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A. A. OmemMkoB A. B. Ckonenkos

Beavkuit pycckuu yuenwu A. H. Koamoropos rosopua, 94To g0 TpugnaT
JeT MATEMaTUKy pasyMHee BCEr0 3aHMMATHLCA pelleHneM KOHKPEeTHO IOCTa-
BJIEHHBIX 33134. A 3HAMUT, YMEHME PEIIATh CIOXKHLIE 33Ah ABIACTCA OTHIM
73 BAXHEWNIUX IS MOAOAOr0 MareMaTuka. C Meabio MoaaepkKaTh MTPECTUR
YMEHUS PEIIaTh TPYJAHBIE 334a49M HA MEXaHUKO-MATEMATUYIECCKOM (PaKy/Ib-
TeTe MOCKOBCKOTO rocyzapcTBeHHoro yuusepcuteTa uM. M. B. Jlomonocora
MPOBOATCA CTyAeHdYecKue onumnuaabl. OTaensubie Kadeapsl MexmaTa MY
MPOBOJAT OMUMIIMAJIBL IO TEOPUU BEPOATHOCTEN, nudepeHInaibHbIM YPaB-
HEHUAM, MEXaHWUKe, TeOMETPUN U TOMOJOTHHU (i CTyAeHToB 1-2 Kypca; 5Tu
OMMMIOMAABI IOMOTAIOT CTYAEHTY B BBIOOpE KadeIphl), a TaKXKe IO TEOPHUH
BEPOATHOCTEN (/A CTYNEHTOB 3-5 KyPCOB) M yPABHEHUAM C IACTHBIMHE IIPO-
U3BOAHBIMY (s CTyAeHTOB 3 Kypca). [IpoBogaTcs Takxke obueMaTeMaTutIe-
CKVe OMMMIINALE — OJUMIIFANa, MocBdallenHas [ludaropy, u or6opounas Ha
MEeX TYHAPOTHYIO OTUMIINALY.

3aadu OMMMITAA[ 110 T€OMETPUM M TOMOJOTMH TPUHAICKAT MATEMATH-
9eCKOMY (POMBKIOPY, HO MAJOU3BECTHBL. BOIBIIMHCTBO 5TUX 38,1 Au00 ABJIA-
IOTCS JACTHLIMHU CIYIaAMUI HETABHUX PE3YIbTATOB WIN HEPEMIEHHLIX IPO6JIeM,
Jau60 OTKPHIBAIOT HOBBIU M CTYJEHTOB B3TVIA[ HA 3HAKOMBIA UM MaTEPUAT
(cM. KOMMEHTApUM K pemeHnaAM). BapuanThl 0auMOuan — L0/ KOLIEKTUB-
HOT'O TPYAa COTPYIHUKOB Kadeapsl AnddepeHInaIbHou TeOMEeTPUN U IIPIIO-
xeuuy MexmaTa MI'Y (oxonuarenbuble BapuanTH moarorosieHsr A. 5. Cko-
nerkoBbiM B 2005 T. u A. A. Omemkoseim B 2006 T.).

Illo6eguTenn onuMnuam IO TeOMETPUY U TOIOJOT MY HATPAXK JAIOTCA MaTe-
MATHYECKAME MPU3AME, 3a9€TOM MO KYPCY KAACCUIECKOU AuddepeHnaib-
HOW T€OMETPUM U TIPUTIAIICHUEM Ha OTOOPOYHBIM TYP HA MEXIYHAPOTHYIO
omuMouaay (cM. www.imc-math.org). IloGeguremn ommmmmaasr 2005 roga
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(pemrmm 4 3agaum): Bropokypcuuku Aspees Poman, I'opun Bagum, Epoxo-
Ben; Huxonan, Uzocumor Anrton, Kyomxuan Kapums, [lopmnes Eprennn u
10-knaccauk [lesaros Poctucaas. Mobegurenn omummmagsr 2006 roga (pe-
wuan 3 3ana4m): BTOpoKypcHuku Ausenbepr Auron, [uisman ['ne6, Memun
Opun u Hlmypuukos Urops.

