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9KCTp €MaJbHBIE PACIIOJOXKEHUA IIPABUIBHBIX
MHOT'OI'DaHHUKOB

A. Ckonenkos* A. Taramoyma

He looked at the snail. Can it see me? he wondered.
Then he felt, how little I know,

and how little it is possible to know; and with this
thought he experienced a moment of joy.

I. Murdoch, The Flight From the Enchanter

BBEJAEHUE

Onusa u3 Hambosee AKTUBHO PA3BUBAIOIIAXCA Pa3/IeJoB KOMOMHATOPHOU
TeOMETPHUH CBA3AH C 33Ja<aMU 00 0ONMuMaLbHbis ynakoskar. B »Tux 3a1agax
TpelyeTcsa paclmoloXUThL B JAHHON (GUTYPE OJHOTO THIE HAMOOIBIIYIO BO3-
MOXHYI0 (PUTYDPYy BTOPOro Thna (mim HaubGOJbIIee KOAUIECTBO (PUTYD BTOPO-
ro TUIA JAHHOTO pa3mepa). Hacroamas cTaThs moCBAMIEHA HEKOTOPBIM 4De3-
BEIMAWHO KPACUBLIM PACIOIOKECHUAAM OJHUX MPABIILHLIX MHOTOTDAHHUKOB B
OPYTHUX M JOKA3ATETbCTBY SKCTPEMATBHOCTH DTUX PACTIONOKEHUN (B CMBICIE,
9eTKO C(hOPMyaupOBAHHOM HUXKe). OCHOBHBIE UIEN WILTIOCTPUPYIOTCA HA TIPH-
Mepe TPABIILHOTO TETPasapa, Kyba W MpaBUILHOTO oKTasapa (pue. 1 m 17).
[pyrue npaBuibHBIE MHOTOTDAHHUKY (IPABUILHBIE AOAEKAIAD M MKOCADID)
YIOOMUHAIOTCA TOJBKO B KOHIIE CTATBU, I'Jle U TPUBOAUTCA UX ONPENSTCHUE.
B sTo#t cTaThe TpaBUABHBIN TETPADAP U MPABWILHBIA OKTAAP COKPAIIEHHO
HA3LIBAIOTCA TETPA3APOM M OKTA3APOM.

[TprBOAUMEIE PACTIONOKEHNA U3BECTHBI CIIENUATACTAM (HO, K COXAJICHUIO,
He mumpokon mybamke). /[0ka3aTh ONTUMAIBHOCTD HEKOTOPBIX W3 HUX MTPEIa-
rajJoch paHee Ha OTUMIuaaX. HacTodmas cTaThad HATTUCAHA, HA OCHOBE ITUKIA,
3agad [3], npegnarasuerocs Ha 13-1 gernen kordepennun Typrupa ['oponos,
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rpaaTom IIpesmaenta PP moaaepxku mayanbrx mxox HI-1988.2003.1, crunen quen MI'Y
U MOJOABIX mpernojaBaTenen um yuenbix u nporpamvmon PAH «CospeMenubie mpoGaeMsl
TEeOPeTUIECKON MaTeMaTUKI).
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Puc. 1. Puc. 1'.

npoxogusiien B asrycte 2000 r. mox r. Mamospocaasuem Kanyxckon obia-
cru. B maHHOU CTaThe MBI MPELJIaraeM A UCCAETOBAHUA HECKOJIBKO 33734,
peureHnsa KOTOPBIX HAM HCU3BECTHBI.

Mmuorue TpuBOAUMEIE PE3YILTATH JBOUCTBEHHEL APYT APYTY. MBI MCIOID-
3yeM B HyMEpAIUM IITPUX I YKA3AHUA IBOUCTBEHHOTO YTBEPXK JEHUS, HO HE
06CyKaeM JABOMCTBEHHOCTD IOAPOOHO, OTChuIas durarens K [1, §9.2].

ONUCAHUE UHTEPECHBIX PACIIOJIOXKEHUN TETPASIPA, KYBA I
OKTAS/IPA

Ha pucynre 1 mokasamo, Kak BEIOPATE Y€THIPE BEPIIWHBI Ky6a Tak, ITOOHI
oum Obuiy BepmwHaMu TeTpasapa. Packpacum Bepmwmabl Kyba ¢ pebpom 1 B
YEePHBIN U OEJBIU [BETA B (IIAXMATHOM) MOPALKE (T.e. Tak, ITOOLI COCETHIe
BepPLIVHLI OBLIM PACKPAILIEHEI B Pa3HbIE IBeTa). Torga BepIinHeL O THOTO IBETA,
3a,1aI0T TeTpasAp ¢ pebpoM /2.

