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Anrebpa, anamus u auddepeHiuaibible YPaBHeHNA
(curTEeTHYIECKUT KYPC)

B. M. Tuxomupon

BBENEHUE

Kak mamo yunts MaTemaTuke u demy?! /laBaiTe MOPasMBIILIAEM.

Konredno, crout BOCHOIB30BATHCA GOraTENMIMM ONBITOM IIPETOAABAHU
MaTeMAaTHUK! Ha MeXaHUKO-MaTeMaTrIeckoM dakyabTeTre MI'Y. Hauny ¢ Boc-
MMOMWHAHUN.

A mocTynun mHa MexaHumko-maremaTumiaeckun gakyabrer MI'Y B 1952 ro-
ny. MaTemMaTuyaeckoe oTAeIeHHE MEXMATa COCTOMIO B TY MOPY M3 BOCHMHU
kadenp: anammsa (3aBeayommM kadeapon 6ur torga A. f1. Xunuwn), BBIC-
wen reomerpun u Tonogoruu (I1. C. Anekcanapos), aare6per (A. T'. Kypom),
muddepennuansaon reomerpun (B. d. Karan), auddepeHmmansuex ypas-
venun (U. I'. IlerpoBckun), Teopun GyHKIUN U DYHKIMOHATILHOIO AHAIMU3A,
(1. E. Menwmos), Treopun BeposTrocren (A. H. Kommoropos), Teopuun aucen
(A. O. T'enpory).

Baxuyw poap B mpemogaBaHWM urpaam o6A3aTeNbHBIE KypChl. BoT
CTIMCOK 00A3ATETBHBIX KyPCOB, M3 KOTOPBIX, B OCHOBHOM, CKJIAIBIBAJIOCH MOE
MaTeMaTHAIeCKOe 00pa3oBanme: MaTeMaTuIecKu aHaau3 (aekropsl JI. A. Ty-
mapkue u A. U. Mapkymeswu4), anaaurudeckas reomerpus (I1. C. Anekcama-
pos), amre6pa (A.T.Kypom), o6bikHOBeHHBIE MUddEPEHIMATLHBIE yDAB-
uwenus (B.B. Hembiuxun), guddepennmansuas reomerpusa (II. K. Pames-
cxkun), ananus 1II (A. H. Koamoropos), Teopus GYHKIUA KOMILIEKCHOTO

MaTemaTn4eckoe npoceelyenue, cep. 3, eoin. 10, 2006(23-56)
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nepemennoro (A. O.Teabdong), auddepeHnmaibHbe ypaBHEHUA € TACTHBI-
mu npomssogubivu (O. A. Oneninnk), Bapuanuonnoe ucaucaenue (M. M. I'exs-
dang), Teopua sepoarnocren (FO. B. TIpoxopos).

S HegapoM TmpWBEN COUCKHU 3aBeqyiomux Kadeapamu u aeKTopos. 1lo-mo-
eMy, OHU CBHAETEILCTBYIOT O TOM, 9TO MexmaT MI'Y B Ty mopy 6vL1 Hecpas-
HEHHBIM II0 KOHIICHTPAWHW BHIJTAIONINXCA YICHBIX CPpEIN BCEX OCTAJIBHBIX YHHU-
BEPCUTETOB Mupa. B moaTeepx gemme »Toro npuseay ciosa B. WM. Apmoasga:
«lreaga BeIMKWX MaTEMAaTUKOB, COOPAHHBIX HA ONHOM (QAKyJIbTETE, IPEI-
craBigeT COOOM ABJICHME KCKAIYUTEIHLHOE, U MHE HE MPUBOJUIOCH BCTPE-
9aTh HEIero nonobuoro murae.n (B.U. Aproasg, «Az6parnoe—60». M.: Da-
suc, 1997, c. 714.) U obpasoBanme, KOTOpOE [ABATIOCH B Te€ TOABI, OBLIO
OYeHBb BBHICOKOT'O PAHTa. JTO 0OPA30BAHUE 3aKIATHIBATOCH HE TOMBKO HA 00s-
3aTEJbHBIX KypCaX. SHAHUA, MMOJTYYEHHBIE HA HUX, TOAKPEIUIAINCH ITPAKTH-
YECKUMH CEMUHAPAME, KOTOPBHIE BEIUM OMLITHEUINE MPEeNoAaBaATeIN- JOIEH-
THI, UMEBIINEe MHOTMOJIETHNM ¢TaxX padoTel. Hazory mekoroprix: H. /1. Ausen-
mrrar, B. B. lemugosuy, C. A. Taasnepn, 3. M. Kumnkuna, A. C. Ilapxomenko,
W. B. Ilpockypsakos u apyrue. Ho rmasuoun ocobennocTbio MexmaTa MI'Y To-
0 BpeMeHH’ OBLI0 n300WIre CIEIUATbLHBIX KYPCOB U CUEIUATLHBIX CEMUHAPOB.
Cpenu ceMMHAPOB, CHITPABIIUX BBIIAIOINIYIOCA POJb B MCTOPUU OTEYECTBEH-
HOU MaTeMaTuKu — Tononorndeckun kpyxkok 1. C. Anekcaunposa, ceMuHap
mo Teopun BepoaTHocTen A. H. Koamoroposa u A. . Xuntuna, cemunap mo
reopuu yukmuz H. K. Bapr u /I. E. Menbmosa, ceMuHap 1m0 KOMILIEKCHO-
My amamm3y M. A. JlaBpentoeBa m A. U. Mapkymesnda, ceMuHAp MO ypaB-
HeHuAM ¢ dacTHBIMEU npomssBoaabivu U. ['. Ilerposckoro, C. JI. Co6oaera u
A. H. Tuxonosa, cemunap mo sceu maremaruke M. M. 'erndanga u mHOrHE,
MHOTUE ApyTue.

Ho Bepremcs k o6s3aTensbHbBIM KypcaMm. OHEM, KaK DTO MOXHO YCMOTPETH
73 COMOCTABJEHUN WX HA3BAHUU C HA3BAHUAME Kadeap, PaCIpeaelsinch, Kak
npaswio, mo kadeapam. Kadenapsl auddepeHnraibHbIX YPABHEHUT W TeEO-
pun GHYHKINEA ¥ (DYHKIXOHAILHOTO AHAIN3A UMEIN ABa Kypca (mepsas — IIo
OOBIKHOBEHHBIM YPABHEHUAM U YPABHEHUAM C YACTHBIMU IPOU3BOJHBIMU, BTO-
pas — 10 KOMILIEKCHOMY NEPEMEHHOMY M BAPUANMOHHOMY ucauciennio). Kypc
«Ananus 11Dy, smrasmunca KoaMoropoBbIM, 6L 0COGEHHBIM. DTO OBLT ClH-
memuueckutl Kypc, COSTUHABIINN B cebe 3IeMeHTh Teopuu PHyHKIMHA, PyHK-
OVOHAJBHOI'O aHAJN3a U UHTET PAJIBHBIX ypaBHeHI/Iﬁ (paHbIHe T NUCHUILJINHBI
YUTANUCH IOPO3HB).

I EEEEE

B Tedenme mocmegHUX ABYX JIET MHE MOBEIOCH IPENOIABATH B ABYX He-
O6LI‘IHI:IX YHUBEpCUTETAX — MOCKOBCKOM HE3aBUCMMOM YHUBEPDCUTETE U
Mex gymapoanoM yausepcuTeTe bBpemena. B 5Tolm craThe oTpajkeHBI HEKO-
TOPBIE UIEW, KOTOPHIE BO3HUKINA Y MEHA B CBA3M C DTUM IPENOIABAHUEM.
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Croxusrrasica y #Hac B Poccunm cucteMa yHUBEPCHTETCKOTO MPEIoAaBa-
HUJA MATEMATUKX (4a U MHOTOIO APYrOro) MOCTPOEHA IO TaK CKa3aThb «pe-
JEPATUBHOMY» NPUHIMIY, KOT'/Ja MaTEMATUKA PACCMATPUBAETCA, KAK CTPa-
Ha, Pa3/leJeHHAs HA (PAKTUIECKU HE3ABUCUMBIE IMITATH: AHaamsa, Aarebpsr,
l'eomeTpun, Auddepennuatbunx ypapuennn, Teopun GpyHKIUI 1 QYHKIIHO-
HAJBHOTO aHAAM3a, Teopur BEPOATHOCTEN. . .

B yausepcurere Bpemena Besen 0COOBIN Kype, KOTOPBIU S HE BCTPEYaT B
apyrux mectax. On HasbBaeTca “Perspectives of Mathematics”. 9To kypc 6e3
(PUKCTPOBAHHON MPOTPAMMBI, TUTAESMBIA TI0 OMEPEIU TOCIEIOBATEALHO BCEMI
mpodeccopaMy YHUBEPCUTETA 1A CTYAEHTOB, MOIYIUBIINX YyXKe IIpeIBAPU-
TeJIbHBIE 3HAHWUA [0 aHAIW3Y ¥ JUHEHHOU airebpe. I MHe mpuiwia B rogoBYy
uaes TPOUUTATDL CUMMEMUUECKUl KYPC MO BCEH TOU MATEMATHKEe, KOTOPON
MEHA YUWIN HA MEPBHIX ABYX KYyPCAX MOU YUUTENA MATHACCAT C JULIHAM JET
ToMy Hasajg. [Ipm d>ToM a1 UCXOaUI M3 Maen, ITO MATEMATAKA — DTO €IUHAS
CTPaHa, eIUHOE YHUTAPHOE TOCYIAPCTBO, U MOTOMY BCE MOXHO BOCCOSINHUTD
B IMHOM TWKJIE JEKIWH. 3AeCh IPEACTABICH KOHCIEKT Y€ THIPEX JEKIUHA 3TOr0
Kypca.

B meppom mexiuy pedn MAET O PEIIEHUH JAXHENHLIX YPABHEHUN, BO BTO-
POMl — O KOHHKAX W KBAJPUKAX, 38T€M O HAYAIAX AHAIW3A W, HAKOHEI, O
nuddepeHINATLHBIX YPABHEHUAX. Kax 1asa JeKus moApas/[eiaeTcs Ha, I ThI-
pe dactu. B «HymeBom» 9acTm pedb MAET O MPEALICTOPUE, B3TO (TYMAHUTAP-
HLII pparMenT, He TpeOyIIIni KaKAX-TO MaTeMaTHIeCKnX 3Hanu. OH emre
aJPeCcoBaH 1 AefylkaM ¢ 6a0yIIKaMu, KOTOPBIE YTO-TO XOTAT TPENOAATh CBO-
UM BHyKaM. B CIeIYIOUEH YACTH MBI BKPATIE KACAEMCA UCTOKOB TEOPUU, U
TaM MBI OMMUPAEMCA, B OCHOBHOM, HA IIKOJLHBIE 3HAHUA. 3aTE€M PEYb UAET O
Pa3BUTUN T€MBI; OHA 9a.CTUIHO 6BIBaeT npenqcTraBiaCeHa B MATEMATUYIECCKOM BY-
30BCKOM OGPA30BAHME U Ha MEPBHIX KYPCax YHUBEPCUTETOB. B mocaeaHen ga-
CTH JOKA3BIBAIOTCA HEKOTOPHIE (PYHAAMEHTAILHLIE PEe3yAbTATHI, TUTACMEIE,
Ia W TO JAJEeKO He BCerja, Ha CTapIIuX Kypcax YHUBEpCUTETOB. B koHIe cTa-
ThU BKPATIIE O6cy)KrZ[a.IOTCH OPUWIOXKECHUA PACCMOTPEHHBIX B Heﬁ BOMIPOCOB K
OPYTHUM pasfeiaM MATEMATUKN U K €CTECTBO3HAHMUIO.

B HaYaJBbHBIX YaCTAX JIeKHHﬁ pPe€YIb 3aXO0AUT O 3HAMEHUTHIX TPYHOaX, Ta-
KX KaK nanupyc Pawuga — ApPEBHEUINUU 33Ma9HUK, U3BECTHBIA B UCTOPUU
nayku, «Kouukwmwy Anomnonus, “Nova methodus” JlenGuuna (mepsas omy6uau-
KOBaHHAA cTaTha 1o aHaau3y) u “Method of Fluctions” HeoTona, naree ytmo-
MUHAKTCA TPyasl Junepa, Jlarparnxka u Komm. B sakimodnTenbHbBIX 9acTsax
MOKa3BIBAIOTCA aJbTepHaTuBa Ppearoabma, TeopeMa ['manbepra — IIMua-
Ta O CHUMMETPHYECKNX OIepaTopax, o6obmennas TeopeMa JliocTrepauka o0
ob6paTHOM O0TOOpaXeHnn, TeopeMbl Komm CyiecTBOBAHUA, € TUHCTBEHHOCTH,
HempepoiBHOn U AndgPEePEeHIIPYEMOr 3aBUCUMOCTH PelleHnn auddepennn-
AJLHLIX YPABHEHNMN.
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OCHOBHOU YACTY MPEAIMIECTBYET Pa3aen, COAEPKAITAN TPEIBAPUATEILHEIE
CBEJCHUA, B KOTOPOM BBOZATCA OCHOBHBIE IIPOCTPAHCTBA, B KOTODHIX IIpe[-
CTOUT NEUCTBOBATH, 3 TAKXe (POPMYAUDPYIOTCA TPU MPUHIUNA CYIIECTBOBA-
HUAS ¥ TPUA TPUHIUIE JAHEHHOTO aHanm3a. [JoKazaTelbCTBa HEKOTOPHIX W3
9TUX IPUHINIIOB U HEKOTOPLIE IPAMEIe CJAEJCTBUA U3 HUX IpUBeAeHLI B IIPU-
qoxennn. B caMoMm KOHIIE CTaTHU MBI BO3BPAIIAEMCA K BOIPOCY O TOM, IEMY
7 KaK HaJ0 yIUTb MATEMATHKE.

[IPEIBAPUTEJILHLIE CBEIEHUSA

3xech COGPAHBI OCHOBHBIE TIOHATHA, & TAKXKE HEKOTODPBIE (PAKTHI OOIIEN
TOMOJOTUY ¥ JUHETHOT'O aHAIW3a, KOTOpPLIE HAM TOHAMOOATCA namee B 3a-
KJIOYUTEIBHBIX YaCTAX JIeKHHﬁ. H PaCCIATHIBAIO Ha r‘II/ITa,TeJIeIK/)I, NMEIINX
KaKOe€-TO OTHOIICHME K MaTEeMaTUKe, B 9aCTHOCTH, Ha IIKOJbHUKOB, eﬁ NHTE-
PeCYIOITXCA. DTON KATETOPUA IUTATENCH UCXOAHBIE TTOHATUA B TOU WIN WHON
Mepe 3HAKOMBI, TaK ITO K MaTePHUALy 3TOT0 Pa3aeaa OHM MOTYT OOpAlaThCs
0 Mepe HEOOXOMMOCTH TIPU YTEHUM CTATHYU (WM €€ OT/IETbHBIX 9aCTeN, KO-
TOPBIE B 3HAMUATEILHOU CTEIECHU HE3ABUCUMEL ADYT OT Apyra). I moTomy Bce
IpeBAPUTEILHEIC CBEJCHNA HAOPAHEI IeTHTOM. |

Crour Takke TpPeAyIpeIuTh YUTATENA, 9TO YaCTh YTBEPXKICHUU OCTa-
BIeHA 0e3 MO0KA3aTeIbCTBA, WIM ACTCA JUIIL OCHOBHAA UIEd NOKA3ATelb-
crBa. Takue TPOMyLUIEHHbIE ETAINA PACCYXKICHUN TATATENI0 PEKOMEHIYeTC A
BOCCTAHOBUTH CAMOCTOATEABHO.

I[TPOCTPAHCTBA M OCHOBHBIE TOHATHUA

OCHOBHBIM, BaXXHEMINM IPOCTPAHCTBOM AJIA HAC ABITCSA COBOKYIHOCTD BELIECTBEHHBIX
ancen R. BemecTBeHHBIE YUCIa MOXHO CKIAJbIBATD, BEIYATATH U AEAUTH (HEIb3s, BIPOIEM,
[eInTh HA Hyab). BemecrBenuere uncaa OyayT A4 HAC IPIMEPOM BEKTOPHOIO, TOMOIOT I~
CKOT'0, METPHYIECKOr0 ¥ 0aHAX0Ba MPOCTPAHCTB, OIPeAeNeHNA KOTOPBIX HAC X YT BIEPEeIH.

Kpome R MBI MOCTOSHEO 6ygeM CTATKHBATECA ¢ TpocTparcTBamu R™ u (R™)'.

Tl
DaeMenTsl R" 5T0 cTOAOIEL : 73 N BEWECTBEHHBIX IUCEN; BECh TAKOU CTOIGer

Ty

MBI GyzeM 0603HA9AaTH OAHOU OyKBOU ¥ u mucaTh mpu >ToMm = € R". Takme sneMeHTEHI

6y1eM Ha3bIBATH 6exmopamu. Ecm ¢ € R™, To 4epe3 27 0603HAIaETCA CTPOKA (T 1, . . ., Tn)-
CTOJI6LH)I MOXHO IIOKOOPAWMHATHO CKJIAABIBATH U YMHOXATH Ha BEHNICCTBEHHBIC YHCJAA: €CIN
1 Y1 z1+y1 ary
r=| : ny=| : |, Tox+y= : ,aecau a € R To axr =
T Yn Zntun azn

U (CBenenns, CoepKamuecs B 5TOM pa3fele, M3I0KCHbI B GOIBIIMHCTBE yIeGHBIX KHIT
mo MaremMaTuke. Xorel ObI IOPEKOMEHJ0BATh YNTATENII0 CTaThl «BaHaxoBO IPOCTPAHCTBOY,
«BexTopHOe mpocTpaHCTBOY, «['maIb6€pTOBO IPOCTPAHCTBOY, «KOMIaKTHOE MIPOCTPAHCTBOY,
«KommaxTaem onepaTop», «MeTpudaeckoe IpOCTPaHCTBOY, «Tomomorunieckoe mpoCTPAHCT-
BO» B KH. «Maremarumyeckasa Juuukiaoneaus», btr., M.: Coerckaa s>umukmroneaus, 1977.
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Kpome mpocrpanctBa R"™ BEKTOPOB-CTOIOHOB OyAeM pPacCMATPUBATEL IPOCTPAHCTBO
(R™) BexTopos-cTpok. R™ u (R™)’ mocTaBIsioT mpuMephI BEKTOPHBIX TPOCTPAHCTB, T. €.
MHOXKEeCTB X C ABYMA ONEPAUUAMI — CIOKEHWEM DJIEMEHTOB W YMHOXEHUEM 3JIEMEHTOB
HA BEMIECTBEHHBIE YHUCIA C €CTECTBEHHBIMEM AKCHOMAMU (KOMMYTATHBHOCTH, ACCOIUATUB-
HOCTH, HAIW4Ws HyJdsa W OOpPaTHOrO saeMeHTa Aua caoxenus u axcmoMm (af)r = a(fx),
(a+B)r = ar + Bz u a(x + y) = ar + oy, CBA3BIBAIONIX APYT C APYTOM ONEPALUM CJIOKE-
HUA ¥ YMHOXEHUA HA IUCIO).

