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O6 omMCaHHBIX OKPYXKHOCTAX YEBUAHHBIX U
IeJaIbHBIX TPEYTIOJbHUKOB X HEKOTOPBIX KPUBBIX,
CBA3AHHBIX C TPEYTOJbHUKOM

E. [I. Kyranun

TlokaxeM, 4TO AJsA THO60M TOYKU OKPYKHOCTU DWIEPa MPOU3BOILHOTO Tpe-
YTOJBHUKA CYIIECTBYET CEMEACTBO OKPYKHOCTEH, TPOXOAAIIAX I€PEe3 dTY TOUKY,
aHaJgormIHOe «cemencTBy Pemepbaxar w3 ogHOMMEHHOU cTaThu JI. A. Emensano-
Ba u T. JI. Emenbauoson B N6 «(MaTeMaTUIeCKOTO TPOCBEIIECHAMY.

I'mnep6oaa, ACUCTBATENLHAS W MHUMAS TOJTyOCH KOTOPOW PABHBLI, HA3LIBACTCS
PasrocmMoporuet. ACUMITOTH PABHOCTOPOHHEN THMIEPOOJEl B3AMMHO TEPICHINKY-
JIAPHEL, MOPTOMY UX MOXKHO IPUHATEL 38 OCU MPAMOYTOJILHON CHCTEMBLI KOODIWHAT, B
KOTOPOU €€ ypaBHEHUE 3anumeTcsa B Buae £y = k. Taxum 06pa3oM, OOLIMHAA IIKOIb-
Hasa runep6o/Ia, COBIATAIMAL ¢ IPAPUKOM OOPATHO IPONOPIMOHAILHON 3aBACHMO-
ctn y = k/z, apasercsa paBHOCTOpOoHHen. [lapa MepIeHANKYIAPHBIX TPAMBIX TAKKe
ABIACTCA PABHOCTOPOHHEN THUNEPOGOION.

Ecau xonuka (xpusas Broporo mopsijika) sajgasa ypasuenuem Q(z,y) = 0, rae

Q(z,y) = az® + 2bry + cy® + 2dzx + 2ey + f,

TO OHA ABJSIETCA PABHOCTOPOHHEU IUepGoIon TOrJa ¥ TOALKO TOraa, Korga a+c = 0.

W3 TeopeMbl 0 IyUke KOHUK, MPOXOMAIIMX Yepe3 YeThIpe TOUKN [4], cieayer, 4To
B OOIIEM CJAy9a€ €CTh POBHO ONHA PABHOCTOPOHHAA THIEPOOMIA, MPOXOLANIAL TE€PE3
YETBIPE 33AHHBIE TOIKH.

Nckmovennem ABIAIOTCA 9€TBEPKU TOYEK, 0OPA3OBAHHBIE BEPIIMHAMHA TPEYTOMb-
HUKA U €r0 OPTOUEHTPOM, M YeTBEPKH TOYEK, JEXKAIIUE HA OTHOU IpsaMou. Jlrobas
KOHMKA, IIPOXO0 IAIIASA 9€PE3 BEPIIMHLL TPEYTOIBHAKA M €TI0 OPTOLEHT], ABIAETCA PAB-
HocTOpoHHen rurmepbonson. CrpaBefIneEo u 0GpaTHOE:

TTPEAJIOKEHUE 1. Opmouyenmp 106020 Mpey20abHuKa, 6NUCGHHO20 8 DABHO-
CIMOPOHNHIONW 2UNePpOoaYy, AEHCUT Ha IMOT KHee 2unepboae.

IMozpoGuee 06 srux daxrax cm. [1, c. 149].

IIycts D — Touka B maockocTu Tpeyroasunka ABC, Ay, By, C; — mepecevenus
npavmerx DA, DB, DC ¢ npambimu BC, C A, AB coorBeTcrBenno. Orpesku AAj,
BB, C(C4 nasuBalorcs uwesuanamu. Bynem naspiBaTh Tpeyroiasuuk Ay By Ci wesuan-
HBLM Pey2oabhurom TOIK D oTHOCUTEabHO Tpeyroapanka ABC, a OKPYyXHOCTE,
OTMMCAHHYIO OKOJO UEBUAHHOTO TPEYTOMBHUKA, — UYEBUAHHO.

MaTemaTu4eckoe npoceewerue, cep. 3, soin. 9, 2005(164-182)
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Pwuc. 1. Pwuc. 2.

Ilycts P — mouka B miockocTu Tpeyroiasauka ABC, A;, By, C; — ocHOBaHusA
TEPIEH IUKYJIAPOB, OMyNeHHbX 13 Touku P ua npavbie BC, CA, AB cooTBeTCcTBEH-
uo. Torga Tpeyromsuuk A; B (| Ha3BIBACTCA NnedaabHblMm MPey2oabuukom Touxu P
oraocuTeabHO Tpeyroabuuka ABC. Eciu Touka P coBmagaer ¢ OJHOU W3 BEPIIMH
Tpeyroibanka ABC, TO neIalbHBIU TPEYTOAbHAK 3TOU TOYKYU BBIPOXK IAETCI B BBICO-
Ty, TPOXOJAIILYIO Y€PE3 DTY BepuIuHy. 11 TOUeK OMUCAHHON OKPYKHOCTY TeAATLHEIN
TPEYTOIBHUK TAKKE BRIPOXKIACTCA: OCHOBAHUA TEPIEHUKYIAPOB JEXKAT HA OJHOU
TIPAMOU, KOTOPAA HABLIBACTCA NpAmol Cumcona.

OKpYKHOCTD, OMUCAHHYIO OKOJIO TIEAATBHOI0 TPEYTOJbHUKA, Oy 1eM HABLIBATD 7.6~
daavnoi.

PaBrOCTOpOHHUE THUIEPOOMLI, ONMUCAHHBIE OKOJIO TPEYrOJBHUKA, OKA3BIBAIOTCA
CBA3AHHBIMY C TEIAJBHBIMA W 9€BUAHHBEIMU OKPYXKHOCTAME (CM. puc. 1 u puc. 2).

TEOPEMA 1. IIycmv P — npou3eoavnas mouka PaeHOCTOPOKHET 2unepboab,
omauunas om movex A, B, C moi ne cunepboavt. Tozda nedasvnas oxpyrcrocmo
mouku P omunocumeavno mpeyeoavnuxe ABC npoxodum uepesz yewmp amot 2unep-
boabl.

TEOPEMA 2. Ilyemv A, B, C, D — mouxu na pasnocmoponnet 2unepboae. To-
2da wesuannasn oxpyrcrocmv mouky D ommocumeavno mpeyeoavnurae ABC npozo-
dum uepes uewmp amoti 2unepbo.abl.

B caenyromux nByX pasgesax MbI TOKaxeM TeopeMbl 1 m 2.

1. OKPYXKHOCTHU, OIIMCAHHBLIE OKOJIO IIEJAJBHOI'O
TPEYT'OJIbHUKA

B sTom pasgene mbl gokaswbiBaeMm Teopemy 1. Crenyrommi XOpOIIO W3BECTHBIA
(baKT IMTATENO MIPELIATAETCA IPOBEPUTL CAMOCTOATEIBHO.

YUPAKHEHUE 1. O6osuadum uqepes AHy, BHy, C Hs BHICOTHI HENPAMOYIOJIb-
moro Tpeyroasuuka ABC. loxaxure, uro Tpeyroasuuku AH,Hz, BH3H,, C H1 Ho
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nogo6uEl Tpeyroapauky ABC ¢ kosddunumentamm momobus |cos LA|, |cos ,B],
| cos ,C| cooTBeTCTBEHHO.

JEMMA 1. Ifenmpui 6cex pasnocmopownus 2unepbod, nporodsuur 4epes epusll-
not mpeyzoavnuka ABC, aexcam na oxpyscnocmu Fiaepa (oxpyscnocmu desamu
MOUEK) 3MO20 MPEY20AbHUKA.

JOKABATEJLCTBO. IlpuBemeMm mokasaTeanLCcTBO, npuHamiexkainee A. Axomsamy.

Mycte D — wersepraa (kpome A, B, C) Touxa mepecedeHna runepOOIbl U OMU-
caHHOU OKOJIO Tpeyrombanka ABC okpyxnoctu, A', B, C', D’ — OpTOUEHTPHI Tpe-
yroavuukoB BCOD, CDA, DAB, ABC, kotopbie 10 npegioxenuio 1 jexaT Ha TOU
ke runep6ose. O6o3HaduM Yepes R paauyc ONUCAHHOU OKOJO Tpeyroabuuka ABC
okpyxHocTu. Ucnonbsys ynpaxseHne 1, morydaem

CD' =2R|cos ,BCA| = 2R|cos /BDA| = DC".

Tax xkax CD' || DC', to CDC'D’ — mapannenorpamm, T.e. C'D’ || CD u C'D’ =
= CD. Crenosarensro, deTeipexyroasaukn ABCD u A’ B'C' D’ neHTpaIsHO cuMMe-
TpU9IHLL. VX NIEHTp CUMMETPUM ABIACTCA HOEHTPOM rumnep6oanl. Ilpm s>ToM OH
COBIAJAET C cepemguHOU oTpeska DD’ m, 3HAMUT, JEKUT HA OKPYKRHOCTH DUIEPA
rpeyroasuuka ABC (a rakxke rpeyroasuuxkos BCD, CDA u DAB). O

N3 gemMel 1 BEITeKaeT

CHAEACTBUE 1. Jas 4100612 uemuiper mouex, wu 00na u3 Komopuir ne cosnadaem
C 0OPMOUEHMPOM MPEY20ALHUKE C BEPUWUHAMY 8 MPET OCMAALHBIY MOUKAT, OKPYI;C-
Hocmu JUAepa Yempiper MPeYeoabHuKos ¢ EPUURAMY 8 AI00bIL MPET U3 IMUT we-
MBIPET MOUEK UMEOM 00UWYI MOUKY.