3aMeTUM, ITO MEPECEYEHVE TETPAdAPOB C UEPHBIMU ¥ OETBIMU BEpIIu-
HaMH €CTh OKTadIP, BEPUINHLI KOTOPOT'O ABIAIOTCA cepeInHaMu pebep 3Tux
TETPAIIPOB.

Ha pucynre 1’ 1erko BuieTs 1 HEMOCPEACTBEHHO, YTO CEPeAUHbI pebep Te-
Tpasapa ¢ pebpoM 1 ABAAIOTCA BepUIMHAMEA OKTasapa ¢ pebpom 1/2. U3 sroro
BBITEKAET TAKXKE, YTO MOXKHO BHIOPATH YeTHIPE ILIOCKOCTU TPAHEN OKTA3APA,
TaK, YTOOBI OHM OBLUIM ILIOCKOCTAMU I'PAHEN TETPadAPa.

Ha pucynxazr 2a, 2b mokasamo, Kak BHIOpaTh Ha pebpax OKTa’Apa BO-
CEMb TOYEK, ABIAIOMINXCSA BepInHaMM KyOa. Bepmuner okTasapa ¢ pebpom 1
o6osuaumm depes A, B,C, D, Sy, Se, 9T00b1 BeIIEAUTS «OCHOBaHuey ABCD un
«Bepiuabl S1 1 Se. Ha BocbMu pebpax, COEIMHAONINX BEPUINHBI OCHOBAHUA
¢ ToukaMu S1 u S9, BO3bBMEM BOCEMDL «KpacHLIX» Todek A;B;C;D;, meaamux
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COOTBEeTCTBYMIOINEe pedpa B OAMHAKOBBIX OTHOIIEHUAX. JIerko BHAETH, 9TO
«KDACHBIE» TOYKW ABIAIOTCA BEPIIMHAMYE MPAMOYTOJIBLHOTO MAPALIETEIINAIENA.
Ero rpanu, mapasienbHble OCHOBAHUIO, ABIAIOTCA KBaapaTamu. «KpacHBI»
OPSAMOYTOJBHBIA MAPAIIEICTUIIE] ABAACTCA KyOOM TOT 4 U TOJBKO TOTA, KO-
roa A1 Ay : AyB) = AA1V2: SA; = 1. CTopoHa «KpacHOTO» Ky0a paBHA IIpH

2TOM A1B1 = % =2— \/§

Ha pucynrazr 2'a,b nokazano, kak BeIOpaTh Ha peGpax Kyba MIeCTh TOYCK,
ABIAIOMIUXCSA BEPIIUHAMA OKTasaApa. Bepmuusl Ky6a ¢ pe6poM 1 0603HAIEHBL
HECTAHJAPTHO, HO UMEHHO Takoe 0003HadYeHWe yAOOHO AJA HAIIEr0 HOCTPO-
enns. HeTwipe BepmmHbI Tpex pebep kyba, mmernmux OOy TOUKYy, 000-
3HAYEHBI YETHIPbMA PA3HBIMU OyKBaMU C HEKOTOPBIME mHAeKcamu. Ha Tpex
pebpax D1 Ay, D1B1 u D1C}, BLIXOAAIIX U3 BEPUIAHLI 11, B3ATH TPU TOYTKI
Ay, By, Cy, menamme >Tw pebpa B OJAMHAKOBBIX OTHOMIEHUAX 3 : 1 (K oOmen
BepumHe D] NpUMBIKAET 604bwiuti OTPE3OK aeneHma). PaccMOTPUM Takxke
rouku A_, B_,C_, cuMMeTpUIHbIE UM OTHOCATEILHO MEeHTpa KyOa. MMeem

A.B_ = \/A+A§ + A\B2 + ByB? = 2% — V2A,D) = A, B, .
Amanoruvyso mosydaem, 9TO BCe BoceMb TpeyroabHukoB Ay BiCy — mpa-
BWIbHBIE C PeGPOM % Taxwm obpasom, P = AL B, C,A_B_C_ — upa-
BWILHBIN OKTa3Ap ¢ pebpoM ——

2V2

OO6BIMHO TPUBOAATCA PACIOMOXKEHNUA Ha PUCYHKax 2a u 2'b, W3 KOTOPBIX
HE COBCEM TOHATHO, YTO OHU ABOUCTBEHHBI APYT APYTY.