[IpuBeneM 3agatdm OaUMIAA L IO TEOMETPUU W TOMOJOTUH, 4 TAKKE OTBE-
THI, YKA3aHUA W CCHIIKM HA MOJHBIE pernenus. Ha ormMmmmagax paspemanoch
MOB30BATHCA 6€3 OIMpeneJeHusa U NOKA3aTEeIbCTBA TOHATUAMEA U TEOPEMAMMA
n3 mporpammbl 1-2 kypca mexmara MI'Y. Bce ocranbHBIE mMCHOTB3yeMbIE
ompegeseHus TpebOBATOCH ABHO TPUBOAUTH, a HCHOIB3YyEMBbIE TEOPEMBI —
GOpMyIupPOBATE.

SATAYU OJMUMIIAAALL 6.04.2005 (16.15-19.45)

1. Ha maockoctu dpukcuposanst Touku O, Ay, ..., Ag u aucaa myq, ..., Ms.
Momenmom unepyuu omuocumesvbno npsmoti | cucremsr Ay, ..., Ag,
mi, ..., Mg HABBIBAETCA STUCIO

I(1) = my|ALl)? + - + my| Al )%,

rae |A;l| — paccrosame ot Toukm A; 10 npsamon [. Bygem paccmaTpuBaTh nps-
MBlI€e [ Ha IWIOCKOCTH, mpoxoasinue depe3 Touky O. llycts [ u [ — maubosn-
ee 1 HamMeHbllee 3HadYeHus MomenTa uHepumu I (1) (Bosmoxwuo, Iy = I_).
Bosbmem ogny w3 npsamerx [y, aaa xoropou I(ly) = I,. [Mokaxure, 910
I(l) =1, cos’> o+ I_sin%p, rae ¢ = Z(ll ).

2. Pazpexbre GyThuiky Knenna Tak, 9To6b1 nonyamnca (ogun) suct Méon-
yca. Byrwuikoun Kienmma maswbiBaeTcs ¢GUrypa, MOMYHMEHHAS U3 KBaIPATa
ABCD ckaenkou mpoTuBonoaoxHeix cropon AB ¢ CD u BC ¢ AD (c yaeTom
HAIPABJICHNA ).

3. Kaxve npaBmibHbBIE MHOTOTDAHHUKYA MOTYT TOJYIATHCA B CEUCHUHA e~
THIPEXMEPHOTO KyHa TPEXMEPHOU MAIEPILIOCKOCTHIO?

4. [lokaxuTe, 9TO KOMIO3UINAA OCEBBLIX CAMMETPHUHN MPOCTPAHCTBA OTHO-
CUTEILHO TIEPIEHIUKYIIPHBIX CKPEIUBAIOUINXCA TPAMBIX ABIACTCA BUHMO-
BbIM JBUNCEHUEM, T. €. KOMIIOZUIIMEN BPAIIECHUAA HA, HEKOTOPHIU YIrOJ OTHOCH-
TeMILHO HEKOTOPOU HANPABICHHON OCHU U MAPALIEILHOTO TIEPEHOCA Ha BEKTOD,
mapaJLIenbHbIN 3To ocu. HallfuTe HANPaBIEHHYIO 0Ch, YOI BPAIIECHNS U BEK-
TOP TEPEHOCA.

5. [lycte N — rpaduk memnpepoieaon pyuknuu f : R — R, W3pecTHO, 9TO
s mobex aucen s, € R cymecrsyer guddeomopduam M: R? — R?, pua
koroporo M(N) = N u M (s, f(s))) = (t, f(t)). Bepuo amu, aro dpyuxrmsa f
nuddepennupyema’

[Mpumeanua: GyHKIMA ¢ GECKOHEYHOU MPOU3BOAHON B TOYKE CIUTACTCA
mudepeHnupyeMolt B 3Tol Touke; oTobpaxemue M = (M, Ms): R? — R?
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Ha3LIBAETCA JdudPeomopPusmom, ecin OHO B3AMMHO OTHOZHAMHO, MIA Mq u
My cymecTBYIOT MaCTHBIE MPOU3BOIHBIE BCEX MOPIATKOB U

OMy OMy  OMy OM, £0
Jdr Oy or Oy

B JIOO0OU TOYKE IJIOCKOCTH.

3AIAYN OauMnuAABL 13.04.2006 (16.30-20.00)

1. ycts AB — mamboabmaa cropona Tpeyroabunka ABC. lokaxwure,
a0 A 6o Toukr M MIOCKOCTH BHIOAHEHO HepasencTtso AM + BM +
roM > Y2 (BC+ 0A).

2. Hairqure manbosbinee menoe n, IId KOTOPOTO Ha IWIOCKOCTH CYMIECTBY-
eT KpuBasg BTOPOTO mopaaka, mmeomas B Touke (0, 1) kacanue n-ro mopagka
¢ rpapukoM GYHKIAR 4§ = COST.

