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O Tpucekuny n OUCEKITNN TPEYTOILHIKA Ha
rockocTu Jlo6adeBCKOro

II. B. Bubukos . B. Tkadenko

B reomerpun JIo6avueBCKOro «3aMedaTENbHBIX TOUYEK) B TPEYTOIbHUKE
«BOMBbIIIey , U€M B €BKJIMIOBOU reoMeTpuu. B 1aHHOU cTaThe pacCMaTpUBa-
IOTCA MPUCEKMOP W TOUKA MEPECEICHUA OHUCEKYUOHHbIT ompeskos. Toaka
T wmasbiBaeTCA TPUCEKTOPOM TpeyroabHuka ABC, eciu miaomamu Tpe-
yroabaukoB TAB, TAC, T BC paBHBI OQHOU TPETH IIOMAAN TPEYTOJlb-
uuka ABC. BUCEKINOHHBIM OTPE3KOM HA3BIBAETCA OTPE30K, KOTOPHIU
TPOXOAUT Yepe3 BEPUINHY TPEYTOJbHAKA U IEJUT €ro Ha B3 PABHOBEIN-
kux. OKa3eIBAETCA, YTO OUCEKIIMOHHBIE OTPE3KHU TPEYTOJbHUKA TEPECEKa-
IOTCA B OTHOU TOYKe. B eBKIM0BOU reoMeTpun 06€ 3T TOYKY COBTA JAI0T
C TOYKOU IIepecevdeHns MequaH.

1. OnucAHUE MOJEU [ITYAHKAPE 'EOMETPUM JIOBAYEBCKOTO

Teomerpuio Jlo6aveBCKOT0 MOXHO MHTEPIPETUPOBATEL C MOMOIIBIO TEp-
MUHOB # 00BEKTOB reoMerpun EBkimga (MHAYME TOBOPA, BHYTPU €BKIULOBOU
FeOMEeTPUU MOXKHO MOCTPOUTH Modeap reomerpuu JlobGauesckoro). Ilepsas
u3 nonoOubx Monenen (modeav Koau — Kaetina) Obuta cozmana mua nokasa-
TeJILCTBA HEIPOTUBOPEUINBOCTH reoMeTpun Jlob6adeBckoro. 3mech Ml OymgeM
HCIOOAL30BATEL APYLYIO MOAEIb — Modeab [yanxape. ITa MOAeIb BO MHOTOM
ynobuee mogeaun Konn — Knenna.

Y

Puc. 1.

ILiockoemy Jlobauescrozo B Mogenn Ilyankape npencrasiaser co601 Bepx-
HIOKO NOXYIIOCKoCcTh {(z;y) | y > 0} 6e3 rpanuust {y = 0}. [Ipamyio {y = 0}
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BMecTe ¢ GECKOHETHO YAAJEHHOU TOYKOW HA30BeM abcoatomom. IIpamvimu 6
2eomempuu Jlobauescro20 HA3BIBAIOTCA BEPXHUE MOJYOKPYKHOCTH C IMEHTPA-
MU Ha abCoOMIOTEe W JIy4d, MepueHAuKyaapHble abcoatoTy. Toukum abcomroTa
HA30BEM 0eCKOHEUHO YoaseHHbiMU. [lapaitesbHblmy NPAMBIMY 6 2e0MEMPUU
Jobauescro2o ABIAIOTCA TpAMBIE, UMeIomue O0IyI0 6€CKOHEYHO yIAJIeHHYIO
Touky. [Ipamere, He mMeromme 06mux (B TOM 9ucie n 6ECKOHETHO yIATEHHBIX )
TOYEK, HABBIBAIOTCA CEEPINAPAAAEALHBLMU.

Herpymuo mpoBeputs, uTo Mogens [lyankape ymoBaeTBOpsaeT BCEM aKCHO-
MaM ¥ HOCTyJIaTaM abCOMOTHOU TeOMETPHUY, KPOME ILITOrO IMOCTyaaTa (depes
TOYKY, HE JEXAIIYI0 HA JAHHOU MPAMOU, TIPOXOAAT ABE MPAMBIE, TAPALICIb-
HBIE JAHHOU, 1 6ECKOHEYHOE KOJUIECTBO MPAMBIX, CBEPXIAPAIIEALHBIX C TaH-
HOH), U MOCTPOEHHAA MOJENb TeoMeTpun JI06AIEBCKOTO ABIAETCA 402UYECKU
Henpomugopeuusoti (eCam HEIPOTUBOPEYUBA €BKINI0BA [€OMETPUA).

Yeavt mexncdy npamvimu 6 2eomempuu Jobauesckozo paBHBI yriaM MeX-
Iy KacaTelbHBIMHU, MPOBEIEHHBIMU B TOYKE MEPECEUCHUSI COOTBETCTBYIOMINX
monyoKpyX)HOCTen. [IpusHakm paBeHCTBA TPEYTOMLHUKOB B reomeTpun Jlo6a-
9YEBCKOT'O COBMANAIOT C TPeMs MPU3HAKAMY B €BKAUA0BOU reomeTpuu. Kpome
TOrO, K HUM A00ABIAETCA elle W YeTBEPTHIU MPU3HAK: PAHbl MPEY20AbHUKY
¢ NONAPHO PABHBIMU Y2ALMU.

