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IIpeguciaoBue

B nmocaegnue rogul nHTepec K TOMY, UTO HA3BIBAETCS (KBAHTOBBIE KOM-
IBIOTEPBDY , HeOOBIMaNHO BO3poc. M ges NCIoap30BaHNsT BO3MOXKHOCTEN KBAH-
TOBOI MEXAHUKH IPH OPraHMU3AlNK BBIYHUCICHNN BBEIMJSIUT BCE 6osee IpI-
BIEKATEIBHON, HAYATHl DKCIEPIMEHTAIbLHEIE PAGOTEL B 3TON 06JIaCTIH.

OaHaKO NepCHeKTUBL (PU3NIECKON PEATIM3AINN KBAHTOBBIX KOMIIBIOTE-
POB moKa coBepleHHO HescHBI. CKopee Bcero, 3To Ae10 HECKOABKIX JeCs-
TuaeTni. OCHOBHBIE JOCTHUKEHUS B 3TOH 06JACTH HOCSIT MOKA HHCTO MaTe-
MaTHYIECKIH XapaKTep.

DTa KHHUTA OpeJHA3HAYEHA I/ [ePBOHAYAJLHOIO 3HAKOMCTBA C MaTe-
MAaTHYIECKOIl TeOpHUell KBAHTOBBLIX BhIdncaeHunl. Jas ygobGcrTBa umraTens
BHaYaJe JaéTCA KPATKOE BBEJEHIIE B KJIACCHYIECKYIO TEOPIIO CIOXKHOCTH BhI-
YHCAEHIII. JaTeM I0APOGHO H3IaraloTCsl OCHOBLL TEOPUN KBAHTOBBIX BBITI-
CJIEHIII, BKJIOYasl OMNCAHNE OCHOBHBIX IM3BECTHBIX K HACTOSIIEMY BPEeMEHH
3PP EKTUBHBIX KBAHTOBLIX AT OPITMOB.

OCHOBY KHUTH COCTABIIN MaTepuaasl kypca «Kaaccuieckoe n KBaHTO-
BO€ BBIYHCIeHHey, mpodanTanHoro A. lllenem (kiaccumdeckne BBIYHCTIEHNS) I
A. KuTaeBbIM (KBaHTOBBIE BLIMHCICHNA) B BrICIIeM KOITeqKe MaTEMATHKI
HeszaBucumoro MockoBckoro yHuBepcuTeTa B BeceHHeM ceMecTpe 1998 r.
IIpu mogroToBKe KHUIHN TakXke HCIOJABL30BAINChL MaTepuaasl kypca Physics
229 - Advanced Mathematical Methods of Physics (Quantum computation),
koropeiil Bean [Jx. Ipecknan (John Preskill) mw A. Kuraes (mpm ygactun
A. JTangana (Andrew Landahl)) B KanndopHuickoM TEXHOTOMHIECKOM HH-
cturyTe B 1998-1999 yu. r.

Heob6xogumble qist 9TeHus >TON KHUTH 3HAHWUS HeBeanKu. B cymmoctn,
JOCTATOYHO 3HAHIA JHHENHON alareGpsl B 06beMe CTaHIAPTHOT O YHIBEDCH-
TETCKOr 0 KyPCa, 3JeMeHTAPHON TEOPUN BEPOSTHOCTEN, SIeMEeHTAPHON Te0-
PHI 9ncel I MUHUMAJIBHBIX IPEICTABICHIN 0 TEOPUH AITOPUTMOB (HAIpH-
Mep, UMeTh HABBIKH IPAKTHYECKOTO IPOrPAMMIPOBAHUS HETPUBHAILHBIX
AICOPUTMOB).

Oo6o03HaYeHNA

b 1 > <

Au3bloHKNNA (1ormdeckoe VJIN)

KOHBIOHKINA (Iorudeckoe I)

OTpHUIlaHIe

CIOKeHNe [0 MoAyaio 2 (a Takike IPAMAs CyMMa
JUHENHBIX IPOCTPAHCTB )

IMIIIKAIHA (IorIdeckoe c/leI0BaHue)
JOTUYecKas S3KBIBAJCHTHOCTD

MHO2K€ECTBO KOHETIHEIX CJI0B B aitdasuTre A
IyCTOH CUMBOI (Ipoben) B aadaBUTe MAIINHBL
Trropunra

dyEKINA TepexonoB MammUHLL ThLIOpUHTA
CBOAUMOCTE IpeaukaTos no Kapny (L cBogurces
K La) (c. 30)

cymecTByeT Taxoe dncao C, aro f(n) < Cg(n)
cymecTByeT Taxoe dncao C, aro f(n) > Cg(n)
To xe camoe, 1o f(n) = O(n°W)

KOHeYHOe TIOoJIe U3 ¢ IeMEHTOB

KOJBIIO BLIIETOB IO MOIYJIIO 7

aJAUTUBHASL UPYIOa kKoabua Z/nZ
MyJIbLTUILITAKATABHAS TPYIINa 06pATHMEIX
sneMeHTOB Z /nZ

(= Hom(FE,U(1))) — rpyunna xapakTepoB abereBoll
rpynosl F

CUMILTEKTUIeCKasa TPYIHa Hajg moaeM [y
pasmeprocTH 7 (c. 131)

pacImpeHHas CUMILIEKTHIeCKAasa TPYIIa Hal IoJeM
IFy pasmeproctu n (c. 130)

MHOK€ECTBO KOMILIEKCHBIX IHCE

KOMILIEKCHOE COTpPAKEHIE

rpyla YHUTAPHLIX OMepaTOPOB Ha
mpocTpaHcTBe M
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CrenmaIbHas YHATapHasd TPYINa Ha
mpocTpaHcTBe M

CIeInmaIbHas OPTOT OHAALHASA TPYIA Ha eBK/IMI0OBOM
mpocTpaHcTBe M

IPOCTPAHCTBO, IIOPOXKJACHHOE BEKTOPaMH a, b, . . .
IPOCTPAHCTBO JUHENHEIX (PYHKIHOHATOB

Ha mpocTpaHcTBe M

n-s1 TEH30pHAA CTEIleHb

IPOCTPAHCTBO JMHENHEIX ONepaTopoB Ha M
IPOCTPAHCTBO JAMHENHLIX oTobpaxernut u3 N B M
KaIaccudecknit 6ut (MuOXKecTBO {0,1})

KBaHTOBHII 6uT (q-6uT, mpocTparcTBo C? — c. 48)
6pa-BexTop (c. 51)

keT-BekTOD (C. 50)

CKaafpHOe MTPOU3BeTeHIe

SPMUTOBO CONPAKEHHLIN OMePaTOP

o6paTumoe xonuposanue 6uTa (Controlled NOT)
(c. 55)

obpaTuMas PYHKINA, COOTBETCTBYIOAA OyJIeBON
dyukumn f (c. 54)

TOKIECTBEHHLII ONMEpaTop Ha MpocTpaHcTBe L
YHUTAPHBIA OEPATOP, COOTBETCTBYOIIAN
nepectanoske G (c. 54)

omepaTop U ¢ KBAHTOBEIM ynpasieHueM (c. 58)
IPOeKTOp (OmepaTOp NPOEKTHPOBAHNA) Ha
noaIpocTparcTBo M

., pn, Bn) Gasucuble omepaTophl Ha mpocTpancTse B (c. 128)

mpeoGpazoBaHme MATPUI INIOTHOCTA p — ApB
(c. 123)

omepaTop, AeUCTBYIOMME Ha KBAHTOBLIA PETHCTP
(MHOKeCTBO ¢-6uTOB) A (c. 52)

YACTUYHBIN CIeJ OT omepaTopa A mo
npocrpaucTy F (c. 77)

HOpMa BekTopa (c. 62) mim omepaTopHas HOpMa
omepaTopa (c. 62)

caefoBas HopMa (c. 121)

HOpMa s TPeo6pa3OBAHNN MATPUIl INIOTHOCTH

(c. 123)

MOIITHOCTE MHOXK€CTBa UJIN MOOYJAb IHCIA

dik cumBot Kpomrexepa

xs(°) XapaKTepUCTHIecKas (pYHKINA MHOXKECTBa S
(z,9) HanOOIBIINI OO JeJNTeIb T I Y

a=b (mod q) CpaBHEHHE IO MOIYJIIO ¢

a mod ¢ OCTATOK IO MOJYIIO

IpejcTaBleHNe PANOHATLHOTO Uncia a/b B Buje
] HEeCOKPaTUMOl apobu

Pr[A4] BEPOSATHOCTH cOOBITUA A

P(-]") YCJIOBHAS BEPOATHOCTD (B Pa3IMIHLIX KOHTEKCTAX)
P(p, M) KBaHTOBasA BEPOATHOCTD (. 76)

Obo3navenus mampuy:

1 /1 1 (10

=) =0
MmaTtpuns! layan: o° = 0 1 oY = 0 —i o’ = L0
PIIEE Hay —\1 0/ —\i 0) —\0 -1

O603HCL%€HUJ£ CAOHCHOCTMHBIL KAACCOB6!

p (c. 20) MA  (c. 104) BQNP  (c. 104)
P/poly (c.23) I, (c. 42) PP (c. 72)
BPP  (c. 36) Sk (e 42) PSPACE  (c. 20)
NP (c. 28) BQP (c. 72)



Bregenne

Bce xoMuboTepHl, HAMNHAS OT TaK U He IOCTPOEHHOI «AHAIUTHYECKON
Mammeeny Japabsa B>66ngxal) n xomuas Cray’eM, OCHOBAHBI Ha OJHIX I
Tex xke npuHnunax. C JIOrmIeckoll TOYKH 3PEHUS KOMIILIOTED COCTOUT II3
6uTOB (ImepeMeHHBIX, IPHHUMAMNX 3Hadennusa ( man 1), a mporpamma —
5TO MOCAEIOBATEILHOCTD ONEPAIN, KaXKJasd U3 KOTOPBIX HUCIOJIL3yeT He-
6oublmoe «ncao 6uroB. Konewno, HOBble KOMIBIOTEPH PaboTal0T OBICTpee
CTApBIX, HO MPOrPECC B 3TOM HAIPABICHUN HMeeT mpegel. TpyaHo mpej-
OMOKUTh, ITO Pa3Mep TPAH3UCTOPA I AHAJOTHYHOIO JIEMeHTa OyJeT
menbie 1078 cu (guameTp aToMa Bogopoda), a paGodas 1acTOTa — GOIb-
me 10! I'm (qacToTa aTOMHBIX mepexooB). Tak 9To gaike CyNePKOMIIBIO-
Tepbl OYIYLIErO He CMOTYT DelIaTh BBIYHUCINTEJILHBIE 3aJa<ll, NMEOIIe
IKCNOHEHYUAADHYKW CIOKHOCTH. PaccMOTpUM, HAIPUMED, 3a4a<My O Pasio-
JKEHHH LeI0T0 HICAa & Ha IPOCThle MHOXKUTeIn. QUeBHAHBIN cHOCOO —
5To moNpPo60BaTh Pa3eIuTh T Ha IHCIa OoT 2 10 +/z. Ecam 4mcio z umeet
n 3HAKOB B IBOWYHON 3aINCH, TO NPUAETCA MepebpaTh ~ /T ~ 27/ pa-
puanToB. CymecTByeT XUTPOYMHBIA aJTCOPUTM, PELIAIOIINT TY XKe 3a1ady
npumMepwo 3a exp(cn'/?) maros (¢ = const). Taxe B 3ToM cay€ae, ITOGH
PAa3J0XKUThL Ha MHOKITEIN 9UCIO I3 MIJLINOHA 3HAKOB, He XBATUT BPEMeHN
xm3Hn Beemennon. (BosmoxkHO, ecTb u Goxee >P@eKTHBHBIE aIrOPUTMBL,
HO OT DKCIOHEHTHI, I0-BUAUMOMY, H36aBUTLCA HE yAACTCA.)

CyuiecTByeT, OHAKO, APYTOH CIOCO6 YCKOPUTH IPOIECC BBITICAEHHS
[JIs1 HEKOTOPHIX CIEeNHAJBbHBIX KJIACCOB 3ajdad. [le1o B TOM, 4TO OOLITHBIE
KOMIIBIOTEDEL He ICHOIb3YIOT BCEX BO3MOXKHOCTEN, IPEJOCTABILEMBIX IPI-
POJON. DTO YTBEPXK JEHIIE MOKET IMOKA3ATHCSA CAMIIKOM OYEBHIHBIM: B IIPI-
pPOJe eCTh MHOXKECTBO IIPOLIECCOB, COBEPIIEHHO HEIMOXOXKIX HA OIEPAIIH C
HyaaMu U eguHInaMin. MoOXHO HONBITATBCS HCHOAB30BATL 3TH IPOIECCHL

1)B366M;[>K Hada/J paboTy Hal NPOeKTOM «aHAJINTUYeCKON MallMHLD B 1833 romy.
[Ipenoaaranock, 4T0, B OTIUYNE OT y¥Ke CYIIECTBOBABIINX B TO BPEMS BHIYUCAUTEIb-
HBEIX YCTPOUCTB, 3T0 6y IeT yHUSEEPCaabHblll KOMIbIOTep. Ba66u 1K nocBATII pa3zpaboTke
KOMIIbIOTepa BCIO JKU3Hb, HO €My TaK H He yZa/loCh OCYyWeCTBUTH cBoto MedTy. (Boaee
npocTad, HO HeyHUBepca/dbHad ¢«pa3HoCTHad MallliHay 6b11a IOCTPpoeHa 9acTUYHO, HO TPO-
eKT 6B BHOJIHE peaaucTudeH — B 1991 rogy mMaminHa 6bL1a ITOJHOCTBIO BOCIPOU3BeIeHA
o YepTexXam B3661/1;[>Ka.)

BBEIEHUE 9

[ CO3JAHNsS AHAJIOTOBONI BBIMHCINTEABLHON Maimnmusl. Hampmmep, umarep-
(depeHIU cBETA MOKET HCIOAb30BATLCS IS BEIUUCICHIS NPeo6pa30BaHms
Dypre. O gHaxo B GOABUINHCTBE CIyYaeB BBIUTPLIIL B CKOPOCTI HE SIBJASETCS
IPUHININAILHEIM, T. €. c1a60 3aBUCUT OT pa3dMepa ycTpolicTa. [Ipudmua
3aKMTI0UAETCI B TOM, UTO YPAaBHEHHA Kdaccuueckot (usmkn (Hampumep,
ypaBHeHns MaxkcBemna) >O(EKTHBHO PEMIAOTCS HA OOBITHOM HIH(POBOM
xoMmmboTepe. Uro 3uavnT s3¢gpPextuBuo? Borancaenne narepdepeHINORHON
KapTHHBI MOXKET 3aHATh B MILULINOHEL pa3 GOJIbINe BDEMEHN, €M PealbHbIl
SKCIEPUMEHT, IOTOMY YTO CKODOCTH CBeTa BeINKAa, & NINHA BOIHBI MaJa.
OaHAaKO ¢ yBeIWYeHNEeM pa3zMepa MOAEIINPYEMON (PU3UIECKON CHCTEMBL KO-
JNYECTBO HEOOXOAUMBIX BBIUUCANTEILHBIX ONEPALUN PACTET He CIMIIKOM
OBICTPO — CTENeHHBIM, IIN, KAK IPIHATO FOBOPUTH B T€OPHH CI0KHOCTH,
noauHoMuaabHbiM 06pazoM. (Kax mpapmio, 9mCIO Olepanuil IPONOPINO-
HaJIbHO BeamdnHe Vi, re V — 06BéM, at — BpeMi.) Takum o6pazom, Kaac-
cuvyeckas (PU3UKA CIUIIKOM (IIPOCTa) C BBEIUHUCINTEILHON TOYKH 3PEHNS.

KpanToBas MexaHIKa yCTPOEHA B 3TOM CMBICIE ['OPa3Jo HHTEDECHEE.
PaccmoTpum, Hanpumep, cucremy u3 n cunmHoB. Kaxaoil cume oGaagaer
ABYM#A 6a3HCHBIME cOCTOAHUAMHE (0 = «CHHH BBepX» U 1 = «CHHH BHH3»), a
BCA cucTeMa uMeeT 2" 6a3uCHWT COCTOSHHUI |%1,...,&L,) (Kaxias U3 me-
PEMEHHBIX %1, ..., &L, OpuHnMaeT 3HadeHne 0 mam 1). Coraacso o6mum
OPUHINIAM KBAHTOBOH MEXAHNKIN, BO3MOKHBIMI COCTOSHUSIMI CHCTEMBI
ABISIOTCA TAaKkKe CYnepnosuyuu BIIA lexn Cov,own |1y Tn)y THE
Ceq,.. @, — KOMILTEKCHBIEC €IC/Ia, HA3BIBACMBIE AMAAUMYJIdamu. SHAK CYM-
MBI 3[€Ch HYXKHO MOHHMAaTb 4uCTO (popMmaibHo. Cymepmo3uius sBiaseTcs
HOBLIM MaTeMaTHIeCKHM O00BEKTOM — BEKTOPOM B 2"-MEePHOM KOMILIEKC-
HOM HPOCTpaHcTBe. KBaapaT MoAyls aMIINTYABL, |Cz,  ..|?, PaBeH Be-
POATHOCTH OGHADYKHUTEL CHCTEMY B GA3UCHOM COCTOSHUN |Z1,...,&Ly) IPH
I3MEDEHNN 3HAUeHHN HepeMeHHBIX &;. (OTMeTHM, 4To Takoe H3MepeHHe
paspymaet cyneprosnnmio.) CieIoBaTelbHO, TOMKHO BBIIOIHATHCA YCIO-
BHe le,...,xn lczr,. wn]? = 1. UTak, obuee cocToAHNe CHCTEMEL (T.e. Cy-
[ePIO3UNNA) — ITO BEKTOD €FUHNYHON JINHBL B 2”-MePHOM KOMIITEKCHOM
npocTpancTBe. lIaMeHeHne COCTOSHIIA 3a ONPEAEIEHHLIN IPOMEKXYTOK Bpe-
MEHH OIUCLIBACTCA YHUTAPHOU MaTpuien pasmepa 2" x 2. Ecam mpome-
KYTOK BpeMeHH odeHb Max (& fi/J, rge J — sHeprus B3anMoJeHCTBHA),
TO 3Ta MATPHULA YCTPOEHA JOCTATOYHO IPOCTO; KAKABIN U3 €€ DJIEMEHTOB
MOXKHO JIET'KO BBIYICANTD, 3HAS B3aIMOJEHCTBIE MeXKIY cauuHamu. Ecian xe
MBI XOTHM Y3HATDL HU3MEHEHIE COCTOSHIS CUCTEMEL 3a GOJIBINON IPOMEXKY-
TOK BPEMEHH, TO NPUAETCA IePEMHOKATE TaKie MaTpuusl. Juas 3Toro Tpe-
OyeTcsa DKCIOHEHINAJBLHO OOJBINOe HICAO onepanuil. B macTosinee Bpems
HEM3BECTHO HUKAKOT'O CIoCO0a YIPOCTUTH JAHHOE BBIMUCIEHNE II, CKOpee
BCEro, MOJEINPOBAHNE KBAHTOBOI MEXAHIKI SBIAETCS SKCIOHEHIMAILHO



10 BBEIEHUE

CIOKHOU BBIYUCJAUTENILHON 3agadell. QIHAKO TO XKe caMOe yTBeDKJeHue
MOXKHO c(POPMYJIUPOBATL MHAYE: KBAHTOBasg cucTeMa 3PPEeKTUBHO «PeLla-
eT» CIOKHYIO BEMHUCINTEILHYIO 3a0a4y — MOJEINPYeT caMy cebs.

MoXHO /[ HCHOIB30BATH KBAHTOBBIE CHCTEMBI JJs PELIEHIA APYTUX
BBIMUCINTEABHBIX 3aga4? KakoBa JoaxHA OBITH MaTeMaTHYecKas MOIEIb
KBAHTOBOI'O KOMIIBIOTEPA, B TOH XK€ CTEIeHN He 3aBICSIINASI OT (PU3NIeCKON
pealm3amm, 9To I MOJEIN KIACCHYeCKIX BBIYHCIeHHA?)? DTH BOIPOCHL,
IO-BIJUIMOMY, BIlepBble Oblan nocrasiaenbl B kuure K. I1. Maununna «Boramn-
caumoe u HeBbrancanmoes (1980 r.). OHn o6cyxgaanck Takxke B paboTax
P. ®enumana u apyrux asropos. B 1985 rogy . douu [27] npegrtoxmi
KOHKDETHYIO MaTEMAaTHIeCKYI0 MOJeJb — KBAHTOBYIO Mamnuy Teoopunra,
a B 1989 rogy — >KBUBaIEeHTHYIO, HO 6olee yI0OHYIO MOJeIb — KBAHTOBLIE
cxeMHl [28, 47].

Yro Taxoe xBanToBas cxema? IlycTh B HaIlleM pacHOPAXKEHUN HUMEETCS
N cOnHOB, KaX BN U3 KOTOPBLIX HAXOJUTCSI B OTIEIBLHOM SIINYKE K ITe-
aJbHO M30INPOBAH OT OKPYKAIOIIET0 MIpPa. B KaXILIII MOMEHT BDeMeHH
MBI MOXK€M BBEIODATH, [I0 HAIlEMY YCMOTDEHU, J00ble IBa CINHA U IIOJell-
CTBOBATHL HA HUX J0601 yHuTapHon MaTpuuel 4 x 4. [TocaregoBaTensroCTh
TaKIX OMEPALUN HA3BIBAETCA K6armosol cremoti. Kaxgas oneparus ompe-
JelsieTCss MapOl HOMEPOB CIHUHOB I LIECTHAIUATHI0 KOMILUIEKCHBIMHI TIICAA-
MH, IO3TOMY KBAHTOBYIO CX€MY MOXKHO 3allcaTh Ha Gymare. DTO CBOEro
poJa mporpaMma I KBAHTOBOI'O KOMIIBLIOTEDA.

YT0GH HCIOIb30BATbL KBAHTOBYIO CXEMY JIf BEIMHCICHHS (QyHKIuE®)
F: B — ", HyXHO yMeTL BBOAUTH BXOJHBIE JaHHLIE, IPOJEIBIBATL BhI-
MHCAEHIA I CINTBIBATH Pe3YyJAbTAT. BBecTH B KBAHTOBBEIN KOMIBLIOTED IIO-
CIEJOBATEILHOCTS (£1, . . ., ¥y ) HYTeH I €JUHUI — 3Ha4NT IPUTOTOBHTH Ha-
JaIbHOE COCTOSAHMUE |Z1, ..., %, 0,...,0). (O6BEM BXOIHBIX JAHHBIX N OOBIY-
HO MeHbIIE O0IIero KOINIeCTBa (A9eeK IaMsATHy, T. €. ciuuuos, N. Ocrasumm-
€CsL AIeNKN 3aN0NHATCA HyaaMmi. ) K HadalbHOMY COCTOAHNIIO IPUMEHAeTCA
KBAHTOBAs CXeMa, 3aBUCALIAA OT pewaemoti 3adauu, HO He 0T KOHKPETHBIX
BXOJHBIX JAaHHBIX. B UTOre Bo3HUKAaeT KBAHTOBOE COCTOSHIE

(@t m)) = S e @1 za) [0 ),

Y1,--HYN

2) Haun6onee uspecTHON MaTeMaTHYeCKON MO I€JbIO OBGBIYHOTO KOMIIBIOTEpa ABJACTCA

mammHa ThiopuHra. BoabIIIHCTBO MOJENEH N 0AUHOMUAALHO IK6UEAAEHMHbL TPYT ADYTY,
T.e. 3ajaqa, paspemmMan 3a [ maros B oTHOW MoOJedH, paspemmMa 3a cL® maros B
IPYTrof Mogean, Tae ¢ U k — KOHCTAHTEL.

3) Jlio6as BHMMCINTEIbHAS 3a0a4a MOKET GbITh MpecTaBIeHa B TakoM Buge. Hanpn-
Mep, eCIi MEl XOTHM pellaTh 3aJady O Pa3/JoyKeHHH e0r0 Yucia & Ha MPOCTEE MHOXKHU-
Tean, To (%1, ...,%n) = (B fBONIHON 3anucH), a F'(x) — cINCOK NPOCTEIX MHOXUTETEN
(B HEKOTOPON TBOMYHOU KOLHPOBKE).
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3aBucAmee oT (#1,...,&,). Temepp HyX&HO cunmTaTb pesyabrar. llpen-
molaraeM, ITO OTBET JOMKEH CONEPEKATBHCA B MEPBLIX M OWTax CTPoO-
Ki (Y1,...,YN), T-€. MBI HIeM Takue (Yi,...,Ym), 9T0 (Y1,...,Ym) =
= F(z1,...,%,). J1a moxydeHus oTBeTa NPOU3BOAUTCA H3MepEHHE 3Ha-
“IeHHUI BCeX CIUHOB. Pe3yIbTaToM H3MepeHHA MOKET OLITh L0604 IOCTe-
JZOBaTEILHOCTb HyJdell n eZusaul (yi,...,Yn), 6EPOAMHOCTIL TOLYIATH €6
paBHa |cy, yn (71, .., 2,)|?. TaxuM 06pa3oM, KBAHTOBBII KOMIIBIOTED MO~

JKeT, C HEKOTOPOU BEPOATHOCTHIO, NaTh JAI000H OTBeT. KBaHTOBas cxeMa

ABAACTCA (IPABUILHO AAs TAHHOW (PYHKIMH F, ecin TPaBUILHBLII OT-

BeT (Y1,...,Ym) = F(#1,...,2,) MOIYyIaeTCA C BEPOATHOCTHIO, JOCTATOU-

HO OJU3KON K eqWHHUIlE. IIOBTOPUB BCE BBEIYUCTIEHNE HECKOILKO pPa3 U BBI-

6paB TOT OTBET, KOTOPEII BCTPEIAETCA Tallle, MOKHO CHU3UTEL BEPOATHOCTD

OommMOKU [0 CKOb YTOJHO MAJOW BEJMIHHEL.

Mer Toabpko 9TO cQopMyInpoBaIn (0Omyckas HEKOTOPHIE MOAPOGHOCTH)
MaTeMaTHIeCKylo MOJelb KBAHTOBOTO BLIYHCIEHHUA. Temepb eCTeCTBEHHO
3aJaTh ABa BOIPOCA.

1. [das xaxkux 3agad KBAHTOBOE BEIYHCIEHUE NAeT BHIUTPHIII IO CPABHEHIIO
C KIaCCUIeCKAM !

2. Kakxymo cmcTeMy MOKHO HCIOIbL30BATEH A (PU3UIECKOH peadu3allin
KBaHTOBOT 0 KOMIbI0Tepa? (DTOo He 063aTeNbHO JOIKHA OLITH CHCTEMA
CIINHOB. )

ITo moBOAY TEPBOrO BOIPOCA Cellac M3BECTHO CAeAyIollee. Bo-TepBhIX,
Ha KBAHTOBOM KOMIIBIOTEDE MOXKHO MOJEINPOBATH JIOOYI0 KBAHTOBYIO CH-
CTEMY 32 NOAUHOMUAALHOE HTHCIO INATOB. DTO MO3BOANT (PN HaIHYHN
KBaHTOBOT'O KOMIIbIOTEDA) NPEICKA3BIBATL CBONCTBA MOJIEKYTI U KPUCTAI-
JI0B, TPOEKTUPOBATH MUKPOCKOMNIECKIE 2TeKTPOHHLIE YCTPOUCTBA pa3Me-
POM B HeCKOIBLKO ecaTkoB aHrcrpeM. (Celduac Taxme yCcTpoHCTBa Haxo-
OATCA Ha Tpefege TeXHOJOTHYECKIX BO3MOKHOCTEH, HO B OyIYyIeM OHH,
BEPOATHO, OyAYT HPHMEHATHCA B OOBIMHBIX KOMIbIOTepax.) Bropol mpn-
Mep — pa3foXKeHHe Ha MHOXKWUTEIN U aHAJOTHIHLIE TeOPEeTHKO-INCIOBHIE
3a0ati, cBA3aHHble ¢ abeneBriMu rpynnaMu. B 1994 roay II. Iop (P. Shor)
IPIIYMAT KBAHTOBEIN AIr0opUTM?Y), MO3BOIAIONII PAa3I0KITh Ha IPOCTHIE
MHOKTUTeTH “mcao u3 n 3Haxos 3a n°(logn)* maros (k = const). DToT
KPACHBBEIII Pe3yabTaT MOXKET HMeTL CKOpee BpelHOe, 9eM I0Je3HOE MPHU-
MeHEeHWe: pa3Jaras IucIa Ha MHOKUTENIN, MOXKHO II0A0MpaTh KAKYN K IIH-
dbpamM, DOIAeTbIBATE 2IEKTPOHHBIE MOANNCH U T. . (Bupodem, TpygrocTn
Ha IIyTH CO3JaHUA KBAHTOBOIO KOMIIBIOTEPA CTOJb BEIUKH, ITO B TeIeHUE

4) Ecau ne BAaBaTbCA B TOHKOCTH, KBAHTOBLIN ajdqropuTM — 3TO TO XK€ caMoe, 4YTO
KBaHToBad cxeMa. OTJINYNEe COCTOUT B TOM, 9TO CX€Ma OollpeaeJecHa OJad 3alavdu (bI/IKCI/I—

poBaHHOIO pa3Mepa (n = const), a aJlOPUTM ONPENENEH JId BCEX 1L CPA3Y.
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Gamxannmx 10 1eT moap3oBaTenn mudpoB MOTYT CIATh CIOKOHHO.) Tpe-

THH OPUMep — 3TO MONCK HYKHOU 3allCH B HEYIOPSIOIeHHOU Gaze gaH-

HBIX. 3/eCh BB DI He CTOJIb 3HAYUTENEH: [/ HAX0XK JeHNs OJHOU 3alICH

m3 N TpebyeTca mopaika /N omepanmil Ha KBAHTOBOM KOMIBIOTEDE BMe-

cro N omepamnun Ha kiaaccudeckoM. Ha 5ToM cHICOK M3BECTHBIX NPUMEDPOB
3aKAHYNBAETCA — He MOTOMY YTO KBAHTOBBIE KOMIIBIOTEDHI O€CIOJE3HEL

[Js APYTUX 3a7at, a MOTOMY 9TO TeOPUs KBAHTOBLIX BBHIMUCIEHII [TOKA He

paspaborana. BygeM HagesTbCs, 9TO CKOPO MOABATCS HOBBlE MaTeMaTHIe-

CKIe IjJel, KOTOPLIE [MO3BOIAT NPUAYMATEL HOBBIE [IPUMEDHI.

Puzuieckas peann3anua KBAHTOBOI' 0 KOMIIBIOTEPA — IPE3BLIYANHO HH-
TepecHasl, HO CIOXKHas 3ajada. EIE€ HeCKOIBKO JeT Ha3a[ BHICKA3LIBAJINCH
COMHEHUS B €€ NPUHINNHAJLHON paspemmnMocTH. Je1o B ToM, 4T0 aoboe
VHITAPHOE NPeoGpa30BaHme MOKHO PEATIN30BATE JNIIL C HEKOTOPOH TOTHO-
crrio. KpoMme Toro0, cClicTeMY CIITHOB WIN AHAJOMMYHYIO KBAHTOBYIO CHCTEMY
HeAb3sl HOAHOCTBIO 3Al[UTUTL OT BO3MYIIEHHH CO CTOPOHBI OKDYIKAIOIIEN
cpeasl. Bcé 3T0 1oaxHO IPHBOAUTE K HOCPELIHOCTSIM, KOTOpPBIE OYAYT Ha-
KaIIIBATBCA B Ipolecce Bulducienus. Uepes L ~ 67! maros (rge § —
TOYHOCTb KaXKIOTO YHHTAPHOTO NPeOGPa3’0OBAHNU) BEPOATHOCTH OMINOKH
CTaHeT Nopsgka efuHUULL. K cqacThio, 3Ty TPYAHOCTD MOMKHO IPEOJOIETh,
UCIOAB3YA K8aAHMOEbE Kodbl, ucnpasasouwue owubku. B 1996 roxay I1. Illop
IPEeIIOKILL CXeMY KOPPEKINN OMMGOK B IPOIECCe KBAHTOBOI'O BBIMHUCICHIS
(fault-tolerant quantum computation), koTopas Gbl1a BCKOpe yCOBepIIEH-
crBoBaHa. QOKOHYATENBLHBIN Pe3YILTAT COCTOUT B caeayiomeM. CyimecTByeT
HEKOTOpOE TOPOTrOBOe 3HAMEHNE TOTHOCTH Jp, Takoe ITo mpu & < dy BO3-
MOXKHO CKOJb YTOTHO AINHHOE KBAHTOBOe BhIuucieHne. Oauako npu d > &y
OMNGKY HAKAILINBAIOTCI OBICTPEe, €M X yAA€TCsa HCIpaBiasiTh. [To pazubiM
onenkam, Jg aexuT B uaTepsate oT 1072 1o 10~° (TouHOE 3HATEHME 3aBUCHT
OT XapaKTepa BO3MYINEHHH H NCIOIB3YEMOH CXeMBI KOPPEKINH OIINGOK ).

Urak, npuryunuais Hole TPENSITCTBAN 105 PEATI3ANNI KBAHTOBOI O KOM-
npioTepa HeT. QIHAKO 3aJa4a CTOAb TPYAHA, ITO €€ MOXKHO CDABHUTH C 3a-
Jadell 06 yIpaBiseMoOM TePMOsIIePHOM cuHTe3e. B camom gese, He06x0 1Mo
VAOBIETBOPUTD HECKOIBKHUM [IOYTH HECOBMECTUMBIM TPeGOBAHIIAM.

1. DaeMeHTH KBAHTOBOI'O KOMIBIOTEPA — KBAHTOBBIE OUTHL (CIHHEL AN
YTO-TO NOJOOHOE) — JOMKHLI OBITH H30ANPOBAHEL APYT OT APYTa H OT
OKDPYKAOIIEN CPebl.

2. Heo6xoamMo uMeTh BO3MOXKHOCTE H30MPATEILHOIO BO3JeHCTBHS HA [a-
Py kBaHTOBHIX 6uTOB. (Bo3MoxHO, mOTpebyeTCs HECKOABKO THIIOB BO3-
JEACTBIA HA OJHY U Ty XKe [apy, ONUCHIBAEMBIX PAa3INYHBIMEI YHITAD-
HBIMH OIlepaTOPaMIL. )

3. Kaxapll U3 yHHTAPHBIX ONEPATOPOB JONKEH OLITH PEAJN30BAH C TOU-
HOCTBIO 0 < Jp (CM. BbIme).
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4. Peanmsyemble omepaTopbl JOMKHBEI OBITH JOCTATOYHO HETPUBHAJILHEL.
Towuree roBOps, OHU JOIKHBI 00PA30BLIBATD NOAHBIL 6a3UC, ITOOHI I10-
601 IPYTOU OIEPATOP B OIPEIEIeHHOM CMBIC/IE BHIPAKAICA Uepe3 HUX.
B macTosee BpeMs CYIeCTBYeT HECKOABKO IIOAXO0I0B K IpobaeMe pea-

JM3AINN KBAHTOBOIO KOMIIBIOTEDA.

1. OTgeabHBIe ATOMBI WIN MOHEL. DTO IepBas U HamboJee XOPOLIO pa3pa-

6oTaHHas ujes, OHA CYIIECTBYeT B HeCKOJILKNX BapumanTax. [lis mpexcra-

BJIEHUSI KBAHTOBOI O 6UTA MOKHO ICIOJIb30BATE KAK OOLIYHEIE 3IeKTPOHHBIE

VPOBHH, TaK I YPOBHU TOHKOWU I CBEPXTOHKON CTPYKTYpHL. IIMeercs skc-

IEePUMEHTAJILHAS TEXHUKA, [T03BOJAIONAS VIePKUBATEL OTAIbHEIN HOH N

aTOM B JIOBYIIKE II3 MOCTOSHHOTI'O MATHUTHOLO WIN IEPEMEHHOIO BIEKTPI-

YeCKOTO IO B TeUeHHe MINTEILHOrO BpeMeHm (mopsgka 1 waca). Mom

MOKHO (OX/JIaANThL» (T. €. MOMacHTh KodeGaTelbHOe JBIKEHNe) IPH ITOMOIILN

JazepHoro Jayda. llogbupas JANTEIBHOCTH I YaCTOTY JIa3€PHBIX HMIIY/Ib-

COB, MOXHO [IPUCOTOBUTE NPOU3BOJILHYIO CYNEPIO3UINI0 OCHOBHOI'O I BO3-

O6yxaéunoro cocrosuni. TaxkuMm o6pa3zoM, yOpPaBIATb OTAEIbHBIM HOHOM

JOCTATOYHO JerKO. B IOBYLIKY MOXKHO TakkKe IOMECTUTh IBa WIN GOJbIIee

“IICJI0 MOHOB HA PACCTOSHII HECKOJIBKO MUKDOH APYT OT APYTa I YIPaBIsITh

KaXxIbIM U3 HHX B oTgeabHocTH. QJHAKO OPraHM30BAThH B3AaIMOJEHCTBIE

MeXK Ay HOHAME JOCTATOYHO TPYAHO. st 3TOIl e IpeiaokKeHO HCI0Ab30-

BaTh KOMIEKTHBHbIE KOIe6aTeIbHble MOAbl HOHOB (OGBIMHbBIE MEXAHNTECKIe

KOJIeGAHNA ¢ TaCTOTOH B HECKOABKO Merarepr). JIpyroi cnoco6 (pas Hell-

TPATbLHBEIX ATOMOB): IOMECTHTH ATOMBL B OTAEIbHBIE 3JI€KTPOMATHUTHLIE

PE30HATOPHL, CBA3aHHBIE IPYT ¢ APYTOM (IOKA HEMOHATHO, KaK DTO Peailn-

30BaTh TexHHYecKH). HaxoHem, TpeTHH cmoco6: mpH HOMOIIH HECKOIBKHX

Ma3ePHLIX Iy9ell MOKHO CO31aTh IePHOANIeCKNN TOTeHInAl («ONTHIECKYIO

peméTKy» ), yAepKUBAIOIINNT HeBO30Y K IEHHEIE aTOMBL. IIpH 5TOM BO3MOX-

Ha CUTyalusd, KOrjJa Bo30yXKIEHHBIE aTOMBI MOT'YT CBOGOLHO ABHCATHCA.

Taxum o6pazom, Bo3OyxKIas Ha KOPOTKOe BpeMs OJUH II3 ATOMOB, MBI 3a-

CTABJSIEM €0 B3aIIMOJEHCTBOBATDL C COCEASIMI. JTO HAIIPABICHIE SKCIEPH-

MEHTAJIbHON (PU3UKN celdac GBICTPO PA3BUBAETCS U, MO-BHANMOMY, IMEET

6OJIBIIIIIE [TEPCIEKTHUBEL.

2. SfpepHBEIN MATHMTHBLIA Pe3OHAHC. B MOJEKY/Ie C HECKOTLKIME Pa3AUUHbL-

MU SAEPHBIME CIIHAMIE IPON3BOJIBLHOE YHETAPDHOE IPe0obpa3oBaHlle MOKHO

Pealn30BaTh NPH IIOMOLIN IOCAEJOBATEILHOCTH IMIYJIbCOB MAaCHUTHOLO

moas. DTO 6BLIO NPOBEPEHO JKCIEPIMEHTAIBLHO IPH KOMHATHOU TeMIIe-

paType. OgHAKO OIS NIPUCOTOBIEHIS HAYAIBHOIO COCTOSHIS HeoGXO0TIMa

TemmepaTypa < 1073K. IloMuMo TpygHOCTeH ¢ OX/IakJeHIeM, IpH TaKoi

TeMIlepaType BO3PACTAIT HeXKelaTelbHblE B3aIMOeHCTBHISI MOJIEKYI APYT

¢ apyroM. Kpome Toro, HeNOHATHO, Kak M36UpPATEILHO BO3JeACTBOBATL HA

JAHHBII CIUH, €CIH B MOJEKYJ€E €CTh HECKOJIBKO OJUHAKOBBIX CIIIHOB.
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3. CucTeMBI CBepXIIPOBOJAIMX I'PaHyd. 1IpH CBEPXHU3KUX TeMIIepaTypax
eIUHCTBEHHON CTEleHBI0 CBOOOALI MHUKPOCKOIHYECKON CBEPXIIPOBOIAIIEH
rpaHyisl (AnaMeTPOM B HECKOJIBKO COTEH aHTCTPEM) SBIAAETCA €€ 3apsi.
OH MOXeT U3MEHATHCA Ha BEIMYHHY, KPATHYIO TBYM 3apAgaM 3JIeKTPO-
Ha (IHOCKOTBLKY JIE€KTPOHBI B CBEPXIPOBOJHUKE CBA3AHBI B mapsl). Memnas
BHEITHUN 3IeKTPUIeCKUN MOTEHIHNAJL, MOKHO JOOMTLCA TaKOW CHTyalluHm,
KOT[a 0Ba 3apANOBEIX COCTOSHHUA OYIyT UMETh IOYTH OJAMHAKOBYIO SHED-
ruo. JDTH 0Ba COCTOAHUSA MOKHO HCIOMB30BATh B KadecTBe OA3ZUCHBIX CO-
CTOAHUI KBAHTOBOTO OUTa. I paHy/Ibl B3aHMOENCTBYIOT MeXIYy COOOH Io-
CPeICTBOM AKO03e(PCOHOBCKNX KOHTAKTOB U B3ANMHOW 3IEKTPUIECKON €M-
KOCTH. DTHUM B3aUMOJEICTBIEM MOXKHO ynpaBiaTb. OCHOBHAA TPYIHOCTD
COCTOUT B TOM, ITO HYKHO YIPABIATH KaiKJOU TPAHYJION B OTAeILHOCTH,
OpHUYIeM C BLICOKOU TOTHOCTLIO. 110-BHANMOMY, 3TOT IIOIX0 MePCHeKTUBEH,
HO /I eT0 peaqm3allii HoTpebyeTcs Co3JaHne HOBOI TEXHOIOTUH.
4. AmmonBl. AHIOHEI — 5TO 0COOLIe BO30YXKIEHNS B TBYMEPHEIX KBAHTO-
BEIX CHCT€MAax, B 9aCTHOCTH, B ABYMEDHOHU JJIEKTPOHHON XKUIKOCTH B Mar-
unTHOM moxe. Oaun u3 aBTopoB (A.K.) cumraeT sToT mogxon Hambomee
HHTEPEeCHBIM (IIOCKOIBKY OH XKe ero H mpuiyMan [32]), mosToMy ommieMm
ero 6osee moapo6HO.

OcHOBHOII TPOOIEMON TIPH CO3 JAHNY KBAHTOBOT O KOMIBIOTEPA ABAAET-
Cs1 He0OXO TMMOCTD Peaql3alull YHATAPHEIX TPe06pPa30BaHuil ¢ TOTHOCTBIO
§ < 6y ~ 1072 = 107°. daa sroro, xax mpasmiIo, TpeGyeTcs KOHTPOI-
pOBaTh IMapaMeTPhl CHCTEMEI C eIé 0OMbIIeN TOIHOCThIo. QIHAKO MOKHO
OpeacTaBUTh CUTYAIWio, KOTJa BLICOKAA TOIHOCTHL TOCTHTAETCS aBTOMa-
TUYeCKH, T.€e. HCIPaBleHne OMUOOK IIPOMCXOAUT Ha (PU3MIECKOM YPOBHE.
IIpuMepoM ABIAIOTCA TBYMEPHEBIE CHCTEMBLI ¢ AHNOHHBIME BO30Y K JeHIAMI.

Bce gacTuiel B TpEXMEpPHOM IPOCTPAHCTBE ABAAIOTCA JUO0 6O30HAMIE,
m6o pepmuonamu. BorHopas GyHKINA 6030HOB He MEHAETCA IIPHU TIepecTa-
HOBKe TBYX YaCTHI], & BOIHOBasA (PYHKIHA (PepMUOHOB yMHOKaeTca Ha —1.
B 1r060M caydae mpu BO3BpaIleHNH KazK TOU U3 IACTHUI] Ha IPeXHee MECTO
COCTOAHUE CHCTEMBLI He MeHIeTCs. B IBYMEpHBIX cECTeMaX BO3MOXKHO 60-
Jee CIOKHOe ToBegeHme. IIpexae BCErO 3aMeTHM, 9TO pedb HOHIET He 00
2JeMEHTAPHLIX TacTUIaX THIIA JeKTPOHA, a O BO30yXKIeHNAX, WK dedek-
Tax B ABYMEDPHON 3JeKTPOHHON KUAKOCTH. Takme Bo30y K IeHUA OXOKHA HA
(HACTOAIINEe (T.e. IeMeHTApHBIE) TaCTHIbl, HO 00IaJal0T HEKOTOPBIMI
HEeOOBIYHBIMU CBOICTBAMH. Bo36yXK 1eHNe MOXKeT UMETb IPOOHBIN IeKTPH-
Yecknuil 3apa (HampuMep, 1/3 oT 3apsaga saextpona). [Ipn aBuxKeHnn oxH0-
ro Bo3OYXKIeHNA 60KpYy2 Jpy2020 COCTOAHNE OKPYKAIOMEN NX 3IeKTPOHHON
KU TKOCTH MEHSEeTCS CTPOTO ONpeJeJeHHEIM 00pa3oM, 3aBUCAIINM OT THUIIA
BO30YXKIEHUN W OT MONOA02UU IIYTH, HO He OT KOHKPETHOW TPaeKTOPUM.
B mpocTefimeM cIyTae BoTHOBaS (GYHKIIA TOMHOKAeTCH Ha wmeio (T3
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[Js1 AHIOHOB B JBYMEDHOU 3IeKTPOHHON KUIKOCTH B MATHIITHOM IIOJ€ DK
daxTope 3anonnerns 1/3). Bo3GyxgeHns ¢ TAKUM CBOICTBOM HA3BIBAIOT-
ca abenesvimu anuonamu. Jpyronl mpuMep abeleBBIX aHHOHOB ONHCAH (Ha
MaTeMaTHIeCKOM A3bIke) B pasgere 14.11.

Bouaee unTepecunl Heabeaesbl GHUOHBL, KOTODBIE IOKA He HaOII0JAINCh
sKcIepuMeHTaTbHO. (TeopHus mpelcKasblBaeT CYLIECTBOBAHNE HeabeIeBEIX
AHIOHOB B ABYMEDHOHU 3JeKTPOHHON KIIKOCTI B MATHITHOM IoJe Ipu dhak-
Tope 3anoaserns 5/2.) IIpu HaIHYNN HECKOIBKUX HeaGeleBbIX aHHOHOB CO-
CTOSIHIE DIEKTPOHHOI KUAKOCTH SBISETCS BBIPOXKJEHHBIM, IPUYEM KPAT-
HOCTBH BBIDOKJEHNS SKCIOHEHINAILHO 3aBICHUT OT UHCIAa aHUOHOB. [Ipy-
TEMHI CIOBaMU, CYIIeCTBYeT He OJHO, & MHOTO COCTOSHUH, KOTOPBIE MO-
ryT 00pa30BBIBATH IIPOU3BOJBHBIE KBAHTOBLIE cymepmosumun. Ha Takyiwo
CYIEePHIO3NLNI0 HeIb3sl HUKAK BO3IeHCTBOBATD, He IepeMelas aHUOHLL, [10-
TOMY OHA HIeAJbHO 3allnileHa oT Bo3Mmyuenuil. Ecaun o6BecTn oqus aHnon
BOKDYT APYLOro, CYIEPIO3ULNS I0IBEPTHETCS ONPEJeIEHHOMY YHUTAPHO-
My Ipeo6pazoBaHnio. JTO IPeobPa3oBaHIe ABIIETCI A6COAOMHO TOUHBLM.
(Onmoéka MOXKET BO3HHKHYTE, TOABKO €CJII AHHOH (BBIPBETCA ¥ HAC U3 DYK)
BCJEACTBHE KBAHTOBOT'O TYHHEINPOBAHILS).