Hanomuunwm [9, §§ 22, 23], uro eciu P — obuias TOYKa HapaMeTPU30BAHHBIX
KpuBbIX 71 (1) u 72(), TO FOBOPAT, 9TO OHM UMEIOT B DTOU TOUKE KACAHUE T4-20
nopadka, €CIU TIePBLIE N TPOM3BOAHBIX PAJUYC-BEKTOPOB 71 (t) u r2(t) B ToUKe
P coBmagaior.

3. lycts K — (aBYyMEpHBIN) MHOTOYTOJBHUK HA IWIOCKOCTH U ¢ — BEKTOP,
A KoToporo obpas K + a MmoroyroabHumka K Tpw caBure Ha BEKTOP ¢
He mepecekaerca ¢ K, T.e. K N (K 4+ a) = @. [lokaxure, 9T0 aBa BO3a
(T.e. kpyra amameTpa |a|) He MOI'yT HOMEHATHCSI MECTAMU IIPU HENIPEPLIBHOM
NBYKCHUM WX MEHTPOB 10 K, Ipu KOTOPOM BO3HI HE CTATKHABAIOTCA.

4. (a) IlycTs y(t) — 6eckonevanO AUbGEPEHIUPYEMAsa IOCKAA KPUBAA U
a(t) — xacaTerpHas K Hen npsamas B Touke P = v(0) = «(0). IIpegnonoxnm,
YTO MOAYJIN BEKTOPOB CKOPOCTH KPUBOU Y(t) u mpaMon «(t) paBHBI eJUHUIE
B Kax0u To4Uke (T.e. u kpusag Y(t), u npamasa «(f) TPOXOAAT MyTh NIUHBI
T 3a M1000% TPOMEXYTOK BpeMeHn aaubl 7). [Tokaxure, aro Mogyab |y”(0)]

2
yCKopenus Kpusou 7y(t) B Touke P pasen 5? . Op(’y(t),oz(t)), riae p — pac-
CTOSHUE.

(b) Pacemorpum mogens Ilyankape reomerpun JI06a<eBCKOTO B BepXHER
noaymiockoctu [1, 1.10.1], [7, §3], [6, §3]. IIycTs y(f) — xpuBas ¢ ypasHeHUEM
y = 1 (ropusoHTaNbHAS €BKIXA0BA NpsaMast) u () — kacarenabHas K () ups-
mas (B cMeIcte reomerpun Jlobagesckoro) B Touke y(0) = «(0) = (0, 1). Ilpen-
HOMOXKUM, ITO u KpuBas y(t), u npamas «(t) IpOXOIAT MyTh JIAHBL T (B CMBI-
cae reomerpun JlobGadeBckoro) 3a M0GOM MPOMEXYTOK BPEMEHW /JIWHBL T.

2
BuraucanTe BerutuHy :? p(v(t),a(t)), roe p — paccToAHUE HA TLIOCKO-
=0

ctu JlobageBckoro.
5. [1a Kaxmou Hmaphl HEIBIX 9ucel N U Kk BLIACHHTE, CKOILKO MMEEeTCA
(¢ TOYHOCTBIO O IBIKEHUU ¥ COMOTETHN) HEYHOPSIIOYeHHBIX HAGOPOB u3 k
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HEHYJIeBLEIX BEKTOPOB B N-MEPHOM €BKJIKUIOBOM IIPOCTPAHCTBE, CyMMa KOTO-
PBIX paBHA HYJIO U BCe IOMapHLIE YIVIBI MEX Iy KOTODHIMHU DaBHEL

OTBETI:)I7 YKA3AHNSA N CCBIJIKM HA IIOJHBIE PEMNEHUS

2005-1. YTBepxaeHue 3a1aU BHITEKAET U3 TOT'O, ITO MOMEHT WHEDIIAN
ecth cymma yukmui Buga f(p) = Acos’¢ + 2Bcospsing + Csin? ¢, a
BHAYAT, U CAM ABIAETCA (PYyHKIMEN TAKOTO BHIA.

KOMMEHTAPUI. AHATOTHYIHO TOAYYACTCA DAEMEHTAPHOE MOKA3ATElb-
CTBO Popmyavt Iiaepa 0 KPUBUSHE HOPMAALHOZO CEUEHUA TLOBEPTHOCTU, CM.
HOPMyYIMPOBKY 1 HedleMeHTapHOe nokasarerbcTso B [9, §55], [1, 1.8.3].