IToMMMO BEKTOPOB HAM BCTPETATCA TAOJAIBLI PA3MEPOB 7T X 11, HA3LIBAEMBIE MaI-
PUYAMU:

ail N Ain
A=

Am1 . Amn

BekTops: m3 R" MOXHO BOCIPpHHAMATH, KAK MATPUILL U3 OQHOTO CTOXONA U 7. CTPOK, BEK-
Tope1 m3 (R") — Kak MATPUUEI U3 OIHOU CTPOKHU ¥ 7 CTOAOIOB.
Onpepgensercs onepanus yMHOXKeHusa MaTpunbl A Ha BekTop. [Ipounssesenue marpunsr A
Yiz1a15T;
Ha BeKTOp & € R" paBHO BexTOpy Ax = : ; mpomsseenme BexTopa y € (R™)’
poy .Y amjt
ma A — oro Bextop yA = (3271, aj1ys, ..., D 5 ajny;)-

Ecmr z € (R™)', ay € R", To 4epes -y 0603HAYAIOT CYMMY T1Y1 +- - .+ Ty Yn (3TO COOT-
BETCTBYET TPABUATY yMHOXEHUA MaTpun). Bemmaury VT - r o603HavatoT |r| m Ha3BIBAIOT
MOOYaeM BEKTODA T.

Ipoctparcrea R, R” u (R") gocTaBisioT mpuMepEl TOMOJOTTYECKUAX TPOCTPAHCTS.
Bot uTo »To Takoe. IlycTh 3agano MHOXeCTBO X U B HEM CHCTEMAa IOIMHOXECTB T, 001a-
[AIOMmas CBONCTBAMI: &) ILyCTOE MHOXeCTBO u BcE X mpuHagrexar 7, b) o6beauHenne ao60mn
COBOKYIIHOCTU MHOXECTB W3 T ¥ INEePECEICHUE KOHETHOrO INC/IA MHOXKECTB U3 T IPUHAJIE-
xkat 7. Takas napa (X, 7) Ha3BIBAETCA MONOAOLUUECKUM NPOCTPAHCTEOM.

MHOXeCTBA W3 T HA3BIBAIOTCA OMKPLUMbLIMU, TOTOTHEHUA K OTKDPBITHIM MHOXKECTBAM
HA3LIBAIOTCA 3AMKHYMbBIMY MHONCECMEaMU. [I0MIMHOKECTBO TOMOJOTHIECKOTO TIPOCTPAH-
CTBa HA3BIBAETCA KOMNGKMOM, €CIA W3 TIOOO0TO €r0 OTKPBITOTO MOKPBITAA MOXKHO BBIIE-
JUTH KOHETHOE HOAmOKpBITHE. IIpmvepoM kommakTa Ha R MOXeT CryXuTh OTPe3ok [a,b],
—o00o < a<b<oo.

Herpyauo nokasars, aTo mpocTparcTsa R” u (R™)’, B KOTOPEIX MHOXECTBO HA3LIBAETCA
OTKPBITBIM, €CILI BMECTE C KK JOU CBOEU TOIKOH & OHO cogepxut oTKpeiTh map U (€, e) =
={z e R" | |z —¢| < e} c menTpom B £ pagumyca € npu HexkoTopoM € > 0 (3aBucamem ot ),
CTAHOBATCA TOMOJIOTHIECKIMH TTPOCTPAHCTBAMU.

BaxxHBIM IPIMEPOM TOHMOMOTTIECKAX TPOCTPAHCTE ABIAIOTCA METPUIECKUE TPOCTPAH-
CTBA.

Mempuueckoe npocmpanemeo — >TO MHOXKECTBO X , Ha KOTOPOM OnpeeteHa hyHKIuA
paccToAHUA, conocrasiaaioman nape (ri,z2) € X X X mHeorpumarerbHoe duciao d(zi,Ts2)
(paccrosHme Mexny Ti m T2), PABHOE HYJIO, €CIM K JUIIb €CAM T{ = T2, O0Iajaomee
csouctsom cummerpun d(z1,x2) = d(v2,71) (gaa m0OOBIX T1 ¥ T2) W yAOBJIETBOPAIOMIEE
HEpaBeHCTBY Tpeyrombuuka: d(r1,rs3) < d(z1,T2) + d(x2, T3) Ana M0OOBIX T1, T2, T3.

MeTpuiaeckoe IpOCTPAHCTBO CTAHOBUTCA TOMOJOTTIECKIAM, €CIU O TKPBITHIE MHOKECTBA
B HEM ONPEIeJSATh, KaK MHOXECTBa, KOTOPLIE BMECTE C KaXKAOW CBOGU TOIKOU £ COAEPKAT
omxpoimortt wap U(€,e) = {z | d(x,€) < ¢} (c menTpom B £ paguyca € mIpm HEKOTOPOM
€ > 0, saBucamem or &).

[IpumepaMu METPUIECKUX IPOCTPAHCTB MOTYT CIyxuTh npamad R (¢ d(z,y) = |z —yl)
u n-mepuste npocrparcrsa R™ mm (R™) ¢ d(z,y) = |z —y| = (X0, (z: — y:)?) /2
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YacTHBIM CIydaeM MeTPUYECKUX MPOCTPAHCTB ABIAIOTCA HOPMUPOSAHHbIE TTPOCTPAH-
cTBa. JTO BeKTOpHEIe npocTpancTsa (X, || || x ), B koTopsix onpegenrena HopMa || - ||x : X —
Ry, paBHasA HyJIIO JULIL HA HYJEBOM DIEMEHTE U yAOBICTBODAMOLIAaA akcmoMaM: ||az|x =
= |a| [|z]/x, a1a mobbx @ €ER, z € X u ||z + 2'[|x < ||z]lx + ||2]|x A1 mobex z,z’ € X.
MeTpuka B HODMUPOBAHHOM IPOCTPAHCTBE onpeaemserca paseactsoM d(z,z’) = ||z — || x.

leomeTpmieckme pacCMOTPEHMA €CTECTBEHHO NPUBOAAT K ONPENEJSCHWUIO 7-MEPHOTO
€6%4ud06a TPOCTPAHCTBA BEKTOPOB-CTPOK T = (Z1,...,T,), OCHAIIEHHOTO CKAAADHbLM
npouseedenvem (&,y) = Y ,_, TxYr (d3T0 mpocTpaHcTBo GygeMm o6o3nasars E™). Ouo cra-
HOBUTCA GAHAXOBLIM, €CIM HOPMY ompenemuTs kak ||z|lgr = +/(z,z). BekToproe mpoct-
parcTBO (X, (-, )) CO CKAIAPHBIM MPOU3BEACHUEM (-, ), YAOBICTBOPSIOMUM AKCAOMAM HEOT-
punarersroctu ((z,z) > 0 aaa moboro x € X, mpudeM PaBEHCTBO NOCTUTAETCA JIUIIL HA
HyresoM BexTope), cummerpuu ((z,z’) = (z',x) ana mobbx z,z’ € X) u 6uivHEHHOCTH
({ax + o'z’ 2"y = alz, 2"y + o' (2’ 2")) HaspBaeTCa npedeuasbepmosoim.

O6bexkToM m3ydeHUsA OyAyT Aag€e W HENPEPBIBHBIC (DYHKIWM HA TOMOJIOTHIECKUX WIW
METPUIECKAX TPOCTPAHCTBAX.

Ionatre pyHxmmy niu 0TO6pakeHna (KaK W IMOHATUE MHOXKECTBA) OTHOCATCA K TUCITY
M3HAYATBLHBLIX IOHATUHA B MaTeMaTuke. Ecam ganer g8a MHOXecTBa X 1 Y, TO 0TOGpaXeHu-
em m3 X B Y Ha3BIBAETCA COOTBETCTBHUE f, IPX KOTOPOM KAXKIOMY DIEMEHTY & MHOXECTBA
X coorHECEHO OO IMyCTOE MHOKECTBO, 1ub0 oamH saemeHT f(x) muOxkecTsa Y. [Ipu sTom
mmyT: f: X — Y. (Urade MoXHO cka3aTh, 9T0 pymkuua f: X — Y ompegeasercsa moa-
mHOXecTBOM Tap (x,y) (dewapmosa npoussedenus X XY ecex nap (v,y)), mpu KOTOPOM
xaxgomy € X cooTBeTCTByeT ub0 MyCTOE MHOXKECTBO, Iu60 oaHa mapa (T,y); COBOKYyI-
HOCTh map (, f(r)) HaseiBaerca epadurom f). OTobpaxenus m3 X B R HasbIBAIOT Bymnryu-
onasamu, a ecim X = R", to dyuryusmu. Ilogmuoxectso dom f C X Tex x, aas KOTOPHIX
f(x) # &, — oburacmo onpedeaenua f;ecim A C X, o {y €Y |z € A:y = f(x)} —
06paz A C X npm orobpaxennn f (obosmazaerca f(A)), a {x € X | f(z) € B} — npo-
o6paz B C Y (o6osmasaerca f '(B)). Ecm f(A) = Y, To oro6paxenne f Ha3BIBAIOT
CIOP b EKTNUGHBIM.

IIycts (X1,71) u (X2, 72) — Tomomormueckme npocrpancTsa. OTobpaxenne f: X7 —
X2 HA3BIBAETCA HEMPEPLIEHBIM, €CAM TPO0OPa3 I060r0 MHOXKECTBA U3 T2 IPUHANIEKUT Ti
(«mpoo6pas oTkpeITOro MHOXKECTBA OTKPHIT»). Pynkmua f: X — R (rge X — ronomorn-
9eCKOe TPOCTPAHCTBO) HA3BIBACTCA NOAYHENPepbiénot crudy (ceepry), eciu ee 1e6erOBCKMIe
muokecTBa Lo(f) = {z | f(z) < a} Ma(f) = {z | f(z) > a}) samkryTH HpPE TI060M
a €R.

B cryyae MeTpMYECKOTO IPOCTPAHCTBA OMpPeIeIeHNE HENPEPHLIBHON (hYHKIUU DaBHO-
CWIBHO G0Jee IMPUBLIYHOMY (C € U §).

IIycts (X, d) — merpmieckoe npocTpancTso u f — dbynknma Ha X. OHA Ha3BIBaETCA
nenpepvuisnoli 6 mouke £ € X, eciu ama Beaxoro € > 0 mamgerca § > 0 Takoe, 4TO ecan
d(z,€) <6, To |f(z) — f(&)| < e. Ecam f HenpepriBHA B Kax0u Touke MHOXecTBa A C X,
OHA HA3BIBAETCA Henpepvienot na A. Orobpaxenume F': X — X METPUIECKOrO MPOCTPAH-
crBa (X, d) B cebs HA3BIBAETCA CHCUMAIOUUM, ECIA CYIIECTByeT Takoe 1mucao 0, 0 < 6 < 1,
aro d(F(z), F(z')) < 0d(z,z') nna moberx x, x' € X. MHOXECTBO B METPIHYECKOM MPO-
crparcTse (X, d) HaspBaeTcs 6c0dy naomubim B X, eCIu ero 3aMbIKAHHE COBIAAAET € X;
MHOXeCTBO A C X Ha3BIBAETCA Huede He naomubim 6 X, eCIu KaXn0e OTKPBEITOE IOIMHO-
XKeCTBO B X CONEPKUT OTKPBLITHIN AP, HE MEPECeKATomuIca ¢ A.

BaxsermmuyM MeTpUIeCKM GEeCKOHEYHOMEDHBIM IPOCTPAHCTBOM ABJIAETCA MPOCTPAH-
crBo C([a,b]) HEenpepHIBHBIX BemIEeCTBEHHBIX (GYHKOMU HA OTpe3ke [a,b], rae paccrosHme
ompegenserca mo dopmyre: d(f,g) = max, e | f(2) — g(x)|.

IIycrs (X,d) — merpumieckoe mpocTpascTBO. [lOCI€I0BATEIBHOCTE €r0 3IEMEHTOB

Ty, }neN HA3BIBACTCA CLO0AWENCA, €CTU CYIIECTBYET DIEMEHT & TaKOU, ITO nh—>n;o d(zn, ) =

= 0; oHa HasbIBaeTCa Pyndamenmaavnot, ecau das abozo € > 0 natidemes nomep N € N
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maxot, wmo ecau n,m > N, mo d(xm,z,) < €. OdeBuaHO, 4TO MI00ad CXOAALIAACA IOCIE-
NOBATEIBHOCTH (PYHIAMEHTAIBHA.

Merpumieckoe npocrparctso (X,d) HA3BIBAETCA NOaHbIM, eciu B HEM mobas dbyHAa-
MEHTAIbHAA TOCIE0BATEILHOCTD ABIACTCA CXOAAMENCA. [IpuMepaMy HOMTHBIX METPUIECKIX
IPOCTPAHCTB ABIAIOTCA mpamaa R, mpocrpancrsa R u (R™) u npocrpancrso C([a,b]).

[oxuete oTHOCUTEnbHO MeTpuku d(x,z') = ||z — 2'||x HOpMuUpOBaHHEIE mpOCTpaHCTBA
HA3BIBAIOTCA 0anazroebimu. Ecam X — HOPMHUPOBAHHOE IPOCTPAHCTBO, TO COBOKYIHOCTH
X" HENpPEpHIBHBIX JIMHEMHBIX (PYHKIMOHAIOB HA HEM ABIACTCA OAHAXOBBIM IIPOCTPAHCTBOM.
[encreue aunennoro dpynxuuonata r* € X* na saxement X € X o6oznauum (z”,z).

O606mernem eBKAMAOBEIX npocTpancTs E” aBaaercs rmis6epTOBO MPOCTPAHCTBO —
BEKTOPHOE TPOCTPAHCTBO CO CKAJAPHBIM TPOU3BEACHUEM, TTOTHOEC OTHOCUTENHLHO METPUKHA

(x —y,z — y). Ture6epTOBO IPOCTPAHCTBO ABIAETCA METPUIECKH U30MODP(HBIM
CO CBOUM COTMPAXKEHHBIM.

U B 3akmodeHre IaauM OMpPefeJeHue OCHOBHOTO MOHATHA AuddepeHnruaIbHOT0 UCIn-
creHna — TOHATUA npomsBogHou. Ilycte X — 0QHO W3 MPOCTPAHCTB, 0 KOTOPBIX DPEIb
uwta Beime: au6o R, au6o R™, mbo 6anaxoso mpoctpanctso (X, || - ||x), U — oTxpsiToe
MHOXECTBO, cogepxkaiee Touky T u f: U — R — BemecTBenHaa pyskmua. ['oBopaT, 9TO
dbyukmma f guddepernupyema B TOUKE T, €CIU HAUAETCA IUCAO A, COOTBETCTBEHHO — BEK-
Top a € (R")' mmu HempepLIBHBIN TMHEHHEN (DYHKIMOHAT @ HA TPOCTPAHCTBE X TaKwWe, ITO
f@ + ) = f(Z) + a[z] + r(x), rae a[z] B crygae R 3T0 mpoCTO TpOM3BENEHNE UUCET a T
z, B crytae R" — mpomssenerme a - ¢ BekTopa a € (R")' ma sexTop a € R", B 6arnaxoBoM
CIy4ae — BTO Pe3yJIbTaT ACUCTBUA JUHEUHOTO GYHKIMOHATA a Ha 31eMeHT z (T.e. {a,T)),

()]
l=l—o0 [z
o3HavaeT |r|, a B 6eckoHeuHOMEepHOM — ||| x .

a r(z) = o(z), a »T0 O3HATAET, ITO = 0 (rze ||z|| B xomeaHOMEpPHOM Cry4ae

[TPUHUINTHI CYIIECTBOBAHUS

I. TIPUHINTT KOMIIAKTHOCTYU BEWEPIITPACCA — JIEBETA — BoPA. Ioaynenpepvienas
cHU3Y Ha Komnaxme Pynryus docmuzaem ceoet HuicHel 2pani.

II. TIPMHUMUII PA3SPEXKEHHOCTHU B2PA. IToanoe mempuueckoe npocmpancmeo ne npeo-
CMABUMO KaK 00BEIUHEHUE CUEMHOZO YUCAL HUZDE HE NAOTNHBIL MHONCECTNE.

III. TIPUHIUI CYKUMAIOIUX OTOBPAYKEHUNA IITMKAPA — KAYYNONOJIJIN — BAHAXA.
C(){CUM(MOUJ,@@ omo6pa9fceuue NOoAHO020 MEMPUHUYECKO20 NPOCMPAHCMEBQ 8 665.8 UMEEM HENO-
(36u9fcny70 moyury. OTCIO,ZIa JIETKO BBIBOAUTCA, ITO €CJAN HEKOTOpasA CTEIEeHb 0T06pa)KeHI/IH
SABJIAETCSA C)KI/IMBJIOIJ.IGI’;‘I7 TO CaMO 0T06pa)KeHne nmMeer eAI/IHCTBeHHyIO HGHOABI/I}KHyIO TO‘IKy.

TPU NPUHLOUIIA JUHEWMHOIO AHAJIV3A

ONPEAEJNEHUE. I'oBopsar, uro gBa MHOXECTBA A 1 B B HODMEPOBAHHOM IPOCTPAHCTBE
X c¢mpoeo omdeaumvl, €CI CyIMIECTBYIOT HENPEPHIBHBIU IUHENHBIN GyHKIMOHAT £~ € X ™ n
qucio € > 0 Taxue, 9T0 Mingea (™, ) > max,ep(r”, ) + €.

IIpuHUUII OTAENMMOCTU (caepcreme npunnuna Xana — Bamaxa). 3amxuymoe 6bvi-
NYKA0E NOIMHOHNCECTNEO OAHATOBA NPOCTMPAHCINEA CIMPO20 0MIEAUMO O TMOUKU, €My He
npunadaencaueti. CreaCTBIEM 3TOT0 PE3yIbTATA ABAAETCA GAKT HETPUBUATHLHOCTU AHHY-
aaropa Lt = {z* € X* |Vz € L (z*,2) = 0}: ecau L — 3amxnymoe nodnpocmpancmeo X,
ne cosnadarowee ¢ X, mo L+ # {0}.

TEOPEMA O NMPABOM OBPATHOM (creacTBue mpuHIUNA OTKpeITOCTH Banaxa). [Tycmb
X uY — 6anazrosvr npocmpancmsa, A: X —Y — aunetdnvitd, nenpepvienwvii, cropsexmus-
worth onepamop. Tozda cywecmeyrom maxue omobpaxcenue R:' Y — X u xoncmanma C,
wmo ARy =y, ||[R(y)||x < Cllyl|ly 0as 6cezy €Y.
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ONPEAENEHME. Tomosorus B mpocTpascTse X *, COMPAKEHHOM K HOPMUPOBAHHOMY ITPO-
crparcTBy X, mopoxaenHaa muoxectsamu I(z,a) = {z* | (z",z) < a},z € X, a>0n
UX KOHCTHBIMH II€PECeTeHNAMI, Ha3bIBACTCA CAa601.