Haowads mpeyeoavrura 6 2eomempuu Jobauescrozo paBHA

T—a—pB-7,
riae «, 3, y — yribl TPEYroJbHUKA.

[l1s BEIMMCIEHUA PACCTOAHUSA HA TWIOCKocTH Jlo6ateBckoro yqo6HO BBeCTH
B Mojenu [lyankape KOMIUIEKCHBIE KOOPUHATHI TaK, YTOOBI JeUCTBUATEILHASL
OChb COBMAANA C AGCOMIOTOM, a TOJOXKUTEILHBIN Iy MHAMOUN OCH OBLT HAIIPA-

BIEH B MOJymIOCKOCTL Momenu Ilyamxape. Paccrosame ma nmockoctu Jloba-
YIEBCKOT'O MEX 1y TOYKAaMU C KOOpAVWHATAMU 21 U 22 PABHO

|21 — 22| + |21 — 22|
z1,29) = In . 1
p(z1,22) 21 — 22| — |71 — 22| (1)

(Cm., Hanpumep, [2].)

2. DKBUIUCTAHTHI

IKBUIUCMAKRMA €CTH TEOMETPUIECKOE MECTO TOYEK, PACIOJOKEHHBIX IO
ONHY CTODOHY OT TPAMOU U (3Ty CTOPOHY MbI OyneM HA3BIBATH NOAYNAOC-
KOCMbIo 9K6UIUCMAHMBL) HA ONUHAKOBBIX PACCTOAHUAX OT Hee. llpamas u
HA3BIBAETCA 64301 DKBUAACTAHTHI, BEIMIUHA PACCTOAHUA h — 6b1cOMOT.

TEOPEMA 1. Jas nepneniukysspubls abcoaomy ay4et ¢ Hauai0Mm 6 moy-
ke O 2K6UIUCTNANMAMU ABAANOMCA HAKAOHHBIE AYUU C MEM HCE HAUAAOM 6
mouxe O.
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A J4 N
| 1
O A B
Puc. 2.

[IOKA3ATEJLCTBO. Bes orpanuyenusa obmuocTu cantaem, 1To O coBma-
naeT ¢ HadaaoM koopauHaT (popmyaa (1) nHBApMAHTHA OTHOCUTENLHO CBU-
rOB BJOJb [IEUCTBUTEILHON OCH). Bo3bMEM HA IEpIeHIUKYIAPHOM abCOTIOTY
ayde { MpOMW3BOJILHYIO TOYKY 2] W TPOBEAEM Uepe3 Hee OKPYXHOCTH C IIeH-
tpom B Touke O (B reomerpun JI06av9eBCKOro 3TO MEPHNEHAUKYAAP K TPA-
mou £). IlycTs OHA mepecekaeT HAKJIOHHBIM Iy4d A B HEKOTOPOU TOUKe 2. U3
COOOpaXeHUN TOAOOUA OYEBUAHO, UTO OCHOBAHUEM MEPIEH TUKYIAPA I JIO0-
00U TOYKU pPzo HA AyUe A OygeT TOYKa pzi. Tak Kak

21 = Zal 4 |21 — 29| _ P21 — pZa| + [p21 — paa)
|21 — Za| — [21 — 22| lpz1 — pz2| — [p21 — p2o

p(z1,22) =In = p(pz1,p22),

paccTosHme MeXIy JdydamMu £ U A MOCTOSHHO. 3HAUUT, A ABIACTCA DKBUIA-
CTAHTOU [JIs NpAMOU [ (0OU9eBUAHO, YTO APYTUX TOUYEK B MOMYILIOCKOCTU DKBU-
JQUCTAHTHI, yIAJIEHHBIX HA TO Xe PAcCTOAHUE OT /, HET).

TEOPEMA 2. /a4 6EPIHUT NOAYOKPYHCHOCTET, NPOTOJAUUT uepe3 becko-
Heuno ydaaennvie mouxu A u B, sxsuducmanmamu A6480MCA 8ePIHUE JY2U
oxpyrcHocmert, nporodswur wepes mouku A u B.

[IOKA3ATEJBLCTBO. BosbMem ayd £, mepreHuKyIapHBIT a0COTIOTY, C Ha-
9aJOM B TOUYKE A, ¥ TPOM3BOIBLHYIO €0 SKBUAUCTAHTY A. [IpoBenemM unBep cuio
OTHOCUTENBHO OKPYXHOCTH C IIEHTPOM B To4Yke B u paguycom BA. Tlo c¢Bon-
CTBaM WHBEpCUU Ay4 £ epenieT B BEPXHIOK MOJYOKPYXHOCTb, MPOXOAAIIYIO
gepe3 ToUku A u B, a 3KBUAUCTAHTA A — B AYTY OKPYXHOCTH, TIPOXOAAIIECH
gepes Touku A u B. IIoCKONIbKY MHBEPCHUS COXPAHAET YTUIbI, OHA COXPAHAET U
PACCTOAHUA. SHAYUT, SKBUAUCTAHTA TEPEUIET B DKBUAUCTAHTY.