2005-2. Hago pesars mo BC = AD.

2005-3. OTBeT: TeTpasap, kyd u oxTasxap. llockonabky y weTwIpexmep-
HOTO Ky0a BOCEMBb TPEXMEPHBLIX IPAHEU, TO y €r0 CEeYeHUs TPEeXMEPHOU T'i-
MEPILIOCKOCTHIO HE MOXeT ObITh G0osee BOCBMM NBYMEpPHBIX T'paHen. Ky6owm,
TIPABUALHLEIM TETPA3APOM M IPABWILHLIM OKTa’3IPOM ABIAIOTCA CeTIeHUd Ky-
6a -1 < z; < 1,7 = 1,2,3,4, TpexMepHBIMU THUIEPIIOCKOCTAMU 1 = 0,
T+ 2o+ 23 +x4=3mx +a92+ 23+ 24 =0, COOTBETCTBEHHO.

2005-4. OTBeT: OCBIO ABAAETCA IPAMAA [, cofepKAIAs OOIUN TePIIEH -
KyJIsp, yTOJI BPALICHWS PABEH 7, 4 [IMHA BEKTOPA TEPEHOCH, PABHA Y IBOCHHON
OanHe obILIero IepHeHAuKy/Aapa. 11 mokaszaTelncTBa MOXHO PAcCMOTPETh
MPOEKIINK HA TIPAMYIO | M Ha, OPTOTOHAJBHYIO €f TIOCKOCTb.

2006-1. Hycts M’ u B’ — o6pasut Towek M m B mpm noBopoTe Ha /3
orrocuTensro Touku C. Torga

V3

MA+MB+ MC =AM + MM+ M'B' > AB' > ~ (CA+CB).

31echk mocIeHee HepaBeHCTBO CIeAyeT I0 TeopeMe KocuHycos us , ACB' =
= 4ACB—|—7T/3 > 27T/3.

KOMMEHTAPUI. DTa 3aaa9a — IPOCTEUINMA CIydal (11 TPEXTOIETHO-
r0 MHOXECTBA) 3HaMeHUTON runoressl ['mibepra — [lomraxa (1960): ommuowe-
HUE JAUHBL Kpamuatiwe20 depesa, CoeouHAUe20 JAHHOE KOHEUHOE MHONCE-
CMB0 MOUEK NAOCKOCTU, K daune Kpamuatiwezo depesa 6€3 JoNOANUMEALHBIT
sepwun Goavuwe uau pasno \/3/2. Illoagpo6uocTn cM. B [3].

2006-2. Oreer: 5. Ilycrs rpaduk GyHKIUEM ¢y = COSZT 3aJaH B mapaMe-
Tputeckon dpopme z(t) = t, y(t) = cost, a KpuBasg BTOPOr0 MOPIAKA — YPaB-
menveMm F(z,y) = ax?® + bzy + cy? + pr+qy +r =0, rae F(0,1) = 0. Yrober
HAWTHW MOPANOK KacaHma >TuX KpuBbix B Touke (0, 1), paccMoTpum dyHKIMIO
o(t) = F(z(t),y(t)) m ee npomssogusie B Touke t = 0. Ecim ¢'(0) = ¢”(0) =
= ... = ¢™(0) = 0, To paccMATPUBAEMBIE KPUBLIE MMEIOT KACAHUE 1-T'O
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nopagka [9, c. 110]. Beraucaas npomssogusie dyukmn o(t) = at® + bt cost +
+ccos?t 4 pt +qcost +r B Touke t = 0 U IPUPABHUBAA X K HYJIIO (a Takxe
yanteBas ycaosue ¢(0) = 0), nonygaem (0qHOPOIHYIO) CHCTEMY JUHEHMHBIX
ypaBHeHME Ha KO3 duUumMeHTs a, b, ¢, p, q,r. Ecim npupaBHATH K HY/IIO IPO-
U3BOJAHBIE IO H-T'0 MOPALKA BKIYUTEILHO, TO CHCTEMa UMeeT HEeHyIeBOe pe-
ImeHne, & Tpu 100ABTEHUN YCIOBUS (p(6)(0) = () HenymeBbIX pemenuu HeT. [lo-
5TOMY MAaKCMMAJbHO BO3MOXHBIN MOPALOK Kacanus paseH 5. OH gocTuraercs
mna rumep6orer (y — 4)2 — 322 = 9.