TIPUHINIT KOMIIAKTHOCTYU BAHAXA — ATAOTIY. O2panuuennoe 8uinyKi0e 3aMKHYMOE
NOOMHOHCECTNEO NPOCTNPAHCNEA, CONPANCEHHOZ20 K HAHALTO6Y NPOCTNPAHCTNEY, KOMNAKIMHO 6
caaboti monoao2uu.

1. TEOPUS JIMHENHBLIX YPABHEHUA

1.0. 3AJAYA U3 IANIUPYCA PAVH/IA UM PEHNIEHUE O/IHOI'O YPABHEHWSI
C OJHUM HEU3BECTHLIM

[lpeBHenIer pyKonruchbio, B KOTOPOU 06CYXK JAIOTCSA MATEMATUIECKUE BO-
OPOCHL, CIMTACTCA Tak HasbiBaeMmbl «[lanupyc Pansgayr (HazsBaHHBIA 110 HMe-
HU €ro Blajenbla, eruntonora 1. Panmga), HANUCAHHBIA, KaK IOIAraioT,
4000 neT Tomy Has’an. B HeM comepKaTCI peureHusa apuPpMEeTUIECKAX 34 1A .
Bot 3amaga w3 sToro nanupyca:

Hucao u cedomaa wacmsp 3mMo20 4UCAQ 8 CYMME PAeHbL Je8AMMHa-
duamu. Yemy pasno wucao?

(Ecan wmraTenio 3aX04eTCs Y3HATH, KAK €CUNTAHAH MOMKEH OBLT PEIATh
5Ty 3a0a9Ty, OH MOXeT IpodIuTaTh 00 »ToM B Kuure 1'. BurenTnepa «Xpecto-
MaTusa no ucropun Haykm, M.—JI.: OHTU, 1935, c. 14).

[lns perneHnsa STOW 334351 HAIO COCTABUTH OJTHO YPABHEHME C ONHUAM He-
W3BECTHBIM:

Az = b, (1.1)
8

1 v
B koropom A =1 + S=ou b = 19 usBecTHbI, & £ Hano HauTu. O TOM, KAK
penraTs ypaBHEHU C OMTHUM HEU3BECTHBIM, MHOTHYEC Y3HAIOT €II€ M0 HIKOJBI:
UL TOTO, ITOOBI pemnTh ypasaenue (1.1), mago mogeauts b Ha A (u Torga

HAIJETCA & = %) B zagaue u3 manupyca Paumga z = 19 : % = 16%.

1.1. «CEMb YACTEHN UCKYCCTBA MATEMATHUKW» 11 PENIEHUE CUCTEMBI
JBYX YPABHEHUH C /IBYMsI HEM3BECTHBIMM

B kxutanckom yuebuuke «CeMb 9acTel HCKYCCTBA MATEMATUKN) , HAIIMCAH-
HOM BO BpeMs IWHACTUYU XAHb CBBIIIE BOCEMHA,IIIATHA BEKOB TOMY HA3a, €CThb
sagada: B kaemxe dasanvt u kpoauxu. Y nuxr emecme 35 20408 u 94 nozu.
Croavko 6 Kaemre Pa3anos U CKOALKO KPOAUKOST

PemmaTe Takme 3amadm HaC y9aT B IIKOJAe. B Moe Bpemsa geTenm yumin pe-
WAThL WX ABYMA crocob6aMu: apudMeTHIeCKn (B 9€TBEPTOM U TATOM KAACCE)
7 anreGpamdecKn (HAMMHAA ¢ mecToro). [Ipu apudmMeTnseckoM peneHnn Ha-
m0 OBLIO pacCyXAaTh, CKaXeM, TaK. Hcau OBI BMECTO KPOJUKOB ObLIM OBI
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Kypbl, y HuX C dazaHaMu BMecTe ObLIO ObI ceMbIecAT HOT', Ha IBAIIATDH tIe-
THIpE HOTW MEHbIe. JTU ABAAUATEH Ye€THIpE HOTHM MOIYYWINCH 33 CUET TO-
ro, 9TO KPOJWKOB OBLIO JBEHAINATH, & (PA3aHOB, CIENOBATENHLHO, NBAIIATH
Tpu. IIpoBepka: y gBammaru Tpex $a3aHOB COPOK MIECTb HOT, Y [BEHAIIA-
TU KPOJIWKOB — COPOK BOCEMbB, a BCETO [IEBAHOCTO HYeTHIPE. 3aQada PelreHa
ITPABUIBHO.

Y1068 pemnTh 33439y «aarebpaniecKm, HaI0 COCTABUTH IBA YPABHEHUS
C JBYMSI HEM3BECTHBIMU. Eciau «mcao $ha3anoB 0603HAYMUTE Yepe3 T1, a TUCI0
KPOJUKOB Y€PE3 X2, MBI IPAXOAUM K YPaBHEHUAM: £1+x2 = 35, 2x1+4x2 = 94.

B o6mem Buje qBa ypaBHEHUs C IByMs HEU3BECTHBIMU 3AIIACHIBAIOTCA TAK:
a1171 + a1272 = by, a21x1 + axwe = by, rae a;;, 1 < 0,5 <2, m b, 1 = 1,2,
U3BECTHBI, & £1 U Lo HAMO HAUTHA. ITY CUCTEMY YPABHEHUH MOXHO 3aMUCATD
B Buge (1.1), Toapko A GygeT yxke HE TUCIOM, & TAOJUIEN U3 TE€THIPEX TUCENT
A = (g a12) (masemBaemon wmampuyeti). Ilpm aToM £ w b — 2TO TOXe He
IMCIa, & BEKTOPHI — Maphl TUCe, PACIONOXKEHHbIe B cToaben = (L), b =
_(h .
= (b2 ) Hos MaTpuuLL Am BEKTOPA % MOXKHO OPEACIUTE HPOUIBCACHUE Ax:
HA0 MEPBBIN HIEMEHT BEPXHEM CTPOKU yMHOXWTH HA X1, & BTOPDOM HA X2,
TOJYUB TEPBLIA BJEMEHT BEKTOPA MPOU3BEACHUA, a TOTOM TO XK€ MPOIEIaTh
co BTOpOU cTpokou. TaxkuM o0pas3oM, MpoM3BemeHne MATPULNLI A Ha BEKTOD

— (e1121101222

I TIPUBOJUT K BEKTOPY Ax = (a21m1+a22$2 ), u pasercTso (1.1) npespamaercs
B CHUCTEMY:

Ar =b & a1z + aaxs = by, asix1 + asexs = bs. (1.1’)

HIKOIBHUKOB yUAT PemaTh MOAOOHBIE CACTEMBI METONOM MCKIIOYEHUA HEW3-
BecTHBIX. Hampuwmep, mia Toro, 9To6bl PEmnTh 33139y Tpo (DA3AHOB U KPO-
JVKOB, PA3YMHO U3 IEPBOI'O YPABHEHWS BHIPA3UTH T9 YEPE3 X1 W, HOJCTABUB
BO BTOPOE YpaBHEHWE, HAUTH 1. TaK WIX IPUMEPHO TAaK PELIAlOT IUHEHHEIE
YyPABHEHWs U Ha NpaKTUKe (rje WHOTAA BCTPEYAIOTCA 324291 C MULIMOHAMY
Hem3BECTHBIX). HO €CTh My Th, MMEKIINA TEOPETUIECKUN UHTEPEC, KOTOPBINA
BelleT K ABHOMY BHIDAXKEHWIO DEIICHUN HE TOALKO ABYX YPABHEHUU C ABY-
MsA HEM3BECTHBIMU, HO JIO0OT0 YHMCIA 7 YPABHEHUN C 7 HEM3BECTHBIMHA I€Pe3
«ompemneauteany. [IporeMoHCTpUpPyeEM €ro CHAYAIa HA TIPUMEPE IBYX ypaBHE-
HUU C ABYMA HEM3BECTHLIMHU.

O6osnrasms a! = (§11), a? = (42) m b = (;g), U300pa3suM DTH BEKTO-
pPBHL Ha INIOCKOCTH B AEKAPTOBOU cucTeMe KoopaumHat (cM. puc. 1). Ilycrs
V(a',a?) osmamaer (OpMEHTMPOBAHHYIO) ILIONIATL HAPALIEIOTPAMMA, TOPO-
X IeHHOro BekTopamu a' u a?. ®yukmusa (a',a?) — V(a',a?) obragaer cre-
AYOIMMUA OICBU JTHBIMI CBOﬁCTBaMHZ

a) ecmm el = (}), €2 = (9), mo V(el,e?) = 1;
b) V(€1762) = _V(62761);
¢) V(pa! + atal,a?) = ayV(at,a?) + a'V(at, a?).



32 B. M. Tuxomuposn

Puc. 1.

IOTH CBOUCTBA TPUBOJAT K TOMY, SITO
1 2 1 2 1 2
V=V(a",a) =V(aie + age”, aize + age’) =

= (a11a22 - 012021)‘/(617 62) = G11G22 — G120G2]-

[aHHOE BBIDAXKEHWE HA3LIBAETCA demepmunanmom (usu onpedesumenem)
mampuyst A = (4 312), obosmamaememm det A. O6osraamm Vi = V(b,a?)

u Vo = V(a',b). Ypasrenue (1.1') Mmoxuo nepermmacats B Buge a'ry +a’xe = b.
N3 puc. 1 MOXHO yCMOTpPETb, UTO Ty = 72 ¥ AHAJOTUYHO, ITO T = ﬁ,
npuaeM 006a COOTHOMEHUA CPa3y BBIBOAATCA W3 CAMUX CBOUCTB a)-C).

B sagase mpo dasanoB u kpoaukoB V = 2, Vi = 46, Vo, = 24, orkyna
MOMY9AETCS, 9TO B KiAeTKe 23 (aszana u 12 KpOIuKOB. ITO PELIEHUE CIOXKHEE,
TeM pelleHne UCKIoYeHNeM HeM3BECTHLIX, HO OHO, HOBTOPIOChH, BAXKHO 11
MHOTHMX TEOPETUYECKUX PACCMOTPEHUMN.

Pacckaxem Temeph 0 cucTeMax JMHEWHBIX YPABHEHUW CO MHOTUMU IIe-
peMentbiMu. Teopus Takux ypaBHEHUU HAYAJa CKIAABIBATBHCI B 18 Beke, a
3aBEPIIMIACH B AeBATHAAUATOM. C BTOH TEOpHEN 3HAKOMAT CTYAEHTOB BO
MHOTHX BY3aX WHXKEHEPHOrO, DKOHOMMYECKOT0 U MHOTHX APYTUX TpOQUIen,
r/le U3y9aT MATEMATHKY (M, PA3yMEETCA, B yHHBEPCUTETAX ).

1.2. CUCTEMBI n JUHEWHBIX YPABHEHUI C n IEPEMEHHBIMU

Cucremy 1 ypaBHEHUU C 7 HEM3BECTHBIMM TAKXKE MOXHO 3allUCATH B BU-
ne (1.1), Tonbko A GymeT yxke MaTpuuen pasmepa n X n:

z1 b1
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a TmpouW3BeAeHre MATPUILI A HAa BEKTOP T, OMPEAeIIeMOe AHAJOTUTHO MBY-
MEPDHOMY CJIytaio, IPUBOAUT K BEKTOPY

a1 r1 + ...+ apTy
Az = : ,
Ap1T1 + ..o+ AppTy

u Toraa paseactso (1.1) mpespamaercsa B cucremy:
n n
Az =b <& Zaljl"j :bl,...,Zanjxj = by, (1.2)
7=1 j=1
[Tonpo6yem peumnts cuctemy (1.2) mMeTomoM, 060GIIAOIIAM TPUEM, TOIBLKO
YTO MPONEMOHCTPUPOBAHHBIN B MPEALIAYINEM pasjele, KOTAa 7N PaBHAIOCH
IBYM.

all Aln b1
0603HaqHMa1:(:>,...,a":( : )I/Ib: :
an1 ann b'n

Beegem pynxmmo V: (R")" — R, V = V(a',...,a") «Obemar cucremsr
n
BekTopoB {a’}7_;. JlByMepHEIC M TpeXMepHBIC MPUMEpPHI TOKA3BIBAIOT, ITO
pasyMHO nOoTpe6oBaTh 0T DTOU (PYHKUUM BBHIIOJHEHUA TAKUX YCJIOBUIL:
a) YCJIOBWMs HOPMMPOBKH, COIVIACHO KOTOPOMY OGBEM €IMHUYHOrO Kyba

1 0
momxen paBHATHCA equumne: V (el ..., e") =1, rae el = < : > A = ( : >

0 i
— crangapTaom 6asuc B R”;

b) ycaoBua «aHTUCUMMETPUTHOCTH)
1 i—1 i il it2 ny _ 1 i—1 il i id2 ny.
Viet,...,e" et e et e = Ve, . et e et et T e

C) yCIOBUA TUHEMHOCTH TI0 KAXOMY BEKTOPHOMY apTyMEHTY, /A DTOTO
IOCTATOYHO MOTPEeOOBATH, 9TOOLI

V(aa +aat,d?,...,a") = aV(a',a?, ...,a") +aV(a',d%, ..., d").

Takxe, KaKk B IByMEPHOM CJIytae, U3 MPUBEACHHBIX AKCUOM OTHO3HATHO
BBIBOIATCA BBIPAXKEHME /s 00bEMa MaPAJIICICITAIIEIa, TIOPOXK ICHHOT'O BEKTO-
pamu ¢!, a’® u a® B TpexMepHOM CIytae:

V(al,ag,as) =
= (11022033 + 012023031 + 421032013 — 13092631 — 412021033 — A11032023.

[Ipogoaxkas mo WHAYKINNA, TPUXOIUM K TAKOMY PE3YIABTATY: CYULECMEY-
em eduncmeennas Pynwyua V = V(al, ... a"), komopas onpedessemca ax-
CUOMaAMY a)-C). DTa PYHKIAA PABHA CyMMe ZP(—l)SignPH?ZIaip(i), B3ATON
no BceM mepecTaHoBkam P mepsbix n umcen {1,2,...,n} co 3HaKOM, paB-

meM (—1)%8" P rpe mcro sign P pasmo mymo, ecin mepexon oT {1,2,...,n}
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k {P(1),P(2),...,P(n)} TpebyeT 9eTHOr0O UMCIa TPAHCIO3ZULUN COCETHUX
BIEMEHTOB, ¥ eJUHULE, eCAU TPEOYeTcsa HeYeTHOe YUCI0 TPAHCIO3UIUN (CKa-
KEM, WIEH (91332013 UMEET 3HAK +, mbo nepexon ot (312) k (123) Tpebyer
AByx Tpancnosuumit: (312) — (132) — (323)). Beimucannas GyHknus yno-
BIETBOPsAET akcuoMaM a)—c¢). OHa ¥ HABBIBACTCA JeMePMUHAHINOM UAL ONPE-
deaumenem MaTpunibl A m ob6osunadaerca det A. [lns TpeHUPOBKU YmMTATEND,
KOTOprfI CTAJIKNBACTCA C 3TUM IIOHATUEM BIICPBBIC, MOXECT COCIATATH Ka-
KOU-HUOYAb ONPEAENNTEIb IeTBEPTOrO HMOPALKA WK BBHIIUCATH OTBET B 00-
mweM Buge (IPUAETCA NPOCYMMUPOBATH BBHIDAXKCHUE U3 ABAUATH HETHIPEX

CJAraeMbiXx).

OCHOBHOU TEOPETUUECKUN PE3YJILTAT, KACAIOIINNACA CUCTEM 7, JUHENHBIX
YDABHEHHII ¢ 7. HEM3BECTHEIMA — IpaBmIo Kpamepa®) — cocromt B Cie-
IYIOIIEM:

NPEAIOKEHUE 1.1. a) Ecau onpedesumens cucmemnr V="V (a',..., a")
omAuuEH O HYAA, MO Yypasuenue Ar = b paspewumo u pewenue cucmemsi
umeem 6ud x; = —4, 20e V; = V(a',...,a’ ", b,a’*t ... a").

V7
b) Umeem mecmo aspmepramusa: aubo ypaswenue Az = b odnosnauno
paspewumo das awbozo b € R™, aubo odnopodnas cucmema Az = 0 umeem
HENYAEBOE PEULCHUE.

MOKABATENLCTBO. Iycts 3agama marpuma A = (aij)i1<ij<n, Yy KOTO-
poit det A = V(a',...,a") # 0. VI3 reOMeTPHIECKOTO CMBICIA, OTPEJETATETA
(u, pasymeeTcs, U3 ero aKCHOMATUYIECKUX CBOWCTB) CIAEAYeT, 9TO eCIH BMe-
cro o/ mogcrasurs B V(al,...,a") Bexrop o, k # j, To moxyumrcs Hyb.
Ilycte V;; — o6bem cucTemsl BekTopos {a',...,a’ ' e/ a1 ... a"}. Ecn
IOMHOXUTD V;j Ha G;; ¥ PACKPBITL BEIPAXKEHHUE LA OUpeernTens Vi , To co-
OepyTCs BCE WIEHBI ONPEJISIUTENS MATPUIIEL A, KOTOPBIE COJEPKAT B MPOU3BE-
JCHUM BIEMEHT d;j. Teneps, ecam IpocyMMIPOBATD » i a;;Vij, TO cOGepyTCs
BCE “WIEHBI ONIPEeeINTeNd MATPUILL A; eCll XKe B3ATH CyMMY » . Qi Vij 0
k # j, TO MOLYYIUTCA ONPEAETUTENL MATPUIBL ¢ IBYMS OAMHAKOBBIMU CTOJI0-

k

navm a®, 1. e. Hyas. OTcoga BeITEKaeT, 9TO €/ = > -

Vij P i
v %a’, rge e/ — j-ii 6a-

BWCHBIM BEKTOD, a V;j — 00BEM CHCTEMBI BEKTOPOB {a', ..., a1t el attL, ..
a™}, a 3HAMAT caegyeT, ITo cucTema ypasuenui (1.2) paspemmnma 1 106010

N g
b=>_% 1 bje’. Ilpu 5TOM OFHOPOAHAL CHCTEMA HE MOXKET UMETh HEHYJIEBOTO
penrenns, 60 BTO HECOBMECTHMO ¢ HEPABEHCTBOM HYJIH OMPEICTUTENA. 3a-

OJHO MBI JoKazaau mpasmio Kpamepa, u6o b= 0, bjel = doij=1 ly% J=
—yn Vi
J=ly =

DTa6pmoms Kpanep (1704-1752) — mBeMUAPCKAU MATEMATUK; yCTAHOBWI W OILyOJMKO-

Bax (B 1750 rofy) IpaBWIO PELIEHWA 71 TUHEUHBIX YDABHEHUN C 7i HEU3BECTHBIMMU, 3AJI0KUB
OCHOBBI TEOPHU OLIPEAEIUTENEH.
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[Ipegnosoxum Temeps, uTo cuctema (1.2) paspemmma nasa a060r0 BeK-
Topa b, a OJHOPOJHAA CHCTEMa WMeeT HeHy.leBoe pemenme z'. O603mHATEAM
gepes L1 COBOKYITHOCTB BCEX PEIIEHUU OJHOPOHOU cucTeMbl. Permum ypas-
nernwne Az? = x'. Torga 22 € Ly \ L1, rae Ly — COBOKYIHOCTH BCEX PEIICHUM
A’z = 0. Pemum ypaBmenume Axz = zo u gamee GyfeM MOCTYIATh AHAIO-
CUYHO, U B pe3yabTaTe (Bpoje Obl) MOCTPOUM JT060€ TUCIO JUHENMHO HE3ABU-
cumbix BekTopoB {2F}pen. Ho aro meBodmoxHO, n60 V(z!, ..., z") # 0 (aro
BBITEKAET U3 JUHEMHON HE3ABUCUMOCTH) U TOT' A MO JOKA3AHHOMY BCE OCTAID-

miin
HBIe BEKTODPBI JOJKHBI BbIpax)aThca depes {z}1 . U

IIpoBeeHHOE TOJBKO YTO PACCYXICHME ABIACTCA OABUCHBIM B JOKa3a-
TEABCTBE GECKOHEYHOMEDHOI'O AHAJIOra [JOKA3BAHHOU TEOPEMbI, U3BECTHOIO
kak anbrepHaTusa Ppearorsma. C 5ToH albTePHATHBOR (1A ¥ TO He BCera)
3HAKOMAT JWINb CTYACHTOB yHUBEPCATETOB (B TO BpeMi, Kak Ipasuio Kpa-
Mepa MPOXOAAT BCIOAY — OHO ABAAETCA CYLUIECTBCHHOM KOMIIOHEHTOU KypCa
IMHEHHOM arre6per)).