JIEMMA 2. Ompesox, coedunmousutdi cepeduny o0not 43 cmopon mpeyeoipHuKa
C 0CHOBANUEM BLICOMbL, Aexcawel, wa Ipyeoti eeo cmopone, suden u3 00not u3 J6ys
0CTMAALHBIT CEPEIUN, CTNOPOH NOC Y2A0M, PABHbIM MOMY YAy MPEY20A4bHUKG, KA CTNO-
POHAT KOMOPO2O AEHCAT, IMA NOCACOHAL CEPEOURA U OCHOBGHUE 8bICOMDL.

JTOKA3BATENLCTBO. OTpesok Hy M| ABIAETCA MEIMAHOU MPAMOYTOILHOTO TPE-
yroawauka BH>C', mpoBeeHHON u3 BEpUIMHBLI npamoro yraa Hs (puc. 3), mosTomy

B

M, M,

Pwuc. 3.
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Puc. 4.

HsM, = CMy u ,MH>C = ,M,CH,, 50 M1 M3 || AC xax cpeiHas JuHUA Tpe-
yroasunka ABC, otxyna momydaem ,MsMHy = M H,C = ;M,CHy = JACB,
9TO U TPeOOBATOCH. O

TEOPEMA 3. Ilycmv P — moukxa, omauunas om UeHmpa onucaumot oKpyHcHo-
cmu u opmoenmpa mpeyzoavnurxa ABC. Toeda nedaavnas oxpyrcnocms mouky P

nporodum uepez mouky nepecewenus oxpyxcnocmets iaepa mpeyeoavnurxos ABC,
APB, BPC, CPA.

JOKABATEJILCTBO. O6osnauum vepes Fy, Ey, F3 cepepunnl orpeskos AP, BP,
CP, a gepes Dy, Dy, D3 — npoexuuu Ttouku P #a cropoust BC;, CA, AB coor-
BercTBeHHO (puc. 4). lyers K — BTOpas TOYKA NEPeCeueHnus OKPYKHOCTEN JWIepa,
S1 n Sy Tpeyromvaukos APB u APC (orawunas ot FEi). Ilockoabky y 4eThIpex
OKPYXKHOCTEU DUIEepa, 0 KOTOPLIX UAET PEYb B TEOPEME, COTVIACHO CAEACTBUIO 1 ecTh
o6rmas Touka, To 370 To4Yka K. IlosToMy HOCTATOYHO TOKA3ATDH, 9TO TOYKA K TexXuT
Ha omucanHon okpyxuoctu DDy D3. Pacemorpum yron NK Dy, CMEXHBIN C yIVIOM
Dy K D3, u noxaxkem, aro ,NKDy = ,Dy Dy D3. Torga

,DsD1Ds + ,DsKDs = ,DsD D3 + 180° — ,NK D, = 180°,

a 3T0 u o3Ha4daer, 4To Touku K, Dy, Do, D3 jexar Ha ogHOU OKpyxkHOCTH. [len-
crBurenbuo, , NKDy = /NKFE| + /FE1KD,, 5o /\NKFE, = ,D3FE;FE;, TOCKOIbKY
veThpexyroabunk D3 Fs F1 K Boucan B OKpyXHOCTB S1, a (F1 KDy = ,FEFE3Ds,
KaK BIUCAHHBIE, onupawonmecs Ha ayry F) Dy okpyxuoctu Se. B cBoo odepens mo
JeMMe 2 mMeeM LD3E2E1 = ZABP = ZDgBP, 4E1E3D2 = LACP = 4D20P.
Tak xak ,PD1B = ,PD3B = 90°, To oko/0 dYeThipexyroiabanka Dy BD3P mox-
HO OMUCATH OKPYXKHOCTH, OTKyda monydaeMm, uto D3 BP = ,D3 D, P. Aumanorudno,
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4D20P = 4D2D1P. I/ITaK,

NKDy,=_ NKFE|, + E1KDy = /D3E>sE + ,E1E3Dy =
= /D3sBP+ /D>yCP = /D3sDP+ /DyD1P = /DyD1 D3,

4TO U TPeboBaNTOCh. /Ipyrue caydan B3auMHOTO pacmnouoxkenus Touexk A, B, C u P
PaCCMATPUBAIOTCA AHAJOIMIHO. O

Tax kak TOYKA MEPECeIeHns OKPYKHOCTEN Dunepa tpeyrorbunkos ABC, BPC),
CPA coBnajgaetr ¢ IEHTPOM PABHOCTOPOHHEN IUepOOoJIbl, IPOBEIEHHON Yepe3 TOUKN
A, B, C, P, 10 u3 TeopemMbl 3 BeITEKaeT Teopema 1.

OrMeTuM emie onHO ciegcTBue TeopeM 1 u 2.

CHEACTBUE 2. Odna u3 mouex nepeceuenus uesuanuot u nedaibnot oxpyrcno-
cmet npouzsoavnot mourky P, omauunot om eepuwun mpeyzoavnura ABC, aexncum
WG OKPYHCHOCTIU IUAEPA IMO20 MPEY20AbHUKG.

MOKABATEILCTBO. I[Iposemem uepes Touxu A, B, C' u P paBHOCTOPOHHIOW '~
nepboay I'p. Torga mo Teopeme 2 eBHAHHAA OKPYXKHOCTL TOUKK P mpoxoaut depes
uertp K runepboust I'p, gexkamun Ha OKpyKHOCTH Diepa Tpeyroipauka ABC, a
comIacHO TeopemMe 1 mefanbHas OKPYKHOCTE TOYKU P Takxke TPOXOAUT depes IEeHTD
K sron runep6osst. O

2. OKPY)KHOCTI/I, OIIMCAHHBIE OKOJIO YEBUAHHOI'O
TPEYTI'OJIbBHUKA

ABTOpPY OBLIO U3BECTHO TOMBKO AHAJUTUYECKOE TOKA3ZATENBLCTBO TEOPEMBI 2.
A. Bacrmasckomy u A. AKOTIAHY yIaM0Ch TPUAYMATE TEOMETPUIECKOE TOKA3ATEIBCTRO
DTOU TEOPEMBbI, KOTOPOE MPUBOIUTCA HUKE.

JIEMMA 3. IIycmov danbt dea mpeyeoavnura A1 B1Cy u AsByCy. A, B', C' —
mouky nepecewenus, coomsememeenno, B1C1 u BoCy, C1 A1 w CoAs, A1 By u AsB>.
Ecau mpeyeoavnux A'B'C’ nepenexmusen xax mpeyzoavnuxy AiB1C1, max u mpe-
yeoavnuky AsBaCy (¢ uewmpamu nepenexmusvr Dy u Ds), mo mouxu Ay, By, Ci,
Dy, Ay, By, Cs, Dy aesicam na 0dnoti xonuke.

HOKABATEJLCTBO. PaccMoTpuM IPOEKTUBHOE IPeoOpa30BaHUE, IEPEBOIAIIEe
geTbIpexyroabauk Ay B1C1 D1 B kagpar. Touka A’ 1exxuT Ha MepeceveHnun MpAMBIX
B,Cy u A Dy, Touka C' — na nepecedenun npamoix A1 By u D;C;. Iloaromy ToukM
A’ m C' nmpu 5ToM MpeoBPA3OBAHNY MIEPEXOAAT B OECKOHETHO Y IATCHHLIC TOIKHA, COOT-
BETCTBYIOIINE TIEPIICHUKYIAPHBIM HAMPABICHUAM, & IeTHIPEXyToabHUK As BoCh Do
MEPEXOAUT B MPAMOYTOJIBHUK CO CTOPOHAMU, TAPAICILHBEIMEA CTOPOHAM KBAIPATA.
Kpome Toro, ueHTpoM Kak KBapara, TaK U OPAMOYrOAbHUKa Oyner o6pas TOUKU
B’. O4eBuHO, 9TO KOHHKA, IPOXOAIIAA 9€Pe3 BEPIIMHLL KBAAPATA U OJHY BEPIINHY
MPAMOYTOJILHUKA, TTPOXOIUT U UE€PE3 TPU OCTANBLHEIE BEPIIMHLI TPAMOYTOILHUKA,. [

TEOPEMA 4. Ilycmwy dan mpeyeoavnux ABC w mouxa P, omauunas om e2o op-
moyewmpa. Toeda yenmpvlt 8NUCAHHOT U BHEBNUCAHHBIL OKPYHCHOCTNET YEBUGHHOZ0
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mpeyzoavnura P omuocumenvno ABC aexcam na pasnocmoponnets 2unepboae, npo-
zodawet wepez A, B, C, P.