3aKOHYMM DTOT maparpad mHTepecHbM 3aMmedanueM B. [lorsuaukosa. Bo-
IpOC O TOM, KOT[[a CPEJU BEPIIUH 7-MEPHOTO Kyba MOXHO BHIOPATH TOUKH,
ABJIAOIINECA BEPINMHAMUA IIPABUJIBHOTO 7-MEPHOT'O CUMILIICKCA, OY€Hb UHTEpPEe-
ceH, Ho He perer 6oxee 100 meT. He Bce 3nat0T, X0T4a 3a mocreguue 70 JeT 3TO
HEOJHOKPATHO MEPEOTKPHIBAIOCH, ITO DTO MOXHO CAEMATH TOTAA W TOABKO
TOra, KOrjaa cymectByer marpuna A namapa nopagka n+1. (Mampuuyet Ada-
MAPG HA3BIBAETCS OPTOTOHAJABHAA MATPUIA, COCTOAMAA U3 CIUHUIL U MUHYC
epuuut.) [lo cux mop He AOKa3aHA THIOTE3a O TOM, UTO IpHU 1 > 4 MaTpuia
A mramapa cymecTByeT B TOYHOCTH TOT/A, KOUAA 71 AEIUTCA Ha 4.

ONTUMAJILHOCTD IIPUBEJEHHBIX PACHOJIOXKEHUA

CdopmyaupyeM mpobaeMy, TP PEMIEHIN KOTOPOW TOABIAIOTCA YKA3AH-
Hble KPaCUBEIE PACIONIOXECHUA.

ITPOBJEMA (P, Q). anbl aBa BHIMyKIbIX MHOTOrpanHwka P um ). Tpn
kakoM HaumbGoabeMm p = p(P, Q) B MHOrOrpanHuke ¢ pe6poMm 1, roMoTeTHd-
HOM (), MOXHO MOMECTHTH MHOTOTPAHHUK C pe6poM p, FOMOTETUIHLI 7
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[Ipo6aema, (P, Q)) B cayyuae IpaBUILHBIX MHOTOTPAaHHUKOB P u () GygeT B
JATbHENIIEM 0003HATATHCA ¢ UCIOIB30BAHUEM TUKTOMPAMM I TPABUIBLHBIX
MHOTOrpaHHUKOB. CM., HanpuMep, GOPMYIUPOBKY CAEAYIONIIX TEOPEM.

Teopemel: 1. p( ), () = V2. V.p(&, &) =1/2.

Onrumanbabie pacnonoxenus giaa Teopem 1 u 1 yxe nocrpoensr (puc. 1
u 1’). [oka3aTemrbCTBO UX ONTHMAIBLHOCTU HECJIOKHO W KpacuBo. OHO OCHO-
BAHO HA CAEIYIOMNX OOIEN3BECTHRIX (PAKTAX.

— Cdepa, onucanmnas 0koa0 mempasdpa, umeem MUHUMAALHLIG DaduYyC
cpedu cex cep, 8 KOMOPbIE €20 MONCHO NOMECTNUMD.

- Bnucannas 6 SuInyKAbl MHO20ZDAHHUK CPHEPa UMEEm MAKCUMEALHBU
paduyc cpedu 8cer cdep, KOMOPvie MONCHO NOMECUMb 6 JaHHbIT MHO20-
2PDAHHUK.

3aMeTHM, 9TO MEPBHIU U3 TUX (PAKTOB HEBEPEH A NPOU3E0AbHLIL Te-
TPa’3aApOB.

Urak, gokaxem, 9To B Kybe () ¢ pe6poM 1 HEBO3ZMOXKHO PACIOJOKUTEH Te-
Tpanap ¢ pebpom, 66asmmm /2. Ilycrs B Q pacnonoxen rerpasap P. Torga
P comepxurca B cdepe S, omucamuon Boxkpyr Q. Ilo mepsomy u3 chopmyrn-
poBaHHBIX (akTOB, pebpo TeTpasapa PP He mpeBocxoguT pebpa TeTpasnpa,
Baucanuoro B S. Kak pas Takou rerpasap nzobpaxes Ha puc. la, u ero pebpo
paBHO /2.

Temeps mokaxeMm, 9T0 B TeTpasape () ¢ pebpoM 1 HEBO3MOXKHO PACIOJIO-
KUTH OKTadAp ¢ pebpom, 6dabmum 1/2. Ilycts B ) pacnonoxen okrasap P.
Torga @) comepxut chepy Sp, suucannywo B P. [lo Bropomy u3 chopmyiu-
POBaHHLIX (baKTOB, pauyc cdepnl Sp He IPEBOCXOANWT pajuyca chepsl Sq,
BIIMCAHHOM B (). 3HAYHUT, peGpo okTanapa P He mpeBocxoaquT pebpa OKTasapa,
ommcaHHOr0 BOKPYT Sg. Kak pas maxou okTasgp m3obpaxen Ha puc. 1b, u
ero pe6bpo pasHo 1/2.

TroPEMBL 2. p((), &) =2— V2. 2’.p(@,@):2—\3ﬁ.