KOMMEHTAPUIA. PaccMmaTpuBaeMbli TpUMED ABISETCS YACTHBIM CJLy9a-
eM OfIIeN 3335, KOTOPYIO MOXHO CHOPMYJIAPOBATL CACAYIOUAM 06Pa30OM:
VIS TAHHOW KpUBOU <y(t) TpeOyeTcs HAUTH KPUBYI M3 HEKOTOPOI'O CeMel-
CTBA KPUBBIX (3aBUCAIIMX OT MAPAMETPOB), KOTOPaA HAWIYYIIHUM 06pa3zoMm
npubamxkaet y(t). Ty 3a4ady MOKHO PEIIATh AHAJIOTUIHBIM 06pas3oM. Taxk,
HAIIPUMED, OJHO U3 ONpeIeJeHN KPUBU3HBEI KPUBOU OCHOBAHO HA PACCMOTpE-
HUM CEMENCTBA OKPYXHOCTEH, KACAIOUIMXCS KPUBOU B JAHHOU TOUKe [9].

2006-3. [13, §2], [11, ruaBa 1].

2006-5. [5]. OrseT: ogna npu n > k — 1 (5To cucTema BEKTOPOB, COeAU-
HAIMX UEHTP TPABAILHOTO (k — 1)-MEPHOTO CUMILIEKCA, ¢ €r0 BepPIIUHAMY),
o oguom mpu n < k — 1.

PEMEHNE 1 OBCYXKIEHUE 3AJAYN 2005-5.

Orset: ma. [Jokaxem 5TO.

Bosemem Touky ¢ € R? \ N. Paccrosaume or ¢ 1o N He paBHO HY.IIO. JHa-
IUT, CYWECTBYeT TOUKA y € N, M KOTOPOU |a—y| pABHO 5TOMY DACCTOSHHIIO.
Torma oTkpuiTeI Kpyr D ¢ meHTpOM B ¢ paauyca |a — y| He mepecekaeT N.

Ipu mo6om £ € N cymectsyer auddeomopduam M : R? — R? mepeso-
mamu y 8 £ u N B N. O6o3uaunmM depe3 R moBOPOT IJIOCKOCTU HA, YOI
BOKpYT Hadama kKoopauuaT. O603HaumM depe3 B paBHOOEAPEHHBIN TPEYTOIb-
HUK (OTKDPBITBHIU ABYMEDHBIN) ¢ BEPUIMHON B HAYATIE KOOPAUHAT, yraom 2m/l
Opy BeplimHe u BhicOTOM anwibl 1/[, mapamteasson ocu Oy. Tax xak M —
madpdeomopdusm, To M (D) DO x + R¥B; nas mekoropwix | u . [osTomy

npu wobom © € N cywecmsyom maxue | u @, umo
(z+ R*B;)NN = @. (%)

BosbMeM NPOM3BOJBHYIO MOCAEAOBATEALHOCTD {(p}, BCIOAY IUIOTHYIO Ha
[0, 27]. O6o3HAIEM

Ny:={zeN|(z+R”B)NN =2}

Beugy ycrosua (x) mmeem N = U, N;. Herpyano nposeputs, uTo N; 30-
mxrymo 6 N (mokaxwre mim cM. gnertaru B [15, semma 3.1]). 3maumr, 1m0
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y+ R¥ B
Vv

Puc. 1.

reopeme Bopa o kareropun [2,4] HekoTopoe N; COAEPKUT HELMYCTOE OTKPHI-
Toe B N MHOXECTBO.
[loaToMy cymecTByioT Touka = € N 1 3aMKHYTHI KBagpaT I2 co cTopo-
o I 2
Hou MeHblne 1/l ¢ nenrpom B z, aas koropeix N/ := N N I¢ C N; (puc. 1).
Torga

[(y+ R¥?B)U(y — R?B)]NN' =@ mpmmobom y e N'. (%)

Hewncrsurensro, ecmm z € (y — RPB)NN', roy € (z+ R?B) NN C Ny,
TTO HEBO3MOXKHO.

