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O pacrionoxxeHnn TOUYeK Ha cepe U ppenume
Mepcenec—bemntr

M.H. UcTomuna A.B. Ileabnn

BBEJIEHUE

Yepes (z,y) = z1y1 +- - -+ TpY, 0603HATAM CKANAPHOE IPOU3BEIEHAE BEK-
TOPOB T, Y M3 N-MEPHOTr0 eBKIMA0Ba IpocTpancTsa R”. [lycts |z = /{(z,z) —
mmana BexTopa z, S" ! = {x € R" : |z| = 1} — egunmunas cdepa B R”.

B cogepxateasnon crarse H. H. Augpeesa u B. A. FOguma [1] paccma-
TPUBAETCA 331294 MAHAMU3AINAA IOTEHIIUATLHON SHeprud N OTPUIIATENIbHBIX
3apAj0B, PACIOIOKEHHBIX Ha, chepe S2. ABTOPEI OPUIHHAIBHBEIM METOOM Pe-
mmn 3agacty npu N = 6 u N = 12. O pusuaeckon MHTEPUPETAIIN 33 a1
MOXHO y3HATDL HA CaliTe Wwww.etudes.ru B pasgene «3agada Tomconay. Ama-
JOTWYHAA 337394 B N-MEPHOM MPOCTPAHCTBE MOXET OBITH CPOPMYIUPOBAHA
TaK.

3ATAYA 1. MuHUMU3EPOBATE (PYHKIUIO

W =W(zy,...,zn) = Z S —
e i —
(i,4)i#]
o BceM HabopaM (T1,...,2Zy) 13 N HOTapHO PA3IMIHBEIX TOUEK cdepbl S” 1.

Mer pemrum oty 3agady npu N = n + 1, HO npegBapUTEIbHO YCTAHOBUM
CBS3b C 33Ja¥e MAKCUMU3AUUAU CYMMBI PACCTOSHUE ToUeK Ha cdepe (Ha Ty
CB3b TaKXke o0palieHo BHUMaHUE B [1]).

Bocmoas3yemcsi m3BeCTHBIM HEPABEHCTBOM MEXIY CPEIHUM TapMOHUIE-

CKWM W CPEJHEM apA(PMETHICCKAM HOIOKATEILHBIX TUCEA 1, . . . , Ay
m ai+---+am
T S ’
— + e m
al am
OTKy [ a
1 1 m?
aj am ay+---+am
(PaBeHCTBO HOCTUraeTCA TOIBKO TOTAA, KOTAA ] = - = Gy )
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Orcrofa moxydaeM HEPaBEHCTBO

1 (N2 — N)?
= >
v Z |lwi — ;]
i#]

(1)

> .
Zi;éj lwi — @

EcTecTBenHo paccMOTpeTh CIEAYIOUIYIO 3a0aTY.
3AMAYA 2. Pacmoaoxuts N Todek Ha cdepe Tak, ITOOBI CyMMa, TOMap-
HLIX PACCTOAHNH

S(wl,...,iﬁ]\/’): Z ‘xl_l‘]’ (2)
(4.3): i35
TOYEK 1, ..., TN chepsl S” ! GBI 6B MAKCIMATLHOM.
B mekoTopoM cumbicae 3agada 1 ABIAETCA MOLIMHEHHON 33 4a49€ 2, KAK I10-
Ka3BIBAET CJICIYIOMAS JEMMA.

JIEMMA. Hycmo X* = (27,...,2%) — onmumaavroe pewenue 3adauu 2
u nycmob npu IMom paccmoanua di; = |7 — (II;|, i % J, pasubt mexncdy coboi.
Toeda nabop X* = (z7,...,xy) asasemes pewenuem 3adauy 1.

[TOKA3ATEJNBCTBO. [las npomssoabroro mabopa X = (z1,...,zy) 1O-
HAPHO PAa3IWYIHBIX TOYeK cdepsl B cuny (1) u (2) umeem

2

(N2 =N _ (N = N

W= Tsm 2 s

= W(X").

*

2 _ *
Hocrenree paBeHCTBO cregyer m3 Toro, 9ro N° — N «mcen d;; = |z] — 7|,

1 # §, paBHBI MeXy cobou. Jlemma gokasaHa.

B cBa3u ¢ 5TOR 1eMMOU TIPEACTABIAETCA PA3YMHBIM CHAYAIA PEIIATDL 3a-
Jady 2, ¥ €CIU B PEMICHUH PACCTOAHUA d;j OKaXyTCA PABHBIMHE, TO HECIIATHO
MOy YUM pelnerue 3ana9m 1.