OnTuMantbHBIE pacIoNOXeHuA 1ia TeopeM 2 u 2’ yxe mocrpoensr (puc. 2
u 2'). [lokazaTeabCTBO WX ONTUMATBLHOCTH TAKXKE HECAOKHO W KpacuBo. OHO
OCHOBAHO Ha CAeIYIOIIEN JeMMe.

JIEMMA O IIEHTPAX CUMMETPUU. Ecau guinykabiti 4enmpasbro-cumme-
mpuunbll MHozoepannur P moscno pacnososcums enympu dpy2020 8binykao-
20 YEHMPAALHO-CUMMEMPUNHOR0 MHOo202panKuKa (), Mo 9mo MoxNcHo cdeaamp
U MGKUM 00Pa30M, UMoObL YEHMPbL CUMMEMPUL MHO20ZPAHHUKOE COBNAAU.

[ doxazamesabcmsa meopembt 2 TOCTATOTHO TOKA3aTh, ITO KyO P Ha
pucyHKe 2 mMeeT HambOdbIlee pebpo Cpelr BCEBO3MOXHBIX KyOOB, TOMEIIA-
IOUIUXCA B €JUHUIHOM OKTazzApe. lIpeamomoxmM, HAIPOTUB, ITO B OKTAdIPE
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cymecTByeT Ky6 P’ 66abmero pasmepa, wem P. Ilo meMMe o meHTpax CuM-
METPHUH MOXHO CUMTaTh, 9TO HeHTP Kyba P’ cosmamaer ¢ menTpom O OK-
tasgpa. Torga Bce Bepmmab Kyba P’ nexar Bae cdepsl ¢ nearpom O, onu-
caraou okomo Kyba P. Ilycrs K w L — Touku mepecedenus 31ou chepsl ¢
pebpavu AB u AD, cooTrBeTcTBenno, Ommxkanmue ¥ A. PaccmoTpuMm mumpa-
vuay AKLA| As v AT AHAJOTHYHBIX UPAMU, COOTBETCTBYOMUX OCTATh-
HBIM BEPIIVHAM OKTadApa. ECaum HeKOTOpasa TOYKA JEXKUT B OKTAdAPE, HO HE
COMEPEKUTCA HA B ONHOW W3 HTUX IIECTU TUPAMUI, TO OHA JEKUT BHYTPH
paccMaTpuBaeMoin cdepnl. TakuM 06pasoM, BepiIuHBL Ky6a P’ pacioaoxeHs
B 00BEeMHEHNN TOCTPOEHHBIX mmecTu rmupamu. [lo npuamuny /lupuxie xo-
T4 GBI ABE BEPUIMHBLI Ky6a P’ MOMXKHLI JeXaTh B ogHO# mupamuge. OgHako
OUAMETDP KaXJOU NupaMuibl (T.e. HAMOOIbIIEe PACCTOSHUE MEXIY TOYKa-
mu nmpamuibr) pasern A As, aTo pasro pebpy kyba P um mo mamemy mpe-
HOJMIOXKEHUIo MeHble pebpa kyba P’. TloaydenHoe npoTuBOpedne 3apepuiaeT
MOKA3ATEIHCTBO.

s doxazamenvcmea meopemvr 2’ TOCTATOIHO MOKA3ATH, ITO OKTADAP
P ma pucyske 2’ mmeeT HamboabIIee pe6pO CPEA BCEBO3MOXKHBIX OKTAdPOB,
TIOMEIAIOMUXCA B eInHNIHOM KyOe. IlpegmomoxmM, HAIpOTUB, ITO B Kybe
cymecTByeT okTasap P/, 66abmmi, wem P. Tlo semme 0 meHTpax CUMMeTPUR
MOXHO CYATaTh, 9TO HeHTp okTapapa P’ cosnagaer ¢ nearpom O kyba. Toraa
BCe BepIIMHHI OKTanApa P’ mexaT BHe cdepnl ¢ neaTpoM O, OMUCAHHOR OKOJIO
okTasapa P. Jr1a cdepa mepecekaer pebpa kyba B TOYKAX HA PACCTOAHUHU
1/4 ot ero BepumuH. PaccMoTpuM 8 4eTHIPEXYIOMbHBIX MUPAMUJ, KAX 11 U3
KOTOPLIX 00pa3oBaHa BepIInHaMU Kyba M TpeMsa OJNKAUIMINMEA K HeH TOTIKA-
MU nepecetdenus cdepsl ¢ pebpamu Kyba (JeXKAIIUMEU HA BBIXOIAMIUX X3 STOU
BepmmHbI pebpax). Ecau Touka mexwr B Kybe, HO BHE OOBEIUHEHNA DTUX 8
OUPAMUJ, TO OHA JEXUT BHYTPHU paccMaTpuBaeMon cdepol. TakuM 06paszom,
BEPIIUHLI OKTa3Apa P’ pacmoloXeHbl B OOLEJUHEHNN 8 NAHHLIX IHPAMMAL.
ITo O3HAYAET, YTO [Be W3 BEPIIMH OKTadapa P’ nomXHbI IpuHa IIeKATh JI1-
00 OAHOU THpaMuje, 0O JeXKATh B ABYX HTUPAMHUIAX, OTBEYAIOMINX IBYM
cocemuuM BepummHaM KybHa. OTHAKO PACCTOAHNE MEXAY ABYMA TOIKAMU 00H-
eUHEHUs NMUPaAMUI, OTHOCAMUXCA K COCETHUM BepUIMHAM, He IPEBOCXOIUT