[OKABATEALCTBO. Ilyere A'B'C’ — <eBmanHbl TpeyromrbHuk ToIKu P, [ —
IEHTD €0 BOUCAHHOW OKPYXKHOCTU, 1, Is, [3 — TEHTPHI BHEBMUCAHHBIX OKPYIKHO-
cren. Torga Tpeyromvuuxu ABC u Iy I3 I3 yIOBAETBOPSIOT YCJAOBUAM JEMMBI — OHU
nepcrnekTuBHEl Tpeyroabhuky A'B’'C’ ¢ memrpamu nepcnektmBbl P uw I cooTBeT-
creenno. CrenoBarenso, touku A, B, C, P, I, I, I3, I nexar HA OJHOU KOHUKE.
DTa KOHUKA, ABIACTCA PABHOCTOPOHHEN TUIEDOOJION, MOCKOJIBKY | — OPTOIEHTD Tpe-
yroavauka I Is13, O

HOKABATEJLCTBO TEOPEMBI 2. ITo Teopeme 4 HeHTPHI BHEBIUCAHHBIX OKPY K-
HOCTEH Y€BUAHHOrO Tpeyroabuuka I, I, I3 aexar ua runep6oge. Tak kak 4eBuannas
OKDPY2KHOCTb SBISETCA OKPYKHOCTBIO Jiuiepa rpeyroasuuka Iy I I; (Bepruunbl yeBu-
AHHOIO TPEYTOJbHUKA — OCHOBAHUA BHICOT TpeyrombHumka I3 I513), To mo gemme 1
OHA TPOXOIUT Yepe3 MEHTP TUMePOOJIH. g

3. EIE PA3 O CEMEUCTBE PENEPBAXA

IMoxaxkeMm Temepb, KaK U3 TEOPEMHI 2 CIENYET Pe3yabTaT o «ceMenctse demep-
6axay, moaydenusit J1. Emenbauosoiv u T. Emenssauoson. [IpoBenem depes BepuinHb:
A, B, C tpeyroapauka ABC u nentp I BOMCAHHOU B HEIO OKPYIKHOCTHU PABHOCTO-
porutoto runepboay I'y. O6osnadum depes J Ttouky 2Keprouuna, a gwepes N — TOUKy
Haress, T.e. TOUKY TiepecevueHna IeBUaH, OCHOBAHUAMY KOTOPBIX CAYKAT TOUYKU Ka-
CAHUA BHEBIUCAHHBIX OKPYKHOCTEH CO CTOPOHAMH (& HE C TPOJOIKEHUAMEU CTOPOH)
rpeyronabunka ABC. Hamomuum, uto mua touexk A, B, C, D, qexamux Ha OJHOU
npsamon, serpaxernue (AC/BC) : (AD/BD) na3biBaeTcsa ABOMHBIM OTHOLICHHEM U
obosrauaerca (ABCD). IIpu srom orromernue AC/BC c4uTaeTCs DON0KUTEILHbIM,
ecau Touka C mexkuT Ha oTpeske AB, u OTpUIIATEIBHEIM B IPOTUBHOM CIydae. [ 0Bo-
pat, aro Touku A, B, C, D o6pa3yioT TapMOHUYIECKYI YeTBEPKY, €CJIN UX JABOUHOE
oruomenue paBuo — 1. [Iposenem u3 Bepmmub A Tpeyroasuvka A BC GuCCEeKTPUCH
AL u AL, BHyTpEHHEr0 1 BHEIIHEro yIryios npu Bepiuae A cooreercrsenno. Torma
rouku B, C, L, L; o6pa3y0T rapMOHHYECKYIO 9eTBEPKY. B caMoM gese, 1O CBOU-
cTBaM OUCCEKTPUC BHY TPDEHHEr O U BHeIIHero yrua rpeyronsauka BL/LC = AB/BC),
BL,/L,C = —AB/AC, orxyaa (ABCD) = —1.

Ilycts I — 1eHTp BOUCAHHOU, a [, — TEHTD BHEBIUCAHHON OKPYKHOCTH, KACA-
tomencs croponsl BC tpeyromsauka ABC, L — ocrosarue 6uccexrpucst AL, 1!, I’
u A’ — npamoyrombuele npoexnuu Touek I,, I, A Ha cropory BC. B Tpeyroabauxe
ABL orpesku Al u Al, aprisiorcsa GUCCEKTPUCAMY BHY TPEHHEIO U BHEIIHErO YIVIOB
npu Bepimae A, mosromy dersepka A, L, I, I, — rapmonunveckas. Tak kax mpu
MapaLIeTLHOM TTPOEKTUPOBAHNY TBOMHOE OTHOIICHUE COXpaHsaeTcs, To Touku A’ L,
I, I Taxxke 06pasyloT rapMOHMYECKYIO 9ETBEPKY, & COOTBeTCTBYyIomme ayan AA’,
AL, AI'; AIl — rapmormieckuir nydok. flcao, wro ma croponax CA u AB Tpe-
yroabuuka ABC' pacmonaraioTcs eIe ABe aHAJOCWYHBIE MAPMOHUYIECKUe YeTBEPKY,
KOTOPBIM COOTBETCTBYIOT MaPMOHUYECKHUE MYYKHU JIy9el, UCXOAAINUX U3 BepiivH B u
C. 910 osuauaeT, 910 opromnenTp H u Touku I, J, N IpOEKTUPYIOTCA U3 KaXK JOU
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BepuHLL Tpeyroabauka ABC deTbipbMsa JdydaMu, 06pasyoUMMu IapMOHUIECKUN
mydok. [losromy Touxku H, I, J, N jexar Ha KPpUBOW BTOPOTO TOPAIKA, TPOXOII-
IeN 9epes BepImMHBT Tpeyroabuuka ABC.

Ho mro6as xpuBas BTOPOrO MOPSAIKA, KOTOPAsS MPOXOAUT Y€PE3 BEPIINHBI Tpe-
YTOJBHUKA ¥ €0 OPTONEHTD, ABIIETCI PABHOCTOPOHHEN runepboIou, T. €. COBIALAET
B faHHOM ciy4ae ¢ runepbosou ['j. Takum 06pasom, Mel gokasanu, 94To Touku J u N
aexxar #a runepbose . Torga onucannas OKpYyXKHOCTh Y€BHAHHOTO TPEYTOIBHUKA,
TOYKY .J, COBMAAIONIAA C BIUCAHHON OKPYKHOCTBIO Tpeyroabauka ABC, mpoxoanT
Mo Teopeme 2 depes MeHTp runepOost [y, Jexammi conmacuo JemMe 1 Ha OKPYIKHO-
ctu Dunepa Tpeyroasauka ABC. Ho mo Treopeme Penepbaxa Buucanuas OKPyKHOCTD
KaCcaeTCsl OKPYXKHOCTH JWiepa, T.€e. UMeeT ¢ Hel eIUHCTBEHHYIO OOIIyio TO4Ky F
nosToMy uenTp runepbosnt ' coBnamaer ¢ Toukon Penepbaxa F.

Urak, onucanHas OKPYKHOCThH UeBUAHHOTNO TPEYTOILHUKA, JIOOOU TOUKH, JEXKA-
men Ha ['7, mpoxoauT vYepes Touky F. B 9acTHOCTH, OKPYKHOCTH, OMUCAHHAA OKOJIO
ocHoBaHuu GuccexkTpuc Tpeyroabuuka ABC, npoxonut wepes F. Ilockonabky Touka
Harena N aexur ua I';, TO TOYKM KacaHus BHEBIMCAHHLIX OKPY:KHOCTEH CO CTOPO-
namu Tpeyroipauka ABC u Touka I Takke n1exaT HA OQHOU OKPYIKHOCTH, KOTOPYIO
MBI Oy1eM 0603Ha4YaTh Tepes Sy.

JIEMMA 4. Paccmompum mpeyzoavuux ABC, enucawnbili 6 pasHoCmoporniow
2unepboay I'. Ilyeme X — mouxa nepeceuenus xacameavuuir x 2unepbose I', npo-
sedennvir 6 sepwunar A v C mpeyeoavnuxa ABC,Y — 6 sepwunar A uwC, u Z —
6 sepwunar A u B; P — npouzsoavnas moukxa 2unepboavt I', omauunas om A, B,
C; PP = APNBC, P, = BPNAC, Ps = CPNAB. Toeda npamvie PoP3, P3Py,
Py Py npoxodsam uepez mouxu X, Y, Z coomeemcmsenno.

JOKABATEILCTBO. PaccMOTpUM BBIPOXKAEHHBIN BIMCAHHBIN IIECTUYTOILHUK
BBACCP. Torpa X = BBNCC, P; = BANCP, P, = AC N PB u no teope-
Me IMackauna Touku X, P3, P; JjexaT Ha 0qHON HPAMOU. AHAJOIMYIHO [TOKA3LIBAETCS,
aTo mpaMble P3P u Py P, mpoxomaT depe3 ToYku Y u 7 COOTBETCTBEHHO. g

Tax kak opToueHTp Tpeyroabuuka ABC JeXUT Ha JI000U PABHOCTOPOHHEN TH-
nep6ose, ONUCAHHON OKOJI0 Tpeyronabauka ABC, TO npaMbe, COAepKaIIue CTOPOHEL
€ro OPTOIEHTPUIECKOr0 TPEYTONbHAKA, IPOXoaaT depe3 Touku X, Y, Z. Ipyrumu
ciaoBamMu, TOUKKM X, Y, Z JeXKaT HA IPAMEIX, COIEPKAIMNX CTOPOHLI OPTOIEHTPHUIE-
CKOT'O TPEYTOJILHUKA U JJA UX OTPEIeJeHUsA JOCTATOYHO HAWTU TOYKYU MEPECETCHUA
MPAMBIX, COAEPKAMMUX CTOPOHBI YEBUAHHOIO TPEYTOJIBHUKA TOYKHA P, ¢ COOTBET-
CTBYIOIIAMY TIPAMBIMHI, COJEPKAIAMA CTOPOHBI OPTOIEHTPUIECKOTO TPEYTONBHUKA
ABC.

Jlerko BugeTs, uTo B cayuae I' = 'y rouku X, Y, Z coBnagaior ¢ momocamu Agg,
By, Coo u3 crarbu EMenbAHOBLIX.

JIEMMA 5. Ecau pasnocmoponnue 2unepbosvl, ONUCGHHbIE 0KOA0 TPEY2OAbHUKA
ABC, umerom o6wuti yewmp, mo onu co6nadaiom.