Ha mepBbIll B3Tas1], IPOEKT C UCIOAbL30BAHNEM AHIOHOB BBLITVIAJUT HAU-
MeHee peaancTudHo. [Ipex e Bcero, abeneBbl AHNOHLL He TOASATCS A1 KBAH-
TOBBIX BBEIUICIEHII, & HeaGeleBhl eIl1é TOJbKO IPEJCTONT HANITH B 3KCIEPH-
MenTe. [Jas peaanzanny KBAHTOBOI'O KOMIBIOTEPA HYKHO KOHTPOINPOBATE
Kaocdyio W3 TacTHI, KOTOpble OYIYT ABUCATHCA HA PACCTOSHUAX MOPATKA
JOJEel MIKDOHA APYT OT APYTLa. DTO YPE3BLIYANHO CIOXKHAA TEXHIIECKAsd
3agada. QgHAKO, C yIETOM BEICOKIX TPeOOBAHUN K TOYHOCTIH, OCYIIECTBUTE
JAI0601 I3 MepPevNCcAeHHbIX BBIE IOLXOL0B HIYIYTh He jderde. Kpome Toro,
Hgess MONOAO2UNECKO20 KE8AHMOB020 6blUUCAEHUSA, JT€KAIAST B OCHOBE II0/I-
XOJa ¢ aHIOHAMI, MOXKET BOILIOTUTHCA KaKIM-Iu60 apyrum crnocobom. Ha-
IpUMeD, 3ALININEHHAS OT BO3MYIIEHI KBAHTOBAS CTEeHb CBOGOIBI MOKET
BO3HIKHYTBH Ha KOHIE (KBAHTOBOH IPOBOJOKIY (OZHOMEDHOTO IPOBOJHUKA
C HEUETHBIM YICJAOM PACIPOCTPAHAIOIINXCS IeKTPOHHLIX MO, HAXOISIIe-
rocsi B KOHTAKTe ¢ TPEXMEPHBIM CBEPXIIOBOJHUKOM).

Wrax, njges KBaHTOBOI'O KOMIIBIOTEDA BBITVIAIUT CTOIL XKe 3aMaHUYHUBO,
cKoJb HepeaaucTrino. HaBepHoe, Tax Xe BOCIPUHUMAJCI IPOEKT OOLITHO-
o KoMIbIoTepa Bo BpeMeHa lapab3a Ba66uaxa, uszobpeTenne KOTOpOro
OLLTO PeaJn30BAHO JIUIIL CTO JeT COYCTA. BymeM HaZedThCd, UTO B HaIllle
BPEMsI HayIHO-TEXHUYECKNN IPOrpece HAeT OBICTPee, MO3TOMY He IPIIET-
cs KJATh TaK JOJIr0. BO3MOXKHO, JOCTATOYHO OJHOW CBeXKEU HAEN ILIIOC
HECKOJIBKO JeT Ha Pa3paboTKy HOBOU TEXHOJOTHIL. . .



Hacts 1

Kiaaccuieckne BuItmcIeHUS

1. Yo Takoe aaroputm?

Hedopmaasuo aazopumm — >TO OTHO3HAYHO ONpPEIEJEHHAS COBOKYII-
HOCTH HHCTPYKIHH IO IPeo6pPa30BAHNIO MCXOTHBLIX TAHHBIX B Pe3yabTaT,
IpUYEM BCe HHCTPYKIUN 3AE€MEHMAPHLL, T.€. IPH NX BBINOJIHEHNN (HAM
IPUAETCA TOIBKO MEXAHUYIECKH CIEJOBATD NPENINCAHUIM, KAK €CJII Obl MBI
6pLIn poboTaMu: OT Hac He MOTpelyeTcs HHU IOHUMAHNS, HH HCKYCCTBA,
HE uzobpeTarersHOCTH [, ¢. 270]. POpMAIN30BATE 3TO MOHATHE MOKHO
Pa3JIMYHLIMA CIOCOGAMM.

1.1. Maumser Teropmura. Mammua Teiopusra (coxpaménso MT) ox-
HO3HAYHO 3amaéTca ykazanueM Hadopa (S, o, A, Q, qp,d), rge S, A, Q —
KOHeTHble MHOXKeCTBa, npuiéM A C 8; o — HekoTopsil aaeMenT S\ A; g —
HEeKOTODHI saemenT Q, a § — HexoTopad (dacTmaras®), Boobime roBOp#)
dyaxmua m3 @ x SB QA x S x {—1,0,1}.

Cocrapastommue qactu MT Ha3LIBalOTCA Tak:

S — aadasur,

o — IycTol cuMBOJI (Han mpober),

A — Bremmun aadpasut,

Q — MHOXKECTBO COCTOAHUN YIPAB/AIONIEr0 yCTPOICTBA,
qo — HadaqbHOE COCTOSAHIE,

0 — (yHKIIS IepexonoB.

Cocmoanue MT 3agaéres Tpoukol (o, p, ¢), TAe 0 — GECKOHETHOE CIIO-
BO B aadaBure S, T.e. IPOU3BOIBHAS IOCIEJOBATEALHOCTD Sp, ..., Sy, .. .
271eMeHTOB S; p — HEOTPHIATEIbHOE Leloe Inciao; ¢ € Q. CuMBoab ciIoBa
o 6yeM, KaK 3TO IPUHATO, IPEJCTABIATD 3aNNCAHHBIMI Ha feHme, pa3on-
TOU Ha Aueliku, O S9elike Ha cuMBOJ. Ha JeHTe Takke UMeeTCI 20406Ka,

5)1_[0;[ “acTu9HON GYHKIMEN HA MHOXKeCcTBe X 3[1eCh U gajtee MOHUMaeTca DyHKITUA,

06/1aCcTh oNpeneJeHna KOTOPOH COMEPXKUTCA B X .
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KOTOpasl PACIOJOXKeHa HaJ AdenKon ¢ HoMepoM p. Harasamo sTo mzobpa-
XKaeTcd Tak:

Tomoxkenne ToTOBKH v
Haenkn ‘50‘51‘...‘51,‘...
Howmepa saeex 0 1 P

Iomumo TeHTH MammuEa ThIOpHHTA UMeeT ynpasadiowee yempoticmeo, co-
CTOSHIIE KOTOPOTO 3a0aéTCA 3TeMEeHTOM ¢ MHOKeCTBa Q.

Cocrosana MT MeHAIOTCA TUCKPETHO. 3a OJUH TAKT pabOThI YIPAB/I-
IoIiee yCTPOUCTBO BEIIOAHIET Clefylolime gelcTsua (moaaraem, aro MT
HAaXOAUTCS B COCTOAHUN (0, p, ¢)):

a) uumaem CHMBOJ, HaXOJALINICI IO TOMOBKOM (T. €. OIpegetseT sp);

6) sbluucasem 3HaveHNe (DYHKINI IepexodoB: d(q,sp) = (¢', s, Ap) (ecan
GYHKINA DepexoJoB Ha mape (¢, sp) He ompefgeneHa, TO OCTAHABINBAET
Manmuy TbiopuHra);

B) 3anuckiéaem Ha JeHTY B A9elKy p CUMBOJ §, CABATAeT FOJIOBKY Ha Ap
I IepeXOAuT B cocTodHMe ¢ (IDYTHME CI0BaMu, HOBO€ COCTOSHIE Ma-

. o o AR

IINHBL 3aJa6Tca TPOUKon ((So, ..., 5p—1,8, Sp41,..-), P+ Ap,¢));

r) ecan p+ Ap < 0, ToO 0OCTaHABINBAET MAIINHY.

Toxanayn, BCAKUH COTVIACUTCS, 9TO 3T JENCTBUA He TPeGYIOT HI [IOHU-
MaHIA, HI NCKyCCTBa, HU N300peTaTelTbHOCTH.

Pa6ora mamunel Thiopunra 6yieT Bcerja HAUHHATLCSI U3 COCTOSHUSA
(..., 0,qp), DOe 38 KOHEUHBIM CIOBOM (¢, COCTOSMIMM U3 CHMBOJIOB BHEII-
Hero angaBuTa (MHOXKECTBO TAKHX CIOB oGozHavaercsa A*), cregyer Gec-
KOHEYHO€e CIOBO, LEINKOM COCTOMIee I3 IycThX cuMBoIoB. CroBo o 6yaeM
Ha3bBaTh 6rodom MT. B m0601 MOMEHT BpeMeHH CI0BO, 3alUCAHHOE Ha
JIEHTe, OJHO3HAYHO 3ANNCHIBAETCA B BUAE 0w ..., DJe MOCIEJHUN CHMBOJ
cI0Ba 0 — He NYCTOH, a 3a HUM HAYT TOJILKO IyCTHIE CUMBOJIBL. Byxem
Ha3BIBATDb CJAOBO 0 UCNOAbIYEMOU UACMBIO ACHMDbL.

Brimonuas ogu# TakT pabOTHL 38 APYTUM, MaInHa ThIOpUHTa IOPOXK Ia-
€T IOCIeJOBATEILHOCTD COCTOAHNIN

(O-anaqo)a (UlaplaQI)a (UZaPZaQZ)a

Ecan MT ocranaBinBaeTcs, HCIOIL3yeMas 1acTh JEHTHI B JOCTUTHYTOM
mepe] OCTAHOBKOW COCTOSHUN Ha3bIBaeTCA pezyapbmamonm paborsr MT.

1.2. Bermcaumvele GyHKIMYE M paspellmMble IpeJUKaTH. Kaxgas ma-
mmHa Teiopunra M ewviuucagem dactuuanyio Gyaknmio ¢z us A* B A*,
oTo6pakalollyio Bxoq « B pe3yabraT paborel MT Ha BXxoZe o mpu yciao-
BHUH, ITO Pe3yIbTAT PaboThl ABIAETCA CIOBOM BO BHelnHeM aadasure. [liasa
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BX0J0B, Ha KOTODLIX MAIHNHA He OCTAHABINBACTCH IIH PE3YILTAT COJEp-
xuT cuMBoasl u3 S\ A, Gyrkuns ¢ He onpegeaena. Iz onpenenenus sicHo,
a0 mobas MT BerducaseT poBHO ofHYy GYHKIHIO (OBITH MOXKET, HAT e He
OIIPeJeIEHHYIO).

Onpegenenne 1.1. Yactuunaa pyuknua [ us A* B A* nHazpiBaeTca 6bi-
quCcAUMOL, eCIn CyllecTByeT Mamnua Triopunara M, gias xotopou gy = f.
IIpu >ToMm 6ymeM roBOPUTH, uTO [ sviuucauma Ha M.

He Bce (pyHKIUN BBIMUCAUMEL. DTO SCHO U3 CPABHEHUS MOIITHOCTH MHO-
XKecTBa (PYHKIUN (KOHTHHYYM) I MOINHOCTH MHOXKECTBA MAIINH TBIOPHHTA
(caéTHoe MHOKeCTBO). Bonee nHTepecHsle IpUMepHL cM. B 3agadax 1.3-1.5.

MMox npeduxamom GygeM MOHHMATL HEKOTODOE YCIOBHE, KOTOPOE BhI-
noaHseTcs (IpejUKAT HCTHHEH) WIN He BHINOAHAETCA (IpeSuKaT JIO0KEH)
oA xkaxgoro caosa umz A*. Onpegenéuubie TakuMm 06pazoM, IPeIUKATHL
TETKO OTOXK IECTBIAIOTCA € A3blKaMy (IIOJMHOKECTBAMHE ¢10B B A*) — mpe-
OUKATY COOTBETCTBYET MHOXKECTBO CJIOB, HA KOTOPHIX OH ncTuHeH. Kax mo-
MY HOPeJUKATy COMOCTABUM TAPAKMEPUCTRUNECKYW PYHKYUI0, KOTOPas PaB-
Ha | Ha MHOXeCTBe CI0OB, Ias KOTODLIX IpeIunKaT HCTHHeH, u paBHa () Ha
MHOXKECTBE CJIOB, A KOTOPBLIX IpeiukaT doxkeH. Mur 6ygem o6Go3HA4aTH
XapaKTepUCTHIeCcKyio (PYHKINIO Tak Ke, Kak U caM mpeiukar. I[Ipegumkar
paspewun, ecIi ero xapaKTepucrnieckas GyHKIus BurancanmMa. O mMamm-
He ThIOpUHTa, BHIYNCASIONIEN XaPAKTEPUCTHIECKYIO (DYHKIINIO IPEIUKATA,
Gy ieM [OBOPHTE, ITO OHA Ja6T OTBET («Jas HIN (HET)) Ha BOIPOC (HMCTUHHO
JII 3HAYEHNE IPEeINKATAa Ha BXOAe ()

TomsaTus BLIYUCINMON (QYHKIINI I Pa3peLIIMOro npejukara 6yIyT Ic-
[OIB30BATHCA U A1 QYHKIUH (IPeJHKaTOB) OT MHOTHX [eDEMEHHBIX.

IIycts A — HexoTOpHIN aldaBuUT, a N — HaTypaabHOe dmcio. IlycTs
M — maummna Teopunra ¢ sremnnM aapasuroMm A U {#}. Iloctpoum 1a-
CTUYHYI0 QYHKOMIO @ar, w3 (A*)" B A* max: ouprp(ar, ..., an) = y, ec-

AU pe3yabTaT paboTel MammmuEbl M Ha Bxome aiFast ... F#a,FF coBmagaer
co caoBoM y. Ecim mammba He OCTAHABAUBAETCA WIN Ha JEHTE 3AINCAHO
9T0-HUOYAb He TO (HAIPHMEpP, CHMBOIHL He m3 aiadasuTa A m T.m.), TO
omnlaa, ..., ap) He OIpegereHa.

Onpegenenne 1.2. Yactuuman ¢ysxnus [ ms (A*)" B A* maswBaer-
ca ebluUCAUMOT, ecTH CyIecTByeT MallmHa ThlopuHra M, A18 KOTOpPOI
$PMn = f

Hpe;[I/IKaT OT HECKOJBKHX II€PEMEHHBIX paspeuium, €CaIl €ero xapaxTe-
PUCTHUYIECKAS (l)yHKHI/Iﬂ BBITIICJAIIMA.

Hac 6ygyT uaTepecoBaTh pecypcbl, TPeOYIOMINeCs L1 BHIYncaIeHnn. [Ba
BAXKHENIINX pecypca — 6pemMA U NamaAms. BygeM roBOpHUTh, 9TO MAIINHA
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Teiopuara M paboraer 3a Bpema Tir(n), ecan MaxkcuMmalbHOe (IO BCEM
BXOJaM JINHLL 1) KOANYIeCTBO TaKTOB, KOTOPoe mpopaboTaeT M 10 ocTa-
HOBKH, paBHO Tjr(n). Anamormuno, mammua Teioopuura M paGoTaeT Ha
naMaTn Sy (n), ecan Hanbolee yaaaéHHOEe OT Hadala JeHTHL MOJ0KEHNIE To-
JOBKI IIPH BLIYICIEHUAX HA BXOJaX JINHBL N paBHO Sif(n).

1.3. Beruucaenus na maumuax Teropunara. Ouesmpgwo, uro MT 3aga-
€T aJrOpUTM B CMBICIE [IPUBEAEHHOrO BHILE HePOPMAIBLHOIO OPeJEIeHIIA.
O6paTHOE yTBepKAeHNE HA3LIBAECTCI Me3ucom Iépua:

«a1060t atzopumm Moxcem Gvimb peaauszosar mawuroti Tvopuneay.

He BaaBasce B o6cyxkgenne Tezuca I€pua, 3aMeTHM, 9TO B HACTOSIILIEE
BPEMsI HET CEPBE3HBIX OCHOBAHNU IIOABEPraTh ero coMHeHnoo. Bee maBect-
Hble B HACTOsAINEe BPeMs AJICOPUTMBL DEATH3VIOTCA MAIINHAMEI ThbIOpIH-
ra. [logpo6Hoe M3/I0KeEHIIE TEOPUN AJTOPUTMOB YUTATEIb MOXKET HAUTH B
kaurax [1, 5, 6, 10, 13, 16, 17]. Mel ke orpaHmuIuMCs KpaTKAME HedOD-
MAaJbHBIMI IOSCHEHNSAMI IPHEMOB IPOrPAMMUDOBAHNS HA MallnHaX Tbio-
pHHTA.

BoamoxkuocTn Mamnusl TeiopuEra Ipu TakoM He(pOPMAIbLHOM 00CY XK Te-
HIN — 3TO BO3MOMKHOCTI I€JI0BEKA C OTPAHNYIEHHON IaMATHIO, KADAH JAIIIOM
I TaCTHKOM, KOTOPOMY BPYYHIN HEOUPAHNIEHHON (6€CKOHEHOMN ) TOMIINHEL
TeTpaib. CTPAHNIE! TeTPALH NMEIOT OPPAHIYEHHLIN pa3Mep (BCe BO3MOXK-
Hble BAPHAHTHL 3alOJHEHNs cTpaHunsl oo6pasyior axdpasur MT mpu cTpo-
rom ornmcannn). Ha mepBrix cTpanuax TeTpagi 3aMICaHO BXOTHOE CIOBO —
IO O JHOMY CHMBOIY (I3 BHeINHero aadaBuTa) Ha cTpaHuny. TenoBek MoxeT
JNCTATh TeTPaib, CTHPATL CIMBOJbBL, 3AIICHIBATEL HOBBIE. JAKAHINBAETCS
3Ta €ro JeATeIbHOCTb TeM, UTO OH 3aKPBIBAET TeTpalb (CABUT TOIOBKH
BeBO B moaoxeHnn () I BO3BpalaeT Pe3yIbTAT CBOEH paboTHL.

IIpeacraBus ce6si B TAKOW CHTYAIINH, JIET'KO COOOPA3UTh, ITO MOKHO, 3a-
IOMUIHAS HECKOIBKO CHMBOJIOB, BLIIOJIHSITE JAI00bIE JEeACTBIA HA OrDAHNIYEH-
HOM KOJIHNYeCTBe MOIPAL UIYIINX CTPAHII]; MOXKHO CTABUThL HA CTPAHNIAX
JOMOIHUTENbHBIE IOMETKH (OTPAHNIeHHOE KOANIeCTBO HA Ka¥kK 0 ); MOXKHO
JNCTATh TeTPaLb, I0OKa He HALLETCS HyXKHAs IOMEeTKA; MOXKHO KOIIPOBATH
CIMBOJBL Ha cBOGOgHBIE cTpaHuubl TeTpagu. CBoGOAHBIE MecTa Ha CTpa-
HHIAX MOXKHO TaKXkKe ICIOJb30BATH AJIA XPAHEHIs BCIOMOTATEILHBIX CJIOB
IIPOU3BOILHON AAHHEI (KaK 1 BXOJHOE CI0BO, OHI 3aIIICHIBAIOTCA IO OJHOMY
CHMBOIY Ha CTPAHHUIY ), HaJ KOTOPBIMI MOXKeT H0PaGoTaTh APYTOH UeI0BeK
(3T0 Ha3LIBaETCA (BBI30B HOANPOTpPaMMBD ). B SacTHOCTH, 3TH BCIOMOTa-
TelbHBIE CI0BA MO3BOIAIOT MOIIEPKUBATE cuémuukt (LeI0TNCIeHHbIE e~
pemennsle). Mcnoapsys c1€TUnKN, MOKHO aIPeCcOBATLCA K AIelKaM TaMATH
10 UX HOMEDY.
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IMockoabKy ommcanme dI060H MaIIUHBEl ThIOPUHTa ABIAETCA KOHETHBIM
06BEKTOM, er0 MOKHO 3aK0JUPOBaThL CIOBOM B HEKOTOpOM aadasuTe. B Ha-
nrell HepOpMAIBHON CUTYAITUH JIET'KO IIOHATE, ITO CYIIECTBYET YHUGEPCAAD-
Haa mawuna Tvrwopunea U, KoTopas, monydas Ha Bxog napy ([M], z), gaér
BBIXOZ ¢ (). 3mech depes [M] 0603HaUeHO ONICAHIE HEKOTOPOI MAIINHBL
Teropurra M. [elCTBUTEILHO, OPEANONOKAM, ITO TeTpPalb HAIMHAETCS
CO CTpaHWII, TJe 3alUCaHbl THCTPYKIMH IO padoTe. Toraa BEINOIHATEL >TH
HHCTPYKITUH MOXKHO CJAeIYIONIMM 0OPa3oM: IOMETHM TeKYIIYI0 CTPAHHILY;
IpOMHCTaeM TeTpalb A0 HAYaILHOTO pa3jela, CoJepKallero HHCTPYKIINH;
HalgéM HYXHYIO HHCTPYKIINIO; BEPHEMCA Ha3ad U BBIMOJIHUOM €6,

1.4. CroxuocTHBIe KaAacchl. He 1A BCAKON BBIUNCAUMON (DYHKINH
MOXKHO PealbHO OCYIIEeCTBUTH BLIUICAeHHEe €€ 3HadeHus. CyllecTBOBaHUe
aArTOpUTMAa He O3HATAET, ITO HAM IO CIJIAM NPOJeIaTh BCe MpeJnucaH-
Hble AeNCTBUA. IIpemaTcTBue MOXKET 3aKA0YATLCA B TOM, ITO TpebyeMble
[V 3TOTO BBIYHUCICHUS PECYPCHI CAUIIKOM BeIuKu. 1103ToMy Hac mHTepe-
CYeT He CTOILKO CYIeCTBOBAHNE AATOPUTMA /A PEIleHNs 3aJatl, CKOAbKO
CYIIIeCTBOBAHIE SPPeRmuUsHo20 ai20pumma.

DopMaIn30BATh 3TO MOHATIE HEMPOCTO. IIPUHATHIN cendac ¢rmocob co-
CTOUT B TOM, UTO BBIJEAAIOTCA KJIACCH TeX (PYHKIUN WIN TPEJUKATOB,
BBIUACJAEHNE KOTOPHIX BO3MOXKHO TIPU 3aJaBA€MBbIX OTPDAHNUEHUAX HA MO-
TpebageMble pecypchl. IIpuHa 11eKHOCTE GYHKINT TOMY WA THOMY CAOMHC-
HOCMHOMY KAACCY CAYKUT yAOOHOU XapaKTEPICTUKOW BO3MOXKHOCTEH eé
(K TUBHOTNO BLIYUCICHNS, HE CBA3aHHON ¢ KOHKPETHBIMU Pealu3aiuiMn
AT OPUTMOB.

Han6osee BaxHBIe KIACCHL TOAYIAIOTCA, €CAU HAKIAIBIBATE OTDAHUE-
HUS Ha POCT BPEMeHN Pa0OTHL 1/ Win NCIOAb3YeMOl IAMATH B 3aBICAMOCTI
OT JJIMHBI BXOJHOTO cioBa. A Hambodee BakHOe pazaumtine Mexay >ddek-
TUBHLIMU U Hed(D)EKTUBHLIMI BBIMUCICHUAME 3aJa6TCA QYHKIUIMI N0-
Aaunomuasbroz2o pocma. Gyuxnusa f(n) — DOIUHOMHAIBHOTO POCTA, €CIH
[ HEKOTOPOU KOHCTAHTHI d TPHU JOCTATOYHO GOJBIINX 7 BBINOJHAETCI
mepasercTso f(n) < n¢. B oToM cayuae 6ygeM HCIOIb30BATL 0GO3HATEHIE

f(n) = poly(n).

Onpepemenue 1.3. Ilpeguxar f ma muOxKecTBe B mpuHaqmexuT Kiac-
cy P (1 HA3BIBAETCS NOAUHOMUAADHO SVINUCAUMBIM), €CTH €T0 XaPAaKTepn-
cTuveckas (PYHKINA BBITICANMa Ha MamnHe Toiopunra M, ois KoTopon

Ty (n) = poly(n).
Omnpepgencuue 1.4. IlpeguxarT f Ha MHOXKecTBe B* mpHHAICKIT KIACCY

PSPACE, ecu ero xapakTepucTuieckas (pyHKINA BLIYUCANMA HA MaIlTlHe
Teiopuara M, aas xoropont Syr(n) = poly(n).
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ITo amamorum ¢ mpegmKATAMEH MOXKHO ONPENEIUTH U HYHKYUU, 6bluu-
CAUMBLE 3G NOAUHOMUAABHOE GPEeMA, U PYHKYUU, GHINUCAUMBIE HA NOAUHO-
muaabHoli namamu. dag xkaaccoB Takux (QPYyHKIUN TakKe HCIOAb3YIOTCA
o6o3uadenus P u PSPACE, Tak <To TOYHBI CMBICA 3>THX 0GO3HAYMEHUN
HYKHO BOCCTAHABINBATE U3 KOHTEKCTA.

1.5. Cxemur. Cxema (6yaeBa) — 3TO CHOCO6 BBEIMHCANTH (PYHKINIO
f: B — B”. [loMuMO HCXOAHBIX HEPEMEHHBIX L1, ..., ~Ln, QIS KOTOPBIX
BBIMUC/IAETCA 3HAYeHNe [, CXeMa ICHOAb3YeT HEKOTOPOE KOJMYIECTBO BCIIO-
MOTaTeIbHBIX IEPEMEHHEIX Y1, . . ., s H HEKOTOPHII HAGOp (6azuc) 6yaeBBIX
(T.e. mpuanMatomux 3Hadenns 0 mam 1) Qpymknmi F. Cxema S B 6asuce
F omupegenseTcs IOCIeIOBATEIbHOCTDBIO npuceausanut Y1, ..., Ys. Kaxgoe
npucBauBaHume Y; uMmeeT BHT i := fj(ug,, ..., us,. ), vge f;(-) € F, a mepe-
MemHad ug, (1 < p < r) — >To aubo OJHA U3 MCXOJHBIX IEPEMEHHBIX &t
(1 <t < n), ambo BCOMOraTeIbHAA MEPEMEHHAL Y ¢ MEHBIINM HOMEPOM
(1 <l < ). Takum o6pa3zoM, AIf KaxkJOr0o HAGOpa 3HAYEHNH HCXOTHBIX
IepeMEeHHLIX IOCJAeJOBATENbLHOE BEHIIOJHEHIE IPICBAUBAHUN, BXOIAINX B
CXeMy, OJHO3HAYHO ONPeJelseT 3HAYEHHS BCEX BCIOMOLATEIbHBIX Iepe-
MEeHHBIX. Pe3yabmamonm sbviuucieHus CINTAIOTCA 3HAYEHUS MOCAEJHUX 1M

HePEeMeHHBIX Ys—_ 41, .- - Ys-
Cxema eviuucasem QyHKOuo f, ecan qas Ao00bIX 3HAYEHUN T1, ..., T,
Pe3yIBTATOM BBIMHCICHNA ABAZeTCA f(L1, ..., %y,).

Cxema HasbIBaeTCs Gopuyaoti, eCIn Kaxk Jas BCIOMOTaTelbHAs IepeMeH-
Has HCIOAb3YeTCA B IPABOH 9aCTH IPUCBANBAHNE TOJIbKO 04uH pa3. (O6brI-
Hble MaTeMaTuIeckue (POPMYIbl IMEHHO TaK 3aJal0T MOCTIeJOBATEILHOCTD
PUCBANBAHUN: «BHYTPI» (POPMY.I He IPUHATO UCHOAB3OBATH CCBLIKU HA WX
YacTH WIN Apyrue GopMy.sL.)

CxeMy MOKHO TaKiKe NPEICTABILTE B BIJe OPHEHTHPOBAHHOT O AI[NKJIN-
Teckoro rpada, y KOTOPOro BePINHHLL BXOJHON cTemenn 0 (6z0dbt) moMe-
“eHBl HCXOTHBIMH [I€DEMEHHBIMH; OCTAIbHbIE BEDIINHBL ((FYHKYUOHAAL HbIE
JAeMeEHMbL) TTOMeTeHbl PYHKINAME 13 6a3mca (IpH 3TOM BXOJHAd CTEeHb
BEPIINHBL JOIKHA COBIAJATE ¢ KOINIECTBOM apryMeHTOB €€ IOMETKH); Pé-
6pa moMetueHBl UNCAAMH, YKA3BIBAIOUIIMI HOMEpA apTyMEHTOB; BEPIINHBL
BRIXOZHON cTemenn ( (6vr0dbl) MOMeHUEHBI MePEMEHHBIMH, OMNCHIBAOIIN-
MU pe3yabTaT paboThl cxeMbl. Bordumcienne Ha rpade OmpegenseTcs WH-
OYKTHBHO: KaK TOILKO H3BECTHBLI 3HAYEHNs BCEX BEPIUUH Y1, ..., Yk, U3
KOTOPBIX BeAYT pE6pa B JaHHYIO BEPIINHY ¥, BEPUINHA ¥ MOJYYaeT 3HatTe-
une Yy, = fu(y1,.- .., Yk, ), 0Ae f, — GasucHas QYHKINA, KOTOPOH IOMEYEHA
BepmuHa. IIpu mepexoge k rpady CXeMbl MBI OIYCKAEM HECYULECTNEEHHDLE
npuceausaHui, KOTOPble HU Pa3y He UCHOAb3YIOTCA HA MYTH K BLIXOJIHBIM
BepIINHAM, TAK UTO OHM HUKAK He BANAIOT HA PE3YIAbTAT BBIUHCICHUS.
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Basuc masbiBaeTCsT noanbim, eCan I Ji06on 6yaeson GyHKIUE [ eCcTh
cxeMa B 3ToM 6asuce, Burancasionias f. flcwo, wro B moamom 6asuce MOXK-
HO BBIMHCANTH IPOM3BOABHYI0 QyHkumo f: B’ — B™ (taxyio QyHKImO
MOKHO IPENCTABUTD Kak YIOPAJOYeHHBIN HAGOD U3 1 OyaeBBIX QYHKINI).

Byaesa gyukiua MoxeT ObITH 3ajaHa Tabaumen 3HadeHnt. [Ipuseaém
TaGAUNBl 3HAMEHUN AA TPEX (PyHKINN

NOT(x) = —~x, OR(x1,%2) = 21 V &2, AND(21,22) = 21 A 22
(ompuyanue, JUSBLIOHRYUA, KOHBIONKYUA), 0OPA3YIOMINX HOJIHBIL 6a3LC, KO-

TOPLIN OyAeM CINTATEH CTAHIADTHLIM. B najbHelIleM IMeIOTCSI B BULY CXe-
MBI IMEHHO B 3TOM 0a3uce, ecan SBHO He YKa3aHO ITO-In00 nHoe.

x | NOT r1 oo | OR r1 oo | AND

0 1 0 0 0 0 0 0
1 0 0 1 1 0 1 0
1 0 1 1 0 0
1 1 1 1 1 1

KoHDBIOHKINA U AU3BIOHKIUA OIPENeNSIIOTCS A1 IPON3BOILHOIO TICIA
OyJIeBLIX IepeMEeHHBIX aHAIOTMIHBIM 06pa30M: KOHBIOHKINSI PaBHA 1 TOIb-
KO TOr'Ja, KOTJa BCe apT'yYMeHTHI paBHEI 1, a IU3BIOHKINA paBHA () TOILKO
Torda, Korjga Bce apryMeHTHI paBHEL (. B cTanzapTHOM 6a3uce OHE OIeBUI-
HBIM 06pa30M BEIUNCIAIOTCA cXxeMaMH (I gaxke GpopMyraMn) pasmepa n— 1.

Teopema 1.1. Baszuc {NOT, OR, AND} — noanwii.

JokazateascTrBo. Jumepasom GymeM Ha3bIBATL IEPEMEHHYIO WM €€
orpunanne. KOHBIOHKINEN INTEPAIOB (3TO cxeMa I fazke GoOpMyaa) IerKo
IPEeACTABUTE QYHKINIO Xy (), KOTOpas IpUHIMAaeT 3HaUeHne 1 pOBHO OJuH
pa3: mpu £ = u. Ecan u; = 1, BkaooIaeM B KOHBIOHKITNIO IIeDEMEHHYIO Z;,
ecan u; = 0, TO BKII0OIaeM B KOHBIOHKINIO —&;. [IpomsBoasunas Gpyuxunus f
MoOzKeT OBITH IpelcTaB/leHa B BUIe

flx) = \/ Yu(2). (1.1)

w:f(u)=1
B Takom ciydae roBopaT, 4To [ OpeAcTaBlIeHa B Ju3bioHKMUEHOU HOp-
Mmaavroti Popme (,Z[HQD), T.e. KaK AN3BIOHKINA KOHBIOHKIINH JII/ITepaJIOB.6)
KaK y}Ke FOBOpI/IJIOCB, ,E[I/IB’BIOHKLII/IH HEeCKOJBKNX HepeMeHHBIX BBIpa}KaeTCH
¢gopMyIoHN B cTaHIApPTHOM 6a3uce. (I

Pasmepom cxeMbl Ha3bIBaeTCs KOAUIECTBO NIPUCBANBAHUI B cxeMe. Mu-
HUMAJBHBII pa3Mep cxeMbl B 6asuce F, Boraucasioutell (pyHKIuo f, Ha3blBa-
eTca cremnoti caoncnocmuio Gyaknnn f B 6asuce F u obosmadaeTca cx(f).

6),Z[aJ1ee HaM €€ NOTPebSyeTCA U KOMBIOHKMUsHAR Hopmarvnas gopma (KHD) —
KOH'BIOHKIINA TU3BIOHKIIUN JHTEPAJIOB.
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Ilepexoa 0T 0AHOrO HOJHOT O KOHEYHOT 0O 6a3nca K JPYTUOMY IOJHOMY KOHE-
HOMY 0a3HCy MeHsgeT CXEMHYIO CIOKHOCTH GyHKIuN Ha MHOKHTers O(1).
Tak 9TO B AaCHMOTOTHYECKIX OL[eHKAX BHIGOD KOHKPETHOT O IIOJIHO0 Ga3mnca
HeBaxkeH H MO3TOMY OyJeM HCHOIb30BaTh obo3Hadenme c(f) A1 cxeMHOH
CIOKHOCTH f B KOHETHOM IIOJHOM Oa3mce.

Kax e npeaukat f Ha MHOXecTBe B* ompegenseT mociefoBaTelb-
HOCTE 6yaeBbix pyuknui f,: B* — B caegyromum obpazom:

falzr, za, . mn) = flerme .. xy),
rie cIpaBa CTOUT XapaKTepHCTHIeckad (PYHKIHA IpelnkaTa f.
Omnpepgenenne 1.5. Ilpeguxat f npumagmexut xaaccy P/poly, ecan
e(fn) = poly(n).
Teopema 1.2. P C P/poly.

HoxazareabcTBo. Ecau MT pa6oTaeT 3a moanHOMuaIbHOE BpeMs, TO U
IaMATh, KOTOPYIO OHA HCIOJAb3YeT, orpannyera moanEoMoM. [loaTomy Bech
IPOIECC BBIYICAEHNS HA BXOJHOM CJIOBE & JJINHBI N MOMXKHO IIPE€ICTABUTH
mabauyet sviuucaenus pasmepa T x S, roe T = poly(n), S = poly(n).

t=0 1IN

t=1

t=13j I, I’ INA
t=j5+1 T
t=1T

S KJIeTOK

Crpoxka ¢ HoMepoM j Tabaumsl 3agaéT cocrosume MT mocie j TakToB
paboTsl. CumBoasl ', 3anmcammble B Tabamie, NPHHALIEXKAT atdaBi-
Ty § x {@ U Q}. Cumsox ['; ), ompegenseT mapy (CHMBOJ, 3alNCAHHEIN B
k-1 sdenike mocae j TAKTOB pabOTHI; COCTOAHME YIPABIAIOIIETO YCTPOU-
CTBa TOCJAE j TaKTOB PabOTHI, €CAU [OJOBKA HAXOTUTCA Ham k-U SIeNKOM,
B IPOTHBHOM CIydae BTOPOH >IeMeHT napbl — &). Jla1g OpocTOTH Takxke
CUMTAaeM, ITO €CAU BLIUUCICHNE 3aKAHIMBAETCA TPU HEKOTOPOM BXO[e 3a
T' < T TakToB, TO CTPOKH ¢ HOMepaMH, 66abmmMu 1", TOBTOPAIOT CTPOKY
¢ gomepom 1",

IMocTpouTs cxeMy, BEIMUCAAIOIIYIO 3HATEHAA IPeANKaTa Ha CI0BAX /I~
HBL N, MOXKHO ClIefyomnM obpaszoM. Cocmosnue kancdoti kaemku mabauybl
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MOJKHO 3aKOQNPOBATH KOHEYHBIM (HE 3aBHCAINNM OT 1) HCAOM OyIeBBIX
nepeMeHHBLIX. IMEIOTCA A0KAAbHbIE NPASUAR CORAACOSAHUA, T. €. COCTOSHIE
KaXK ol KAeTKH [ B CTpOKe HUKe HYJeBOH OTHO3HATHO OMPENeSAeTCA CO-
CTOAHUAMIE KJeTOK B MPEeJLLIYIIEN CTPOKe, JeKalliX HeIOCPeICTBEHHO Hal
gauson (I'), nesee nammon (IV,) m mpasee gamuon (I',). Kaxgas mepeMen-
Haf, KOJUPYIOIIAA COCTOAHUE KaeTKu I', ecTb (pyHKIUSA OT II€pEMEHHEIX,
Kogupyommux cocrosuns kaetok I, IV, T . Bee 5T GyHKIUHN MOTYT OBITD
BEITHCIEHLI CXeMaMi KOHETHOT O pazMepa. O0Le uHsasa 5TH CXeMEBI, TTOIYIUM
CXeMy, BBIYHUC/IAIONIYIO BCe IIepeMeHHEIE, KONUPYIONINe COCTOAHUS KIETOK
Tabamer; pa3mep 3Tof cxemsbr 6yget O(ST) = O(n?M).

OcTanoch 3aMeTHTL, ITO IepeMeHHbIe, KOMUPYIONe IacTh KIeTOK HYy-
JIEBOU CTPOKHU, ONPENeNsSI0OTCA BXOTHEIM CIOBOM, & MepeMeHHbIe, KOTUpyIo-
e ocTalbHble KIETKH HYJI€BOU CTPOKH, ABIAIOTCA KOHCTAHTAME. 1TOOBI
y3HAThL Pe3yJbTaT BLIMHCAEHNS, HYKHO OMpeJeJnTh CHMBOJ, 3allICAHHLIN B
HYJ/JIEBOU sSi9ellKe JEeHTHLI B KOHIIE BLITUC/ACHUS. Be3 orpaEmTeHns oOMHOCTH
MOJKHO CINTaTh, YTO COCTOSHUA KIETOK TabIUILI KOTUPYIOTCS TaK, ITO
OHA U3 KOAUPYIOIINX MepeMEHHLIX paBHAa | TOILKO B TOM CIydae, KOTIa
B suellke 3anmcara 1. Torga sHadeHne >TOH mepeMeHHOH 4us xofa I'p o m
6yJeT pe3y/abTATOM BBIIUCICHUA. O

3ameuanne 1.1. Kuaacc P/poly mupe xaacca P. Jlwobou QpyHxnum ot
HATYpPAIbHOTO apryMeHTa ¢(n) co 3HadeHHAMHI B [§ MOXHO CONOCTABHTH
npegukatT f, no mpasuiy f,(z) = ¢(|z|), rge || obosHataer gAMHY ClO-
Ba r. OrpaHmyYenne Takoro mpeinkaTa Ha CI0OBA JJUHLI N TOXKJECTBEHHO
pasuo 0 man 1 (B 3aBucuMocTH OT n). CXeMHAA CTOXKHOCTD TaKuX QYHKINI
orpanmveHa KoHcTaHTOH. [loaTOMY Bce Takme IpeIuKaTHI IO ONPeIeIeHTIO
npuragaexat P/poly, XoTsa cpeiu HUX eCThb U Hepa3pellnMble IPeIUKATHL.

CupaBeqamBo cIefyIolliee YCIIEHIE TEOPEMEI.

Teopema 1.3. f npunadaescum P moada u moavko moezda, xkoeda

f € P/poly;
2) eywecmeyem MT, komopas no wucay n 3a epems poly(n) cmpoum cre-
MY EBINUCACHUR [fr.

JokasaTreascTBo. — JlaHHOe B JOKa3aTelIbCTBe TeopeMbl 1.2 omuca-
Hue HeTpyAHOo npespaTuTst B MT, xoTopas crpouT cxeMmy BoldmcaeHns [,
3a MOIMHOMUAJIBHOE [0 N BpeMd (cXeMa f,, IMeeT IPOCTYI0 CTPYKTYDY: Ka-
XK Jas MepeMeHHAas CBA3aHa ¢ IPeIbLIVINIMI OJHIMII I TEMH Ke NPABUIAMIE
CODJIACOBAHINS).

<= Croap xe npocTo. BrluucaseMm pasmep BXOLHOT'O CIOBa. 3aTeM
CTPOUM IO 3TOMY Pa3Mepy CXeMY S|y| BEITHCICHUA f|;|, HCIOMB3YA yKa3aH-
HyI0 B ycaosun 2) mammay. Ilocae sToro BerameageM S|, (r) Ha Mammme,
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KOTOpad II0 OIIMCAHNIO CXeMbl U 3HAYCHUAM BXOIHBIX II€DEMEHHBIX BBIYTI-
CJIdAeT 3HaICeHIe CXeMBbI 3a IIOINHOMHAIAJBbHOEC OT OJANHBI BXOda BPEM. O

3agatuu

1.1. Iocrpoirre Mmamnuy TeOpUHra, KOTOPAas 3AIICHIBAET BXOIHOE JBO-
UYHOE CIOBO B 0O6paTHOM IODPAIKE.

1.2. TlocTponre mamuuy Triopumera, KOTOpas CKIAJLIBAET IBA <NCIA,
3allCaHHble B JBOMYHON cucTeMe. [ onpegeséHHOCTH CINTANTE, ITO 3a-
TIHUCH 4HCeN Pa3geleHbl CIeNNaJbHBIM CIMBOIOM aadaBuTa «+».

1.3. JokaxuTe, 9TO He CYLIECTBYeT AICOPUTMA, KOTOPLII IO MAIINHE
TelopuHra I BXOY OIpeIensdeT, OCTAHOBUATCA AU OHA HA >TOM BXOJe.

1.4. Jokaxure, 4TO He CYyIIECTBYET AT OPUTMA, KOTOPHIN BBINUCHIBAET
OJHY 3a APYTOHW BCe MAalINHBI TBIOPHHTA, KOTODBle He OCTAHABINBAIOTCSH,
Oy IyHH 3aMyIIeHHBIMI Ha IyCTOIl JEHTE.

1.5. IIycrs T'(n) — MakcuMaIbHOE BpeMs, KOTODOE MOXKET IPOHTH 10
OCTaHOBKHN MAINHbl THIOPUHTA € N COCTOAHUAMIE U N CUMBOJIAMI aa(aBUTA,
ecan eé 3aIyCTUTh Ha mycTol JeHTe. JokaxnuTe, 94To Gyuknus 7'(n) pacTéT
OBICTpee 060N BEIYHCINMON BCIOAY OUpeJeéHHON QyHKINN b(n), TO eCTh

Bm[T'(n)/b(n)] = +o0.

Ha6op smeMeHTApHBIX HHCTPYKUNH y OINNCAHHBIX BbIIe MamnH Tbio-
punra kpante 6eger. IMeroTcst pazHooGpa3Hble X 060O0IIEHNA, HAIPIMED,
MHOZOAEHMOUHBIE MAIINHEL ThiopuHra. B oTian<ne oT onncanHon BhIe, Ta-
kag MT nMeeT HeCKOIBKO (KOHEUHOE MHOXKECTBO) JIEHT, KakKJasd CO CBOEH
TOJIOBKOIL, YIPABJASAIOUEMY YCTPOICTBY JOCTYIHLL CUMBOJLI, HAXOISAIIIECS B
AYeNKaX, HA KOTOPBIX PACIOIOKEHEI I'OJIOBKHU JeHT. Brlgenensl qBe JIeHTHL:
6100HAA, ¢ KOTOPOU Pa3pPeInaeTcs TOJAbKO YUTATh CUMBOJLL, U GblTOJHAA,
Ha KOTOPYIO Pa3pelIaeTcsl TOJAbLKO NICATh CUMBOJLL. (JCTAJILHEBIE JEHTHL Ha-
3BIBAIOTCA pabouumu. MHOTOIeHTOYHAS MAIINHA HA3LIBAETCS Kk-I€HTOYHOI,
ecan y Heé k paGounx ment. JenicTBue 3a TAaKT PaGOTHL COCTOUT B M3MEHe-
HUU COCTOSIHIS YIPABISIOIIETO YCTPONCTBA, M3MEHEHNN CHUMBOJOB B siIell-
KaX 0] DOJOBKAMI H M3MEHEHUH IOJIOXKEHHI TOJT0BOK Ha JIeHTaX (Kaxkjat
TOJI0BKa CABUTAETCA He Gollee, deM Ha OFHY IO3UINI0). DTO JeHCTBHE OIHO-
3HAYHO OLPEeJeNseTCs COCTOSHIEM YIPAB/IAOIIEr0 YCTPOUCTBA I HAGOPOM
CIMBOJIOB B siYellKaX mog roaoBkaMu. Ecam gellcTBHe BBIIOJIHUTL HEIb3s,
MaIlIIHA OCTAHABINBAETCA.

B mawane paGoThl MHOTOIEHTOYHON MaIMNHbl ThIODUHra BCe JEHTHL IIy-
CTBI, KDOMe BXOJHOH, Ha KOTOPOI 3amucaH Bxod. Pesyiprar paGoTh Ma-
LUINHLL — COCTOSHNE BBIXOJHOU JEHTHL B KOHIIE PAOOTHL.
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Ecau uaTepecoBaThCA CI0KHOCTBIO AATOPUTMOB ¢ TOYHOCTBIO 10 MOIN-
HOMHAJBLHO OI'DAHUYEHHOI'0 MHOXKUTEIA, MHOTOJleHTOYHbIe MAIlIuHBl HIITe-
ro He J06aBJAIOT IO CPABHEHUIO ¢ OMMCAHHLIME BEIIE MOUWUHAMU ¢ €0UH-
cmeeHHol AeHmot.

1.6. ToxaxuTe, 9T0 IBYXJICHTOUHYIO MAIIHHY ThIOpHUHTa, paboTAIONIyIO
3a BpeMa T'(n) > n Ha BX0ogaxX JINHBL 7, MOKHO MOJEINPOBATD HA MALINHe
¢ equHCTBeHHOI teHTOl 3a Bpema O (T (n)).

1.7. doxaxuTe, 9TO TPEXAEHTOTHYIO MAIINHY TLIOpUHTa, paGOTAIONIYI0
3a BpeMa T'(n) > n Ha BXojax QJIUHBL N, MOXKHO MOZEIHPOBATH HA ABYX-
rerTouHOn 3a Bpems O(T'(n)logT(n)).