V12 (1/2)2 + (1/2)2 = % , 9TO PABHO peGpy okTasapa P u meHbue pe-

6pa oxrtanapa P’. TlomydenHoe mpoTuBOpedMe 3aBepllaeT A0Ka3aTelbCTBO.
HemuOrO Apyroe 0Ka3aTelbCTBO TeopeMbl 2/, a Takke OIM3KUE HHTEPECHBIE
daxThI mpuBeAeHE B [2, 3anatda 415].

Ocranocek dokazams aemmy 0 yewmpaxr cummempuu. Mbr Gy eM ucnoab3o-
BATH (GOPMY.Ty 1A KOMIOIUIUA NEHTPAILHBIX cuMmMeTpuit: Z4 0 Zp = Topy.
Ilycts Og m Op — HIeHTPH CUMMETDHE MHOTOI'DaHHEKOB () u PP. Muoro-
rpamnuK Zo, (P) Takxe cogepxutca B Q. Uneem: So,, (P) = So, (Sop (P)) =
= TQW(P) (cm. puc. 3, HA KOTOPOM m306paxken maockmu anaqor). Torga
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Puc. 3.

MHOrorpamunk P’ = Tm(P) paBeH P, uMmeeT NEeHTDP CUMMETPUU B TOUKE
Ogq u cogepxurca BayTpu (). Ilocresuaee ciegyeT u3 BEIIyKAOCTA MHOIOI DAH-
HUKA, (), TOCKOMIBbKY KaXgad ToUKa £ € P/ 1eXuT Ha oTpeske, COeAMHAIONEM
TOYKH Tm(x) u Tm(w).

Mul mpeamaraeM 3amHTEPECOBABIIEMYCA YUUTATENIO PEIIUTL IIPOOIEMB
( ® , @ ) u ( @ , ® ) Wi XOTs GBI IOy YNTH OLUEHKN sl COOTBETCTBYIO-
mux p(P, Q) (Buaumo, >Tu npo6IeMBL ABIAIOTCA HepemeHabivu). Hanpumep,
paccMaTpuBas puCyHOK 1) MOXHO m0KazaTh, 9TO p( ® , @) > 1 (mockomn-
Ky TeTpa’ip, CAMMETPUIHLIN «BEPXHEMY» TETPA’APy OTHOCHTEALHO (HUXK-
HeW» TPAHU MOCIENHETO, JEXUT B OKTADAPE).

ONTUMAJILHBIE PACIIOJIOXKEHUS HECKOJLKUX TETPADIPOB

I[IPOBJIEMA (Q,n). an Bemykabm mMHOrorpanuuk (). Ilpu xaxom nHawm-
6oabmem p = p(Q, n) B MEHOrOrpanauke ¢ pe6pom 1, romoreTnaHOM (), MOXKHO
IOMECTUTH 7l HEIEPECEKAIOIUXCA TETPAdAPOB ¢ pebpoMm p?

TEOPEMA 3. p(@,Q):% up(@,2)2§.

[locTpouM onTUMAILHBIE PACHIONOXKEHUA A1 TeopeMbl 3 (puc. 4a). Pac-
CMOTPUM [Be IIPOTUBOIOJIOKHLIE BepIIUHBL S1 1 S9 Kyba. Pacceyem ky6 mioc-
KOCTBIO, PaBHOyAATeHHOU OoT S1 u S9. B ceveHum momydmM TpaBUAbHBIN
MIECTUYTOILHUK CO CTOPOHOM 1/1/2. B 5TO cedeHme MOXHO MOMECTHTD Ipa-
BUIBHEIA TPEYTOIBHUK CO CTOPOHOM p < v/3/1/2 Tak, 9TO MEHTp TpPeyroilb-
HMKA COBIAAET C HEHTPOM cedenus. TeTpasapsl ¢ BepumHamu S1 u So, 0CHO-
BAHUAMHU KOTOPHIX CIYXKAT YKA3AHHBIE TPEYTOJALHUKYA, — UCKOMBIE. BBICOTHI
IIOCTPOCHHBIX TETPa’IPOB PABHEL paguycy R = v/3/2 ommcammoit 0koo Kyba



60 A. Cxomenxos, A. TamamOyna

Sa
a) b) c)

Puc. 4.

cdepel. Tak kak R = py/2/3, To »Tr TeTpasapsl npasumibHble. OnTHMAIL-
HOCTB MOCTPOEHHBIX PACIIOIOXKEHUN BHITEKACT U3 CJAEAYIONIEN JEMMBI.