TEOPEMA 3. Kadxcdaa npamas umeem ¢ axeuducmanmoti ne 6oaee 08yx
00WUT MoUeK.

HOKA3ATEJILCTBO. Ilockoabky B mogenu Ilyankape mpsAMble U SKBUIA-
CTAHTHI ABIAIOTCA EBKAWJAOBBIMEA OKPYXHOCTAMU WU NOPAMBIMH, TO 3DTO
yTBEPXKJAEHUE CAeqyeT U3 TOrO, ITO MPSIMbIE W OKPYXHOCTU HE MOTYT IIe-
pecekaTbcs Gomee YeM B ABYX TOUKAX.



116 II. B. Bu6bwukos, U. B. Tka1enko

3. YUETBHIPEXYTIOJBbHUK XANAMA — CAKKEPHU

B ucropum Bompoca o mapamienbHLIX JAHUAX GOMBIIYIO POJb CHIMDAT He-
THIPEXYTOIBHUK C ABYMA OPAMBIME YIVIAME TPA OCHOBAHWHU W PABHBIMU 6O-
KOBBIMU CTOPOHAMU. BIepBhIe 5TOT YeTHIPEXYTOAbHUK paccMmaTpusair Omap
Xamam (1048-1122). OTa xe durypa Obuia MOTOKEHA B OCHOBY TOCTPOEHUA
TeOpUH MapaLIeIbHBIX UTATLAHCKUM MaTeMaTukoM Cakkepu (1667-1733), ko-
TOPOMY YAAJOCH MOJYYUTH PAJ TeOpeM HeeBKInaA0Bou reomeTpuu. OIHAKO
Cakkepu OmMUOOYHO CIATAN, U9TO €My YAAJ0Ch OOHAPYXUThH MPOTUBOPETUE
Cpeiu CIeNCTBUU TOJOXKEHUA, OTPUIAIOIIEr0 MOCTyJIAT EBKIMga, m TeM ca-
MBIM OKA3aTh 3TOT MOCTyaaT. JloGadeBCcKum He 3HAJA O paboTax Xanama u
Cakkepu, OIHAKO M OH B CBOMX PAabOTaX YaCTO PACCMATPUBAI TOT XKe CIIe-
MAATBHBIN BUJ 9€THIPEXYTOJBHUKA, KOTOPBIM MBI OyZeM B JaJbHEUIIEM Ha-
3BIBATEH uemuviperyoavrukom Xatdama — Caxkxepu UIA YemMbLPeTy20abHUKOM
Caxxepu.

Urak, paccmorpum dersipexyroabank ABC'D ¢ nByMsa OpsAMBIME yrIamMu
npu Bepmuuax A m B u ¢ pasapiMu croponamu AD = BC. Bynem Ha3sbl-
BaTh cTOpoHy AB 6a3oi, cropory C'D anmubaz0t >TOr0 9eTHIPEXyTOJbHUT-
ka, a cropoust AD u BC' ero 6okosvimu cmoponamy. OTMETUM OJHO BaXKHOE
CBOUCTBO 4YeThIpexyroabauka Cakkepu: yaq4bt npu awmubasze pasubl. U3 Hero
CIefyeT, B YaCTHOCTH, 9TO YIVIBI IpU aHTUHA3E OCTPHIE.

IMycTs Temeps ABC' — mpom3BOJBLHBIM TPEYyroabHuK, a M N — mpsamasd,
npoxogammasa depes cepeaguabl M u N cropoun AC u BC. IlposeneMm neprieH-
nukyaapul AP, BQ u CR x npamou M N u nokax)em, ITO OHW PABHBI APYT
apyry. Pacemorpum Tpeyroambauku APM u CM R. OHu paBHBI TIO THIIOTE-
Hy3e u octpomy yray, suauut, AP = C'R. Paccmorpum Tpeyronsauku BN Q)
n CNR. Ouu paBHBI 0 TUNOTEHY3€ W OCTPOMy yriy, sHauut, BQ = CR.
[Mostomy AP = BQ = CR. Takum o6paszom, ABQP — 4eTbIpexyroabHUK
Cakkepu ¢ 6azon P(Q). Bynem roBopuThb, 9TO 3TOT Y€THIPEXYTOILHUK NPUCO-
edunen x mpeyzoavnuxy ABC no cmopone AB.

C
P Q
] M R N L]
A B

Puc. 3.
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TEOPEMA 4. Kaocduii usz ocmpuiz y2a06 uemwvperyzoavnura Caxkepu,
npucoedunennozo k dannomy mpeyzoavnury ABC, pasen o /2, 2de o — cymma
yaa06 mpeyeoavnuka ABC.

[OKABATEJNLCTBO. Ilycts ABQP — derwipexyroabuuk Cakkepu, mpu-
coenuHeHHBIN K Tpeyroabauky ABC mo cropoune AB. [lokaxem, uto ,BAP =
= ,ABQ = 0/2. Paccmorpum cayuan, korga cepenunabl M u N GOKOBBIX
CTOPOH TPEYTrOALHUKA MeXAT Ha oTpeske PQ) (apyrue cioyvam aHATIOTWYHBI).
[Tycts CR — meprnenaukyaap kK npamou MN. Tak kak noAPM = ACRM
m ABQN = pCRN, o /ACR= ,PAM n /\BCR = ,QBN. Ho ,PAB +
+,QBA=,PAM+ ,CAB+,ABC+,NBQ = ,CAB+,ACB+_,ABC =o.
YaurwBas, uro ,PAB = ,QQBA, nonyaaem ,PAB = ;,QQBA = 0/2.

