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6.2. YCJIOBHE. [Jana MaTpuua OpTOrOHAILHOIO MPeoOpasoBaHus (a;;) pasMe-
pa 3 x 3, npuieM Bce a;; # 0. Hycrs B = (b)) = (a;jl). Joxaxure, uro det B = 0.

PEIEHKE. 3ameTum, 4To0

3 ai2a13 a11413 Q11012
IT @i - det B = |assa2s  asiass  amas|,
3,j=1 G320a33 G31A33 (310432

a y »TOH MATPHUIBLI CyMMa CTPOK PaBHA HYJIO, HOCKOIBKY CTOIOIBI MAaTpuIEl A op-
TOTOHATBLHLL. JSHAYUT, ONpefeInTeIb PABCH HY.I0, YTO U TPeOOBATOC.
(B. B. Jouenxo)

6.3. YCJOBHUE. /lokaxkuTe, YTO CUCTEMA YPABHEHUN C 71l TAPAMETPAME A1, - - - , Ay
a1+ ...+ apxy, =0,

2 2
a1z +...+apx, =0,

amaxl + ... +apz; =0
uMeeT HeHyJeBOe pellleHHMe TOrJa ¥ TOJLKO TOrAa, KOrAa CyMMa HeKOTOPBIX U3 a;
paBHA HY.IIO.

PEMWEHUE. Mb1 mpuBeneM naxe IBA PEIIEHUSA. 3AMETUM CHAYAMA, UTO €CIU CyM-
Ma HEKOTOPHIX @; PaBHA HYJIIO, TO HEHYJEBOE PEIIeHNe, OUEBUIHO, €CTh: TOJTOKUM
COOTBETCTBYIOIINE &; PABHLIMU €IUHUIIE, a OCTaJbHbIe — HyJI0. [losTOMYy umHTEpEC-
HO JIAIIb JOKA3aTEeABCTBO OOpaTHOrO yTBepxgeHus. VTak, mycTh cUCTEMa UMeEET
HEHYJIEBOE DEIICHIE.

Iepsoe pemenne. («JIuneinele cucrembn!)) Paccmorpum cucreMy Kax JaHei-
HYIO0 OTHOCUTENBHO ;. Fe onpenennTent nomrydaeTcs us onpededumens Bandepmonda
YMHOXKEHUEM Ha T1Z3 * ...  L,. LCIW DTOT OmpeaeInTeNb He PABEH HYJIIO, TO OTHO-
CUTEILHO @; HAIQ, CUCTEMA UMeeT JUIIL HYJEBOE PEIIeHUe, T. €. BCE 4; PABHBI HYJIO,
9T0 maxe 60JbIe, YeM TPeO6oBaI0Ch. B MpoTuBHOM caytdae Jubo cpeiu x; eCTh HyJIH,
a0 HEKOTOPBIE U3 Z; PABHBL MeX Iy co60u. B Kax1oM U3 3TUX CIyvIaeB HECKOIBKO
[IEPBBIX YPABHEHUN 00PA3YIOT AHAJOIWYHYI0 CHCTEMY MEHBIIEr0 HOPAAKA, Koapdu-
UEHTH B KOTOPOU — HEKOTOPHIE U3 @; (B TMEPBOM U3 DTUX CIYIAEB) WA CYMMBIL
mapaMeTpoB a; (BO BTOPOM CIy€dae; YTOOLI B 5TOM yOEeIUThCA, HATO CrPYINUDPOBATE
PaBHBIE MEXy COOOU Z;), U MOXKHO BECTU UHIYKIWIO TIO 7.

DCum. 0630p A. A. Kupmniosa «HBAPHAHTHEIE OHEPATOPEL HAJ [€OMETPUIECKUMY BEIHTHHAMII,
BUHUTU, 1980, c. 11-12; TaM >TOT pe3yabTaT IPUBOAUTCI CO CChuIKoU Ha P.Y. Buraosa.

MaTemaTu4eckoe npoceewerue, cep. 3, sein. 9, 2005(225-233)
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Bropoe peumenue. («Teopema Buerar) Ilycrs o — k-as paemeHTapHas cuMme-
Tputdeckas GYHKIUA OT Z,...,T,. YMHOXUM [-oe ypasrerue Ha (—1)" o, ; (I =
_ .\ n—1 -1 1y _
=1,...,n — 1) u croxum Bce ypaBrenus: y ., ap(zf + >, (=1)"ton_z),) = 0.

Bocnoabsyemcs Teopemon Buera:
(x—z1) (@ =) =" —o 2™ .+ (Do F 4+ (—1)"0,.