JIEMMA O IBYX TETPASAPAX. Ecau mnozoepannuk (Q narodumecs 6 ce-
V3
2V2

ITa JeMMa, JOKA3BIBACTCA OYeHb MpocTo. Ecam B MHOTOrpanHmMKe () pac-
MOMOXKEHBL [Ba TeTpasapa ¢ pebpom p = p(Q,2), He uMeomue OOUMX BHY-
TPEHHUX TOUEK, TO HeHTP Chepnl O He JeXUT B OgHOM u3 HuX. [Iposesem
9epes TPaHK STOT0 TeTpasapa miockocTu. O IHOM U3 HUX MOXHO OoTAeanTh O
or BepumHbl A TeTpasapa, He dexamen B 3Tou maockoctu (puc. 4c). Toraa
d/2 > AO > h = p\/2/\/3, roe h — pauHA BHICOTHI TETPa’Ipa.

Paccmarpusas Teneps (puc. 4b) nBe TPOTHMBONOMOXKHBIE BEPIIMHEL S U
So oxmasdpa m paccekas OKTadAp PABHOYAAJIEHHOU OT DTUX BEPIIUH ILIOCKO-
CTDBIO, TIOLYIUM B CEUEHUM KBAJPAT CO CTOpOHOU 1. Bromiem B Hero oxpyx-
HOCTB pajguyca 1/2, a B Hee — IPABWIBHBIN TPEYTOJIBHUK CO CTOPOHOU V3 /2.
TeTpasapst ¢ Bepuimaamu S1 U So, OCHOBAHUAME KOTOPBIX CIYXKAT YKA3AHHBIE
TPEYTOIbHUKY, — UCKOMBIE. [[0Ka3aTEeILCTBO AHAJOTUIHO CIydaio Kyoa.

Mgl mpegiaraeM 3amHTEPECOBABIIEMYCA IUTATEIIO MOIYIUThH OIEHKY Th-
caa p(Q,n) mas ocrasmuxca map (Q,n). Ha pucynke 5 mpexcrasieno same-
9ATENBHOE PACHONOKEHNE, TOKA3bIBaomee, 9To P @ ,3) > 1.

pe duamempa d, mo p(Q,2) < d

PA3BUEHUE TETPASIPA HA TETPADIPHLI U OKTADIPHI

U5 pucynxa 1’ u mepasencTsa p( @ , @ ) > 1 BEITEKAET, 9TO P( ® ,5) =
> 1/2. IlpuBeneM KpacuBoe KIACCHUECKOE PACHOIOKeHUe, 06001Iaomee pac-
n® +n

2

1
nosoxerve Ha pucynke 1’  garomee onenky p( ® , ) = — (amanorwuanoe
n
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Puc. 5.

HOCTPOEHME MOXKHO IPOBECTH U 1Jia oKTadApa). Cm. puc. 1 aua n = 2 u puc. 6
o n = 3.