JOKABATEJBLCTBO. Ilycte D — TOYKa, CUMMETPUYHAA OJHOU K3 BEPIIMH Tpe-
yroapauka ABC oTHOCHTEILHO O0MIEro HeHTPa CUIepOoa U OTIMYHAA OT OPTOLEH-
Tpa ABC. Torga pasaocroponnne runep6oast I'y u I's umerot 4 obmme Touku A, B,
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C, D, un ofHa U3 KOTOPBIX HE SBJISIETCS OPTOLHEHTPOM TPEYTOJBHUKA ¢ BEPIIAHAMUA
B TPeX OCTATbHBIX, M TO3TOMY COBHAIAIOT. g

TEOPEMA 5. Ilyemvy P — mouxa, omauunas om gsepuun A, B, C' mpeyeoan-
nuka ABC; APy, BP,, CP; — wuesuanbl, nepecexaioujuecs 6 mouwke P; Hy, H,,
H; — ocnosanus seicom AH,, BH,, C H3 mpeyeoavnuxa ABC; X = P,P3;N HyHs,
Y = PPPsNH{H3, Z = PP, N H Hy; I'p — pasnocmoponmnas 2unepboaa, npo-
sedennaa uwepes mouxu A, B, C, P; ATy, BTy, CT3 — uesuanbt, nepecexaouueca
6 mouxe T, npuuem npamvie ToT3, T1T3, TiTo nporodam uepez mouxu X, Y, Z
coomeemcemsenno. Toeda mouxa T aexncum na 2unepboae I'p.

JTOKA3BATENLCTBO. [Iposemem wepes Touku A, B, C, T paBHOCTOPOHHIOK T'H-
nepboay I'r. [To memme 4 Touxku X, Y, Z coBmajamoT ¢ TOUKAMU MEPECEICHUA COOT-
BETCTBYIOIINX KacaTeabHbix K runepbonam I'p u I'r B Bepmmnax A, B, C' Tpeyrois-
nuka ABC, T.e. runep6oast I'p u I'p umeroT obume kacareapusie B Toukax A, B,
C. O6o3nauum ugepes My, Ms, M3 cepenuunl cropon BC, CA, AB TpeyroipHuka
ABC. Torga npamere M1 X, MyY , M3 Z nepecexarorcs B nenTpe runepboa I'p u I'p.
Tak xax runep6oiasl I'p u ['r uMeoT 061U IEHTP, TO IO JeMME 5 OHU COBIIALAIOT.
Takum ob6pasom, Touka T jgexuT Ha runepdose ['p. (]

CHEACTBUE 3. B cayuae, xo2da mouka P us meopemvr 5 coenadaem ¢ yenmpom
I enucannoti oxpyrcnocmu mpeyzoavnurxa ABC, sce mouxu T, ydosaemeopawuwue
YCAOBUNW TEOPEML D, ACHCATN HA PABHOCTOPOHKel 2unepbose L' ¢ yewmpom 6 mouxe
Detiepbaza F mpeyeoavnura ABC'.

3aMeTHM, 9TO B CIEICTBUU 3 TOBOPUTCA O TEX TOYKAX 1, OMMUCAHHAS OKPYKHOCTD
YEBUAHHOTO TPEYTOJbHUKA KOTOPHIX MPUHAICKUT «ceMencTry dDenepbaxayr u3 cTa-
Tbu EMeTbAHOBBIX.

O6o3uauaum uepes I, Iy, I, HeHTPH BHEBIUCAHHLIX OKPYKHOCTEH, KACAIOUIMXCS
cropou BC, CA, AB tpeyroabuuka ABC, a uepes F,, Fy, F. — TO4Yku KacaHus
BHEBIUCAHHLIX OKpyX)HOCTeU ¢ meHtpamu I,, Iy, I. ¢ OKPYKHOCTHIO Duaepa Tpe-
yroasanka ABC.

CHEACTBUE 4. Ecau mouxa P uz meopemst 5 cosnadaem coomeememeenno c
moukamu I, Iy, I., mo ece mouxu T, ydosaemeopaoujue ycaosusm meopemst 5,
AEHCAN COOMEEMEMBERHO KA PasHocmoponnux eunepboaax Uy, , Uy, , 1. ¢ yenmpamu
6 mouxar F,, Fy, F,..

Mycts A4, By, Cf, — TOYKE KaCcaHUs BHEBIUCAHHOU OKPYXHOCTHU C HEHTPOM I,
rpeyroabanka ABC ¢ npsambivu BC, C A, AB coOTBEeTCTBEHHO. AHAJIOTUYHO OIpe-
nemum Ay, By, Cy u A, Be, C., u mycts Ay, By, C; — TOYKN KacaHUsA BIUCAHHOU
OKpYXHOCTH [ ¢ DTUMU K€ MPAMBIME B TOHU Xe TocrenosaTenbnocT. Kak 65u1o mo-
Ka3aHo BhIe, TOYKYU Ay, By, C. u F j1exar Ha OJHOU OKPYKHOCTH Sj.

SAIAYA 1. [MokaxuTe, 9TO KaXKAad U3 CACAVIOIMIAX TPEX IETBEPOK TOUEK: Af,
B, Cy, Fy; A, By, Cy, Fy; Ay, By, Cy, F, 7eXuT Ha OTHOU OKPYKHOCTH.

O6o3ua4uM 3TU OKpPYKHOCTH 4epe3 S,, Sp, S, coorBercTBeHHO. Bynem B main-
HEUIEM HAa3BIBATH OKPYXKHOCTH S7, Su, Sp, S OKPYKHOCTAMEU YE€THIPEX TOYEK TPe-
yroasunka ABC. 3 moayveHHBIX pE3yJIbTATOB CACAYET
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TEOPEMA 6. I[Iecmuaduamb mouex Kacanui 8NUCAHHOT U mper 6He8NUCAHHLIT
onpyofcnocmeﬁ mpeyz204bHuKxa ¢ NPAMbBIMU, co@epmcawuwm CTMOPOHbL 3020 Mmpe-
Y20AbHUKA, U €20 OKPYHCHOCTDLIO Sﬁnepa AEHCATL HA YemMbIPeET preux OKPYHCHOCTNAL
o 4embvipe mouru Ha rxaxrcdot OKPYHCHOCTNU.

3AJAYA 2. JJoKakWUTe, 9TO KAXKIAA U3 CICAYIONMX MEeCTH IeTBEPOK Touek: A,
AIy Fa7 F7 Aba AC’ Fb7 Fc; Bba BI; Fba F7 BC7 Baa FCa Fa; CC: 017 FC7 F7 Caa Cb7 Fa7

F}, mexuT HA OMHOU OKPYIKHOCTH.

3ANAYA 3. [lokaxuTe, 9TO TOUKM KACAHUA BIMCAHHOW M TPEX BHEBIUCAHHBIX
OKPYKHOCTEU MPAMOYLOJBHOT'O TPEYTOJBHUKA C €r0 CTOPOHAMU, MPOIOJIKEHUAMA
CTOPOH U OKPYXKHOCTBIO JDUAEPA, JEKAT HA ABYX OKPYKHOCTIX, IO BOCEMb TOYEK HA
KAaXKJIOU OKPYKHOCTH, IPUIEM HEHTPBI DTUX OKPYKHOCTEH COBIAAIOT C CEPEIUHAMUA
TTOJYOKPYKHOCTEN, HA KOTOPBIE TEJUT TUMOTEHY3a ONUCAHHYI OKPYXKHOCTH 3TOTO
TPEYrOJbHUKA.

4. TEOPEMA PENEPBAXA U YEBUAHHBIE OKPY>XXHOCTHU

IIpu poxasarenncTsBe TOro, 9YTO LeHTp runepboanl I'; copnagaer ¢ Toukon PDen-
epbaxa F', mbl ucnoabsoBaiu Teopemy Penepbaxa. ITokaxem, 410 Ha caMoM gese
Teopemy Denepbaxa MOXKHO BHIBECTH U3 Teopembl 2. /14 3TOro Ham moHAT00UTCA
CTeNYIOmas JeMMA.

JEMMA 6. ITyems AAy, BBy, CC1 — wuesuanvt mpeyeoavnurxa ABC, Ay, B,
Cy — 8mMopble MOUKY NEPECEUEHUS OKPYICHOCTNUY, ONUCAHHOT 0KOA0 MPEY20abHU-
xa Ay B1Cy, coomsememsenno co cmoponamu BC, CA, AB mpeyzoavnurxa ABC
(puc. 5). Tozda ompesxu AAs, BBy, CCy nepecexaomesa 6 odnot mowke, m. e.
MAKHCE ABAMOMNCA Uesuanamy, mpeyeosvnurxe ABC.

JOKABATENLCTBO. Ilockoasky AA;, BBy, CC); — deBuaHbl TPEyrOAbHUKA
ABC', To no Teopeme HeBnr
ACl . BA1 . CB; -1 (1)
Ci1B AiC BiA ’
U, TaK KaK MPOU3BENEHUA CEKYIINX, TTPOBEACHHBIX K OKPYXKHOCTU U3 OJHOU TOYKWU,
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Ha uX BHemHue 4actu pasuel, To ACy - ACy = AB> - ABy, BAs - BA; = BC, - B(CY,
CBy-CBy = CAy - CA;. llepeMHOXUB MOWIEHHO DTU PABEHCTBA, TOJYIUM

ACQ ACl . BAZ BAl CBZ CBl = ABQ ABl BCQ BCl CA2 . CAl

i

ACy BAy CBy ACy BAi CBy _,
C>B AQC BzA C1B A1€ BlA -
oTKyAa, yuurbBas (1), Hangem, 4ro
ACy BAy CBy _
CoB AC BsA ™ 7
T. e. IO Teopeme, o6paruou Teopeme Uesnr, orpesku AAy, BBy, C'Cy nepecekaiorcs
B OJHOU TOYKE. O

Nrak, B 061meM Caydae 9€BHAHHAA OKPYKHOCTDb TPEYTOILHUKA, ABIACTCA T€BUAH-
HOU OKPYKHOCTBIO ABYX TOYEK. 1€pe3 BEpPIIMHBEl TPEYTOAbHUKA U KAXKIYIO U3 DTUX
TOYEK MOXKHO IPOBECTH ANHCTBEHHYO PABHOCTOPOHHIOK runepbory. CoriacHo Teo-
peMe 2 00mas IeBUAHHAA OKPYKHOCTB DTUX TOYEK MPOXOAUT Hepe3 IEHTPHI MpO-
BEJICHHBIX TUMEPOO0, JeXKAINe Ha OKPYXHOCTH JWIEPA TPEYTOMbHUKA, U MOITOMY
UMEET C OKPYXKHOCTBIO JWIepa ABe OOIIue TOYKHU.