MOXKHO CUHTATD, ITO yrol MeXAy HEKOTOPOH cTopoHo# L kBagpara I
oceo Ox paser ;. MOXHO Takke cauTaTh, 970 N’ CBAZHO M rOMEOMOPQHO
oTpesky (mHadwe samermM N’ Ha MAIyIO OKPECTHOCTEL TOUKE a € N, KoTopas
romMeoMopdHa 0Tpe3Ky, nockoabky N — rpaduk dyuxuun). Torga oproro-
HaTbHAA mpoekmua MHOXecTsBa N’ Ha L COAepXUT HEKOTOPHIM OTPE3OK He-
HyJ1eBOU AarHBL. MOXHO CIMTATH, 9TO DTOT OTPE30K coBnagaer ¢ L (muade
yMmeHbmmM L).

HamomawMm, uro orobpaxenwe q: L — [0,1] mHaseiBaeTcsa aunwuyesvin,
ecim cymectByerT Takoe s, ato |¢(x) — q(y)| < s|r — y| mna awbex aBYX
Pa3IMIHLIX TOYeK 7,y € L. U3 (xx) creayeT, uto N’ ecTh Tpaduk HEKOTO-
pon junmuneson gyuxiun ¢: L — [0, 1] (mpu ecTecTBEHHOM IpencTABICHIN
I? = L x [0,1]). ®yskmus q umeer Touxy auddepenmupyemoctu [2,4]. 3ua-
“uT, U ucxoaHan Gpyukua [ umeer TOUKy mauddepeniupyemoctu. Torma u3
cymecTBoBaHuA auddeomopdusmos M = M ; BrTeKaeT, 9T0 f muddepen-
nupyemMa B J000U TOYKE.

KoMMEHTAPUI. Kakou GopMBI MOT'YT GBITH HOXHBI, YTOOBI U3 HUX MOX-
HO 6BLIO BRITAIIUTE cabmio? MaremaTudeckas pOPMYIUPOBKA 3TOTO BOMIPO-
ca IPUBOAUT K clegyromeMy nouaTuio. [logmuoxecrso N TpexmepHoro (mim
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M-MEPHOTO €BKJIN0BA) IPOCTPAHCTBA HABBLIBACTCI PUMAH0BO 00bEMAEMO 00-
HOPOOJHbIM, €CIU AIa TIOOBIX ABYX TOYEK ,y € N CylecTByeT ABMKeHUE (T. €.
uzomeTpus) h: R3 — R3, mepesogsmee 2 8 y u N 8 N. XOpOIIIo #3BeCTHO, 4TO
PUMAHOBO 00 EMAEMO OOHOPOIHBIMU KDPUSLIMYU 8 MPETMEPHOM NPOCMPIHCMEE
ABAAIOTMCA TNOALKO NPAMBIE, OKDYHCHOCTU U BUHMOBBIE AUHUL.

A kakou POpMBI MOXET OBITH DJIEKTPUYECKUU Kabenb, ITOOBI TPOBO/I
MOXHO OBLIO BBITAIIATEH M3 €ro OOMOTKH (IPOBOA MOXHO T'HYTh, HO He-
a3 aomaTh)? Maremaruaeckas GpOPMyIMpOBKa 3TOTO BOMPOCA TPUBOJAT
K caexyiomeMmy moHATHIO. l[logmuOokecTBO N mpocTpancTBa R HaswiBaeT-
ca duepenyupyemo 06bemaemo 00HOPOIHBIM, ECITH daa 41006 J8YL MoUer
z,y € N cywecmeyem dufgeomoppusm h: R™ — R™, nepesodawut x 6 y u
N 8 N. HenpepniBHOCTE npoussoguon auddeomopdusma i He npeanosara-
eTcA.

Hanomauwm, uro nogmuoxectso N C R™ maswBaerca dugddepenyupyemvii
NOOMHOZ000PA3UEM, €CIT IS JI000U TOYKEU £ € N HAUAYTCA €€ OKPECTHOCTh
B R™, muddeomopdmas RF x R™F (oroxgecrsum ee ¢ RF x R™ %) u nuddpe-
peHImpyeMoe nHBeKTHBHOE oToOpaxenne ¢: R¥ — R™ ¥ rpaduk xoToporo
ects NN(RFxR™F), (D10 onpegenenne, yio6HOE 11 TOKABATEIBCTBA HIKE-
CACAYIOUWIEN TEOPEMBI, PABHOCHIBLHO cTangapTHoMy [8].) Hampuwmep, rpaduk
aobou guddepennupyemon pyuknmu R — R apiserca quddepennupyeMbiM
noMHEOr006paseM mwiockocTn R, a 06pas karTOpoBa MHOXecTBa [8, 4.4]
TIPU MPOU3BOIBHOM BJIOKEHUU B TIOCKOCTE HE ABIACTCA AU HEPEHIIUPYEMBIM
10 IMHOT006pasueM mIocKocTH R2.