1.3. AJILTEPHATUBA PPEATOJbMA

ONPEAENEHUE. Jlunenuwin omepatop A: X — X, rme (X, | - ||lx) —
6aHAXOBO TPOCTPAHCTBO, HA3BIBACTCA KOMNAKMHLIM, €CIU OH O0TOOPAaXaeT
e uHnYHBIT map X B KOMIIAKTHOE MHOXECTBO.

TEOPEMA 1 (AIBTEPHATUBA DPPEArONBMA). IIyemv X smo 6anazoso
npocmpancmeo, A: X — X xomnaxmuwbili aunetinvitd onepamop u A = I —
— A, 2de I — edunuunvrii onepamop. Tozda umeem mecmo asbmepHamuea:
aubo ypasnenue Ax = b odnosnauno paszpewumo das arwboz20 b € X, aubo
odnopoduas cucmema Ax = 0 umeem menysesoe pewenue.

[MOKABATEIBLCTBO. Ecam Ker A # {0}, Torga neoqno3Ha-HOCTE CAELYET
yxe ana b = (. Ilokaxem, uTo eciu ypasHenue Axr = b paspemmumo mis
moboro b, o Ker A = {x € X | Az = 0} = {0}. lonycTum, 4T0 5TO HE Tak U
nycts 21 # 0 u 11 € Ker A. Hainem 2o = Azi. Torga zo € Ker A%\ Ker A.
[Ipogonxas 3TOT MpOIECC, HAWAEM TEMb CTPOTO BAOXKEHHBIX IPYT B APYTa
nogupocrparcts Ker A C Ker A%2... C Ker A" C ... Jlerko JOKa3bIBAETCH,
ITO B KAXKJAOM OAHAXOBOM MPOCTPAHCTBE A JIOO0T0 TIOATPOCTPAHCTBA, HE
COBIAMAOIIETO CO BCEM MPOCTPAHCTBOM, HAWAETCA BEKTOD MUHUTHON [UINHEI,
HAXOIANIUUCS HA PACCTOSHUM, CKOJIb YTrOAHO OIM3KOM K €JAWHUIE OT DTOTO
moupocTpancTBa. Bribepem B kax qom noanpocTpancTse Ker A" smement xp,
eUHWYHON HOPMBI, HAXO [IIIUICA Ha PACCTOAHUA > 1/2 0T mOATPOCTPAHCTBA

S)Cﬂe,qyeT CKa3aTh IPU 3TOM, ITO IIPABUIOM KpaMepa B IMPAKTUYIECKUX pacueTaX HUKTO
HE IIOJBb3yeTCs.
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Ker A, Eciz m > n, To HETPYAHO IPOBEPHTH, ITO 2z = &y, — Az, — Ay, €
Ker A" ! u smasmr, |[Az, — Azy|x = ||z — Zmllx = 1/2, uTo HEBO3MOXKHO
BBHy KOMOAKTHOCTH A. O

I[OKaBa.HHaH TCOpEMa MMeEeT MHOI'OYUCIACHHBIC IIPUJIOXEHUA B AHAJU3E.
O HEX MBI IOrOBOpPHUM B KoHIe. AnbTepuaTusa PpearoabMa ObLIa JOKA3AHA
mBegcKuM MaTeMaTukoM ViBapom @pearoasmom (1866-1927) 8 1900 roay s
CIIEIINAJBHOT O KJaCCa JII/IHQI?IHI:IX ypaBHeHHﬁ (Ta.K Ha3BbIBAECMBIX MHTET DAJBbHBIX
ypasrenunn Ppearonsma BTOporo poga suga (t) — fab K(t,7)z(r)dr = b(t) c
uenpepoisasiMu K 1 b, paccmaTpusaeMbix B mpoctpanctse C([a, b])). B pabo-
Te OpearorbMa pacCMaTPUBAIOCH TAKKE U TPAHCIOHUPOBAHHOE yDPABHEHUE
&(r) — fab K(7,t)¢(t)dt = (1) m moxaswiBamach BTOpas Teopema Ppearons-
Ma, O TOM, ITO €CJIHd A OCHOBHOTO YPABHEHUS UMEET MECTO MEPBBIN CIyIan
AJBTEPHATUBBI, TO OH MMEeT MECTO U [Jd TPAHCHIOHUPDOBAHHOT'O YPDABHCHWA,
TUCTO XK€ TUHENHO HE3aBUCUMBIX PEIIEHUN OCHOBHOT'O U TPAHCIIOHEPOBAHHOT'O
peutenunt KoHewHo ¥ oaumHakoBo (cM. WU. I'. IlerpoBckun, «/lekuun mo Teopun
rHTErpadbHbx ypasueruiy, M.: YPCC, 2003; B oTol KHUTe TeopeMa, JTOKa-
3BIBAETCA METOI0M BBIPOXK AeHHBIX A1€ep). CHOpMyIMpOBAHHYO BBIIIE TEPBYIO
JaCTh BTOPOU TeopeMbl PpearonbMa Jerk0 MOXHO BLIBECTH U3 PE3YILTATA,
TOKA3AHHOT'O HAMMU.

AswsrepuaTuBa dpearonrbMa ABUIACHE UTOMOM OOMBIIUX YCUIMM MHOTHUX
MaTEeMATUKOB BTOPOU TOJOBUHBL 19 BeKa, W DTOT Pe3yabTaT BOCHPUHAMAI-
CA TOTAa KaK BLIJAIONIEECH COOLITHE, BEHUAIONIEE TEOPHUIO JUHEHHBIX yDPaB-
HEHWH.

I EEEEE

BoT MBI U COBEPIUAN CBOE MEPBOE IETHLIPEXCTYIEHHOE BOCXOXK JeHUE K Of-
HOW U3 BEPIINH MATEMATAICCKON HayKu. I[OBTOPIOCH: IepBadg CTYIEHb HAIIET O
«BOCXOX TEHUA» IIPEOA0NeBAeTCSA OOBIYHO ellle A0 IIKOJIBI, BTOpas — Ha ypo-
Kax apudMeTuKu U ajareOpbl B HIKOJE, TPeThbA — B By3aX, I'e IPEHoJaioT
MaTeMATHUKY, IeTBepTasd — B YHUBEPCUTETAX.

Hamu 6pu1a mpeAnpmHATA HTOUBITKA IPEOIOIETH BeCh dTOT IOYyThH — OT
manupyca PalHga K HaYaIy ABAANATOrO BEKA — B ONHOU JEKIHA. Y JAJACH
JIV T4 MONBITKA, CYJATH IUTATEIIO.

2. TEOPUA KBAJIPATUYHBIX ®YHKIUUNA. KOHUKU U KBAJIPUKU

IDTOT pa3jes Mbl HAYMHAEM HE C OJHOMEPHOTO, & C JBYMEPHOr'O CIydasd, C
IJIOCKOCTH, ¢ TIOCKOW T'€OMETPHUH, W DTO YBeAeT HAC CHAYAJIA B MUD aHTUY-
HocTH. A fmanmee HAM OCTAHETCA COEMATH BCETO ABA IIATA — B N-MEPHBIH, a
3aTeM B GECKOHETHOMEDHBIN MUD.
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2.0. HECKOJLKO CJOB O «KOHUKAX» ATOJJIOHUS

Anomnorun (ox. 250 xo H.5. — ok. 170 no u.5.), Hapaxgy ¢ EBkaugom u Apxu-
ME/IOM, — OJIMH M3 TPEX BEAWIANIIAX MATEMATUKOB APEBHOCTH. Ero MHOTO-
romubl TPy «Konukmy (konumdeckue cedenus) (yBBI, HE TOJHOCTHIO JOIIE/-
WU 10 HAC), ABAAETCA 6€3yCIOBHON BEPUIMHOUN AHTUIHOU MATEMATUKA. TaM
OBLIN UCCAEOBAHBI LIOCKUE CEYEHUS MPAMOTO KPYTrOBOIO KOHYCA — DJLIUTICHI,
runepOoOabl 1 Mapadoabl, — TaKUe UMEHA AaJ 3TUM KpuBbiM Anomionuu. O6
Anonnonun u ero BEIUKOM TPYIe IUTATENL MOXET Y3HATH U3 3aMeTaTeaIbHON
kunru B. A. Pozendensaa «Anoamonun [leprekumy, M.: MITHMO, 2004.

Muoroe B Tpyjge ANOMIOHWA MOPaXaeT ¥ HAIIEr0 COBpPeMeHHuKa. Ha-
npuMep, B MATOW KHUTe ATMOIOHUNA OOUCHIBAET KPUBYIO, Pa3IeisIOIIyiO IBE
MWIOCKUE OOIACTH, M3 TOYEK OAHOU U3 KOTOPHIX MOXHO TPOBECTH IBE HOP-
MAJTW K DIUTATICY, W3 TOYEK APYroW — dYeThipe (a Ha CAMOW KPWBOW — TpPWH).
Heme sTa kpuBas (ormbaromas ceMencTBa HOPMAaJded K DJIWICY) W3BECTHA,
KaK acTPOUa. ATOLIOHAIO yAAIOCH OMUCATL ACTPOUIY, YPABHEHUE KOTOPOU

21\ 2/3 2/3
1 Z2 _
<*) + (—) = 1 6BL10 BEIIKCAHO B CEMHAAIIATOM Beke. Kak Bcero sToro
aj a9

MOXHO HOOWTHCA, HE PACIONATas CPEACTBAMU adreOphl, YUCTO I'eOMeTpude-
CKU, — HEMOCTUXVMO YMy Halller'o COBPEMEHHUKA.

Ho mpi-To B mkoge mpoxoguMm aare0py, u HaM OygeT HOJerte M3ydIaTh
KpUBBIE ATOLTOHUSA C €€ TTOMOIIBIO.

2.1. JEKAPT U TEOPUA IJIOCKNX KBAIPUK

B cemuaamaToM Beke TBOpWIM BA BEMUKUX PPAHITY3CKAX YICHBIX — Pene
Hexapt (1596-1650) u IIrep Pepma (1601-1665).

Um mpunagrexut GyHIaMEHTAILHAS A4 BCETO AAILHEUINEr0o Pa3BUTHIL
MaTEeMATUKN uaesa apudmemusayuu 2eomempuy. ORI mocTponam apudmeTn-
9ECKME MOJENN IMIOCKOCTHU W MPOCTPAHCTBA. BJaaroaapa STOW maee, B 9acT-
HOCTH, T€OMETPUIECKHE 33 AT 0KA3AI0Ch BO3MOXKHLIM PEIIaTh aareopantie-
CKUMU CPEICTBAMI.

Hamomaum 0 ToM, 9TO Takoe AeKapTOBa MOLETh TWIOCKOCTH. Hac B mko-
Jie y9aT, KaK MPOBECTU TEPHEHANKYIAPHBIE TpAMBIE. MBICIEHHO TIPOBEAEM
X ¥ BhIOEpeM Ha KaxXx[Iou um3 HuX (oAMHAKOBBIM) MacmrTal. Torma kaxmon
TOYKE INIOCKOCTU COOTHECETCA Mapa BELIeCTBEHHBIX 4ucel (Z1,Z3) — ee Ko-
OPJMHATHL, 8 KaX JOU PeOMETPUIECKON PUType — HEKOTOPOE TI0IMHOXKECTBO
TakuX mnap. [Be OCHOBHLIX (PUIyPEI TEOMETPUN JPEBHUX — IPAMEIE U OKPY K-
HOCTH — ONKCLIBAIOTCA TaK: MpAMLIE — JIXHEHHLIMEU YPABHEHUAMHU a1L{ +
+aszo = b, & OKPYKHOCTU — CHENUATHHBIMYA KBAJPATHIHBIMU yPABHEHUAMMA:
(r1 —a1)? + (12 — ag)? =12,

Ecin 3adpukcupoBaTh LeKapTOBY CUCTEMY KOOPAWHAT Ha ILIOCKOCTH, TO
TOYKHU ILIOCKOCTH MOXHO HAa3BaTL IMO-APYrOoMy — BeKTOpamu. X MOXHO
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CKIAABIBATL TO TPABUIY MApaLIeIorpPaMMa W MOXHO yMHOXATL HA Belle-
CTBeHHBIE dmCIa. B apudmermaeckonr mogemu [lekapTa CIOXeHHE ABYX BEK-
ropoB & = (z1,z2) u «' = (), z5) upuBoguT K BekTopy = + &' = (21 + i,
T9 + ), a ymHOXeHHE BekTOpa T = (T1,T2) HA TUCIO G AAET BEKTOD
ar = (awy,ars). Onpemenum ckanapHoe TpomseegeHme (z,z’) BEKTOPOB
z = (z1,29) m 2/ = (2),2)) pasencrBom (z,z') = z12} + z92). Tpocr-
PaHCTBO CO CKaJAPHBIM IIPOU3BCACHUEM HA3BIBAIOT B KOHCTHOMCDHOM CJIyLIae
e6KAUAOEbIM NPOCTNPAHCTE0M, & B OECKOHETHOMEPHOM (IIPU YCIOBUU TIOTHO-
THI) — 2uabOepmosbim. Mbl MOCTPOMIT TAKIM 06GPA3OM IByMEPHOE EBKIUA0-
BO IIPOCTPAHCTBO, KOTOpOe 0603Ha1nM E2.

Ecma (z,2') = 0 (T.e. ckatapHOE TPOM3BEACHUE BEKTOPOB PABHO HYJIIO),
BekTOpEL = 1 =’ u3 E? masmBaioT opmozonaibubimu, a BekTop = € E? Ta-
Kou, 9TO (z,2) = 1, HA3BIBAIOT €QUNUUNbIM. DTU TEPMUHBI HAXOAATCA B CO-
OTBETCTBUM C T'€OMETPUICCKUM B3IJVIAOOM Ha eBKJH/I,Z[OBy INIOCKOCTBh, B KO-
TOPOM [IWHA BeKTOpa T = (x1,x2), contacHO Teopeme Iludaropa, pasma

lz| = /2 + 23 = V/{(z,z). Tlpn 5ToM cKarApHOE MPOW3BEACHNE BEKTODPOB,
KaK HETPY/AHO TOJACINTATL, PABHO IPOW3BEICHUIO [IUH BEKTOPOB HA KOCUHYC
yTJIa MeXIy HEAMHA.

[locMoTpuM Temeph Kak aare0pamdeCKd ONMCHLIBAIOTCA HA €BKINJOBOK
ILIOCKOCTH KOHMYECKHE cedeHus AmnoamoHus. B TpexMepHOM IpOCTpaHCTBE
TPOEeK (71, T2, T3) TPAMON KPYTOBOW KOHYC 3a/A€TCA yPABHEHUEM T2 + T3 —
— w% = 0. PaccmoTpuM ero cevenms ILIOCKOCTAMUE T3 = Q1ZI] + QoXo + [.
[MTogcTaBus B 5TO paBEHCTBO BMECTO I3 BBIPDAXEHUE (1X1 + (oTo + [, mocae
BO3BECJCHUA B KBaJApPpaT W IPUBCICHUA HOJIO6HI)IX HOJIy‘IHM TaKoOe ypaBHeHI/Ie:
Q(z) = a117? + 2a1271 T2 + agx2 + 2b1 71 + 2box2 + ¢ = 0. Oynxman = — Q()
HABHEIBAIOT Keadpamuueckumy, Gyakman & — ¢(r) = a117? + 2a190172 +
+ ager} = (Az,x)Y, roe A = (81 812) | gy = a19, HABHIBAIOT KEAOPAMUY-
notmu Gopmamu. MaTpuiy A co CBOUCTBOM @] = (12 HA3LIBAIOT CUMMEMPU-
weckoti. Kaxgaa cUMMeTpUIECKas MATPHUIA MOPOXAAET ¢ OJHOM CTOPOHBI
00BEKT AMreGphl U aHAAU3A — KBAAPATUIHYO GopMmy (T.e. PyHKIUIO ABYX
nepemerHbIx T — (Az,z)), a ¢ APYrOd — TeOMETPUIECKUN OOBEKT — Ipe-
00pas3oBanue IWIOCKOCTH: & +— Az, korga Touka = = (r1,Z3) IWIOCKOCTH TIe-
pexoauT B TouKy Ax = (a1121 + a12%2, A2121 + a22T2). ITO mMpeobpaszoBaHme
obaagaer caegyomum ceoucteom: (Ax, x') = (x, Az'). Torpa rosopar, aro A
3a0a€T CHIMMEPHICCKHIH OIEepaTop, Ipeodpas3yoni IIOCKOCTE B celd.