[ToCKOMBKY BOUCAHHAA M TPU BHEBIMCAHHBIE OKPYKHOCTH ABIAIOTCA I€BUAHHLIME
OKPYXKHOCTAMHU OJHOU TOYKM, TO KaXKIad U3 DTUX OKPYKHOCTEU MMEET C OKPYKHO-
CTBHIO JUIEPa TPEYTOJLHIKS eIUHCTBEHHYIO OOIIYI0 TOYKY, T.€. KACAETCA OKPYKHO-
cTu Dunepa.

5. N30TOHAJIbHOE CONPAXKEHUE

IIpsmeie, mpoxogAmnue Yepe3 BEPUIMHY TAHHOIO yIVIA U CHMMETPUYIHBIE OTHOCH-
TeJBbHO ONCCEKTPUCHL 3TOI0 YIVIA, HABBIBAIOTCA U3020HAAbHDIMY OTNHOCUMEALHO ITNO-
20 y24a.

TEOPEMA 7. IIycmv P — mouka, He 4eHcawan a ONUCGHHOT OKPYHCHOCTIY mpe-
yeoavnura ABC'. Toeda npambie, uzoeonasbubie coomsemcmeenno npamvim PA, PB,
PC ommuocumenvno yaaoe A, B, C smoeo mpeyeospnuka, nepecexaomcs 8 00not
mouxe P’.

JOKA3BATEJNLCTBO. [ycts Ay B1C] — TefaibHBIN TPEYTOALHUK TOYKU P, He
JEeXKAIEH Ha ONMUCAHHOW OKpy:KHOCTH TpeyroibHuka ABC (puc. 6), P, Py, P3 —
TOYKU, CUMMETpUYIHbIE P oTHOCHTENbHO cepeaun ctopon Bi1Cy, Ci1 Ay, A1 By coot-
BercTBeHHO. Torga Tpeyroabuuk Py P, P3 TOMOTETUYEH CepeIuHHOMY TPEYTOJbHUKY
Tpeyroapauka Ay B1C] ¢ uenTpoMm romoreTrd B ToUKe P 1 KO3QPUIEEHTOM IOMOTE-
Tuu, paBHbIM 2. CaenoBareasHo TpeyroiabHuk Py P Py pasen Tpeyroabsuuxy Ay B C,
TMpUYeM CTOPOHBI DTUX TPEYTOJILHUKOB COOTBETCTBEHHO MapaLtenbubl. [lanee, mo-
CcKOMbKy deTwipexyronbauku PBy P Cy, PC1 Py Ay, PA{P3B| ABAAIOTCA TApaLIeno-
rpammamu, 70 Py, Py, P; — oprouentpsr Tpeyroasaukos AB;Cy, BC1 A, CA1 B
coorsercrBenuo (puc. 7). Ilosromy AP, L ByCy, BP, 1 C1A,, CP; 1 A1 B;. Ho
3101 || P2P3, ClAl H P1P3, AlBl || P1P2, OTKyda BBITEKacT, ITO AP1 1 P2P3,
BP, 1 PP, CP; L P P,. Takum obpasoMm, npameie APy, BP,, CP; comepxar
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B

Pwuc. 6. Pwuc. 7.

BHICOTEI TpeyroibHuka P P Pz 1, crejoBaTelbHO, IepecekaloTesa B Touke P’ — op-
TouenTpe Tpeyroiabuuka Py Py Ps. Mockonsky ,PAB = ,PC1B = 90°, to BP —
JUAMETDP OMUCAHHOU OKPY:KHOCTH Tpeyroapauka BCiAj, a, Kak jerko ybenqurnbes,
TIPAMEIE, COJEPKAIINE BHICOTY W IUAMETP OMUCAHHOU OKPYXKHOCTH TPEYTOILHUKA, U
BBEIXOJAIINAE U3 BEPIIMHEI OJHOTO M TOTO XK€ yIVIa TPEYTOJbHUKA, U30TOHATBHEI OT-
HOCUTEILHO 3TOr0 yria. ECTeCTBEHHO, ITO TO Ke CAMOE CIPABENINBO s yIoB A
u C tpeyroabuuka ABC. O

Touku P u P’ Ha3LIBAIOTCS U3020HAABHO CONPANCEHHBIMY TOIKAMU OTHOCUTENb-
HO Tpeyroapauka ABC uwinm mpoCcTO M3O0TOHAMBHBLIMEU TOYKAMHU. TOYKYM OMMCAHHOU
OKPYIKHOCTH TPEYTOJbHUKA OKABBIBAIOTCA U30TOHAIBHO COMPAXKEHHBIMY OECKOHETHO
VIAJEHHBIM TOYKAM.

TEOPEMA 8. ITycmv moukra P aexcum wa 0nucannot 0KpyHCHOCU MpPey20abHi-
xa ABC. Tozda npamvie, uzozonasbuvie npamvim PA, PB, PC omnocumenbno y2406
A, B, C, napaaseavnvi. Bepno u o6pamuoe: npamvie, U3020H0AbHBIE NAPAAALEADHIM
NPAMBIM, NPOLOJAUUM UEPES BEPULUHDL TP EY2OAbHUKA, NEPECERAIOMCA 8 00HOT oY~
Ke, Aexcaueli wa ONUCAnNOl OKPYICHOCMU.

JOKABATEILCTBO. O6osuauum vyepes AP, BP,, C'P; mpsaMbie, ©30rOHAJIBHBIE
upsMeim AP, BP, C'P coorsercrento (cM. puc. 8). Mzoronaisuocts BaedeT paBeH-
CTBa YIVIOB

+CAP = ,BAP,, ,CBP = /ABP,, ,BCP = /ACP3;, ,BAP = /,CAP, .
Yruet ,CAP u ,CBP onupawrca wa ayry PC u moromy paBHBL. AHAJIOIMYHO,
+BAP = ,BCP. llostomy ,P,BA = ,P,AB, ,PAC = ,P3;CA, 4ro u o3ua4a-
eT mapamIenbHoCTh npaMeix APy, BPy, C'Ps.

JokazaTenbCTBO OOPATHOrO yTBEPK IEHUA AHAIOTUIHO. O
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Py

151

Py

Pwuc. 8.

Puc. 9.
TEOPEMA 9. ITycmv P u P’ — mouku, u3020HAAbHO CONPANCEHHVIE OMHOCU-
meavno mpeyeoavnuxa ABC, a A1B1Cy u A1B1C] — nedaavuble mpeyzosvnury

omuz mouer. Toeda sepuwunvy mpeyzoavnukos Ay B1Cy u A1 B1C] aesncam wa 0dnot
OKPYHCHOCTIU.

IOKABATEJILCTBO. [okaxkem, 9To TouKka E — cepeiuna orpeska PP’ — apis-
€TCA TEeHTPOM ONMUCAHHOU OKPYy:kHOCTH Tpeyroapunka A B Ci. Hockonbky (P') =
= P, To oTcioga 6yeT caefoBaTh yTBEPK JCHUE TEOPEMBL.

Ucnonbsyem Te xe OO03HAMEHUA, UTO U B JOKA3ATEILCTBE TPEALIIYIIEH TEOpe-
Mbl. O6osuayum depes M cepenuny A;C. Tak kax wernipexyroabuuk PAy P,Cy —
napamrenorpaMm (cM. puc. 9), o M — cepeguna otpeska PPy, no PP’ L PiPs n
P, P; || A;C4, nosTomy cepequunbin neprnenaukyaap Kk A;C] coBnanaer co cpemen
auHuen Tpeyroabuuka P/ PP, T.e. Touka E Je:xuT Ha cepeiuHHOM IIePIeH UKy IsApe
K oTpesky A;C].
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AHATOrMYHO MOKA3BIBAETCA, 9TO F JEXKNUT Ha CEPEeIUHHBIX MEPHEHINKYAAPAX K
A1B; u B;C; u, TakuM 00pa3oM, COBNAJAET C MEHTPOM ONMUCAHHOU OKPYKHOCTU
Tpeyroasauka A B1Cy. O

Jlerxo BugeTh, 9T0 meHTp O OMUCAHHON OKPYKHOCTH TPEYTOJILHUKA U TOUKa H
MEPECETEHNUA €0 BEICOT U30TOHAMBHO COMPKeHkl. [1oaToMy U3 TeopeMur 9 mosydaem,
9TO CEPENUHLI CTOPOH MPOU3BOJLHOIO TPEYTOJLHUKA U OCHOBAHUA €I'0 BEICOT JIEXKAT
HA OJHOU OKPYKHOCTH (OKDYKHOCTE DIIEpa).

IMoxoGunie Tpeyroavuuku AHoHs, BHsH,, C HiHs ABIAIOTCA yMEHBLIIEHHEIMY
konusimu TpeyroubHuka ABC (cM. yup. 1), nosToOMy MOXHO PACCMATPUBATH TOUKM,
OJVHAKOBO PACIOJIOKEHHBIE OTHOCUTENBHO Tpeyronbuukos ABC, AH,Hz, BH3H,
CHH>.

TreOPEMA 10. IIyemws A;, B1, C1 — npoexuuu mouxu P na crmoponvt (uau npo-
doancenus cmopon) BC, CA, AB mpeyeoavnurwa ABC; Py, Py, P3 — mouku, cum-
mempuunbie P omuocumenvno cepedun cmopon B1Cr, C1A1, A1 By mpeyzoavnuxa
A1 B,Cy; Hy, Hy, H3 — ocnosanua seicom AHy, BHy, C H3 mpeyeoapnurxa ABC'.
Tozda mouxu P, P, Py, P3 00unakxo60 pacnosoxcenbt no OMuoUWerRuI0 K mMpey2oso-
wuxam ABC, AH,Hs, BHsH,, CH{Hs coomsemcmsenno.