TEOPEMA 5. Yemwipezyeoavuur Caxkepu, npucoedunenubitl € mpey20.ab-
nuky ABC, pasnoseaur ¢ num.

[IOKA3ATEALCTBO. [lycts ABQP — derwipexyronbauk Cakkepu, Tpu-
coequuennbin K Tpeyroabauky ABC no cropone AB. [lokaxem, 9T0 mIoma-
¥ DTOTO IETHIPEXYTOJILHUKA U TPEYTOJbHUKA PABHBI. PacCMOTpUM ClIydam,
korga cepeauabl M u N GOKOBBIX CTOPOH TPEYTOJBHUKA JEXKAT HA OTPE3Ke
PQ (apyrme cnygam pazbupatorca anasormauo). [lycts C R — mepnenauky-
asp kK mpamou MN. Tak xak oAPM = ACRM u poBQN = ACRN, 1o
S(ABQP) =S(AMNB) + S(APM)+ S(BQN) = S(AMNB) + S(CMR) +
+ S(CNR) = S(ABC), aro u Tpe60oBaIOCH.

TEOPEMA 6. ITycmo anmubaza yvemuiperyzoavnura Caxxepu pasha a, 60-
Ko08aA cmopona pasua h, a naowade pasua S. Toeda

thh = sin > cth 2. 2)
2 2

31ech u gajgee Mbl OyIeM UCIOAb30BAThH CTAHAAPTHBIE (DAKTHI TUNEpP6Oan-
Yecku Tpuronomerpuu. Hautu u3 moxuo, Hanpumep, B [1,5].

[IOKA3ATEALCTBO. [lycTs gan derwipexyroabuauk Cakkepu ABQP ¢ an-
Tubazou AB = a u yriom o npu Hen. Beegem crenyromme o6o3uadennn: AQ) =
=z, ,/AQB = . Torga

shh chhchz —cha

— = COS =
sha v shhsha

(mepBoe paBeHCTBO — TeopeMa CUHYCOB B Tpeyroabauke AP(Q), BTopoe — Teo-
pema KocuHycOB B Tpeyroasauke AB(Q)). Kpome Toro, mo Teopeme KOCUHYCOB
B Tpeyroabauke AB(Q) nomydaem, IT0

chx =chhcha—shhshacoso,

rae 0 — ocTpuin yroa B deThipexyroabuumke Caxkepu. [lomcrasiasa 510
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PaBEHCTBO B NEPBYIO (GOPMYJIy U YOPOIIAd, IOTYIaeM

thh:cosacthg.

OcTanochk BOCHONB30BATHCA (POPMYJION TUIOMIALN YETHIPEXYTOJIbHUKA: S =
=21 — (7 +20) =7 — 20.

4. TPUCEKTOP

4.1. OAHO TEOMETPUYECKOE MECTO TOYEK

Hangem reomeTpudeckoe MecTO TOUYEK, 0OPA3YIOMUX C JAHHBIM OTPE3KOM
TPEYTOJLHUKA AAHHOM ILIOIIA JH.

TEOPEMA 7. ['eomempuueckum MECMoMm Mouek, 06pasyiouur ¢ 0aHHblM
OMPE3KOM MPEY20AbHUKY JAHHOT NAOWAOU, ABAAEMCA IKBUIUCTNAHMA.

[ OKA3ATEJbLCTBO. BosbMeMm mpomsBoiabHBIN OTpe30K AB ma npamon .
[MocTtpoum werwipexyronbuuk Cakkepu ABCD ¢ amtumbazou AB u nanmou
miomaaso S. B kaxgon Touke H npamou p, comepxkaiien orpe3ok CD, B
MOMYTIIOCKOCTD, HE COAEPKAIIYI0 TOYKU A OTHOCUTENIBHO TMPAMOU P, BOCCTA-
HoBuM mnepreaaukyaap HX = AC (puc. 4). O4eBUAHO, ITO MHOXECTBO BCEX
To4YeK X €CTh DKBUAUCTAHTA ¢ 6a3ou p. C APyrou CTOPOHHI, IIOMALL KAXK 10~
ro Tpeyroiabauka AX B pasua miomaau deThipexyroabauka Cakkepu ABDC
7 APYTUX UCKOMBIX TOYEK Y B MOJYILUIOCKOCTH SKBUIUCTAHTHI HET. /lencTBu-
TEMBLHO, B3AB TOYKY MEPECEYUCHUA SKBUAIACTAHTHI ¢ TEPIEH IUKYIAPOM K TPS-
MOU £, TPOXOAAIIUM HYepe3 TOYKYy Y, moayuum, uTo aubo AoAXB C AAY B,
mmbo pnAYB C pAXB, 1.e. S(AXB) # S(AY B). 3HaunT, 5KBEAUCTAHTA
JNEeACTBATEIBLHO ABIgeTCA MCKOMBIM ['MT.