Konukn B apudmernaeckon mogean JekapTa — 3TO JUHAN YPOBHA KBa-
OPATUIHBIX (DYHKIUN, WHAYE TOBOPS, DTO MHOXKECTBA TOYEK, YAOBICTBODIIO-
wwmx ypasaenuam Q(z) = 0, rae Q(x) = (Az, ) +2(b, ) + ¢ — kBagpaTUIHAA

Ipapurbree 6510 GBI MHCATD (B cooTBeTcTBHN ¢ mpegsaymmuM pasgeaom) ((AzT)T x),
HO MBI 3[€Ch IPU PACCMOTPEHUA KOHETHOMEPHOT'O €BKJINI0BA, CLydas IMO3BOAIeM cebe Goee
ITPOCTYIO 3alUCh.
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(DYHKIMA, U BO3HHKAET 3a[Jata MPUBECTH caMy (HYHKIHIO U U300pPaKaEMyIo
€10 KpUBYIO K Gosee «ymobHOMY» Bumy. Coemaem 5TO B BaXXKHEHIIEM, HEBLIPO-
XKJEHHOM Caydae, korga matpuna A o6paruma (T.e. det A # 0).

CHavajasa TPOCTEUIIEd 3aMEHOU TEPEMEHHBIX & = § + 4 < T1 = Y1 +
+ay, T9 = yo + a9 mompobyeM M36ABUTHLCA OT JUHEHHBIX wieHOB. VMeem: 0 =
= (Az,z)+2(b,z)+c = (A(y+a),(y+a))+2(b, (y+a))+c. PackpeiBas ckobkn
U IPUBOIsL O A00HBIE WIEHBI, oLy 1M paBencTso (Ay, y)+2(b+ Aa, y)+c¢ = 0.
Buguo, a0 eciu mosoxuth @ = —A~'b u ¢ = ¢ + 2(b,a), momyumm, UTO B
HOBBIX KOOpAUWHATAX ypaBHEHME Kpubou Oymer mmeThb Bum: (Ay,y) + ¢ = 0.

[Tpogomxum HamM AIreOGpPO-aHATUTUIECKHE PACCMOTPEHHS, & MOTOM
BCKPOEM MX T€OMETPUICCKUM CMBICI. MIMeeT MecTo

[TPEAIOXKEHME 2.1. Cywecmeyem napa eGUHUYHBIL OPMO20HAALHBIT 6EK-
mopoe el u €2, omHoOCUMEeAbHO KOMOPYIL HEGLIPOHCOCHHAA KEAOPAMUUHAA

dopma q(y) = (Ay,y) npuobpemaem duaz2onasvrbili 6u0:

Q(y) = >‘1 <y7 61>2 + >‘2 <y7 62>27
2de )\1, )\2 7& 0.

HOKABATEJALCTBO. PaccMorpum skcTpeManbHYIO 3a1a€9y: HOUMU MaK-
cumMyMm PYHKYUY ¢ TPA YCAOBUU, ITO y% + y% = 1 (me orpanmvus cebsa B
OOIIHOCTH, MOXHO CIATATH, YTO CPEIU 3HAYUCHUU ¢ €CTh MOJOKUTEIbLHBIE).
W3 Teopembl BenepiTpacca 0 JOCTHXEHUM MAKCUMYMa, HEMIPEPHIBHOW (DYHK-
nuy Ha KOMIakTe (cM. c. 29) BBITEKAET CyNIECTBOBAHWE DEIIEHUs DTOU 3a-
mam (o06o3masmM ero e') (em. puc. 2). Temeph HAJO TPUMEHHTH MPABIIO
MuoxuTenen Jlarpamxa. Ecim auTaTens He 3HAET, ITO BTO TaKOe, €My Cle-
OyeT CHAYaJa MPOYATATEH CICAYIOIMIUA pasjela, TAe DTO MPABUIO TOKA3BIBA-
eTCA W B ABYMEPHOM, M B MHOIOMEPHOM, W B OGECKOHEYHOMEPHOM CJIydae.
B mpumenenuu k HaIen 3a1acie MPABUIO COCTOUT B TOM, ITO HAUJETCA Ta-
KO MHOXUTENL Jlarpanxa Ay, 9T0O mpoumsBogHad N0 = (pyukmuu Jlarpamxa

Pwuc. 2.
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L(z, 1) = —(Az,z) + A\ (z,z) paBHa HyTO (0 TPOM3BOAHLIX (PYHKIUN ABYX
1 MHOTHX MEPEMEHHBIX CM. C. 29; TPOCThIe BLIKIAJKHA MOKAZLIBAIOT, ITO IIPO-
mw3BonHaa pyrkumu 2 — (Axz, ) pasma 2Az, dyuknum (b, 1) pasma b, mpo-
M3BOJHAA KOHCTAHTHI paBHa Hymo). Orcioga BerTekaer, uto Ae! = Ae! u
IIPU 3TOM A; — BTO MaxKcuMyM B 3agade (n6o (Ael,e!) = A\ > 0). [IycTs Te-
mepb €2 — eNUHUYIHBIN BEKTOD, OPTOTOHAIBHEIR el (111 HAXOX IeHUA TaKOr0
BEKTOpa HaJ0 pemuTh ypaprerns (z,e!) = 0, (z,z) = 1). Torga (Ae?,e!) =
= (€2, Ae!) = M {e?,e!) = 0, 1. e. Ae? u e? nponoprmonasbasl. O603HAYMM KO-
>DUIUEHT TPONOPINOHATEHOCTH Iepes \o. SHatmT, iy = (y, e')e! + (y, e2)e?,
orkyma m crexyer, w0 gly) = Ay, €2 + Aoy, €3)2, A1, Ao 0. O

HeTpyauo mouATH, 9TO BEKTOP \oe? aBrgerca pelenneM 3313491 O MAHU-
MyMe QYHKIUH ¢ IPY yCJAOBUM, ITO y% + y% =1

Bexropsr €, i = 1,2, mocTpoennsie Hamu (o6magatonmye cBorcTBOM Ael =
= \;e'), HasBIBAIOTCA cobCmeennblmu 6exmopamy onepamopa A. lokazaHHbI
HAMHI PE3yIbTAT MOXHO MepedOpMyJIupOBATH TAaK: KaHcIbili CUMMEMPUUE-
cKutl Onepamop Ha e6xAud0o80t NAockocmu obaadaem 6a3ucom U3 co6cmeen-
HbIT 8EKMOPOS.

Tenepsr mepeBemeM BCE DTO HA A3BIK reoMeTpun. Momerbi KyCKa IIoc-
KOCTH MOXET CAYXKUTH MOBEPXHOCTH CTOJA, 33 KOTOPBHIM HAM TIPUXOTUTCA
paboTaTh. MBICIEHHO HAPUCYEM Ha DTOM CTOJE ACKAPTOBY CUCTEMY KOOp-
muaaT. Ho mam moTpebyercs emie OAWH DK3EMILIAD EBKJIUJOBOW TIOCKOCTH.
[TucbMerHBIE CTOJBI MHOT A HAKPBIBAIOT MPO3PAYHBIM CTEKIOM. BooOpaszum
cefe TaKOW MPO3PATHLIM GeCKOHEeTHO TOHKHHM WM B TO XK€ BpeMs 0eCKOHEYHO
KECTKUUN Yepe3 BCe MPOHUKAIIUN KYCOK MIOCKOCTU. CHUMEM €ro ¢ HAIIET O
NUCEMEHHOTO CTOJA U ITOJHECEM K KOHYCY (PaCIONIOKEHHOMY TAKXKe I'Ie-TO He-
ganeko ot Hac). [lepecetdeM 5TUM KyCKOM ILIOCKOCTH BCe 0OPA3YIONIUe KOHY A,
06BeIeM IBETHBIM KAPAHIAIIOM MO KOHTYPY CeYeHUI ¥ 0O003HAYMM TOUKY HA,
HAIIEM KYCKe TUIOCKOCTH, TJie OH TEPECEKACTCS C MEHTPATHLHOU OCHI0 KOHY-
ca. Ha mamem mpo3pasHOM KyCKe TIOCKOCTH 06Pa3oBAJIACh KPUBAA, KOTOPYIO
Amoanonun HA3BAJI DILIUICOM, M BHYTPH STOTO SJLIUICA PACIOIOXKUICT €0
nenTp. [logoxuM Teneps ONATHL HAII KyCOK ILIOCKOCTHU HA, MIOCKOCThL HAIIEe-
r0 MUCBMEHHOT'O CTOJA, MPOPUCYEM KOHTYP DJLIUICA ¢ MPO3PAYHOTO KYCKa,
HA TIOCKOCTH CTOMA W BEPHEMCA K AHATUTATECKUM PACCMOTDPEHUAM. YPaB-
HEHVE HAPUCOBAHHOTO DJLIUINCA B CHCTEME KOOPAUHAT HA CTOJNE, UMEET BU[
(Az,z) + 2(b,x) + ¢ = 0. TlepBoe, 9T0 MBI Ccaeaann, M30ABUIUCH OT JUHEU-
HBIX 21eHOB. Ha A3LIKe reoMeTpun 5TO 03HAMAET, ITO MBI IIOMECTUIN HOBYIO
OEKAPTOBY CUCTEMY KOODAWHAT B LEHTD SJIINUICA (HAIPABUB OCH IAPAJIIETH-
HO M3HAYAJIBHBIM). A fajee, BINIAHYB HA DJIUIC C HOBOW CUCTEMOU KOODIH-
HAT (CM. pHC. 2), MOMEMIEHHON B €r0 IEHTP, MBI 3Al0J03PUIA, ITO MPAMAI,
MPOXOMAIIAA ePe3 MAKCAMAILHO VAAJCHHBIE OTHOCUTEIBHO MEHTPa TOYKUA U
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IpAMasd, TPOXOAAIIad depe3 MIHUMAILHO yAAleHHBIe 0T HMeHTpa TOYUKH, Tep-
HeHUKYIAPHLL APYT APYTY.

ITOT GaKT MBI ¥ JOKA3AIM C TOMOIIBIO TPABWIA MHOXUTEIH Jlarpamnxka.
[loBepHYB OCH TaK, 9TOOLI OHM TIOILIE IO HPAMBIM, COCAMHATONIAM MAKCH-
MaJIBHO 1 MUHUMAJBHO y,anIeHHI:Ie TOYKHU, B HOBBIX OCAX HOJIqu/IJIH ypaBHeHI/Ie
Ay, el + Aoy, €2)? = —c. B cayuae ammumca —)\;/c’ > 0, i = 1,2. A ecim
6BI MBI Cpa3y HAIll 3JLIUIC, HAPMCOBAHHLIN Ha TPO3PATHON IMIOCKOCTH, (IIPH-
BE3JM» 110 CTOJIy " pacCioJIOXUJINA B CTapOﬁ cucremMe KOopamHaT HyCTI/IB €1ro ocn

21:2 :172
0 OCAM KOOPAMHAT, TO NOMy«wan Obl ypasaernme | — | + ( = | = 1. Ecanm
a1 a3

Xe BHAKM —\;/¢’ IPOTMBOMOMOKHBL, TO TOXY TN ObI yPABHEHWE THNEPOOIBL:

2 2
L1 P

MBI IOKA3aI’, ITO HEBLIPOXK eHHas (¥ He ABIAIONALCA TOIKOR T3 +13 = 0
VAW TyCTHIM MHOXKECTBOM T2 + 3 = —1) KpuBas BTOPOTO TOPAAKA — JUGO
sJasmric, anbo runepboia.

2.2. MHOI'OMEPHBIA CJIYYAU

PaccMoTpuM mPOCTPAHCTBO BEKTOPOB & = (1, .. .,Ly) W ONPEIETUM CKa-
aspHOe npowmssegenue (r, ') BekTOpoB & = (x1,...,%n) m ' = (2],...,z])
paBeHcTBOM (z,2) = Y ), zx). Ecin (z,2') = 0, BexkTophl = u =’ HasLBa-
0T OPTOTOHATBLHBLIME, BEKTOD & TAKOW, 9TO (Z,7) = 1, HA3LIBAIOT €IWHUYI-
uev. Hyere A = (a4j)1<ij<ns Gij = Gji, — CAMMETDHYECKAS MATDPHUIA, A
q(z) = ZZ j=10ijTiTj — COOTBETCTBYIOIIAL el KBajpaTuiHad (opma. Vmeer
MeCTO aHAJOT mpemIoxenus 2.1:

IIPEAJIOXKEHUE 2.2. Cywecmeyem 6a3uc u3 eOUHUMHBIT 0PMO20HAALHBLT
sexmopos {ef}1_ |, ommocumeavno womopuir mesviposcdennas K6adpamun-
nas gopma q(z) = Z?Fl a;jT;xj npuobpemaem 6ud:

a(z) =D Melz, e, A eR.
k=1

Bexropsr €¥, 1 < k < n, ABIAIOTCA CO6CMEEHNBIMU 6EKMOPAMU OTIEPATOPA
A, Tak 9YTO MOXHO CKa3aTh, ITO B R" mMeeTCsas OpTOHOPMUPOBAHHBIA OA3BUC
73 COOCTBEHHBIX BEKTOPOB omepaTopa A.

OJTOT PE3yAbTAT HPUHAIICKUT OJHOMY W3 BHIJAIOIMIAXCI MATEMATUKOB
19 Bexa — Kapay fAko6u (1804-1851). [loka3aTeabCTBO €ro COBEPUIEHHO aHA-
JOTWYIHO NBYMEPHOMY, HO MBI €70 HE IPUBOIUM, OO CaM Pe3yJAbTaT ABIAETCA
YaCTHBIM CIyYaeM OeCKOHeTHOMEPHOTO OO06IIeHWA, K PAaCCMOTPEHUIO KOTO-
POT'0 MBI IEPEXOIUM.
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2.3. BECKOHEYHOMEPHBIN CJAYYAN. TEOPEMA I'NJILBEPTA — IIMUATA

ONPEAENEHUE. Ilycts (X, (-, ) — ruasbepToBo mpocTpancTso. Jlunen-
me onepatop A: X — X maswBaerca cummempuunvim ecam (Az,z’) =
= (z, Ax’) mua mobex z, 7’ € X.

TEOPEMA 2. ITyemv (X, (-,-)) — cenapabeabnoe 2uabbepmoso npocm-
pancmeo v A: X — X — womnaxmuvith cumMmempuunbit sunetinbitd onepa-
mop. Toeda 6 X cywecmeyem 6azuc {ei} COOCMBEHHBIT BEKMOPOB ONEPAMO-
pa A. (I'mip6epTOBO IPOCTPAHCTBO HABBIBACTCA CENAPAOCAbHbIM, €CIH OHO
COJIEPKUT CIETHOE BCIOAY ILMIOTHOE MHOXKECTBO).

ITOoT pe3yabTaT Obu1 noayder 'uisbeprom (1906) B mpocTpancTse [y 6ec-
KOHETHOMEDHEIX BEKTOPOB & = (T1,...,Tn,...) AT KOTOPBIX ) oy 73 < 0.
B sToM mpocTpaHCTBE BBOAMTCA CKAJIAPHOE MPOU3BEICHUE IO €CTECTBEHHOU
dopmyne (z,z') = >, cnZkty, a omepaTop A 3azaeTca GECKOHEUHOH Ma-
Tpunen (a;;);jen. 3aTeM pe3yrsTar 'misbepra Gbl1 0G00IMIEH €ro Y IeHNKOM
MIMuaTOoM HAa 06mUEA cryvan ruabbepTosa npocTpancTsa. (CymecTByeT ae-
renaa, ITo Korga [IMuaT pacckasniBaa 06 5Tou TeopeMe Ha ceMuHape, | mib-
6ept cupocmr: «[IMuaT, 0 KAKOM-TAKOM TIILGEPTOBOM TPOCTPAHCTBE BhI
rosopure? fI He mOHUMAOY ).

JOKABATEABCTBO. PaccMoTpuMm 5KCTpEeMATbHYIO 33Ty O MAKCHMYME
MOJIYJA KBAJPATUTHOU (POPMBI HA €[UHUTHOM IIAPE:

|(Az,z)| — max, (z,z) < 1. (1)

Wz kommakTHOCTH OmepaTopa A ciaefyeT HENPEPHIBHOCTH (PYyHKIUU %
(Az,z). W3 nmpunnumna cymectsoBanua Bamaxa — Amaoray (cm. c. 30; mamo
YYUTBIBATE NIPU DTOM, ITO TIILOEPTOBO MPOCTPAHCTBO COBMATAET CO CBOMM
CONMPAXECHHBIM, a erZ[I/IHI/I‘IHbII;JI aap — BBIIYKJI0€ 3aMKHYTO€ OI'DaAaHUYICHHOEC
MHOXECTBO) BBITEKAET, UTO DEIICHUE el 3agadu cymecrByer. U3 npasuia
MHOXUTeIeR Jlarpam®a ciefyeT, 9T0 HARJAETCA TaKOe TUCI0 A, ITO MPOU3-
BogHaa 110 = pyukumu Jarparxa L(z, A1) = —(Axz, x) + A1 {x, ) paBra Hy.TH0,
ar0 npusoanT K coorHomenuio Ae! = \je!. PaccMoTpuM HOBYIO SKCTpeMATb-
HYIO 33,039y

Az, z)| — max, (z,z) <1, (z,e}) =0. (2)

[Tpumenenve TmpUHINIE, CYNIECTBOBAHUA W TIPABWIA MHOXUTENen Jlarpamxa
npuBouT K paBencTBy Ae? = \ge?. IIpogonxas mpouecc gaabire, OyaeM 1mo-
AYYATH CACTEMY COOCTBEHHBIX UUCEN, CTPEMAILYIOCT K HYIIO (M3-33 KOMIIAKT-
HOCTH OIepaTopa). 3aTeM HaNO0 B3ATH MPOCTPAHCTBO, OPTOCOHAILHOE BCEM
TOCTPOCHHBIM ek C HE PAaBHBIMW HYJIO CO6CTBeHHbIMI/I qucjaaMu, 1 BI:I6pa.Tb B
HEM OPTOHOPMUPOBAHHBIN 6a3uC (C HYJAEBBHIMU COOCTBEHHBIMU 3HAYECHUIMM).
IDTO NPUBOAUAT K UCKOMOMY Gasucy B X. 0
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YuraTeno, 3HAKOMAMEMYCA ¢ 3TOX TEOPEMOU BIEPBHIC, PEKOMEHAYETCA
IIPOBeCTU NOAPOOHOE AOKA3aTEeNLCTBO TEOPEMEBI B TPEXMEPHOM CIyHae.
* ok K ok K K

[Ipunoxenna ZOKA3aHHOM TEOPEMBI COBEPIIEHHO HEUCINCINMBI — K pe-
MIEHWIO CMEIIAHHLIX 33,035 1A TUIePOOInIeCKAX VPABHEHNN, KPAEBLIX 33 1<
IS TAapabOJMIeCKAX YPABHEHUN, K TAPMOHAYECKOMY AHAIMU3Y, TEOPUM TIPE-
CTABIEHUU, KBAHTOBOU MEXAHUKE W T. 1., U T.1. Koe-Kakue NpUiIOKEHUus Mbl
obcyauMm magee.

k %k k %k k %k

Tak saBepmmiach Halla BTOpPas dKCKypcus ot Anoanonus k ['unbbepry u
[MMuaTy.