JOKA3ATEJLCTBO. Ilockonpky npm CHMMeTpUM OTHOCATENBHO OHCCEKTPUCEHL
yria B tpeyronbuuk BHz H, nepexouT B TPEYrOALHUK, TOMOTETHIHBIN TPEYTOMhb-
uuky ABC ¢ koaddunuenTom romoretnn paBHbM cos , ABC = cos £, TO 0JUHAKOBO
PaCIOIOKeHHBIe TOYKU Tpeyroabaukos ABC u BH3Hy jgexaT Ha NpPAMBIX, U3000-
HAJIBHBIX OTHOCUTEIbHO yrua B. Pamee 6puio mokasano (cM. ZOKa3aTelbCTBO TEO-
pemul 7), 9ro upsvole BP u BP, uzoronanbuel, a Py — OpToueHTp TpeyroibHuKa
BC1A;. C gpyrou cropousi, PB — quameTp ONUCAHHON OKPYKHOCTU TPEYTOMLHUKA
BC1 A;. llpumenssa peayabTar ynpaxuerus 1 kK Tpeyroasuuky BCp A;, mpuxonum K
BBIBOAY, 9TO B Py, — muaMeTp OKPYKHOCTH, OTMUCAHHON OKOJIO TPEYTOJBHUKA, TI0100-
woro BC1A; ¢ koapdunmenTom nonobus cos §. 3uaqur, PB = BP; cos 8, u Touku
P u P, 0quHAKOBO PACIIOIOXKEHBI OTHOCUTENLHO TpeyroabuukoB ABC u BH3Hy. [

Kombunupys npegbigymupe T€OpEMbL, [IOJLYyIaeM TAaKOe CJIEICTBHE.

CAEACTBUE 5. ITyems Hy, Hy, H3 — ocnosanus seicom AHy, BHy, CH3 mpe-
yeoavnura ABC; mouxu P, Py, Py, P3 00unax060 pacnoaodicensv, no 0OmuouLeHisio
x mpeyzoavnuxam ABC, AHyHs, BH3H,, CH1Hy coomsemcmeenno. Toeda mpe-
yeoavnur Py Py Py pasen nedasvnomy mpeyeoavnuxy Ay B1C, mouxu P omuocumednn-
o mpeyaoavrura ABC, npuuem cmopoust mpeyzoavrukos Py Py Py u Ay B1Cy coom-
BEMCINBEHHO NLAPAAACADHBL.

IlepengeM K MOKA3ATEILCTBY CJAEAYIONIETO BAXKHOTO YTBEPK TCHUA.

TEOPEMA 11. Ilycms P — mpou3604bHas mouka 8 NaocKOCMU MPeyosbHuKa
ABC, wne aexcawas na e2o onucannoll oxpyrcnocmu; AH,, BHy, CH3z — e20 6bico-
mut, nepecexatouyuecs 6 mouke H; Ey, Ey, E3 — cepedunst ompesxos AH, BH, CH;
Py, P,, P3 — mouku, 0dunaxoso pacnosoxcenubie ¢ P omuocumenvno mpeyeosvniu-
xoe AHyHs, BHsH, CH|Hy, ABC coomeemcmeenno. Toeda npamvie E1 Py, EsPs,
E3 P3 nepecexaromes 6 maxot mouxe K oxpyscnocmu Fitepa mpeyaoavnura ABC,
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Puc. 10.

uepes KOMopy nporoduim ONUCAHHGA OKPYHCHOCTIL NEGALHO0 MPEY20AbHUKA TMOU-
xu P omuocumeavrno mpeyzoavnurxe ABC.

JOKABATEJILCTBO. O6G03HAYMUM LEHTP OIMUCAHHOU OKPYXKHOCTU TPEYTONbHUKA
ABC uepes O. Toukn FE;, Ey, E3 ABIAIOTCA 1IEHTPAMEA OMUCAHHEIX OKPYXHOCTEN
Tpeyroasuukos 1y = AHyHs, To = BH3Hy, T3 = CHyHy cooTBeTcTBeHHO. [10oTO-
My mpambie F; P; 0IMHAKOBO PACIOIOKEHHI ¢ mpsaMon O P OTHOCUTENIBHO TPEyTOJbHHI-
kxoB T;, ABC' cOOTBETCTBEHHO. 3HAYUT, OHU U3OI'OHAJBHBI NPAMBIM {;, IPOXO IAIIAM
4epes E; napawensao OP. (Hanomuum, 4o nogobue, coBMeILaonee TPeyroJbHUKY
ABC u, cxaxem, T}, ABIACTCA KOMIOZUINEN TOMOTETUU C MEHTpOM B A m orTpa-
KEHUA OTHOCUTENbHO OuccekTpuckl yria A.) Ilo Teopeme 8 momydaem, 9TO mpAMbIe
FE; P; npoxoaat depe3 TouKy K Ha ONMMCAHHOUN OKPYXHOCTHU TpeyroabHuka Fy oy Es,
T. €. HA OKPYKHOCTH Duiepa Tpeyroabuuka ABC.

O6o3uaaum ugepes Ay, By, €1 npoeknuu touku P ua cropoust BC, CA, AB
tpeyromsunka ABC, ,CAB = o, ,/ABC = 3, ,BCA = ~. Tak xak P, u P3 —
opronenTpsl Tpeyroasaukos A BCy u BiCA; (cM. Teopemy 10 u nokazaTemscTBO
TEOPEMBI 7), TO 4P2A1P3 = 1800—41321413—41331410 = 1800—(900—6)—(900—7) =
= 5""}’ = 180° — a. ,Z[a.nee, 4P2KP3 = 4E2KE3 =180°—a = LP2A1P3 (HaHOMHI/IM7
qTo Tpeyroiabuuk Fy FsF3 romorerutden tpeyroabuuky ABC' ¢ meHTpoM romorTe-
tun H, nosromy ,FEsE1Es = ,BAC = «). U3 pasencrsa yruos Py K P; u Py Ay Ps
crenyet, 9T0 Touku Ps, K, Ay, P; mexaT Ha OJHOU OKPYXKHOCTH. AHATOTWYHO TTO-
Ka3bIBACTCSA, 9TO ToUkY Pz, By, P;, K Takxke JeXaT HA OJHOU OKPYKHOCTH.

Teneps moxno nantu yron B1KA,: /,B1KA, = /\BiKP;+P; KA ,u0 /B KP; =
= /B P, P; xak BunucaHnole yIijbl, onuparommecai Ha nyry PsA; okpyxmaocTu
B\PKP;, a /\PsKA, = ,P3P,A| Kak BOUCAHHBLIE YIVIBI, ONMPAIOIIMECA Ha Y-
ry P3A; okpyxuoctu A P3P, K. Kak w3BeCTHO M3 MOKA3aTEILCTBA TEOPEMBI 7,
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vernpexyroiasuukuy PyC1PB,, P C1A1P;, BiC1P,P;, C1P,A P aBisiorcs napag-
JenorpaMmMamu, nostomy B Py P; = ,PC1Ay n (P3P, Ay = ,BC P kax yrin ¢
COOTBETCTBEHHO MAPAJLICILHLEIMIA CTOPOHAMMA.

Urak, okonuarensuo moayuaeMm By KA, = Bi1KP3s + /P3KAy = ,B1P P; +
+,P3P,Ay = ,PC1A1+,B,C,P = 43101141, T.e. /B1KA = /,B1C1 A U IIO3TOMY

Touka K JEeXWUT HA ONUCAHHOU OKPYKHOCTU TpeyroabHuka Ay By C]. O

3AMEYAHUE 1. /JokasaTeabCTBO CYNMIECTBEHHBIM 00pa3oM ormupaeTcs Ha puc. 10.
Touxu K u €'} MOTYT HAXOAUTHCA TIO PA3HBIE CTOPOHET OT mpamon A By. B sToum cay-
Yae AHAJOTUIHBIMY PACCYKJACHUAMU MOXKHO J0Ka3aTh, uTo ,A1C1B1 + LA KB =
= 180°.

3AMEYAHUE 2. Teopemy 11 MOxHO nepedOpMyIMPOBATH CAEAYIOMAM O00pa3oM:
Mycte, P — mpowmsBoabHAA TOYKA B MIOCKOCTU Tpeyroabuuka ABC; AH,, AHs,
AH3; — ero BLICOTHI, Tepecekammecs B Touke H; Ey, Fs, E3 — cepeuHbl OTPE3KOB
AH, BH,CH; O — 1tieHTp onmucanHon okpyxuoctu Tpeyroabunka ABC; £, by, {3 —
npsAMele, napamtenbusie npamoun O P u npoxonsamme depes Touku Fy, Fo, E3 coorBeT-
ctBenno; £, b, Vi — npamere, nzoronanbuse {1, o, f3 OTHOCATENLHO TPEYTOILHIKA
E\EyE3. Torga mpavbie £, ¢, £} mepecekaioTcsa B TakoW TOUke K OKPYKHOCTH
Ounepa Tpeyroasauka ABC, 9epe3 KOTOPYo MTPOXOAUT OMUCAHHAA OKPYKHOCTE TIe-
MATBHOTO TPEYTOIbHUKA TOUKKM P oTHOCHTEnbHO Tpeyroasauka ABC.

YTIPAYKHEHUE 2. [Mokaxwure Teopemy 11 mis TynOyroJbHOIO U IPAMOYIOJIBHOTO
TPEyrOJIBHUKOB.

TMockoabKy 1A Beex Touek P, gexanmx Ha GUKCHPOBAHHON NPAMON, TTPOXO IAIIEH
vepes neHTp O ONMMCAHHOUN OKPYXKHOCTU Tpeyroabuuka ABC, Touxka K OKpyXHOCTH
Dumepa 3TOT0 TPEYTOJbHUKA OyIeT OJHOU M TOU ke, TO u3 TeopeMul 11 BhITekaeT

CHAEACTBUE 6. [Tycmv ¢ — npamas, nporodausas uwepes yewmp O onucannot
okpyacnocmu mpeyeoavnurae ABC. Toeda onucanmubie 0kpyscnocmu nedasvnbly mpe-
Yy2oabnuK06 scex mouex P, aexncauux wa npamot £, umerom obwyo mouxy K, npu-
HAOAEHCAUWYI oKpYHCHOCU Daepa mpeyeoavrnura ABC.