Ona mosBosifeT IpeoGpa3OBaTh MOMYYEHHOE DABEHCTBO K OY€Hb [IPOCTOMY BUIY:
(=D"™(a1 + ...+ ap)o, = 0 (HyXKHO NOACTABUTH B BLINUCAHHBIA MHOTOWIEH & = Tj,
YMHOXHUTB HA Gj ¥ CJIOXKUTH). DTO O3HAYAET, 9TO JUOO CYMMa BCEX @; PABHA HYJIO

(ormmano!), 6o 0 = 0, = 31T + ... Tp- A €CAM OTHA U3 TICPEMEHHBIX DPABHA, HYJIO,
TO mepBhIe N — 1 ypaBHEHHH OOPa3yIOT AHATOTUYHYIO CHCTEMY MEHBINEro MOPATKA
(cHOBa MHAYKIHS). (B. B. fouenxo)

6.4. YCJOBME. a) Moxuo au pasburs IPOCTPAHCTBO HA OKpyKHOCTU? A mioc-
KOCTB?

6) MOXHO /11 TOKPHITH IIOCKOCTH OKPYKHOCTAME TAK, YTOOI J06aA TOIKA OBLIA
TMOKPHITA POBHO Tpu pasa’ A aBa pasza?

PemEHME. a) [Ipocrpancreo MOXHO pa3buTh Ha Okpy:KHOCTH. [IpuBesem sBHyio
KoHCTpyKImio, upuragiexamnyo [. Povuny. flcro, uyro nomxoropue T HA OKpyK-
HOCTH Pa3buBaeTcA (BHYTPU OKPYKHOCTB, Ha KOTOPYIO HAHU3AHBEL BCE OCTATLHEIE).
IIycts T — moanoTopue; S’ — OKPYKHOCTE, TPOXOAAmAas depes meHTp 1 Tax, 9To
nentp O okpyxrOCcTH S’ He cogepxkuTca BT, a paguyc S’ 60IbIIE BHEITHETO PaJIyca
nonroTopus T'; T’ — HoBOe moJaHOTOpPHE, HoMy4alomeecs 13 T BpallleHueM B0Jb OCH
[7; npoxoaamier gepes O u NepreH Ky IAPHOK IIOCKOCTH OKpyxHOocTH S’ . fIcHo, 910
T US gomomaseTcsa okpyxrocTAMu 10 T'. UTepupys 3Ty KOHCTPYKIHUIO, JEMKO TIOTY-
T cemenictro noasoTopuit TR TR+ = 70 sanonrsmomee Beé mpocTpaHCTEO.
IlonyunTcsa Tpebyemoe pas3buenue.

[JlokaxeM, 9TO IIOCKOCTH Pa3duTh HA OKPYXKHOCTY Heab3s. Ilpeamosokum mpo-
TuBHOEe. [locTpouM MOCAeOBATEIbHOCTD P; BIOXKEHHBIX OKPYKHOCTEU pa3OueHus,
PauyCHl KOTOPBIX CTpeMATcs K Hyai0. IlepByro okpyxHOCTE F) BEIOEpEM IIPOM3BOIE-
HOo. OxpyxHOCTH P;1 npoxonut depes meHTp okpyxuocTu P;. [IocKOIbKy OKpyKHO-
CTU Pa3OVeHUs He TEPECEKAIOTCA, PAIUYC CICAVIOMEN OKPYXKHOCTH B MOCTPOCHHOU
MOCJAEI0BATEILHOCTH 0 KPAMHEN Mepe BABOE MEHBINe panuyca npeabiayimen. Ode-
BuAHO, 9T0 P; nexwut suyTpu Py, npu i > k. llosTomy ecTs poBHO OgHA 061mas TOYKA
Yy KPYI'OB, OIPAHUYEHHBIX OKPYyx)RHOCTAME P;. OKpyKHOCTEH pa3sGuenus, IPOXOIaas
gepes 3Ty TOUKY, IepeceKkaeT Bce OKpyxkHOCcTU Py mpu gocrarouno GosabmoMm k, 9T0
MPOTUBOPEYUT YCIOBUIO.

6) IlpuBeneM TpuMep TAKOTO MOKPHITHUA TLIOCKOCTH OKPYXKHOCTAME, 9TO KaXkK-
Jasg TOYKA MOKPBITA POBHO 2 pasa. JToT mnpumep npunanirexut H.B. Bacuibeny.
On crpoutcsa B gBa mara. Bradase BO3bMeM BC€ OKPYXHOCTU €IMHUYHOTO AUAME-
Tpa, JekKalme B [OJOCE eJUHUTHON IMUPHUHBL JIerko BUAETH, UTO 4Yepe3 Kax Iyio
BHYTPEHHIOI0 TOYKY I[IOJOCHL IIPOXOAWT POBHO 2 OKPYKHOCTH, a depe3 KaxKIYyIo I'pa-
HUYHYIO — POBHO OJHA. Teneph 3aKOHYUM TOCTPOEHUE, TOOABIAA OKPYKHOCTH, KO-
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TOpPEIEe IOy YaI0TCA NaPAJIEIbHLIMY CIBUTAaMU HA eJble PACCTOSHAA B HAIIDABICHUH,
TIEPIEH,IUKYIAPHOM TOJI0CE.

