,0) n (0,0,2).

JokaxeM Tenmepb BEPXHIOI OIEHKY. Pemaromyio pors 6ygeT UrpaTthb Cie-
Ayommi npocTon ¢dakrt: cpeau JrbObIX Tpex Jucea g, b, ¢ aubo Kakume-TO
aBa < 1, mbo kakwme-To ABa > 1 (mpuanun [upuxie gus Tpex TOYEK U ABYX
noxynpAMbeIX ¢ o6mmM koHnoMm = 1). Be3 orpanmvenus obmmocTm Oyaem
CYATATH, 9TO DTUMHU IUCIAME ABIAOTCA b U ¢, Tak aTo (1 —b)(1 —c) > 0. Io-
ckombKy Beerga b? 4 c? > 2bc, morygaem 4 = a® +b% +c? +abc > a® 4 2bc+abe.
Orciona 4 —a? > be (2+a) m 2 — a > be. Tlocae >TOTO BEPXHAS ONEHKA, TIOTY-
93eTCSA MIHOBEHHO:

ab+bc+ac—abc < ab+ (2 —a) +ac(l —b) =
:2—a[(1—b)—c(1—b) —2-a(l-b)(1-c) <2,

nockoibky a(l —b)(1 —¢) > 0. »
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PaBeHCTBO JOCTUIaeTCs TOMBKO eCaIum OfHOBpeMeHHO b2 + c¢? = 2bc (T.e.
mpu b = ¢) m a(l —b)(1 —¢) = 0. Torga, ecmu a # 0, To b = ¢ = 1, oTkyga
na=1;ecma=0, 7o m3 ycrosma sagaam 2b°> = 4 u b = ¢ = /2. Iukrmae-
CKUe NIepeCTAHOBKYU CUMBOIOB @, b, ¢ gafoT Bce BO3MOXHbIEe oTBeTH: (1,1,1);

(0,v2,v2); (v2,0,v2) u (v2,V2,0).

PEMEHNE 3A0AYM 4. VIMeeTcs HECKOIBKO DENIeHWH 3TOU 3a4a9u (O4HO
U3 HEX OCHOBaHO Ha 0606menHou Teopeme IItonemes). Camoe mpocroe —
BEKTOPHOE PEIeHNE.

« [ToMecTnM HAYATO KOOPAMHAT B TOYKY A W [ TPOU3BOJBLHOU TOYUKHA
@ Gyaem o6o3HAUATE Yepes g BekTop AQ) u uepes |g| gauny BekTOpa q. lano:
lp — b2 + |p — ¢[?> < |p|?. DTO HepaBeHCTBO PKBUBATEHTHO TaKOMy (TOTKA
O3HAYAET CKAJIIPHOE IPOU3BEJEHNE BEKTOPOB): p-p+b-b+c-c—2p-b—2p-c < 0.
To6asass 2b-c x obenm gacTam, morygaem |p—b—c|? < 2b-c; crenoBaTersHO,

b-c>0. A tormga cos ZBAC = |(;>|.|Cc| >0, T.e. ZBAC ocTpuin. »

PEMEHUE 3A1AYY 5. € Bygem roopuTsh, ITO MHOXECTBO S ycmotiuuso
nod deticmeuem npeobpasosanus x — f(x), ecmn u3 ¢ € S caenyer f(x) € S.
Ecmm ¢,d € S, To u3 ycaosus (B) mmeem, uto S ycToMImBO mos aencTBHEM
z— & —zuzx— d> -z Torga S ycroamso u mojg gedcTBHeM T — ¢ —
—(d? —z) = z + (¢ — d?); amanormaro u oy geicTBueM T > = + (d? — c?).
IlosToMy, eciu m €CTh IETOYUCTCHHAS JUHEMHAA KOMOWHAIWMA 9UCEeT BUIA
2 —d?, rae ¢,d € S, TO S yCTOMIMBO TIOJ JEHCTBUEM T +— & + 1 U T — T — 7.
B wacTaOCTH, 5TO BepHO A1 N = M, rae m = HO{c?* — d?: ¢,d € S}.

W3 ycnosus (A) crenyer, aro S # &. [loaToMy 0cTaeTCA TOIBKO JOKA3ATS,
aro m = 1. [lomycTum npoTusHoe: m # 1.