X

Puc. 4.
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B sTom ciaydae 6ygeM roBOpUTH, UTO DKBUAUCTAHTA 02PAHUUUBGEM TPe-
yroabaukm gaHHou mwiomanun S. U3 ¢opmyasr (2) HEMEAIEHHO CAeLyeT, 9TO
BBICOTA OT'PAHUYUBAIONIEN DKBUAUCTAHTHI BHIPAXKAETCA 110 (POPMYJIe

thh:singcthg,
2 2

rae AB = a — AamHa JaHHOTO OTPE3KA.

4.2. CYIIECTBOBAHUE U EAMHCTBEHHOCTH TPUCEKTOPA

TEOPEMA 8. B xaxcdom mpey204bHuKke CYuecmeyem mpucexmop, AeHca-
wWuth 6HYMPU MPeY20AbHUKA.

[TOKABATEJLCTBO. Ha aByx cToponax Tpeyroapuuka ABC mocTpoum
SKBUIUCTAHTHI A\ U A9, OTPAHWYMBAIOIINE TPEYTOJLHUKY TLIOMALNA, PABHOU
omHou Tpetu mwiomaau Tpeyronbauka ABC. [JokaxeM, 9TO OHU TIEPECEKYTCA
sayTpu Tpeyroapauka ABC. [leicTBUTENBHO, TYCTH SKBUUCTAHTHI TIOCTPO-
ennl Ha cTopoHax AB u AC, Touku My, Ny mexat ua BC, Touka My — Ha
AB, a Touka N; — na AC, npu stom S(ABM;) = S(ABN;) = S(ACM;) =
= S(ACN;y) = S(ABC)/3, n mocTpoeHHBIE DKBUAUCTAHTHI, IPOXOAALINE CO-
OTBeTCTBEHHO 4Yepe3 Touku My, N1 u My, No, He nepecekaiorca. Torna BN; <
< BM,. Otrcoga noxygaem, uro 2S(ABC)/3 = S(ACM,) < S(ACN;) =
= S(ABC(C)/3 — nporuBopeune, 3HAUAT, SKBUAUCTAHTHI IEPECEKAIOTCA B UC-
koMou Touke T

TEOPEMA 9. Jas danno20 mpeyeosvnuka cyuecmseyem posuo 00ur mpu-
cexmop.

[IOKA3ATEJLCTBO. [Ipegmonoxum, uro maaa Tpeyroabauka ABC cyme-
ctBytoT aBa TpucekTopa T u Tj. O6osnauum gepes A’, B', C' Touku, KoTopbie
aexar Ha npambix AT, BT, CT cOOTBETCTBEHHO, TpUIeM TOUYKA T JEXKUT
vexay Au A', Bu B', C u C'. Tlnockocts paszbusaerca aygamu T A, TB',
TC' sa Tpu yraa. Touka Ty monmajgaeT B OAWH U3 HUX, JOMYCTHUM, DTO YTOJ
A'TB'. Torga S(ABC)/3 = S(ABT) < S(ABT;) = S(ABC)/3 — nporuso-
petne.

5. TOYKA NEPECEYEHUA BUCEKINOHHBIX OTPE3KOB

ITposexem B Tpeyroavuuke ABC 6uceknmonnsit oTpe3ok CX. Byxem uc-
MOJAB30BATH 0O03HAYEHUA C PHUC. .

Mockonpky mmomans Tpeyroasauka C'X B paBHA NOJOBUHE TUIOMIANA TPE-
yroapauka ABC, To
m—(a+B+7)

7{'—($+U+,3): 9 )
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OTKYZa

x—l—u—l—ﬁ:%, (3)

Beemem o6o3uadenus

_m4+a-B4+79 w_7r+a+ﬁ+'y

2 ’ 2
cos a + cos 3 cosy — sin psin vy
sin y(cos ¢ + cos 3)

JIEMMA 1. ctgz =

[OKA3BATEJIBLCTBO. U3 dopmyast (3) moaygaem z + u = . Ilo BTOpon
TeopeMe KOCUHYCOB miasa Tpeyroabauka C X B

cos u + cos x cos 3

cha = - - ,
sin z sin 3

chasinzsin 8 = cos@cosz + sin @ sinx + cos z cos (3,
chasin 8 —sin ¢

ctgxr =
& cos ¢ + cos 3

[To BTOpOM TEOpeMe KOCUHYCOB misa Tpeyroabanka ABC

cos a + cos 3 cos 7y

cha =
sin (3 sin 7y
[Moacrasum B (4) u moxy<Ium
cosa+cosfBcosy .
ctgz = sin y sin ¢ _ cosa—}—cosﬂcosv—singpsin’y‘ (5)
cos p + cos 8 sin y(cos p + cos 8)
JIEMMA 2 sinz cos(w/2 — )
"osin(y —z)  cos(w/2 —a)’

HOKA3ATEJBCTBO. B camom mene

sin i sin z i 1 i

sin(y — x) - sin -y cos * — sin x cos 7y - sinyctgx — cosy
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. 1 _ cosp+cosf
cos a + cos 3 cosy — sin psin vy — cosy cosa—cos(np—'y)
cos ¢ + cos 3
__cos(w—p)+cosB  cos(w/2—f3)
~ cosa+cos(w—a) cos(w/2—a)’
[Mpenmocnennee paBeHCTBO ClAeqyeT U3
(p_yzﬂaf—ﬂ—vzw_%wﬂzw_(w_a).