N3 nokasarenscTBa TeopeMsel 11 crenyeT Taxxke, YTO PA3IMIHBIM MIPAMBIM, ITPO-
XOIAIIUM 9I€PE3 NEHTP ONMUCAHHON OKPYKHOCTH, Oy IyT COOTBETCTBOBATDL PA3INIHEIE
TOYKU OKPYXKHOCTH DWIepa.

6. TEOPEMA PENEPBAXA U NEIAJIBHBLIE OKPYXKHOCTU

Kaxk yxe ropopuiaocs, neganbHble TPEYTOJIBHAKA TOYKA P 1 W30 OHAJIBLHO COMPS-
XKEHHOU el TOUKH P’ mMeroT 00IIyIo OMUCAHHYI0 OKPYKHOCTL (Teopema 9). Uz sToro
daxra u Teopemsl 11 ciexyer, 9TO HTa OMUCAHHAS OKPYKHOCTH IIEPECEKAET OKPYXK-
HOCTE Jurepa Tpeyroabanka ABC B nByx Toukax K n K', npnaem K — 5T0 Touka
nepecedenus npaMuix Fy Py, Fo Po, E3P3, a K' — Touka nepecedenus npamuix By P,
EyP}, E3P} (P, P,, P3 — Touku, 0guHAKOBO pacnonoxkenuse ¢ P, a P{, Pj, P} —
¢ P’ ornocurensno tpeyronvuukos AHyHs, BH3Hy, CH, Hy, ABC).

Ecam npavas PP’ npoxomut 4epes nenTp O ONMCAHHOU OKPYKHOCTH TPEYTOJIb-
auka ABC, To, KaK ACHO M3 CKa3aHHOTO BHIME, TOYKK nepecedenns K n K/ obmen
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ONMCAHHOU OKPYXKHOCTH TIE€IAIBHEIX TPEYIOIbHIKOB U30NOHAILHO COMPSKEHHBIX TO-
vex P u P’ 6ygyT coBmagaTk, T.€. OMUCAHHAA OKPYKHOCTh TMeJATbHBIX TPEYTOMbLHI-
KoB Touek P m P’ 6yner kacaThcsa okpy:x)xHOCTH JDnaepa Tpeyroabauka ABC. Takum
o0pa3oM, mMeeT MeCTO

CAEACTBUE 7. ITycmv P u P! — u3020ma4bHbIE OMHOCUEALHO MPEY20ADHUKG
ABC' mouru maxue, umo npamas PP’ npozodum uepes yenmp O onucannoii oxpyrc-
nocmu mpeyeoavnuxa ABC. Toeda o6uas nedasvnas oxpyxcnocms mouex P u P’
Kacaemca oxpyscnocmu Iaepa mpeyzoavnurxa ABC.

Ilycts [ — IEHTp BOMCAHHOW OKPYKHOCTU TPEYTOJALHUKA, TOTa MeaJbHAA
OKPY¥HOCTb TOYKHU | COBMATAET CO BIUCAHHOU OKPYKHOCTBIO DTOTO TPEYTOJBHUKA.
Tockoabky ToUKa | M30TOHATBHO COMPAXKEHA CAMOU ce0e, TO U3 HAIUX PACCY K ICHUN
CIeLYET, YTO BOUCAHHASA OKPYXKHOCTH TPEYIOJbHUKA KACACTCI OKPYKHOCTH JWIepa
DTOr0 TPEYrOJAbHUKA ([IPEAIIOIOKEHUE O HAIUYUU BTOPOU TOUYKU IIE€PECEeYeHUs BIU-
CAHHOU OKPYKHOCTHU € OKPYXKHOCTBIO DUIEpa NPUBOIUT K IPOTUBOPEUMIO, TAK KAK
B DTOM CIy¥ae MOMKHA CYIIECTBOBATL TOYKA [, M30TOHATBLHO COMpPSXKEeHHaA ¢ | u
otamdHasA oT ).

AHATOTUYHO, TTEHTPHl BHEBIUCAHHBIX OKPYXKHOCTEUN [, [, I. ABIAIOTCA M30T0-
HAJIBHO CAMOCOIPIKEHHBIMYA TOYKAME U TIODTOMY BHEBIIMCAHHLIE OKPYXHOCTH TAKKe
KAaCaloTCsA OKPYXKHOCTH DUIEPa JAHHOTO TPEyrOAbHUKA.

Urak, namu mokasana emie pa3 Teopema Penepbaxa.

Teomerpuyeckoe MecTo Todek P rakux, uro npsamas PP’ roe P/ — rouxa,
U3OTOHATLHAA P, TPOXOAWT [epes IEHTD OMUCAHHOU OKPYXKHOCTU TPEyrOJLHUKA,
HasbBaeTCs Kyoukon Mak-Kos storo tpeyromsanka ([5, ¢.575]). IloaTomy 06061me-
uue Teopembl Penepbaxa MOKHO CHOPMYIANPOBATDL CACAYIOUMM 06PA3OM: HeNATbHAS
OKPYXKHOCTL JI0601 TOYKM KyOouku Mak-Koas gaHHOrO TpeyroabHuMKa KacaeTcs
OKPYKHOCTH JUAIEPaA 3TOr0 TPEYTrOIbHUKA.

7. U30TOHAJIBHBIA OBPA3 MPAMOU, IMPOXOAANEN YEPE3 IIEHTP
OIIMCAHHON OKPYXKHOCTHU TPEYTI'OJIbLHUKA

BemoMEAE, 9TO M30TOHATLHEE TOYKA P u P’ uMeioT 00Iyo mefarbHyo OKPY K-
HoCTh (Teopema 9), u yuuThiBag caegcTeue 6 u TeopeMmy 1, mOAyYMM emie OIHO
YTBEDPXK IeHLE.

TEOPEMA 12. Hzozonasvmnbim 06pazom npamot £, nporodsuwets uepes yenmp onu-
cannot oxpyscnocmu mpeyzoavnurae ABC u ne codepacauseti e2o sepuiun, A6a4emcs
PABHOCTOPOHKAA 2UNEPOOAL, ONUCAGHHAAL OKOAO IMO20 MPEYZOALHUKA, NPUUEM ACUM-
nmomam. 3motd 2unepboavt asasomes npambte CuMcona mouex nepecewenus npi-
Mot £ ¢ onucannoti oxpyxcnocmovio mpeyzoavuure ABC.

JOKABATEJBLCTBO. Paccmorpum Touky P Ha mpsaMon £ v m30rOHaJLHO COMNPS-
xernnyio e Touky P’. IIposesem wepes P, A, B, C' paBHOCTOPOHHIOK IunepOoLy
I'. HenTp 1o rUnepHONLL JEKUT HA OKPYKHOCTH JUIEpa U HA OOIIEU IIefaJIbHOU
OKpPYXHOCTH To4deK P m P’. Y »>Tux AByX OKPYKHOCTEH €CTh, BOOOIIE TOBOPA, IBE
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o0IIMe TOYIKY, OHA W3 KOTOPHIX, Ha30BeM ee K, IeXXNT Ha BCeX IeJaIbHEIX OKPY KHO-
cTax Togek mpamon OP, a ropas (K’) — Ha Bcex MegalbHEX OKPYXKHOCTAX TOYEK
upsavont OP’. Tlearp runepboan ' coBmanaer ¢ K (ecam ABUraTh TOUKY 1O THUTIED-
6oae, To K’ Gymer MeHATHCA).

IToBTOPUB 3TO PACCY XK ACHUE [ TIOOOU APYTOUN TOUKU P Ha mpaMon £ 1 TPUMEHUB
JeMMY 5, IOIyJIaeM yTBEPK ICHUE TEOPEMEL. O

CHaEACTBUE 8. ['eomempuueckum mecmom mouex P, nedasvnas oxpyrcnocmo
Komopwur nporodum wepez mouxy K oxpyscnocmu Idaepa mpeyeoavuura ABC,
asaiemes 06vedunenue pasnocmoponnet, 2unepboavt ¢ yewmpom 6 mouke K, onu-
cannoti okoao mpeyeoavnurxe ABC, no 6ez mouex A, B, C, u npamot £, uzozonain-
noti amot ecunepboae.

N3 cremctBua 8 BEITEKaeT, 9TO K «ceMencTBy Demepbaxay U3 cTaThbu EMeabAno-
BBEIX MOXHO JO0ABUTH CEMENCTRO MEAAMBHBIX OKPYKHOCTEN TOUYeK P, Jexanmx an6o
Ha PaBHOCTOpOHHeN runepboae [y, mpoxoasmen depes MeHTp | BOUCAHHOU OKPYXK-
moctu Tpeyroabuuka ABC u umeromen cBouM nenTpom Touky Peuepbaxa F', aubo
ua opamvou O, rge O — HEHTP ONMCAHHOU OKPYXKHOCTHU Tpeyroabuuka ABC. Ana-
JorudHele (PAKTHL CIpaBelauBbl U 41 apyrux rodex Penepbaxa F,, F,, F,. (Touku
KACAHUA CO BHEBIUCAHHBLIMU OKPYKHOCTAMM).