3. HAYAJIA MATEMATHUYECKOT'O AHAJIN3A

3.0. HeOTOH u JIEMBHUL] — POXKJEHUE AHAJIM3A

[TepBou myGaukatmen mo aHAIM3y OBLTA KOPOTEHLKAA 3aMeTKa JlenbHua,
nmosBuBIaaca B 1684 rogy B xyprare “Acta Eruditotum” — oxgrom u3 mep-
BBIX HAYYIHBIX XYPHAJ0B B UCTOPUM HAYKWU. CTa.TbH 6bIJIa. 0O3arJjiaBJI€Ha TaK:
“Nova metodus pro maximis et minimis itemque tangentibus, quae nec frac-
tas nec irrationales quantitates moratur, et singulare proillis calculus gemes”
(HoBbii METO PO MAKCUMYMBI M MUHUMYMbI U OIPE/IETEHAE KACATEIBHBIX,
HEe U3MEHAONMHN B (JIyUae APOCHLIX WM UPPAMAOHAILHLIX BEJIUSTWH U CIIEITH-
ATBHBIA CIOCO0 MUCIUCICHUA K HEMY; BHIIEPXKKHU U3 HEE MOXKHO MPOYATATH B
YIIOMAHYTOW B TIEPBOM pasjene Kaure BuaenTHepa Ha ¢. 272). B sarmasum
BeTpedaeTca caoBo “calculus” — ucuucaenue. C ayTsh Gojee MO3AHEN TOPBI
tak u noseaock: “differential and integral calculus” — gudpdpepennuansaoe u
VMHTEerpaJbHOC NCIUCICHUE. HaBBaHI/Ie 3aAMETKHU CBUACTEIBCTBYET O CTUMYJIAX,
KOTOPBIE PYKOBOIUIN €€ ABTOPOM NIPY CO3JAHUV AHAJIU3A: DTO — 338a<M HA,
DKCTpeMyM (T.e. Ha MAKCHMYyM ¥ MUHUMYM) U IPOOIEMBI T€OMETDUN.

Ho meobxogmMo cka3aTh, 9TO ABYMA AECATUIETAAMEA PAHEE K OCHOBHBIM
koHnemmuaM AudPepeHIuaILHOTO UCIUCAEHUA COBCEM C APYTOU CTOPOHBI
npumrea Heroron. B 1671 roay on upeacrasmn pykonuce padorsr “The Method
of Fluctions and infinite Series with its Applications to the Geometry of
Curves-Lines” (Meton daokcuit n GECKOHETHBIX DPANOB ¢ MPUIOKEHUEM K
reomeTpuu kpuBbix — cMm. W. Heroron, «Maremaruieckue padorsn, M.-JI.,
OHTU, 1937), coxpaHuBIen cBOE 3HAYMECHUE U B HAIIE BPEM.

He yxasviBato HE UMeH, HE JeT XW3HU STUX IBYX BEAUKUX YIEHBIX — DTO
TOJXKEH 3HATEH KaX IbIA, HE TIUITY 00 WX HAIMOHAJBLHOU TIPWHA IIEXKHOCTH, BOO
opexage BCero OHU IIPDUHAAIeXKAT BCEMY YI€JI0BCICCTBY.

Heiorou ¢ camoro #agaga cTpomi auddepeHInalIbHOe U HHTEerPATHLHOE
UCUUCACHNE, KaK anmapaT ecrecTBosHauua. (O TOM, KaK YCTPOEH HBIOTOHOB
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MUp, IATATEIb MOXET y3HATh u3 ero “Principia’ — «MaTemMaTudeckux Ha-
Jagax HaTypaabHOU durocodum (1687) (cm. Cobpanue codMHEHUN TPYIOB
A.H. Kprsuosa, Tom VII, rue nomemen nepeposn «MaremaTudeckux HATAM;
Jlarpamx Ha3Baa 370 coumHenme HbIOTOHA «BeamYaliuM ©3 TPOU3BEICHUU
YEI0BEYCCKOTO YMay).

« /Lt mosicHeHUA UCKYCCTBA aHanMu3a, — nucaid HeioToH, — ocraeTcsa npu-
BECTYU HEKOTODBIE IpuMepsl 3a4a [. .. ]. 1) [lycTs giuna nytu ussecrua. Hyx-
HO Y3HATBb CKOPOCTH B JaHHBIX MOMEHT BpeMenu. 2) [IycTs u3BecTHA CKOPOCTH
msuxenus. Hano ysmats mawny npougenuoro nytu. (Cm. U. Heoron, «Ma-
remaTuieckue paboten, M.-JI., OHTHU, c. 45.)

U Beap mENCTBUTENLHO, €CIU MOMBITATHCA OCMBICIUTL TOHATHE «CKOPO-
CTH B JAHHBIA MOMEHT» O0BEKTA, MTBUKYIIETOCA HEPABHOMEPHO, TO Hem30ex-
HO TPUXOJWIIL K Uaee npedeaq cpedueti cKOPOCMU 30 MAAbIY NPOMENCYMOK
BPEMEHU NPU CMPEMACHUL IMO20 NPOMEICYMKEa K Hyao. VIHage roBopd, ec-
I OOBEKT ABUKETCA MO MPAMOIMHEHHON NOPOre HEPABHOMEDHO, u z(f) —
PACCTOSHUE €r0 0T KAKOW-TO HAYAILHOU TOYKYU B MOMEHT BPEMEHHU , TO CKO-
pocthb v(t) B MOMEHT ¢ DTO mpeAeJa OTHOWEHWA CPEIHUX CKOPOCTEH 33 Ma-
JBIA IPOMEXYTOK BPEMEHU TIPY CTPEMICHIY 3TOTO MPOMEXYTKA, K HYJIIO, T. €.
lim z(t + At) — z(t)

At
suagath ' (1) (a Heroron o6osmagan z(t)).

(U camo nmonaTue mpenena HeioToH ocosHaBAT aBCOMIOTHO OTYETANBO. BoT
ero caoBa: «KommgecTsa |[...], KOTOpBIE B IPOOIXKEHHE IOOOI0 KOHEIHOT'O
BPEMEHU MTOCTOAHHO CTPEMATCA K PABECHCTBY M PaHEE KOHILA 2TOT'O0 BPDEMEHU
TpUOGAUKAIOTCA APYT K APYTy OIMKe, HeXeIW Ha JOOYI0 33 TaHHYI0 BEIUYH-
Hy, OyayT B mpejeje PaBHBLY IJTO MOYTH ONpeAeNeHue mpeeaa mno Komrm,
KOTOPOMY HAC ydIaT Ha MEPBOM Kypce.)

mpu At CTPEMAMEMCA K HYJAI0. JTY BEIUUUHY CTAIA 000-

BoabmuiacTBO OCHOBHBEIX (pakKTOB Au(pPepeHITNAILHOTO UCUUCACHUS UMe-
0T QU3WIECKYIO WIK T€OMETPUYUECKYI0 WHTEPIPETAIHUIO.

CxaxeM, BOT BB HJ[€TE CO CKOPOCTHIO ¥ TIO BATOHY TI0€3/1a, NBUXKYIIETOCH
co cxkopocThio V. Torga Barma cKOpOCTb OTHOCUTENLHO 3eMiau paBHa V + v.
Tax mariocTpupyerca popmy.aa muddepeHITnaIbLHOTO UCHUCISHN: NPou3800-
HAA CYMMBL DOBHA CYMME NPOU3BOIHBIT .

((KOF,[[H, BeanIrnHa JOCTUTACT Ha,I/I6OJH)IHeFO Wi HAMMCHBIICT'O 3HAYICHUSA, B
STOT MOMEHT OHA HE Te4deT HU BIepes, HU Ha3aD (cM. «(Maremaruaeckue pa-
60TED, ¢. 73). DTO BHICKA3BIBAHUE HA (PU3UIECKOM AZBIKE BBIPAKAET TO, ITO
B KypCaxX aHAJIM3a HA3LIBAIOT TeopeMon depma: 8 mouke IKCMPeMyma npo-
u3600Ha% PaHG HYA0 (O TOM, ITO CKA3aHO MO >TOMY HoBOAY camuM Depma
cM. B kHUre BunenTrepa Ha c. 256). Ecau BB Kyga-To €3amiy 00 OPAMOJIM-
HEWHOU JOPOre U BEPHYJIUCH OGPATHO, TO B KAKOU-TO MOMEHT BBl OKA3AJIUCH B
HamboIee yIAJEHHOU TOYKE OT HAaYama. TaM BBI «He TEKIW HU HA3a[, HU BIe-
pell», Ballla CKOPOCTh PABHAIACH HYJIK. ITO — (PU3UUECKAsa WHTEPIPETALIAIL
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TeopeMbl Posna: ecau @ynryus nenpepuiéna wa ompesre, duddepenyupyema
BHYMPU HE20 U HA KOHUAT OMPE3KA NPUHUMGEN, 00UHAKOBbIE 3HAYEHUS, O 8
Hexomopot enympennet mouke ee NPouU380IHAIL PABHA HYAI0.

Ho goBoabHO 0 auddepenmmanrbaom ucauciernn. CKaxeM HECKOILKO CIOB
06 o0paTHOM 3ajade — KaK HAUTH IOyTh IO CKOpocTu. M cHoBa, ecam 3a-
OYMATBCA 00 DTOM, TO HUKAKOU JIPYyrOd BO3MOXHOCTH HE NPUAYMATH, KaK
TOJBLKO PAa3JeIuTh BPEMA HA MEIKUE KYCOUKU U CIATATH CKOPOCTH HA DTUX
MAaTeHLKUX YIACTKAX MOCTOAHHON, PABHOU 3HAYMEHUIO €€ B KAKOU-TO IIPOMe-
KYTOYHOU TOYKE, 8 MOTOM YMEHBIIATL Pa3OWEeHNe U MEPEXOANTh K MIPeey,
KOTOPBIU 0GO3HAYAIOT: fttol v(t)dt (ty — BHaganbHAA TOYKA ABUKEHUA, {1 —
KOHe4IHasA, v(t) — CKOPOCTb B MOMEHT t) U HA3LIBAIOT ONPEICACHHbIM UHME-
epaaom oT ckopocTu v(-) B Ipegeaax ot ty 1o ti.

MogBegeM uTOr: MPOM3BOAHAA My TH 10 BpemeHnu Iz’ (f) — DTO CKOPOCTH
v(t), a OIpeAeIeHHBIN NHTErPAJL, BOCCTAHABIUBAIOUIMY POV ACHHBIN Iy Th (1)
0 CKOPOCTHU — 3TO TWIOMAAL Mo Tpadukom ckopoctu. Yl ecim Temeps coto-
CTaBUTH BCE CKA3aHHOE, TO Mbl IPUXOIUM K TAaKOMY PE€3YyJAbTATY:

t1 t1
z(t) — x(to) :/ v(t)dt:/t 7' (t)dt.

to 0
OJTO HE YTO MHOE, KaK 3HamMeHuTas ¢opmyaa Heorona — Jlenbuuna, Ko-
TOPYI0 WHOT/IA HA3BIBAIOT 0CHOBHOT BOpMYL0t UHMESPAADHOZO UCUUCACHUS.
Omna cBA3BIBAET ABA MCYUUCIEHUA APYT C APYTOM.

A Temepr mepengeM K 06CYXISHAIO OSHON M3 BaXHENIINX TEOPEM AHAIN-
3a — TeopeMbl 00 00PATHOM 0TOOPAKEHUN. 3AECH MBI COOUPAEMCSA TIOBTOPUTE
(1 naxe ¢ HEKOTOPBIM YCHIEHUEM) TO, ITO yKE JABAXK/BI METATA: CHATAIA, MbI
chOpMyIUpPYyEM TEOPEMY B OTHOMEPHOM CIydae, 3aTeM B MHOTOMEDHOM, W
HAKOHEIl, B 0€CKOHETHOMEDPHOM CJIydae, & MOKA3HIBATL BCE 3TU PE3YJIbTATHI
OyneM OJHOBPEMEHHO, U YATATENh YOEMUTCA B TOM, 9TO B OECKOHEIHOMED-
HOM CIy¥a€ A0KA3aTEIbCTBO HE OTIMIAETCI OT OFHOMEPHOrO, HATO TOJBKO
3HATH 0 «BECKOHETHOMEDHOCTHY HEYTO MPOCTO (popMyaupyemoe, HO GyHIA-
MEHTAJBHOE.

Oycte X =Y =R,um X =R", Y =R™ m < n, wm (X,| - ||x) n
(Y,|l - lly) — 6amaxosel mpoctpamctBa, U — OKpecTHOCTH Hyaa B X,
F:U—-Y,F(0x)=0y.

OnPEAEJNEHUE. [oBopsar, aro F cmpozo duddepenyupyema 6 nauaae Ko-
opdunam npocmpancmea X (w mamryt F € SDY(0)) ecam cymecTsyer wmcio
F’(0) (coorBercTBenno — matpuna F/(0) mim B camom ofmeM crydae —
JMHEUHBIN HenmpephiBEb omepaTop F/(0): X — Y) Takwme, 9T0 414 a1060T0
e > 0 cymectsyer Takoe § > 0, aro ||[F(z') — F(z) — F'(0)(z' — z)|ly <
< e|l#’ — z||x, ecm Tompko ||z||x < 4, ||#'||x < , rme B KOHeIHOMEpHOM
cryaae ||lz|x = |z| m [lylly = ly|.
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OtmeTuMm, aTo cTporo auddepentnupyemas B & GpyHIuna audpepeHnm-
pyeMa B TOYKE T W HENPEPBIBHA B HEKOTOPOW OKpecTHOCTEH Z. He Beakas
mnddepernupyeMas pyHKIUA CTporo auddepeHnmupyeMa, 3TO MOKA3BIBACT
npumep dbyeknun F(z) = 22D(z), rae D(z) — dynxuua Tupuxae, pas-
Hasjd HYJII0 B MPPAIMOHAILHEIX TOYKAX ¥ CAUHAIE B PAIMOHATBLHBIX. (DyHK-
uus F' wenpepwiBHa u gudxpepeHnmpyeMa B HyJe W PA3PBIBHA BCIOJY, KPOME
Hys. )

3.1. TEOPEMA OB OBPATHON ®YHKIINU B OJJHOMEPHOM CJIYYAE

TEOPEMA 3 A) OB OBPATHO#N ®YHKIUU. [[ycmo U — oxpecmuocms nyaa
e R, F: U — R — cmpoeo dufdepenyupyemas 6 nyae Gyuxyus, npuvem
F'(0) # 0. Tozda cywecmsyrom makue wucaa € >0, § >0 u K > 0 umo dax
4106020 wucaa ly| < 0 natddemes (eduncmeennoe) wucao © = z(y), |z] < e
maxoe, umo F(z) =y u|z| < K|yl

Teopema 3 a) BocxoauT k Heorony. On uznoxun (Ha nmpuMepe pemeHus
ypaBHenus y> — 2y —5 = 0) MeTO/ BBIMUCJACHUN KOPHSA DTOTO YPABHEHUA, HHIHE
BCEM M3BECTHLIA KakK memod Hviomowna, B cBoen paboTe « AHAIN3 ¢ IOMOIILIO
ypaBHeHuil. . .» («Maremaruaeckue paboTen, c. 9).

Hbtoron 6v11 3aMedaTeTbHBIM BBIYUCIUTENEM. B cepeqnHe CeMUIECATHIX
FOJOB CEMHAIATOrO BEKA HAYAJ TIETH IPUOPUTETHHIA ciop Mex 1y HeioTo-
HoM u Jlenbmuriem o6 OTKpHITHM aHaau3a. C 3ampoCcoM MO MOBOAY TOTO, ITO
m3BecTHO HBIOTOHY 0 MaTeMaTHIeCKOM aHAIM3e, OOPATUACT K HEMY YIEeHBIN
cekpeTaps Kopomesckoro obuiectsa OabaenOypr. HeI0TOH HECKOIBKO pa3 oT-
Bedasa cBoeMy pecnoHaeHTy. Bo BTopoM nmuckme OubaeHOGYpPry, OTIPABICHHOM
“24 okTa6ps 1676 r. or Poxgecrsa Xpucrosa” (1 momjgexarieM, KAaK yKas3bl-
BaeT HpioToH, 6BITH coobmenHbIM Jlenbuuity, 0 HeM MBI eme OyneM MMeTh
HOBOJ BCIIOMHUTE), HBIOTOH NUIIET, YTO «(MHE MPAMO CTHIAHO MPU3HATHCA,
0O KAKOT'O YHMCJIA 3HAKOB s JOBEJA HA NOCYDe 5T BBIYUCICHW) (pedb ILTa O
BbIMMCACHUE J0TapudMOoB — cM. «Maremaruaeckme paGoTen, c. 237).

Hwxe mbr uzmaraem menee ObICTpBIU, YeM coOGCTBeHHO MeTon HbroToOHA,
O GoJee YAOOHLIM METO[ PellleHna HeTMHENHLIX yPaBHEHNN.
Ham magnexur pemmts ypasmenue F(z) = y. Bygem uckars ero mrepa-

TUBHO Tp, = Tp_1 + F(zn-1)), n € N, g = 0. DTa npoueaypa (Ha-

o

3BIBaeMas moduduyuposaruvim memodom Heromona), msobpaxkeHna Ha puc. 3.
1

(B meToge HeroTona &, = Zp—1 + ﬁ(y — F(zp-1)), n € N, zop = 0).
Tn—1

OcTaBuM 060CHOBAHUE CXOAUMOCTH MOJUMDUITMPOBAHHOIO MeTO 18 HbioTOHA K

z(y) mo mocaemHero pasjgena, rae 6yAeM AOKA3BIBATH TEOPEMY OJTHOBPEMEHHO

B OJHOMEDPHOM, MHOT'OMEDHOM U GECKOHEYHOMEDHOM CJIYJIadX.
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y _—

9 =0 T T2 X
Puc. 3.
3.2. MHOT'OMEPHBIN CJOYYAR
PaccvoTpuM 9aCTHLII BAPUAHT MHOTOMEPHOIO CAydasd, KOUga 1. = m.

[IycTs TpebyeTcs pemnTh CUCTEMY W3 N HEIWHEHHBIX yPABHEHUN

filzr, oo yzn) =y1, oy fu(T1, oo T0) = Yne
Bremem, kax MBI He pa3 yxe Jenanu, COKPAIIeHHbe 0003HAMEHN:

fi(z) I Y1

F(:L") = y L= y Y=
Torga Hama 3ajatda NPUMET TAKOU BU[: PENIUTL ypasuenme F(x) = y.
Pemurenne 6ymeM HCKaTh TOYHO TAKXKe — MOAUPUIIIPOBAHHBIM MeTOI0M Hbio-
ToHa: T, = Tn_1+ (F'(0)) " (y—F(zy-1)),n € N, zg = 0, rae (F'(0)) "' o3na-
qaeT 06paTHyio MaTpuny. [JokazaTenbCTBO MPOBENEM B CJAEAYIONIEM PA3Iee.