1.8. Hycts M — mammua ThlopuHTa ¢ eMHCTBEHHON JeHTON, KOTOPas
KOIIEPYeT BXOAHOE CI0BO (IPUNUCHIBAL €I'0 KOIHIO CIPaBa OT CAMOLO CJIO-
Ba). llycte T'(n) — MakcuManbHOe BpeMs eé pabOTH Ha BXOJaX MJIHHEL 7.
Noxaxute, ato T'(n) > en? nas HekOoTOpOro € U A1i Beex n. ITo MOX-
HO ckazaThb upo 17(n), KOTOpoe eCTh MEHHMAJIbLHOE BpeMsd eé paGoTHl Ha
BXOJaxX IIWHBL N7

1.9. PaccMoTpuM A3BIK IPOTPAMMUPOBAHUS, B KOTOPOM ecTh Bcero 100
HATYPAJbHLIX [IEPEMEHHBIX, PDA3PEIIEHHEIE OIEPALINI — NPUGABICHIE I BBI-
unTanne 1, pazpeménnas IpoBepKa — He DaBHA JII llepeMeHHas Hyao. Pas-
pellleHo ucnoab30BaTh if-then-else u while, HO pekypcusg He pa3pellleHa.
Jokaxnure, ITO ¢ IOMOIIBIO IPOTPAMM Ha TAKOM fA3bIKe MPOTr'DaMMIPOBa-
HUS MOZKHO BBIYIHCISITEH JIO0YIO BEIMUCIIMYIO (DYHKITHIO.

1.10. TlocTpouTe aaropuT™M, OMpeneaioONIni, ABASETCA AU JaHHLII Ga-
3uc noauslM. Bazucusle QyHKINN 3a1aHbl TAOMNIAMI 3HAYEHNI.

1.11. IIycTs ¢, €CTb MAKCUMYM CI0XHOCTH ¢(f) mo BceM GyaeBEIM QyH-
kmuaMm f oT n mepeMmenubix. Joxaxwute, uTo 1,99” < ¢, < 2,01" mpu go-
CTaTOYHO GOILIINX N.

1.12. aybunoii cxeMBI Ha3BIBAETCS MAKCIMAJIBLHOE TICJAO 3IEMEHTOB Ha
IyTH OT BXOA0B K BuIxoay. IlokaxuTe, 4T0 M106YI0 (PYHKINIO MOXKHO BBHI-
YHCANTH CXeMOH IiyOuubl He Goxee 3 u3 snemenToB NOT m m3 »JeMeHTOB
AND n OR ¢ Ipou3BOJBHBIM HHCIOM BXOIOB.

1.13. Joxaxure, 4T0 ecan u3 cxemsl ray6unsl O(logn), BEIMuHCILIONIEN
dyukmmo f: B® — B, BEIOPOCUTHL BCe HECYIECTBEHHBIE NPUCBANBAHIS,
TO MOAYYEHHAS CXeMa HMeeT MOMNHOMUAJIBLHBIN IO N + m pa3Mep.

1.14. TlocTpouTe cxeMy, KOTOpas CpaBHHBAET ABA N-OMTOBLIX WHCIA U
nMeeT pasmep O(n), a rayouny O(logn).

1.15. a) ITocTponTe cxeMy CIOXKEHHS ABYX N-OUTOBBIX THCEI pasMepa

O(n).
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6) ToT Xe BOIPOC, €CIH JONOJHITEILHO NIOTPeGOBATD, ITOOH! MIyONHA
cxemsl 6e11a O(logn).

1.16. ®yuxums MAJ: B* — B paBua | Ha IBONYHBIX CJIOBaxX, B KO-
TOPBIX YHUCIO €IUHUI] GOJbIle Hucia Hytel, u ) — Ha OCTAJBHBIX CIOBaX.
ITocTponTe cxeMy, BEIMUCASIOMIYIO 3TY (PYHKINIO, PAa3Mep CXeMbl JOIXKEH
ObITE anHeeH 0o n, rayounra — O(log nloglogn).

1.17. TlocTponTe cxeMmy pasmepa poly(n) u rayOuHsL O(log2 n), KoTopasd
IpOBepAET, CBA3AHEI JIH MIYyTEM IBE BEPIIMHLL B rpade. I'pad Ha m Bepum-
HaX, KOTOpEIe [IOMeYeHEl ducaaMu oT 1 go m, 3agaércs n = m(m — 1)/2
0y IeBLIMU IepeMeHHBIMU. [lepeMeHHas 25, Tge ¢ < j, OIpefelseT, eCTh I
B rpade pe6bpo, CoeINHANIee BEPITHHEL i I .

1.18. Ilycte cxema raybuus 3 us samemerToB NOT u u3 saementoB AND
u OR ¢ IpOM3BOJLHBIM HCIOM BXO0B BEIYMICASET CI0XKEHNE 12 OITOB IO MO-
aymo 2 (pyaxuus PARITY). IlokaxuTe, 9T0 pa3Mep CXeMEL He MeHbIIE ¢
[ast HeKoToporo ¢ > 1.

1.19. Ilycts f1, f2,... — moCIeIOBATEIBHOCTDH OY/AEBBLIX (DYHKIIUU OT
1,2, ... aprymenTos. [lokaxuTre, 9T0 cleJyIOIMe IBa CBONCTBA PABHOCUIb-
HBL:

a) CYILIECTBYET MOCIEZ0BATEIBHOCTD BBIMUCAAIOMINX >TH QYHKINT Gop-
Mya, pa3Mep KOTOPHIX He TIPEBOCXOIUT MOAMHOMA OT 7}

6) CYLIECTBYeT HOCIEL0BATEILHOCTD BEIYHCIAONMK STH (DYHKINI CXEM
ray6unst O(logn) us saementos NOT, AND u OR (¢ gByMs BXOZaMIH).

1.20. JoxaxmTe, <TO CYIIECTBYET DAa3PELINMBII IPEAUKAT, KOTOPLII
npunagaexut P/poly, Ho He npunagtexur P.

2. Kaace NP: cBogUMOCTD H IMOIHOTA

2.1. NP — kiacc npeuKaToB, BEITUCIMMBIX 32 IOIMHOMUAIBHOE BpeMs
HeJeTepMUHUPOBAHHEIMM ManmHaMu Teopunra. TepMmun «HegeTepMUHI-
DPOBaHHLINY HEYJAYHBIN, HO OH YK€ CTaJ CTAHJADTHBIM.

Kuaacc NP ompenenén ToabKo I IpeIuKaTOB. [ 0BOPAT, HAIPUMED, ITO
(«CBOMCTBO rpada ,IMeTh FaMILIBTOHOB MUK ) “ npuHastexnT NP».

Mz gaguM HeCKOABKO OIPELEIeHNN >TOro Kiaacca. IlepBoe ncmoansyer
TMOHATHE Hedemepmunuposannoti mawunsl Toiopunza. YCTpONCTBO HegeTep-
muunposauaonl Maummusl (HMT) Takoe ke, kKak u OGBIMHON (JZeTepMUHN-
POBaHHOII), 338 OJHHM HCKIOYUEHHeM. Y YIpPaBIfomero ycrpoicrsa HMT

) Mamuavmonos YUKA — 3AMKHYTHII Iy Th B I'pade, MPOX0 IAIIHNI 9ePe3 BCE BEPITNHED
rpada poBHO 110 ogHOMY pa3zy. ['pad, B KOTOPOM eCTh X0Ts 6B 0 JUH MaMUJIBTOHOB ITUK.I,

Ha3bIBaeTCAd 2aMUABTNOHOB6bIM.
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€CTBb 0CcOo0ble HeJeTeEPMUHIPOBAHHEIE COCTOsHNA. Haxogsack B TaKOM COCTO-
sunn, HMT MoxeT BBEITOIHNTL OJHO U3 HECKOABKNUX AeHCTBUH. [losToMy ¥
HMT BmecTo QYHKIUN HEePEeXOJOB €CTh TabINna, B KOTOPOU M KaXkKJOH
mapel (COCTOAHNE YIPAB/ANIIETO YCTPOICTBA, TeKYINNH CHMBOI Ha JIEHTE)
BMECTO €JUHCTBEHHO BO3MOMKHOTO BAPHAHTA AelCTBUN (M3MeHEHNEe COCTOsM-
HIf yIPABIAIOIIETO YCTPOHCTBA, 3alUCh CHMBOJA HA JEHTY, CABUT TOIOBKH)
yKazaH HabOp BO3MOXKHLIX gericTBuil. O6bIMHbIE, JeTepMUIHIPOBAHHLIE, CO-
CTOSIHIS CTAHOBATCA YaCTHBIM CJIydaeM, KOrJa TaKOUn HaGop COCTOUT POBHO
13 OJHOTO BapUaHTa JeHCTBUM.

Ilymv sviuucaernus HMT onpeneaseTcs BLIGOPOM 0JHOTO 113 BO3MOXKHBIX
IepexoJ0B Ha KaXkJA0M TakTe padoTel. HeleTepMUHIPOBAHHOCTE IPUBOAUT
x ToMy, 9To nyTen Borancaenus gus HMT, paboraromen Ha JaHHOM BXOI-
HOM CJIOB€, OKa3bIBA€TCsA MHOTO.

Omnpegenenne 2.1. Ilpeauxat [ mpunaiexuT kiaccy NP, ecan cyuie-
creytor HMT M u moaunom p(n) Taxme, 9To

L(x) =1 =— cymecTByeT OyTb BBHIYNCICHHS, TAOLMI OTBET ¢Ja) 3a
BpeMs, He mpeBocxoaamee p(|x|);

L(x) =0 = (1 sapuanm onpedesenus) HET YKa3aHHOTO BBILIE Iy TH;
(2 sapuanm onpedeaenus) Ha IFOOGOM Iy TH BEITHCICHIS
OTBeTa «Ia» He MOTyIaeTCA.

Sameuanne 2.1. IIpuBegenubie BapuaHTHI ONpeLeJeHNS SKBIBAJICHTHEL.
YT06BI UCKIIOYNTL BO3MOXKHOCTE OTBETOB «Jay HA JINHHBIX IYTAX BBITI-
ciaerns, gfocraTodso B3saTh HMT, uMmuTupyromyio ncxoguyio HMT u moa-
CIHUTBIBAIOIIYI0 KOJINIeCTBO caedanubix ucxognon HMT maros. Korga «m-
CJI0 IIAroB MpeBHImaeT p(|z|), Mammaa ocTaHABINBAECTCA.

3ametuanme 2.2. B mpeapinyimeMm paccyiKIeHNN TOIYIIEHA OTHA TOHKAS
ommnbxa. B ompefeseHnn HIUEro He CKa3aHo O MOANHOME p(n), KpoMe (hak-
Ta ero cymecTBoBauua. Ecin xoa>dduuenTs MTOINHOMA HEBBITICIUMEL, MO-
I'yT BO3HIKHYTB IPOOJEMBI ¢ YKa3aHHBIM BBIIIe CIIOCOOOM CBeIeHNs OTHOI O
OIpefeeHNs K APYToMY (HY:KHO BLIYHCANTD 3HadUEHHe HOANHOMA). TTOGH!
B JaJbHenlleM u3GeraTb 3TOHU CIOXKHOCTH, 6yJAeM CINTATH, YTO IOJIHOM
uMeeT Heable KO3 PUIIeHTHI.

Jameqanme 2.3. HemocpencTBenmo u3 ompengeneHus 2.1 caegyeT, ITO
P C NP. flBasercs u 570 BraodeHne crporum? [JoBOIbHO HHTEHCUBHELE,
X0Ta U Ge3yCHelHble, MONLITKI OTBETUTDL HA 3TOT BONPOC IPOJOIKAIOTCA
yaxe moutu 30 zet. Hegasro C. Cumeiin Brmoumt npobaemy P = NP B uncio
TPEX BaKHEHINNX MaTeMaTHIECKHX MPOOGIeM CIeAYIOMIEro CTOMeTHS (aBe
Apyrume — runoreza Pumana u runotesa ITyamkape).
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Bropoe ompegenenne kaacca NP mpegcraBaseTcs Goaee eCTeCTBEHHBIM.
OHO HCImOAB3yeT MOHATHE MOINHOMHUAJIBHO BLIYICINMOIO IpeJuKaTa OT
ABYX mepeMeHHBIX. OumpefeneHne Takoro NpeJuKkaTa IOIyIaeTcs KOMONHA-
mnent onpegenennst 1.2 u 1.3. Ilox pasmepom Bxoga mis mpeguxata R(z,y)
MOKHO MOHUMAaTh Takxke win |¢|+ |y|, mim max(|z|, |y|) — moaysarcs sxBu-
BATEHTHEIE ONPeLeIeHns.

Onpegenenne 2.2. Ilpenukat [ npunamgiexuT kiaaccy NP, eciu on mpe-
ctaBuM B popme L(z) = Jy ((|y| < q(]z)) A R(z, y)), rjae ¢(-) — moamHOM,
a R(-,-) €P.

IIpumep 2.1. Ilycte R(x,y) = ¢y €cTh MaMHIIBTOHOB IUKJI B rpade L.
Boaee TouHO HyKHO CKazaTh TaK: «r €CTh JBOMYHBLIN KO HEKOTOPOTO I'pa-
da, a y — Ko raMHILTOHOBA LUKJA B 3TOM rpade (HCIOIB3yeM TaKoe
KOAUpOBaHNe, IPH KOTOPOM KOJ IUKJIa He IIHHHee kKona rpada), Takime
9T0. . .». Bo3sMméM ¢(n) = n. Torga L(z) GyeT B TOYHOCTH 03HAYaTh, ITO
B rpade HALAETCA TAMUIBTOHOB ITHKJL.

Teopema 2.1. Onpedeacnus 2.1 u 2.2 sxsusarenmusl.

Jokazateascrso. Oup. 2.1 —> onp. 2.2. IIycts ects HMT M u mo-
auHEOM p(n) m3 mepBOro ompefedeHns. PaccmorpuM mpeguxar R(z,y) =
= (Y eCTb IMPOTOKOX PaGoThl M Ha BO3ZMOXKHOM MYTH BBIUUCAEHHA CO BXO-
JOM ¥ JaloLero OTBET ,,1a“ 3a BpeMs, He mpeBocxoasinee p(|x|)». Jdanma
TAKOr0 MPOTOKOJIA IPU PA3yMHOM KOJUPOBAHNU JMHEHHO 3aBHCUT OT Bpe-
MEHH BBIYHCICHN (€CIH HCIOAL30BATh B KadeCTBe IPOTOKOJA OMNCAHHYIO
B JOKa3aTeIbLCTBE TeOpeMEl 1.2 TaGaumy BBIYHCICHHUS, TO KBAJPATHYHO),
HOPTOMY B KadecTBe ¢(n) JIf BTOPOTO ONpeJeleHNA MOXKHO B3ATH p(n)
(p*(n)), yMHOXKEHHEI Ha TOAXOIANIYI0 KOHCTAHTY.

YT06B 3aKOHYIUTE J0KA3ATEALCTBO B 3TOM CAyYae, OCTAIOCH TIPOBE-
puts, 9T0 R(-,-) € P. DT0 mourn oveBngHO. MBI JOIXKHBI IPOBEPHTH
mpoToxoa HekoTopon HMT, paboTaromienn 3a MOJIMHOMIAILHOE BPEMS. DTO
3alMET HAC IPUMEDPHO HA TO Xke BpeMs (COBEPIIEHHO He3adeM CMOTPETH Ha
OfHY SUEHKY SKCIOHEHINAILHO TOJTO).

Omp. 2.2 = omp. 2.1. Ilycte ects R, ¢ u3 oupegenenns 2.2. IlocTpo-
uM M pas oumpepenenus 2.1. Oua paboTaeT B ABa dTaIma.

Buauamze M wedemepmunuposanrno nuuiem Yy (KOTOPHIEL B CHIY OIpe-
JeleHNs 2.2 CyWeCTBYeT Aas M060ro c1oBa &, Aaf koToporo L(z) = 1).
Tosopsat emé, uro M «oTrageBaeTs (“guesses”) y. Boaee TouHo 3T0 03Ha-
JaeT, 9TO0 M HaAXOJWT MPABLIN KOHEI BXOJHOTO CJI0Ba, CABUTAETCS €Ié Ha
OJHYy ATENKY BIIPABO, 3AMICLIBACT B Heé F, eIé pa3 cOBUTaeTCA BIPABO U
ePEeXOqUT B Takoe HeJeTePMUHUPOBAHHOE COCTOSHIE, B KOTOPOM OHA IH-
IeT OJWH U3 CUMBOJOB HA JEHTY, CABUTAETCS BIPABO U BHIOUPAET MEXKIY
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COXpaHEHNEeM >TOT'0 COCTOAHHUA H IePEX0JoM B (yXKe JeTePMUHHPOBAHHOE)
COCTOSIHIIE HAa4YaJa CIeVIOUEero »Tala.

Ilocme 3aBepuieHms mEpPBOT'O 3Talla Ha JIE€HTE, IOMHIMO BXOJHOL'O CIO-
Ba &, 3AlMUCAHO eIné u caoBo y. Temeps M 0CTATOCH BHEIMUCAUTL 3HAaYE-
HEe mpeaukaTa R(z,y) 3a NOINHOMHAILHOE BPeMf. DTO MOXKHO CIEJATh,
HCHOJL3Ys JeTEePMUHIPOBAHHBIN AJCOPUTM, CYIIECTBYIOIINI B CILLY OIpe-
meqaerus 2.2. (I

Em¢ oguo oupegenenne kiaacca NP ecTs He 60see ueM BapuauT OIpege-
JeHus 2.2, HO IMeHHO B Takoll (ropMe ero ygoOHO 06061IATE I IOLYYIATH
ompeleNeHNs IPYTUX CAOKHOCTHBIX KIaCCOB.

Ompepgenenne 2.3. Hmerorcsa gsa nepconaxa: kopoas Arthur (Apryp),
YMCTBEHHBIE CIIOCOGHOCTH KOTOPOTO MOINHOMUAILHO OTPAHWYEHBI, U BOJ-
me6unk Merlin (Mepans), KOTOPBII HHTEIIEKTYAILHO BCEMOTYII] I 3HAET
IpaBUILHLIE OTBETHI Ha BCE BOMPOCH. Kopoab A mHTepecyeTcs HeKOTOPBIM
cpoiicTBoM L(#) (Hampumep, «ecThb an y rpada FaMEILTOHOB UK/ ), a BOI-
me6HnK M XodUeT, ITOGBI KOPOIb IpU3HAJA HAJINGHE 3TOrO CBOHUCTBa (HY,
ckaxeM, rpad CTpeMUTCA K 3BAHNIO [aMHILTOHOBA U gal M B3aTky). A
He [oBepAeT CBOEMY BOJIMIeGHUKY, 3HASI €TI0 KOPBICTOII00UE, I XOU9eT NMeTh
BO3MOXKHOCTB CAMOCTOATEILHO IPOBEPUTH NpeATokKeHHBn M oTBeT.

IMosToMy OHE AencTBYIOT caeayiomuM obpazoM. A u M 06a cMOTPAT Ha
€I0BO z, mocte 1ero M coobmiaeT HEKOTOPYIO HHGOPMAINIO (CI0BO ¥), KO-
Topas gorxHa y6eauTs A, uto L(x) = 1. Ucnoassys 5Ty uudopManmo, A
mpoBepseT yoeAuTeAbHOCTh apryMeHTOB M HEKOTOPBIM MOJMHOMUAILHBIM
criocobom.

B sTux TepMumax ompegeneHme kiacca NP MOxHO chopMyampoBaThb
Tak: CBONCTBO [, mpuHamtexuT kaaccy NP, ecan y ApTypa ecTh moamuo-
MUAJBHBIN CIOCO0 IPOBEPATE YOEeIUTEIBLHOCTD J0BOAOB Mepanna, npuaém:

L(x)=1 = y M ects cnocob ybeiurs A B 3TOM;
L(x) =0 — xak 651 M Hu nsompsaict, A He noseput, uto L(z) = 1.

DKBHUBAJEHTHOCTDL 3TOrO ONPEJENeHIs ONpeleleHno 2.2 He BBI3BIBAET
coMHeHNN. [JelCTBUTENBHO, U3-3a NOJNHOMIAILHON O DAHIYEHHOCTI KOPO-
ast A, coobienne Boaebunka M I01XHO IMeThH IOJNHOMIAJILHEIN Pa3MeD.
B ocTanpbHOM pa3amtnus MeXKIY OIpeTeTeHUIMH HUICTO BHEIIHWE.

2.2. Coaumocts u NP-momnora. CaoXHOCTL BBIMHUCIEHNS NpPeIUKA-
TOB MOXKHO CPAaBHUBATD, IOJAb3YACH CACIVIOMNM OIpeIeleHIeM.

Onpegenenne 2.4. Cpogumocth mo Kapmy. Ilpesukar [, cBoguTca x
npeguxaty Ls (o6ozmadenne Ly « La), ecan cymecTByeT Takas QyHKINA

fFeP, atoVua Li(z) = La(f(2)).
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CBO,E[I/IMOCTB II0 Kapny TakkKe Ha3bIBAIOT MOANHOMHUAILHON CBOONMO-
CTBhIO, & IaCTO — IIPOCTO CBOANMOCTEIO.

Jemma 2.1. ITyems Ly < Lo. Toeda
a)LQEP:>L1€P; 6)L1¢P:>L2¢P; B)LQENP:>L1€NP.

JokasareabcTBo. I[yHKT a) COBepIIEHHO OUeBHIeH — TTOOBI BBHITH-
CINTD 3HAYEHNe IpeInKaTa Li, TOCTATOTHO IPUMEHNITD KO BXOAY T (DYHK-
muo f, a K pe3yapTaTy eé paboTel — MPOTrPaMMY BBITHCICHHS Li.

IlyHxT 6) cregyeT U3 MyHKTA a).

IIyukT B) Takxe npoctT. Ero MoxHO 00bacHATE H0-pazHoMy. Hanpuwmep,
Tax: Mepanr coobmaetr ApTypy f(¢) (3amEa KOTOpOro orpaHut<IeHa HEKO-
TODBIM LOJIHHOMOM i OT NIHHEL T, HOCKOABKY f € P) m cioBo y, koTopoe
y6exaaeT Aptypa B ToM, 9T0 Lo(f(2)) = 1. ApTyp Taxxke MOKeT IPOBe-
PHTB, ITO eMy AelCTBHTEIbHO coobmero f(x). Hcnoabsys onpenerernne 2.2,
MOKHO HaIHCaTh MEMOIKY 3KBUBATCHTHOCTEH

Li(x) & Lo(f(2)) & Ty (Il < a(IF(@)]) A R(F(2), ) &
& 3y ((Jyl < r(lz)) A R(f(x),y)).

ToansoMm r(|z|) B mociefHeM BHIPAKEHIH — 3TO KOMIIO3HINA IOJHHOMOB ¢

u h. O

Onpegenenne 2.5. IlpeauxkaTt [, € NP maswiBaeTca NP-noanvim, ecian
aobon nmpeaunkat w3 NP x Hemy cBoguTcs.

Ecmu mexoTopein NP-IOAHEIN TpeinKaT MOXKHO BBIYHCIATH 3a BpeMs
T(n), To mo6on npeguxar n3 NP MOXHO BEIMHCIATEL 3a BpeMms T'(n°) gas
HEKOTOPOT 0 (PUKCHPOBAHHOTO 9ucia ¢. Takas moTeps 3p(PeKTUBHOCTH CIH-
TaeTcAa B TOU Hayke HeCyIIeCTBEHHOI.

NP-mosHBIE TPEIUKATLI CYIIECTBYIOT, TPABEIEM TPUMEPHL.

BBITOJHUMOCTE. 3agaércsa IpeInKaToM

SAT(x) <= & ecTb popMyaa ¢ OyIeBEIME HePEMEHHEIME 1 CHMBOIa-
Mu (7, V, A), KOTOpas NCTHHHA PN HEKOTOPBIX 3HATE-
HUAX NepEeMEHHBIX.

Teopema 2.2 (Kyk, Jlesun). 1) SAT € NP; 2) SAT — NP-noana.
Cuaegcreue. Fcau SAT € P, mo P = NP.

MoxasareabcTBo (Teopemsr 2.2). 1) Mepanry gocTaTowHO COOGIINTD
ApTypy 3HAYEHUS IePEMEHHLIX, BXOAAIMNX B (POPMYIY, IPU KOTOPLIX OHA
HCTUHHA. APTYD CHPABUTCS € IPOBEPKOU NCTUHHOCTH IIOIYI€HHOI'O BBICKA-
3LIBAHIIA.

2) Ilycts mpeaukat u3 NP, xoropsii HyxHO cBectn K SAT, nMeeT Buj

L(z) =3y ((lyl < q(|z])) A Rz, y)).
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PaccmoTpum Tabauily BEIYHCICHHS (CM. JOKA3aTeIbCTBO TeopeMsl 1.2)
aas MT, serancasonienn R(z,y) (BxogoM asaseTca mapa z#y). Bygem nc-
[OIB30BATE Te XK€ IePeMeHHBIE, ITO I B JOKAa3aTelIbCTBe TeopeMsl 1.2 (ko-
Jbl COCTOAHUN KIeTOK TaOIUIBI BBIMHCACHNA). 1TOGH TabINIla BEITHCTE-
HHS COOTBETCTBOBAIA IPABIIBHO NPOBEJEHHOMY YCIEIIHOMY (C OTBETOM
¢Zja») BBIMHCACHNIO, TOMKHBI BHIIOIHATHCA JOKATLHEE IPABHIIA COTIACOBA-
HIA I8 KaxKJOW 9eTBEPKH KIeTOK Buga LD U pe3yabTaT JOMikeH ObITh
«1a». Kaxnoe Takoe mpaBmio 3aqaéTca (pOPMYJON OT IePEMEHHBIX, OTBe-
Jaromx An60 paccMaTpUBAaeMOHN WTeTBEPKe, JAu60 HYJIEBOU ATUEHKe CaMOU
HIDKHEI cTpoku Tabaunsl. Oupeneanm GopMyay ¢, Kak KOHBIOHKIINIO BCEX
5TuX (POpPMYy.I, B KOTODLIE IIOJCTABICHE 3HAYEHUSA MEPEMEHHBLIX, KOTUPY-
IOINNX BXOJ X7y, NOMOJHEHHBIN cHMBOJaMN o 4o aamssl |z| + 1 + ¢(|z]).
3HaveHns, COOTBETCTBYIONINE T U F, — KOHCTAHTEI, II03TOMY II€pEMEHHEIE,
OT KOTOPEIX 3aBUCHT 3Ta (POPMYJIa, OTBEYAI0T Y W KOAAM BHYTPEHHUX Ate-
ex Tabauiel. Tak 9TO MOKHO CIATATH, ITO (POPMYJIA Py 3ABUCAT OT Y U
eIé 0T KaKUX-TO MePEeMEHHLIX, KOTOPbIe MBI 0003HAYHNM Z.

WTak, MBI comocTaBuIn C10BY & GopMyay ¢ (Y, 2), KOTOpas o MOCTpoe-
HIIO 061aJaeT caeyonmM cBoiicTBoM. Ecan Bemmoansercs R(z, y), To HAll-
Jérca Taxoll HaGOp 3HaYeHHN z(x,y), IPH KOTOPOM ¢y (y, z(#,y)) ucTuHHA
(>t 3Hadenns omuceBaioT paboTy MT ma Bxoge x#y). A ecan R(z,y) He
BBITIOIHAETCHA, TO Py (Y, 7) BCerJa T0XkHA (HOCKOIBKY IO CYTH yTBEPXKJAET,
YTO BHIUNCICHNE Ha BXoJe (&,y) AaéT oTBeT «Ja»). TaxuMm obpazom, mpu
L(x) =1 Takas ¢popMyaa HHOTJa (IpN HEKOTOPHIX 3HAUEHNAX ) HCTHUHHA,
npu L(z) = 0 — Bcerga IoxHA. d

lpyrue npumMepsl NP-IoAHBIX 32489 MOAY9IaOTCA ¢ TOMOIILIO CICAYIO-
LIl JeMMEL.

Jemma 2.2. Fcau SAT « L u L € NP, mo L — NP-noanas. U eoobuye,
ecau Iy — NP-noanas, L1 < Ly u Ly € NP, mo Ly — NP-noanas.

JokazaTreascTBo. [JoCTaTOYHO MPOBEPUTH TPAH3UTUBHOCTH CBOJUMO-
ctu: ecan Ly « Lo, Ly « Lz, To L1 x Ls. OHa cregyer m3 Toro, 4To
KOMITO3UITNA [BYX HMOJINHOMHAIBLHO BBITUCINMBIX (PYHKITNN TOJAHOMUAATLHO
BBITHCANMA. O

3-KH®. 3agaérca npegukaToM

3-SAT(z) <= x ectb 3-KH®, xoTopas HCTHHHA NCTHHHA IPH HEKOTO-
PBIX 3HaUeHnAX mepeMeHHBIX. 3-KH® — 370 xonbionk-
Uus JU3BIOHKINN, KaXJas N3 KOTOPBIX COAEPKUT TPU
JAnTEepAala.

3-SAT rmaxxe NP-moama. 310 ycranapinBaeTcs cBegenneM k Hen SAT.
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Teopema 2.3. SAT o 3-SAT.

JokaszaTteascTBo. ComocTaBum a060H CXeMe B CTaHIAPTHOM 6a3mce
Takyio 3-KH®, BLIIOIHIMOCTE KOTODON PABHOCHILHA TOMY, ITO BBITI-
casseMas cxeMonl (pyHKuus He paBHa ToxkgecTBeruo (. B sty KH® 6yayT
BXOJUTH BC€ IePEMeHHBIE CXeMBI (£1,...,4n B Y1,. .., Ys — HUCIOIB3YEM Te
xKe 0003HAYEHNA, ITO U B OUPefeJeHnN cXeMbl). [ 3TOro mocTpouM BHa-
vajle KOHBIOHKIN K’/ yclIoBui, o3HaIalomnX, ITO Kakjgad U3 BCIOMOTa-
TeIbHBLIX IePeMeHHBIX ; UMeeT 3HaYeHIe, COOTBeTCTBYIOIIee IPABOI JaCTH
npucBauBaHus Y;. EcTs Tpu THIA TakuX yCIOBHH (OHHE COOTBETCTYIOT TPEM
6a3MCHEIM PYHKINAM), I KaxkFbIH MOXKHO 3amucaTs B Bijge 3-KHD:

(y<:>(x1\/x2)) =@ Ve Vay)A(mzp Vaea Vy) A(xr Vo Vy) A
A(mxy Ve Vy),
(y& (1 Az2) = (z1 Ve Vay) A (mzr Ve Vay) A (e Vs Vo) A
A(mxy Ve Vy),
(y<:>—|x) =(zVy A(-xV-y).

TMoacrasasaa st 3-KH® B K, nonyanm 3-KH® K'. Uckomaa 3-KHD nme-
et Bug K = K’ A y,. [lelcTBUTeIbHO, HICTAHHOCTL K pPaBHOCHILHA YTBED-
K JIEHNO: BCe NMPUCBANBAHNS BBINOJHEHE! IPDABIILHO I B PE3YILTATE MOIY-
unnack 1 (ys = 1). 3HAUNT, eCAN NP KAKUX-TO 3HAUEHNAX IEePEMEHHBIX ¥;
cxeMa BBIJaET 1, To K BBIDOJHUMA, I HAOGOPOT. (I

Emé oaun npocToll mpuMep cBenEHNUI.

3aaa4A 1L (menouncaeHHOr0 AHHEHHOTO IporpaMMupoBanns). Ta-
Ha CICTeMa JUHEHHBIX HEPABEHCTB ¢ IeanMu koddduiuenrtamu. EcTs an
y Heé memouncienHoe pemterne? (IpyruMm cIOBaMH;, CO8MECMHA TN CHC-
Tema?)

B sTon 3agatde BXOAOM ABASETCS MaTpuUla KO3(PQIIIEHTOB I BEKTOD
npasbix dacrenn. To, ayro LJIIT € NP, ue coBcem oueBmano. OxasbiBaeTcs,
“TO B KadeCcTBe nogcka3ku Mepanna MoxeT coobuuTs ApTypy 3HAYMEHIA ITe-
PEMEHHBIX, IPH KOTOPHLIX BHIIIOJHEHLl BCe HEPDABEHCTBA cucTeMbl. [lo ompe-
JEMEHN0, JINHA 3TOrO COOOLIEHIA JOMKHA OBITH MOANHOMUAILHO OTDAHI-
veHa. MOXKHO JOKa3aThb, ITO U3 CYIIECTBOBAHUS LEIOUICAEHHOTO DELICHIIT
cleyeT CYLUIECTBOBAHNE [EJI0TNCIEHHOT O PELIeHNs, Pa3Mep 3aliC KOTOPO-
r'0 OrPAHNYeH MOJMHOMOM OT [UIMHBL 3AMICH CUCTeMEl, cM. [14, T. 2, §17.1].

Ceegém Teneps 3-KHP x IJIII. Iocrpoum mo 3-KH® cucremy au-
HEeNHBIX HepaBeHCTB. l[e109IcieHHBIX epeMeHHBIX BO3BMEM CTOJLKO K€,
CKOJBKO €CThb (YJeBBLIX MEPEMEHHBIX. By/IeBON MePEMEHHON &#; COMOCTABUM
BBIpaxkenue p;. OTPULIAHIIO IepEeMEHHON —&; COIOCTABUM BBIDaXkKeHme 1—p;.
Kaxpon gmspromkmmn X; V X V X, (X, — anTepaasl) comocTaBHM
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HepaBeHcTBO P; + Py + P, > 1, B xoTtopom F;, Py, P, — BHIpaxkeHnq,
CONOCTABIECHHLIE IUTEPAIAM JU3BIOHKII.

Hckomas cucTeMa comepkuT a1d Bcex ¢ HepaseHcTBa 0 < p; < 1, a Tak-
JKe BCe HEPABEHCTBA, COMOCTaBlIeHHble Au3bioHknuaM u3 KH®. QueBuguo,
4T0 BHIIOAHEMOCTE 3-KH® paBHOCHIBHA COBMECTHOCTH TAKOW CHCTEMEL.

3amedanue 2.4. Ecim me Tpe6oBaTh NeIOTHCICHHOCTH PEIICHHUI, TO
IPOBEPUTDL COBMECTHOCTD CHCTEMBI JUHEITHEIX HePABEHCTB MOKHO 3a IIOJIH-
HOMEAIbHOE BpeMi. [Ipumepsl Taxux aaroputmos (Xaunana, Kapmapkapa)
Takxke cM. B [14, T. 1, §13, §15.1].

O6wnpubin cuuncok NP-moambix 3agad cogepxurcs B KuHure ['spm un
Hxoncona [3]. Kax mpasuao, nx NP-moaHoTa JOKa3BIBAETCS ¢ IOMOIIBIO
cBegéunii. [IpuBegém Heckonbko npumepos NP-moareix 3agad.

3-PACKPACKA. Jam rpad. CopammeaeTcs, MOKHO I PACKPACHTL €0
BePUINHLI B TPU LIBeTa TakK, YTOOBLI KOHILI KaXkJA0ro pebpa OBLIN IOKpa-
IIeHEl B pa3Hble UBeTa. (AHatorn4Had 3ajada 2-PACKPACKA pellaeTcs 3a
HOINHOMHAILHOE BPEM. )

Kunka. Jawe rpad u gucao k. CopammnBaeTcs, eCTh au k-371eMeHTHOE
MHOXKeCTBO BepHInH rpada, JI00ble IBe BEPIINHLI KOTOPOTO COeINHEHEI
pebpom.

3agatuu

2.1. Tokaxmure, 9To 3anada nposepkn BoinoaHuMocTH 2-KHP (kons-
IOHKIUN JU3BIOHKINI, KaXkAasd I3 KOTOPHIX COJEPKUT ABa ANTepala) Ipu-
HagmexuT P.

2.2. Jokaxwure, 9T0 3agada 06 3WIEPOBOM IYyTH B HEOPUEHTIPOBAH-
HOM rpade (CyIeCTBYeT a1 IyTh, IPOXO AN 0 BCeM PEGPAM POBHO IO
OZHOMY pa3y) npuHagiexuT P.

2.3. Ilpegmoaoxmum, uTo kiaacc NP cosmagaer ¢ P. Hoxaxkure, 9¥TO B
TOM CIydae 3a IHOINHOMHUAJBHOE BPEMs MOXKHO He TOJBKO IPOBEPUTH BhI-
IOMHUMOCTDL (POPMYJIBI, HO I HAWTH 3HAYEHUS IePEMEHHLIX, IPI KOTOPBIX
OHa HCTHHHA (AHAJOTUYHO A1 MaMUJILTOHOBA LKA H T.II.)

2.4. JoxaxuTe, 9TO 3a7ada O MAPOCOTCTAHUAX (€CTh 1 MAILIUKOB I N
IeBOtEK, M3BECTHO, KaKUe Maphbl COTVIACHLI APYT ¢ IPYTOM TAHIEBATD; HA IO
OIIpeaeanTh, MOXKHO JI YCTPOUTHL TaHeI, B KOTOPOM BCE 1 MaJbINKOB U 7
JeBOUEK COeIUHEHbl B maphl) mpuuaatexnT NP u, Goaee Toro, mpuxamie-
xut P.

2.5. TlocTponTe
a) moimHOMuaabHOe cBeferne 3anain 3-KH® x 3anate KINKAa;
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6) TOT Xe BOIPOC, HO JONOJHUTEILHO TPeGYyeTCs, ITOOBI KOINIECTBO Pe-
meHni coxpanatock (ecan 3-KH® F mpu cBegeHNN COOTBETCTBYET Iapa
(rpad H, pasmep k), TO KOIHIECTBO BBIIOIHAIIMK HAGOPOB IepeMeH-
HBIX AaA I paBHO KOIMYeCTBY KIHK pasMepa k B rpade ).

2.6. ITocTponTe
a) moimHOMHaabHOe cBefeHne 3again 3-KH® x 3anate 3-PACKPACKA;

6) TOT :Ke BOIPOC, HO JONOJHUTEILHO TPeOyeTcs, ITOGE KOANIECTBO BhI-
IOMHAOWNX HAG0POB nepeMeHHbIX A5 a06on 3-KH® papusiocs Gwi 11e-
CTHKPATHOMY KOIUYECTBY 3-PACKPACOK COOTBETCTBYIOIIErO €l rpada.

2.7. TloxaxmuTe, ITO crefyoman 3agatda apaserca NP-moamon: gaH Ha-
60p u3 He Goiee YeM N THIOB KBaApaTHKOB 1 X 1, Ha CTOPOHAX KOTOPHIX
HaIICAHLl Kakule-TO OYKBBI; JAH CINCOK JOIYCTUMBIX Iap GYKB I CIHCOK
CPAHUYHBIX OYKB; CHPAIINBAETCA, MOKHO I KOPPEKTHO CJIOXKUTH I3 KBa-
ApaTHKOB Habopa GOILIION KBaApaT pasMepa n X n (Tak, YTOOBl HA IpH-
MBIKAIOIINX CTOPOHAX KBAJPATHKOB OBLIN TOJBKO JOMYCTHMBIE Haphl OYKB,
a Ha CpaHNIe KBaIpaTa — TOIbKO TDAaHNYHBIE GYKBHI).

2.8. [Mokaxwure, ITO OIPEAUKAT «X — JBOMYHAS 3ANNCH COCTABHOI'O HU-
ciaay npuHagiexuT NP.

2.9. [Jokaxure, 94TO OPEJUKAT «& — JBOMYHAS] 3AIICH IPOCTOrO UNUCIAN
npuraamrexknT NP.

3. BeposaTHocTHbie aaropuTmbl U Ki1acc BPP. IIposepka
MPOCTOTHI THCIA

B BeposTHOCTHEIX MT (BMT), Kak u B HeZeTepMUHHPOBAHHBIX, HIMe-
I0TCSA COCTOSHIS, I3 KOTOPBIX BO3MOXKEH [IePEX0] B HECKOIBKO (6O0IbIIE 01-
HOTO) cocTofHmi. OQTandme COCTOMT B TOM, 9TO COCTOAHHe, Kyga BMT
JeraeT IePeXo, OIPeLeIsieTCs PE3YIbTATOM HEKOTOPOrO CAYIalHOT O IPO-
mecca («mogbpaceiBaHnA MOHeTED ). HyXKHO 0roBOpUTH, Kakme MOHETHI JO-
nyckaiorcs. Hanpumep, ecan B3STb MOHETY, BEDOATHOCTD BEHIIA JEHUS [ep-
6a mJIA KOTOPOHI paBHA HEBBIYUCJINMOMY €HCIY, TO BodMoxHocTH BMT,
HCIOJB3YIOMEN HOAGpACKIBAHIIE TAKOU MOHETHI, OYIYT OOJbIIe, eM XO-
Tenoch OBbl; OHA CMOXKET BBIYHCIANTH I HEKOTODBLlE Hepa3peIINMble IIpe-
OUKATHL.

OOBIYMHO CINTAIOT, ITO BEPOATHOCTH BBINATEHIA OJUHAKOBLL I 06enx
CTOPOH MOHETEL, & PE3YJAbLTAT NOAOPACBIBAHNUS OTOX JECTBILETCS C TICIOM
0 mam 1.

Xotsa ana BMT meabss ckazaTh, KAKOU B TOYHOCTH OTBET OHA BBIAACT,
MOXKHO ONPeJeINTb BEPOSITHOCTDL TOrO IIN MHOTO OTBETA.
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Omnpegenenne 3.1. Ilpeauxat L npumagmexut xiaaccy BPP, ecan cymie-
ctBytor Takne BMT M u moamuaom p(n), uro mammnaa M 3aBezoMo ocTa-
HOBHUTCA 3a BpeMs, He IpeBocxogamee p(|z|), mpuaém

L(x) =1 = M c BepoaTHOCTBIO Goabluell 2/3 naéT OTBET «gar;

L(x) =0 = M c BepoaTHOCTBIO Goablell 2/3 naéT OTBET (HeT».

Ecau B aTOM onpefeneHny 3aMeHUTh 9HuCI0 2/3 Ha a1060€e GUKCHPOBAH-
Hoe unciao, 66asiee 1/2, knacc BPP me uamennrcsa. Ectes mpocToll crocod
JOOUTBCSI BEPOSITHOCTH, CKOJIb yrogHo 6am3kon k 1. BozbMéM Heckoabko
OJMHAKOBBLIX MAIINH, 3aIlyCTHM X BC€, & OKOHYATEALHBIM Pe3yabTaTOM Oy-
€M CIITATH MHEHIE GOIBIINHCTBA. FCII BEPOATHOCTDL NPABUILHOIO OTBE-
Ta 1/ KaKJOro SK3eMILIADA MAIIUHLL DaBHA ¢ > 1/2, T0 MOXKHO JOKAa3aTh,
YTO BEPOATHOCTL IPABIILHOI'O OTBETA IOCAE TOJOCOBAHUS 71 MAIINH He

Menbine 1 — A?, rge A = 2y/c(1 —¢) < 1.

ameqanme 3.1. IlpeacraBute ¢uantdeckyio peaausanuio HMT ouennb
TPYAHO (BCIOMHEUM, ITO HaM IPHIETCSI OMECTHTDL B Heé BeesHanky Mep-
AuHA). A BepOSTHOCTHBIE MAIINHEL BIOIHE MOT'YT MBICANTBCA KaK PealbHble
ycrpoiicTBa. ITosTomMy nmpenukaTsl u3 ki1acca BPP Bmoame MoxHO cunTaTh
PeaIbHO BBITICAIMBIMMA.

Kaacc BPP MoxHO onpegeinTs U ¢ IOMOIIBIO IPEINKATOB OT ABYX IIe-
PEMEHHBIX, KaK 3TO ObLIO cAelaHo A1 Kaacca NP.

Onpegenenne 3.2. Ilpenuxat L npumagmexut xiaaccy BPP, ecan cymie-
CTBYIOT TaKne NoAnHOM ¢(-) u mpeguxatr R(-,-) € P, uro

L(x)=1 =— goas caoB r gaussl ¢(|z|), 418 KOTOPHIX BBLINOIHEHO
R(x,r), 6oasiue 2/3;

L(x) =0 — goas caoB r gaussl ¢(|z|), 418 KOTOPHIX BBLINOIHEHO
R(x,r), merpme 1/3.

Teopema 3.1. Onpedeaenus 3.1 u 3.2 sxsusarenmusl.

Moxasareabcto. Omp. 3.1 —> omp. 3.2. Tlomaraem ¢(n) = p(n) (xo-
JAWIeCTBO MOAOPACHIBAHUN MOHETHI He IPEBOCXOMWT OOINero wmcia gel-
ctuit). Onpegeanm npegukat R(z,r) = «ammnaa M Ha BXoge  1aéT oT-
BeT ,da“ IpH YKA3aHHOW B T IOCIEN0BATEILHOCTH PE3YILTATOB M00PaChI-
BaHHUN MOHETED). DTOT NPEJUKAT 110 OYeBH JHEIM NPUINHAM yI0OBIETBOPAET
omnpeaereHno 3.2.

Oup. 3.2 = omp. 3.1. Cayuaiino BuI6upaeM ci1oBo r aamusl ¢(|z|) un
HoACTaBAsfeM B IIpeINKaT, 3aTeM BLITHCAAEM 3HadeHNUe MpegumkaTa. Lakas
BMT yzxoBreTBopsieT onpenereruio 3.1. |
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Onpegenenne 3.2 gomyckaeT CIeJyIOLIee HATJISI-
Hoe ToakoBaune. OTMeTHM Ha IIOCKOCTH (#,Y) TOU-
kn m3 MuHOXKecTBa {(2,y) : R(x,y) A (ly] = ¢(z|)}. ¥
Hdust © = x¢ pacemorpuM cedenne {(z,y) : R(z,y) A
Ayl = ¢(|=z])) A (x = xo) } aToro muOXKecTBa. IIpesu-
kaT R(-,-), y9acTByoOIWHi B onpefereHun 3.2, o6aa-
JaeT TaKUM CTPAHHBIM CBOIICTBOM, 9TO Me€Pa 3TOrO
CedeHNs IPU JI060M 2o an60 6oasbite 2/3, 1160 MeHb-
me 1/3. DTo pasgenser 3HaUeHUS ¢ HA ABe KATErO-
pHU: OJHA COOTBETCTBYET UCTHHHOCTH IpegukaTa L,
apyras — JIOXKHOCTI. z €L

Kaaccuiteckun npumep 3agawn uz BPP npencrasaseTr IIPOBEPKA IIPO-
CTOTBHI 4uciaa: JaHO TICIO N, TPeGyeTCs OIpelelnTh, IPOCTOoe I OHo. s
STON 3aJa4l CYLUECTBYET BEPOSATHOCTHBIN AJCOPUTM, PAGOTAIOLNN 34 IO~
JNHOMEIAIBLHOE BpeMs; OH 6yJeT celtdac OMICAH.

z gL

3.1. HeobGxogumsele cBeenud u3 Teopuu uncel. IloapobHoe uzroxenne
3IeMeHTAPHON TeOPHUH THCe] COnepXKUTCA B KHure [2]. Mul aums mamoMuanmM
IBe TeopeMbl, KOTOphIe Oy IYT BaKHBI IPN aHaan3e paboThl alIropuTMa Ipo-
BepKH IPOCTOTHI TUCIA.

Manas Teopema Pepma. Fcau n — npocmoe u n { a, mo a®~1 = 1

(mod n).

Kwurauckas Teopema 06 ocraTkax. [lycms n = uv — pasaoncenue wucad
na 63aumno npocmuie muoxcumeau. Toeda Z/nZ = Z[uZ x ZJvZ.