JlokaxxeM CyHIECTBOBAHME TAKOTO MOKPHITUA TIOCKOCTH OKPYXKHOCTAMH, ITO
KaXKasd TOYKA MOKPEITA POBHO 3 pasza. HazoBeM MHOXECTBO OKPYKHOCTEN NPaAEULL-
HbiM, ecIr M00as TOUKA IVIOCKOCTH IIOKPHITA He Ho/ee 1eM TPeMsI OKPYKHOCTAME U3
TOr0 MHOXKECTBA.

JEMMA 1. IlycTs uMeeTcsa MpaBUIbLHOE MHOXKECTB OKPYKHOCTEN P cogepxkariee
MeHee KOHTMHYyyMa OkpyxkHocTer. Toraa mia o6ou Touku A MOXKHO IOIOIHUTL
P xoneunriv (or 0 g0 3) 9MCaOM OKPYKHOCTEM TaK, YTOOBL [IOIYyHEHHAs CUCTEMA
OKPYKHOCTEH OCTajaCh MPABUILHON, a 4epe3 A mpoxoguio Obl POBHO TPU OKPY K-
HOCTH.

JOKABATEJBCTBO. Touek mepecedenus okpy:KHocTen u3 P Menee kouTunyyma,
TaK KaK OKPYKHOCTHU IIEPECEKAIOTCS He 6osee 4eM B IByX Toukax. depe3 A u aio6yio
TOYKY, TTOKPBITYIO TPEMS OKPYKHOCTAMEU u3 P, mpoxoauT He 60Jee ABYX OKDPYIKHO-
CTeN IVHUTHONO PAJANYCA. SHAYUT, BCETO TAKUX OKPYKHOCTEN MEHEE KOHTUHYYMA.
A BCero OKpy:XKHOCTEN eIUHUTHOTO PALUAYCa — KOHTUHYYM. SHAUUT, MOXKHO, COXPa-
HsS IPABUIBHOCTH MHOXKECTBA OKPYIKHOCTEN, OGABUTH OKPYXKHOCTh, IIPOXOJAIILYIO
qepe3 A. IloBTopsis 5Ty npouenypy HyKHO€ YUCAO Pas, HOLYIaeM UCKOMOE PaCIIupe-
HUE CUCTEMEBI OKPYKHOCTEN.

Bosbmem nepsbint opavuan MomHocTy KouTunyyMa C. [leperymepyem ¢ moMomso
C TOYKH NIOCKOCTHU, OKPYXKHOCTH, IAPHL OKPYIKHOCTEN U TPOUKK OKPYKHOCTEN. s
KaxkI0ro opaunata o < C onpegennM TPAHCHUHUTHON WHIYKIUEH IPABAIBHOE MHO-
KECTBO OKpyxkHOCTen P,. /lna madambmoro opaumuata 0 mosaraem Py = @. Ecanm
o = [+ 1 — HempeaeIbHBIR OpAuHAI, TO P, OyneT mony4darbesa us Pg npuMeHeHneM
JIEMMBI OTHOCHTE/IBHO TOUKH Pg, COOTBeTCTBYyMomen [. [ OnpeseseHHOCTH CIUTa-
eM, 4T0 B P, Brimodaercs C-MUHAMAJILHBIN HAGOP OKPYKHOCTEH, YIOBAETBOPAIONINN
ycaosuio jemMer. Ecim ke a — npegensubii opausan, o = ;o @i, 10 Py = U,;cf Pay-

MHOXECTBO OKPYKHOCTeN P 1aeT MCKOMOE TMOKPBITHUE TLIOCKOCTH.

iel

3AMEYAHUE. [laHHas KOHCTPYKIU II03BOJSIET TAKXKE PELIUTh IYHKT a), 8 TAKKE
pelaTh aHAJOIUYHbIE 3342491 (HAIpUMep, HOCTPOUTH CUCTEMY [IPSIMBIX HA ILIOCKO-
CTH, HUKAKNE MBE U3 KOTOPHLIX HE MapalIeJbHBI, a KaXIasd TOUYKA MOKPHITA POBHO
2004 npavbivMu). OCTAETCA OTKPHITHIM BOMPOC, MOXKHO JU TPEIBABATE KOHCTPYK-
LU0, HE UCIONB3YIONUIYI0 AKCUOMY BHIOODa (WJId, ITO TO XKe CaMoe, TPAHCHUHATHY IO

MHIYKIWIO). (A. A. Kaneav)

6.11. YcaoBUE. PaccmarpuBatores cioBa m3 6ykB pycckoro aadasuta. CiroBa
BUJAA sut M suut UMEIT OJMHAKOBBLIN CMBICT (37€Ch $, U, t — TPOU3BOJLHBIE CIOBA,
BO3MOXKHO, HyCTBIe). rZ[OK&)KI/ITG, ITO KOMUYIEeCTBO PA3IUIHBIX CMBICJIOB KOHEYTHO.

PEMEHNE. JaHHyI0 33439y MOXHO HepedOpMyINpOBATE TAK: U0eMNOMEHMHAA
KOHEUHO-NOPONCOCHHAAL NOAYSPYNNG KOHEUNT.