3.3. Opmuil CaAy4Ail (OAHOMEPHBIN,
KOHEYHOMEPHBIN 1 BECKOHEYHOMEPHBIN;
IIPABWJIO MHOXKWUTEJIEN JIATPAHXKA)

Oycrs X = R, aY =R"u A: X — Y — JuHEUHBIU CIOPBHEKTHUB-
HBIU omepaTop. Torga cylecTByeT mpaBhin o6paTHBI oepaTop R: Y — X
takon, uTo0 ARy = y u |R(y)| < Cly| (rge C — mHexoTOpas KOHCTAHTA).

JleficTBUTEIBHO, HAJO B3ATH Oasuc {e'}7 | B Y, naementn f*, 1 < i < m, us
npoo6pasa A~ le! u nna y = Y10, y;e’ nonoxuTs R(y) = > vy yif'. (Torga
[R(y)| < 32024 lyil maxicicm | £ < v/mmaxigicm || ly)-

Ecam xe (X, | - ||x), (Y, - |ly) — 6amaxosm mpoctpanctea u A: X —
Y — IuHeNHLIN, HENPEPLIBHLIA CIOPLEKTUBHLIA ONIEPATOP, TO CYIIECTBOBAMIE
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MPaBoOro OGPATHOTO OMEPATOPA € TPUBENEHHBIMU BBINIE CBOUCTBAMHU €CTh
$axT, PpABHOCWIBHBIN NPUHIUIY OTKpbITOCTH Bamaxa (cM. c. 29 m mpmo-
KEHUE).

TEOPEMA 3 B) (OB OBPATHOM OTOBPAXKEHUM). [Iycmv X =Y =R, co-
omsemcmeenno X = R Y = R™, m < n, usu 6 camom obwem cayuae
(X, |- |lx) w (Y, ] -|ly) — 6anaxoswr npocmpancmea, U — oxpecmuocms wy-
a6 X, F:U —Y, Fe SDY0), F(0x) = 0y u 6oace mozo F'(0)X =Y
(6 cayuae X =Y = R amo oanauaem, umo F'(0) # 0, 6 cayuae X =Y = R",
ymo det F'(0) # 0 (cm. 1.2)). Tozda cywecmsyiom maxue € > 0, 6 > 0 u
K > 0, umo dasn 06020 uwucaa |y| < 6 (coomeememsenno, sexmopa |y| < 6
8 KOHEUHOMEPHOM Cayuae uau saemenma ||y|ly < O e 6anarosom cayuae) cy-
wecmeyem wucao x = x(y), |z| < & (coomsememeenno — sexmop x = x(y),
|z| < & uau saemenm z = 2(y) € X, ||z||x < &) maxue, umo F(z) =y u
|z| < Kly| 6 koneunomepron u ||zl x < K||y|ly 6 6anazosom cayuae.

1
JOKABATEALCTBO. IlycTh B ogHOMepHOM ciaydae R — 3T0 1IMCI0 ——

F/(O) ?
B MHOT'OMEPHOM CaIy4ae, ecqm m = n, — matpuna (F'(0))7!, a B ocTamsabx
crydasx — mpasblid o6paTabn aaa F'(0) omepatop. Ompenerenume ¢cTporou

A HEPEeHIuPYEMOCTH BIETIET 33 COGOU CymECTBOBAHME TAKoro 6 > (), 4To
ecm ||z]|x < 0, ||2'||x < d, To BBIMOMHAETCA HEPABEHCTBO

|F(') = F(z) = F(0)(a' = 2)lly < 55lla’ —allx, (i)

rae C' — KOHCTaHTA M3 TeOpeMBI 0 mpaBoM obpaTtHoM (cM. ¢. 29). IlycTs npu
srom Ux (0,0) ={z € X | ||z|]|x < 0} C U u F menpepuisaa B Ux (0, 9). Ber-
0

6paB € < , PACCMOTPUM UTEPATUBHYIO IPOUEAYPY MOAUMPUIVPOBAHHOIO

8C
meroaa HeroTona:
Tni1 = Zn + Ry — F(z,)), n =0, 2o =0, (i7)
rje B KOHeIHOMepHOM ciyae || - || = |- |. lokaxem, wro Bece z;, j € N, mexar

B Ux (0, ¢). Ipumennm meros maTemaTudeckon uagykumu. Umeem: ||z1]x <
< Cllyl|ly < 6§, smaamr, z1 € Ux(0,0). Ilycrs z € Ux(0,6), 1 < k < n. Torga
HOJTY IIM

(#)

—y+ F(zp_1) — F'(0)(z — 21—1) =0, 1<k<n (414)
n caenqoBaTeJbHO,

def R (id)
21 = zallx < Clly = Plan)ly 2 ’
=Clly = F(an) =y + Flan-1) + F(0)(zn — 2n-1)lly <1/2]| 20 — 2nallx <

< 1/4Hxn_1 —wn_QHX g < 1/27171”(1}1”)(. (Z’U)
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U3 (iv) m HEpaBEHCTBA TPEYTOALHUKA CACAYET, TITO
[Zn+1llx < 2[|21] <4, (v)

T.e. BIEMEHTHI T, OTNPEJCICHBI I BCEX 1, a ||Zn — Tniml|lx < 1/277 |21 ||x,
OTKY[Ja BBITEKACT, 9TO {Zp tneNy — PYHAAMEHTAIBHAL IOCAELOBATEILHOCTD.
[epexox x mpegery B (4i) (cymecTByoomun w3-3a HeNpepuBHOCTH F B
U(0x,0)) mpuBoant k pasercrsy F(x(y)) = y, a nepexon k npeaeny B (v),
yauteag, 4910 ||z1||lx < C|lylly, obecnedusaer mepasenctso ||z(y)|lx <
< Kllylly ¢ K =2C. O

[IpuBeneM ogHO U3 BaXHEUIINX CACACTBUAN DTOU TEOPEMBI: TPABUIO MHO-
xurenen Jlarpanxa.

Iyctes X u Y sro R? 1 R mwmm R” u R™, m < n, wiz 6aHaxoBbl IPOCTPAH-
cra (X, |- |lx) = (Y| - |lv), U — oxpecrnocts Touku = B X, fo: U — R,
F:U — Y. PaccmoTpum 33124y O HAXOXKIEHUU TOYEK DKCTpeMyMa, (T.e.
MaKCUMyMa WIA MUHEMYMa (PYHKIUU fo IpU OTPAHWYICHUN TUMA PABEHCTBA

F =0):
fo(z) — extr, F(z)=0. (P)

CoBOPAT, 9TO DAEMEHT I AOCTABIAET JOKAJIbHBIM MUHMMYM (MAKCUMYM) 33,714
ve (P) (m nuuryt 7 € locmin (locmax)), eciu cymecTByeT Takas OKPECTHOCTD
V Touku Z, wTo nas Toukd & € V., aasa koropou F(x) = 0, BEIIOIHEHO Hepa-
Benetso fo(z) 2 fo(7), (fo(z) < fo(Z)).

Ecm X = R?,Y = R, nonoxum F(z) = fi(z) u L(z,\) = folz) + Af1(z)
(3gecs A —wmcao); ecim X = R Y = R™ momoxum F(z) = (fi(x),...,
fn(@)T w0 L(z,\) = folz) + 3, Aifi(z) (mecs A = (A1,..., Am) — Bek-
top); ectm (X, | - |lx) = (Y,] - |ly) — GamaxoBwl mpocTpaHCTBa, HMOJOKUM
L(xz,\) = folz) + (\, F(x)), rme A — dI€MEHT CONPAKEHHOr0 MTPOCTPAHCTBA
Y* a (-, ) — crangaprras 6uivnenHas ¢popma Ha Y™ X Y ((A,2) — 5T0 3HA-
JeHVe Ha DIEMEHTe I JUHeMHOro dyHkmmonasa \). Hanucamubie BeIpaxeHus
HaswBaOTCA Pynkyuet Jaepanxca sagaaua (P).

CHEACTBUE (ITIPABWJIO MHOXKUTEJEN JIATPAHXKA). ITyemv 6 (P) fo,
F € SDY(0), F'(0)X =Y. Ecau T aoxasvmviti sxempemym (P), mozda nai-
demces mmoxcumenv Jazpansnca A (uucao, 6eKMOP UAU IACMEH NPOCTP AH-
cmea Y, conpancennozo ¢ Y), maxot, umo

Pacmmdpyem cka3aHHOe B KOHETHOMEPHBIX cayiasx. BEcam X = R% Y =
= R, To coorromenue (3.1) ozmagaer, aro fi(Z) + Af1(Z), T.e., 9T0 rpagu-
eatel f3(Z) u f{(Z) nponopnuoHANILHBL (M €CaM NOHMMATH E€OMETPUICCKUN
CMBICT TPajueHTa (GYyHKIWA HA IMIOCKOCTH, TO 3TO YTBEPXKICHUEC CTAHOBUT-
ca mouTH odeBuaHbIM), a ecim X = R™ Y = R™ 1o (3.1) o3magaer, 4T0
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fo(@)+ >, fi(Z) =0, T.e., aT0 rpaauent f)(Z) ABIACTCA IUHETHON KOMOU-
Hamuel rpajfueHTOB OrDAHTICHU.

JOKABATEJILCTBO. /loka3aTeabCcTBa CIEACTBUA BO BCEX CAYIAIX CXOTHBI
u npoctel. Eciu 661 B cryaae X = R? Y = R rpajgueHTs! He 6bLIM ObI IPO-
HOPUMOHAILHLL, TO K oTo6paxenuto P(z) = (fo(z), f1(z)) MoxHO 6bLIO GBI
IPUMEHUTE TeopeMy 006 00paTHOM 0TOOPAXKEHNN U HAUTH JIeMEHT I, TaKOH,
aro ¢(z) = («,0), gua koroporo fo(za) = @, f1(za) =0 7 |z4| < Kla|, asT0
MPOTHBOPEINAT TOMY, 9T0 T € locextr. CoOBEpIIEHHO AHAJOTUIHO MPUXO UM
K IPOTHUBOPETMIO BO BTOPOM CaIydae, ecam rpaaueHT f|(Z) me asiserca au-
HEMHON KOMOWHAIMEN I'PAIUEHTOB OrPDAHUYCHUN (U IPaJUEHTHL O DAHUTCHIN
JVHEWHO He3aBUCUMET). A B 6ecKOReTHOMEpHOM caydae mu6o D' (Z) X =Y xR,
au60 mer. B nepsom cayuae npuMenseMm Teopemy 06 o6paTHOM 0TOOPaXKEHUN
7 TPUAXOUM K TTPOTUBOPETHIO, & BO BTOPOM HAMO BOCIOAB30OBATHLCA HETPUBHU-
ATBHOCTBIO AHHYJIATOPa moampocTpancTea ' (Z)X C Y. O

B 6eckonevHOMEpPHOM CaIy4ae MPABWIO MHOXUTEIEH Jlarpamxa ObLIO mO-
kazano JI. A. JlrocTepHUKOM.

I EEEEE

Haie TpeThe myTemecTBrE AAUIOCH 60I€€, eM IBA ¢ MOJOBUHON CTOJETUL
¢ 1671 rogaa, xorga Herorou npeacrasun «Meron darokcniny o 1934 1., korga
JI. A. JlrocTepHUK OMyOJTKOBAI TEOPEMY O TIPABUIE MHOXUTETEH Jlarpamxa
B OGamaxoBoM cay<uae. Ho mam caegymommu nyTh 6yAeT KOpode, XOTA OH OyaeT
MEHee HIEMEHTAPEH.

4. INOPEPEHIUAJBHBIE YPABHEHUA

4.0. O HOJB3E PELMEHUA AUPOEPEHIUAJIBHbBIX YPABHEHUN

B 17 Beke ObL10 ODPUHATO 3aIN(POBLIBATL CBOM OCHOBHEIE MBICAH B aHA-
rpamMMax. B ToMm camom BTopoMm muckMe OQubaeHOypry, 0 KOTOPOM MBI yIIO-
MUHAJIA B MpebIayeM pasdiaeie, HoioToH mummert:

«CymHOCTb DTUX ACUCTBHU [...| 5 Jydiue nepegam B CJAEAYyHOLEM
ckpeiroM Buge: 6accdael3eff7i319ndodqrrds9tl12vxy.

TekcT aHarpaMMbl, PACKPBITBHIA MM BHOOCHeACTBUU, TakoB: Data aequatione
quotcunque fluentes quantitates involvente fluxiones invenire et vice versa.
Bor meperoa sTou dpaswur: no danwnomy ypasmenuto, codepicausemy Paroer-
mul, watimu darorcuu u o6pamuo. TepMuabl «paOEHTaY U «DAOKCHTY OBLIT
BBedeHE caMuM HuioToHOM. DrioeHTa mo HbI0TOHY — M3MEHAIONAACA BEIU-
YMHA, CeTYIac Hauboaee TOMHO IePeBOIuMad CIOBOM «pyHKIMA»., Darokcua —
DTO CKOPOCTH U3MeHEeHU (PIEHTHI, TAK YTO MO CyTH JeJa B CBOEU aHATPAMME
HpbioToH mOBTOpPAET TO, O 9€M MBI YK€ TOBOPWIN: CYTh AHAIN3A, B HAXOXK TCHIN
CKOPOCTH IIO IIyTH ¥ HA0OOPOT.
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OavH M3 KpyNHEMIINX MATEMATHKOB COBpeMeHHOCTH — B. U, ApHOoabn
~— OPeNIOXWI TAKOU BOALHBIN MEpeBoj aHarpamMmel Hoorona: «[loaesno pe-
wamyv duPdPepenyuavnvie ypasrenusr (B. . Aproasn, «M36parroe—60». M.:
dazuc, 1997, c. 319.). Bocnoassyemces sTum «mote3abiM coBeToM» HeioToma —
Apnoasga, Tem Gomee, ITO TIABHYIO KOHIEMXIO «Principiay MOXHO BHIpA3UTh
croBamu: «Mwup ynpasasercs nuddpepeHIUAILHBIMA Y PABHEHUSI MM,

Iycrs f = f(t,z): R*™™ — R? (+ € R,z € R"). Jlatee paccmaTpm-
BaTCa auddepermmanbabe ypasaeana suga & = f(¢,x). 3agaga: pewums
Jufepenyuanvroe ypasuenue & = f(t, ) ¢ nauasvruvim ycaosuem x(ty) = g
HasweIBaeTCA 3adaueti Kowu.

4.1. JIMHEAHBIE IUDDEPEHINAJILHBIE YPABHEHUA
C MOCTOSIHHBIMU KODDPDPULIMEHTAMU

Hagnem ¢ mpocrermux ypasuenui. [Ipocrentnee neognopoguoe audde-
peHIuaIbHOe ypaBHeHmWe & = v, z(tg) = o 06CYXKAATIOCH B IPEALLIYLIEM
pasgene. Ero pemenue gaercsa marerpantom z(t) = zg + ftto v(8)ds. 3mech MbI
HATHEM C OPOCTEHIIEro 00xHopodHno20 ypaBHeHus: © = x. [aa pemenusa 3a-
paan Komwm & = z, (0) = 1 sToro ypaBHEHHs, pACCMOTPUM OTOOpAKEHUE
F: C([—a,a]) — C([—a,a]), F(z(:))(t) =1+ fotx(s)ds. Herpyauo nokasars,
9YTO HEKOTOpasg CTeneHb F™ 5Toro ortobpaxkeHus (3aBUCAWAA OT a) ABIA-
eTcAa C)KI/IMa.IOHIeﬁ, U 3HQYUT, B CATY CACACTBUA U3 TPUHINIIA CEKUMAIOIMINX
oToOpaXeHur u NOJAHOTHL npocTpancTsa C([—a,al), cymecTByeT equHCTBEH-
HBI dmeMeHT Z(-) Takon, uto F(Z(-))(t) = Z(t), moay4aeMbil UTEPAIUAMA
ZTpt1(t) = F(zn(-))(t), n > 0, zo(-) — NpOM3BOJLHBI HIEMEHT.

Ecamn HadaTh urepaTuBHyo npoueaypy ¢ dyHkimy zo(t) = 1, Mbl moxy4um

2 k

z1(t) = 1+t, 22(t) = 1+t+%, cowZn(t) =Dk % . DTHU CyMMBI DAaBHOMEDHO

cxonaTca K GyHKIun t — e,

Pemenne 3agam Komm & + x = 0, £(0) = 0, £(0) = 1 aaa ypasuenus
rapMOHUIECKOTO OCHOWLIATOPA (BBIpAXKAaomero BTopon 3akon HeioToma ms
YACTUIBI, TPUTATHBAMENCA K HAYATY COMMIACHO 3aKOHY ['yka) CBOAMTCA K
HAXOX [CHUIO HEIIO ABUKHOU TOUKY onepaTopa F(z(-))(t) = t—fot(t— s)z(s)ds.
Craptysa oT zo(t) = ¢, npuxoaum K psagy gna cuHyca (ybenurech B 5TOM
CaMOCTOSATENBHO).

Mns ypasmenus & = A(t)z, rae A(-) — mempepwiBHas pyHKImsA, ure-

_ [t A(s)ds
paTuBHAA npoueaypa mnpuseger kK pemenmio r{t) = Ce’to . [lna meon-
HOpOHOTO ypaBHeHusa & = A(t)z + a(t) BBOMIIETCS TOT XK€ OTBET, €UTO
n meTomoM Jlarpamxka Bapmanmuu MOCTOAHHBIX. CHCTEMY ABYX ypaBHEHWI:
1 = anz1 + a12%2, T2 = a2z + awr, v1(to) = &1, z2(to) = & ¢ no-
CTOAHHBLIMA KOB(h(PUIICHTAMI MOXHO CBECTH K OJHOMY YPABHEHUIO BTOPOTO
mopanxa: & + pz + g = 0. Ecam xopum A;, ¢ = 1,2, pasauwynsi, To obiiee
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pemenwne z(t, C1,Cy) = CreMt + Coe??, a ecin KOpHE OIMHAKOBLI U ypaBHe-
HEE He paclajaeTcd, To obmee pemrenue Takoso: z(t, C1, Cy) = e M(Cy + Cat).

IOTH pe3yJIbTATHI IPUHAIEKAT, B OCHOBHOM, JWIEPY.