TEOPEMA 10. Bucekuyuonmnvie ompesxku nepecexaomes 8 00Hot mouke.

[JOKA3ATEJBCTBO. B mokasarenbcTBe MCHOMB3yeM Teopemy eBbl A
reomerpun JloGagesckoro [1]: ecan

sinz . sin y ) sin z _
sin(y —z) sin(3—y) sin(a—z) 1, (6)

TO OTPE3KU MEPECEKAIOTCA B OHON TOUKe (0003HAYMEeHUA HA puC. 6).

Puc. 6.

[Ipeo6Gpasyem aeByio dacTh Gopmyast (6) ¢ momomsio aemmel 2. [loryaaem
sinz . sin y . sin z
sin(y —z) sin(8—y) sin(a—2)

cos(w/2 —B) cos(w/2—a) cos(w/2—7)

- ) ) -1
cos(w/2 —a) cos(w/2—7) cos(w/2—7) ’

9T0 M TPeHOBAJIOCH.

6. TPUCEKTOP, TOYKA MEPECEYEHUA BUCEKIIMOHHBIX OTPE3KOB
n IPYTUE 3AMEYATEJIBHBIE TOYKN TPEYTOJBHUKA

B sToM pazgene MbI mpoBEpUM, 9TO HAUAEHHBIE BHIIIE TOYKYA — TPUCEKTOP
¥ TOYKa nepecedeHusa OUCEKINOHHBIX OTPE3KOB — B 00IIeM cilIyvae He COBIIA-
JAIOT APYT C APYIOM U C APYTUMHA 3aMeYaTeIbHBIMI TOYKAMA TPEYTOMbHUKA!
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HU C TOYKOU HepeceveHns MeAnaH (Kak B reoMeTpun EBKIWAA), HUA ¢ TOYKOU
mepecedenns OUCCeKTPUC, HA C TOYKOU MEePEeCeTIeHns BBICOT.

[lna aHaIM3a B3AMMHOTO PACIONOKEHUS STUX TOYEK HAM MOTPebyeTcs u3y-
YUTH TEOMETPUIECKOE MECTO TOUEK, OOPA3YIOMNX C ABYMA TAHHBLIMU OTPE3-
KaM# ¢ OOIIUM KOHIIOM TPEYTOJbHUKU PABHOU ILIOMIAAY ¥ JEXKAIIAX BHYTPHU
o6pazoBaHHOrO >TUME oTpeskamu yraa. Hazosem sro 'MT 3. (Bygem Tax-
XK€ UCTIONb30BATE 0G03HATEHUA Lo WIN Y. A0 B, €CIU HYKHO YKA3ATH BEPIIUHY
yIJIa Wik BeCh yroOl, OTHOCUTEIHHO KOTOPOr0 CTPOUTCA KPUBAA X.)

llokaxeMm CIeAyIOUUN BaXHBIA (PAKT, OTHOCAIIUUCT K CTPYKType 2.

TEOPEMA 11. B obwem cayuae 40604 NPAMAS, NPOTOIAUA[ UeEPE3 Gep-
wuny yaaa, nepecexaem X ne 6oaee 00no20 pasa (NOMUMO ePUIUHBL Y2.4a).

JOKA3ATEJALCTBO. [Ipeamosoxum mpOTWMBHOE: IIyCTH €CTH YI'OX A/O§,
npsamas £ npoxoauT depes BepmuHy (O yria u mepecekaeT L Aop B ABYX TOY-
kax M u N, rorga S(OAM) = S(OBM), S(OAN) = S(OBN), S(AMN) =
= S(BMN). Orpazum TOUKY B CUMMETPUYIHO OTHOCUTEILHO MIPAMOU £, TIOJLY-
9uM TOYKY B, He COBMagaomyio ¢ A, 1is KOTOPOU BEPHBI DTU Xe PABEHCTBA
(puc. 7; ecrm Toukm A m By cosnagaior, to OA = OB u X 0p ABageTca

L —

6uccexrpucon yraa OAB).

Mlokaxem, 9TO y BCEX DTUX TPEYTOJLHUKOB OOIAA CpemHas auHud. [len-
cTBUTEnbHO, TaK Kak S(OAM) = S(OB; M), To y HuX 00LIasa CpEeIHAS IAHUA
P, TPOXOAAIIAA, B YACTHOCTHU, U Yepe3 cepeaunnbl ctopod AM u By M, a 3Ha-
quT, n 9epes cepeaunnbl ctopon AN m BN (cm. puc. 7 u Teopemy 7).