Jpyaunu ca06amu, Cyuecmeyem 63aumMno 0OHOZHAUHOE COOMBEEMCMEUE
Mencdy OCTAMKAMY 0M JEAEHUA HA N U NAPAMU OCTRAMEKOS OM JeACHUA
na u u na v. (F amo coomeemcmeue yeancaem ONEpayUY CAONCEHUR U
YMHONCEHUA. )

U3 masoti Teopemst Pepuma caenyet, aTo a1 Z 1 (mod n) nmossoaset
YTBEDXKAATH, ITO N — COCTaBHOE (FOBODAT, UTO ¢ ABIAAETCA C6UJETEAEM
HENPOCTOTH NCIA 1). ITO CBUATEILCTBO KOCBEHHOE — SIBHOT'O Pa3loxke-
HOA N Ha MHOXKUTEIN MBI He MOAydaeM — U CWIBHOE: 9acTO JOCTATOYTHO
npoBepKHu mpu a = 2!

O nuaxo mposepkn Maaon TeopeMbl PepMa gazke MIPU BCEX d MOKET OKa-
3aTbCA HEJOCTATOYHO. AJITOPUTM NPOBEPKU OyAeT UCIOIB30BATEH CBUIETE-
Jefi emé ognoro Tuma: ecan b? = 1 (mod n), a b £ 1 (mod n), To n —
cocTaBHOe; N U b — 1 uMeroT obmun geanTens, 60apimi 1. [TosTomy cBuge-
Ten Takoro BuAa (BoOOGIIe TOBOPS, TOpa3 o 6oaee PeIKO MOAB/AIONINEC)
[O3BOJIAIOT Cpa3y e yKa3aTb pa3ioikeHne n (IPOTHB MPOCTOTHL KOTOPO-
IO OHH CBHAETEILCTBYIOT) HA ABAa MHOXKHUTENS 33 IOINHOMHATBLHOE BPEM
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(mamboabmil OOIMINA JeauTedb (¥,y) ABYX WHCel # U Y MOXKHO HalTH 3a
HOIMHOMHAIBHOE BPEMs, CM. HITKE).

3.2. Heo6xogumble cBeleHHA U3 AITOPUTMUIECKON TEOPUM THCel.
ApudpmeTntieckne omepanuyu HaJ TUCIAMI MOXKHO BBIMOJHATE 3a MOJINHO-
MHAJIBHOE BpeMf OT JINHBI UX 3AMNCH (MUCIO0 N 3amuceiBaeTca [logn] =
= O(logn) 3maxamn). Hanpumep, cxeMa yMHOXKEHHS THCEL N, M CTOION-
koM nMeeT pasmep O(lognlogm), pacTymmil kBaIpaTHYHO OT IINHLL BXO-
ga. XoTda KBagpaT OT AJIWHBI BXOAa yXKe JOCTATOYHO Maj, ITOOLI GBITH
MOJMHOMUAAILHBIM, 3aMETHM, UTO [JAf YMHOXKEHNsA N-3HAYHBIX THUCEI eCThb
u Goxee >KoHOMHBIe cxeMbI pazMepa O(nlognloglogn), cm. [1, p. 7.5] man
[7, T. 2, p.4.3.3].

B mogyaspHonl apudMeTnke (apudMeTHKe 0OCTATKOB IO MOLYIIO 3a1aH-
HOTO 9HCIA ) MOXHO BBIMHCANTH ¢ MO MOZYTIO ¢ CXeMOH HOIMHOMHAIL-
HOTO pa3sMepa OT JINHBL BXoga (a,n, ¢) (B 06bIMHON apudMeTHKe TaikKe pe-
3yAbTAT BO3BEJEHIS B CTENEHb MOXKET NMeTh SKCIOHEHIINAIBHBIN Pa3sMep).
17151 5TOT0 HYKHO BEIMUCAUTE OCTATKA OT CTEIeHen a? TIOCIeJOBATEIBLHBIM
BO3BeJeHNEM B KBAJPAT U 3aTeM IEePEeMHOXKUTHL Te U3 IMOAYIeHHBIX WTUCeN,
KOTOPBIM COOTBETCTBYIOT 1 B JBOMYHON 3AINCU FUCIA 7.

HauGoapmuin o6mmn geanTent ABYX HHCEJ MOXKHO HANTHU, MOJb3YACH
arropuTMoM EBKiInga, HCHOIB3YIOUMM PEKYPCHBHO DPaBEHCTBO (#,Yy) =
= (y,# mod y). Ecin geanTsb G66abllee IHCIO HA MeHBIEE, TO 3a KaXk Ible
[Ba IIara JJANHA 3aMUCH MEHBIIero YNCIa YMEHBIIAeTCI Ha KOHCTAHTY.

CyImecTByeT TakikKe aJiCOPUTM TIPOBEPKU TOTO, ITO U3 UNCIa W3BJICKa-
eTCs HAIIETO KOPEHb k- CTemeHn. DTO MOXKHO CelaTh, HANSI JOCTATOTHO
TOYHO TMPUOANKEHHOE 3HAMEHUE KODHS U BO3Be[A OaumKaniee K HeMY Iie-
foe 1ucao B k-1o cremens. HaliTum mpubanxénnoe 3Hadenue %/r MOKHO ¢
TIOMOINBIO PEKYPPEHTHON MOCIeA0BATEILHOCTA

1
Unt1 = 1 (k’—l)an-l-ak% )

ecan BHIOpATH MOAXOAfIlee 3HAMEHNE Gg. [JeTaan >Toro (IoANHOMIAIBEHOTO)
aIropUTMa OCTABAAITCA INTATEIIO IS CAMOCTOATEILHOT O 00 TYMBIBAHNA.

3aMeTHM, ITO BC€ CXE€MBI, 0 KOTODBIX LLIa PevYb BHIIlEe, MOLYT OBITH
noctpoersl MT 3a moamnoMmanabHoe BpeMA. Tax ITO Bce mepetdncieHHEIE
3aJatdn NpUHaITekaT Kiaccy P.

3.3. AaropuT™ npoBepku npoctoTsl. BXO0/1: umncao n.

IIAT 1. IIposepsaem wéTHOCTEL N. Ecam n = 2, To 0TBeT «i — IPOCTOEH,
ecan n — YETHOe U 60JbINe 2, TO OTBET «N — COCTABHOEY, B MPOTHUBHOM
caydae IePEXOquM K wmary 2.
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IIAT 2. IIpoBepsieM, U3BICKAETCA AU U3 N HAIENO KOPEHDb k-U CTEImeHN
opu k = 2,...,|log, n|. Ecin u3BIeKaeTCs, TO OTBET N — COCTABHOE»,
HUHate MepexouM K Iary 3.

AT 3. 3amuceBaem n — 1 B Buge 2° - [, rae k > 0, a | — meséTHOe.

IIAT 4. BuibupaeMm ciydanHoe a cpein 4dumcea oT 1 1o n.

AT 5. Berancagem a', a®, ..., @' mo mogymo n.

poBEPKA 1. Ecan a”~! Z 1 (mod n), To oTBeT «n — cocTaBHOE).

. . i
[IPOBEPKA 2. Ecan maiigeno Taxoe j, n1a koToporoa’ ! # +1 (mod n),
i+
aa?’ ' =1 (mod n), To oTBeT ¢n — cocTaBHOE».

B IIPOTUBHOM CJIytYa€ OTBET «N — IIPOCTOEN.

3.4. Anamus aaropmrMma.

Teopema 3.2. FEcau n — npocmoe, mo ONUCAHRBII 6bIWE AA2ZOPUNM
scezda (c 6epoamuocmuio 1) ewidaém omseem «n — npocmoey.

Ecau n — cocmaswnoe, mo omsem «n — cocmasnoes 6ydem noayuen c
sepoamuocmuvio > 1/2.

3ametanme 3.2. UT0oOBI MOLYYINTH HOJINHOMHAILHBII BEPOSTHOCTHBLL
aICOPUTM NPOBEPKN NPOCTOTHL UHCIA B CMBICIE OompefeneHns 3.1, Hy:XKHO
ABaXk bl IPAMEHUTD [IPUBEACHHEL AIropuTM. Torga BepOATHOCTE OIIIOKH
cTadeT MeHbte 1/4.

HokazareabcTso (Teopemst 3.2). U3 ckazaHHOrO BBILIE CleAyeT, 9TO B
MOKa3aTelbCTBe HYXKAaeTCA TOIBKO BTOPOE YTBEPK ICHNUE.

IIycre n = uv = 1 (mod 2), rae (u,v) = 1 (ecam Taxoro mpegcrasie-
HUA HET, TO Ha mare 2 6ygeT o6HapyXKeHa HempocToTa). Ecan (a,n) > 1,
TO mpoBepka 1 IIA TaKoro a 3aBeJoOMO OOHAPYKHUT, ITO I — COCTABHOE.
Tak 9TO JOCTATOYHO AOKa3aTh, ITO HE MEHbIIE IIOJOBUHEI TeX @, KOTOPLIE
B3aUMHO IPOCTEL C N, 0OHAPYKUBAIOT HEIIPOCTOTY THUCIA.

O6osmaunm rpynny (7 /uZ)* gepes U, rpyuny (Z/vZ)* — qepes V. U3
KHTAICKOHN TeopeMBI 06 0CTaTKax clefyeT, 9To rpynna (7 /nZ)* nzaomopd-
Ha U X V (#30MOpQHU3M 3a1a6TCA €CTECTBEHHBIM 06Pa30M — BBIMHCICHNIEM
OCTaTKOB 110 MOAYIIIO U U II0 MOTYIIO ).

Paccmorpnm muomectsa U = {2¥ : x € U}, VF = {2% : 2 € V}. Do
noarpynnsl B U 1 V' cOOTBeTCTBEHHO (IpOU3BefeHNe k-X CTeneHel eCcTh k-1
CcTemeHs, 06pATHEIH K k-Ti cTemenn ecTs k-1 cremens). Tak wro |U|/|UF| —
mesoe 4ncio. Boree Toro, oTobpazkenne & — & SBISeTCA TOMOMOP(OI3ZMOM
TPy, TO3TOMY 9UC/I0 TPO06Pa30B IPH 5TOM OTOOPAKEHNN OJUHAKOBO /IS
Beex daeMenTos UK.
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Ouesngro, aro U? C U' (cTememeft xBagpaTos He Goxblme, weM Beex
cremnetetn). I[TosToMy moaydaeM mapy HeBO3PACTAIOMINX IENOTEK MHOXKECTB
vlou*o...ourttof1}y, Viov¥O...Dov*liD{1}

llanpbHelIee pacCyXK qeHne pa3buBaeTCsa HAa aHAIN3 HECKOABLKUX CIydIaes.
1. HOycre U714 {1} nan V=1 £ {1},
YTo6bl MPOUTH TPOBEPKY 1 B alropuTMe, HYKHO MOCTE BO3BEJICHHUA B
(n—1)-to cTenens noayunTs mapy octatkos (1, 1). ITockoasky npoobpa-
30B Kaxjgoro wmcaa w3 U1 # {1} ogmmaxoBoe KOIIIeCTBO, BEPOAT-
HOCTB HoaydeHns mapsl (1, 1) me oume 1/2.
2. Ilycts U"~t=Vn=l ={1}.
Mockonpky | — meuéTmoe, —1 € U! N V', T.e. maiigérca Taxoe t = 2°,
0<s<k,aro UX =VZ = {1}, a Ut # {1} mm V' # {1}.
ByzaeMm Z0oKa3bIBATh, 9TO ¢ BEDOSTHOCTHIO He MeHbIIe 1/2 B TOM MecTe
npoBepka 2 alropuTMa 0OHAPYKHAT, ITO . — COCTaBHOe. B maHHOM Cary-

qae a’* = 1 (mod n), Tax ITO HYKHO HOHATDL, ¢ KAKOH BEPOATHOCTBHIO

a' me pasuO +1. PaccyoTpum gBa cIyvas.

a) Ogro u3 muoxects U', V' pasmo {1}. IlycTs, Hanpmmep, U' =
= {1}. B >ToM cayuae MOKHO yTBepXKaaTh, uTo a’' Z —1 (mod n)
(octaTky —1 DpE geleHHH Ha 7 COOTBETCTBYET ILAapa OCTATKOB
(—1,-1) mpu gemeHnm Ha U, v).

MoxHo paccyXaaTh Tak Xke, Kak u B caiydae 1. C BepoATHOCTBIO
He MeHbIe 1/2 moaydmm mapy octaTtkos (1, a), a # 1.
6) O6a muoxecTBa U, V! cogepxaT mo kpailHell Mepe JBa IeMeHTA,

nycts |Uf| = ¢, |V?| = d. B 5ToM caytuae MOXKeT HOIYyIHTBHCA KaK
a® =1 (mod n), Tak 1 @’ = —1 (mod n), HO BEPOATHOCTDL TOrO
He mpesocxoaut 2/(ed) < 1/2. O

Jameqanme 3.3. Illlar 2 B aaropuTme u3GLITOUEH, JOMOJHITEILHBIMI
COOBPaKEHIAMI YCTAHABINBACTCA, ITO U 114 ducel Buja m* mposepkn 1,
2 JaoT DIPABIIBHLIIL OTBET CO 3HAYNTEALHOU BEPOSTHOCTBIO.

3.5. BPP u cxeMHaa cI0XHOCTE.
Teopema 3.3. BPP C P/poly.

JokazaTteascTBo. Ilaes goxazaTeaibcTBa COCTOUT B TOM, YTOOBI yCH-
IUTH omeHKn BeposTHOcTel ¢ (1/3,2/3) 10 (£,1—¢). "lucao £ foMKHO GBITH
HaCTOJBKO MaJ0, YTOOBI MOXKHO OBLIO BEIGPATEL TaKoe CIyYIalHOE CI0BO Yo,
IIpH KOTOPOM paccMaTpusaeMblll mpeaukaT u3 BPP cosmagaer ¢ R(z, yo).

CyTb 37€Ch B TOM, 9TO MOBTOPEHNE ONBLITOB 34 MOINHOMUAJILHOE BPEMS
SKCIOHEHINAILHO YMEHLINAET OLEHKY BEPOITHOCTH OMINOKI &, HO He MEHs-
eT pasMep Bxoga |z|. [loaToMy MOKHO ZOOUTHCA BEIIOJIHEHNA HEPABEHCTBA

NEPAPXMA CJAOXKHOCTHBIX KJACCOB 41

£21°l < 1. TIpu TakoM COOTHOLICHNN MeXAY € I |#| Bcerga mangércsa cay-
JalHOe CJI0BO, AJAs KOTOPOT'O HeT OMMOOK HU IPU KAKHX L.
HencTBUTEIBLHO, BCIOMHIM HaryagHoe ToakoBauue BPP, namnoe mocie
TeopeMmbl 3.1. Ecan moas ciaoB r, Ha KOTOPBIX HPOUCXOAUT OWNOKA, I/
KaXKJOT0 & He NMPEBOCXOIUT £, TO JOAA TeX CIOB 7, Ha KOTOPBLIX IPOUCXO-
IUT ommbKa XoTd OBl 411 ofHOTO %, He mpesocxoauT 2%l < 1. Bmaunr,
HaIyTCA U TaKWe T, HA KOTOPBIX HET OUINGOK HII IPH KAKOM L. d

DTO THOUYHOE HEKOHCTPYKTHBHOE [NOKA3ATEILCTBO CYIIECTBOBAHIIA.
Mz gokasbiBaeM, ITO BEPOSITHOCTH TOrO, 9TO O6BEKTA € HYXKHBIMI CBOW-
cTBaMu He cyinecTByeT, Meublile 1. Ho 3To u o3HawaeT, 9¥TO X0TaA 6Bl OJUH
TaKOI 0OBEKT CYIIeCTBYET.

4. I/Iepapxml CJAOKHOCTHBIX KJacCoOB

HamoMuuM, ¥T0 MBI OTOXK AeCTBISEM A3LIKI I IPEJNKATH, KAK OIICAHO
Ha c. 18. B wacTHOCTH, 3amuchk & € L o3Hadaer L(z) = 1.

Onpeaemenne 4.1. IlycTe A — HeKOTOpBIN Kaacc 3b6IK0B. Kaace gonos-
HEeHHUI COo-A cOCTaBIAAIOT JOIOJIHEHUS KO BCeM s3bikaMm u3 A. dopmaabHo

LeA < (B"\ L)€ coA.

Henocpencrsenno u3 oupegerennil knaccos P, BPP, PSPACE caeayer,

4r0 P = co-P, BPP = co-BPP, PSPACE = co-PSPACE.

4.1. VIrpel, B KOTOpEIe MTPAIOT MAIMHBIL. PaccMOTpPUM UTPY, B KOTO-
pPyI0 UCpapoT ABa HCPOKa, OygeM ux HaswelBaThb 6Geable (B) um wépupre (*1).
UrpokaM coobIaeTcs HEKOTOPOE CIOBO T, U OHU Ael1al0T XOIBI IO Ode-
pean (w; — HepBHI x04 6eablX, b) — MePBHII X04 U€pHBIX U T. 1.). Ka-
XKALIH X0 MOXKeT OBITH ommcaH croBoM gamuel p(|z|), rae p(-) — Hexo-
TOpLII ToanHOM. MTrpa 3aBepmaeTcs IToc/ae HEKOTOPOTo, 3apaHee 3aJaHHO-

ro, qucia xog0s.%)

Pe3yInTaT UTPHI OMHCHLIBACTCA HEKOTOPBLIM IPEINKATOM
W(x, w1, b1,...) € P, ICTHHHOCTL KOTOPOTO 03HAYAET, ITO BLIUTPAIN Oe-
Able (HHYbHX He OBIBAET, TAaK UTO JOKHOCTH W 03HawIaeT, 4TO BHIUTDAIN
€épuble). IIpeguxar W 3aBUCHAT OT HCXOZHOTO CI0OBA U XOJOB, CJEIAHHBIX
UTPOKAMHE: W1, ... — OCIBLIMH, by, ... — uépEBIME. [lockoabky P 3aMxHYT
OTHOCHTEIBHO JONOJHeHNH, npeguxat B(-) = W (:), yTBepxK 1aommil BbI-
UTPHIIT I6PHEIX, TakikKe IPUHAILIEKUT P.

OTCcyTCTBIE HUYBUX U KOHETHOCTL THCIA XOJOB IFapaHTUPYIOT IIPU 3a-

JAHHOM & CYIIEeCTBOBAHIE BLINTDHIINIHON CTpAaTeruu aubo A1si Genblx, anbo

8) Ha camom Iede NMMpaBujio 3aBEPIIEHNA UT'PEL MOXKET 6BITE U ciaoxHee, Ecan ecTh BEPX-
HAA OU€HKa Ha YUCJ0 XOOO0B, TO MOXKHO BCEr'Ta TOIMOJHUTH YUCJAO0 XOOOB 10 >TON OLICHKU,

HHUKaK He¢ YYUTHBad TOMOJHUTEJBHEIE XO OBl ITPU IIOABEICHUN PE3yJabTaTa UT'PDHL.
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a1s 9€pHbix. (PopMalbHOE T0Ka3aTeIbCTBO JETKO MOLYIaeTcs NHAYKINe
IO IHCIY X010B.) II03TOMY KaXI0H HUpe MOXKHO COOCTABUTD ABa B3AHMHO
JOIOTHUTENbHBIX MHOXKECTBA

L, ={z : B uMeeT BHIUTPHILIHYIO CTPATETHIO },
Ly ={« : I uMeeT BLIUTDBIIHYIO CTPATETHIO }.
Muorue CI0XKHOCTHBIE KIACCHI MOXKHO ONDEJEINTh KAK MHOXKECTBA Ly,
(mmm Lp), cooTBeTcTByMOMINE TeM HIN HHLIM BujaMm urp. Hampumep, mo-
JAydaeM CIeIyIOUIne KIACCHL.
P: muoxecTBa L,y (Kak u Ly, BOpOUeM) A4 UTP, B KOTOPHIX HIKTO He
JeraeT XOIOB.
NP: muoxecTBa L, 018 UTp, B KOTOPHIX Genble gedaroT 1 xox. Apyrumu
CIOBAMII, TO MHOXKECTBA BIJIA
{z: Fw W(z,w)}.
co-NP: muOX)KeCcTBa [}y A uTp, B KOTOPLIX Geable peqaioT 1 xon. dpyrumn
CIOBAMII, TO MHOXKECTBA BIJIA
{z :Yw B(z,wi)}.
Yo: MHOXKeCTBa L, maa urp u3 2 xomos: 1 xong Geawix, 1 xon <€épHBIX.
ApyruMn croBaMmi, 3T0O MHOXKECTBA BIIA
{e: Fwy Yoy W(x,wy,b1)}.
CroBaMu 3TO MOXKHO CKa3aTh TaK: €CThb TAKOHW X0 GelblX, 9TO, KaK
OBl HII CBICDAIN I€PHBIE, Oelble BLINTPBIBAIOT.
II,: muoxecTBa Lp oas urp m3 2 xogoB. JpyruMu cIoBaMu, 3TO MHOMXKe-
CTBa BUJA

{z :Ywy 3by B(x,wy,b1)}

Ykt MHOXKeCTBA Ly, A1g urp u3 k xonos (B 3aBHCHMOCTH OT I€THOCTH K
HOCTeJHUMHE XOAAT aAun6o 4épHble, 1u6o Geasle). IpyruMu caoBaMu,
5TO MHOXKECTBA BUIA

{e:Fwi Vb o Qeys W(x,wy, by,...)}
(ecan k wéTHOE, TO Q) =V, Y = bj/2, eciu k HewéTHOE, TO
Qr =3, Yo = W s1)/2)-

ITj: muoxecTBa Lp Ang urp us k xonos (B 3aBHCHMOCTH OT IETHOCTH k
HOCTeJHUMHE XOAAT aAun6o 4épHble, 1u6o Geasle). IpyruMu caoBaMu,
5TO MHOXKECTBA BUIA

{e :Yw 3by .. Quyp Ble,wi, by,...)}
(ecan k wéTHOE, TO Q) = 3, Y = by/2, ec1u k HewéTHOE, TO
Qr =V, yr = Wrt1)/2)-

Kaaccet ¥ u Il B3auMHO gJOmOAHUTEABLHBI: Y = co-Ilg, Il = co-Xg.
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Teopema 4.1 (Jlayreman [35]). BPP C X2 NII,.

HoxazareabcTBo. Ilockoabky kiaacc BPP 3aMxkHYT oTHOCHTEIBLHO dO-
TOMHEHNH, JOCTATOYHO MOKa3aTh, 1To0 BPP C X5,

[ >TOro HYXKHO HAYYIUTHCA (POPMYIUPOBATL CBOICTBO ¢MHOXKECTBO
COJEPKUT MHOL'O JIEMEHTOB» C ICIOIb30BAHNEM KBAHTODOB CYIIECTBOBA-
Hus u BceoOmmocTu. MuI cgemaeM 3To, Ipegnoaaras, 9TO pacCMaTPUBAKOT-
Cs1 MOJMHOMXKECTBA HEKOTOPOI KOHedHONU rpyunsl. Ilyctes ¢ — rpynna, a
X — nmoamuoxkecTBo (. CBOHCTBO, KOTOPLIM MBI OyJeM OTINYATH GOIb-
LIe MHOXKECTBA OT MAJBIX, COCTOUT B TOM, YTO HEKOTODPBIM KOIMIeCTBOM
COBHUIOB MHOXKeCTBa X MOMKHO IOKDBITH BCIO TDYIIILY

Elgl,...,gk:UgiX:G. (4.1)

ITo65l BHIOpATE MOAXOJAIIEE 3HAYeHHEe k, HYXKHO HANTH CIydam, KO-
rga (4.1) 3aBeZoMO BHINOMHAETCA, I KOT 44 3aB€JOMO HE BBIIOIHAETCH.

Ecan

kIX| < |G, (4.2)
ycaoue (4.1) 3aBegoMo 10XKHO.

Ycaosue (4.1) 3aBeOMO MCTHHHO, €CIH s CIyYalHBIX HE3aBHCHMEIX
g1, .., gk BepoaTHOCTE cobbrrus | J; ¢; X = G 6oasime 0. Jpyrumu croBaMi,
Pr[G\ (U; 9:X) # 2] < 1. BepoATHOCTE TOT'0, ITO CIyIAHHLIH cABAT X He
HOKPBIBAET (HE COAEPKNUT) HEKOTOPLIHN (GDUKCHPOBAHHLIN 3IeMEHT, PaBHA IO
okeBngunM npuanaaM 1 — |X|/|G|. BepoaTHOCTE TOrO, 9TO A CIyYalHBIX
CIBUTOB He TOKDHIBAIOT (GUKCHPOBAHHEI dxemenT, pasna (1 — |X|/|G|)*
(IOKPBEITHA PA3HLIMHI CABHTAMH — He3aBHCHMBble cOObITHA). [lockoabky mo-
kpriBaeTcs |G| aaeMerTOB, BepoaTHOCTS cobbitua Pr[G\ (|UJ; ¢:.X) # @] me

Goasbie |G| (1 — |X|/|G|)k (BEPOATHOCTH 00BENNHEHNA COGLITHI He GOJIbIIE
CYMMBI BePOSATHOCTEN >Tux cobuituil). UTak, npu
e (1= B < (4.3)
(e '
ycaosue (4.1) 3aBe1oMO BBIIOTHAETCA.

PaccvoTpum Teneps mekoTopwinl s3uik [, € BPP. [as mero, xak 06b-
SCHATOCH BEINIE, MOXKHO HANTH HOJINHOMHUAIBLHO BLIYUCAUMEIN IIpeINKAT
R(z,y) n mommrom p(-) Takme, aro wucio |X,|/2007D, rne X, = {y: (Jy| =
= p(|#])) A R(z,y)}, pasaudaer c1oBa, OpHHAJIEKAIME A3LIKY (FI7 HEX
oHO Gompiue 1 — €), u ca0Ba, A3BIKY He NpHHAJIeXAIe (AIf TaKUX CIOB
3T0 uncao MeHbIne ¢). [TapaMeTp £ MBI BEIGEpeM IO3XKe, ceH¥ac OTMETHM,
9YTO €ro BeIWINHA MOXKeT OLITh SKCIOHEHITNAILHO Mafda, Kak 00BACHAIOCH
Ha c. 36 mocrae onpenenerus 3.1.
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BBeméM NCKYCCTBEHHO CTPYKTYPY TPYIIB Ha MHOKECTBE CIOB Y JIMHBL
p(]#|) Tak, 9TO6H mpouU3BeseHMe U oOpallleHHe >JIEMEHTa B 3TON TpYIIIE
OBLIN OINHOMUAJIBHO BBIHCANMBIME (HAIDUMED, B KaTecTBe IDYIIOBOL
OIlepaLNN BO3BMEM MOKOMIIOHEHTHOE CJIOKEHNE IO MOAYIIO 1Ba). SAMNIIEM
clIemyomee Yo-yCIoBIe

Jg1,- 96 ¥y (vl = p(l2]) =
= (Y € Xo) V(Y €goXa) V-V (y € 1 X)) ).

[ pyrumn cioBaMu, pacCMaTPUBAEM TaKyI0 UTPY: GeJble CBOUM XOA0M Ha3bl-
BaIOT k CI0B (3J1€MEHTOB IPYIINLL), & IEPHBIE — OJNH DIEMEHT, KOTOPHIH, 110
X MHEHUIO, He MOKPBIT CIBUTAMU MHOXKeCTBa X, Ha CIOBa ¢;, Ha3BaHHBIE
OeIBIMI.

Ycnosue (4.2) B sToM caydae mmeeT BuA ¢k < 1, a ycaosme (4.3):
or(eDgk < 1. DT ycaoBHA BHIDOIHAIOTCA IMPH HOIXOAAINIEM BHIGOpE Ia-
pameTpoB. Moxuo B3aTh k mopsaxa p(|z|) u ¢ mopaaxa p~1(|z|). O

Sameuanne 4.1. Ilmeercs paccyxeHne, KOTOpOe «IOKa3bBIBAETH, UTO
BpeMs BulducaeHus pyHxuun u3 kaacca BPP moxmo cperars, mo-Bugumo-
My, MeHbIIe 27 g1a mo6oro . Ilges cocTonT B TOM, 9TO6I ICIOIb30BATE
TeHepaTopHl ncegdocayuatiney wucen. Takoll TeHepaTop mo HaAGOPy GUTOB
AanEL k cTpouT Habop AauHEl k', rae k' > k. Ecin opu >ToM BEIGHpATh Ko-
poTkue HAGOPHL CAYYAlHO, TO AJINHHBIE HAGODPBL 6YAYT pacIpeleleHbl TakK,
YTO BBIYHCANTEILHOE YCTPOHCTBO ¢ OUPAHHYIEHHBIMH DecypcaMu (HAmpn-
Mep, MOINHOMHAIBHAA MallliHa THIOPHHATA) He CMOKET OTINYNTD X OT I0-
HACTOALEMY CIyYalHBIX. DTO IOSCHEHINE 3aMeHSeT TOYHOE OpeeleHIe
[ICEBAOCIYIANHOrO TeHepaTOpa, KOTOPOe HaM He IOHATOOITCA.

CylLiecTBYIOT A1 ICEBAOCIYYIalHble [eHePATOPEl, Hen3BeCcTHO. IIx 3aBe-
momo HeT, eciu P = NP. Ho B aTom caytae P = ¥4 = BPP.

Ecau xe P # NP 1 ecThb nceBgociyuannble reHepaToOphl, TO MOXKHO Ha-
XOOUTH 33 YKa3aHHOE BbIlIe BpeMs 3Hadenne Gyuxuun f € BPP, Berancass
3HaveHns mpegukaTta R(z,y) us omp. 3.2 TOIBKO AIA IICEBAOCIYIANHBIX Y.

Ocraércsa «He60JBIIONY He(EKT B 3TOM DACCYXKIEHHN: OHO HE IPOXO-
gut upu P # NP u orcyTcTBuE mCeBROCIyIalHBIX CeHepaTopoB. Taxas
CUTYaIUs CINTAETCS MAJIOBEPOSITHOM.

4.2. Kaacc PSPACE. Kax yxe TOBOPHMIOCH, B 3TOT KJIACC IIOIATa-
0T Te (QYHKIUN, KOTOPBIE MOTYT OBITH BhrdmcaeHsl Ha MT, mcmoawnsyio-
el TaMsITh, OCPAHNYEHHYIO IOANHOMOM OT [UIMHBL BXOJHOTO ci1oBa. Kaacc
PSPACE Takixe MOXKHO OIICATH, HCIOJAb3Ys UCPHL.

Teopema 4.2. L € PSPACE mozda u moavko mozda, koeda cyuwecm-
BYEM MAKAA USPA C NOAUHOMUAALHBIM OM OAUHBL ETOOHO20 CAOEA YUCAOM
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20006 U NOAUHOMUAABHO SLINUCAUMBLM Pe3Yabmamon, umo L = {a:| 5 ume-
€M GLIUZPLLUHYI0 CIMPATNERUIO}.

HokazarembcTBo. <—  IlokaxkeMm, 9TO A3LIK, OIpPeeIIeMbIl UTDOI,
npuragiexuT PSPACE. ITycts wmcio xozos orpanmdeno p(|x|). Ompege-
AUM [0 HHAYKIUE HaGop MamunH Teiopumara My gas k = 0,...,p(|]z]). Ka-
Kaas M mo 3agaHHOMY Hadady WTPHL T, wi,b1,... IIHHLL k ompegeaseT
HaIN4Ne BLINTPBLINHON cTpaTerunnw y B. Ilocregsell B >ToM pagy MalmHe
My (|2|) EYXHO IPOCTO BHIUCINTL IPeJUKaT Wiz, wy,...). Mammua My,
mepebupaeT Bce BO3MOKHBIE BAPHAHTH (A + 1)-Tr0 X048 I KOHCYJIBTHPYETCHA
¢ My, 10 mOBOAY OKOHYATEIBLHBIX DE3YyAbLTATOB UTPHL. EE omeHka Hrphl
COCTABIAETCA OU€Hb MPOCTO: €CIN TEKYIIHil xo1 y B, To gocTaTouHo Hall-
TH OQUH XOJ, IPH KOTOPOM M 11 DapaHTUDYeT BHIULDBIIHYIO CTPATETLIO
g B. Ecan rexymuninn xox vy Y, To mpm Bcex BapmaHTax Myy1 JOIKHA
06HAPYXKUThL BLINTPLINHYI0 cTpaTermo aia B. Mammma M, ompegeaser
HaJIN4Ne BBIUTPBLIIHON CTPATErWN Oad B B caMOM Hadajle UTDLl U [AA €€
paboThLI HaM HYKHO HCII0JL30BaTh BCIO TOC/IeI0BaTeALHOCTE Mamue My,. Ho
KaskJasd U3 5THX MAIlNH ICIOIB3YeT HeGOMbIIYIO (IOINHOMIAILHO OrDaHN-
YeHHYIO) HaMAThb, Tak ITO BECh IPOLECC HOTPEGYET MNNIb TOJHHOMUIAILHO
OrPaHNYIEHHON MaMITH.

—> IlycTb ecTb MammHa M, pacmo3HaIai BXOXK ICHNE CI0BA B A3BIK
L Ha moImHOMUAILHON NaMATH. Bo-mepBhIX, 3aMeTHM, ITO BEIYUCTICHNE HA
namaTn S GeCCMBICICHHO TPOBOINTS goabime, e Bpems 20(%) (Bcé maumer
NOBTOPATHCA MOCTE TOTO, KAK MBI HCIEPIIAeM BCE COCTOSHUA HAIllell CHCTe-
MBI, a nx He 6oaee qem |A|°-|Q|-S, rae @, A — cOOTBETCTBEHHO MHOKECTBO
COCTOAHNI yIPaBIAIIIET0 YCTPOICTBA U andaBuT paccMaTpusaemoir MT).
ITo>ToMy MOXHO CIMTaTh 6€3 OrpaHNIeHNS OOITHOCTH, ITO BpeMA PabOThHI
manmusl M orpanmuaeno 29, rae ¢ = O(p(|z])).

YUTo6bI 6BLLI0 IPOIIE ONICLIBATL UTPY, TOTPebyeM, ITOGBI MOCIE 3aBep-
mrernd Beraucaerus MT coxpansaia 6e3 m3MeHEeHN JOCTUTHYTOE COCTOAHIE.

Urpa 3akmodaeTcs B clegyioeM. Beable yTBepXKaalOT, ITO OTBET Ha
BXOTHOM CJIOBE T paBeH «Ia», a I6PHBIE XOTAT 3TO IPOBEPUTHL. Besble cBo-
IM IePBBIM XOI0M AEKIAPUPYIOT COCTOAHMe Mamuubl M (cTpoka, 3ammca-
Has Ha JEHTe, MOJOKEHNEe INTAIONIEN T'0JOBKH, COCTOSHEE YIPAB/IAIONIEr0
yeTpoticTsa) mocae 2971 TakTos. YIépHLIE CBONM X0J0M BLIGHPAIOT OJUH U3
IPOMEXYTKOB: oT Hadada o (2¢7!)-ro Taxta mau ot (297 !)-ro TakTa g0
kouna. Bensle gexnapupyioT cocrosame M B cepeinHe 3TOT0 IPOMEKYTKA.
lamee Bcé nopTopseTcs: U BeIOUpaeT OJHY U3 ITOJOBHHOK, B IeKIapupyeT
coctosrne M B cepeinHe BHIGPAHHON MOJTOBWHKH M T. .

Urpa 3akaganBaeTcs, KOTJa IINHA TPOMEXKYTKA CTAHOBUTCA PAaBHOM 1.
PesyapTaT ompenenseTcs Tak: AJA 0OOMX KOHIIOB DTOTO TPOMEXKYTKA B
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mponecce Urpbl 6bLin HazBaHbl cocrosHusa M. Ecam cocrosimme mpasoro
KOHIIA IIOJIYYaeTCs N3 COCTOSHIA JeBOrO KOHIA 3a OAWH TakT paboTwl M,
To B BRINrpasu, mHate BHIITpAIN .

Ecan orBer M Ha cioBe & TEICTBUTEIBHO «Jay, TO GeJIBIM HYXKHO BCE
BpEMsI FOBOPUTH IPABLY, 3TO FAPAHTUPYET UM BBIUT DI

Ecau orBeT M Ha cl0Be £ — «HeT», TO IPH A060M X0[g€ GeIBIX HA OJHOM
I3 IPOMEXYTKOB (Ian Ha 060uxX) 6yJeT cofepkaThea omubka. 1 TomKeH
VKa3bIBATDH KaXKABIH Pa3 IMEHHO 3TOT IPOMEKYTOK. d

3agaia 4.1. [TokaxkuTe, ITO KJIACC T3LIKOB, PACIO3HABAECMBIX HedeTep-
MUHUPOBAHHBIMA MAaITMHAMH, PAOOTAIONNMA Ha OaMATH .5, CONEPKATCA B
KJIacce A3bIKOB, PACIO3HABAEMBIX JeTePMUHIPOBAHHLIME MAIMUHAMI, paGo-
TapmEMn Ha naMaTi poly(S).

B xauecTBe caegcTBus TeopeMmbl 4.2 monyduaeM BKIIOYEHIsS BCEX OIPe-
JEIEHHBIX BBIE KaaccoB g, Il B xamacc PSPACE. Bazaumuoe cooTHolIe-
HIe 3THX KJIACCOB MOXKHO H300Da3UTh ANATCPDAMMON BKIIOYEHHUN, IOKA3aH-
ol caeBa. Ha »Tonn gmarpaMme oT 64abIIero Kiacca K MEHBIIEMY MOXKHO

IPONTH, ABUTAsACh IO cTpeakaM. Bumsy pac-
m moraraeTcs kiaacce P, oTBedaromun urpam ¢
0 xomoB, 3aTeM HAYT [JONOMHSIOINE APYT
Opyra Kaacchbl, OTBEYAIOIIe HIPaM C KO-
HeYHBIM HHCIOM XO4OB (I8 OZHOTO XOma
370 NP u co-NP, anxs aByx x0q0B — X9

@ @ un II> m 7. 1.). 3aBepmiaeTcsa 3Ta Auarpam-

ma kaaccom PSPACE, xoropwinn ompepgens-

m eTCs IPON3BOILHBIMI UT'PAMI C OJHUM eCTe-
CTBEHHBIM YCJIOBUEM — BpeMS UT'PBI JOIK-
@ @ HO OLITHL HNOIMHOMHAJLHO OTPAHUTIEHO Pa3-

MepPOM BXOJHOT'O cJI0Ba. MBI yiKe mokasza-
JIII BCe BKJIOYEHUS, M306paKEHHble HA DTON
gunarpamme. Hu mpo ogHo u3 BKIIOUeHHH,
CIeAVIOMNX M3 >TOI ANArpaMMBbl, HEM3BECT-
HO, ABJsI€TCS AU OHO cTporuM. BeiTs MmoxkeT, ckaxem, P = PSPACE. C gpy-
rou croponsl, Bo3MoxkHO I Tak, ¥T0 PSPACE = EXPTIME, rge EXPTIME
06o3HadaeT (He PACCMATPHBABLINIICA HAMHE) KIACC I3bIKOB, BEIHCANMEIX 34
SKCIOHeHInaIbHoe BpeMa 2P (?) | Brpouem, Hanboree MOMyIIpHA THIOTE-
3a 0 TOM, ITO BCe BKJIIOUEHNs, N300paXEHHble HAa qUArpPaMMe — CTPOCLHe.

Sagata 4.2. Mawuna Tviopunea ¢ oparyiom A — >1o MT ¢ momoanm-
TeIbHOH OpaKy4bHOU JEHTOH, KyJa oHa (MAalllMHA) MOXKET 3aIlHCHBATE CI0-
Ba, & 3aTeM 3a OJUH TAKT PAGOTHI IPOBEPATh, IIPIHALIEKIIT JI 3AIICAHHOE
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Ha OpaKyJIbHOHU JeHTe CI0BO A3bIKY A. Ilo IBYM CI0XKHOCTHBIM Kiaaccam X
I Y MOXKHO ompegeinTsb kiacc XY Takmx A3BIKOB, KOTOPHIE PACIO3HAIOTCA
MalllIHAMHI U3 KJaacca A ¢ opakyaaMm u3 Y.

Hokaxure, I4TO P¥r = Pl C g1 NIIgy.

B xaacce PSPACE cymiecTBYOT HOIHBIE 331291 (OTHOCHTEILHO IOINHO-
MHAJIBHOI cBoguMocTn). IIpocTelmuil BapuaHT HOIyIaeTCs IPUMeHeHNIEM
IpeIbIIVIIEeN TeOPEeMEL.

3ana4a TQBF. 3agaércs npegukarom

TQBF(z) < = ecTs ncrunHas GyaeBa popmyaa ¢ kpagTopamu (True

Quantified Boolean Formula), T.e. ¢popmyaa Buga

Quyn - QuunF(yr,- - un),
rae y; € B, F — HexoTopas Jormdeckas (popMy.Ja, a
Q; — aubo V, aubo 3. Ilo onpegenennto, (Vy; A(y1)) =
= (A0) A A(1)), a (Fyr A(yr)) = (A(0) v A(1)).
Teopema 4.3. TQBF PSPACE-noana.

JoxkazateascTrBo. IlocTpoum cBegéume mio6oro ssvika I € PSPACE
k 3agade TQBF. dna storo mpesparuM MT, BBIMHCIAIONIYIO Pe3yIbTaT
urpel (opeguxat W (-)), B cXeMy, a XOABI HTPOKOB 3aKOAUPYeM OyIeBBIMU
mepeMeHHBIME. Torfa HaAUYNe BBINTPHIIIHON CTPATErNN Y GEIBIX 3a 1aéTcsa
yCI0BUEM

FJwl Fw? 3wl vt s wl Wl ),

rge S(-) o603HAYAET Pe3yIbTAT BLIYNCIEHHA IO CXEME.

YrobLl mpeBpaTuTL S B 6yaeBy (POPMY.Iy, 106aBIM HOBLIE TlepeMeHHEIE
y; (3Ha<MeHMe, BEIMNCICHHOE IPH {-M IPNCBANBAHNE B cXeMe) I 3aMeHnM S(-)
Ha QOopMyIy BUIa

E|yl,~~~aElypa3MepcxeMbI (yl <:>R1) FANRERIA (ys <:>Rs) ANYs,

Tle s — pa3Mep CXeMEl, ; — IpaBas dacThb ¢-I'0 IPUCBANBAHUA.
ITocme 3Tol MOACTAHOBKH MOJLYYINM KBAHTI(GUIUPOBAHHYIO 6yIeBY (op-
MYy, KOTOpAasd UCTUHHA B TOTHOCTH Aad & € L. |
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KBaHTOBBIC BHINIMCICHHUA

Kax yxe roBOpHIOCH BO BBeIeHHU, OOLITHLIE KOMIBLIOTEDEHl He HUCIOIb-
3YIOT BCEX BO3MONKHOCTEIl, IPEIOCTABIIEMBIX IPUPOAON. B HUX BBIIOIHS-
I0TCA IPeo0pPa30BaHNA HA KOHETHBIX MHOXKECTBAX COCTOSHUE (IEHCTBHA ¢
0 u 1), a B mpupoe eCTH BO3MOXKHOCTH JelaTh YHUTAPHEIE IPeoGpa3oBa-
HIf, T.e. IeHCTBOBATL Ha GECKOHEMHOM MHOEKecTBe.?) DTa BO3MOKHOCTE
OIINCHIBAETCA KBAHTOBOH MEXaHHKOHN. YCTpoIcTBa (pealbHble IIH BOOODa-
XKaeMBble), HCIOIB3YONIE DTY BO3MOXKHOCTH, HA3LIBAIOTCA KBAHTOBBIMI
KOMIILIOTEeDAMH.

JapaHee HESCHO, YBEINYNBAIOTCA JH BBLIYHCJANTEIbHBIE BO3MOXKHOCTH
IpHu mepexoje OT IPeo6PA30OBAHNN KOHEYHBIX MHOXKECTB K YHUTAPDHLIM IIpe-
06pa3oBaHNsIM KOHEYHOMEDHLIX HpocTpaHcTB. Celldac eCcTh OCHOBAHUS I10-
JaraThb, 9TO TAKOe YBeJINdeHNe TeNCTBUTEILHO Npoucxoaut. B kadecTse
mpuMepa MOXKHO IPHUBECTH 3aJaIy O Pa3JoKeHUN 4HCIa HAa MHOXKHUTEIN:
751 OGBIYHBIX KOMIBIOTEPOB HEM3BECTHEI MOJINHOMUAALHBIE AITOPITMEL €6
pellleHns, a A1 KBAHTOBLIX KOMIILIOTEDOB TaKWe AJTrOPUTMEL €CTh.

O6br4HBIl KOMOBIOTED paboTaeT € COCTOSHUAMH II3 KOHEYHOT'O IIC-
aa 6uToB. Kax el 6IT MOXKET HAXOJUTHLCS B OJHOM U3 ABYX COCTOSHUN
0 man 1. CocrosHEe BCell CHCTEMBI 3aJaéTCsi YKA3aHNEM 3HAUYEHHN BCEX
ouTos. IlosToMy MHOXecTBO cocrosuuil B = {0,1}” xoHedHo m mMeeT
MOIIIHOCTEL 2.

KBauTOBBII KOMIOBIOTED PAGOTAET C KOHEIHBIMI HAGOpAMI dJIeMeHTAD-
HBIX COCTOSHHW, Ha3blBaeMBIX (-Onmramu. Kaxaemi g-6uT uMmeeT nBa BBHI-
JeIeHHBIX COCTOSHIS (€CaIn CINTaTh ¢-OMTH COHHAMIN, TO 3TO COCTOSHNA
¢CINH BBEPX» I (CIUH BHH3»). YKa3aHie BLIJETCHHBIX COCTOSHHUN A1 Ka-
XK JOro g-0ITa CICTEeMBl 3aJa6T He BCe BO3MOXKHBIE COCTOSHIS CHCTEMEL, &
TOABKO 6a3ucHble. BoaMoKHEL Taxxke JM106bIe THHENHBIE KOMONHATINE GA31IC-
HBIX COCTOSIHIU ¢ KOMILIEKCHBIMHU Kod(hduimenramu. Basucurie cocrosuns

Q)KOHG‘IHO, HacTosNen 6€ CKOHEIHOCTH B NPUPOIe He GhiBaeT. B namHoM caydae memo
B TOM, 9TO YHHUTAPHOE Mpeobpa3oBaHue MOYXKHO 3a0aTh JUIIb C HEKOTOPOH TOYHOCTHIO —

Mo IpoGHOCTH CM. B pa3gee 7.
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MBI G6ygeM 0603HAYATE |1, . .., Ly), [Ae &; € B, mwin |z), rge ¢ € B”. IIpo-

M3BOJAbHOE COCTOAHNE CHUCTEMBI MOXKET OBITH IIpeacTaBJI€HO B BI/I,E[elo)

|1/)> = Z Cxl,...,xn|$1a .. 'a$n>a rae Z |Cx1,...,xn|2 =1

(€1,...,z)EB" (21,...,x0)EB™

IIpoemparnemeo cocmoanuti 1 TAKOH CHCTEMBI — KOHEYHOMEpPHOE (pas-
MepHOCTH 2" ) IPOCTPAHCTBO HAJ HOJeM KOMIIEKCHBIX IHCE.

Cocroguue

O0OBITHOT O KOMIIBIOTE€PaA KBaHTOBOI'O KOMIIBIOTEPDA

o 0o ---0 o6uru o o ... Od q-6UTHL

T1 T2 ... Tp xT; €B 6asucHoe: | £1, T2, ..., Tn), z; €B

LPOUBBOJBHOE: . Cz|T), Tae > |Cm|2 =1
xEB™ relB™

He6oubIoe yToMHEHNE: eClN YMHOKITE BEKTOD » . ¢ |2) Ha (azosbiii uHo-
scumenp €' (¢ — BemIECTBEHHOE), TO MOAYINTCI DU3NTECKN HEOTINTH-
Moe cocTosHme. TakuM 06pa3oM, COCTOSHIE KBAHTOBOIO KOMIBIOTEDa —
5TO BEKTOD €JUHUYHON JJINHLL, 3aJaHHLII ¢ TOYHOCTBIO A0 (PazoBOro MHO-
KITeNd.