Hetpyano mposepuThb, ¥T0 M1060€ quddepeHnupyemMoe mo MHOr006pasne
apageTca auddepeHnupyeMo 00BEMIEMO OAHOPOMHBIM. 3aMETATEILHO, ITO
CTIpaBeTUBO 1 0OpaTHOE.

TEOPEMA. Ecau N C R™ zamxuymo u Jupdepenyupyemo 06bemaemo
00nopodno, mo N asasemca dugdepernyupyemvin nodmmozoobpasuem [14,15].

Kpome 3agaqan 2005-5, sTa TeopeMa mMeeT claeayioliee sIeMeHTapHoe (HO
HETPUBHUAILHOE) CIEACTBUE: KAHIMOPOBO MHOICECMBO He modcem 0bimpb Jud-
Pepenyupyemo 06vemaemo 00HOPOIHO 640kHCEHO 6 NAOCKOCMb. [Ipyrue naTe-
PECHEIE CIeACTBUA IpuBefeHsl B [16].

[Toka3aTeabCTBO TEOPEMBI AHAJOTUIHO MPUBEACHHOMY PEIICHWIO 3a1a<u
2005-5. Cm. [16], rae KoKasaTeIbLCTBO IPOLIE HpeIoxkeHHoro B [14,15].

PENIEHUE U OBCYXKJEHUE 3AJ1A4YU 2006-4

HokaxeMm yTeepxkaeHue myHKTa (a). [Ipamas a(t) sagaeTcsa ypaBHeHEEM
a(t) = a(0) + ta/(0). das xpuson 7(t) umeem

v(t) = v(0) + ty'(0) + g’y”(()) +o(t?) mpmt— 0.
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Yauremsas, ato «(0) = v(0) u &/(0) = /(0), moxyTaem

2 2
MﬂﬂmﬁDZPﬂﬂ—a@HZ|5¢ﬂn+dﬁﬂ=5+Wmﬂ+dﬂ)
d2
OTkyga u cregyetr TpebyeMoe PaBEHCTBO el

p(y(t), a(t)) = [ (0)].

=0

Orser k (b): 1.

Yro6bl TpUBECTH PEIleHne, HAMOMHUM CHAYMAJMA CTAHIAPTHBIE (DAKTHI U3
reomerpuu Jlo6auesckoro (B mogenu IlyaHkape HA BEPXHEH MOMYILIOCKOCTH
¢ xoopauHaTamu (z,y), rae y > 0), KoTopele MBI OygeM UCIonAb30BaTh. OHI
BXOJAT B IporpaMMmy Kypca «Kmaccudeckas nuddepeHuanbHas TeoMe TPy
st Broporo Kypca mexmara MI'Y [1, 1.10.1]; [7, §3]; [6, §3]). [launa kpuson
r(t) = (z(t),y(t), t € la,b], Ha mwrockocTu JloGadeBckoro B Mogenn Ilyan-
byo' () +y ()
kape (y(t) > 0) papna [ ————

o y(t)
MO e WIOCKOCTH JI06a9eBCKOr0 ABIAIOTCA (€BKAMAOBLI) MOLYOKPY KHOCTH,
MepIeHVKYIAPHBIE OCU &, U BEPTUKAIbHbIE ToaynpaMee y > 0. Paccroanue
MEX Ty TOIKAMU MIOCKOCTH JI0GAIEBCKOTO ONPEenaeTcs KaK JInHa OTPE3Ka,
HpHMOI;JI C KOHIIaMU B 9TUX TOYKAX (F,He CJIOBa «OJUHA» KW «IIPpAMasd» ITOHUMA-
I0TCA B YKA3aHHOM BBIIIE CMEICIE, T. €. B CMBICIE TeoMeTpun JIo6ateBeKoro).
ECJII/I paccMaTpUBaATH TOYKHA IIIOCKOCTH JIO6a.‘IeBCKOI'O KaK KOMIINIEKCHBIEC Y9U-
€A ¢ TOJOKATEIEHOU MHUMOU 9aCThI0, TO (POPMYIY IS PACCTOSHUASL MEX Iy
TOYKAMH 2| U z2 MOXKHO 3allUCATH B clefyomeM Bue [6, 3amada 3.31]:

dt. Tlpambivu g paccMaTpUBaEMON

|22 —Z1| + |22 — 21|

plz1,22) =In |22 = Z1] = |22 — 21|

ITepenmem k pemenmio nynkra (b). B xoopaumarax (z,y) kpusas ~y(t)
nmeet Bug y(t) = (¢,1). HercTurensuo, o6pa3 »TOM HapaMeTPU30BAHHOU
KPUBOU KAKOW HyXHO, a ee IapaMeTp paBeH mauHe gyru. KacaTenbHas mps-
mas (JloGauesckoro) a(t) (x kpuson 7y(1)) B paccMaTpUBaeMON MO/IEIN ABIs-
eTca MomyoKpyxHOCTBIO 72 + y? = 1, y > 0. Berucams miumy ayru »ToM
HOIYOKPYXKHOCTH B MeTpuke JI06ageBCKOro, HaUAEM €€ MapaMeTPU3AIMIO:

p = <e2t71 2¢! )
a(t) = 2ty 12t 41)

Ucnonb3ysa NpuBeAeHHYIO BHIIIE (GOPMYILY AL PACCTOAHUA MEX Iy TOUKA-
MU, MOXHO ABHO BBIpasuThb p(7y(t), a(t)) gepes t. [lockonbky HaM HyXHA HE
cama dTa (PYHKIUA, a JIAIb €€ BTOPasd NPOU3BOAHAIL B HyJe, MOXHO YIIPOCTUTH
BBIMUCJACHUSA, PACKAAABIBAA (1) B pAA 0 § 1 0TOPACHIBAA WIEHBI TIOPAJKA, BbI-

me 2. [lomxyaaem a(t) = (¢,1— %) + o(t?). OTcoma

p(1(0),a(t) = (1 — L)+ o) = © + o).
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d2

B urore noxyaem oTser: i p(vy(t),a(t)) = 1.
t=

KOMMEHTAPUN. KpuBu3Ha KpWBOU B €BKJIUJAOBOM IIPOCTPAHCTBE OOBIT-
HO ONPEJEISeTCA KAK MOAYJIb BEKTOPA YCKOPEHUS TOYKH, NBUKYIIEACA BIOIb
DTOM KPUBOM C eJUHMYHOM II0 MOAYII0 CKOPOCTBIO. A KaK OIpeNeInTh
KPUBU3HY KPUBOU B (HEEBK/IMJOBOM» IPOCTPAHCTBE (T.e. B MPOCTPAHCTBE C
HEEBKJIMOBOU PUMAHOBOU MeTpukon)? MoXHO m 37€Ch OonpeeanTs ee Kak
[IMHY BEKTOPA YCKOPEHUS TOYKW, ABUKYIIEUCS BAOAb DTOU KPUBOU C €1U-
HUYHOW MO MOAYJIO CKOPOCTBHIO. HO Mid 3TOro Hago MO-HOBOMY OMpPEAETUTh
caMy omepanmio AudpepeHnupPOBaHUA B 3TOM mpocTpancTse. OKasbiBaeTcs,
HENMb3S ONPEAENUTh BEKTOD YCKOPEHMSA KaK BEKTOD € KOOPAMHATAMU, PaB-
HBLIMI BTOPBIM MPOUW3BOAHBIM KOODAUHAT TOYKK TO BpeMenu. Ompenenenue
(IIPABUIBHOWY — K08aAPuaHmHot — onepanuu auddepeHnuposanus cM. B [10],
[1, 1, § 28,29], [12].

B samade 2006-4 mpegmaraeTcsa eme ogHO (MeHee pPAaCHPOCTPAHEHHOE)
ompejeleHre KpUBU3HBI KpuBon. IIyHKT (a) Jums mokasbBaeT, 9TO B OOLIY-
HOU CHTYaIluu 3TO ONpEAeJeHne DPABHOCUALHO 0ObraHOMY. A B mymkTe (b)
npenIaracTCsa BBITUCAUTD 110 9TOMY OIIPDEACJICHUIO KPDUBU3HY KpI/IBOfI [ KOH-
KpeTHOro mpuMepa (6e3 Cnoas30BaHusI (GOPMyI KOBAPUAHTHOTO nuddepeH-
mupoBanud). OTMETUM, UTO TOIHO TAK XK€ KPUBU3HA KPUBOU MOXKET OBITH
omnpejeIeHa B JJI000M IPOCTPAHCTBE ¢ PUMAHOBOU METPUKOMN.
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