Ha pasaocToponnen runep6oiae I';, omucaraon okono ABC', mexar, KpoMme Bep-
e A, B, C, nentp Broucanson okpyxuoctu [, Touka Keprouua J, Touka Haremsa
N u ecrectBenno oprouenTp H. Buibupas mobbie 4 TOYKE U3 yKa3aHHBIX 7 (KpoMme
TpuBuaabHon kombunauuu A, B, C, H) u paccMaTpuBas 9€BUAHHBLIC U IeaJbHLIE
OKPYXKHOCTH OAHOU U3 3TUX 4 TOYEK [0 OTHOUIEHUIO K TPEYTOILHUKY C BEPIIAHAMU
B TPEX OCTAJIBHBIX, IHOIYIUM C YI€TOM CICACTBUA 2, YTO DTU OKPYKHOCTU IPOUITYT
qepes Touky Pemepbaxa F', coBmagaromnyio ¢ eaTpoM runepbons ', Ananoruaasie
(baxTH CIpaBeIIUBLL U AJs OCTATBHEIX Touek Denepbaxa F,, Fy, Fl..

PaccmoTpum Temeps paBHOCTOPOHHIOW rutepbory ['o, ABIAIYIOCS N30T OHATB-
HBIM 0OpazoMm mpsamon Junepa OH Tpeyroavuuka ABC. ITta runep6oaa TpoOXOIuT
yepes neHTp O OMMCAHHOU OKPYXKHOCTU TpeyroabHuka ABC u Touky L, uaoronaib-
HyI0 TOuke nepecedenus Mmeiuan rTpeyroasuuka ABC. Kak wssecrno (cm. [5,7]),
Touka I HasmiBaeTca Toukou Jlemyawa. [IiA HAXOXIEHUA HIEHTPA DTOU TUMEPOOJIET
nCmomb3yeM caenyiolryio Teopemy B. Te6o us coopuuka «M36panubie 3a a8 U3 Kyp-
maga American Mathematical Monthly» [2, c.81].

TEOPEMA. ITycmv AH,, BHy, CH3z — evicombvt mpeyzoavnura ABC. Toz2da npsa-
muie Jidaepa mpeyzoavnurxos AHyHy, BH3Hy, CH, Hy nepecexaromes 6 maxot mou-
xe T oxpyxcnocmu Ildaepa mpeyeosvnuxa ABC, dan xomopoti odun u3 ompesxos
TH,, THy, TH3 pasen cymme 08Yxr 0CcmasbHvlL.

O6o0menne Teopemsl Te6o mpusegeHo B [3].

ByneMm Ha3sbIBATBL TOYKY MEPECEUEHUS TPAMBIX JWIEpa TPeyroabHukoB A Hs Hs,
BH3H,, CHHy Toukou Te6o Tpeyroasuuka Tpeyroavuuka ABC. W3 cnencrsus 6
BEITEKAET, 9TO ONUCAHHBIE OKPYKHOCTH IIE€IAMLHLIX TPEYyTOJIbHUKOB BCEX TOYEK P,
JEXKAMAX HA TPAMOU DUIEPa, IPOXOAAT depes To4uky Te6o Tpeyroasnuka ABC, Tak
YTO OHA ABAAETCA TeHTpoM runepbonsl ['o. Tak kak Touka mepecedenns mequan G
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TPEYrOIbHUKA JEKUT HA €r0 IPAMOUN DWIEPA, TO OMUCAHHASI OKPYKHOCTh [1€IAIBHOTO
TPEYTOILHUKA, TOUKN (G TPOXOAUT Uepes3 TOUKY 1e€60 3TOr0 TpeyroaLHUKA.

YeBnaHHBIE U TIJATLHBIE OKPYKHOCTH BCEX TOYEK, JEXKAMMX Ha | o, a Takxke mme-
TAJTBHBIE OKPYKHOCTH BCEX TOYEK, JEXKAMMX Ha mpamon duiaepa OH TpeyroabHuKa,
ABC, npoxogsat gepes Touky TeGo. Ha runep6ose I'p nexxat Touxku A, B, C, H, O,
L. TlosroMy, B 9aCTHOCTH, YEBUAHHASI OKPYXKHOCTH TOYKKM (), & TAKXKe YeBUAHHAS U
TefaabHasg OKPYXKHOCTHU Touku Jlemyana L mpoxoaaT epe3 Touky Te6o. Ecau naxep-
TUTH PABHOCTOPOHHION TUNEPOOIY W U3 JIOOOU €€ TOYKU KAK W3 IEHTPa MTPOBECTH
OKPY¥KHOCTb, TIEPECEKAIONIYI0 3Ty TUMEPOONY B YETHIPEX TOYKAX, TO JJIA MOJYICH-
HBIX 9E€THIPEX TPEYTOJbHUKOB C BEPIIMHAMY B YKA3AHHBIX TOYKAX IEHTP MUIepOOoJIb!
6yaer Toukou Tebo.

8. SAKJIOYATEJIbHLIE 3AMEYAHUA

Ananorus Mex 1y neIalbHBIMA U YeBUAHHBIMUA TPEYTOJbHUKAME, KOTOPAS MPOCIe-
JKUBAETCS B IPUBEJIEHHBIX BBIIE PE3yAbTATAX, HE UMEET yAOBIETBOPUTEALHOTO 00b-
sacuenna. [leno ycyryOaseTca eie n TeM, 9TO 3Ta aHAJOTHA HEMoJHa. B wacTHOCTH,
BOTIPOC O KACAHUM YEBUAHHBIX OKPYXKHOCTEHN C OKPYKHOCTBIO JUIEPA OKAZHIBACTCA
HAMHOT'O CJIOXKHEE BOIPOCA O KACAHUU MEJATbHBIX OKPYXKHOCTEU U OKPYIKHOCTH JU-
aepa. B nocregnem caydae orBer gaer kybuka Max-Koas. Amarmorudnoe MHOXKECTBO
[ YEBHAHHBIX OKPYXKHOCTEH YCTPOEHO MOPa3I0 CIOKHEE.

leomeTpuueckoe MecTo TOUeK P, U9eBMaHHAA OKPYXKHOCTH KOTOPHIX TPOXOJWT
qepes Touky K okpyxkuocTu dwiepa ABC, cOCTONT 3 paBHOCTOPOHHEN TUNEPGOIET
I" ¢ menTpom B Touxe K, u3 koropou yaanensl Touku A, B, C', u HEKOTOPOU KPUBOU
L, KoTopyIio omuchIBaeT BTOpas Touka P’ ¢ Toll e caMoll YeBUaHHOM OKPYKHOCTDIO,
qro u P (cm. ieMmy 6), B TO Bpems kak Touka P npoberaer runep6oay I'. Hazosem
3Ty KPUBYIO L uesuaumubim 06pa3om 2unepbosbi.

Bompoc 0 CyIecTBOBAHNN T€BUAHHBIX OKPYIKHOCTEN, KACAIOIINXCA OKPYKHOCTH
Dunepa Tpeyroabuuka ABC, cBOAUTCA K BOMPOCY O CYIMIECTBOBAHUYU PABHOCTOPOH-
HUX rurep6oJ, ONUCAHHBIX OKOIO Tpeyronbanka A BC u npoxosamux depes o6e To4-
ku P u P, T.e. 0 nepecedenuu runep6o/bl U ee 1eBUAHHOIO 06pasa.

O6o3uaurM vepes M MHOKECTBO TOUEK, YEBUAHHAA OKPYKHOCTH KAXKIOU U3 KO-
TOPHIX KACAETCA OKPYKHOCTH JUIEPa TAHHOTO TPEYTOJBHUKA. DTO MHOKECTBO HE-
MyCTO [UIA JIOOOTO TPEYTOMbHUKA, MOCKOJbKY MEHTPHI BIUCAHHOU W BHEBIUCAHHBIX
okpyxuocTen npuaagiexar M. C 1pyrou cTOPOHBI, KOMIBIOTEPHBIE SKCIEPUMEHTHL
[IOKA3LIBAIOT, YTO CYMIECTBYIOT TPEYTOJbLHUKYN, MHOXECTBO M KOTOPBIX COIEPXKUT
HEKOTOPBIE [MOMOJHUTEIBHBIE TOYKY.

PesyapTaThl KOMIBIOTEPHBIX DKCIEPUMEHTOR TPUBOJAT TAKXKE K MPEIIOJ0KE-
HUIO, 9TO eciu M ABAAETCA KPUBOU, TO €€ ACUMITOTHI — TPAMBIE, COAEPKAIIIE
Meauanbl Tpeyroabanka ABC.

Aprop Bripaxaer Gaaromapuocte M. H. Banomy 3a yiaydinenue wu3ioxKeHus u
CTPYKTYpPBL cTaThu, a Takke A.3acaaBckomy u A. AkorsiHy — 3a OPEIOCTAB/ICH-
HOE UMU TeOMETPUIECKOE MOKA3ATEILCTRBO TEOPEMET 2.



182 E. 1. Kyrauusn

CIUCOK JINTEPATYPHI
[1] Tnaroses H. A. ITpoexmuenas 2eomempus. M.: Briciuas mxona, 1963.

[2] H3bpaunbie 3adauu uz xeypranse «American Mathematical Monthlys. M.: Mup,
1977.

[3] Kyaanuu E. [I. O npamviz Jiaepa v oxpyscnocmu desamu mouex [/ lpunoxenue
«Maremaruka» k raszere «Ilepsoe cenTabps», Ned3, 2000.

[4] Tpaconos B. B. Teopema o nyuxe Kowux, nporodswus wepes wemvipe mouxy [/
MaremaTuyeckoe mpocsernenne. Tperba cepus. Bum. 1. 1997. C. 109-114.

[5] IIpacoaos B. B. 3adauu no naanumempuu. M.: MHIIMO, 2001.

[6] Kynanuu E. . 06 oduom ceoticmee mouex Petepoaza // Ipunoxenne «Mare-
MaTuKay K rasere dlepBoe centsabpsa», Ne10, 1997.

[7] Berens C. N. Hosas ceomempus mpeyeosvrura. M.: Yanearns, 1940.

E. [I. Kyaanun, MoCKOBCKUY IOPONCKON IICUXOJIOrO-II€JArOTNIECKUY YHUBEPCUTET
e-mail: lucas03@mail.ru