TEOPEMA 4. Aasa waocdoti svicombvt mempasdpa ¢ pebpom 1 nposedem

n — 1 nepnendukyaspubiz et naockocmet, Jeasyux ee Ha N PASHLIL Yacmed.
3

n° +2n
Toeda nposedenmnvie naockocmu pa3dusaOmM mempasdp Ha —3  mempa-

n—n 1
adpos u 5 0KmMa’dpos ¢ pebpom —.
n

Teopemy 4 Jerko moKaszaTh IO WMHAYKIuU. Basza n = 2 ciaegyeT u3 pu-
cyaka 1’. [JokaxeMm mar MHAYKINM CHadala 411 n = 3. IIpoBegeHHbIC ILIOC-
KOCTH Dpa3buBa0T TeTpasap Ha kycku. Cpeim NpPOBENEHHBIX ILIOCKOCTEN
PacCMOTPUM T€ YeThIPE IVIOCKOCTH, KaX Jad U3 KOTOPBIX OTCEKAeT OT UCXO-
HOT'O TeTPadapa Maabili TeTpasap ¢ pedpom 2/3. Kycku B MaibIx TeTpasapax
ABIAIOTCA TETPAIAPAMEI U OKTADAPAMHE IO TIPEIATIOJOKEHUIO WHAyKimu. Kasa-
JOCH GBI, UCXOMHBIA TETPARAP ABIAETCA OOBEIMHEHUEM MAJBIX TETPAdAPOB.
B mencTBUTEALHOCTH, BTO HE TAK: MEHTD UCXOM-
HOT'O TETPadApa He JEXUT B 3TOM 0ObeamHeHun!
(Cwm. puc. 6.) Do caeayeT u3 TOroO, ITO HEHTP WUC-
XOAHOT'O TETPadAPa MEIUT BLICOTY B OTHOIIECHUN
1: 3, a xaxaaa U3 JeTHIpEX BHIOPAHHBIX IIOCKO-
crer — 1 : 2. Ho B 00beuHeHNN MAJIBIX TETpaA-
DIPOB HE JeXUT JUIb oanH Kycok. OH orpanuden
YeTBHIPLMSA T'DAHAMEI MAaJdbIX TeTpPa’gpOB, HE CO-
BIIAJAOIIAMHA C TPAHAMYA UCXOTHOT'O TETpadapa, u
HODTOMY ABIAETCA TeTpasapoM ¢ pebpom 1/3
(ero BepmIMHAME ABIAITCA LEHTPHI TPAaHER
UCXOJHOTO «OOJBIIOTOY TETPA3APA). SHAUUT, MO NPEATONOKECHUIO WHIYKIIN
BCE KYCKU ABIAIOTCA TETPasapaMu U oKTasapamu ¢ pebpom 1/3. Ilockoasky

Puc. 6.
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MaJBIX TETPAdAPOB YeTHIPE, TO POBHO YETHIPE KYCKA ABIAIOTCA OKTAD IPAMHU.
[Iycts T KycKOB ABAAIOTCA TeTpasapaMu. [lad Haxox nerua 1’ BOCIOIbL3yeMCA
coobpaxermsamu mogobusa. O6wéM Terpasapa ¢ pebpom 1/3 B 33 = 27 pas
MeHbIe 00beMa UCXOMHOTO TeTPadapa u B 4 pa3a menbine 00beMa OKTAI DA
co croponon 1/3. CregoBaTensno, 4 -4 + T = 27, orkyga T = 11.

[okaxem Temeps, 9TO Teopema 4 BepHA 1A TPOu3BOIALHOTO 1 > 3. Cpeaun
MPOBEACHHBIX IOCKOCTEN PACCMOTPHUM T€ HeTHIPE IIOCKOCTH, KAXK Iad U3 KO-
TOPBIX OTCEKAET OT UCXOAHOTO TEeTPAdApa Maabili TeTpasap ¢ pebpom 1 —1/n.
Tak xak n > 3, TO 0OBEIVHEHNE I€THIPEX MAJBIX TETPA3IPOB YK€ ABIACT-
€A UCXOMHBIM TETPA3APOM. SHAYUUT, IO IPEIOI0KEHUIO MHIYKIWHA BCE KYCKU
ABIAIOTCA TeTpadApamu W okTasnapamu ¢ pebpom 1/n. Ioacauraem Teneps
koaumsecTBa 1), Trerpasapos u O, okTasapoB B pazbuenun. O6beqrHEHTE TBYX
MaJBIX TETPA’APOB ABIAETCA UCXOTHBIM TETPAdIPOM, W3 KOTOPOTO BHIPE3a-
HBI KyCKW, IpUIeXaliue K 0fHOMY u3 pebep. Cpeau 3Tux KyCKOB 71 OKTadAPOB
c pebpom 1/n. Ilepecedenunem AByX MaIbIX TETPAdAPOB ABAAETCA TETPADAD

¢ pe6pom 1 — 2/n. Hostomy Opyq = n + 20, — Op—1 mpu n > 3. Ucnons-
3

n —n
3ya Oy = 1 u O3 = 4, 0 HHAYKIAK JeTKO MOKa3aTh, 410 O, = 5
Naxee, u3 coobpaxenuit mofobua moayamm, arto 40, + T, = n’, oTkyza
3
n° +2n
T, = —

ONTUMAJILHBIE PACIIOJIOXKEHUSA C YYACTUEM JOJEKAD/IPA U
NKOCASIPA

IlpuBemem aHamOTWYHBIE PE3YALTATHI [UIA APYTUAX MPABWIBHBIX MHOTO-
PPAHHUKOB — JONEKA3Pa U UKOCAIAPA. BBIMYKIBIM MHOTOTPAHHUK HA3BIBA-
eTCA NPABUALHBIM, ECTH €r0 PPAHE — OJUHAKOBLIE MPABWILHLIE MHOTOYTOJIL-
HUKW ¥ ABYT'PAHHBIE YIJabl TPY Beex pebpax pasHbI. /lajgee Bce MHOTOIPAHHUKA
[O/Pa3yMeBAIOTCA NpaBUIbHbIMU. Vcnoas3ys puc. 7, MOXHO aoKa3aTb [,
§9.1], 9TO DEUCTBUTEILHO CYMIECTBYET

— npasuabhbitl doderasdp, m. e. MHO202PANNUEK, KAHCOAS 2PAHb KOTOPO-
20 — NAMUY20AbHUK

~ NPABUALHBIT UKOCAIDP, M. €. MHOZOZDAHNUK, 8 KaXcOl eepuiune Komo-
poz2o crodumea d pebep.