Ioayrpynna P Ha3LIBaeTCA KoMEURO-NOPOACIenHOl, €CAN CYIMECTBYeT TAaKoe KO-
HEIHOE MHOXKECTBO DIEMEHTOB {d1,...,as} C P, 9T0 mo6OU APYrON 2JIEMEHT IIpe-
CTABIACTCA B BUJE TPOU3BCACHUA DTUX DICMEHTOR (OHU MOTYT UATH B MPOU3BOIBHOM
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HOPSAKE, U KAXKALIM JIEMEHT MOXKET BCTDPe4aThCs HeCKOJbKO pas). Hloayrpynma P
udemnomenmua, eCIn Kax L dIeMeHT a € P udemnomenmen, T.e. a®> = a.
Beegem oTHOmEHNS TOPAIKA U SKBUBAJCHTHOCTH:

s < v, ecan A1a TIOOBIX t,ty st; = sty = vt] = vio; ()

S~U, ecan S LV MUK S. (~)

Yepes A 6ygem 0603HAMATE [YCTOE CIOBO (€IMHUYHBIN HJIEMEHT 0Ly DYILIEL).
ITpuBegeM HEKOTOPHIE CBOMCTBA, BBEJICHHBIX OTHOIICHUN.

JIEMMA 1. a) s < us; 6) auas ~ uas; B) s ~t < st =s.

JOKABATEJBCTBO. YTBepxaeHue a) odeBuaHo. HepaBeHCTBO uas < auas cie-
ayer u3 a). C gpyrou CTOPOHEI,

auas < uauas = (ua)’s = uas,

nosToMy auas ~ uas. Ocramocs mposepuTh B): tA = 2 = tt, OTKY1a s2=s5=sA =
= st.

ByneM nokasbBaTh yTBEpKAEHWE 3a0a4M WHAYKINEW TO YUCAY OOpPa3yOIINX,
T.e. OykB anxdasuTa. MOXKHO IIOKA3aTh, YUCIO KIACCOB DKBUBAJEHTHOCTH KOHEYHO.
[ns ogEou 06Gpasyouen OHO 04eBUAHO. IlyCTh yTBEPK IEHNE 32 a1 BEIIOIHEHO A/
AIEMIIOTEHTHLIX HOIyrpynn ¢ 1 obpasymommmu. PaccmorpuM Teneps mieMroTeHT-
HYIO TIOMyTpymmy ¢ n + 1 o6pasyromnen.

ComocTaBuM KaxXJOMY KJIACCY SKBUBAJICHTHOCTH B P €ro nmpeacraBuTens, nMeo-
mero MuHuMAanbHyI aauHy. llycrts a — camas jgeBas OyxBa mpeacraBuTess v. To-
rga B cuiy 1. 0) sgeMmbl 1 6ykBa a B caoBe v Gosblie He Bcrpedaercsa. Ilosromy
KJACCOB 3KBUBAJEHTHOCTU KOHEYHOE YHCJIO: TPEICTABATENb KAXK,IOT0 KJIACCA MOXKET
OBITH TIOIYYEH MONUCHIBAHUEM K TTPOU3BOJBLHON OYKBE (o DIEMEHTA MOATIONYTPYIIIEL,
[IOPOXK IEHHOU OOPA3YIOUIMMU (1, . . . , Gy, & UX — KOHEYHOE THUCJIO IO IPEANOJOKEHIIO
AHIYKIUA.

[oxaxeM, 4To M000€ TOCTATOYHOE IIMHHOE CJIOBO B P MOXHO COKpamumy, T.e.
YKa3aThb CJIOBO MEHBINEN INHBL, KOTOPOE 3aMaeT TOT K€ DIEMEHT MOAyrpynnsl P.
CJ10BO 3aBEfOMO COKPATUMO, €CIM B HEM PsIOM HAIUCAHBI ABA MOICIOBA, OTHOCAIIN-
ecs K OQHOMY KJIACCY 3KBUBAJAEHTHOCTH (CM. JeMMy 1, IyHKT B).

IToctpoum mo cia0BYy rpad, BepHIMHAMU KOTOPOTO ABIAIOTCA MO3UINM CJIOBA, &
pebpy, COeAMHAIOMEMY [Be IO3UINN, COMOCTABIEH KIACC SKBUBAJEHTHOCTH IIOCIO-
Ba, KOHIIEI KOTOPOI'O HAXOAATCA B 3TUX ABYX nosuimsax. [lomy<win packpamieHHbIN
noaueir rpad. UssecrHas teopema Pawmces yTBepxkgaer, 4To mpu (PUKCAPOBAH-
HOM YKCJIe IIBETOB M AOCTATOYHO OOJBIIOM YUCJIE BEpIIUH B Tpade HAuAeTcs on-
HOIIBETHHIN TPEYTONBHUK. HO OMHOIIBETHOMY TPEYTOJIBHUKY COOTBETCTBYIOT ABA 3a-
MMCAHHEBIX TIOAPAJ MOJCIOBA, KOTOPBIE NPUHAMIEKAT OJHOMY KJIACCY DKBUBATCHT-
HOCTH.