Paccmorpum deTbipexyronbauku Cakkepn, IPUCOEIUHEHHBIE K TPEYTOb-
aukaMm AOM u AMN mno croporam OM u M N cOOTBETCTBEHHO. Y 3TUX

B,
A
p
14
0 MY N
N \ /
\\ \ /
\\ \\ /
\\ \ II
N \
\\ \ //
\\ \\ /
N /
\\\\ /
\\\x/
B

Puc. 7.
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YeTHIPEXYTOJbHUKOB €CTh 001as 6OKOBasg CTOPOHA, MTO3TOMY PACCTOAHUS OT
Toyek O, M u N 10 npamou p paBHBL [Ipunwm K nNpOTUBOPEYUIO, TAK KAK
npsaMas | He MOXET MePeCeKaTh DKBUAUCTAHTY B TPEX TOIKAX.

CHEACTBUE. Tpucexkmop u mouka nepeceuenus OUCEKYUOHHBIL OMpPE3-
K08 8 MEePABHOCTMOPOHHEM MPEY20AbHUKE HE COBNAJAmM.

TeEOPEMA 12. Ilycmv AB < BC, BL — 6uccexmpuca yaaa ABC. Tozda
Kpusad LABc ueaurxom aexcum 6 yeae LBC.

HOKA3ATEJABCTBO. [lycte N — npousBonbHas Touka X 4pc. llpenmomno-
XUM, 9TO TO4UKa N JIeXWUT B yIie ABL. Orpasum Tpeyroabauk ABN oT-
HOCUTEIbHO OMCCeKTpuchkl BL m moayumMm Tpeyroabuuk A; BNi, rae Toduka
Ay nexut Ha BC, a Touka Ny — BuyTpu Tpeyroasauka A; BN. [Ipuxogum
TIPOTUBOPEIHUIO:

S(ABN) = S(A1BNy) < S(A,BN) < S(CBN),
Ho S(ABN) = S(CBN) no onpegenenuio X.

CHEACTBUE. Tpucexkmop u mouka nepeceuenus OUCEKYUOHHBIL OMpPE3-
KO8 8 HEPABHOCMPOHHEM MPEY20AbHUKE He COBNAdaom ¢ moukol nepeceue-
HUA Ouccexmpuc.

CHEAOCTBUE. Tpucexkmop u mouka nepeceuenus OUCEKYUOHHBIL OMpPE3-
KO8 68 HEPABHOCMOPOHHEM MPEY20abHUKE He COBNAIAIOM ¢ MOUKol nepeceue-
HUSL 6BICOMN.

[ OKA3ATEJLCTBO. IlycTs Tak xe, Kak B Teopeme, AB < BC, a BL —
6uccektTpuca, BH — BricoTa B Tpeyroabauke ABC. Touno Tak xe, Kak B
€BKJIUJOBOU reoMeTpum, gokaxeMm, 910 H aexut na orpeske AL. OTpasum
A otHocurensuo BH, monyuum Touky A; Ha cropone AC. TpeyrombHuk
ABA; paBHoGenpenuniu, nosroMmy BH sapagerca ero 6uccekrpucon. Tak Kak

+ABAy < /ABC, to /ABH < /ABL.

TeOPEMA 13. Ilycmv AB < BC, M — ocnoganue meduamnbl, mpey2otb-
nukxa ABC, nposedennoti uz eepuunvt B. To2da wacmv YL Apc, HATOOAWAACA
euympu mpeyzoavnuka ABC, aexcum 6 mpeyzoavnure ABM.

[IOKA3ATEJLCTBO. OGo3uauum 1vepes 1] TOUYKy, cumMeTpudnyo B oT-
HocuTeIbHO ToYKHU M . Jlerko nposeputs, 9To 1) JeXuT Ha X Agc. Ecin nantn
Ha ayde BM rakyio Touky X, uro S(ABX) > S(CBX), To u3 Teopemsr 11
IOy IM UCKOMOE YTBEDX ICHUE.

IMposenem cpennioio auauio B Tpeyroiabauke ABC, kKoTopas mepecekaer
Mmenuany B Touke K. BosbMmem Ha oTpeske BT; Touky N Tak, uTobsl BK =
= K N. Bo3MOXHBI IBa CIydas.



124 II. B. Bu6bukos, U. B. TkaeHko

1. Touka N mexut Ha orpeske K M. O6o3HaYMUM UYepe3 0] U 09 OCTPHIE
yIIbl Y€THIPEXYTOJIBHUKOB CaKKepI/I, OPpUCOECANHEHHBIX COOTBETCTBECHHO K
Tpeyroasaukam ABC u ABM. Tak kak o1 > 03, TO

S(ABC) - 2S(ABM) =
= (m—201) —2(m — 209) =2(209 —01) — 7w <
< 209 — 7 <0.

3uaunt, S(ABM) > S(BCM) n moxHo B3aTh X = M.
2. Touka N nexwut ma orpeske MTi. Torga AN > CN u no ¢popmyane (2)
HOMy9aeM, 9TO
S(ABN)
S5 thAN

SBON) — mon > b oxyAa S(ABN) > S(BON).

2
Moxuo B3saTe X = N.

sin

CHEOCTBUE. Tpucekmop u mouka nepeceuerus OUCEKYUOHHbIY 0Mpes3-
K06 68 HEPABHOCTOPOHHEM MPEY20AbHUKE HE COENAdaIm ¢ MmouKol nepeceue-
HUA MEOUAH.