Bo3sMeM TpOCTOM AerwTers p amera m; Torgaa ¢ — d? = 0 (mod p) mpm
Bcex ¢,d € S. Orcioga 160 d = ¢ (mod p), m60 d = —c¢ (mod p). Ilo ycuo-
Buio (B), ecim ¢ € S, To 2 — ¢ € §, Tax wro 60 ¢ — ¢ = ¢ (mod p) (u Torga
2 = 2¢ (mod p)), mbo ¢ — ¢ = —c (mod p) (m Torga ¢ = 0 (mod p)).
Orcrofa morydaeM CIeAyIouiee yTBEPK JeHHE:

(C) pmas xaxgoro c€ S  mmb6o c=0 (mod p), mmb6o c=2 (mod p).

ITo ycnosuio (A) mampgyrcs Takue aucra a,b € S, aro HO/(a,b) = 1, 3na-
9UT [0 KPAUHEN Mepe OJHO U3 YHuCel a, b He KPaTHO p; 0003HAYMUM DTO HE
KpaTHOE p uncio depes . Urax, o € S u a # 0 (mod p). Touno Tak xe, u3
HO/(a — 2,b — 2) = 1 creayer, 9TO p HE MOXET AEIATH OJHOBPEMEHHO KaK
a — 2, tak n b — 2. CiregoBaTelbHO, UMEETCA dIeMEHT B S, 0603HAYNM €ro
B, mas xoroporo 8 # 2 (mod p). U3 cka3aHHOrO W W3 NOLYYEHHOT'O BHILIE
ycaosus (C) BEITEKaET €AWHCTBEHHAA BO3MOXHOCTE: @ = 2 (mod p) u B =0
(mod p). Ho mo ycaosmio (B), 82 — a € S. Tlonoxum ¢ = 32 — o m mogcrasmm
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ero B ycaopue (C). Uz B2 —a=0—2 = —2 (mod p) cregyer:
6o —2 =0 (mod p)), mmbo —2=2 (mod p).

Kaxnoe u3 5Tux paBeHCTB CIPABEINBO TOJBLKO Tpu p = 2. A Torma ycmosue
(C) momxHO GHITH EepedOPMYJIUPOBAHO TAK:

(C) BCE DIEMEHTHI MHOXECTBA S IeTHHI.

Ho oTo yTBepx)aenme nporusopeunt ycaosuio (A)! Taxmm oGpasom, momy-
CcTUB, 9TO M # 1, MBI TIOIYYWIX MPOTUBOPEYME. SHAYUT, M = 1 U, CIeTOBA-
TersHO, S = Z. B

PEMEHUE 3AMAYM 6. Touku Gygem 0603HAYATH TPONUCHBIMU OyKBaMU,
a 9uCia, IPUIUCAHHLIE TOYKAM, 6yieM 0603HAYATh TEMHU Xe, HO CTPOIHBIMU,
6yxBamu. /1 COBIATAIOMIUX TOYEK WIN TUCET MBI OyIeM HCIOIH30BATH 3HAK
PABEHCTBA «=», JJISI HECOBIAAAIOMIUX — 3HAK HEPABEHCTBA «F».

JIEMMA 1. IIyems A, B, C, D — maxue uembipe mouky Ha npamot £,
ymo ompesox CD codepacum ompesox AB, a cepedumnvl s5mux ompesxos co-
enadarom. Tozda ¢ —d = 3(a —b).

Puc. 3.

[MOKABATEJLCTBO. IIycts O — cepeauna orpeska AB. IlocTpouM ok-
pyxHOCTH C4 U cp ¢ nearpamu A u B u pagumycom AO = OB. IIposegem
kacarersubie CX, C'Y x okpyxsOocTH c4, u DX, DY k okpyxHOCTH Cp;
sgece X m Y — Toukm Ha meprenukyaape (-, BoccTaBieHHOM K { B TOYUKe
O (puc. 3). Uz ACXY mnonyuaem: c+z+y = 3a; us pADXY:d+xz+y = 3b.
CarepoBarensHo, ¢ —d = 3(a — b).

<« Ham mago mokasaTh, 9TO MPOM3BOALHBIM TOYKaM A m B miockocTu
NPUINCAHEL OJUHAKOBEIE IUCIa: o = b.

Paccmorpum Tpu napst Biroxenasix orpeskoB KF D CD D AB ¢ obwen
cepenuuon. [IpuMenaa JeMMy, IIOLyIaeM:

e—f=3(c—d)=3a-b = 9a-b)=3a—-b) = a=hb,

9T0 ¥ TPeOOBAJOCH TOKA33aTh. P