3AMEYAHUE. Ucnonb3ys aHamoruvHoe paccyXkjgeHue u OeCKOHEUHYIO TeOpeMy
Pamcess, MOXHO [OKa3aThb Ciaeyiollee yTBEDKAEHWE: NYCMb 68Ce CA0684 KOHEUHOU
OAUNBL PACKPAUENDL 8 HECKOADKO UBEMO6, M0o20a 4060€e GECKOKEUROE BNPABO CAOEO
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MOACHO PA3GUMb KA KYCKU KOREUHOT Oaunbl Mak, wmobvl 6Ce KYCKY, 34 UCKAIOUEHUEM
6vimb ModHCEMm NEPB020, ObLAY PACKPAULENDL 8 00UH YGEm.
P ’ packp (A. A. Kaneav)

7.1. YCJIOBUE. UaBecTHO, uTO 27 < Ty < -+ < X, ¥ |7 — y;| < € npu Beex i
21 € 23 < -+ € 2, — PE3YALTAT MEPEYNOPALOINBAHUA HAOOPaA {y; | B mopAfKe
BospacTanma. [JokaxuTe, 9To |1; — 2;| < € IpH! BCeX 1.

PEMEHUE. YTBepxkaeHre 3a4a9r PABHOCWIBLHO TAKOMY: €CAK LIS ABYyX HEyObI-
BAIOIMX MOCIEIOBATEIbHOCTEN T < Ty K+ K Tp UM 21 < 22 < -+ < 2, IpHU
HEKOTOPOM 1§ BBHINOJIHEHO HEPABEHCTBO |T; — 2;| > &, TO 1A a000n TepecTaHOBKY
o :[1,n] — [1,n] mangerca Takoe k, 9T0 |2 — Zo ()| > €.

PaccmoTpum cayyan ¢; < z;. Hangercs takoe k € [1,1], uro o(k) > i. Jas sToro
k BBITIOTHEHO

|2k — Zo(k)| = Zo(k) — Tk = 20 — T > €.

Cayuan z; > z; pa3bupaeTca aHAJIOIMYHO: HYXKHO B3ATH Takoe k € [i,n], 94To0
o(k) < i. Toraa

Th — Zo(k) Z Ti — i > €. (M. H. Baawiii)

7.3. YcaoBuk. Hokaxure, ato marpunst AAT u AT A umetor oquu n ToT XKe
HaBOp HeHYJIeBEIX COOCTBEHHEIX umcel, rae A — mpamoyroasHas Mmarpuma, AT —
TPAHCIIOHUPOBAHHAA MATPHUIIA.

PEmWEHKE. Byaem paccmarpuBaTh marpuny A Kak MaTPUILy JMHEHHOTO OIIEPATO-
paums V =R" 8 W = R™. 3amerum, uro (Azx,y) = (z, ATy) (uepes (-, -) obosnadeno
CTaHIApTHOE CKAIAPHOE MPOM3BEJCHHME), MOPTOMY AcHO, 910 V. = ker A @ im AT,
W =ker AT @ im A. Hampumep,

vekerAe (VueV)(Av,u) =0 (Vu € V) (v, ATu) =0 vlim AT,
Hoxazkem, aTo ker AT A = ker A. JeicTBuTeIBLO,

AATz = 0= ATz, AT2) =00 ATz =0= AATz = 0.

3aBepumuTh JOKA3aTeIbCTBO MOKHO Tak. Cobcrrennnii BekTop = mua AT A c ne-
1
HYyJIEBBIM COOCTBEHHBIM 3HAMEHNeM A JexkuT B o6pase AT, mockoabky ¢ = AT(XAQ:).

U3 cxazaHHOrO BBHIOIE CleLyeT, 9TO LI & MOXKHO [aXKe BLIODATH IIPEICTABJEHIE
x = ATy, roe ylker AT, T.e. y € imA. Nmeem: ATAATy = XATy, T.e.
AT(AATy — M\y) = 0. Ilpu stom Bextop AATy — Ay mexur B 0o6pase omepaTopa A,
U TOTOMY OpTOroHateH aapy omeparopa AT. 3maumt, oH paBen HymoO, T.e. y —
cob6cTBennbi BekTop g omeparopa AAT ¢ co6CTBEHHBIM 3HAMEHMEM A, ITO U Tpe-
60Banoct (06pPATHOE BK/IIOYEHHE MHOMXKECTB COOCTBEHHBIX 3HAYEHUN 1OKA3LIBAETCA
TaK XKe). (B. B. Jouenxo)

7.4. YCIOBUE. z,y > 0. [lokasaTs HepasercTro: ¥ + ¥ > 1.
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PEMEHVE. Eciu xoTsa GBI OHO W3 YHCET T M Y HE MEHbIIE 1, TO HEPABEHCTBO
oueBnaHO. [losToMy gocTaTodno pacemMoTpers cayuan 0 < z,y < 1. MMpu 0 <y < 1
73 HEPABEHCTBA BepHy/LM 3akmovyaeM, 4TO

eV =41V <l+@-)(1-y) =r+y—zy<z+y
Caenosarensuo, ¥ > fvi—ky . Crano 6bITh,

€ Y
+ =1.
r+y Tty

y T
Ay > (A. # Xpabpos)