Brruncienne MOXHO IPeICTaBIATL KaK IOCIeJOBATEILHOCTE Ipeobpa-
30BaHUI Ha MHOXKECTBe COCTOSHUU cucTeMbl. QnuireM, xakme npeotpazo-
BaHIA BO3MOXKHBI B KJIaCCHYeCKOM, a KaKie — B KBAaHTOBOM CIytae.

Kaaccuaeckui cayyam: KpanToBBIH ciIydan:
npeobpaszoBaHnua — 3To PpYH- | Tpeobpa3oBaHUA — 3TO YHATAPHBIE OIE€paTOPHI,

kruu u3 B" B B". TO eCTh OIlepaTOPHl, COXpaHAIINe IINHY BEKTO-

pa 3 leal”.

xEB™

3ameuanme. Bcé ckazaHHOe OTHOCHTCS TOABKO K 3aMKHYTHIM CICTE-
MaM. PealpHBIN KBAHTOBBEIA KOMIBIOTED — 3TO YacTh GOABLION CHCTEMBI
(Bcemennon), B3aHMOIEHCTBYIOMAA ¢ OCTAIBHLIM MupoM. KBaHTOBBIE CO-
CTOSIHISA I IPeoOPa3oBaHUsi OTKPBITHIX CUCTeM 6YAYT PACCMOTPEHLL B Pa3-
perxax 9-10.

Temeps HyXHO 1aTh (GOPMAJILHOE OIpeereHNe KBAHTOBOI'O BLITHCTE-
Husa. Kax u B kraccmaeckoM ciytae, MOXKHO ONPeIeJUTh KBAHTOBLIE Ma-
ummasl TeopuHra min KBaHTOBBIE cxeMbl. MBI BHIGHpaeM BTOPOU MOAXOM,
KOTODHII yo6Hee O PALY IPUIHH.

10) Ckobkn |...} B 3anucu |¢) He 0603HAYAIOT HUKAKOI ONlEPAllNU Haj O6BEKTOM i —

OHU IIPOCTO YKa3bIBaXT Ha TO, 4YTO ’L,ZJ ABJAACTCA BEKTOPOM.
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5. Onpegenenus u 0603HaICHUA

IIpocTpaHCTBO COCTOAHMI cucTeMsl u3 n ¢-6uTo C2" MoxHO 3ammcaTs
B BIJe TeH3opHOTo mpomsetenna 2 @ ...Q 7 = (C2)®n. CoMuoxurenn
COOTBETCTBYIOT NPOCMPAHCMEY COCMOANUL 00Ho20 g-6uma.

TernzopHOE TPOM3BeJeHNe ABYX IPOCTPAaHCTB L m M, B KOTOPBIX (uk-
CUPOBAHBL 0a3UCHL {¢e1,...,e;} u {f1,..., fm}, MOXHO oIpeeanTs KaK mpo-
CTPAHCTBO ¢ 6Aa3UCOM I3 3IeMeHTOB €; @ fi. (B mammHOM cayuae €; ® fi —
3TO TO XKe caMoe, ITO (e;, f), T. . IPOCTO Hmapa BeKTOPOB.) PasmepHoCTS
TEH30PHOIO IPOU3BEJeHNS PABHA [ (IPOU3BEIeHNIO Pa3MEPHOCTEH COMHO-
KHUTeETEH).

Takoe olpeJeNeHne HEUHEAPUAHMHO, T. €. 3ABICAT OT BEIGOPa 6a3MCOB B
epeMHOKAEMEIX IIPOCTPAHCTBaX. MOKHO NaThb UMEAPUAHMHOE OIperele-
mne. [ >TOro pacCMOTPHM BHatwale IPOCTPAHCTBO (6eCKOHETHOMEPHOE)
c 6azucom e @ f, rme e € L, f € M — Ipon3BoOIbLHBIE BEKTOPHI U3 T€PEMHO-
JKaeMBIX IPOCTPAHCTB. TeH30pHOE mpou3BeeHne OyaeT (GPakKTOPIPOCTPAH-
CTBOM 3TOT'0 MPOCTPAHCTBA II0 ITOANPOCTPAHCTBY, IOPOXK IEHHOMY BEKTO-
paMu BHIa

(e1+e)@f—e1@f—e® f,
e@(fit+f)—e®fi —e® fa,
(A@) ®f—6®(Af),
Me@ [)=(Ae)@ f.
lpyrumMn cioBaMu, yKa3aHHbIE BEKTOPBI CINTAIOTCA paBHbIMHE (.

MoxHO ToKa3aTb, YTO NaHHBIE ONpEJeNeHNs SKBUBAJCHTHLIL.

B mameM caydae HMeeTCs €CTECTBEHHBIN BbIJEICHHEIN 6a3nc (COOTBET-
CTBYIOIHNI BhIgedeHHEM cocTosruaM): i C2 — {]0), 1)}, a gas (C2)®n —
{lz1,...,zn)}, z; € B. lIpoctparctBo C? ¢ BELAEIEHHBIM 6a3ucoM 0603HA-
gaeTca depe3 B. BulgeqeHHBIN 6a31UC CINTAETCA OPTOHOPMUPOBAHHLIM, 3TO
3aJaéT CKaIIpHOe IPOM3BeJeHIe HAa IPOCTPAHCTBE cocTodHun. Kosxdumm-
€HTHI Cy, .y, DA3IOMKEHNT BEKTOPA |¢f) o 3TOMY 6a31Cy HA3BLIBAIOTCH d.M-
naumydamu. Ix GpU3NIeCKN CMBICI COCTOUT B TOM, 9TO KBaApaT MOyl
AMIUINTY AL ¢y, oz, |* HHTepIpeTUpPYeTCs KaK BePOATHOCTH OGHAPYKHTH
CHCTEMY B TaHHOM 6a3mcHOM cocTogHnu. Kak m 10aKHO 6BITE, CyMMapHas
BEPOATHOCTHL BCEX COCTOSHUN paBHA 1, IMOCKOJBKY IINHA BEKTOPA IIPEIIo-
naraetcs efuHIYHON. (BeposTHOCTH 6y 1yT HOIPOGHO 06CY XK JATHCA TO3KE;
0 HEKOTOPEIX IO MBI OyeM 3aHNMAaTLCS JHHETHON anrebpoll — M3ydaTh
YHUTApHBIE OlepaTOpPHl Ha IpocTparcTse BE™).

Mer 6ygeM mcmoab3oBaTh (I yiKe HCHOIB30BANN) NPHHATHE B (QU3HKE
0603HaMeHNs, OTHOCAIINECA K BEKTOPaM U CKaIApPHOMY IIPOU3BEICHUIO B
ruas6epToBOM mpocTpaHcTBe (mx BBE1 Jupak). BekTopsl o6o3HataioTCs
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|€), cxanaproe mpomssegenme — (&|n). Ecim |€) = 3" aql|r) um |p) =
= > belx), To (&|n) = >, alb,. (3meckr m gamee a® oGo3HadTaeT KOM-
IUVIEKCHOE CONpsiKeHme.) B 3ammcnm BeKTOPOB CKOOKHM HYXKHBI JIHINDB ¢
KPacoThl) — OHH yKa3bIBAIOT Ha THUII 00BEKTa M TPUIAIOT CAMMETDHIO
oGozHadeHnaM (cM. HuKe). BMmecTo |€) MOxHO GBLIO GBI HANHICATH IPOCTO
&, xors 570 u He npuHATO. [losTomy €1 +£2) = |£1)+|€2) — u To, 1 apyroe
oGo3HataeT BeKTOp &1 + &o.

CKaIfpHOe IPON3BeJeHNe AHTILIIHENHO 0 nepeomy apryMenTy ') u -
HENHO 1I0 BTOPOMY, T. €.

(€1 + &aln) = (Caln) + (Ealm), (Elm =+ m2) = (€lm) + Eln2),
(c&lm) = ¢*(¢[m), (Elen) = e{€ln).

Ecan B 0603HaMeHNN CKAIIPHOTO IPOU3BEJEHN B3ATE JA€BYIO TOJIOBUHY,
TO HOAY4IHM 6pa-sexmop (€], T.e. INHENHBIN GYHKINOHAT HA KEM-6€EKMOPAT
(BekTOpax HAIIEro HIPOCTPAHCTBA). DBpa- I KeT-BeKTOPHI HAXOLATCI BO
B3aHMHO OJHO3HAYHOM c0OTBeTcTBHH. (TeM He MeHee, HYXKHO HX KaK-TO
pasIndaTh — HMEHHO /1 9TOTO0 U OBLIN BBEIeHB yIIoBEe ckoOKm.) M3-3a
AHTUINHENHOCTH CKAJAPHOTO MPOU3BEAEHNS 10 TIEPBOMY apryMeHTY UMeeM
pasercTBO (€| = ¢*(£]. Bpa-BeKTOD MOXKHO 3alICATH B BIJE CTPOKH, & KeT-

BEKTOpD — B BHJe cToaI0ma (ITOOB ero MOXKHO OBLUIO YMHOXHTH CIeBa Ha
MaTpHIy):
c
(€= o0l +ei(ll = (chrel), 1) =col0)+erfty =]
3amuce (£|Aln) (A — INHENHLIN omepaTOp) MOXKHO TOIKOBATH JBOS-

KO: an60 KaK CKaaipHOe Mpom3BeieHmne BexTopa (€| Ha BexTOp A|n), 1ubo
kax — (£]|A ma |n). Tax moABIAeTCA CONPAXKEHHBIN omepaTop Al: mo ompe-
nexemmo, (AT¢] (6pa-BexTop, coorBeTcTBytommit Af|¢)) pasen aumeirHOMY
dyuxnmonany (£|A. U3 onpegenerns cpasy caegyer, ITO

(ATeln) = (€| Aln).

YHumaphviti onepamop — 3TO INHENHLIA OIePATOD, COXPAHSIOIINN CKa-
JAAPHOE MPOU3BeIeHIE. Y CIOBUE

(nlé) = (UnlUle) = mUTU€)
SKBUBAICHTHO ToMy, uro UTU = I (rge I — TOXKOECTBEHHBIN ONEPATOP).

Hare OIIpeneleHue CKaJAIpPHOI'O IIDOU3BCOCHU B B@n COINIaCOBAHO C TeH-
30PHBIM IIPDOU3BEICHIICM:

(€t e (eal) (ln) @ ns)) = (&rlm) {€alme)

11) O6paTI/ITe BHUMaHHE, YTO MaTeMaTUKH OBGBIYHO CHUTAKWT, 4YTO CKaJAPHOE IIPOU3BE-

neHWe B YHUTAPHOM NIPOCTPAHCTBe aHTUJINHENHO MO 61M0p oMY APTYMEHTY.
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B panbuenmmeMm 6yAeT UCHOAB3OBATHCA MEHZOPHOE NPOUIEEJEHUE ONEPAMO-
pos. OHO gellcTByeT B TEH30PHOM IPOM3BEIeHNN IPOCTPAHCTB, HA KOTOPBIX
JEACTBYIOT COMHOXKITENN, IO IPABILILY

(A @ B)[§) @ [n) = Al§) © Bln)

Ecin onepaTops! 3ajaHBl B MATPUTHOM BHe B HEKOTOpPOM Oa3zIce, T.e.
A:Zajk|j><k|a B:ijk|j><k|
Jk Jk

(merxo moHaATL, 9O |j)(k| — aumennsin omepatop: |7){k| |€) = (k[€)]F)), To
MAaTPHIHELIE 371eMeHThI onepaTopa (' = A® B uMeT BUA (k) (im) = 4jibkm.-

Brruncaenne cocTOUT U3 IpeoGpa3oBaHUl, CINTACMBIX 3AeMEHTAPHBIMA
(BLIMOMHAEMBIX 3a €QUHUIY BDEMEHIH).

DaeMeHTapHOEe Npeobpa3oBaHne | DIeMeHTapHOe Mpeobpa3oBaHiie B KBAHTOBOM
B KJIACCHYECKOM CIydae: Takasd | CIydae: TEH30PHOE MPOU3BEEHUE ITPOU3BOIb-
¢yuxmma nz B® B B, KoTopas | HOro yHHTapHOIO oIEepaTopa, IEHCTBYIOIIe-
saBHCHT OT HeGoabimoro (He 3a- | To Ha wactu commoxuTenein BE rpe r ma-
BUCALIErO OT n) 4ucia 6uroB u | 10 (r = O(1)), u TOXKIECTBEHHOIO OLEPATO-
U3MEHsAET TAKXKe HeGOMbIIoe UK~ | pa, AeUCTBYIONIEr0 HA OCTAMBLHBIX COMHOXKU-

cio 6UTOB. Texsx.

TernzopHOE TpOU3BELEHNE HEKOTOPOTO omepaTopa U/, AelCTBYIONIEro Ha
MHOKECTBe (-6UTOB A, I TOXKIeCTBEHHOTO OIepPaTOpa, AEHCTBYONIIETO Ha
OCTaTbHEIX -6uTax, 6ygeMm obosnazats U[A]. (B gactroctn, U[l,...,r] =
= U ® I o6o3HadaeT gellcTBHe HA MEPBEIX I -OHTAaX.)

IIpumep 5.1. Ilpuseném maTpuny omeparopa H[2], melicTByoliero B
1 (1 1
v\l -1
6UT, Ha OCTAILHBLIX (-ONTax NelCTBHe TOXKeCTBeHHOe. Ba3ucHble BEKTOPEI
PacCHooXKeHsl B JeKcHKorpadguieckoM nopsaake: ot |000) go |111).

10 1 000 0 O

npoctparcTae BO3. OmepaTtop H = JeACTBYeT Ha BTOPOU (-

601 0 100 0 O

10-1 000 0 O

101 0-100 0 O

Hm_VEooo 010 1 0

00 0 001 0 1

0600 0 010-1 0

00 0 001 0 -1
C »Toro Mecra HaYNHAETCS BLIYUCJANTENbHAS CIOXKHOCTL. [IycTs 7 = 2,
Torga U — HexoTopas marpuna 4 x 4, U ® I — maTpuiia pa3MepHOCTH

2" x 2", y KOTOPOHU IO gUATOHAJIN CTOST 6aoxm m3 Mmarpun U. dTa Mma-
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TpULA OPEICTABIAET OAWH dIeMeHTapHBIN wmwar. Korga npumeHsercs He-
CKOJBKO TaKWX OllePaTOPOB K Da3HBIM IapaM -OuToB, pe3yabTaT OyxeT
BBITVIAAETH ropa3go ciaoxuee. He BugHo cnocoba ompenelnTs 3TOT Pe3yIb-
TaT, KPOMe IPAMOTO IepeMHOKeHns MaTpuil. Ilockoabky pa3Mepsl MAaTPHIIT
SKCIIOHEHITNAIBLHO BeJUKH, MOTPebyeTcsa SKCIOHEHNNAJbHOE BPEeMA IId HX
TIepeMHOKEHN .

3aMeTHM OJHAKO, ITO BEIUUCAEHIIE MATPIYIHLIX 3I€MEHTOB BO3MOXKHO Ha
MOMNHOMHIAJIBLHO OTPAHIYIEHHON maMATH. [IycTh HyXKHO HANTH MaTPHYIHBIN
aaeMeHT U, omepaTopa

U=UOT, kUi k] U g, k] U [, k).

OueBuaHO, ITO

@mw_mﬂ _ o

TiTp—1
Ti1To

Y 452 (5.1)

r1%o "

Ti_1,..,%1
(3pecw xq, ..., L — CTPOKH AIHHON n 6uToB.) [ BEIYHCIEHHS STOH CyM-
MBIl gocTaTouno (I — 1)-ro permerpa gafd XpaHeHHd TEKYIINX 3HadeHHH
Zji_1,..., &1, €I OJHOTO PETUCTPA M5 XPAHEHIA TACTIHIHON CYMMBI I He-
KOTOPOro (hUKCHPOBAHHOT'O KOJUYECTBA PETHCTPOB AIfA BBHIMHCICHUA HIPO-
MEeXKYTOYHBIX IPOM3BEICHNII.

Ompepaenenune 5.1. Keanmosasn crema. [Tycmo A — nexomopoe muo-
HECmEo yrumapHulr onepamopos (6asuc). Toeda keanmosas crema 6 6a-
suce A — smo nocaedosameavrocme Ur[Aq], ..., Ui[4)], ede A; — mno-
acecmea g-oumos, U; € A.

Onepamop, peaau3yembvili K6aHMoO60U cremot. Imo onepamop
U: B®" — B9 paswwiti Uj[A;] - ... Ui[A1].

DTo ompejeneHne He OYeHb XODOINO, TaK KAK He YINTHIBAET BO3MOXK-
HOCTH HCIOIB30BAHUS JOMOMHUTEILHON MaMATH B MPOILECCE BBIMUCIEHIA.
IlosToMy gaguMm emé ogHO OIpedeleHNe.

Onepamop U: B®" — B®", peasusyemviii cremoti 6 pacwupen-
HOM cmbleae. Imo makold onepamop, wmo npouszsedenue

W =U[A]-... U[A]

deticmeyrowee na N g-6umos, N > n, daa awbozo eexmopa |£) € B
ydosaemeopaem ycaosuro W ([€) @ [0V=")) = (U]€)) @ |0V —7).

TaxuMm 06pa3oM, MBI «GepEM HAIIPOKAT» JOMOJHHTEILHYIO HaMATh, 3a-
HOTHEHHYIO HYJIAMH, I TOMKHE BO3BPATHTE ¢¢ B IpeKHeM cocTofHun. Ka-
KOII CMBICA WMeeT TaKoe OlpefdeleHne? 3adeM HYXKHO TpebGoOBaTb, ITOOBI
JOTIOTHUTEBHEIe (-6uThl BepHyInch B cocTosame |[07¥~")? Ha camom me-
e 3TO YCIOBHE IHCTO TEXHUIEeCKOoe, OTHAKO BAaKHO, ITOOHl BEKTOD COCTO-
SHUA B KOHIle BEIYHCICHHS OBLI pazaodxcus, T.e. uMmerd sug |€) @ |n') (c
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npousBoabHEM |1f)). Ecanm sTo Tak, To mepBas mojcucTeMa HaXOIUTCHI B
OIPEAEIEHHOM COCTOAHHN |£'), MODTOMY HPO BTODYIO MOACHCTEMY (JOMOI-
HETeIBHYIO IaMATH) MOXKHO 3a0bITh. B IDOTHBHOM caIyTae, COBMECTHOE CO-
CTOsAHUE ABYX HOJCHCTEM OKA3BEIBACTCS (3alyTaHHEIM» (entangled), mosTo-
MY TIepBYIO IOJCHCTEMY Helb3s OTIEINTH OT BTOPOI.

«...Henrpzs orcoequHuTh KBAaHTOBBIH IIPHHTED OT KBAHTOBOI'O
KOMIIBIOTEPA, IIOKA HIET paboTa, HHaYe OfUH WIH oba npubopa
HCHOOPTATCA.»

A. Illeus

6. CooTHolllenne MeX1y KJIAaCCHIeCKHM U KBAHTOBLIM BLI-
IUCJICHUEM

Kiaaccudeckuin 06beKT, COOTBETCTBYIOINN YHUTAPHOMY ONEPATOPY, —
nepecTanoBKa. Jlo6ol mepectanoske G': B — B* ecTecTBeHHO ComocTa-
BISeTCA YHHTApPHLIH omepaTop (G B mpocTpancTBe BEF, neficTBylommit mo
IPaBHIILY é|x> &t |Gz).

Amnanorusso onpefeseHnio 5.1, MOXKHO ONpeAeInTh 06PATUMEIE KAACCH-
TeCKHNe CXEMBI, PEANN3YIOIINe IePeCTAHOBKM.

Ompeaerenue 6.1. O6pamumasn raaccuuwecras crema. ITycmo A —
Hewomopoe MHodcecmeo nepecmanosor suda G: B — BY (fasuc). Obpa-
muMas Kaaccuneckas crema 6 6asuce A — amo nocaedosameabrocms ne-
pecmanosor Ui[A1], ... Ui[A)], ede A; — mnoocecmsa 6umos, U; € A.

ITepecmanosra, peasusyeman obpamumots cremotd. Imo npous-
sedenue nepecmanosor Ui[A;] - ... - Ui[Aq].

IIepeecmanosra U, peaau3yemasn cremott 6 pacutupennom cmbl-
cae. Dmo maras NEPecManosrd, Ymo nNPoussedenue NePecmaHo8or

W: Ul[Al] e Ul[Al]

deticmeywuee na N 6umos, N > n) dasa awbozo x € B ydosaemeopaem
Y s =z Y D
yeaosuio Wz, 0N ~") = (Ux, ON_”).

B xaxux caydaax QyHKINIO, 3aJaHHYI0 OYJIeBON CXeMOU, MOXKHO DPeasn-
30BaTh oGparuMon cxemoll? O6paTmMble CXeMBI Pealn3yioT TOJBKO Iepe-
craHoBkU. IIpeogosaeTs 3Ty TPYAHOCTH MOXKHO TaK. BMECTO BBLIYUCICHUS
byaxmun F: B* — B" 6ygem BoramcaaTs GyHKMmIO Fg: B'T™ — BT
3aJaHHYI0 cooTHoumeHneM Fg(z,y) = (2, y ® F(x)) (3mecs & o3HazaeT mo-
6uTOBOE CI0KeHHe 1o Moayaio 2). Torga 3uadenne F'(#) MOXHO IOIy4HTH

Tak: Fg(x,0) = (x, F(x)).

COOTHOWEHUE MEXKIY KJACCHYECKUM M KBAHTOBBIM BBLIYUCJEHUEM 55

UTo6bI MOXKHO GBLTO BLIYHCIATL (DYHKINH, 3aJaHHBIE OYJICBLIMH CXe-
MaMH B IOJHOM 6a3lce, HeTOCTATOTHO B3ATL 6a3MC AIA 0OPATUMEIX CXeM
U3 IepecTaHOBOK Ha NBYX 6mTax. OKkasplBaeTcd, 9TO Jr06as MepecTaHOB-
ka Ha AByX 6uTtax ¢: B2 — B? apaserca aumefinofl dbyHkmesi (mpu ecTe-
CTBEHHOM OTOXKIeCTBJICHNN MHOXKeCTBa B W moas u3 ABYX 3aeMeHTOB Iy ):
gz, y) = (ax B by P c,de Dey® f), roe a, b, ¢, d, e, f € Fy. IlooToMy Bce
(QYHKINH, BLIMUCILeMbIe 0OPATIMEIME CXeMaMi B 6a3lce U3 MepecTaHOBOK
Ha IBYX 6UTaX, ABAAIOTCA JUHETHBIMI.

A BOT mepecTaHOBOK Ha TPEX 6UTaX yikKe JOCTATOTHO, ITOOHI peasn3o-
BaTh M06yI0 QyHKNH. IIpn 3ToM He 06A3aTeIbHO HCIOIB30BATL BCE IIe-
PECTAaHOBKH, TOCTATOYHO BKIOYNTHL B 0a3lC JHINL ABe (DYHKIUH — OT-
pumanne — u agemnenm Toddoau Ag: (x,y,2) — (z,y,z ® zy). lIpu >Tom
HMeeTCA B BUAY PEATN3yeMOCTh B PACIIIPEEHOM CMBICTE, T. €. MOKHO 6paTh
HampokaT 6UTHL B cocToganu () M BO3BpaIlaThb UX MOCIE OKOHIAHWS BLITH-
CJICHUH B TOM € COCTOAHN.

3aga4da 6.1. [JokaxuTe 01g 06paTUMBIX CXeM MOJHOTY 6a3mca, COCTOS-
urero u3 oTpunanna u >reMenTa Toddoan.

Jemma 6.1. Ilycms gynxyus F: B — B” peasusyemcs 6yaesoli cxe-
moti pazmepa I 6 wmexomopom 6asuce A. Toeda mosxcno peasusosamo
dynxyuio (x,0) — (F (), G(x)) obpamumoti cremotd pasmepa O(L) 6 6a-
suce Ag, cocmoswenm us dynxyud fg (f € A), a marme dynxyuu

@: (x,y) = (z, 2D y).

3amedanne 6.1. ITomumo «monesHOro» oTBeTa F(%) cxeMa, ykasaHHAasd
B OPMYINPOBKe JE€MMBI, IPOU3BOAUT «Mycopy G(x).

3ameuanne 6.2. CogepxaTenbHBIN cMBICI omepaunn @ — obpaTumoe
KOIUpoBaHue OuTa (ecainm HadalbHOe 3HadeHHe y pasHo (). B amTeparype
sTa omeparnus 0640 HaszsiBaeTcss Controlled NOT no npuumnaam, koTopsie
CTAHYT ACHBIMU U3 NalbHEHIIero.

3ameqanne 6.3. Ilpumenss Qpyuxnmo (<): (a,b) — (b, a) MoxHO Me-
HATL OUTHL MecTaMu B 3anucu. O6paTuTe BHUMAaHNE, 9TO I IepecTaHOBOK
6UTOB JOCTATOYHO Takke HMeTh B 6asuce @), Tak kKax

()K= @, K@k 1@ k]

JokazaTreascTtBo. Bo3bMéM cxeMmy, BeITHCASIONYO F. IIycTh BXOgHBIE
mepeMeHHBlE — 3TO &1,...,&,. BCIOMOraTelbHBIE IePEMEHHBIE CXEMBL I
OGUTHI Pe3yabTATA — ITO Tpnyi,...,Ln4L; B OOPATHMON CXeMe COIOCTAa-
BIM UM JOIOJIHUTEIbHBIE GUTHI, UMEIOIIle B HAYAILHOM COCTOSHII 3HAa-
zenne (.
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Kazkoe mpucBamBaHIE B CXeMe HMEET BHI ZLnik = fi(Zi., ..., 21,),
fe € A, Ji,...,lx < n+ k. B obpaTuMon cxeMe aHAJOrOM NPUCBANBAHUSA
GyfeT ZellCTBHE MEPECTAHOBKHU (Zj,,..., &1, Tntk) = (fr)e (T, ..., T,
Tptk)y To€ Tngk 1= Tnik D ful@je, .., 21,.).

IMockombKy HaYalbHBIC 3HAYMCHHUA TOMOJHHUTEILHLIX MEPEMEHHBLIX OBLIN
paBHLI (, UX KOHeYHEBIE 3HAYEeHNs Oy IyT TAKUMH XKe, KaK U B OyJIeBOH cXeMe.

OcTanoch MOMEHATH MECTaMH OWTEHI, YTOOLI IOAYYINThH yKa3aHHBLII B
ycaosun GpopMaT OTBETA.

Bech mporecc BLIMHCICHNA YIOGHO MpencTaBHTL CIeIyIOIel cxeMoll
(Ha I IPAMOYTOIBHIKAME [0 AHNCAHO KOIMIeCTBO ONTOB, BHYTPH — HX CO-
JePIKIMOE):

n L —m m
N
IIPHCBABAHUS IIO CXEMeE
‘ x ‘l‘n_H l‘L_m‘ F(x) ‘
IIepeCcTaHOBKHI ouTOB
| P | G(x) |

d

Jlemma 6.2 (osmcTka Mycopa). B ycaosuar aemmbt 1 moocno npousee-
emu eviuucaenue gynryuu Fg obpamumot cxemoti pasmepa O(L + n + m)
(¢ ucnoavzosanuem JonoaHuMEAbLHBIT GUMOS).

JokasareascTBo. [aa oumcTku Mycopa 6ygeT ICIOIL30BaHa obpaTn-
MocTb. U306pasum nporiecc BoIducaeHus Fg cxeMoH, aHATOTHIHON TOH, ITO
IpuBeJeHAa B JOKA3aTeIbLCTBe JeMMEI 6.1.

n L m
N
BLIMHCICHNE IO CXeMe U3 ToKa3a-
m Ltn—m m TeabCTBa JeMMEL 6.1
| P | G | v |
croxenne F(x) u y mo Mogyo 2
‘ F(x) ‘ Glo) ‘ Fle) sy ‘ obpalreHne BLIMHCTICHNI,
‘ - ‘ 0 ‘ Fla) &y ‘ CIeJAHHBIX Ha MepBOM IIare

d

Sameuanne 6.4. OGpPAaTHUMBIMI BBIYICICHUAMH 3aHHTEPECOBAINCH DU
IOIBITKE OTBETUTH HA BONPOC, KAKASI DHEPI IS HeOOXOJUMA, /151 BHIINCACHIH
(xkmaccudgecknx). AHaIN3 MOKAa3a/l, ITO MOTEPH SHEPTUN MOKHO YCTPEMHTH
K HYJIIO JJs BCeX BBIUHUCINTENLHBIX Ollepaunil, kpoMe HeobpaTumerx. Korga
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IPOU3BOAUTCA HeOoOpaTHMas olepanus (HALPHMep, CTHpaHHe OHTA), ABa
pasanuubIx jgorndeckux 3HadeHus (0 m 1) cramoBaTca ogmuaxoBuiMu (0).
Oarako pusnydeckne 3aKOHBL HA MEKDPOYDOBHE SBISIOTCSI 06PATIMBIMHI, [I0-
STOMY OTIANYNE MeXAY CTAPBIMEI cOCTOAHUAMIE (0 11 1) OIKHO COXPAHUTHCH
B KAKIX-TO HEKOHTPOJINPYEMBIX (PI3NIECKIX CTEIEHIX CBOGOABL. DTO MOXK-
HO HHTEPIPETHPOBATH KaK BO3PACTAHNE GeCIOpAIKa (SHTPOINH ), KOTOPOe
B KOHEYHOM C¥eTe [MPOABUTCA B OKPYZKAIOIIEN cpele B BUAe Tellla. Beaudn-
Ha SHePrum, TpeGyeMoN A CTHpPAHHA OTHOTO 6uTa, odeHb Maaa (& kT),
HO KoHewHa. [loTeps sHeprun u3-3a HEOOPATUMOrO CTUPAHUS HHPOPMALNE
npu (pOopPMATHPOBAHNI KECTKOTO JIcKa éMKocTbio 1 T6 papua 31071 T,
YTO IPIMEPHO COOTBETCTBYET 3aTPATAaM DHEPIIUIN HA CIBUL TOJIOBKH JUCKA
Ha IIOJOBHHY AMaMeTpa aToOMa BOLOPOJa. ITO HA MHOTO IOPSIIKOB MEHBIIIE
PeaIbHOrO IepeMeIeHns TOJOBKI IpH (POPMATHPOBAHMII.

C Opyrol CTOPOHBI, ecin €MKOCTb AUCKOB 6yJeT PACTH CTOJbL XKe Obl-
CTPO, KaK B HacToslllee BpeMs, To K kouHny X XIII Bexa a1s ¢popmaTuposa-
HUS XKECTKOrO JICKA MOTPeOYyeTCs dHEPTUs, COOTBETCTBYIOIIAA ['OJOBOMY
m3ay<enmio Connua.

JlemMMma 06 04mCTKe Mycopa MOKAa3bIBAET, ITO MOXKHO M30€XKAaTh TAKIX
IOTEPDb DHEPIHUH, CBI3AHHBIX ¢ HeOOPATHMOCTBIO BHIMNCICHNIH.

MoxHo Taxke MOKa3aTb, ITO JA060€ BLITUCICHHE, TPeOyIollee maMs-
Tn L, MOXHO Peann3oBaTh 06pATUMBIM 06PA30M C NCIOAb30OBAHNEM TaMs-
T, me npesbimaormeii L9, TpusenéM HaBpOCOK JOKA3ATEILCTBA.

ITockoapky 3agaua TQBF PSPACE-noana, To J0CTATOYHO BHIMUCAITH
Ha HeGOBINON MaMATH 3HaUeHne (POPMYIbI

eV ... Jaem Vym fler, v, 2m, Y, 2) (6.1)

npn ycaosun, 9To f(-) BeIMmCcIIMA Gy1eBOU CXeMOll HeGoIbmoro pazmepa L.
IokazxemM, 9TO B 3TOM CIydae 3HaIeHNEe (POPMYILI 6.1 MOKHO BEIIICINTE HA
namaTtn O(L+ M ). Berauciaerue 6y geT oprain3oBaHO PeKYPCUBHO, HAINHAS
¢ BEYTPEHHIX KBAHTODOB.

Ito6ul BRIMuCAnTs Vo F (2, 2), Beraucanm F(0, z), 3aHecéM pesyabTar
B OJHY AONOJHHTEIBHYIO A9IelKy, 3aTeM BerauncauMm F(1l,z) u 3amecém pe-
3yabTAT B APYTyio Adenky. Iocae Berancanm Vo F(x,z) = F(0,2) A F(1, 2)
U pe3yIbTaT 3aHecéM B TPeThio Adeliky. ITo6wI y6paTs Mycop, IPOKPYTHM
BCe BBIMHUCICHNA, KPOME IOCIeHETO Iara, B 06paATHOM HaIlpaBIeHUIH.

Pazo6paBmuck amajsormaHeM oGpazoMm ¢ dopmyaon dz F(z,z), upn-
XOJUM K TakoMy BHIBOIY: noGaBlcHHe KBaHTOPa o GyJIeBOH IepeMeHHOM
yBeInIuBaeT TpebyeMyIo HaMAThL He 6o/ee TeM Ha KOHCTAHTY GUTOB.

B zakmiouenne chopMyInpyeM TeOPEMY O BEITICICHNN 06PATUMEIX PyH-
KNI, KOTOPas ABASLETCS IPIMBIM 0600ImeHneM JeMMEL 6.2.
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Teopema 6.1. [Tycme I u F~1 sriuucaunst 6yieaoluy cremany pasme-
pos < L. Toeda F peaausyemesa obpamumoti cxemoti pazmepa O(L + n).

MokasareabcTBo. [laéTcsa caegyiomell ¢xeMoll BBIUHCIEHHI (4IA IPO-
CTOTHL He YKa3aHbLI OUTEHI, KOTOPEIE «6epYyTCA HAIPOKAT) NP BLIYNCICHIN
u3 1eMMHL 6.2).

BBIYHICJACHIIE F@ II0 cXeMe U3 JOKa3aTeabCTBa JeMMbI 6.2

IIepeCcTaHOBKHI ouTOoB

npumenenne (F~1)g (Mo cxeMe 3 JOKazaTeIbCTBa JeM-
Mbt 6.2) gaéT B mpaBoM peructpe x & F~1(F(z)) =0

7. Ba3uchl Jas1 KBAHTOBBIX CXeM

Kak Boi6paTh 6a3uc s BBITICIEHHN B KBAHTOBBIX CXeMax! YHHTap-
HBIX OIIePATOPOB GECKOHEYHO MHOIO, IO3TOMY JHGO MOJHBIN 6a3ic JOJI-
JKeH COnepXKaThb OeCKOHeYHOe KOJNTIeCTBO 3AeMEHTOB, MO0 MBI JOMKHBI
0CIa0UTh YCIOBIE TOYHOU PEATII3YEMOCTH OePATOPA CXEMOM, 3aMEHIIB €r0
Ha yCJIOBHe IPUOINKEHHON peatnmzyeMocTn. Muel paccMoTpum oGe BO3MOXK-
HOCTH.

Tounas peaan3ammi.

Teopema 7.1. Basue, codepacawuti ce ynumaphvie onepamopwl, deti-
CMBYWUWUE HA NAPAT G-6UMOS, NO3BOAAEM PEAAUB06AMb AI0O0U YyHUMAP-
HbItl ONEpamop 6 pacluuperrom CMbICAE.

s foxazaTeabcTBa 3TOU TeOPEMBI BBEJEM BaXKHBII KJIACC OLEPATOPOB:
ONePamopvl ¢ K6AHMOEHIM YNPABACHUEM.

Onpegerenne 7.1. Onpedeaum no onepamopy U: BS" — B®" one-
pamop A(U): B @ B®" — B @ B®" ¢ keanmosvim ynpaeisouum
g-6umom (nepsviii COMHONCUMEAD) CACOYIOUUMU COOTNHOUEHUAMU:

AU)[0) @ &) = 10) @ [£),
AU) D)y @) = 1) @ U[E).

I'paduaecku 6ymeMm u306pakKaTh OIEPATOD

(7.1)

A(X) ¢ kBaHTOBBIM yIpaBlIeHHEM KaK IOKA3aHO
Ha puCyHKe. BepxHAsI IUHNUA COOTBETCTBYET IIep-
BOMY COMHOXKNTEIIO, HUKHAA JNHNAL — BTOPOMY.
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Hanpasienue cTpelok cOOTBETCTBYET HAPABJICHHUIO [IEPEMHOKEHNA OMepa-
TOPOB (CIpaBa HATEBO).
Ham moTpebyroTcss Takike OmepaTOpPLI C HECKOJABKUMHI YIPABIAIOIIAME
g-6uramu:
& e, me) @16, ecan &1 ... v, =0,
AN O) 1w @16) = { |x1,...,xk§® U>|€>, ecan &1 - ... v, = 1.
(7.2)

Ipumep 7.1. Ilycts 0¥ = 5 = (2 é) Torga A(o”) = , aA?(o®) =

= Ag (s1ement Toddorn).

Teneps nocrpoum saemerT Toddonn, ncnoab3ys npeobpa3oBaHus ABYX
q-6uroB. [l Hadama HangeM Iapy OMEPATOPOB, YAOBIETBODSIOIINX CJe-
ayiomemy cooTHomeHmio XY X 'Y ™! = j¢”. HampuMmep, ToIuTCsS TakKas

mapa:
1 (1 2 1 0
=501 =2

TTosicHnM reoMeTPUIECKUI CMBICT 3TON KOHCTPYKIIII. YHITAPHAS IPYII-
na U(2) meflicTByeT Ha TPEXMEPHOM €BKINJOBOM IPOCTPAHCTBE. ITOGHI
OIICATDL 3TO JAEUCTBHE, 3aMETHM, YTO 3PMUTOBBI MATPHILL 2 X 2 ¢ HymTe-
BBIM CJIeJOM 00Pa3yioT TPEXMEPHOE eBKJINJOBO IPOCTPAHCTBO: CKALIPHOE

IpOm3BeJeHne 3a0a6TCsa (POPMYION % Tr(XY'), OpTOHOPMHPOBAHHBII Ga3IC

o6pasyioT smampuyvt [layau

e (01N, (0 =\ . (1 0
=\ 07 =\ 0)7 T\o0 1)

Yunrapusii onepatop U € U(2) melicTByeT Ha 3TOM IPOCTPAHCTBE TakK:
U: Ew— UEU™L. Moxuo goxazaTs (cm. [8, §11.12]), uTo onucamnoe meii-
ctBue 3agaér msomopdmam U(2)/U(1) = SO(3), rge U(l) — moarpym-
na (a3oBLIX ¢IBUrOB, a SO(3) — rpymna HOBOPOTOB B TPEXMEPHOM IIPO-
CTpaHCTBe (T.e. IPYNIA OPTOMOHAIBLHBEIX IPeOOPA3OBAHNN ¢ ZeTEPMIHAH-
TOM, PABHEIM 1).

IIpu sToM geiicTBHE 0¥ COOTBETCTBYET OBOPOT BOKPYT ocu & Ha 180°,
X cootrBeTcTBYeT mOBOPOT BOKPYT  Ha 90°, a Y cOOTBETCTBYeT IIOBOPOT
BOkpyT z Ha 180°.

Ha pnc. 1 m3o6paxkeno rpaduieckoe IpeIcTaBIeHIE CXEMbl, BBITICL-
tometi saement Toddomm ¢ momomeio omepatopos A(X), A(Y) m A?(—i).
Tocneguuil — 3TO ympaBisgeMbll IBYMf OHTaMU (Ha30BBIL CABUT (yMHO-
xeune Ha —i). IIpoBepum »Ty cxemy. IlycTs Ha BX0X HOJA€TCSI BEKTOD
la) @ |6y @ &), roe a,b € B, |€§) € B. Ecam a = b = 1, 1o x |£) 6yger
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Puc. 1.

npumenér omepatop —i XY X 1Yt = 0% T.e. [0) u |1) B TpeThem q-6uTe
mepecTaBIAoTCA. Ecan ke X0Ta Gbl OUH U3 YIPABIAIOIMX GUTOB paseH (),
TO K |£) 6y €T IPUMeHEH TOXK IECTBEHHBIN OLEPATOD. DTO U €CTh AEHCTBIe
ajgeMenTa Toddomaun.

C nmomornpio sremenTa Tod@oan MOKHO pealn3oBaTh J0O0YIO IepecTa-
HOBKY 0a3ICHBIX BEKTOPOB (C HCIOIB30BAHNEM TOIOIHUTEILHON IAMATH).

Hoxaxewm, xax peadmsosaTs omepaTtop A*(U) mas mo6oro k, neitcTys
TOIBKO Ha Taphl -6uToB. [1g 3TOro Takke TOTpeOyeTcsa JOMOMHUTEIbHASL
maMaTh. Bygem crponts omepatop W, melicTByommi B mpocTpaHcTBe N
q-6uTos BN u yoBIeTBOpAIONUT YCIOBLIO

W (In) @ [057570) = A(U)n) @ 07 7F7H).

(IIpegocTepexenne: 5To ycaoue He o3nadaer, aro W = A(U) ® I.)

CymecTByeT ob6paTuMas cxema P pasmepa O(k), BEIINCAAIONMAL TPON3-
BeleHIe BXOIHEIX OHTOB (C MycopoM); rpaduiecKn OHA IpeIcTaBIeHA Ha
puc. 2 (cBepxy 0003HATEHO INCJA0 OUTOB B KaKIOM H3 BELIEJEHHBIX (par-
MEHTOB ITaMATH).

1 N -1 k N —k
r1@e - ..owp | Gley, ..o xy) <P— Ty, Tk 0
Puc. 2.

Ha puc. 3 mokazano, kak ¢ MOMOIILIO CXeMbI P U omepaTopa C OTHUM
ympasasommM -6uToM moctponTs omepaTop AX(U). Mer npumensem cxe-
My P, a 3aTes — obpaTHYyIo cxeMy P~ !, moce Tero Bce BCIOMOTATETbLHEIE
6UTHI BO3BPANIAIOTCA B HCXOHOE COCTOAHNe. B mpoMe:kyTKe caMoil BepxHell
JAWHEUH COOTBETCTBYET OUT CO 3HAYMEHUEM X1 - . . .- Ti. ETO MBI I HCIOIB3yeM
s YIpaBJIeHHS omepaTopoM U, TeHCTBYIOIIUM Ha CAMON HUIKHEH JUHUM.
Npyruu cocobom A* (U) moxmo samucars kax P~TA(U)P.

Meticteue A*(U) moxHO ommcaTs Takx: Ha IOINPOCTDAHCTBE, TOPOIK-
géunoM BexkTopamn |1,...,1,0) m |1,...,1,1), neficTByeT omepaTop U, a Ha
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1Ly ... Tk 1
T -
ro <«
Tk
«— p-1 P e
G(x)
-— . —
0 ) 0
Puc. 3.
OPTOrOHAJBLHOM JONOJHEHNN K 3TOMY IOANPOCTPAHCTBY — TOXKIECTBEH-

HBII onepaTop. Harmra ciegyiomas 3agada: pealn3oBaTh OMEPaTOP, KOTOPBIT
YCTPOEH TaK e, HO HeTPUBUAIBHOE NEHCTBUE OCYIIECTBAAETCA Ha IIOJ-
OPOCTPAHCTBE, HATAHYTOM Ha IPOU3BOJLHYIO Tapy OGa3WCHBEIX BEKTODOB.
IIycTs MBI XOTHM peaqm30BaTh IPOU3BOILHBLIN ONEPATOP B MOAIPOCTPAH-
CTBe, HATAHYTOM Ha 0a3WCHBIE BEKTODHL |z) u |y), rae & = (z1,...,2,),
y=(y1,...,¥n), 2j, y; € B. llycrs f — makas mepecranoska, 4To f(z) =
(1,...,1,0), f(y) = (1,...,1,1). Torga HyXHBIII HaM OLEPATOD HPEACTA-
BAAETCA B BUE f_lA”_l(U)f (HamomumM, 9TO j?f ommepaTop, COOTBET-
CTBYIOUUN IepecTaHoBKe f.)

Utak, Ha mapax 6a3MCHBIX BEKTOPOB MBI MOXKEM JeICTBOBATHL MPOU3-
BOIbHO. IloKa BCe MCIOIB30BAHHBIE CXeMBl HMeIn pazMep O(n), Tak 4To
OCTPOEHHLIE TeNCTBUA peannsytoTcs sdpdexTusro. Cenyomas 9acTh He-
spdexTuBHA. IMeeT MECTO CAeIYIOMAA JeMMa.

Jlemma 7.1. Jw6as ynumapmas mampuya U 6 npocmpancmee CY ymo-
aem Gump npedemasaena 6 sude npoussedenus M (M — 1)/2 mampuy
suda

1 0

0 .
0 1 o ...

a b a b

0 ...... J 0 ...... , 2de d e U(2)
0 ... 1 0 0
....................... 0
0 1
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3aMeTuM, 4TO B HaieM caydae M = 27, Tax 4T0 moiydaeM IpeacTaBlIe-
HIe B BIJ€ IPOU3BEJEHIA SKCIOHEHIINAILHOTO GOIBIIOT0 9HCIA GA3MCHBIX
OIIeEpATOPOB.

Mputauxéunas peammzauua. Temepb mepengéM K KOHETHBIM (Ga3ncaM.
B »Tom cayuae BO3ZMOXKHO TOIBKO IPUOINKEHHOE IPEICTABICHIE OIEPATO-
POB NpPOM3BeIeHUAMHI 0a3UCHBIX. ITOOBI ONPEeAeINTh MPUGINKEHHYIO pea-
An3annio, HaM noTpedyeTca HopMa Ha IPOCTPAHCTBE OIepATOPOB.

Ha mpocTpaHcTBe COCTOAHUN €CTh HOPMA |||€>|| = /{£|§). Ona, xax u
Mo6ag HopMa, 0 ONpeIeIeHI0 VI0BIeTBOPAET CAeIVIOMIM YCIOBHAM:
=0, & =0,
ol { S5 sl 20 &
1)+ Il < 1]+ [1m)]: (74)
[l = Tell1E)]) 7.5

BaeméM Temeph HOPMY Ha IPOCTPaHCTBe onepaTopos. Ilycts N — mpo-
CTPaHCTBO ¢ HOpMoil. IIpoCcTpaHCTBO OIepPaTOPOB, ACHCTBYIOMNX Ha HEM,
MOXKHO npegcTaBuTb Kak L(N) = N @N* (m3omopdusm 3agaeTcs MaTput-
HBIM IpecTaBleHneM » | aik|j){k]).

Onpepgenenne 7.2. Hopma onepamopa X (mak Ha3vieaemas onepamop-
HAA HOPMA, 6006ULE 2060PA, €CNL U OpYaue) pasHa

¥l = sup 1K1

BECS]
3ameTmm, aTo || X||? — manbomsmee cobcTrenHOE “mC0 omepaTopa X X.