He cymecTByeT ApyruX TUIOB MIPABAILHLIX MHOMOIPAHHNKOB, KPOME IIATH
noctpoeHHsix [1, §9]. DToT pakT HE MCHOAB3YyETCA B JAHHOU CTATHE.

TEOPEMA 5. p((), © ) = 1+\[ (&, )= 1+\[
TeoPEMA 5. p(&D, &) = (\/57 b (D, )= (\/57 1)2
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Pwuc. 7.

OnTuMarbHBIC PACHOJOXKEHU 414 TeopeM b 1 5’ mpeacTaBIeHbl Ha pucC. Tb
u 8. Ux onTuMaIbHOCTE JOKa3BIBaeTCA aHadormdHo Teopemam 1 u 1. B no-
Ka3aTelbCTBE UCHOAB3YETCA, 9TO AMA AOAEKAdNPA W WUKOCASAPA CYIIECTBYET:

— cepa, nporodawas uepes 6ce €20 sepwunbt (onucannas cPepa);

- cepa, Kacawwaaca 6cex e2o epanet (6nucannas cdepa).

M=l mpegmaraeM 3a@HTEPECOBABUIEMYCSI UUTATEN0 PEIINTb OCTABIIUECST
npobaembl (P, () mwim XoTa 6bl HNOAYYUTH OUEHKU s COOTBETCTBYIOLIUX
p(P, Q). llpusegem umeOmuecs y HAC BEDXHUE OIEHKM:

(&, )= \/5271 (puc. Ta);

- p( @ , @) MONCHO OyeHumd u3 puc. 7b: dodexasdp, comomemuumnviil
danmnomy c yenmpom 6 yenmpe xyba, codeprcumca 6 Kyobe;

VB +1 .
- p( @, @) = Wollk puc. Ta: cepedumnvl pedeEp UKOCaI0Pa, AEHCAULUE

Ha 2PARAT KYOa, ABAAOMCA BEPUURAMY OKMAIIPa;

- @, @ ) ModcHO ouenumo u3 puc. T7a: cepedunvt pebep doderasdpa,
ACHCAUSUE HAO 2PAHAMU KYOA, ABAAONCA BEPUUHAMY OKMAIIPa;

- p( @ , @ ) ModHcHO ouenumb u3 puc. 8: uewmpvl eparet oxmasIdpa
ABAANONCA BEPWUHAMY KYOa;

- p( @ ) @ ) MoKHcHO ouenumpb u3 puc. 8: uewmpvi 2panet uKocaIdpa
ABAAOMCA sepuunamy dodexasdpa.

TEOPEMA 6. p(@,Z)Z%\EDH?’(@;’m :\/3(5:7\/5)

OnTuMarbHBIE PACIONTOKEHUS A TeopeMbl 6 m3obpaxensl Ha puc. 9. Jo-
Ka3aTeIbCTBO UX ONTUMATILHOCTH AHAJOTUTHO MOKA3aTEILCTBY TEOPEMEI J.
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Puc. 8.

Puc. 9.
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Heob6xoaqumel caeayromniue BuIvucaeHud. /a4 noaexkasapa IOCTPOEHHOe aHAIO-
CUYHO J0KA3aTEILCTBY TEOPEMEL 3 CeUEHME €CTh MPABUILHLIM IIECTHYTOJb-

o 3 .
HUK CO CTOPOHOW ¥ paJuyCcOM BIUCAHHOU OKPYXHOCTH

V3(3+V5) S V3(1+ V5)

8 a2
s mkocanpa MOCTPOEHHOE CEYEHUE eCTh MPABUILHBIA JeCATUYTOJLHUK CO
croponon 1/2 v pagnycoM BOMCAHHOU OKPYXKHOCTHI

1, 2« V5 V5 +5
r=-tg— = > .
475 4/5-2v5 4
Mg 6aarogapum M. Bsutoro, B. Toasaukosa, M. Es rokumosa u U. . Illa-
PHITHHA 33 TOJE3HbBIE 06CY XK TeHUs.
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