7.9. YcjoOBUE. Tpu wyenoBeka MMEIOT COOTBETCTBEHHO IO 71, N2, N3 JOJIAPOB.
Kaxnpmr 6pocaeT MOHETKY U IOJAYYAET Pe3yJbTaT — «Opey WM «PemKy». Ecam y
OJHOI'O HE TOT X€ PEe3yJbTaT, ITO y ABYX APYIHUX, TO T€ ABOE ILIATAT €My II0 TO0J-
mapy. Eciu xe Bce pesyabTaThl OIWHAKOBEI, TO IEHBI'M HE HEIAT, HO «TAKT» UTPHI
npoucxoauT. Urpa KoHTaeTCs, KOTa ¥ OMHOTO U3 UT'POKOB HeT Gouablne geHer. [log-
CUYNTATh CPEIHIOI MPOAOIKATEILHOCTE UTPHI.

4n1n2n3
3(ni+na+mnz)—6"
B pemenun Ham moTpebyOTCA ABE JEMMHI.
IlepBas — XOpOLIO U3BECTHOE YTBEPKIEHUE U3 JUHEHHON aIreGphl.

PEmEHME. OTsert:

JIEMMA 1. Heoguopoguas cucrema N JIUHEUHBIX ypaBHeHUU ¢ N HEU3BECTHLI-
MU MMEET €IMHCTBEHHOE PEINEeHNE TOrAa U TOJBKO TOrAa, KOTIa COOTBETCTBYIOMAA
OJHOPOTHASA CUCTEMA UMEET TOJIBKO HYJEBOE PEIleHue.

JIEMMA 2. PacemorpuM opueHTHpoBaHHEN Ipad’) V ¢ BHIIEICHHBIM [IOJMHO-
xkecrBoM BepumH (G (BepmHbl u3 MHOXKeCTBA (¢ OyjeM HA3BIBATL 2PAHUUHBIMU, A
ocranbuble — snympennumu) . Ilycrs rpanuna docmuscuma U3 KaxK 40U BHYTDEHHEH
TOYKHU (T.€. UMEETCsI OPUCHTUPOBAHHBIN Iy Th U3 DTOU TOYKU B OJHY U3 IPAHUYHBIX
To4ek). IlycTh matee KaxkAou BEpIIMHE TPUMUCAHO (KOMILIEKCHOE) YUCJIO TAK, 9TO

1) umcao B KaxI0M BHYTPEHHEN BEPIIVHE DABHO CPENHEMY apU(pMETHIECKOMY Th-
ceJl B KOHIIAX BBIXOIAINX U3 Hee pedep;

2) BCe YKCIa B PPAHUYHBIX BEPIIMHAX DABHBI HYJIIO.

Torga u Bce 4ncia BO BHYTPEHHUX BEPIIMHAX PABHBI HYJIIO.

JOKABATEJILCTBO. Paccmorpum Bepiiuay A, B KOTOPOU CTOUT MAKCUMAJILHOE
o Moxyao uuciao M. B cuny 1) B KOHIIAX KaKJOTO BHIXOIAIIETO U3 Hee pedpa Tak-
xe crout M. IloBTOpsas >To paccyxmeHWe, BUAUM, UTO UCIO M CTOUT BO BCEX
BepmHax, JOCTKUMEX u3 A. [lockoapky u3 A moCTUXUMA TPAHUIHASA BEPIIUHA,

To M = 0.

SAMEYAHUE 1. YcaoBue 1) MOXHO HECKOIBKO OCIa0MTh, HO HAM JOCTATOYHO U
Takou pOPMYJIUPOBKH.

DB rpade MOryT OBITH METJIN.
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MoxHO cIMTATH, 9TO HIPa IPOUCXOTUT Ha MHOXKECTBE V IO3UNUU BHUIA
(n1,n2,n3), TAE N1, N2, N3 — TPOU3BOJBLHLIE HEOTPULATEIbLHBIE TEIbIE YUCTA C TaH-
HOU CYyMMOU

n1 + n2 +n3 =n.

HazoBeMm rpaHWIHBIMY TO3UITUY, B KOTOPLIX UT'PA 3AKAHIUBACTCA, T. €. TAe TI0 Kpayu-
Hell Mepe OJHO W3 TUCeT Np, N, N3 PABHO HYJIIO, U IOCTPOUM Ipad ¢ MHOKECT-
BOM BepIIMH V', COCIUHMB BBEIXONAIIUMHE PEeOpaMU KAXKIYI0 BHYTPEHHIOK ITO3UIILIO
A(ny,n9,n3) ¢ MO3UIMAME, KyJa W3 HEE MOXKHO MONACTH 33 OJWH TAKT, T.€. C Car
von nosutmen A u nosunmamu A'(ny — 1,my — 1,nz +2), A”(ny — 1,ns +2,n3 — 1),
A" (n1+2,n3—1,n3 —1). HeTpyaHO NPOBEPUTD, 9TO BEPOATHOCTE TICPEXOIA 34 OTAH
TAKT W3 MO3UIMA A B KAXKIYIO U3 STUX IeTHIpex mosunuil pasaa 1/4. Vs rpannaHbx
no3unui (MHOXKeCTBO ux 0603HaduM depes () pebGpa He BEIXOISIT.