JTa HOPpMa 06J1a,qaeT BCEMHU IIEPETUCJHACHHBIMUI BBIIIE CBOIICTBAMI HODP-
MBI, & KpOM€ TOI'O, €I11¢ HECKOJIBKIMNI CHeHI/ICI)I/I‘IeCKI/IMI/I:

XY < XTI (7.6)
X7 = 11 )): (7.7)
XY =XV, raze X e L(N), Y € L(M). (7.8)
JokazaTeabcTBa 3THX CBOUCTB HOPMBI IOAYYAOTCS HENOCPEICTBEHHO

U3 OIpeleleHNs U OCTABIAIOTCA B KadeCcTBe yIDaKHEHNA.
Jangum Teneps oupegeneHie IpUOINKEHHON peaansyeMmocTn. Ecam mc-

KOMBII omepaTop — U/, TO ero mMpubImKEéHHad peatm3anusa OyaeT o6o3Ha-
qaTecsa U.

Onpepenerue 7.3. Onepamop U npedemasasem onepamop U ¢ mou-
Hocmwvio 6, ecau ||[U — U|| < 4.
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Y »TOro ompejeleHus eCTh IBa 3aMedYaTeIbHBIX CBOUCTBA. Bo-mepBBIX,
ecII MBI IMeeM NPOU3BeleHIe HeCKOAbKUX onepaTopoB U = Uy -... - UyU1,
KaX Bl U3 KOTOPHIX HMeeT CBOe NPUOINKeHUe UE C TOYHOCTBIO ), TO
npomsBegenne >tux npubauxenunn U = Up - ... - UsU; mpubanxaer U c
TOYHOCTBIO Y 0 (0WUOKYU HARANAUGAIOMEA AUHETHO):

UL Oy =Up - T <D0
i

HJocTaTouHO paccMOTpPETDH IPUMED C IBYMS OLEpPATOPaMI:

(U201 — UsTh|| = ||U(Ur — Ur) + (U — Us)Us| <
NU2(Uy = U+ (U = Ua) Ur || < U= (U = U)[|+1[(U2 = Ua) [ |U1]] =
= [[(U1 = U)|[+ (U2 — Ua)]|.

B »Toll BBIKIAAKE IOCIEAHEE PABEHCTBO CIPABEIINBO Oaarogaps yHETApD-
HOCTH omepaTopoB. (Ecam paccMaTpuBaTh HeyHHTAPHBIE ONEPATOPEHI, TO
omuoOKN TPpUOANKEHNA MOTYT HaKallIIBaThCA I'OPa3 10 ObICTpee, HAIpUMeD,
SKCIOHEHINATLHO. )

3ametuanme 7.1. Bcesakas Mozgennb, IpeTeHIYIOMIAA HA PelleHNe CIOKHBIX
3aJaY KaKIMU-TO DEATbHBIMHI (PU3NTEeCKUIMU IIPOIleccaMm, TOJXKHa 00d3a-
TeIbHO M3Y4YaThCs HA NpeJMeT YCTONYNBOCTH K OWINOKAM IIPIOGJIIIKEHIIA.
(B peanbHON XU3HN HapaMeTpPhl T060r0 (HU3MEECKOr O HIPOLECCa MOKHO
3a0aTh JIUIIb ¢ HEKOTOPOH TOYHOCTBIO.) B 9acTHOCTH, BEIYHCIEHHIE C DKC-
TIOHEHINATBHBIM HAKOILIEHIEM OIMMIOOK IIOYITH 3aBeI0MO G€CIIONe3HO ¢ Ipak-
THYECKON TOYKI 3PEHIA.

Bropoe cBonictBo mouaTus «U mpeacraBiageT U/ ¢ TOYHOCTBIO J» MBI
chopmyaupyeMm B 6ogee 0bIIeM KOHTEKCTe.

Onpegenenue 7.4. Onepamop U: B9 — B®" ppubauscaemes e
pacwupennom cmvicae onepamopon U: BON — BEN ¢ mounocmoio 4§,
ecau dag awbozo [€) uz BE™ evinoaneno

|0 (1&) @ [0¥7)) = U ) @ 107 < o] 16)])- (7.9)
CdopmMyanpyeM >To ompejeleHNe eeé omgHUM crocobom. Beeném ome-
patop V: B®" — BN xoropeni geitcTyeT mo mpasmry V: [€) — [€) @

® |0N_”>. Oneparop V He YHHTADHBIN, HO H30METPUYIHBIA. Y CIOBHE U3 IIO-
CIeJHET O ONPEeJENeHI MOKHO IEPENNCATh Tak

UV —VU|| < 4. (7.10)

Paccyx genne npo HaKOILIeHNe OMINGOK IPOXOINT I B 9TOM cIydae (4To,
KOHEYHO, CIeJYeT IPOBEPUTH).
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CrpaBe IHBO CleqyIOlIee YTBEPXK CHIe: ecIn [ IpuOIIKaeT (B pacum-
perHoM cMblcae) U ¢ TOIHOCTBIO J, TO U~! npubamxaer U~! ¢ Toil xe
TOYHOCTBIO §. DTO caegyeT u3z Toro, 9ro ||W XWs|| = || X|| gas yaurap-
HBIX omepaTopos Wi, Ws. YMHOKaA BEIpakeHne o HopMol B (7.10) caeBa
Ha [7_1, a cupasa — ma U~!, moayuum caegctsue uz mepasercTsa (7.10):

U=V — VU~ < 4.

Ompepaemenue 7.5. Bydem wasvieamv 6asuc A noanovim, ecau moboii
yrumapuuiii onepamop U mooncno ¢ 060t mounocmdvio npedcmasums 6
PACWUPEHHOM CMBICAE KEaHM O80Tl cremot 6 basuce A.

Teopema 7.2 (em. [4]). Basuc @ = {H, K,A(c%),A%*(c%)}, 2de

o= L(t 1! K= ("

V2\1 =1/’ N0 ¢ )
Aeasemes noanvim. (Taxonl 6asuc 6ygeM HA3BIBATH CTAHAAPTHBIM. )
JokazaTeabcTBO 3TOI TEOPEMEL CAeyeT U3 PelleHns 3agad 7.5-7.9.

3ametanme 7.2. Ecan y6pars um3 6asuca Q KBaHTOBBIU daeMeHT Tod-
doau, ou mepectaer 6bITH MOAHBIM. JIHAKO MHOTIHE BAJKHBIE BBIMHICICHIS
MOXKHO Jel1aTh I B TAKOM ycedeHHOM Gasuce. B wacTHOCTH, Kak 6yaeT BuI-
HO B JaJbHENIIeM, CXeMbl, HCIPABIAIOIINE OMINOKH, MOXKHO DEAIN30BaTDL 6e3
ajgeMenTa Toddomaun.

MoXKHO OLEHUTH CIOKHOCTDL peanmsanun omneparopa U B 3ToMm Gasuce.
Ecan U: B®" — B®", 10 MOXKHO pealm3oBaTh TOT OHePATOP ¢ TOIHOCTHIO
J xBaHTOBOM cxeMoll B 6asuce Q pasmepa L = exp(O(n)) - poly(log(1/d)).
Ecan marpuunble saeMenTsl U 3aJaHbl B JBOMYHOH 3AIINCH, TO 3TA CXe-
Ma cTponTcsa mo U ¢ mOMOIIBI0 HEKOTOPOrO AICOPUTMA IPUMEDPHO 3a TO
xKe BpeMs (MHOXKHUTENN U CTENeHH IOINHOMA MOTYT OTANYIaThCs). U ges mo-
CTPOEHUS TaKoro aJrOPUTMAa Jerko ycMaTpuBaeTcd us 3agad 7.1 m 7.11.

3agatuu

7.1. [doxaxwuTe, ITO BCe OMEPATOPHLL HA OJHOM (-OUTE B COYETAHUU C
omepaTopoM A(c”) 06pa3yioT noaHsll 6asmuc. Pemenne 10MKHO GBITE OCTa-
TOYIHO 3(P(PEKTUBHBIM: JOIKEH CYIIECTBOBATL AICOPUTM, KOTOPHIN CTPOUT
CXeMy, PEeATN3YIOIIYI0 IPOM3BOJALHEIN onepaTop U Ha n q-6uTax, 3a BpeMs
exp(O(n)) - poly(log(1/4)).

7.2. JTokaxuTe CBOICTBA OmepaTOPHON HOpMEI (7.6-7.8).

7.3. IlycTe onepaTops! Uy npubInkaioT B PACIIIPEHHOM CMBICIE Olepa-
Topel Uy, ¢ TounocTsio 0, 1 < k < L. Joxaxure, aTo onepatop Ur -...-U;
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npubanxaeT B PACIIIpeHHOM cMbIcae omepatop Uy - ... - Ui ¢ Toumo-

CTBIO Yy .

7.4. Ilycts omeparop U mpumbanikaeT B PACIIIPEHHOM CMBICIE OIepa-
Top U ¢ TounocThio §. [JokaxuTe, 9TO cyimecTByeT omepaTop W, TowuHo
npegcraBasoomun U B paCIINPEHHOM CMBICIE, T. €. BBIIOJIHAETCS PABEHCTBO

W (&) @ [077™) = (U]€)) @ [0777),
u Takoit, wro ||W — U|| < O(3).
7.5. IycTes yanTapuL omepaTop U : B — B®" yoBreTBOpAeT yciIo-

smo U]0) = |0). ITocTponite peammsymomiyio A(U) cxemy pasmepa 6n + 1 B
basuce Q U {U}, ucnoasayrouyio oneparop U ogun pas.

7.6. Ilycre X, Y — HexoMMyTHpyomme »1eMeHTHl rpynnsl SO(3) —
IOBOPOTHL Ha YIUIBI, HeCOm3MepHMbIe ¢ 7. Jokax)mTe, ¥TO rpynna, mopo-
xaéunas X n Y, o6pazyeT BCIOAY IIOTHOe moaMHOXKecTBo B SO(3).

7.7. Ilycte M — yHUTapHOe IPOCTPAHCTBO pasMepHocTu > 3. Pac-
cmoTpuM noarpynny H C U(M) — crabuinsaTop 0ZHOMEPHOT'O IOAIPO-
CTPAHCTBA, MOPOXAPHHOIO HEKOTODLIM €INHNYHBIM BeKTOpoM |£) € M.
IIycte V — OpOM3BOALHLIA yHUTAPHBIN ONEPATOP, HE COXPAHSIOMNA TT10I-
npoctparctso C(|¢)). dokaxuTe, 9T0 MHOKeCTBO onepaTopos HUV LHV
nopoxgaetT Bcro rpymmy U(M).

(3ameTnM, 4T0 B ycaoBun sToll 3agaun U(M) u H MoxHO mpodakTo-
pH30BaTh o moArpynne (azoswix casuros U(1)).

7.8. MoxaxuTe, ITO OMEPATOPLI I3 CTAHJIaPTHOTO 6a3lCa MOPOXK AT
BCloy mIoTHOe MHOXKecTBO B U(B%?)/U(1).

7.9. Moxaxure, 1To (Pa3oBble CIBUMT MOXKHO Pealn30BaTh B CTAHIAPT-
HOM 0a3uce, NCHOJAb3YA HAIPOKAT TONOJHUTEJIbHbIE (-OITHL.

7.10. [doxaxuTe, aTo oTpumanme o u saemenm /Jotua A?(R), rae
R = —iexp(miao™), a — mppanuoHaIbHOe, 06Pa3yOT HOIHBIH GA3UC A1
KBAHTOBOI'O BBIUHCIEHIIA.

7.11. [Hdoxaxwure, uTo aoGon omepaTop U, IeHCTBYOUINI Ha OIHOM
q-6ure, MOKeT OBITH HPUGINKEHHO PEAIN30BAH B PACIINPEHHOM CMEICIE C
TOYHOCTBIO § CXEMOU pazMepa O(log?’(l/é)) B CTaHJapPTHOM (a3uce, 0 eCTh
IOMNHOMHUAJILHBIN AJCOPUTM IIOCTPOEHUS STOI CXeMBI 10 OIIcaHmio U.

DTa 3aja4a JOBOJABLHO CIOKHA, K €€ DELIeHNI0 JyHlle IPUCTYIATh [I0-
cle 3HAKOMCTBa ¢ pasferaMmu 11 u 12 u pemenus sagadn 12.3 (kBanTOBOE
npeobpasosanne Pypwe). IlpemmaraeMelll Iy Th PEIIeHN ABIAETCA LOCTa-
TOYHO H30WPEHHBIM. B cratse [4] 6Bl1 mcmoab3oBan Golee HpAMON (HO
TOXKEe HEOYeBHAHBIN) MOAXOM, NPH KOTOPOM MOIyHYaeTCs CXeMa pa3dMepa

poly(log(1/4)).
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8. Onpe,z[eJIeHI/Ie KBAHTOBOI'O BBITUC/ICHUA. HpI/IMepr

«...Mpr He MOKEM NIPHMEHHTH 34€Ch 3JPaBBIH CMBIC,
MBI MOXKeM TOJBKO CTPEMUTHCA IOHATH BHY TPEHHIOIO JO-
THKY 2Toro 6e3yMHusd, KOTopad HaBepHAKA €CTh. . . »

A. Illeus

IToka mbI onucaan paboTy KBAHTOBOI'O KOMIIBIOTEPA. Teeps mopa oupe-
JeINTh, KOrJa 3Ta paboTa IPUBOSUT K PEIICHNI0 HHTEPECYIOUell HAaC 3a-
pagn. Oupegenenne 6yeT IOX0xKe HA OIPeAeIeHNE BEPOITHOCTHOTO BBIUH-
CIIEHIIA.

Ilycte ecTn pymkuns F': B? — B . PaccMoTpuM KBAHTOBYIO CXeMY, pa-
GoTaromyo ¢ N 6uramm: U = Uy -...-UsUy: BEY — BN, Hedopmaabro
TOBOpS, 3Ta cXeMa BeIYucasgeT F', ecan nociae npuMererns U K HAYaJIbHOMY
cocrosamio |z, 0V ~"), MBI, (IOCMOTpEB» Ha IepBEIe M GUTOB, ¢ 604buL0Y Ge-
poamrocmyio «yBugum» F(z). (OcTanpuble ¢-6HTEL MOTYT COEPKATH IPO-
H3BOILHBIN MyCOD.)

HyxXHO TOIBKO OrOBOPUTE, 9TO TaKOe 3Ta BePOATHOCTL. CIoBa «I1ocMO-
TPEB» U «YBUANMY B TOYHOM CMBIC/JE O3HAYAIOT, ITO MPOU3BOAUTCS U3MeEpe-
HUu€e 3HAYEeHNI COOTBETCTBYIOMNX (-61TOB. B peayabrare m3amepenus MoryT
OMYYaThCs PA3Hble OTBETHI, KAXKJOMY COOTBETCTBYET CBOSI BEDOSTHOCTD.
Huxe (paszgen 9) aToT Bonpoc paccMaTpuBaeTcs moapo6Ho. it Toro, 4To-
OBl JaTh OIpeJeleHre KBAHTOBOT'O BBEIUHCIEHNs (PYyHKIUEN F, IOCTATOYHO
(He BraBasgch B 06CyXgeHNe QU3NTECKUX OOBIACHEHNN >TOro (paxTa) mpn-
HATH CIEIVIOUIEE: 6EPOAMHOCD NOAYNEHUA 6AZUCHO20 COCTNOAHUA & NPU
UBMEPEHUU COCTNOANUA |) = ) co|a) pasha

P(|), x) = le|”. (8.1)

Hac mrTepecyeT BEpOATHOCTL TOTO, ITO KOMIBLIOTED 3aKOHIAT PaboTy
B cocTosuuu Buga (F(z),z), rge z — moboe.

Onpegenenne 8.1. Crema U = Uyp - ... - UsU; eviuucasem F', ecau das
4106020 T 6LINOAHEHO

N-—ny\|2
) ) = LTS
> [(F(x), 2| Uz, 0N > 1-¢

ede ¢ — neromopoe Purcuposannoe wucao, menvuiee 1/2. (O6pamume enu-
manue, umo F(x) u & cocmoam us pasnoeo koauuecmsea 6Umoe, ToMA CyM-
mapras dauna (F(z),z) u (z,0Y~") odunarosa u pasna N.)

Kak u [g1s BepOATHOCTHBIX BBITICAEHHUN, BHIGOD £ HECYIECTBEHEH, IIO-
CKOJBKY MOZKHO 3aIlyCTUTH HECKOJIBKO DK3eMILIAPOB CXeMbl HE3aBICHMO 1
BBIOPATH TOT pPE3yAbLTAT, KOTODPBIN IOAydaeTcs damte Bcero. I3 omenxn,
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IpUBEIEHHON Ha ¢. 36, caeyeT, 9TO MIf YMEHDLIIEHNA BEPOATHOCTH Hey Ia-
un B N pas myxHO B3aTb O(log N) sk3emnaspos cxemsl UU. Bribop camoro
9aCTOr0 pPe3yabTaTa PeaTu3yeTCd KIaCCHIeCKOU CXeMOH, MCIOMb3YIoMen
dyuakumo romxocosarus MAJ(x1,...,2,) (oHa paBHa 1, xorga Goxee moxo-
BIHBI €€ apryMeHTOB paBHH 1, n paBHa 0 B IpoTUBHOM cay4ae). DyHKINA
MAJ(x1, ..., x,) peanusyeTcs B oIHOM Gasuce cxemoln pasmepa O(nlogn),
Tak 9TO moTepsA >PPEKTUBHOCTH IPH yMeHLITEHNH BEePOATHOCTH HeyIadn
B N pa3 zagaérca muoxuTereMm O(mlog N loglog N).

3agata 8.1. [JokaxwuTe, ITO IpUBEIEHHOE PACCYXKAEHHE ABIACTCA KOP-
PEKTHBIM B KBAHTOBOM ciydae: ¢pyukus MAJg peaquszoBana B Buie o6pa-
THMOU CXeMBI, Ha BXO KOTOPOU IO JAI0TCA BBIXOJHBIE (-OUTHI N KOIIUU CXe-
™Mbl U.

8.1. KpauToBmmi mouck: arroput™ I'poBepa. ITak, MBI mMeeM ompee-
JeHe KBAHTOBOI'O BLIYNCACHNA. Teleph MOKHO 3aHATLCA CpaBHEHHEM (-
QeKTUBHOCTH KIACCUIECKOT 0 I KBAHTOBOI'O BLIYICAeHNA. Bo BBefeHun ymo-
MHUHAJINCL TPU OCHOBHELIX IIPUMepa, NIA KOTOPBLIX KBAHTOBOE BLIYHCIEHIE
OKa3bLIBAETCS, [O-BUAUMOMY, 3P peKTuBHee Kiaccumieckoro. Mol HadHéM C
TOrO U3 HUX, B KOTOPOM KBAHTOBOE BLIYHC/IECHHE 3aBeloMO >PdeKTuBHee
(XOTA yCKOPeHHe JININE (IOINHOMHEATLHOE) ).

MaguMm ompefeneHne yHuesepcaabHoti nepeboprott 3adauu B KIaccmde-
CKOH 1 KBAaHTOBOI IIOCTAHOBKE.

IlycTs uMeeTCs yCTPOHCTBO (CM. PHCYHOK), KO-

TOpPOe TI0 BXOJaM & 1 Y ONpeJelseT 3HatUeHNe HeKO- A(z,y)

Toporo npeguxara A(z,y). Hac uarepecyer mpe- * Y
guxat F(x) = Jy A(z,y). DTo moxoxe Ha ompese-
nerne kaacca NP, Ho cefitac HaM HeJOCTYIIHA BHY- NTJS

TPEHHSsI CTPYKTYDPa YCTPOHUCTBA, BBIMUCISIOIErO

mpeguxkat A. B Takux ycIoBHSX Ha KIACCHIECKOM KOMIBIOTEpE 3HAUEHNE
npeguxata F(z) Heab3s BHIUHCINTD OBICTPee, deM 3a N = 27 maros, rge
N — KOIUYECTBO OUTOB B 3alUCH Y.

OxaszpiBaeTcs, 9TO HAa KBAHTOBOM KOMIIBIOTEPE MOKHO BLIYHCANTD 3HA-
weHne npejukata F(z) n naxke HaOTH Y, Ha KOTOPOM BrIIOaHeHO Az, y), 3a
spemsa O(v/N). TTony<uens! Takke I HIKHIC ONEHKH, TOKA3BIBAIONINE, TTO
B 3TOIl NOCTaHOBKE KBAHTOBEIE YCTPOHCTBA dAIOT

JIIITE [IOJINHOMHUAJBHOE YCKOPDEHUE 110 CPDABHEHHUIO C
Uely) 3= U =¥
KJaCCIUIeCKIIMII. - —
B KBaHTOBOﬁ IIOCTAHOBKE 3a,qalla BBIDVIIOIUT TAaK. TTT "
Bxon x mo-mpexHeMy KIaCCHYEeCKHUN, HO CaM «I€p-
HBII AMAKY» — KBAHTOBOE YCTPOUCTBO, W BXOI Y
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(BapmaHTHl OTBeTa) MBI OyJeM CYNTAaTh KBAHTOBHIM. 1l02TOMY Hal
opakyl (WM «9€pHBIN AMUK») 3a8aéT omepaTop Uy, AEHCTBYOMUH IO
TPABUIY

B lyy, ecam A(z,y) =0,
UCL‘|y> - { _|y>’ ec/in A(xay) =1

Hyxuo BRrMucanTs 3HadeHue F(r) m HaITH «0TBeT» y (IPH KOTOPOM
Boinoare A(z, y)).

Pe3yInTaTel, 0 KOTODLIX ykKe YIOMHHAIOCH, (DOPMYIHPYIOTCA TaK
(em. [31, 48]): cywecmsyiom dee woncmanmur C1 u Cy maxue, wmo ecmsy
crema pazmepa < C1VN, pewarowan 3adavy das awboeco npedurama
A(z,y); a dan awboti cremvt pazmepa < Co/N cywecmeyem npeduxam
A(z,y), npu komopox 3adaua ne pewaemes Ha smoti creme (m.e. crema
daém Henpasuabubiii omeem ¢ eepoamHocmuio > 1/3).

Mzr pazbepém yOPOLIEHHYIO IOCTAHOBKY: CINTAEM, 9TO (OTBET» CYIIe-
CTBYeT I eJUHCTBEH, 0603HAYMNM ero Yepe3 Yp; HYKHO HauTH Y. Cxema,
KOTOPYIO MBI ISl 3TOT'0 IOCTPOUM, Oy IeT IPIMEPOM (IIPAMOI0» KBAaHTOBO-
IO BEIYICAEHNS; OHA Oy €T OIICaHA B TEPMUHAX IPe06pa3oBaHuil 6a3MCHBIX
BEKTOPOB.

PaccmoTpum aBa omepaTopa:

U= I—2|y0><y0|
no V=120, raele)= =3y
7x 2

Omneparop V B MaTpuuHOn (PopMe MOXKeT GLITH 3amHCaH Tak (HaIo-
MHHM, 9T0 N = 27):

2 2
1_N ... _N

V= : y :
2 2
_N ... 1_N

Omneparop U mam 3agas (3To opakyi). IJocTpomM KBaHTOBYIO CXeMY,
Beruncasoomyo V. JdeficTBoBaTs GygeM Tak: mepesegeM |€) B |07) HexoTO-
pBIM omepaTopoM W, 3aTeM mpumennm omepaTop Y = I — 2|07)(07|, mocae
vero mpumenum WL,

Iloctpouts omeparop W, xoropwiit nepesoaut |€) B |07), mpocTo. IToO
W = H®", rge onepatop H — m3 cramgapTHOro 6asuca (cMm. c. 64). deit-

CTBUTEIBHO, |£) = \/% (|0) + |1>)®n , a H: % (10) +11)) = 10).
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Teneps mocTpouM peaamsanuio omeparopa Y. Hcnoassyem oGparumyio
KJIACCIECKYIO CXeMy, pealunsyiomyio omepaTop Z: Bt — Brtl,

Zlag, ..., an) = lag ® flar,az,...,an),01,...,00);

1, ectma; =...=a, =0,

f(al,..~,an) = { 0, ecan Elj:aj?éo'

(C TOYHOCTBIO 10 MEPECTAHOBKH apryMEHTOB, J = fe;) ITockoabky f ume-
€T MaJIyI0 CXEMHYIO CTOXKHOCTD (B KIACCHIECKOM CMBICTE), 10 JeMMe 6.2 115
BBIMHCACHNA / CYLIIECTBYeT HeGOJbIIAA cXeMa (B KOTOPOMH «6epyTCsa HAIPO-
KaT» JONOJHUTEIbHBIE (-OUTHI).

Cxema, peannaymwoiias omepaTop V , m3obpaxena Ha puc. 4. [lerrparsuas
qacTh, BKAIOYAIAI B ceba 7, 07 u 7, peaansyeT omepatop Y. B cxeme
ncnoas3yetTcs onepaTtop o° = K2 (K m3 cTaggapTHOTO 6a3mca).

0 apg = 0
< %74 g %74
= Z Z -
0 0
0 0
Puc. 4.

3anmerum, uTo W2 n Z? geflcTBYIOT TOX JECTBEHHO Ha BEKTOPAX C HyIe-
BLIMU 3HaUeHNAMHU (-OUTOB, B3ATHIX HaupokaT. IlosToMmy pelnaiomyio poJab
UCpaeT OIepaTop ¢, IeNCTBYIOMNH HA BCIOMOTATEIbHLI (-61T, KOTOPBIN
TakKxke He MeHfeTCd II0CIe BCero BBIMHUCACHU.

IIycTe Bac He cMyIaeT TO, ITO 0° AEUCTBYET TOMBKO HA (YIPABISIEMBIN»
¢-6uT, a MeHseTcA B pe3yabTaTe Bech BekTop. Boobiile, pazautne Mex Iy
«ITeHNeM» U «3alNChioy» B KBAHTOBOM Cly4dae HeaOCOTIOTHO I 3aBUCUT OT
BBIGOpaA Gazuca. [IpuBeéM COOTBETCTBYIOLINN IPUMED.

Hanmmem matpuny A(o?): |a,b) — |a, a®b) B 6azuce % (10) £+ |1)) man

KaxJoro u3 q-6uT. [pyruMm cloBaMu, 3aIlHileM MaTpPUIY A4 omepaTopa
X = (HeH) Al(e”) (H® H). CxeMa 411 3TOT0 OIepaTopa N306pakeHa
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Puc. 5.

Ha puc. 5. Ucnoasays pasernctso A(0%)|e, d) = |¢, ¢ ® d), HallzéM geficTBIe
X ma 6a3MCHOM BEKTODE:
Xla,b) = 2 (H @ H)A(e") 3 (=1)* e, d) =
bl 2 d bl
=S (HoH)Y (-1)*“Tccad) =
c,d

)

_ 1 Z (—1)alc+bl(c+d)(—1)ac+bd|a/,b/> _
a’,\b’c,d

Z 266,6’ . 2(5(17(@/+b/)|a/, b/> = |Cl @ b, b>

a' b

| | =

N

Urax, B 6asuce % (|0) £ |1)) ympaBasiomuil H yIPaBISeMbII OGUTHL TOMe-

HSLINCH MecTaMu. KKaxoll 6UT «yIPaBISIOINNY, IIN KAKOI «IHTAETCA», 3ABI-
cuT oT BEIGOpa 6azuca. PazyMmeeTcs, Takoe moJOXKeHNE Iel IPOTUBOPEINT
Halell KJIACCHYeCKOU MHTYyHuu. TpygHO IpeIcTaBUTh, KaK NPH IEePeXo-
e K IpyroMy 6asucy KBAHTOBBIN IPUHTED BAPYT CTAHOBUTCS KBAHTOBBIM
CKaHHEPOM.

3agata 8.2. YUro 6ygeT, ecinm M3MEHNTDL 6a3MC TOABLKO B OJHOM 6uTe?
‘ Hampumep, xak 6yIeT BBITILLeTH MaTPU-

Ija OIepaTopa, CxeMa KOTOPOro m3o6paxe-
@ @ @ Ha Ha pucyuke! [TompobynTe Takxke momMe-
HATL 6a3uc B Apyrom 6uTe.

BepuéMcsa K IOCTPOEHNIO CXEMBI [ YHHUBEPCAJBHOU IepeGOPHOU 3a-
gasn. Opaxyr U = I — 2|yo)(yo| HaM 3a1aH, I MBI PealH30BaIl OLEPATOD
V = I-2|€)(£|. U3 BexTopa |0™) MOKHO HOLYINTH BEKTOD |£) IpUMeHeHIEM
omepatopa W (W? = I). Teneps ¢ nomomntsio onepaTopos U u V moctpo-

M U3 BeKTopa |[£) HCKOMBIN BEKTOD |yp). [as sToro GygeM moOdIepesHO
JencTBOBaTH omepaTopamu V, U:

LVUVUE = (VU)e).

Yro mpu »Tom moayuaercs?! [eomerpmuecku oba omepaTopa ecTb oTpa-
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KEHNA OTHOCHTEIbHO runepniockoctn. Ilognpocrpanctso £ = C(|€), |yo))
HHBAPUAHTHO OTHOCHTEIBHO 060UX OIEePATOPOB, a, 3HAYHT, I OTHOCHTEb-
Ho VU. IoCcKOIBKY BEKTOD |£) HIpUHALIEKUT >TOMY IOANPOCTPAHCTBY,
TOCTATOIHO PAacCMOTpeTh gelicTBue VU Ha HEM.

Komnosunusa IByX OTpaKeHHH OTHOCHTEIb- - alyo)
HO IBYX TPAMBIX €CTb MOBOPOT Ha yIBOCHHLIN

YLOJd MeXKIY 3TUMEU HIPAMBIMHI. YTOJ JerKO BBI-

Tneants, (l|yo) = —= = sin 2, T.e. >Tu TpA-

VN 2’

Mble TIOYTH IepIeH Ky /AAPHEL. 1103TOMY MOXKHO
Hanucath VU = —R, rge R — moBopoT Ha Ma- \
bt yrox ¢. Ho Torga (VU)® = (=1)°R®, rge \
R* — moBOPOT Ha yroa sy. JHAK HAC He MHTe- '
pecyeT ((pa3oBble MHOKUTEIN He MEHAIOT BEDPO-

arHocTell). IIpn Goapmmx N nMeeM ¢ & 2/\/N Torga mocie s A 7T/4\/N
nTepanuil HCXOAHBIL BEKTOD IIOBEPHETCA Ha YIOL s¢ A 7/2 U cTaHeT Gau-
30K K HCKOMOMY BEKTODY. DTO H O3HAYaeT, ITO CUCTEeMa OKAKETCA B CO-
CTOSHUN |Yg) ¢ BEPOATHOCTDHIO, OAM3KON K €JHHMUIIE.

Ecan pemaerca mepeGopHas 3amata B OOMIEH MOCTAaHOBKE (T.e. OTBe-
TOB MOXKeT OBITb HECKOIBKO, & MOXKET He OBITH BOOOIIE), TPeGYIOTCA HO-
TOMHUTENbHBIe TeXHUYECKNe YXUIpeHna. ncio 1mIaroB Aasf IOBOPOTA OT
HUCXOTHOTO BEKTOPA K KAaKOMY-HUOYIb BEKTODY W3 IIOIIPOCTDPAHCTBA, IIO-
POXKAEHHOTO BEKTOPAMHI OTBETOB, 0ODATHO NPONOPINOHAILHO KODHIO U3
THUCAa PEIeHn.

8.2. YuuBepcaibHad KBAHTOBad cXxeMa. BTODPOI U3 IPUMEPOB, YIOMS-
HYTLIX BO BBEJEHWUH, — MOEINPOBAHNE KBAHTOBOMEXAHUIECKUX CHCTEM.
DTO HeIETKO MOCTaBACHHAd 3ajJada, TaK Kak OOJABIIYI0 POIb B Hed Urpa-
eT BBIGOP KOHKDETHOI CHCTEMEI W BEIEICHNE (CYIIeCTBEHHBLIX) CTeIeHen
cBoboabl. C MaTeMaTHIeCKON TOYKHA 3peHUs, 60Jee KOPPEKTHO T'OBOPUTD O
MOJeINPOBAHNT KBAHTOBBIX CXEM.

KBanTOBLIE CXEMBI MMEIOT KOHCTPYKTHBHOE ONUCAHWE, eCIH YKa3aThb
TOYHOCTH, C KOTOPOHI M3BECTHLI MaTPUIHEIE JA€MEHTHLI OMepaTOPOB, BXO-
QMUK B cxeMy. IlycTh ecTh onucaHne KBAaHTOBOU cxeMbl Z, pazMmepa < L
U TOYHOCTH §. DJIeMEHTAMH JTOU CXeMBI MOTYT OBITHL JI0OBIE yHUTAPHBIE
omepaTopsl Ha = O(log L) ¢-6urax (Tax 9T00H HOIHAL JINHA OMHCAHNA
cxeMsl He npesbimana poly(L,log(1/4))). O6oznadnm omepaTop, peainsye-
MEII 5TOH cxeMoil, depe3 Op(7).

I3 pesyapraTos 3agak 7.1 u 7.11 caegyeT, ITO MOXKHO IOCTPOUTD YHU-
sepcaavylo keanmosyio cremy U pasmepa poly(L,logl/6), xoropas Mo-
neaupyeT paboTy MPOHU3BOMIBHON KBAHTOBOU CXEMBI CJAEIYIONTAM O6DPa3OM.
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Ecan 3agano onucanne HekoTopoill cxembl Op(Z) pasmepa L u eé Bxox |£),
TO

|12y 2160 - 12) @ On(2)16)| = O(L6).

8.3. KBauToBrie aaroputmsel u kaacc BQP. [lo cux mop MbI paccMma-
TPHBAIL HEO JHOPOAHBIE BLIMUCICHNA (BEIYHCIAINCE OyaeBbl QyHKINN). Al
TOPUTMBI BHIYHCAAIOT (MYHKINKN Ha CI0OBAX IPOW3BOABHON Aamubl. Qupe-
JeleHlle KBAHTOBOT'O AT OPIUTMA MOXKHO JaTh, HCIOAL3Ys yXkKe BBeIEHHBIE
xBaHTOBBIe cxeMbl. [IycTe ects (yuxuus F: B* — B, ganma pesyianra-
Ta — HOJIHOM OT [JINHBL BXOoga. EIl comocTaBiaseTcs MOCIeI0BATEILHOCTD
OyneBbIX DYHKIHH (OrpaHm<eHns Ha BXOABl ManuHBl n) Fp: B — B,
Ksanmoswiti aszopumm Jas BEIMHCIEHNs F — 3TO OJHOPOTHAS IOCJETO0-
BATEIBHOCTh CX€M, BBIMHCAIIONMX F),. «OIHOpOgHAsSY O3HAYAET, ITO WO N
MOXKHO IIOCTPDOUTH ONUICAHIE COOTBETCTBYIOIIEN CXeMBI HA OOLITHOU IIOIU-
HOMHIAJBLHO OT'DAHUYEeHHON MammnHe Tviopuura. Bygem rosopurs, uTo ai-
ropuTt™ paGoTaeT 3a BpeMs 7'(n), ecIm pasMep CXeMbl, BHIYNCAAIOMEN F),,
paser T'(n).

3ameuanne 8.1. MoxkHo onpeneanTh KBaHTOBYIO Mamuuy Tbiopuura u
HEIIOCPECTBEHHO “ePe3 CYIEPIO3UINI PA3INIHBIX cOCTOAHUN denTsl MT
(mepBonavasbHOoe onpegenenne J. Toiga 66110 nMerHO TaxuM). Hamme ompe-
JeJeHne OKa3bIBaeTCHA DKBUBAJECHTHBIM.

Onpegenenne 8.2. Dyuxyus F: 1B — B npunadaencum kaaccy BQP,
ecau ecmb KEAHMOEHL ai2opumMm €€ 6buucAeHUs, pabomalowul 3a 6pema
O(n?) das nexomopoti woncmanmut d.

Kaxk cooTnocuTcesa kiaacc BQP ¢ c10XKHOCTHBIMEI KIaccaMu, BBEJEHHBIMA
pamee?

Jaga4da 8.3. [okaxure, ITO
BPP C BQP C PP C PSPACE.

Kaacc PP cocTouT u3 npeguxaToB Buga

Q) = (Iys Row, )M < Hy: Bulw, ) ),

rae Ry, Ry € P, u yIuTHIBAIOTCA TOIBKO Y C IINHON MEHBIE HEKOTOPOTO
noansEOMa ¢().

DTO MOYTH BCE, ITO M3BECTHO O cooTHoueHusx Mexay BQP u apyru-
MH CJIOXKHOCTHBIME KiaaccaMu. KOCBeHHOE CBHAETEIBCTBO B OIB3Y CTPOrO-
ro BraoveHna BPP C BQP gaér cymecrBoBanne >(p(PeKTUBHLIX KBAHTO-
BBIX AJTCOPUTMOB /sl HEKOTOPBIX TE€OPETIKO-TICAOBBIX 3818, TPA JUIIOH-
HO CINTaeMBIX TPYAHBIME (CM. paszgen 12).
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3aMeTHM Tak:Ke, ITO B IOCIefHee BpeMs HOABILINCh HHTEPECHLIE pe-
3YJIBTATHI 0 KBAHTOBLIX aHAJIOTaX HEKOTOPHIX 60/ee CIIBHBIX CI0KHOCTHBIX
KJIacCoB (He OMNCAHHBIX B dacTn I).

3agada 8.4. IlocTpolTe KBAHTOBBIE CXEMBI TOJNHOMAAILHOTO PA3MeEPa
B 6asnce U3 OMEPATOPOB HA JBYX (-OUTaxX, KOTOPBIE BEIMTOAHAIOT CJIeIVIOIINeE
TeNCTBU:

a) [/ 3aJaHHOrO Yncaa ¢, 1 < ¢ < 27, 3anucaHHOrO N JBOMTHBIME IH(ppa-

g—1
MH, Ipeobpa3zoBaTh cocTosaume |07) B cocTosnume |¢,(¢)) = iq >S9
7=0

6) mpeobGpazosaTh |¢ — 1,0") B |[¢ — 1) ® |¢n(q)), cumras, 4To ¢ 3anmcaxo
7 TBOMIHLIMHE TH(pPaMI;

B) BBINOIHUTE mpeobpasoBamne Pypwe Ha rpynne Zy npu k = 2™:

k-1
Uile) = 72 3 exp (2mi%7) I,
y=0

CIUTAad, ITO £ U Y 3alUCAHEl N ABOWTHEIMU TuppaMu; (B 3TOM ciydae
HafiguTe cxemy pasmepa O(n?)).

9. KBanToBuie BEPOATHOCTH

Tlepelraém Temepsb K 06CYXKACHHIO HEKOTOPHIX «(pU3MIECKNX)» ACIEKTOB
KBaHTOBBIX BLIMHCAeHNI. IlycTh cucTeMa U3 n -6UTOB HAXOIUTCA B COCTOSA-
HUH |[¢) = cy|2). KooduInenTH pasnoxkeHNus 00 BHLAEIEHHOMY 0a3uCy
(KIacCH¥ecKHIX COCTOSHNUI) HA3BIBAIOTCA aMILINTygaMn. KBagpaT Moxy/is
aAMIIATYIbI |c;|? paBeH BepOATHOCTH OGHADYKUTEH CHCTEMY B COCTOSHUM
z (cpaBuuTe c (8.1)). JpyruMu cIoBaMu, OPH U3MEPEHUY COCTOSHII >TOH
KBaHTOBOI CHCTeMBI OyyT HOMy9aThCA KJIACCHIECKHE COCTOSHUSA, PAcIIpe-
TeéHHBIe Kak |cg|2.

Oupepgenéunas dopmynon (8.1) sBeandnuaa 061aJaeT OCHOBHBIME CBOII-
cTBaMu 00BIYHON BeposaTHOCTH. ToT PakT, ITO KBaapaT MOLYAA AMILTITY-
Bl — 2TO BEPOATHOCTL HAO/IIOJEHNA CUCTEMBI B COCTOSHIH T, COTJIACYeTCS
C TeM, 9TO (PU3NIECKHNE COCTOTHNA B KBAHTOBON MEXaHUKE COOTBETCTBYIOT
BEKTOpaM eJUHNYIHON IJIUHEI, 8 TPeo6pa3oBaHUA 3TUX COCTOAHUN He MEH-
IOT JINHBL, T.e. yHATapHBL [eiicTBuTensHo, (¥|¢) = > |cz|? =1 (cymma
BEPOATHOCTEN paBHa 1), a IpuMeHeHNe (DU3NIECKH PEATN3yeMOT0 OIEPaATO-
pa NOMKHO COXPAHATH TO COOTHOIIEHHUE, T.€. MOMKHO OBITH YHUTAPHBIM.

Dopmyasl (8.1) ZOCTATOYHO O ONpeJeNeHHS KBAHTOBOTO BBEITHCTE-
mus n ki1acca BQP. OgHako ecThb BOIPOCHI, B KOTOPLIX 3TO ONpeeneHIe
OKa3LIBAETCA HeyJOOHLIM WM HEIPUMEHUMBIM. [IBa OCHOBHBIX IpHMepa:
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H3MepAIIITe OepaTOPhl I AICOPUTMEI, IOCTPOEHHLIE Ha WX OCHOBE, I 3a-
dada MOCTPOEHNS HaJ¢XKHLIX KBAHTOBHIX CXeM I3 HEHA TCXKHEIX DIEeMEHTOB
(ncupasienne omnGoK).

IlosToMy MBI HOCTPOUM OIpEIeTeHIe KBAHTOBOH BePOATHOCTH, B KOTO-
poM 0600maeTcs KaK TO, ITO MBI HabaoogaeM (COCTOSHIE CHCTEMEL ), TaK I
pesybTaT Habmogernd. K aTomy o6meMy ompeete o MBI IPUIEM, pac-
cMaTpuBaf pAl IpuMepoB. 11 Hadala IepenuieM yiKe OIyIeHHOE BhIpa-

KeHIe OJs BEPOsITHOCTH B BHIEC
I

—N—
leol? = Kl)[* = (@ o) (] ),
rae gepes [T, 0603HaUEH IPOEKTOP Ha MO AIPOCTPAHCTBO, IOPOXK TEHHOE |T).
YTo6wl cHeraTh CAeAVIOIINN IMar K OO6IIeMY ONpefeleHnI0 KBAaHTOBOI
BEPOSTHOCTH, IIOJCINTaEM BEPDOATHOCTE TOI'O, ITO IIEPBEIC TN OUTOB IMEIOT

3aJaHHO¢ 3HaeHUe Yy = (yl, ey ym) I[JIH 3TOr'o IIpeaCcTaBIM COCTOSHUE B
m n—m

BHZe ABYX OJOKOB & = . Nmeem
P(19),9) =Y P(lv), (y,2) = D (|1, 2)w, =l|v) = @] ) lol|v) =
= (Y[Mmle). (9.1)

T o 316Ch 0GO3HATACT IPOEKTOD Ha TOATPOCTparcTBo M = |y)@ BO(—m),
Dopmyaa (9.1) 3a1aéT ompegereHne KBAHTOBOHN BEPOATHOCTH U B TOM CIy-
1ae, Korga M — IpOU3BOJILHOE TOAIPOCTPAHCTEO.

B sToM caydae mpoekTop Ha moampocTparcTBo M C N ompegensercs
xak Iy = Zj lej){e;|, rae e; mpoberatoT M06OH OPTOHOPMUPOBAHHBIIL
6aszuc M.

o |2

3ameqanne 9.1. Bemmunna Zz| (F(z),z| U |z, 0¥ ”>| , KoTopas IC-
MOMB3YETCA B OMpEAeJeHNN BhIMUCAeHnA GyHKIU u3 B’ B [ KBaHTOBOI
cxeMoll (cM. c¢. 66), paBHa P(U|x, ON_”>,M), roe M = |F(z)) @ BN—™.
Emé pas HamOMHEM CMBICA 3TOTO ompeaenenusa: cxema U = Uyp - ... - UsUj
Burumcaser F: [B® — B, ecanm gas 1106070 £ BePOATHOCTDL HAOIIOIeHUS
[IPaBUIBHOrO 0TBeTa [ () mOCTe IPUMEHEHNA CXeMBI K HAYAIBHOMY COCTO-
armio Uz, 0N ~") Goapme 1 — .

IIpoexTopsl He ABAAIOTCI (DU3NTECKH PeaATH3YEeMBLIMH OIepaTOPaMIHI,
TOYHEe T'OBOPA, OHI He OINCHIBAIOT IIepeXo OT OJHOT'O COCTOAHUSA CHCTe-
MBI K ADYTOMY 34 ONPEJENEHHBIN IPOMEXKYTOK BpeMeHH. Takol Iepexon
ONICHIBAETCA YHUTAPHBIMI oliepaTopaMu. Bcé ke, AOIycKas HEKOTODPYIO
BOJBHOCTB, IPOEKTOPAM MOXKHO IpHaTh (dusmdeckuil cMmuica. [IpoexTop
BBIAEIsIET YaCTh COCTOSHHUN CHCTEMBI I3 BCeX BO3MOXKHBIX. lIpegcraBbTe
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GuIsTp (yCTPOHCTBO, & He TEOPETHKO-MHOKECTBEHHOE IOHATHE), KOTOPHIH
IPOMyCKaeT TOABLKO CHCTeMEI B cocTosrusax u3 M. Ecam ma Takon puibtp
[OJATH CUCTEMY B COCTOAHNI |1)), TO CKBO3b (PUIBLTP NPOIIET CHCTEMA B CO-
crosunn &) = ITxq|¢). CymMMapHas BepOATHOCTD BBIAEACHHEIX COCTOAHMII,
BOOOIIe roBOpA, MeHbie 1, ona pasua p = (£]&) = (Y|[ITaq|¢). Tnmcao 1 —p
ompegeaseT BEPOATHOCTL TOT'O, ITO CACTeMa CKBO3b (PIILTP HE IPOHIET.
CpaBHIM CBOICTBA KJIACCHYIECKON I KBAHTOBOU BEPOSTHOCTI.

Kanaceriaeckan BEPOATHOCTH | KpauTosas BEPOATHOCTH

Ompenenenne
Cobeitie M C N — moamuoxecTBo | CobbiTHe M — TOANPOCTPAHCTBO He-
HEKOTOPOI'0 KOHEYHOI'O MHOXKECTBA. | KOTOPOI'0 KOHEYHOMEPHOI'O YHUTAPHOI'O

mpocTpancTa N

Pacrmpenenenmne BeposTHOCTel zafa- | PacmpefencHne BEPOATHOCTEN 3aXaéTCs

ércst Gpynkimen w: N — R co cBoll- | BekTopom cocrosuus [¢), (Y|) = 1.

cTBaMHu a) »y wy; = 1; 6) w; > 0.

BeposTaocts: Pr(w, M) = Z;eM wj. | Bepositrocts: P(|9), M) = (| a])).
CaonictBa

19, Ecim My 1L M», To

P(|¢), M1 & M) =

29, Ecmmr I ag, = Mg, I ag,, TO
P(|), M1 + M) = P(|¢), M)+
+P(|¢>7M2) - P(|¢>7M1 N M2)

1. Ectu My N Mz = @, To
Pr(w, M, UM;) =

= ].:)I'(’LU7 Ml) =+ ].:)I'(’LU7 M2)

2. (B obwieM ciay4ae)

].:)I'(’LU7 M1 W] M2) = PI‘(’LU,Ml)-F
—|—].:)I'(’LU7 M2) — ].:)I'(’LU7 M1 n M2)

3ameTnm, aTo ycaosue My L M, sxsusatsenTro yeaosmio Iy, Ia, =
— Mo, Iy, = 0.

Ecin ecTh 1Ba HEOPTOTOHATBLHBLIX IOJIPOCTPAHCTBA € TYCTLIM IIepece-
“IeHIEM, TO KBAHTOBAS BEPOATHOCTD HeobA3aTeIbHO al uTuBHA. [IpuBeieM
mpocron npuMep, korga P(|&), My & Ms) # P(|€), M1) + P(J€), Ma).