IIpu N = n+1 pemenue 3agaqu 2 nHTYRTUBHO AcHO. [Ipu n = 2 onTumann-
HBbIE€ TOYKN 6yr[{yT pacmoadaraThbCsa B BEPIIMHAX MIPABUWJIBHOT'O TPEYTI'OJbHUKA,
Ipu N = 3 — B BEPIIMHAX IPABWIBHOT'O TETPASAPA, & IIPU N > 3 — B BEPUINHAX
OpPaBUIHLHOTO 7-MEPHOT'O CUMILIEKCA.

Bekropsl, Begyime 3 Hada s KOOPAWHAT B BEPIIMHBLI CHMILIEKCA, 00pa-
3ytoT ¢ppenm Mepcegec—Bemnir.

B caenyromem pasgene noctpouM 9ToT PpenM B ABHOM POPMYILHOM BHUIE.
Hageemcs, wTo unTaTento 6y1eT MHTEPECHO Y3HATD, ITO 3HAMUT MOTHOE CIOBO
«ppenmy. [loayuemnsie ¢popmyabl Oy IyT UCIOIB3OBAHBI TIPU JOKA3ATEILCTBE
OIITUMAJBbHOCTH IMMOCTPOCHHOT'O PEUICHUA 3a0aIn 2.

DOPENM MEPCENEC-BEHI] B n-MEPHOM IIPOCTPAHCTBE

Cucrema BeKTOpPOB {€; i]‘il B R" masniBaeTca xécTkuMm gpperumoMm B R,
ecan cymecTyer uncao A > 0 Takoe, uTo maa awoboro r € R™ BHEITOTHEHO
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paBEHCTBO
M

S (@ e))? = Al (3)
i=1
Us (3) cremyer, ato M > n. Kax bl BeKTOpP £ MOXHO Pa3IOXUTh 10 ¢dpel-
my. JlercTBuTenbHO, B cuay (3) CIPABEIIMBO TOXIECTBO

(wy) =1 [lo+ 92— o —yl’] =

2 Z (®+y,e))
=1 Z:1

M M
E £E €Z y,ez = E 5C 67, €Y

=1

[y

2
- Y ez =

ME

N

CM'-‘

[Mockoabky paBeHCTBO BHIMOAHEHO A dwboro y € R™, o
M

1
T = ZZ(x,q}ei. (4)

i=1
Knaccuaeckum mpumepoM XECTKOro (dpperMa sApadeTca ¢peum Mepcemec —
Benn B R?, cocTosmuit u3 TpX BEKTOPOB €[UHIYIHOM JIHHEI, PACIIOIOKEHHEIX

mox yraom 120°:
V3 1 !
= (07 1)5 6% = <_27_2> s 6% = (25_2> . (5)

[ast Hero paseHcTBO (3) IpUHUMAET BULJ
3
> (w1 = Slal?, @ € R
=1
XapakTepuCTUIECKUM CBOUCTBOM 3TOr0 (ppermMa ABIAETCA TO, UTO YIUIbI
MEeX Iy Pas3auydHbBIMEU BeKTOopamu paBubl 120°.
OxkaswiBaeTcs, s J000r0 71 2> 3 MOXHO TOCTPOUTH AHAJOTUIHYIO KOH-
crpykmumio B R™, koTopas HasbiBaeTcsa kKaHomnmtdeckuMm ¢ppermom Mepcemec—
Bem.

TEOPEMA 1. Juas 4106020 n = 2 moacno nocmpoums cucmemy u3 n + 1
6exmopos6 Fn = {ef, ey, ...,eq 1} co ceolicmeanu:

Loty =—1, ijelnt1]i#j;
2. e =1, ie[l,n+1];

3. Z?ﬁl e =
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4. Cucmema §p Asasemcs wéemrum @dpetdmom ¢ xowcmanwmotd A =
=(n+1)/n.

[MOKABATEILCTBO. Ungykuus no n. llpu n = 2 ¢ppeum (5) yzosreTso-
PAET BCEM YTBEPXKJEHAAM TEOPEMEIL.

Momyctum, 9To aaa n — 1 Bce yTBepxaeHus BbinodaHeHbl. Cucrema §p
HOMYTAETCA U3 §p—1 € TOMOINILIO MPONEAYPEL H0OABICHEA.

s i € [1,n] BekTOp €] cTponmTes n3 6?71 106aBICHUEM 71-M KOMIIOHEHTEI
—h;, ¥ HOPMHUPOBAHUEM HOJYIHABIIETOCA BEKTOPA:
1

n __ n—1 _
e; =cplel ", —hy), TaE €Y = 7\/@
Honoxum e | = (0,0,...,0,1) € R”. [To uHAYKTHBHOMY IIPE/IIOIO0KEHIIO

_ _ 1 .. . .
(e ) =~ i € [Ln], i # 5. Toraa
0 an((ef el +hn), iyjelnl, i <y,
(e; >€j> = . .
—cphn, 1€[l,n], j=n+1.
Honyuum ypasaenue s onpeaeieHus hy,:

1 2 1 )__ _ hn
(n2 ) = et = -

14 h% n—
1 vn? —1 1 . .
Orcoga hy, = Jag o= RT Torga (e}, e}) = i # 4. Umeem

el ? = cpllef TP +hp) =1, i€ [Ln); ep] =1

Tax xe mpocTo mpoBepsaoTeda cBoucTsa 3 u 4. Teopema mokaszaHa.