7. OBOBIIEHUE

C noMoIpo ¥ MOXHO 0606IIITE TEOPEMBI O IIepecedeHnr OUCEKITNOHHBIX
OTPE3KOB U MEeIWAH B TPEYTOJILHUKE.

TEOPEMA 14. FEcau na X4, X u ¢ 6 mpeyeoavhuke ABC ommemumo
mouku Ay, By u Ci, maxue, umo S(ABB;) = S(BCC,) = S(CAA,), mo
npamvie (AA1), (BB1) u (CCY) nepecexymea 8 0dnoti mouxe.

[IOKA3ATEJLCTBO. [lycTs nan mpoussBoabubiz Tpeyroabuuk A BC u mpo-
BEIEHHBI X 4, 1.p U L. BodbMeM mpousBoabHYO TOUKY B; € Y p. Benem cie-
nytourue obosuadenus: AB = 2a, BC = 2b, /ABB; = o, ,CBB; = B — a,
S(ABBy) = S(CBB;) = 7—20. llposenem cpename muanm £1 u f9 B TPEYTOIb-
aukax ABB; u C BBy, napamtensusie BB u nepecekaiomue ctopony AB B
touke K, a cropony BC' — B Touke L (puc. 8). OnmycTuM Ha HUX TEpIeHIu-
kynapsl BHy u BHy, Torga mo ¢popmy.e (2) u mo popMynaM TpUroHOMETpUM
B Tpeyroabankax BK Hy u BLH9 nonydaem cieqyioiiue paBeHCTBA!

cos(o — a)tha = th BH; = th BH, = cos(o — (B — «)) thb.
OTcroga HAXOAUM, ITO

sin(c — B)thb+sinotha
cos(o0 — B)thb —cosotha’
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3HAYUT,

sin(B—a) _ cos(oc — B)tha —cosothb

sin a cos(oc — B)thb — cosotha
HOCJIe,Z[Hee PaBEHCTBO MOXHO 3aIIlXCaThb B BUIE
sin(B — a) M; ctgo + Ny
sin « :M{ctga+N{ '

Amanoruvnbie paBeHCTBA BEPHBI U A ABYX APYTUX YTIOB TPEYTOJLHUKA.
[TepeMHOXVM TpHU IMOJYIEHHBIX BHIPAXKEHUS, TOTJA MOJIYIAETCSI PABEHCTBO

sin(B — a) ) sin(C — 3) . sin(A — ) f(z)

sin & sin 3 sin y g(x)’

rae x = ctgo u deg f = degg = 3. Ham myxHo mnokasats, uro f = g. Ho mbr
3HAEM, 9TO [ = ¢ TPW YETHIPEX PABMUIHBIX 0 (OHH COOTBETCTBYIOT CJIy<IaAM
TPUCEKTOPA, OMCEKITMOHHBIX OTPE3KOB, MEIMAH U KACATENbHBIX, IPOBEJEHHBIX
B BEpIIMHAX, T.€. KOU4a 0 = 7/2), a 3HAYUT, A J000ro o

sin(B—a) sin(C —f) sin(4—1) flz)

sina sin 8 siny g(z)

)

u 1o TeopeMe UeBHl momy1daeM TpebyeMoe.

SAIAYN

1. PaccunranTe aauHy GHCEKIIMOHHOTO OTPE3KA, CIUTAA YIVIBI TPEYTOMb-
HUKA U3BECTHBLIMU.
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2. PaccuamTanTe, B KAKOM OTHOIIECHAN OUCEKITUOHHBIN OTPE3OK NEIUT CTO-
POHY TPEYTOTLHUKA.

3. PaccumTanTe, B KAKOM OTHONIEHUYW OUCEKIIMOHHBIA OTPE3OK AEIUTCA
TOYKOU TEePEeCeIeHns OUCEKIIMOHHBIX OTPE3KOB.

4. Toawsysace aemmon 2 (c. 120), nokaxure, ITO GUCEKIMOHHBIN OTPE30K
B OOIIEM CIyYae JEXWUT MEXIy MEIUAHOU U OUCCEKTPUCOU TPEYTOJbLHUKA.

5. [lokaxure, aTo BHE Tpeyroabauka ABC CymecTBylOT Takme TOYIKH
Ty, Ty, Ty, aro mmomanu Tpeyroasaukos ABC, ABT,, ACTy, BCTy, ABT;,
ACTQ, BCTQ, ABT3, ACT3 n BCTg PaBHHBI.

6. okaxwuTe, 9TO KpUBaA Y. B OOWIEM CIydae He ABIACTCA HU MPAMOU, HU
OKPYXHOCTBIO, HU DKBUJUCTAHTON, HU OPUIUKJIOM.

7. IlycTs ) — 3TO reoMeTpuyvecKoe MeCTO TOYEK, U3 KOTOPHIX ABE CTO-
POHBI TPEYTONbHUKA, BAAHLI IO PABHBIMEU yriaamu. JokaxwuTe, 9TO ) JIeXKUT
MEX Iy BBICOTOU U ..

8. [okaxwuTe, YTO HU TPUCEKTOP, HNA TOUKA IepPeceeHnsI OUCEKITMOHHBIX
OTPE3KOB HE COBMAMAIOT ¢ TOYKOM Topuyemsin.
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