Iycrs |€) = |0), My = C(|0)) (auHellHOe MOANPOCTPAHCTBO, MOPO-
% gennoe sekTopoM |0)), Mz = C(|n)), mpuuem (£|n) 6ausko x 1. Torga

1=P([&), M1® M) # P(I), M1) +P({), M2) ® 1 + 1.

Hrax, MBI ompeelnin B Haunbosee oOIIeM BHIE TO, ITO MBI H3MepAEM.
Teneps HyKHO 0606INTE TO, HAJ ©IeM IPOBOANTCA H3MepeHHe. B pesyabTa-
Te TOTYyYnM OIpeleTeHNe BePOATHOCTH, 0606Mmarolee Kak KIACCHIECKYIO,
Tak I KBAaHTOBYIO BEPOATHOCTD.

PaccMoTpuM pacmpeneteHHe BepOATHOCTEH Ha KOHETHOM MHOXKECTBE
KBAHTOBHIX COCTOAHUI {|&1),. .., |)}. BepoaTHocTs cocTosHus |€;) o6o-
3HAIM pj, 01€BUAHO, ITO ) . p; = 1. IlogcnTaeM BepoATHOCTS HaGIIOe-
HIA COCTOSHUA B MOAIPOCTPaHCTBe M:
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Zpk P (&), M

Zpk (€ Mamlér) =D pr Tr(|e )&k Tm) =
k

= Tr(pllng), (9.2)

rle depe3 p oGO3HAMEHA MaAmpuya niomuocmu'? p = > Pel€r )€kl To-
cregHee Bhlpaxenme B (9.2) m mpumeM 3a oOliee OIpefeleHNE BepOAT-
HOCTH.

3agaga 9.1. [Jokaxmre, 9T0 omepaTopsl Bujga p = y . pi k) (x| — aTO
B TOYHOCTH >PMUTOBLI HEOTPHIATEILHO ONPEIeI¢HHEEIE OMepaTOPhL CO Cle-
goM 1, T.e. omepaTopsl, yIOBICTBOPSAIONINE YCAOBILAM:

Vp=p5  2)Vm) (lpln) >0;  3) Trp=1.

B narpmeiimem mofi mampuyeti niomuocmu TOHIMAaeTcs 0600 omepaTop
¢ 3TUMH CBOICTBaMI.

Paccyxaerne o «pacupeIeleHNN BePOATHOCTEN Ha KBaHTOBLIX COCTOM-
HUSAX» HOCHIIO BCIIOMOTATENLHBLI XapakTep. 3agada COCTOUT B TOM, ITO-
6Ll 0600UNTEL MOHATHE KBAHTOBOTO COCTOSHUA TaK, ITOOLI OHO BKIMOYa-
10 B ceba KIaccmdeckne paclpefefeHnsa BepoaTHocTell. [lonyvuennnil HaMu
oTBeT (mocaefHee BhIpaxenue B (9.2)) 3aBHCHT IHIIL OT MAaTPUULL II0T-
HOCTH, IO3TOMY MBI MOXKEM HOCTYIHPOBATDL, ITO 000OIIEHHLIe KBAHTOBLIC
COCTOSHNS I MaTDPULEl IIOTHOCTH — 3TO OJHO H TO ke (Takasd aKCHOMa
He mpoTuBopednT (QusmiecKkuM HabmogeHusM). Ecan cocrosnue 3agaer-
ca ogHEM BeKTOpoM (p = [€)(£]), TO OHO Ha3BIBAETCA HUCMbLM, €CIH CO-
CTOfHIE 3aJaeTca oOIIell MaTpHuilell MIOTHOCTH, TO OHO HA3LIBAETCH CMeE-
UAHHBLM,

Ompegemenne 9.1. 11 KBaHTOBOI'O COCTOSHHS, 3aJaBaeMOT'0 MATPH-
el IIOTHOCTH p, U nogupocTparcTsa M BeposTHOCTE «cobbrTusy M pas-

ma P(p, M) = Tr(pIlp).

[uaronalbHble MATPUIEL p = Zj w;|7){j| cooTBeTCTBYIOT KIaccHUe-
CKOM pacopefeleHHIM BepOATHOCTeN Ha MHOKECTBE GA3HCHBIX BEKTOPOB.
DTO 03HAYAET, ITO MPHU BBEIYUCICHHN BEPOATHOCTH IO OOUIeN KBAHTOBON
dopMyIe 114 IHATOHAILHON MaTPHITEL H KOODIMHATHOTO IO AIPOCTPAHCTBA
M (HaTAHyTOrO Ha YacTh GAa3UCHBIX BEKTOPOB |a): a € M) momydaer-
Cd TO Ke, ITO W IPH BLIYHCICHHH 0 OOBITHON KIaCCHYIeCKOH (opMye:

P(p, M) = Pr(w, M).

12)p MEeNCTBUTEILHOCTH 2TO OMEpaTop, a He MATpPHUIla, OMHAKO Ha3BaHUE «MaTPHUIIA
IVIOTHOCTH» YK€ CTAJ0 TPaTuINOHHBIM. BripotdeMm, B faqbHeHIIEM MB 9acTO 6y 1€M HMETH
B BUy UMEHHO MATPWUILY, T. €. OIEPATOP, 3AIMCAHHLIN B BEIIeJeHHOM ba3nce.
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IIpogonxkum cpaBHEHHe CBOUCTB KIACCHYECKOU N KBAHTOBOU BEPOST-
HOCTH, IO NOCIeJHen MBI 6yJeM Telepb [MOHUMATh OOllee OLpeeleHne C
HCIOAb30BaHneM MaTpur nroTHocTH. (CeonicTBa 19 n 24 ocTatoTcs B cume).

Kiaccuieckas BeposATHOCTD

KpauTosas BEPOATHOCTH

Cponcrsa

3. Ha mmoxecteBe N = N; x Nz sagano
pacupeieJieHrie BEPOATHOCTER BULA Wik =
= wj(l)wf). MmeeTca npBa MHOXecTBa mC-
xomoB M1 C Ni, My C N,. Toraa Be-
posiTHOCTH IHepeMHOoKaoTcs: Pr(w, M x

M) = Pr(wV, M) Pr(w®, Ma).

34, Ha mpocTpanctee N = N; @ N>
3ajlaHa MATPHUIA IUIOTHOCTH BHIA
p1® p2. UmeeTcs aBa moampocTpan-
ctBa My C N, M, - N>. To-
rjla BEPOATHOCTH TaK¥kKe MEPEMHO-
xkatorcst: P(p1 @ p2, M1 @ M) =
= P(Ph Ml) ].:)(pQ7 MQ)

4. lImeeTcsa coBMecTHOE pacipeneleHne Ha
muoxkecTBe N1 X N3, NmTepecymoliee Hac
COBLITHE He 3aBICAT OT MCXOa BO BTOPOM
muoxecTBe: M = M; x N2. BepoaruocTn
TaKOI'o COOLITHA BHIPAXKaeTCA epe3 IMpo-
eKITNIO paclpefelcHna Ha IepBOE MHOXKE-
ctBo: Pr(w, M1 x N2) = Pr(w’, M1), rae
wi =Y, Wk

41, B xkBaHTOBOM CiIytae orpaHm<e-
HIE HA OJIHY U3 MOJCUCTEM 3A[AETCS
OIlepaItuen B3ATUS YACTUIHOTO CJe-
fa (cm. muxke). IlosTomy, gaxe ecim
HUCXOIHOE COCTOSTHUE OBLIO YUCTHIM,
[OJMYy9E€HHOE COCTOSHUE TI0ICUCTEMBI
MOXKET OKa3aThCSA CMEIIAHHBIM:

P(p, Mi @ N2) = P(Tr, p, My).

Omnpegenenne 9.2. Ilycte X € L(N; Q@ N3) =

L(N) @ L(N2). Jacmuu-

notti caed omepaTopa X mo HpocTpaHcTBY N5 ompeneter cIeIyomnM o6pa-

som: ecnt X =) Ap @ B, To Try, X =5 A (Tr By ).

IokaskeM, ITO 3TO OIpegeleHe KOPPEKTHO, T. €. He 3aBHCHT OT BLIOOPaA
claraeMblx B mpefgcrasiennn X =y A, @ By,. [as sToro sagukcupyem
HEKOTOPBIE OPTOHOPMUPOBAHHLIE 6a31CH B TpocTparcTBax N, N 1 Bhipa-
3UM YACTHYHBIN Clef depe3 MaTpPHIHBIE dIeMeHTH X e = (7, j/| Xk, k).

Mycts A, = Za]k|j><k| u B, = Z b7 3") (k'] Torza

Z X]]’kk’|.7 _] ><l{7 ]{7 | = ZAm ® Bm — Z a%b‘;ﬁk’|jaj/><k’k/|

FIAL L J,3'k.ENm
n ‘IaCTH‘IHBIﬁ Cjlel paBeH
wX=33 M(}jb Nkl =373 Kol (k1
m jk gkl
PaccmoTpuM mpumep, KOTda B3sTHE TACTUYHOTO CIefa OT MaTPHUIIbI

IIIOTHOCTH, COOTBeTCTByIOH.IefI TICTOMY COCTOSHNIO, IIPDUBOAUT K MaTpH-
e IVIOTHOCTH, COOTBeTCTByIOH.IefI CMEMIaHHOMY COCTOSHUIO.
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Hyers Ay = Ay = B, a p = [¥)(v], tae [v) = —=(10,0)+|1,1)). B

TOM CIydae p = 1 a,a){b,b|, mosToMy moay1aem
=3

a,b

1/2 0
TI"NQP:%Z(I:WXMZ (é 1/2)

JTa MaTpPHUIA COOTBETCTBYET CMEIIAHHOMY COCTOSHHIO (HCTBIM COCTOS-
HHUAM COOTBETCTBYIOT MaTpHIE! panra 1). Boaee Toro, 7o cMemamnoe co-
CTOSIHIE DKBUBAJEHTHO KJIACCHIECKOMY DACIPeIeleHno BeposTHOocTel: () 1
1 umeroT BeposTHOCTH, paBHBe 1/2. Takum 06pazoM, 0TGPACHIBAHNIE BTO-
poro g-6urta NIPUBOAUT K YHCTO KIACCHYECKOMY PACIPEIeSeHNI0 BEPOSTHO-
cTell Ha epBOM (-GuTe.

Yreepxaenme 9.1. JTwb6oe cuewannoe cocmoanue p € L(N) npedema-
sumo Kak wacmuunbiti caed Trr(|P)(¢¥]) om wuemozo cocmoanus 66avwed
cucmemst, |¥) € N @ F, npuuém moxcno cuumams, wmo dimF < dim N

NokazareabcrBo. Ilomaraem F = AN*. Tak xak p HeOTpPUIATEILHO
ompegerena, To cymecrsyeT (/p € L(N) = N @ N*. Jokaxem, 910 p1a
|¥) = \/p BBIMOIHEHO HCKOMOE, T.e. p = Tra+(|\/p){(\/Pl)-

IockoabKy p >pMUTOBA, OHA AMATOHAIN3YETCA B HEKOTOPOM OPTOHOD-
muposarHoM Gasuce {[¢;)}. Torga p = ) . p;l)&l, a [¥) = /fp =
= 225 VPG & s m ()] = 3 PPk (1€5) @ (€5 D) (16k) @ (€k ). Braag s

YACTHYHBIN CJIef BHOCAT UMb craraeMble ¢ j = k. ITostomy Tra (|¢0)(¢]) =
=22 pil&i) &l = p- =

3agaqa 9.2. Ilycrs umeercsa aucroe cocrosuue |v) € N @ F. Jokaxn-
Te, ITO CYIIeCTBYeT Tak HasbIBaeMoe pas.toxcenue [IImudma:

) = ZAj|€j>® i),

rge 0 < A; < 1, a MHOX)ecTBa BekTOopoB {|¢;)} C N u {|n;)} C F apastorcs
OPTOHOPMHEPOBAHHBIMIL.

3aMeTuM, 9To TucaIa A2 — 3TO HeHyIeBble COGCTBEHHBIE IHCIA TaCTHIY-
meix caego p = Trr(|¥)(]) n p/ = Trar(J¥){(¥]). (Takum obpazom, He-
HyJZeBble COOCTBeHHBIE 4nciaa p u p cosmajaioT.) OrTcioga cregyeT, 9TO
B3ATHE TaCTHIHOTO CIeJa OT THCTOrO COCTOAHNA IPUBOIUT K THCTOMY CO-
CTOSHIIO TOTJa I TOJILKO TOTIa, KOTJa HCXOJIHOE COCTOSHHE Pa3IoKHIMO:

) =16) @ |m)-

3agaa 9.3. Ilycts [¢1), |t2) € NQF — gBa 9uCTHIX COCTOIHNL, TAKHAX

aro Trz (1) (W1]) = Trz([v2)(P2]). Doxamure, aro |vs) = (Ly © U)[¢n)

I HeKOTOpPOT'o YHHTapHOTo oneparopa U Ha mpocrpaucTse F.
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10. Puzuveckn peaarudyemMble mMpeoOPa3oBaHUA MATPHIL
IVIOTHOCTH

Teneps omuieM, kakKmne Tpeobpa3oOBaHNU MATPHI IOTHOCTH JOIYCTH-

MBI ¢ (PU3UIECKON TOYKH 3PEHNUA.

1. YHUTApHBIN OMEPATOP MEPEBOIUT MATPULY IIOTHOCTH IHUCTOTO COCTO-
aana p = |EN€] B maTpumy p' = U|E)(€|UT. EctecTserno canTaTs (o
AUHEHHOCTH), ITO TaKON Xe (QPOPMYJION 3aKaeTca U JeHCTBHE YHHTAD-
HOT'O 0IepaTopa Ha MPOU3BOILHBIE MATPUILEI IO THOCTH:

u
p=UpUT.
2. Bropon Tun npeo6pazoBaHHA COCTONT BO B3ATHN TACTUYHOLO CIEA.

Ecam ects p € L(N ®F), To ombpacvisanue 6mopoti cucmemsl 3a5aeTCA
npeobpa3oBaHuIeM
p = Trrp.

3. BcnoMEEUM, 9TO HaM eIlé OLIBaeT HYKHO OpaTh HAIPOKAT (-OUTHl B CO-
croaunn 0. IlycTs ecTs cocTonuue p € L(B®"). PaccmoTpuM u3oMeTpu-
Teckoe (CoxXpaHAOIlee CKalApHEIe IPOU3BeIeHNs) BaokerHne V : B —
— BPN B mpocTpamcTBO GoIblel pa3MepHOCTH, 3agaBaeMoe GOpPMY. IO
|€) A |€) @ |0N~"). MaTpuna mIoTHOCTH p TIPH >TOM TPeoGPasyIOTCA B
p @ |0V =")(0N~"|. Mas 11060T°0 MIOMETPUIECKOTO BIOKEHNA V MO aHa-
JIOTUH TIOJaraeM

pr VoVt
BygeMm canTaTs, 9TO udunecku peaiusyemvle npeobpasosanus Mampuy

NAOMHOCMY €CTh B TOYHOCTH KOMIIO3UINN 0600 4ucaa Ipeobpa3oBaHui
Tuna 2 n 3 (caygail 1 — 9acTHBIN cIydall mpeoOpa3oBaHus THIA 3).

3aga4da 10.1. [ToxaxuTe, 1T0 11060€ PU3UICCKE peaTn3yeMoe mpeobpa-
30BaHNE MAaTpHIl INIOTHOCTH HMeeT BUI p — Tr].-(VpVT), roae V: N —
— N ® F — uszoMeTputieckoe BIOKCHIE.

Onepauns B3ATHSA YaCTUIHOTO CJAeJa 03- \
HadaeT 3abbIBaHne (0TOpacHIBaAHHE) OTHOM ‘ 2
u3 noacucreM. lloxaxeMm, 9TO Takas HH-

TepIpeTalus ABIIeTCS PAa3yMHOH, a NMeH-
HO, JajbHelmas cyab6a OTGPOIIEHHOUN CH-
CTeMBl He BANAET HA BeINYUHBI, XapakKTe-
pH3YIOIIEe OCTABLIYIOCA cucTeMy. BozbMmém
CHCTeMY, COCTOMANIYI0O U3 ABYX IIOJCHCTEM
I HaXOAALIYIOCA B HEKOTOPOM COCTOSHNN
p € L(N @ F). Ecan Mbl BEIGpacEIBaeM BTO-
pyio cucreMy (B MYCODHYIO KOD3HHY), TO
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oHa GyIeT MOJBEPraTbCA HEKOHTPOIHPYEMBLIM BO3JelcTBHAM. IIyCTh MBI
OPUMEHIIN KaKoh-To omepaTop U k mepBon cucTeMe. Iloayaman cocTosHme

(U@ Y)p(U @Y)!, rne Y — OPOM3BOTBHBIN yHUTADHBIH OMEPATOD
(melicTBEE MYyCOPHOI KOD3HHBEI Ha Mycop). Ecam MBI xoTHM HalTH BeposaT-
HoCTh aas mogmpoctparcTBa M C AN, oTHocameroca K mepBol cucTeMe
(Mycop Hac He HHTepecyeT), TO OHA He 3aBHCHT OT Y I DaBHA

P(y, M@ F) =P(Trzy,M) = P (U(Trz p)UT, M) .

31ech IepBOe PABEHCTBO — 3TO CBOUCTBO 49 KBAHTOBOU BEPOSITHOCTH, &
BTOpPO€ PAaBEHCTBO — HOBOE¢ CBOIICTBO:
F((UaY)p(UaY)) = U (Trrp) U (10.1)

3agada 10.2. Joxaxwure Toxgectso (10.1) 11a dacTHdHOTO CIega.

3agata 10.3. Banmmenm aumennsi oneparop 1': L(A) — L(M) B ko-
OPAMHATHOM BILJe:

T(3)kD) = Y Tegyeom) ) K.
ka.l
[oxaxure, uT0 (QuU3mIecKad pealn3yeMocTh | 3>KBUBAJIeHTHA HAGOPY 13
Tpéx yCJIOBI/If/l'

a) Y Tkrjyern) = djk (cumBox Kpomexepa);
6) T(jfj)(k’k) = Ty ()
B) T{j/j)(kk) — HEOTPHIATETbHAS MATPUIA (IIO TADAM WHJEKCOB).

3agaa 10.4. Hoxaxure, wTo auHennsn onepaTop 1': L(N) — L(M)
ABAAETCA PUBNTECKN DeATn3yeMbIM MpeoOpa3oBaHneM MATPUIl IIOTHOCTH
TOTJa U TOJBKO TOTJA, KOT A& BHIIOJHEHBI TPU YCIOBIH:

a) Tr(7TX) =Tr X gas moboro X € L(N);
6) (TX)! =TX" gaa moboro X € L(N);
B) T ABIf€TCA BIOMHE [ONOKUTEIBHBIM npe06pa3OBaHHeM A umenHo, gaa

atoboro mpocTtpaHcTBa § mpeobpazosanue 1’ @ Ipg LNV ® g) —
— L(M ® G) orobpaxaeT HeOTpHIATEIbHbIE onepaTopH B HEOTpHU-
naTelbHBIE.

10.1. Mogc4éT BepoATHOCTEHM AJMA KBAHTOBOT'O BEIMUCICHMA. 'lemepb,
uMest oOIIe ONpeeJeHNs KBAHTOBOU BEDPOSTHOCTH U (PI3UYECKH DPEAJII-
3yeMoro npeoOpa3oBaHIg MaTPHUIl IIOTHOCTHU, MOXKHO BBIMHCIATH BEPOAT-
HOCTH, BXOJMAIINE B OIpelejeHNe KBAHTOBOI'O BBIMHCIEHUS, IBYMA CIIOCO-
6amn. IlycTb MBI HCIIOMB30BAIN IPU BLIUNCICHUAX JONOIHUTEILHYIO IIOJ-
cucteMy. Ilociae Toro, kaxk oHa cTajta HaAM He HYXKHA, MBI MOXKeM BLIODO-
CUTL €€ B MYCODHYIO KOD3UHY, & IPH IIOACYETe BEPOSTHOCTH B3ATH 4a-
CTUYHLIN Clef IO NPOCTPAHCTBY COCTOSHUN JOMOJHNTEILHON 10 JCHCTEMEL.
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A MOXHO TSHYTBH BeCb 3TOT MYCOD OO CAMOI'O KOHIA I CINTATH BEPOSIT-
HOCTB 117 cobbrTul Buga M © Ny (pas yx& MBI IepecTanu HCHOIb30BATH
BTOPYIO HOACHCTEMY, TO HUKAKIE JeTAIN €€ COCTOSHUS HAM He BaXKHBI —
HaM 6e3pa3iuvHO, ITO HMEHHO NPOM30UAET € MCHIOJb30BAHHOU IIOLCICTE-
MO B MycOpHOH kop3nute). Kak yike roBOPHIOCH, 3TH BEPOATHOCTH PaBHBIL:

P(p’Ml ® Nz) = P(’I‘I’N2 paMl)‘

Jameqanme 10.1. HeTpyauo onpegeaunTs 6oiee 06IIYI0 MOeIb KBAHTO-
BOI'O BBITICJAEHNS, B KOTOPOU 3I€MEHTAPHBIME TeHCTBUSIMIE SBJISIOTCS 110 -
X0 JsIIe TpeoGpa3oBaHg MATPUI INIOTHOCTH O0IIero Buja (He 0613aTelb
HO YHHUTapHBIe omepaTopsl). Taxas Mogeab Goldee agekBaTHA (PU3MIECKON
CUTYaIun, KOr'Ja KBAHTOBLII KOMIIBIOTED B3AaUMOEICTBYET € «OKPYKAIO-
menn cpegoiy. C BBIMUCANTEIBLHON TOYKI 3PDEHNs HOBasg MOJEIb DKBUBA-
JTEHTHA CTAHJAPTHOH (eCan B 060UX CIyYaiX NCIOAB3YeTCs HOJHBIN GA3HC).
Opxrako B MoJdean ¢ o6IuIMNI IPeoOPa30BAHISAME MATPHUI IJIOTHOCTH BO3-
MOXKHO 60Jlee eCTeCTBEHHOE OIpefeieHne I0AIPOrPAMMEL 15 KBAHTOBOL'O
BBIMUC/IEHNs, IOCKOABKY Pe3YIbTAT pabOTHl KBAHTOBOU CXEMBL — 6EPOAM-
HocmHaA PyHKYyuA. 30ech MBI He 6ygeM OaBaThb 3TOrO OIPEeJeleHNs I OT-
CBLIAEM 3aHHTEPECOBAHHOr O duTaTeas K [20].

10.2. Tlorepa xorepentHocru (decoherence). PaccMmoTpum B KadecTBe
npuMepa npeobpaszoBaHNe MaTPHIl INIOTHOCTH, KOTOpOe «3a0blBaeT» BHe-
JuarOHAJIbHBIE DJIeMeHTHL:

p= ijk|j><k’| B prnlk)k

IloxaxkeM, ITO OHO «(PU3UTECKN DPeATU3IYEMO», T.€. MOKET OBLITL OCTPOe-
HO KOMIIO3HUINEN ONNCAHHBLIX BhIIle npeobpaszoBanuil. Bygem crpouts 310
mpeobpa3oBaHue B Tpu ara. BHawange go6aBuM Hy/1eBble OGITHI:

p = p@]0)0].

3aTeM ckommpyeM o6paTUMBLIM 0Opa30oM HCXOAHBIE OUTHI B 100ABIEHHBIE.
O6paTuMoe KomupoBaHne 3ajaeTcs omepatopoM A(o®): |a,b) — |a,a & b).
Tloay1aem

p @ [0)(0 )Zpyk|]] )k, k|

A Temeps BO3BLMEM HACTHUYHLIN caej Mo Job6aBleHHLIM 6mTaM. [Toxy<anm
JIaroHAILHYI0 MATPHILY
>~ okl k) (k]

k
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Ilpegocrepexenue. PaccMoTpeHHAs HAMH «OIepalns KOMUPOBAHILI)
1) = 14, 3), > pikli)kl =D pikld, i)k, k]
J,k J,k

(KOMIO3UINS IepBEIX ABYX NpeoODa3OBaHUII) Ha CaMOM gele KOIHpYeT
TOIBKO Ga3UCHLIE COCTOAHUA. 3aMETUM, ITO KOIUPOBAHUE NPOU3E0.AbHOZ0
KBaHTOBOT'O COCTOAHNA [£) — [€) ® |£) sABAfeTCA HETUHENHBIM OIEPATOPOM,
HO3TOMY He MOXKeT GLIThL pealm3oBaHo (GU3HTIecKH. B mapHemeM Komu-
poBaHHIe Bcerga 6yIeT OmpenelaThbca OTHOCHTEIBHO HEKOTOPOro 6Gasmca.

Jameqanme 10.2. PaccMmoTpenHoe mpeobGpaszoBaHue IepPeBOIUT Ja060€
COCTOAHNE B KIACCHYIECKOe (¢ IHATOHAIBHOHN MAaTPHIEH INIOTHOCTH), HC-
OAB3Ys KOIIPOBAHNE OUTOB. DTO MOXKHO HHTEPIPETHUPOBATL TaK: €CAU
nocmoanHo Habawdame 3a cucmenoti (deaamv wonuu), mo cucmema 6y-
dem eccmu ceba Kak Kaaccuueckas. B caydae ogHOTO -6UTa TO XKe camMoe
npeobpasoBanne (OGHYyJIeHNE BHEINAT OHAILHBIX DIEMEHTOB) MOXKHO IOIY-
UTh, €CAH IPUMEHUTH OIEPATOD 0 ¢ BEPOATHOCTHIO 1/2:

1 1 . .
pr= op+ S0 po.
2 2
TTogoGHBIN TpoLece Ha3BIBAeTCA CIyIalHBIM cGoeM (asvl: cocTosHme |1)
JOMHOXKAaeTcsl Ha (A30BBII MHOXKHTEIb —1 ¢ BepoaTHOCTBIO 1/2. Takum

obpazoM, cboli Pazvl maksce npueoduUmM Kk MoMy, Yo cucmema sedem ce-
64 KaK KAQCCUMECKAA.

3aga4da 10.5. IlycTs mMeeTcsa Gu3nmdeckn peaansyeMoe npeobpa3oBaHiie
T: L(N) = L(N®F) co caegyromum csorictsoM: Trx(Tp) = p ans moboro
qncToro cocrosHua p. Jokaxnre, uTo Torga TX = X @ v (ans aoboro
omepaTopa X ), rge ¥ — HexoTopas QUKCHPOBAHHAT MATPHIA IJIOTHOCTH
Ha npoctpancTse F.

Taxum 06pazoM, HeAb3s MOAYYINTL HUKAKOU WH(MOPMAIIIIN O HEU3BECT-
HOM COCTOAHHN p, He BO3MYIIag 3TO COCTOSHIE.

10.3. Uamepenue. Ilpu ommcannunu KBAHTOBBIX AITOPUTMOB 4acTO ObI-
BaeT e€CTECTBEHHO CIUTATH, ITO HAPAAY ¢ KBAHTOBLIM BBLIUNCINTEILHLIM
YCTPOUCTBOM HCIOAb3yeTCsa U Kiaccudeckoe. OCHOBHON MeXaHU3M B3AKNMO-
JEACTBIUA MeXKITY KBAHTOBOU I KIACCHUYECKOU HaCTAME COCTOUT B U3MEpeE-
HUU KBAHTOBBIX PDETCUCTPOB, JAIOIIEM KIACCHIECKHN Pe3yabTaT.

PaccMoTpEM crCTeMy, COCTOALIYIO U3 ABYX HdacTell, — kBaHToBOH (N)
n xaaccugeckon (K). ITo kraccudeckuM KoopAUHATAM MATPHIA IJIOTHOCTH
JuaroHaIbHA!

p=>_ piu (15K @ (1K) =D wy™ @ (1)),

Ikl

[IPEOBPA3OBAHIA MATPHI IIJIOTHOCTH 83
rje w; = Zj Pjjll — BEPOATHOCTH HIMETh KIACCHIECKOe COCTOAHME [, a oIre-
paTop »y(l) = wl_l Zj,k pjku 061aJaeT BCeMI CBONCTBAMHI MaTPUITEI IIOTHO-

ctu. Taxum 06pa30M, KBaAHTOBO-KJaCCHIE€CKO€e COCTOSHNE BCer' Ja Pa3J0XKNI-
MO Ha ¢«YCJOBHEBIE) (HO aHaJ0I'nu ¢ yCJIOBHBIMHI BepOﬂTHOCTHMI/I) MaTPpHUIIbL
IIIOTHOCTH ")/(l) . By,qu HCIIOJABb30BaTh 411 TaKOTr'0O Cay'as ClIleINaJdbHOe 060-

srazenne: p =, w (Y1) =37, (wivW,1).

IIycts mMeeTcs psi B3ANMOUCKIIOTAIOIINX BO3MOXKHOCTEN, ITO BhIDaA-
KAeTCsL PA3I0KeHIeM IPOCTPAHCTBA COCTOAHUE B IPAMYIO CYMMY IHOIap-
HO OpTOroHaIbHBIX mogmpoctpacts N = P L, rae @ = {1,...,r} —

JEQ
MHOX€CTBO BO3MOXKHOCTEH (AelCTBUTEIBHO, €CIH HOAIPOCTPAHCTBO L£1 Op-
TOCOHAJIBHO MOAUPOCTPAHCTBY L2, TO AIA AHO00I MATPULBI ILIOTHOCTH
p € D(L4) Bemoanserca P(p, L2) = 0).

IIpeo6pazoBanue MATPUL ILIOTHOCTH, KOTOPOE MBL Oy A€M HA3BEIBATH U3-
MEDEHUEM, COCTOUT B TOM, ITO NI COCTOSHUI U3 MOANPOCTpaHCTBa L;
«U3MEDPSIOMINE IPUOOD» MOMEIIAeT B KJIACCHIECKUH PErucTp HOMED COCTO-
SIHUA j:

ecmu [§) € L;, o [€)(E] = (I€)(E], 7) - (10-2)

Xotsa n3meperne orobpaxaer npocrparcTso L(N) B L(N QK), pesyas-
TaT Bcerja IHAr OHAJEH IO BTOPOI KoMmoHeHTe. [[03TOMY MOXKHO CINTATS,

”
a0 m3Meperne orobpaxaeT L(N) B @ L(N).
j=1
Has |£) € L£; sumonnsaeTca pasercTso [{)(E| = Iz, |€)(E|ILs;. TloaTo-
MY I3 coO6paKeHnil JNHETHOCTH MOKHO TOOIPEIeINTh H3MEPEHIe Ha BCeX
OCTAILHBIX MaTPHIAX ILIOTHOCTH

p = Z (Hﬁjpnﬁjaj)
J

U IPUITH K CAeIVIOMEMY OIPeIeIeHIIIO.

Ompepencune 10.1. (Jemepmunuposannvim) usmepenuem Ha3pBa-
eTcs npeobpa3zoBaHne MaTPUI] IIJIOTHOCTH

p = 2P L) (v.4). (10.3)

re 10) = P(p, £;)7 x T, L,

MoxHO cKazaTh, ITO j — 3TO Pe3YALIAM U3MEPEHUAR, P(p,L;) — Be-
POATHOCTH MOLYINTH JAHHEI pe3yabTar, a y) — cocrosnme m3mepaemoit
CICTEMBI IOCIe M3MEPEeHNs PN YCJIOBHU, 9TO IOAyUeH pe3yabTarT j. Ecan
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MBI H3MepAEM HHCTEI cOCTOsHHA, T.e. p = |E)(E]|, To vU) = [n;){(n;], rae
H£j|€>
nj) =~
VP(€), L)
IIpusegém mpocreimmni npuMep m3Mmepenus. CreraeM ABe KOIUHI OITA.
IMycrs Iz, = [0)(0], a Iz, = |1)(1]. Torgza

a (ﬁ?g Zi) = (pool0)(0], 0) + (p11[1)(1], 1).

3agaga 10.6. «KsautoBag Teremopramuay (cu. [21]). IlycTs umetoTcs

TpH ¢-OUTAa: IepBEII U3 HIX HAXOAUTCI B IPOU3BOJIBHOM (3apaHee HEH3BECT-
. . 1

HOM) COCTOSIHHN p, BTOPOH I TPETHH — B cOCTOAHNN |€y o) = 7 |0,0) +

+1, 1>) IIponsBeaém HaJ HEPBBIMI IBYMS (-ONTaMU U3MEPEHIIE, COOTBET-
CTByMOIIee OPTOrOHAJBHOMY Pa3/I0XkKeHHIIO

B®? = C(|&00)) ® C(I€01)) @ C(I€10)) & CI€11)),
rae |Eqp) = % Zc:(—l)bc le,e @ a).

IlokaxuTe, 9TO UCHONB3YS PE3YABTAT H3MEDEHNs U OCTABIINNCS TPETHH
q-0UT, MOXHO BOCCTAHOBUTD HCXOJHOE COCTOSAHNE p. SAMUIINTE BCIO MOCTE-
JOBATEIBHOCTD JEHCTBHN (H3MepeHne I BOCCTAHOBICHNE) B BIJe KBAHTOBOM
CXeMBL.

Sameuanne 10.3. DTOT Ipouecc MOXKHO IPEICTABIATE TAKIM 06pa3oM.
TMomycTuM, uTo Amuca xoder mepegaTb BoGy'?) xBamToBOe cocTosHIe P
IO KIACCHYeCKOMY KaHAIY CBA3N (Hampumep, o Teaedory). OxaszpBaeTcs,
YTO 3TO BO3MOXKHO, ecan Aumca un Bo6 3apanee IPUTOTOBWIN COCTOSHIE
|€00) ¥ B3AAM OT HETO 1O TONOBUHKE — OFHOMY (-O6HTY. Almca IPOU3BOLUT
u3MepeHne n coobumaeT pesyabraT Boby. 3arem Bo6 nepesoaur cou g-6uT
B COCTOSHIE p.

11. Usmepsroniue onepaTophl

BBeném 0CoOEIT KJIacC OIepaTopoB — usmepaiowue onepamopot. IlycTs
€CTBb TPOCTPaHCcTBO cocToguni N @ K, IpudeM HepBBIN COMHOKITETDL Pas-
JI0%KeH B IPAMYIO CyMMY IIONapHO OPTOTOHAILHEIX HOATPOCTpaHcTB: N =
= @ L;. Torga Beaxuil omeparop Buga W = Z Iz, ® U; 6yaem Ha3BIBATD

j J

USMEPAOUWUM .

13) SLv' IBa IIepCcoHaXa BCTpeYdarnTcd NIPpaKTHYeCKH B 1106011 cTaThe Mo KBAHTOBOH Te-

opun nHGOpMAaIINH.
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YrobLl ompaBAaTh TaKoe HazBaHHe, PACCMOTPHUM CJIEAYIOMIAN TPOIecC.
IIycTh mMeeTCS HEKOTOPOE COCTOSHIE, ONICLIBAEMOE MAaTPHUIEH IIOTHOCTH
p € L(N). loacoeauaum npubop; COBMECTHOE COCTOSHEE CHCTEMbL I IDH-
60pa ONMICBIBAETCI MATPHIEN WIOTHOCTH p ® [0™)(0™| (MBI cumTaeM, 4TO
BO BTOPOM COMHOXKUTeEJE, OMUCHIBAIONIEM IPUGOP, €CTh BHIIEICHHLIA 6a3NC,
HampuMmep, 4To 310 BE7).

Teneps nmpuMmerseM uamMepstonmin onepatop W. Iloxydaem cocTosnume

W (p @ 0 0m )W = ST Te e, @ U3 0){010]
J

(BAGCB MBI BOCIIOJIB30OBAJUCHh XapaKTePUCTUIEeCKIMU CBOfICTBaMI/I IIPOEKTO-
pa IIT = II, TI? = TI).

U nocregnee gencTBHe: IPUOGOP CTAHOBUTCS KJIACCHYECKIM. JTO O3HA-
TaeT, 9TO MaTpula AUarOHaJAU3yeTCsa II0 BTOPOMY COMHOXXHUTEIIO. HOCMO—
TPHM, BO [YTO IIepexoadaT IIPH 3TOM BTOPBI¢ COMHOXHNTEIN B HaHHC&HHOﬁ
CyMMe:

% = NG — DI (k] (ma xasc (37) | = (kg k)
k
Temepnb 3amuieM MOMYIUBIIMIICA Pe3yaIbTAT:

S5 (Meyptte, (KU 0)F , k) = 32" P(k|i) (e, plle, k).

TJe BBEJEHBI YCAOBHBIE GEPOAMHOCTIU P(k|j) = |<k|Uj|0>|2. 3ameTum, 9TO

A8 m3MepeHHs (Kak OHO OBLIO ONpeeleHO B IPEJLIAYIIEM Da3jiele)

P(k|j) = {i;, MOITOMY TOJIBKO UTO OMHCAHHBIN IIPOLECC MOXKHO HAa3BAaTh

(BEPOATHOCTHLIM M3MeDEHNeM». BBeJIéHHBIE TakKMM 00pa3oM KBaHTOBEHIE

YCIOBHBIE BEDOATHOCTH BEAYT Ce6f KaK OOLITHBIE, EC/AN PACCMATPHBAIOTCS

IPOU3BEIeHNs M3MEPIIONINX OIIePATOPOB, MOCTPOEHHLIX HA OTHOM U TOM

&Ke OPTOrOHAIBLHOM PA3JI0KEHNN IPOCTPAHCTBA COCTOSHUI (CM. HIKe).
IIpuBegeM IpuMepLI U3MEPAIOIMIAX OMEPATOPOB.

1. Omepatop A(U) = IIy ® I + II; ® U, AeRcTBYHOUMI HA IPOCTPAHCTBE
B® N, — usmepsrommii.

1. HeTpuBuaibHO, 9TO OH H3MEPAMIINI U II0 BTOPOW KommoHeHTe. Ilo-
ckoMbKy U — YHUTapHBLII OIEpaTOp, ero MOXKHO Pa3loXKATh B CyM-
My HOPOEKTOPOB Ha coGCTBeHHBle moampocTparcTBa: U = ) . A;llz

1 0
|/\]| =1. Tor,qa A(U) = Z].(Ho + /\jHl) ® Hﬁj = Zj (0 /\) 03¢ ng.
J
B 5ToM caytdae ycaIoBHBIE BEPOSTHOCTH PABHBI P(0|j) =1m P(1|j) =0,
O3TOMY TaKOH OMePaTOpP, XOTA U ABAACTCS M3MEPAIOIIAM IO OTIpeIee-
HIO, (PAKTUIeCKN HUIEr o He m3MepseT.
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3ameuanne piag ¢msmkos. [lycte U —
omepaTop (PazoBOro CABUrA CBETA NPU MPO-
XOXKJEHNN CKBO3b CTEKIAHHYIO ILIACTUHKY.
Mzur MoxkeM pa3fgennTh JIyd CcBeTa Ha IBa,
IPOIYCTUB €r0 Yepe3 MOAYIPO3PATHOEe 3ep-
KaJgo, 3aTeM OAWUH II3 MOJYYEHHBLIX JAy<ell NPOMYCTUTH UYepe3 CTEKISHHYIO
IIACTUHKY, & 3aTe€M 3aCTaBUThL MOIYYEHHLIE B De3yabTaTe Jy4l HHTepQhe-
pupoBats. [lo xkapTune mHTepdQeEpEHIIT MOXKHO y3HATH (DA30BLIN CABIL.

MaTeMaTHIeCKUN BAPUAHT INPeABIAYHNIero NpuMepa. AHAJIOTOM IOJY-

H

1 /1 1
IpO3patTHOro 3epKaja OygeT caykuTb omepaTrop H = ﬁ 1 -1} Kax

BIJHO I3 IPUBEJEHHON BBIIIE KAPTHHKN, €r0 HYXKHO IPHMEHNTDL B HaYAe
u B koHIe. CTporo roBops, pacCMOTPIM OLEPATOD

EU)=(He HAU)H ).
Ecan nauaabHbI BeKTOp HMeeT BT [¢) = |m)@IE) (|€) € £;), To =(U)|¢) =
=[n')©[¢), rae

A 11 IN[T 0N 11 1\, 11+ 1=
|77>_ﬁ<1 —1) (0 Aj)ﬁ<1 —1)|’7>_§<1—Aj 1+A)|’7>

B

Tosromy E(U) = Z% (1 i— ij 1_T_i ) @I,,. Temeps mogcunTaeM yc-
J

JIOBHBI€ BE€PDOSTHOCTH. Cob6cTBeHHBIE YNCIA YHUTAPHOTI'O OIlepaTopa PaBHBL

IO MOJYIIO 1, IO3TOMY MOXKHO IOIATaTb A; = e?™i%i, B pesyabTaTe IMeeM
2
. 14 A 1 2
P(0|j) = |<0|Rj|0>|2 = +2 J | = +C0;( ﬂgo).

B jarbHelilleM HMEHHO ¢ IOMOIIBIO TaKOT'O olepaTopa MBI 6ygeM olle-
HUBaTh cO6CTBeHHLIE Hncaa. JIa d>Toro ImpujeTcs 6paTh pasHble GHTHI B
KadecTBe IIePBEIX COMHOXKHTelXell (pasHble «npuGOPED ). KoHewuHo, creayeT
yOequThCs, ITO 3TO KOPPEKTHO (T.e., 9TO BEPOATHOCTH OYAYT II€PEMHO-
KATBCH).

CBolcTBA M3MEpPAIONIHX OMepaTopoB. Mel OygeM paccMaTpHBATL H3-
MepSIOIIIe OlePATOPEL, COOTBETCTBYIONIE 0 AHOMY M TOMY Xe OPTOT OHAIb-
HoMYy paajoxennio N = @D, L;.

1. TIpousBeaeHre N3IMEPAIOIIMX OMEPATOPOB — M3MEPAIOLUTMN OIEPATOP.
,Z[eI?ICTBHTeJIBHo IYCTh €CTh ABa U3MEPAIOIINX ollepaTopa

=N RV o, uwt ZR @I,
J
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Mockomexy Il Ilg, ;ﬁ 0 & j =k, nmeem
ZR ® Ig,.

2. YcaoBHBIE BEPOATHOCTH JJA MPOM3BEJeHUI M3MEPAIONMX «Pa3HBIMU
Hp]ﬁ[vﬁopaMH» onepaTopoB_IIEpeMHOXAKTCA. Boxee TouHO, mycTh R =
=R'®I,a R® =1 R* Torga P(ki, ks |j) = Pi(k1|j)Pa(k2]j). Do
PaBeHCTBO CJIedyeT HEIIOCPEICTBECHHO M3 OIIPeACJCHIS YCIOBHBIX BEPDOATHO-
CcTell U U3 OYIECBIIHOT'O TOX I€CTBA

(<€1| ® <€2|) (Ul ® Uz) (|771> ® |772>) = (& |U1|m) (&2|Uz[n2).

3. ®opmyaa nmoaHou BepoaTHOCTH. [IyCTh €CTH M3MEPSIONUIL OIEePATOD
W = >  R; @ Il¢,. Ecan npumennTs ero k cocrosumo [0)(0| @ p, rae p €
€ L(N), To BepoaTHOCTH HAOMIOJEHHS COCTOAHHA k MOXKHO 3aIllHCATh B

BHeE:
ON) = ZP k|j)P

MoxasaTeabcTBO. W(|0><0|®p) Wh=~r=3" (Rj|0><0|R}) @Iz, pllg, .
J
Panee 6bL10 fOKa3aHO, 9TO P('y, C(|k)) ® N) = P(TrN ~, C(|k>)) Hamnee,

Teyy = 3 (R10)(ORE) x Tr (ILe, plle, )

P (W(l0)(0] @ W', C(8))

TTockoabky
Tr (I, pIle;) = Tr (H%jp) = Tr (Tle, p) =r (p, L),

TOJIyYIaeM NCKOMOE BBIDaKeHne P('y, C(|k)) ® N) =5 P(k|j)P(p, £;). O
J

3agaua 11.1. [Joxaxure GoOpMYIy HOJHON BEPOSTHOCTH HAIPAMYIO, HeE
HCTIOJAb3YA B3ATUA TACTHUIHOIO ClIela.

Saga1a 11.2. «O6paTumoe usmepenmes. Ilycte W = 22:1 I, @V —
usMepsommuit omeparop, Vil0) = 5, ¢y (k)|y, z). (UmeeTca B Bugy, 1TO
OIepaTopsl V) AeHCTBYIOT Ha m + § -6UT; mepBBle M -6uT (T.e. y) —
(IIOME3HBIN PE3YIBTATY, OCTANbHEIE § q-OUT (T.e. z) — «iycops.) Jomycrum,
aro V mamepsieT HexoTopyo dyuknuo f: {1,...,1} — B ¢ BepoaTHOCTBIO
omubkn < &, T.e.

P(F(R) 1K) E N lep (k)P > 1-e.
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IocTpotiTe ¢ ncmoabzoparnmes W n W ™! KBaHTOBYIO CXeMY IOIMHOMUATE-
HOT'O Pa3Mepa, PeaTu3VIOUIVI0O ¢ TOTHOCTBHIO 0(61/2) HOBBIN M3MePSIIOLIIIT
omepaTop

t
U=> T, ©Qpuy, rae Quly) = ly®v).
k=1

(PaspermaeTcs «GpaTh HAIPOKAT) JOLNOIHNTEIbHEIE (-OUTHL.)

12. BoicTpBle KBAHTOBHIE AJTOPUTMEI

EquucTBeHHOE HETPUBHAIBLHOE ICIOAb30BAHNE KBAHTOBBIX CBOUCTB /1
BBIMACAEHAN, KOTOPOE MBI YK€ PACCMOTPEIN, — 3TO PeIleHNe YHUBEPCATb-
HOH nepeGOPHON 3a4a4u aIropuTMoM ['poBepa, n310KeHHBIM B pasgerae 8.1.
K coxamenuto, mIpu 3TOM JOCTUTAETCA JUIIL TOANHOMIAILHOE YCKOPEHIe.
IMosTOoMy HUKAKUX CEPBE3HBIX CACACTBUU A TEOPUU CIOKHOCTU BBHIUH-
creanit (Tuna BQP O BPP) aaroputm I'posepa me gaér. B mHacTosmee
BpeMs HET NOKa3aTelbCTBA TOTO0, UYTO KBAHTOBBIC BLITHCICHUS MPEBOCXO-
IAT TO CKOPOCTH KJIACCUIECKHNe BEPOATHOCTHBIE. HO ecTh KOCBeHHBIE CBU-
IeTeIbCTBA B MOAL3Y TAKOTO yTBepkKAeHua. IlepBoe M3 HUX — mpuMep
3adauu ¢ oparyaom (T.e. IPOLELYPON THIA «IEPHOTO SINNKA»), AII KO-
TOPON CYIIECTBYeT MOJMHOMUAILHBIN KBAHTOBLIN AJTCOPUTM, B TO BPEMs
KaK M060I KIACCHYeCKIH BEPOATHOCTHBIN AITOPHTM SKCIOHeHIuazeH. )
dror npumep, nocrpoenuni 1. Canmonom [42], masmBaeTcs zadauet o
ckpwmoti nodepynne 6 (7). B nambmeimem ™Mbl permmM Takie 3aja-
4y 0 CKPBITOH moArpymme B ZF, 0606IIAONIyi0 BCe Pe3yIbTATHL U3 3TOTO
pasgeaa.