SAMEYAHUII.
1. ¥rom ¢, Mexxy AByMA Da3sIAIHBIMEA BEKTODAMH €;' U e? HAXOUTCSI U3
1 1 T
yeropua cosp, = (ef,e]) = —=, orcooma p, = arccos(——) = 5T
n n

1
+ arcsin — , 3HaIAT
n

27 ™
SO>S on > >

lim =I
3_ *>oo(pn_2.

n
2. U36BITOMHOE KOIMIECTBO BEKTOPOB B PA3M0KEHNN (4) MOBHIMIACT HAJEK-
HOCTB [IPY BOCCTAHOBJIEHUN BEKTOpa M0 KoddduuuenraMm ¢; = (z,ell),
i € [1,n+ 1]. Ecan mo6on u3 koadppunmenTon {ci}?jll OyeT yTpadeH,
TO IO OCTABIINMCS BEKTOD T BOCCTAHOBUTH MOXKHO.
JomycTum, 9TO yTpateHn KoabGUIIeHT ¢, = (z,€e}) ¢ HEKOTOPHIM HOMe-
pom k € [1,n + 1]. Paccmorpum cucremy

{67117"'762—176'%—1—17"'7€Z+1} (6)
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€ BBIKHHYTBIM BeKTOpOM e}. B cucteme (6) ckamrdpHoe Ipom3BegeHue

ABYX Pa3JUTHBIX BEKTOPOB PABHO ——, 4 HOPMa KaXOT0 BEKTOPA PAB-
n

ua 1. [TosTomy marpuma I'pama cucremer (6) umeeT BUA

1 -1

n

1 _

n n n
JTa MATPUIA MMEET AUarOHaJdbLHOE mpeobaananme, modTomy det G #
# 0 u, 3HaqUT, cucteMa (6) auHenHo HezasucuMa. [losToMy cymecTByer
eIUHCTBEHHAA CUCTEMA, {€1,...,€k—_1,€k 11, -, Entl}, OMOPTOrOHATILHAL
K (6), ¥ BEKTOD Z BOCCTAHABAMBAECTCA MO POPMYJIE

k—1 n+1
T = E cié; + E Ci€;.
i=1 i=k-+1

3. Bompoc 0 BOCCTAHOBICHNN BEKTOPA T B CIy9ae, KOTAa IaCTh (PPEUMOBBIX
KO3((PUIMEHTOB yTpatdeHa, pacCMATPUBAICA BO MHOTHX pabOTax, CM.,
Hanpumep, [3]. Tam xe ucnoassosanocs Hazsanue Mercedes-Benz frame.

4. U3 cramgapTHOTO dppenmMa F, MOKHO TOAYIUTHL APYTHUe XKecTKue Gppen-
MBL. YMHOXUM BCE BEKTOPHI (PPEAMa HA MPOU3BONBHYI0 OPTOrOHAIBHYIO
MaTpuity () U mepej NOIYyIUBIIMMUCA BEKTOPAMEU B MPOU3BOJIBHOM IIO-
PAJKe PACCTABUM 3HAKU + U —:

{£Qel, £Qe3, ..., £Qep 1 }. (7)

Cucrema (7) aBasercs kECTKuM ppermMom.
HEPEIIEHHAS 3AJAYA. [JokasaTh, 9T0 M060M KECTKUM (PPEUM C KOH-
CTAHTOR nT-|-17 COCTOMMWINY U3 7, + | eMUHUHBIX BEKTOPOB, MOCIe HEKOTOPOU

NEePECTAHOBKY DIEMEHTOB (dperma npuanmaet sug (7).

I[OKABATEJIBCTBO OIITUMAJIBHOCTH

OnPEIEJEHUE. Ha6op w3 n 4 1 Touek M = {eq,...,e,11} C 8" ! Hasel-
BaeTca ppenmom Mepcenec—BenIn, ecin BLITOTHEHB ABA YCJIOBHA:
1 . .
L (ese) = L mpmi £ j (®)

n+l = __
2. 22 6i=0
Takoe ompefeleHne MOJIE3HO AJAA OMACAHMA BCEI'O MHOXECTBA PEIICHNN B
3agate 2.
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TEOPEMA 2. Ilpu N = n + 1 pewenuamu 3adauu 2 264410mca @petimbi
Mepcedec—Beny u moavko owu.