1) Cuauana BBMUCIEM CPEIHIOW IPOLOLKUTENLHOCTD [(A) urphl, HadaBLIenCcs
B mosunuu A, B IPEANONOXEHNA, ITO OHA MIA KaXKAOU MO3WIAK KOHedIHa. B cury
BHIIEN3J0KEHHOTO

1A) = 1+ F(I(A) +1(4) +1(A") +1(A™)). (+)

(Mbr monaraem, 1ro [(A) = 0 nJs KaxXI0M IPAHUYHON IO3ULIIN).

IMoayumnace cucreMa JUHENHBIX YPABHEHUU € KOJAMYECTBOM YPABHEHUU M HEU3-
BECTHBIX, PABHBIM UMY BHYTPeHHUX BepimH. COOTBETCTBYIOMAA OJHOPOTHAA CHU-
CTeMa UMeeT BU]

1
I(A) = Z(l(A) +I(A) +1(A") +1(A™)).
B cuay memMMEBI 2 OHa MMeeT TONBKO HyJeBOe pemleHme. B cury memMmber 1 mcxogHas
CHCTEMA UMeeT DeIlleHne, IPUTOM eIuHCTBeHHOe. OCTAIOCH «yra aThy DTO PEIIeHNe.
Tockonbky [(A) obpamaerca B HyJIb B MPAHUYIHLIX MO3UIMAX, ECTECTBEHHO [IOMPO-
60BarL noKoOpaThL ero B Buge aninong. lloacrasass B (*) u packpoiBas ckoOku,

npuxoauM K paBeHCTBY (3n — 6)a =4, T.e. a = 6
n_
2) JlokaxeM Tenepb, 9TO CPEIHAA MPOIOIKATEILHOCT UT'PEL TENCTBATEILHO KO-

HEYHA.
[(A) = kpi(A4),
k=1

rae pi(A) — BEPOATHOCTH TOTO, YTO UTPA, HAYABLIICH C NO3UIUE A, 3aKOHUINTCA
poBHO 4Yepe3 k TakToB. Hy:XHO M0OKa3aTh, 9TO 2TOT PAL CXOTIUTCA.
Beposiraocru py(A), 04€BUAHO, YIOBIETBOPSIOT COOTHOLICHUAM

1
Pry1(A4) = Z(pk(A) + pr(A") + pr(A”) + pe (A7), ()
KOTOpBIE, HAPALY C HA9aJbHBIMU YCJIOBHAMU
0, A¢a,
A) =
Po(4) 1, AeG

u rpanuyaabpiMy yeaosusamu pi(A) = 0 npu A € G u k > 0, H03BOIAIOT BEIMUCIATL UX
NOCTeIOBATETBHO.
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Pacemorpum BekTOpEL Py, ¢ kKoopaunaTramu Py (A) (KoaudecTBo KOOPAUHAT PABHO
qucay Beex sepum rpada V). Coorromennsa (**) BMecTe ¢ PpAHUYHEIMY yCIOBUAMY
MOKHO 3aIICATh B BUAe Py, = Upy, Tae U — INHEMHEIN OMepaTop Ha COOTBET-
cTByIOImEM npocrpancTse. Toraa

Py = Ukpo-

TakuM 06paszoM, TOCTATOYHO JOKAZATH, YTO CXOTUTCA DA Zle U*. ona sToro mo-
CTATOYHO MPOBEPUTH, ITO BCE COOCTBEHHBIE 3HAYCHUA U (B TOM YHCJE W KOMILIEKC-
HBIe) 10 MOy 110 Menbine 1. (Hampumep, mocae npuseqenus MaTPUILBLL K K0P TaHOBOK
opMe MOXKHO yOEIUTHCSI B CXOAUMOCTU Dsa HEIOCPEICTBEHHBIM BEITHCJACHUEM).
IIycre & — coGcerBennni BeKTOp oneparopa U, COOTBETCTBYIOMKY COGCTBEHHO-
MY 3HATEHHUIO A:
]- / " n
Az(A) = Z(x(A) +z(A) +z(A") + z(A )) npu A ¢ G, (F%)
Az(A) =0 opu A € G.