4.2. OBIIASI TEOPUSI JUHENHBIX IUOOEPEHIMAJILHLIX YPABHEHUNA

g pemtenus 3agaau Ko
= At)z +y(t), =z(to) = zo, (4.1)

rae A(:) — HempepwiBHas pasmepa n X n MarpuanHas pyskomsa, a y(-) —
HENPEPHIBHAA 7-MepHAA BEKTOP-(QYHKIAA, CHOBA, PACCMOTPUM OTOGPaKEHVE
F: C((—a,a),R") — C([—a, ], RY), F(a())(t) = 50 + [ (A(s)(5) + y(5)) ds.
[ToKA3BIBAETCA, 9TO HEKOTOPAA CTENeHb F ABIACTCA CRKUMAIONMM OTOOpA-
XeHueM. V3 NPUHIMIIA CXUMAIOIMX OTOOpPaXeHWH CIeAyeT CyIleCTBOBAHME
HEMOABUKHOM TOUKH, ITO JOKA3BIBAECT INOOAMBHYIO TEOPEMY CYIIECTBOBAHMA
sagaqw Komwm masa muaerHBIX nuddepeHnmalbHbX yPABHEHUN, COTIACHO KO-
TOPOU Ha, BCeM WHTEpBate (—a, ) CyNIeCTBYeT U €MHCTBEHHO DENICHUE 34,714~
T (4.1).

4.3. OBIIAS TEOPUS IUPDPEPEHIINAJILHBIX YPABHEHUN
(CYNTECTBOBAHUE, HENPEPBHIBHASA U AND®EPEHIIMPYEMAS
3ABUCUMOCTDL PEIMIEHU)

TEOPEMA 4 A) (JIOKAJBHAA TEOPEMA CYWECTBOBAHUA PEIEHUN).
ITyemv na omxrpoimom muoocecmee G C R X R™ dynwyua f: G — R,
f = f(t,x), ydosaemeopaem ycaosuio Junwuya ommocumeavno x: |f(t, z) —
— f(t,2)| < M|z — 2| daa aobwz x, ' € G, u nycmo womnaxm K npunad-
aexcum G. Tozda das aobot mouxu (1,%) € K cywecmeyom makue wucao
d > 0 u okpecmuocmy V. mouku T, wmo das w060t mouku (tg, o), yodosae-
meopaowets ycaosuam |ty —t| < & u zg € V, cywecmeyem edumcmeennoe
pewenue t — x(t,to, xg) 3adavwu Kowu:

&= f(t,z), x(to)= o, (4.3)

onpedeaennoe na ompeske [to — 0,t0 + 0] u HenpepvisHOE NO COBOKYNHOCTU
nepeMEHHbIL.

B) (O HENPEPBIBHON 3ABUCMMOCTW PEIIEHWA OT NTAPAMETPOB). Ilycmo
G C R x R" — omxpwmoe muoxcecmeo, A — monoso2udeckoe npocmpan-
cmeo, f: G x A — R" — fynrxyua nepemennviz (t,z, ), t € R, z € R" o €
A, nenpepuisna no cosoKYNHOCMU NEPEMENRBIL U CMPo20 Juddepenyupyemna
no T pasroMepno no & 6 npousdsedenuu [to,t1] na oxpecmmocmvy W mouku
(Z, @) (pacnoaoncennom 8 G x A). Tozda cywecmsyem makas 0Kpecmuocmy
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Ao C A, umo pewenue sadavu Kowu
j}:f(t,.’lf,a), l'(t()):l'()

onpedeaeno wa ompeske [to,t1] u HenpepvisHO 3aBUCUM OM NAPAMEMPE (.

Crporas auddpepeHnupyeMocThb, pABHOMEPHAA MO TapaMeTPy «, O3HatTa-
eT, 9T0 A Jaioboro € > () cymecrByer okpectHocTts Wy C W Takas, 4ro
lf(t,z,0) — f(t, 2, d) — fo(t,2(t),a)(z — 2')| < e|lz — 2|, ecm ¢ € [tg, 1],
(z,a) n (¢, a) npuragrexart Wy.

¢) (O 3ABUCHMOCTH PEIIEHUN OT MAPAMETPOB W TPAHUYHBIX YCJOBUM).
ITyeme U C R™ — oxpecmuocmy nyas 6 R™ u f: [to, 1] — GXU — Pynryus,
nenpepvieno duddepenyupyeman no cosorynmocmu nepemennix. Ecau x(-) —
pewenue 3adawy Kowu, mo cywecmeyem 6 > 0 u das awbozo |u| < § —
pewenuve (-, u,w) 3adavu Kowu & = [f(t,z,u), z(ty) = w, nenpepvisno-
dufepenyupyemno 3a6uciuee OmM 2PAHUYHO20 YCAOBUSL W U NAPAMEMPA U.

[MaauM HAOPOCOK MOKA3ATEILCTB TeopeM a) u b).

a) Paccmorpes orobGpaxenue F(z(-))(t) = x(t) — zo — fti) f(s,z(s))ds,
yOex 1aeMca, 9TO P MAJTOM d OHO Y/JOBIETBOPAET YCAOBUK) CKUMAECMOCTH
B C([ty — d,tg + d],R™), u Teopema a) crefyeT W3 TPUHINIA CKUMAIOIIAX
orobpaxenunt (u noanoTel npoctpancTsa C([tg — d, to + d], R™).

[lns nokasaTenbCTBa TeopeMbl b) HamO mpuMeHWTHL MeTOa HbIOTOHA K
orobpaxenuto F((z(),a))(t) = Z(t) + z(t) — xg — fti) f(s,2(s) + z(s),a)ds
s mpocrpauctsa C([tg,11],R®) B mpocrpancteo C'([tg,t1],R") mra pemre-

Hus ypasuenwa F = 0, maumnas ¢ dymknum zo(t) = 0. OcroBHOE yCiI0-
BUE NPUMEHUMOCTH MeToxa HBIOTOHA O CIOPBEKTHUBHOCTH OTOOpaxkeHus F
BBIIIOIHAETCS, W00 MPOW3BOAHAA >TOro orobpaxenus F'(0,a))(t) = z(t) —

— fti fz(s,2(s), @)x(s)ds orobpaxaer npocrpanctso C([to,t1],R") ma mpo-
crparcteo Cl([to,t1],R") B cmry TeopeMbl CyNIECTBOBAHHA [ JHHEHHEIX
CHCTEM.

Teopema ¢) TakXe JOKA3LIBAETCA NPAMBIM TpPUMEHEHUEM METOJa
HrioTona.

* 3k ok 3k Xk k

OcTanoBuUMCA 371€Ch, ITOOHI TMOABECTH HEKOTOpHIE UTOru. Kak CBA3aHbI
YeTHIpE HAIIU TEOPEMBI C OKPYKAKIIUM HAC MUPOM?

HBIOTOH HAayINJI HAC TOMY, 9TO 3BOJIOINIVUOHHBIC IMTPOUECCHI U ABJICHUA OIIN-
ChIBAOTCA (OOBIKHOBEHHBIMEU) AuBPEPEHIUATBHBIMEA yPABHEHUAMK. BTOpPOR
3ak0H HBIOTOHA OMUCHIBACT ABUKEHUA B3AUMOJACUCTBYIOMNX YacTuI. Teope-
Ma CYLIeCTBOBAHUA U €JUHCTBEHHOCTH perreHus 3aga4uu Komu (Teopema 4)
BBIPAXKAET HICI0 JAILIACOBCKOTO merepMuHU3Ma: ecau 661 HekTo Mor B 0mHO
MT'HOBEHUE Y3HATBL BCE CKOPOCTH W TOJOXeHWa wacTul, Mupa, oH 3HAT OB O
TOM, 9T0 OBLTO B MPOILIOM M Y3HAI ObI, BCe, 9TO CAYIATCA B OyIyUIEM. ITO
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BOJMLHBIA TIEPECKA3 TOTO0, 0 ¥eM He pas rosopma Jlamiac. /[Ba cTomeTus umes
OpENONpPeIeIeHHOCTH ObLIa OfHOM 13 GUI0COMCKUX AOMUHAHT (COBCEM He-
MJAaBHO, KaKNX-TO NOJCTOJETUS TOMY Ha3a/d, BCE TOPOT'U BEJU K KOMMyHI/I3My).
W nwume HemaBHO B LEpPUOI COBPEMEHHOT MaMeMamuKry 0OHAPY KWIOCH, TTO
9alle BCETO AeTePMUHUPOBAHHEIE IPOIECCH] B UTOTE 3aIyTHIBAIOTCA U CKOPEE
HAIIOMWHAIOT XaO0TUYICCKOE NBUXCHUE. HO I9TO yXe€ npyrasg mcropui.

OUIEP MUCAT KAK-TO, 9TO B MUPE HE IIPOMCXOAUT HUYETO, B YeM He OBLI
OBI BUEH CMBICA KAKOTO-HUOYIb MAKCUMyMa win MuHEMyMa. Cpeau mpotero
MMEJUCH B BUAY 6APUAUUOHKBIE NPUHYUNBL B ecTecTBO3HAHUNA. COOTBETCTBYIO-
Ias MaTEMATUIECKAA TEOPUS ONMPASTCA HA TTPABUIO MHOXuTeJen Jlarpanxa,
(cm. caeacTBue 3 Teopemsr 3). VI MBI 5TUM CAEACTBAEM IO OULTA COBCEM OJIM3-
KO K TOMY, ITOOBI OXBATATEL OCHOBLI BAPUAIMOHHON TEOPUH U €€ TTPUIOKCHUN
K €CTECTBO3HAHUIO.

Taxenwn yaap «IpegonpeIeJeHHOCTy MPUMEPHO CTOJETHE TOMY HA3a[
OLLI HAHECEH 3apOXK JABIIENCA KBAHTOBOM MEXaHUKOX. B aBaqmaTLie rogsl po-
OUIACL aBe Teopuum — lemsembepra um Illpéaumarepa, He CIMIIKOM IOXOXKIE
apyr Ha apyra. U BOT Beab Kakas CAyYMIACHh yAa€a: OMWH U3 MOJOIBIX JEO-
Ied, KTO UMeI KOHTAKTHI ¢ TBOPIAMEU KBAHTOBOU MEXAHUKH, a uMeHHO Makc
Boph, korma-to B l'eTTunrene caymana ['mabbepra m IMumara mpo cumme-
Tpudeckre onepaTopbl. OH-TO U MOHAT, YTO B PACCMOTPEHUAX DTUX OMEPATO-
POB B ruibGEPTOBOM MPOCTPAHCTBE W JEXKUT POJACTBO ABYX BETBEU TEOPUH.
Takyio poab (cpeaw MHOTMX WMHBIX) CBICpaia Halla TeopeMa 2. A eme c ee
MOMOIIBIO PEIIAIOTCA CMEIIAHHBIE 33MaMU A TUIepOOInIeCKUX yPABHEHUN
(cm. O. A. Onennuk, «/lekuum 06 ypABHEHMAX C IACTHBIME [TPOU3BOTHBIMID)
M.: BUHOM, 2005), kpaeBble 3aJa<u TEOPUX MAPAGOIUTICCKUX YPABHEHWUN.

[lomumo HacTuI| CymecTBYIOT Tela — CTPYHBI, Oatku, MeMOpPAaHBI U BCE
Takoe mpouee. U wacTo caydaeTcsa Tak, 9TO MOAOOHO TOMY, KAaK PeIIeHue
OOBIKHOBEHHOT'O MU HEPEHINAIBHOTO YPABHEHAA CBOMAUTCA K WHTETPUPOBa-
HUIO, TAK PEIICHNE YPABHEHUN ¢ TACTHLIMU MPOU3BOJHLIMEA OMUCHIBAIOTCA UH-
TerpajlbHBIME YPABHEHUAME (CM. YIOMUHABIIYIOCS KHUTY lleTpoBckoro mo
MHTErpPaNbHBIM ypaBHEHUAM). Y 311€Ch BaXXHEUIIYIO POJb UIDAET Teopema 1.
W Bce »To auIb 1049 TOU MOAB3LI, KOTOPYIO MOTYT TPUHECTH STU TEOPEMBL.
Tak 9T0O MBI UX MOKA3BLIBAJIN HE 3DA.

IIPMJIOXKEHUE. IIPUHOUIIBI CYIIECTBOBAHUA

[TPUHIIATT KOMITAKTHOCTU BEWEPIITPACCA — JIEBETA — BOPA. Dynx-
YUA, NOAYHENPEPBIBHAA CHU3Y HA KOMNAKME, NPURUMAET C80€ MUHUMAADHOE
3HaYerUC.

MOKA3ATENBLCTBO. O603nasmm Uy, := X \ L,(f), n € Z. Ouesugno, 9To
.- CUp CUp—1 C---. U3 oupegeneHns MOIyHEIPEPLIBHOCTH CHU3Y CIELYET,
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aro U, oTKpuITHL, T.e. {U, }necz — oTKpuiToe mokperrre X. Torga us ompe-
JeNeHns KOMIAKTHOCTH [IOMYIaeM, 9T0 CYyIIeCTBYET TaKOe 9UCiIo m € Z, 9To
X = Uy, T.e. f orpanmvena cumsy. [lycts p = inf f wa X. Ecan f(z) # p,
obosmasmm Vi, := X \ L1 (1/n)(f), n € N. Uz onpegenennit morysenpeprsHo-
CTHU CHU3Y ¥ HUXKHEHU rpanu crenyet, 9To { V), } ey — OTKpLITOE OKphITHE X .
SHAYUT, B CHIYy KOMIAKTHOCTHU, HAuAeTcsa Takoe duciao s € N, aro X = V,
r.e. [ > p+ 1/s. lIporusopeure ¢ Tem, uro p = inf f. O

IIPUHINII CXKUMAKIMINUX OTOBPAXKEHUN TIMKAPA — KAYYMONIOJLIN
— BAHAXA. Cocumaroujee 0mobpadcenue noaro20 MEMPUUECKO20 NPOCTNPaH-
cmea 6 C€6ﬂ umeer 6(9UHCTTL6€HH:I/’}0 Henoﬁeuofcnym MoyYry.

JIOKABATEJBCTBO. B3sB npousBoabHBIN dIeMeHT Lo € X, TIOIOXUM L, =
= F(zp-1), n € N. Torga

d($n+m7 xm) < d(xn—l—ma xn—&—mfl)"‘d(xn—&-mfla $n+mf2)+- . -"‘d(xm—l—h $m) =
= d(F(Tn+m-1), F(Tnim—2)) + ... + d(F(2m), F(Tm-1)) <
< d(zy, ) (0™ 4 0™,

3[€eCh TEepPBOE HEPABEHCTBO — 3TO HEPABEHCTBO TPEYTOJIbHUKA, & BTO-
pOe HEPABEHCTBO CJAEMYeT U3 CKUMACMOCTH. [0y 9eHHAA OIEHKA IOKA3BIBAET,
ITO MOCAEAOBATEABHOCTD {In fneN PYHAAMEHTANBHA W CXOAUTCA K DJIEMEHTY
z € X. Umeem: d(F(Z),zp1+1) = d(F(Z), F(zy,)) < 0d(Z,z,) — 0, 3HA4MT,
d(F(z),z) = 0, aro paBaOCWIbHO T = F(Z). EquHCTBEHROCTE JETKO CaenyeT
U3 CXKUMaEMOCTH. O

* 3k ok ok ok ok

U B 3akmioveHne HECKOABLKO CIOB O TOM, KaK, IO MOEMY MHEHWIO, U te-
My HAOO yUIUThL MaTeMaTuke. fl Obl BHIZEIWI MATH CTALUU — €EeTHIPE, KaK
B KaXJOU W3 MOUX JEKIWHA, U eme NATyo. /[0 MKOIB U B HAYAIBLHOU IIKO-
Je PasyMHO HAYYIUTH AUTA CIATATH W AATh UMIIYJILC K pa3MbliuieHnto. Moun
HAYMATBHEBIE (PPATMEHTHI JEKIUKA TTPU3BAHLI AThH TAKUE UMIYILCH K PA3MBIII-
JIEHUAM.

KoMmnbioTepaMm mgeTu HAy9IalOTCA CAMHU, HO JOTUKY, TOHUMAHUE TOTO, ITO
€CTb HAyYHAsd MCTUHA, 9YeI0BEK (MOKA ele) He MOXET W3BIeHYb U3 MAIIUHEL
€ro HaJ0 DTOMY YYUTh, HAYAHAS CO IIKOJHI.

Ha xaxoM-TO ypoBHE KaXJIOMy HAMO CAEIATH BLIOOD CBOCH XU3HEHHOU
JOPOTM — TYMAaHUTAPHOW WIW HAYYHO-TEXHUYIECKOW. BO BTOPOM ciaydae pa-
3YMHO HPUCTYOUTH K M3YUIEHUIO0 MATEMATHIECKOrO aHaam3a. Bropeie dpar-
MEeHTHI MOUX JEKIUN 00PAIIEeHBI K TeM, KTO XOUeT Y3HATEH 0 MATEMATHKE, KAK
0 TmpejaMeTe, COOTBETCTBYIOMIEM BHIOOPY UX KU3HEHHOTO IIyTH.

Ha mepBBIX Kypcax TEXHUUECKUX, SKOHOMWYECKUX U €CTECTBEHHO-HAY -
HBIX HHCTUTYTOB ¥ YHUBEPCUTETOB HA IO OCBOUTH TEXHUTECKUE OCHOBELI HAIIEN



56 B. M. Tuxomuposn

HAYKY (HAYAIA UCIUCICHUN, JUHEMHON aareOpsl, Teopun gudpepeHIraIbHbIX
YPAaBHEHWY, KOMILIECHOI'O AHAIU3A ¥ TEOPUU BepOoATHOCTeN). B Tperbux pas-
Jenax MOUX JEKIUA PACCKA3BIBAETCA O HAYAMAX JUHEWHOU AJrebpbl, aHATU3a
7 qudepeHInaIbHBIX yPABHEHUN.

A moToM, B MHCTHTYTaX C XODOIIEH MATEMATHKON W B YHUBEDCHUTETAX
A TpenoXma Gbl 9UTATh HEKWU CBOAHBIM KyPC MATEMATUKW, TIE BCE BHI-
CTPamBaIOCh OBl B €AMHYIO MAPMOHWYHYIO KapTuHy. V3 (pparMenToB Tako-
'O Kypca COCTOAT UeTBEPTHIE YACTH MOUX JEKIWH, B KOTOPHIX A TMOCTOAHHO
MOMYEPKUBAI, 9TO NUCTAHIUSI MEXJAY MCTOKOM M TAK CKA3aTh (YCTHEM» B
KaXJOU Hallen Teme Obura HeBeawka. [lo-BUAMMOMY, MOTOKU YEJOBEIECKOU
MBICIA COUIIKOM TPATYLIUBGLL U TOTOMY TaK JOATO TEKIW OT CBOETO HATAIA,
K €CTECTBEHHOMY KOHITY.

Bor BaM deTbIpe cTauu: HaYAIbHAS IIKOJAA, CPEIHAS U CIEIUATU3NPOBAH-
Hasl MIKOJA, TPOMENEBTHIECKOE MHCTUTYTCKOE WU YHUBEPCUTETCKOE 06pa30-
BAHUE U CBOJHBIN KypPC MATEMATHUKH.

A naras — obGemanHas — gacTh?! [laras 9acTs — coepemennas mamema-
mukae. Kak yauts coBpemennon maremaTuke u demy’! Bor Bonpoc. [lasaure
nmopasMbniuiaeM. Ho B apyron pas.
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