JOKABATEALCTBO. BosbMem npoussoibubiil ppeum Mepcegec—Benn M.
Paccroamusa dj; = |e; — ej|, i # j, paBHEI MexAy coGoi:

2n+2
n

(i) = leal® + lej|* — 2des, e5) = 2 + -

KommaecTso wmcen d;, i # j, pasuo (n + 1)2 — (n + 1) = n? + n, DosTOMYy

i

S(M) = (n? +n)y /222 = V2(n + 1)/nln + 1).

g mpomspoabHOro Habopa X = (:1:1, veyTpy1) TOUEK ChHEPBL HYKHO NO-
kazaTb, a0 S(X) < S(M). Maa sToro I/ICHOJH;ByeM ugero crarbu [1]. Umeem

lzi — x5 = V2y((zi, 7)), Toe y(t) = V1 — HOCKOJIbe y'(t) <O0mpmt <1,

t0 y(¢) BormyTa. [IpoBeneM KacaATEABHYIO B TOYKE ——
n

=5 (2 (D) ()
n n n
Torga y(t) < h(t) opu Beex t < 1. Jlerko mogcauTars, IT0

. 2n4+1  n
h(t) = 2¢/n(n+1) 2vVn+1"

Nrax,
|z — 24| < \fh(@uxﬂ) (9)

Cymmupysa n? + n cIaraeMbIX, HOTy<EM

2n+1
X) < V2(n?
S(X) < V2(n 4—71)2\/71(71+1 2\/n+1;x7,7$.7
7]
Jlerko BugeTH, 9TO
n+1
>t = 3|~
i#]
[MosTomy
\/5 n+1 2
$(X) < @n+ DValn+ 1) + Valn+ 1) - n+ Zw (10)

[Ipugem k HEpaBEHCTBY

s(x) < 22 {@n+2)Valn+ 1)} = V2(n -+ 1)v/nln+1) = S(M).

Suaqut, M — pemrenne 3agaum 2.
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Ecaz X gpyroe pemenne, S(X) = S(M), To B (10) orépouteHnoe crara-

eMo€e PAaBHO HYJIO: E?:J“ll z; = 0. Kpome Toro, B (9) GyzeT paBeHCTBO, a 5TO

1 . .
BO3MOXHO TOJBKO IIPY BBIIOIHEHNY DABEHCTBA (L4, 2;) = —— IIPU BCEX § 7 j.
n

3uaunur, X — ¢ppeum Mepcegec—Benn. Teopema gokasana.

SALAYM

Onupasich Ha TeOpeMy 2, T0Ka3aTh, ITO B 33Aa94X 3—H PEHICHUAME ABJISA-
orcs ¢pperuMul Mepcemec—Ben n TOILKO OHH.

3AJAYA 3. Pacnomoxuts n + 1 Touek Ha chepe S"! Tax, 1TO6HI mpO-
U3BEJIEHNE PACCTOAHUU MEXJy HUMW CTAN0 MAKCUMANBLHBIM. (YKa3aHWe: WC-
MOJNB3YUATE HEPABEHCTBO «CPeHee apudPMEeTHUIECKOE > CPEIHEr0 TeOMeTpUIe-
CKOT'O»).

3AIAYA 4 (3AAYA O OUKTATOPAX). Pacmomoxkwrs n + 1 Todek mHa
cpepe S"7! Tak, 9TOGE MEHEMAIBLHOE PACCTOAHUE MEXY HAME CTAIO0 MaK-
cumanbEbM. ([eoMeTprIecKoe perenne YTou 3a1a9% I 1 = 3 MOXKHO HAUTH
B [4, sagaga 120]).

3AMAYA 5. [Ipu N = n + 1 MuUHUMU3TPOBATEL (HYHKIIWIO

W(xl,...,xN):Z L

|z; — 2|2

i£]
o BceM Habopam w3 N MOMAPHO PAa3IMIHBIX TOouek cdepur S"~ 1 n > 3.
(Ykazaame: mCnoan30BaTh HEPABEHCTBO «CPegHee TOpAAKa m = —(n — 2) He

IPEBOCXOIUT CPENHErO apudpMETUUECKOr0y. JTa 3aa49a pelreHa B [5], Tam
xKe pemaeTcsd 3anada upu N = 2n).

3AJAYA 6. Pacnomoxurs N Touek ma chepe S !, rae 3 < N < n, Tak,
9TO6GBI CYMMa PACCTOAHUU MEXK Iy HAMI CTAJIa MAaKCUMaabHOU. [[okasaTh, 910
BeKTOpE! dperma Fy_1 B RV, nomonrmennsie n — N + 1 myravm:

— | ,N—-1 -
e; = |e; ,0,...,0}, 1=1,..., N,
JAOT ONTUMAJILHOE PEIeHNe 33,TaH.

AsTopu 6aarogapat B. H. Mamozémosa u B. U. 3sormiosa 3a monesHbie

3aMCcIaHNAg.
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