Ecmm [A| > 1, O A # 1, TO, paccMOTPeB HAUGOMBIIYIO IO MOAYII0 KoOpamHaTy &(A)
BEKTOPA &, HEMEIEHHO MPUIEM K MPOTUBOPEYINIO — JeBas IaCTh COOTHOIICHNA
1 1
(A= 3) 2(4) = 3 (2(A4) +(4") + 2(4™)),
skBuUBaTeHTHOrO (¥**) mo Moxymo Goabume mpason. Ecau ke A = 1, T0 koopauHa-
TEI BEKTOPa & YAOBJICTBOPAIOT YCIOBUIO JEMMBI 2, U CJICIOBATEILHO, PABHLI HY.IIO.
IIporusopeuwe. (/. Mednuxos)

7.11. YCJOBUE. Bce xoMIeKCHEIE KODHU YPABHEHMSA
A X"+ A X" 4 4 4,=0
0 MOAYJO cTporo MenbIne 1. [locaenoBaTeabHOCTH
{or = Aotpyn + Artupgpn—1 + -+ Aqup}
cxoauTea. JIOKaxuTe, ITO TMOCACA0BATEILHOCTE {U) } TOXKE CXOTUTCA.

PEMEHUE. Bes orpanuienns oOMHOCTY MOXHO CIATATh, 9T0 Ag = 1.
Pasnoxum xapakTepuctuaeckuin Muorodtes P(x) = 2" + Ajz" 1 + -+ + A, Ha
MHOXWUTEJIH:

Pz)y=(@-&)(z—-&) ...-(z—&), &eC, & <1
Paccmorpum onepaTopsl Ay B IPOCTPAHCTBE MOCICIOBATEILHOCTEN:
u— Ay (u), (Ax(w))i = wip1 — Ay,

HOCJIe,/IOBaTeJIBHOCTB U €CTh PE3yJabTaT NPUMCHECHUA TPOU3BCACHUA ONIEpATOPOB Agl
K TMTOCJIECAOBATEIBHOCTH U:
n
v = H A&U, .
i=1
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AKNM O a30M OCTAaTOYHO OTOKa3aThb CJe iiee: 11yCTb av= u —

T 6 ) A i ay y <1, Ag

cxonuTcea. Torma u u Takxke cxoauTca. [JoCTATOYHO pacCMOTPETh CIydan klim v =
— 00

= 0, HOCKOABKY 3aMeHa Ty = vy, — ¢, U = u — ¢/(1 — &) coxpanser pekyppeHTHOE
COOTHOIIIEHUE U = Ugt+1 — Eug. B pToM cay4uae gokaxem, uro lim up = 0, u 3agaga
k—o0
OyzeT pelieHa.
Nuayximen Jerko npoBepUThH COOTHOIIEHNE

untr = Eun + & ongr + o+ EONpr1 F UNG *)

Ecin vy, cxozurces k Hymmo, To aua moboro € > () u Bcex k, HadmHAas ¢ HEKOTOPOro N,
BHITIOMHEHO |vg| < €. W3 (*) monywaem

lungr] <€) Tun] +e([E]"™ + -+ €+ 1) < €] |un| + 1%& .
W3 sron onenxu creayer, ato npu C' > 1/(1 — |£|) m mpm gocTaTodHO GOABIIAX T
BBITIOTHEHO

|U’N+T| < 05,

4 TO U 03HAYAET, YTO MOCAELOBATENLHOCTD Uy, cxogurcs K uyao. (A. A. Kanean)

8.8. YCJOBUE. B rpanuvHbIX KIeTKAX TAOJUIBL N X N PACCTABICHBI ducaa. [o-
KaXUTE, 9TO MOXKHO JOMUCATHL YUCIA B OCTAIBHBIE KISTKU TAOJUILI TAK, ITOOLI
KAz 0 YncIol) paBHAIOCH CpegHeMY apibMeTHIecKOMY CBOMX coceei?).

PEMEHUE. YcioBue MOXKHO 3AIKCATH B BALE CUCTEMbL IUHENHBIX yPaBHeHU! (KO-
JUYECTBO YPABHEHUU W HEM3BECTHHIX PABHO YMCIY BHYTpeHHUX KaeTok). CooTmer-
CTBYIOIIAA OMHOPOTHASA CHCTEMa, MTONYIUTCHA, €CAN B IDAHUYHBIX KJIETKAX 3AMUCATH
Hyau. B cuny memmer 2 u3 permenuns 3agaqu 7.9 (c. 230) (Bepumnbl rpada cooTBeT-
CTBYIOT KAeTKaM Tabauubl, pefpa COeqUHAIOT COCELHUE TOYKK) OHA UMEeT TONLKO
HyJeBoe pewenue. B cuny nemmer 1 u3 perenus sagaqu 7.9 (c. 230) ucxognas cucrema
UMEET PEIlIeHne, MPUTOM €IUHCTBEHHOE.

3AMEYAHUE 1. B ucxomnon zajgade peds nuia 0 kagpaTuou Tadaume. Ho yreep-
KAEHUE BEPHO U IUIA JTIOO0K «PA3yMHON» TAOAUILI, B YI4CTHOCTH, IJIA MPAMOYTOILHONL.

(JI. Mednuxos)

D¥merorca B BUAY 9MCJIa BO BHYTPEHHUMX KJIETKaX. B IDOTUMBHOM CIy4ae yTBEDXKJIEHUE HEBEDHO.
2)Moxno paccMaTpuBaTh KaK COCEACTBO «II0 CTOPOHE», TaK W «II0 BEPIINHE».