3AJAYA O CKPBITOU MOArPYNNE. Ilycrs ¢ — xoHeunas rpynma, Opu-
‘IéM 3aJaHO HEKOTOpPO€e IIpeaACcTaBJACHIIEC DJI€MECHTOB G ABOUYTHBIMU CJIOBAaMU.
meeTca ycTpORCTBO (opcmy/t), Beruncasiomee Gyaxauo f: G — B co
CJAEIYIONINM CBOUCTBOM:

f@)=fy) < z-yeD, (12.1)
rge D C G — HexoToOpas 3apaHee Hen3BecTHas nmoarpynmna. Hyxuo HanTn
3Ty HOATPYIILY.

12.1. 3aga1a o ckpurToit moarpymie B (Z2)*. Msr paceMoTpuu cdop-
MyIMPOBAHHYIO BEIIIe 32424y B cayaae G = (Zo)*. DaemenTst >ToH rpynmer

14) Cﬂe,z[yeT UMETh B BUOY, YTO CJHOXKHOCTH 3ala4 ¢ OpaKyJoM YacTO OoTJHuYaeTCd OT

CMOYXKHOCTH OGBLIMHBIX BEYUCINTEILHBIX 3a1a4. KIaccuyaecknii mpuMep — TeopeMa o TOM,
aro IP = PSPACE [36, 37]. OpakyabHBII aHAJOT 3TOT0 yTBepXK feHusa HeBepeH [30] !
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MOXKHO NPEJCTABILTL CTPOKAMI JIWHBL k U3 HyJeHd I eIWHNL; CPYIIOBAs
omepanusa — HOOUTOBOE CIOKEHNEe IO MOIYIO 2.

Jlerko goxazaTb, YTO HeIb3s OLICTPO HAUTH (CKPLITYIO IOATPYIILY»
Ha KIACCHIeCKOH BepoATHoCTHON Mammue. (Kiraccumdieckas mammma mo-

CBLIAET HA BXOJ (I€PHOrO AUMKAY CTPOKHU L1, ..., &L W HOJYyIaeT OTBETHL
Yi, ..., Y. Kaxgem ciegyiomuil Bompoc &; 3aBUCHT OT IPEIBIIYINIX OTBe-
TOB Y1, ..., Yj—1 1 HEKOTOPOrO CIyIalHOIO THCIA T.)

YrBepxgenue 12.1. [lycms n > k. Jaa awboeo kaaccuueckozo eepo-
AMHOCMHO20 atzopumama, deaawezo ne 6oace 252 obpawenuti & opary-
ay, cyweemsyem nodepynna [ C (Zz)k U cooOmeemMemeyouas PyHKyua
f: (Zz)k — B, das womopoti aszopumm owubAEMCA ¢ GEPOAMHOCTIbIO

>1/3.

MokaszareabcTBo. [ias ofgHOI U TOH Xe NOATPYNIBl [ CYIIECTBY-
€T HeCKOAbKO pPa3IndHbIX opakynoB f. Mbl Gygem cumTars, 9TO OZHH
I3 HEUX BHIOMpaeTCsA CIyYalHO U PaBHOBeposATHO. (Ecam aaropmtM omm-
6aeTCsI ¢ BEPOATHOCTBIO > 1/3 mpm caydallHOM opakyTe, TO OH Tak-
xKe OyIeT ommGATBCA ¢ BEPOATHOCTBIO > 1/3 mpm xaxoMmM-HEOYDL KOH-
KpeTHOM opakye.) Caydanuslil opaxkya obragaeT CIeSyIOMIM CBONCTBOM:
ecIl OUepeqHON OTBeT Y; He COBNAaeT HI C OFHIM H3 IpPeIBLIYIINX
OTBETOB Y1,...,Yj—1, TO OH DABHOMEDHO DACIpeleTéH HA MHOMKECTBe
B*\{y1,...,yj—1}. Takum o6GpazoM, cIyualHBII Opakyl SKBHBAJIEHTEH
YCTPOHCTBY ¢ MaMATBIO, KOTOPOE Ha BOIPOC &; BHLJaeT HAIMeHbIIee THCIO
s; < J, Taxoe uTO x; — x5, € [. Kiaccmieckyio ManmHy MOXKHO HM3Me-
HITH TaKHM 00Pa3oM, 9TO OHA caMa Oy LeT IPOU3BOAUTE CLyIalHBI BEIGOD
yi €B*\{y1,...,y5-1}, xorga s; = j.

IycTs «meio BompocoB K opakyry pasuo | < 2F/%. Bes ymensienns
OOIIHOCTH BCe BONPOCH pa3am4ubl. B caygae D = {0} Bce oTBeTHl Tax-
e Pa3INdHBL, TO €CTb §; = j AaIf Bcex j. Temepb paccMoTpum ciy-
gan D = {0,z}, rge z BLIOHpaeTCA CIYIANHO ¢ PABHOMEDHBIM DAaCIpe-
JeleHMeM Ha MHOMKECTBE BCEX HEHYIEBEIX dIeMeHTOB Tpymmb (Zg)k. To-
rAa, HE3aBUCUMO OT ICIOAB3YeMOrO allOPUTMA, §; = j C BEPOSTHOCTLIO
>1—(j—1)/(2¥ —1). C Bepoarmoctnio > 1 — (I — 1)/(2(2% — 1)) > 1/2
3TO HMeeT MecTo 111 Beex j = 1,...,[. HanoMuuM, 9T0 y HAC €CTb ABA CIy-
JalHBIX mapaMeTpa: z U . MBI MOXeM 3a(QUKCHPOBATL 2 TAKHM 00Da3oM,
9TOGBL BEPOATHOCTD IIOLYIEHIS OTBETOB §; = j (/s BCEX j) MO-IpekKHEMY
6p11a Goabine 1/2. IlocMoTpuM, 9T0 Gy geT gelaTh KIaccudeckas MAIINHA B
sToM caydae. Ecau oma BeigaeT otBeT «D = {0}» ¢ BepoaTHOCTBIO > 2/3,
noaoxuMm D = {0, z} — Torga BeIgaBaeMBIll OTBET OyAeT HEBEPHEIM C BEPO-
aTHOCTBIO > (2/3) - (1/2) = 1/3. Ecan xe BepoaTHOCTL oTBeTa «D = {0}
Menbire 2/3, moroxum D = {0}. O
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Teneps ompefeauM KBAHTOBBIN AHAJIOT OMNCAHHOTO BBINIE YCTPOUCTBA.

CooTBeTCTBYOUINN KBAHTOBLII OPAKYJI — 3TO YHUTAPHBII OLEPATOD
Ut lz,y) = |z, y& f(2)). (12.2)

(& obo3HauaeT MOGNTOBOE CIOXKEHHE). 3aMETHM, ITO KBAHTOBEII OPaKy.
JNOMyCKaeT JUHeNHble KOMOWHAIINY PA3HBIX BOIMPOCOB, IIO3TOMY €I'0 MOXKHO
HCIOAB30BATh Gosee d3PPEKTUBHO, TeM KIACCUTECKUN OPaKyI.

IIycts E = G/D, a F* — rpynna xapaxTepos Ha F, T. e. romomMopdua-
moB F — U(1). B cayaae G = (Zo)* rpynmy E* MoxXHO 0XapaKTepH3oBaTh
CIeYIONIM 00pa3oM:

B = {h e (Z)" ¥z € (Z)" (h-z=0)},

rge h -z o6o3HaUaeT ckalgpHOe IpomsBefeHne no moayawo 2. (Coorser-
cTByommi h xapaxTep mveer Bug z +— (—1)"?.) Toxamem, xax MoxHO
IOPOANTH CAYyYaWHBIA d1eMeHT h € E*, ucmoabsys oneparop U. Ilopogus
JOCTATOYHO MHOT'O CAYYalHBIX IeMeHTOB, MBI HalgeM rpynny £*, u, Tem
CcaMbBIM, ICXOJHYIO moarpymmy D.
HauuéMm ¢ TOro, 9To IpUroTOBUM COCTOSHIE
&)= 27512 3" fay = 1940
zeG
B OJHOM KBAHTOBOM perucTpe. Bo BTOPOU permcrp moOMECTHM COCTOSHIIE

|0") u mpumenuM omepaTop U. 3aTeM BBIGPOCHM BTOPOI PETHCTD, T.€. He
6ymeM ero 6oJbllle HCIOIL30BATE. lloayunTesa cMelllaHHOe COCTOSHIE

p = T (UlaE 000 ut) = 275 30 [nl

r,y.x—yeD

Teneps mpumMenum omepatop H©F:

_ ®k ®k _ o—2k a-r—b-y
y = HpH® = 2723~ 3" (-1) |a)(b].
a,b ¢, yx—yeD
Jlerxo B geTh, 9YTO BeINUINHA > (—1)a'x_b'y OTINYHA OT HYJAS TOJBKO
r,y.x—yeD
B TOM cIy4ae, korjga a = b € E*. Takum o6pazom,

7= 2 )l
acb*
ITO B TOYHOCTH MaTpumna ILIOTHOCTH dJ5d Cﬂy‘laﬁHOl“O PaBHOMEDPHO pacC-
OpeJeJeHHOr 0 3JeMeHTa I'PYIIIIbL B, Ter{epb OCTaJOCh BOCIIOJAB30BaTBHCSA
CAeIYIOMEN IeMMON, KOTOPYIO MBI C(hOPMYIUPYEM B BIIE 3a TatH.

Sagata 12.1. Ilycts Ay, ..., h; — He3aBUCHUMBIE CIYYIalHBbIE DABHOMED-
HO pacupefeJeHHbIe dIeMeHTH aGemeBon rpynnsl X . /JJokaxunTe, ITO OHN
TOPOXK Taf0T BCio rpymmy X ¢ BepoaTHOCTHIO > 1 — | X|/2%.
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Taxum o6pazoM, JOCTATOYIHO 2k CIyYAHBIX 3JEMEHTOB, ITOOBI IOPO-
IuTHL BCIO rpymmy E* ¢ BeposTHOCThIO omubknm < 27F. (Takas MaleHB-
Kaf BePOATHOCTH OMINOKN moaydIaeTcda 6e3 0coOblX 3aTpaT IO CPaBHEHUIO C
1/3. UTo6wl cgeaaTs eé emé MeHblle, 3 (HEeKTUBHEE BCEI'0 BOCIOAb30BATh-
€51 CTAHJAPTHON POy PO IOBTOPUTH BCE BEIUUCICHNE HECKOIBKO Pa3 I
BBIGpATH HAMGOIEe TACTO BCTPEIAIOMMICA OTBET).

IlogBegém UTOr: Qust HAXOXK JEHUS «CKPBITON HOArpyuusly 1) TpebyeTcs
O(k) obpareHnil K KBAHTOBOMY ODaKyIy. B IIeIOM aIrOpHTM HMeeT CIOXK-

nocts O(k3).

12.2. PazioxeHre HAa MHOXUTEIN U HAXOXKEHNE MEPUOJA OTHOCHTENb-
HO BO3BEJ€HHA B CTeNEeHb. BTOpoe CBUAETEILCTBO B NOMB3Y THIOTE3B
BQP O BPP — 6micTpble KBAaHTOBBLIE aJTOPUTMbI PA3JOKEHNA HICAA HA
IPOCTBIE MHOXKUTEIN U BBIYICACHHUS AUCKpeTHOro jJorapudma. OHu 6bL1n
mangens! II. Mlopoum [38]. O6¢cyaumM moxa mepByio U3 3TUX ABYX 3aJat.

PAKTOPUBAINA UYUCJAA. [JaHo HaTypaabHOe FuCIo y. TpebyeTca HauTH
€r0 Pa3okKeHNe Ha IPOCTHIE MHOKITELN

y=pips? . pRt.

DTa 3ajada CINTAETCA CIOXKHON HACTOJILKO, YTO HA IPEANONOKEHUN
O TPYAHOCTIH €€ DeIeHNs] OCHOBBLIBAIOTCA [MPAKTHYECKNE AATOPIUTMEI KPI-
nrorpaduu. C TeopeTHIecKOn TOYKH 3PEHMS IOJI0KEHIIE HECKOIBKO XYKe:
HEI3BECTHO HI CBeJéHNe K 3ajade (pakTopH3anum 3ajgad m3 kaacca NP,
HI IPYTHeE (IPAMble) CBIIETEILCTBA B HOAB3Y €6 caoxuocTH. (CIoBo ¢mps-
MBI€» B3ATO B KABBLIYKHU K3-33a TOrO, YTO B HACTOSIIEE BPEMs HEU3BECTEH
OTBeT Ha Bompoc P = NP.) Taxum 06pazoM, IPEAIONOKEHIE O CIOKHOCTH
3agadn (PaKTOPU3AUNN MONOJHAET U 6€3 TOro OOGUILHYIO KOLIEKLINIO He-
JOKA3AHHBLIX TUIIOTE3 B BBIMUCINTEALHON TEOPUH CIOXKHOCTH. KoamdecTBo
TaKNX THIOTE3 XOUeTCS IO BO3MOXKHOCTH YMEHBINIATL. B 3TOM U cocTOUT
OCHOBHAs LEeHHOCTH pesyabraTa lllopa — ecam coBepIINTL OLWH «AKT Be-
PBI» I YBEPOBATH B CJAOXKHOCTBH 3aJadn (pakTOPU3ALNN, TO HeOOXOAUMOCTD
B eIlf OJHOM akTe Bephl (OTHOCHTEIBHO GONBIINK BEIYHCINTEILHBIX BO3-
MOKHOCTEH KBAHTOBOI'O KOMIIBIOTEDA) OTHAJAET.

Mz 6ygeM cTpouThb GLICTPBHII KBAHTOBLIN AJACOPUTM He IS PEIIeHNs
3aga4n PaKTOPU3AUNN, a s pellleHns Apyron 3agadn HAXOXKJAEHUE IE-
PUOJIA, K KOTOPOU 3agada (haKTOPUIALIII CBOAUTCS € ITOMOIIBIO0 KIACCHYIe-
CKOI'O BEPOSITHOCTHOI'O AT OPUTMA.

HAXOXK IEHUE TEPUOJIA. MeeTcss 4uciao ¢, 3alcChIBalolieecss He Goiee
sem n gBomuHbiME nudpamn (1 < ¢ < 27) m 4mcao a¢ Takoe, 94TO ¢ < ¢,
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(a,q) =1 ((a,q) obo3navaeT HamGOALIINT o0OIMH AeanTens). Hyxuo Hai-
TH nepuod ¢ OTHOCUTEILHO ¢, T.e. Takoe HaIMeHbINee HeOTPHIATEIbHOE
ancao t, aTo a' = 1 (mod q).

IpyruMu cIoBaMH, epHOT — 3TO MOPALOK 9HCIA ¢ B MYyILTHILIHKA-
THBHOI rpymmne BEeToB (Z/q7Z)*. Bygem 0603HAMATE EePUOJ THCAA ¢ OT-
HOCHTETBHO ¢ KaK per (a).

Huxe MBI HOCTPOUM KBAHTOBBIH aATOPUTM [IIA PEIlCHHA 3aJadH O Ha-
XOXK TeHUN Tepuoja Iucia. Ho HauEEM ¢ TOrO, ITO OMHIIEM KIACCHTECKOoe
BEPOATHOCTHOE CBeAéHIe 3aJa4n (paKTOPU3AINE K 3aJatde BLITHCICHIA Ie-
puoga. ‘ImTaTero Takxke IpellaracTcs BCIOMHHTEL BEPOATHOCTHBIN TeCT
IPOCTOTH 9HCIA, U3I0KEHHBIN B epBoll dacTn (cM. pasgex 3.3).

12.3. CBegenne (pakTOpHM3alMK K BEIMHCICHUIO mepuoga. MTax, mpem-
TIOMOKUM, ITO MBI YMeeM DeIlaTh 3aJaTy HaxoX JeHud mepuoga. fIcuo, aTo
(HaxTOPU3ANNIO MHCIa Y MOXKHO HOAYYIHTH, ncnoabsya O(logy) pas moa-
IpPOrpaMMy, KOTOpas [0 JMI000MY COCTABHOMY WICIY BBIYHCASET KAKOU-TO
€ro TeInTelb ¢ BEPOATHOCTLIO, He Menbienl 1/2. (Komewyno, HyxKHA Takxke
CTaHJapTHAad NPOIeIypPa YCUICHU BePOATHOCTEN, ONNCcaHHAA Ha C. 36.)

IIpoueaypa HAXOXAeHUA JeaUTeNd.

Bxon: gucao y.

IIAT 1. IIpoBepsiem wéTHOCTDL y. Ecim y — 9éTHOE, TO BBIJAEM OTBET
¢2», B IPOTUBHOM CJydae MePEeXOIM K Imary 2.

ITar 2. IIposepsiem, U3BIEKAETCS JI I3 Y HAIEJO KOPEHb k-1 CTeleHn
mpu k = 2,...,logy y. Ecau y = m", To oTBeT «m», mHAYE IEPEXOIUM K
mary 3.

ITAar 3. Boibupaem caydanHoe a cpeiu wuced oT 1 g0 Y, BBIMUHCIIEM
7 = per,(a) (ICTIOAL3YST MMEIOMUICSA TO TPEJTONOKEHIIO AN OPUTM HAXO0-
XK IEHIs MePHoJa) U, €CIl © — HeI8THOE, TO OTBET Y — IPOCcToey. B mpo-
TuBHOM CcIydae maxogum d = (a’/? — 1, y) (ckaxem, arropurmonm Esximia)
U mepexoquM K wmary 4.

IIAT 4. Ecim d > 1, To oTBeT «d», B IPOTUBHOM CIyTIae OTBET «lf —
IpPOCTOE).

Anamms mpoueyphl HaXOXJeHUA AeauTend. JloxaxeM, ITO BepodT-
HOCTBb IOJAYYUTH AeINTeNb HncIa Y B pe3yabTaTe paboThl HIPOIeIypHl Ha-
XOXKJeHNA JeInuTens He Menbine, em 1 —1/25 71 rne k — wmcno pastmambx
IPOCTHIX GeIuTelell Y. (3aMeTHM, B IaCTHOCTH, ITO 3Ta BEPOATHOCTDL PaB-
Ha ( gas mpocToro y, Tak ITO JaHHAA IPOIeIyPa MOXKET TaKiKe UCIOIb30-
BaTBCA U KaK TECT NPOCTOTHL 4ncaa.) IIpu ZoKka3aTelbcTBe HaM HOTpely-
eTcs KUTAlcKas TeopeMa 006 ocTaTKax B TOT (AKT, UTO MYJIbTUILIILKA-
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THBHAfA CPYINa BEIIETOB M0 MOAYII0 p*, TAe p IPOCTOe, — IHKINTIECKAsd
(em. [2, Tu. 6, §3]).

Ecin r = per, (a) — 1éTHOE, TO (a"/? +1)(a"/? = 1) = 0 (mod y). Tax
<ITO B 3TOM CIydae IPOoIleIypa BEIIACT OTBET «y — IPOCTOe) TOILKO TOTIA,
xorga a’/? = —1 (mod y).

k a; -

Sanmirem pasToxerne y Ha MpocTele MEOKnTen y = [[_, p;” m BBeAEM
0603HaeHNS

. = A - ) 98 r .
a; =a (mod p; ), 1= per 25y @j = 2%r%, rae r; — HeuETHOE.

JokaxeMm, 1T0 Iponeaypa BELIAET OTBET Y — IPOCTOE) TOTJA U TOABLKO

TOrga, KOTQa 51 = Sy = ... = Sk. JleACTBUTENBHO, €CIN §] = S3 = ... =
= s; = 0, To r He4éTHO (IMOCKOABKY 7 — HAUMeHbIIee 00Ilee KPATHOE
ri/2 o
Beex ;). BEcan s1 = sy = ... =55 > 1, To ail? = (mod p;?) (ucmoas3y-
J / J
r/2

€M IUKJITIHOCTh (Z/p?jZ)*), a, sHauuT, 1 a"/ ¢ = —1 (mod y) (mcmonbzyem
KHTallCKylo TeopeMy 06 ocTarkax). HaoboporT, ecan He Bce s; paBHBI, TO
IIPU HEKOTOPOM 11 TOLYIUM al?=1 (mod p2m), T.e. a”/* £ —1 (mod y).

Tlo xuTanckon TeopeMe 06 ocTaTKaX CAYIANHLIN PABHOMEDPHBLIN BHIGOD
@ eCTh TO K€ caMoe, ITO He3aBUCUMBIN CIyJalHbI PaBHOMEDHBII BEIGOD

Bcex a;. OLEeHNM JIf HEKOTOPOLO § BEDOATHOCTH COOLITHA §1 = § IPI
He3aBHCEMOM BEIGope ap. IlycTs pit — 1 = 2'¢, roe ¢ — HeuéTHOE, g —
obpasyromas (nukandeckonn) rpyunsl (Z/pi*7Z)*. Torga
t—s .
Hai:s1 = s} =|{g> ™:m — meaérroe}| =
_ q, ectn s = (),
T (28 —2°7Y)g, ecam s >0,
[O>TOMY BEPOATHOCTL §1 = § He Ooabwe 1/2. Orcioga caegyeT mckomas
OlleHKa BEPOATHOCTH yCIleXa BCEH MpOUeIypPHl HAXOXKICHUA NeJNTeNd: Be-
POATHOCTB COBBITHA 5| = S5 = ... = s; He Bhme 1/2°~! mosTomy ¢ Bepo-

SITHOCTBIO He MeHblIe 1 — 1/2’%_1 IpOoLeAyPa HAXOXK JeHIUs JeIUTeNs HAgeT
JeInTeab Y.

12.4. KBaHTOBEIM AITOPATM HAXOX€HHA MEPHOJa: OCHOBHAA M/ .

PaccMoTpuM olepaTop yMHOXKEHHA BRIUeTa Ha @, TeHCTBYIOMMI IO IIpa-
Buty U: |¢) — |az mod ¢). (Boaee xoppekTHOe oGosHadeHnme — Uy q,
OHAKO THCIO ¢ He MEHAETCA Ha MPOTAKEHHH BCETO BLIMHCIEHHA, MO3TO-
My MBI ONyCKaeM €ro B HHJEKCaX). JTOT ONePATOD IEePEeCTaBIgeT Oa-
aucHble BekTOphl 1pn 0 < # < ¢ (mamomumM, 9To (a,q) = 1). Byzem
CYNTaTb, ITO Ha OCTAJILHEIX Oa3MCHBIX BEKTOPaX OH AeHCTBYET TOXKIe-
ctBenHo, Uy : |x) — |2) mpm = > q.
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Ilocxoabky OaA YMHOXKeHUS BLIETOB €CThb OObIUHAasA OyreBa cxeMa IIO-
ansoMuansHoro — O(n?) — pasmepa, TO CyMIeCTBYeT U KBAHTOBasA cXeMa
IIPIMEPHO TAKOTo XKe pa3Mepa (UCHOIb3YIOmas HAIPOKAT JOLOIHNTEIbHbIE
¢-OUTEHI, KaK 3TO 0OBACHATOCH PAHBIIE).

IlepecranoBka, koTopyio 3agaéT oneparop U,, pazbuBaeTcs Ha UKL
IMuka, cogepxamui a, cogepxuT u 1 (moce perq(a) —1 urepanun MuI Hona-
JgaeM u3 a B 1). AIropuT™, 0 KOTOPOM MORAET Petb, HAMHHAET ¢ COCTOAHNA
|1) n npuMenseT ¥ HeMy omepaTop U, mo MuOry pas. Ho 3a npegeast op6uTs
a (DUMKa IMepecTaHOBKH, KOTOPOMY IPHHAJIEKHUT ¢) MBI TAKHMI Ipeodpa-
30BaHUAME He BelgeM. IlosTOMy paccMoTpuM orpanm<enne oneparopa Uy,
Ha [MOANPOCTPAHCTBO, IOPOXKAEHHOE OPOUTOI a.

Co6crBennnle uncaa it Uy @ Ag = 27”"’“”, r,qe t — mepmog.

Co6crBennsle BekTopbl §ait Uyt |€q k) \/_ Z —2mi: km/t| ™y,

Jlerko mpoBepuUThb, YTO HAIIMCAHHBIE BEKTOPHL JeHCTBATEILHO COOCTBEH-
mole. [lOCTATOYHO 3aMeTUTh, ITO yMHOXEHWE Ha ¢ HPUBOAUT K CABATY
UHJEKCOB B cyMMe. ECIN 3aMeHHTL MEPEMEHHYI0 CyMMUDOBAHUS, ITOOBI
YCTPAHITB STOT CABIUT, HOLYHINM MHOKHTeIb €27 */t,

Ecam 6B MBI MOTJI M3MepATH COGCTBEHHLIE WHCaa omepaTopa U, To
noxy<anu O0vl uucia k/t. Cratanra pazbepéM, Kak 5TO MOKeT HaM IOMOTb
B HAXOXK IeHUH MEePUOa.

IIycTs y mac ecTh mammua M, KoTopas IPH KaXkJOM 3alyCke BLIIaeT
HaMm 4qucao k/i, rge | — UCKOMBII epuof, a k — DaBHOMEDHO DACIpee-
aéuHoe Ha MHOXKecTBe {0, ... 1 — 1} cayuaiinoe qucao. M1 npeamoaaraem,
uT0 k/t mpencTaBIeHO B BUe HECOKPATHMON apobu &'/t (ecan 6vl Mamnna
BBIJaBaIa YHCIO B Buje k/1, To BooOIe He GBLIO GBI IPOGIEM).

IMony4us HeckoIbKO ApoGen Taxoro Buga ki /t, kb /th, ... k| /t], MoxHO
¢ GOJBLITION BEPOATHOCTBIO HAUTH YHCIAO T, IPUBOJIL >TH ,qp061/1 K oO0ImeMy
3HAMEHATETIO.

Jlemma. FEcau noayueno | dpobeii, mo eepoamuocms mo20, wmo Hau-
MeHbuLee obujee Kpamuoe ux aHamenameeti omauuro om t, menvute 3 -2

MokasareasctBo. [pobu ki/t), ..., k//t] momrydaloTca cokpaieHneM
apobett ki/t,... ki/t (1.e. ki/ti = kj/t), rae ki,... k — HesaBmCIMO
paclpefeléHHbIe CIydalHble qucaa. /JJocTaTodHO, ITOOLI STH YHCAA ObI-
JM B COBOKYITHOCTH B3aIMHO IIPOCTHI, TOT1a HaUMeHbIee obIlee KpPaTHOEe
t},...,t; 6ygeT paBHO t.

BepoaTaocTs ToOro, uTo ki, ...,k EIMEOT OOIINN IPOCTON AEINTED P,
me Goabire, gem 1/p!. Tlo3TOMY BepOATHOCTDL TMOIYYMHTH He ¢ HOCTE TPUBe-
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TeHNs K 00IeMy 3HAMEHATENI0 He TPEBOCXOJUT Z il < 3-27! (57a cymma
k=2
3aBeOMO BKIIOUaeT B ce6s BCe MPOCTHIE, MEHbIINE ). O
Teneps 6ynem cTpouTs MammeEy M. OHa JOKHA COTEPKATD CXEMY, H3-
MePSIOILYI0 COGCTBeHHBIe dncaa omepaTopa Uy das awbozo b (a He TOIBKO
A1g b = @ — «ncia, 41 KOTOPOro HIleTcs mepuof). ToduHee roBops, HaM
HyxeH onepaTop U: |b, z) — |b, be mod ¢), ecan (b, q) = 1. Kak omepaTop
U mencTByeT B OCTAIBHBIX CIydadx, HEBa)XKHO. ET0 MOXKHO JOOIpETeInTh
JFOOBIM BEIMHCIATENHLHO TPUBAATBHEIM criocobom. Ha camom gere, Bce mpu-
BeJI¢HHEIE paHee PACCYXKIEHHA 00 MMHTAINN KJIACCAIECKWX CXeM KBaHTO-
BEIMH COXPAHSIOT CILTY U A8 UMHUTAIUN CXeM, BLITHC/AAIONNX TACTHIHO
ompegeqéHHBE (PYHKITHM.

3agada 12.2. Hcnoassys onepatop U, peaausyiire omepaTtop A(Up) aas
Ja1060ro b, B3aNMHO IPOCTOrO C ¢.

O6osnaunm Lo = C(|€, %)) (mogmpocTpancTBo, nopoxaéuHOe (€4 k),

TOrja HCKOMAasg CXeMa [JOJKHA Dealn3OBBIBATD H3MEDAIOIIAN OIepaTop
=1

W = 3 Vax ®Hg,, c oneparopamu Vyy Buga [0) — > cy:ly,2),
k=0

rie y — HeKoTOpasg HecoKpaTumas Apobb, a z — mycop. llpu sTom gas

YCJIOBHBIX BepOﬂTHOCTefI JOJI2KHO BBIIIOMIHSATHCI HEPABEHCTBO
2
k def
P (e = ZIE paslo] > 1=

k
rae 00603HaIaeT HECOKPATUMYIO APOOb, IPEACTABIAINIYIO PAIINOHAIEL-

Hoe uucao k/i.

ITocTpoenne Taxol W3MePSIOUIENl CXEMBI JOBOJIBHO CJIOXKHOE, IOTOMY
BHa4aJe OOBACHIM, KaK U3 He€ cTpontTcs Mamnsa M . Boapmém cocrosmue
|1) B xagecTBe HagambHOro. IIpAMOe BEIYHCICHIE (IUTATENO PEKOMEHTYeT-

c €ro IpoJeraTh) MOKa3blBaeT, u4To |1) = 7 Zk_:lo |€k). DTO paBeHCTBO

rapaETHPyeT PAaBHOMEDHOe pacupeelerne qucanrenenn apoben. IIposegém
HU3MepEHIEe B 3TOM COCTOSHIII, TOra [0 (hOPMYJIe [IOJHON BEPOSITHOCTH 10~
JydaeM

P(W(0) @ 1), y) = ZPy|k (12), £5).

BepostaocTn Beex |€i) pasubl: P(|1), Ly) = |<€k|1>| = 1/t, a ykazanHOe
BLIIIe CBONCTBO YCJAOBHLIX BEPOATHOCTEH TapaHTHPYeT HaM, ITO C Bepo-

k .
ATHOCTBIO 1 — ¢ 6yJeT MOIyIaThCA . Kax 6ygeT BUAHO B JaabHENIIEM,
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upu mocTpoeHnHn VW MOXKHO cHelaTh BeJNYNHY € CKOJAb YLCOAHO MAJoIl.
YcaoBro paboTy MammuHbl M MOXKHO NpPeICTAaBUTL B BUJe TAKOI'O IPO-
mecca:

CJIy9alHBIU BEIGOD k §a, Y ;é l <&
[ et | e )< L
(60or, nrparmomuit B KocTn)
y= > 1-— E.

(Cay4anHblil BEIGOP k& IPOMCXOANT caM IO cebe, 6e3 MPUMEHeHNA KaKOro Obl

TO HHU 6BL10 omepaTopa. lIpocTo GopMyra HOTHON BEPOATHOCTH yCTPOEHA
Tak, Kak 6yATO A0 Havala U3MEPEHIA I'eHePIPYeTCs CAydanHoe k, KoTopoe
3aTeM 0CTaeTCs MOCTOSHHBIM. PasymeeTcs, (OpMyaa YCIOBHON BEPOSTHO-
CTHU BepHA TOILKO TOTJa, KorAa omepaTop W ABIgeTCA W3MePAONINM I
3aJaHHBIX HOAIPOCTPAHCTB L, ).

12.5. IlocTpoenune m3MepgIoLIero omeparopa. lemeps 6yaeM CTPOUTH
omepaTop, M3MepSIoNmi coGcTBenHHble uncia U,. Kak yixe 6vl10 cxaza-
HO, MOXHO OUDAHNYNTHCS H3YYIEHIEM JeICTBUSA 3TOrO ONePATOpa Ha BXOJ
|€4,%). IlocTpoenne pasgenseTcs Ha TPH JTAIA.

1. Hmem nmdopMarnmio o A\, = e>™%*, re ¢ = % mod 1 (cm. 12.5.1).

2. JloxammsyeM 3HadeHHe ¢ ¢ HeGOabIION TouHOCTHI0. CaMoe BpeMs moj-
IepKHYTH, ITO BO BCeX IPHBOAMMELX DACCYXKICHUIX eCTh ABa LapaMe-
Tpa: 6epoAmHocme owubku € I mounocmsy 6. MBI monydaeM HEKOTOPOe
GHCA0 Z KAK De3yAbTaT H3MEDEHNs, IPH 3TOM OJIKHO BBIIOJHATHCT
yeaosue Pr[|z — ¢p| > 6] < ¢. Iloka Hac ycTpouT HeGOIBIIAS TOIHOCTD,

ckaxeM, d = 1/8 (cm. 12.5.2).

3. Ilanee HyKHO YBEINIUTb TOYHOCTE. He00X0IMMO yMETE OTINIATE IPYT
oT gpyra umcaa Buga ¢ = k/t, roge 0 < k < t < 2". 3amerum, 9TO
ectn kyi/ty # kofts, mo |ki/t1 — kofts| > 1/tits > 1/227. TlosTomy,
3Has 3HAYeHUe i = k/t ¢ ToaHoCTRIO 1/227FL MBI MOKeM ompegernTh
€ro abCoMIOTHO TOYHO (B BUJge HeCOKpaTHMOR Apo6u). ITo6wl ceraTs
5T0 >PGdEKTUBHO (33 HOIMHOMHAIBLHOE BPEM:), MOXKHO HCIOIb30BATH
AICOPUTM LemHBIX gpoben (cMm. 12.5.3).

12.5.1. Kak moay4aTs mHpopMammio o coOGCTBEHHOM Uucae. B pasme-
1e 11 6v11 BBegén omepatop =(U,) = (H @ NA(U,)(H & I), usmepsrormui

cOGCTBeHHBIC 4ncIa. B HameM cay<ae A\ = e ™'%%, I03TOMY MOKHO 3allll-
CaTb 3TOT OLEPATOP B BIE

_ 1 /14 eZﬂ'ink 1— eZﬂ'ink
:(Ua) = Z Va,k @ H'Ca,k’ Va,k = 9\ 1 = e2mivk 1+ e2mivk |
k
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a ero rE[eI‘/,ICTBI/Ie B BHe
14+ 62772ka n 1— 62772ka
2 2

11) ) © [&k),

TaK 9ITO OJsI YCIOBHBIX BepOHTHOCTeﬁ IIOJY'Ia€eM BBIDAXKEHIIC

10) @ J&) T2

o 12
1 4 2miwk 1 2
P(0]k) = |- _ L cos(mer)
2 2
Ham moTpebyercsa emé omepatop Z(il/,). Ero Taxike HeTpyaHO pea-
JAn3oBaThb. Peanusamnus, n3o6pakeHHas Ha PUCYHKE, ICHOIL3YET OLNEPATOD

. 1 0 v .
K = . | u3 crapgapTHOro 6asuca. QO6BeJEHHBIN (PPATMEHT PEATIN3yeT
?

0
omepaTtop A(iU,). deficreurensno, K yMHOXKaeT Ha ¢ Toabko |1), HO Kax
pa3 B 3TOM CIydae IpuMeHseTCs onepaTop U, (M0 oIpegeleHNIO omepaTopa
A(U,)). das onepatopa =(iU,) ycIoBHbBIE BEPOITHOCTH PABHBL
1—sin(27
piofly = L=

/’/’/l \\‘
(D (e
/ !
IGA” '
A e

\AGUL)

CroxHoCTh peanusarun onepatopos =(U,) u E(¢U,) 3aBUCHT OT CI0X-
HOCTH pearm3zannn oneparopa A(U,), KoTopas HEHAMHOT O BBILIE CIOKHOCTH
peanmsamunu omepaTtopa U, (cM. 3agagy 12.2).

12.5.2. OmeHKa yCIOBHEIX BepodTHOCTeH. MEuI 6ygeM ToKaIn30BEIBATE
3HAYEHNE (O, OLEHNBAs YCJIOBHBIE BEDOSTHOCTH, IPUBeIeHHEBIE Bbite. [las
[OIy<IeHNsA TAKOH OleHKHN OyAeM NPEMeHATH omepaTopsl =(U,) n E(il,)
Pa3INYuHBIM (IpuGOpaMy (JOMOIHNTEILHEIM (-6nTaMm). Paccyxaennus ogn-
HAaKOBBL [ 00OUX OIEPATOPOB, HOITOMY orpaHmInMcs caydaeM =(U,).

Y Hac ecTb KBaHTOBBII perucTp A, B KoTopoM Haxogurcs |, ). (Ha

1 t—1
caMoM Jele TaM BHadazle ObLI |1) = i > o [€k), HO MBI paccMaTpuBaeM

|€4,%) IO OTAEAIBHOCTH; 5TO KOPPEKTHO B CIIY BIAA H3MEDSIOLIErO OIEPaTO-
pa). 3aBeféM GOJBIIOE KOINIECTBO (§ IITYK) BCIOMOTATEIbHBIX PETUCTPOB
gausaon B 1 6mr. Kaxauiil u3 3TuUX perucTposB OygeT UCHOJIb30BATHCS A
npuMeHeHus omepaTtopa =(U,).
Kaxk 6b110 gokasamo B pazgere 11 (cMm. c. 87), ycioBHEBIE BEpOATHOCTH
s

B TAKOM caydae mepeMmuoxaworcia. Jas oneparopa [[ Z(U,)[r, A] ycrosrbie
r=1
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s
BepOATHOCTH GyayT paBHel P (v, .. .,ys|k) =11 P(yr|k) (33ech 1epes y,
r=1

0003HaUeHO 3HAYUECHIE B 7-OM OUTE).

[anee ¢ 6uTaMu, B KOTOPLIX 3AINCAHBI PE3YAbLTATHI (IKCIIEPUMEHTOB,
OyAYT yiKe TPOM3BOANTLCA KJIACCUIECKHNE JeHcTBHUs. II0CKOABKY yCIOBHBIE
BEPOSITHOCTH MEPEMHOKAIOTCA, MOKHO CINTATh, ITO MBI OIeHUBAEM BEPO-
ATHOCTH BhIAageHNs 1 B cepuu ucobITaHuy BepHy/in.

Ecan mMomeTa Gporena s pa3, To oI BEIIABINNX eAnHUI (Y ¢, )/s npu-
MepHO paBHa P(1|k). C xaxol TOYHOCTBIO BepHa Takas oueHka! 113 Teo-

s
pUH BEpOATHOCTEN M3BECTHO, 9TO Pr @ — P(1|k’) >4 < 26_6628,

rae ¢ > (0 — HekoTopad KOHCTAaHTA. JTO MOKa3LIBAET, ITO IPH JTIOOG0M
QUKCHPOBAHHOM J MOXKHO TOOHThLCH BeposTHOCTH omndkn ¢ 3a O(log(1/¢))
HCIBITAHUN.

UTak, MbI HAYIHINCHL HAXOTUTL C HEKOTOPOH TOYHOCTBLIO 0 CHHYC U KO-
CHHYC OT ). Tenepb monbepeéM § TaKWM, ITOOLI 3HAYEHNE ) MOKHO OLLIO
YCTAHOBUTH IO 3HAUEHUAM CHHYCA U KOCHHyca ¢ TouHocTbio 1/8. Ha aTom
BTOPOI >Tall 3aBepIIex.

12.5.3. OKCHOHEHIMATLHO TOTHOE OMpefelieHne cO0CTBEHHBIX U CeL.
Jlist yBeINtUeHNs TOYHOCTH MBI Oy €M HCIOAb30BaTh, Hapagy ¢ A(U,), ome-
patopst A((U,)?") gas Beex j < 2n. Incaa MbI MOEKeM GBICTPO BO3BOIUTD B
CTelleHb, a OIepaTOpPHl, BooOIe roBopsa, — HeT. Ho omepaTop yMHOKeHUS
Ha 4ncao U, obGrajgaeT cieIyIOIIUM 3aMedaTelbHbIM CBONCTBOM:

(Ua )p = UaP modg-

Caerosarensuo, A((Uz)?) = A(Uh), roe b = o (mod ¢). Hyxusre mam
3HAYEHNs napaMeTpa b MOXHO BBHIMHCANTL IPHU IOMOIIN CXeMbl IOJINHOMU-
aJBHOrO Pa3zMepa, a 3aTeM ICHOIb30BAThH Pe3yabTaT 3agadn 12.2.
Bepuémca k cxeme myukTa 12.5.1. Mbl Haxoguim coGCTBEHHOE WIICIO
e = €TF 11g HeKOTOPOro COGCTBEHHOr 0 BEKTOPA |€4,%). DTOT e BeKTOP
ocTaHeTcsi COGCTBEHHBIM W JJs JIOO0U cTeleHu omneparopa U,, IO>TOMY
MOXKHO Ha OJHOM I TOM %K€ KBAHTOBOM DETUCTPE UCKATEH COGCTBEHHOE UUCIO0

ama U2 = Uz, oo paBHO \; = ?™2%%; qua U2 = Uus oHO paBHO )\ =

= 62”4W; -

ApyruMu caoBaMm, MBI MOXKEM € TOYHOCTBIO 1/8 ompeeanTs 3HAYMECHNS
Or, 20k, ..., 2770, o Mogymo 1. Ho smo nozsoasem onpedeaumdv ©p C
mounocmuio 1/22" 3a noaunomuassroe epema.

Wpea pokasarembcrBa. MHOXKECTBO BO3MONKHBIX 3HAYEHHHN ) YAOOHO
IPEeJCTABIATEL B BIJEe OKPYKHOCTH €JUHNYHOW AJINHBL. JHAS ©f C TOTHO-
cThio 1/8, MBI BEIgeasseM OyTY B 1/4 0T BCell OKPYKHOCTH. SHaHUE 2¢ C
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Bxoa: awugq
o 7 .
— BorumciaeHme cTemeHell a’ (j =1,...,2n) mo Mogymo ¢ (xraccmde-
CKoe).
- O3JaHle ¢ IIITYK KBAHTOBBIX PETICTPOB, COAeP2KaIllIX Oa3MCHOE€ COCTO-
Coa l , 6a3
auue |1).
| [
2s 2s
0].--]0 0]---10 4ns TOMOJHUTEIbHBIX
ol ...|lo0 ol...lo q-6uTos («npu6opos)

¢ KsanToBEIE H3Mepenns npu nomomu oneparopos =Z(U ;) u Z(:U ,;).
a a

ygl) . ygl) y52") y(f") pe3yabTaThl
ey NEY o) o) NU3MEePEHUN —
Yq Ys Yq Ys HYJ/IU U € INHUIBL

o [logcuéT uncaa HyJelnl U equHAL (KIaCCHIECKHN).

cosp 6§ cos(227p) £ §
sing £ § o sin(22"¢) £ §
¢ TpuroHomeTpndeckne BEMUCIEHNA (KIaCCHIECKHE).
1 1
¢ YTouHeHne 3HATEHNA @ HO Habopy Hmced ¢, .. .,22"% ¢ (kiaccuyeckoe).
o+ 2—(2n+ 1)
o OmnpegeneHne TOYHOrO 3HAYEHUA ¢ IPU IOMOIIH IeNHLIX Ipober
(rmaccmaeckoe).
k'/t' — mecokpaTumas mpo6b, paBHad @
L
/ / /
ky Ky Ky
5 5 ... ;

— Buruncienune man6oJablirero 06H_Iel"0 3HaMeHaTeada (KJIaCCI/I‘IeCKOG).

c

OtBeT: ¢ (C BEPOATHOCTBIO OMIMOKE < 3 - 271 4 4nle=°, rge ¢ = const)

Tabauma 1. Obnras kapTHHA BEIYUCIEHHI 10 ONUCAHHOMY aJrOPUTMY
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TOYHOCTHIO 1/8 mo3BoaseT BEIAEIUTH ABe JyrE AauHOn 1/8 xax nas, npuaém
TOJBKO OJHA U3 HIX HMeeT HEIIYCTOe MepecetdeHne ¢ IPeIbIAYINeN YT oml.

Baxwusie 3aMe1aHud.
CyInecTBEHHO, ITO BEKTOD |£)) HE MOPTUTCA BO BPEMs BBITHCICHII.

2. Bcé Borumcienune B meqoM 3aBucuT oT napaMmeTpos ! u s. CymmapHas
BEPOATHOCTL ONMOKH He HpeBbimaeT 3 - 27! + 4nle™*, rge ¢ = const.
Ecau TpebyeTcsa MOLYIUTH OTBET ¢ BePOATHOCTHIO omubku < 1/3, cie-
ayer momoxuTh | = 4, s = cylogn, rge ¢y — HekoTOpas KOHCTAHTA.
Ipu >ToM moxydaeTcs KBaHToBas cxema paamepa O(n®logn).

12.6. O6cyxaenne arropurma. O6CyIuM IBa €CTECTBEHHO BO3HUKAO-
IIIX BOIIPOCA IO IOBOAY M3I0XKEHHOT'O aJlOPUTMA.

— MoXHo ¥ HAXOJHUTEL COGCTBEHHBIC YMCAA JPYTHUX OMEPATOPOB TAaK
Xe, KaK B aJT OpUTMe BEIMUCIeHHd epuoga?  [la, Hampumep, MOXKHO HAXO-
JAUTH COGCTBEHHBIE HMHcIa TaKuX onepaTopos U, gas koropeix U]0) = [0), u
€CTH IOINHOMHAIBHAL cXeMa peanmsanun omepatopa A(U). (13 3aga«um 7.5
clleyeT, 9TO eCau AIL CaMoro omepaTopa U/ ecThb MOINHOMHUAILHAA CXeMa,
To n 11 omepatopa A(U) eé Takke MOXHO IOCTPOUTS).

ToYHOCTL ompegeaeHns COGCTBEHHLIX IUCEI TPOU3BOILHOT O OIepaTopa
HeBeInKa, IMOJMHOMHUAILHO 3aBUCHT OT pa3Mepa cxeMbl. Ecam MoXHO 3¢-
(PEKTUBHO BEIYHCIATEL CTEIEHH omepaTopa (Kak I ObLIO B PACCMOTPEHHOM
aICOPUTME), TO TOIHOCTh MOKHO CAEIATH KCIOHEHINAILHOM.

— Kaxkue cobcTBeHHEIe THceaa MBI HaxoquMm? Mol HaXoInM 3HadcHHeE
cIyIaliHo BEIGpaHHOTO COGCTBEHHOTO IncIa. PacopegeleHneM IO MHOXKECT-
BY BCeX COGCTBEHHBLIX IHCET MOKHO YIPABIATD, BLIOHpas HadaIbHOE COCTO-
aHue (B aaropuTMe BhumcaeHus nepuoga — |1)). Ecam B3aTh B xagecTse
HAYAJILHOTO COCTOAHNE, 3a1aBaeMoe JHATOHATLHON MAaTpHUIel IIOTHOCTH

p=1 3 la)al = 37 6|

rae |£;) mpoberaeT MHOXKECTBO COGCTBEHHBIX BEKTODOB U, TO MOIY<IHM
paBHOMepDHOe paclpelereHle HAa MHOXKeCTBe BCeX COOCTBEHHLIX wUmcea. B
aIropuTMe HAXOXKIeHNUA NepHoja HavalbHOEe COCTOAHNE BBIOMPATIOCH UHA-
4€: MBI BBIOHPAJIN TAKOH BEKTOP, ITOOBL IOLYINTL PABHOMEPHOE PacIpege-
JleHIe Ha COOCTBEHHBIX HYIICJIAX, COOTBETCTBYIOIINX ONPENEIEHHON OpOuTe,
oCTaJbHBIE COOCTBEHHBIE THNCIA HE IOPOXK IAINCH.

3agada 12.3. TlocTpoiiTe kBaHTOBYIO cxeMy pasmepa poly(nlog(1/6)),
peanmsyiouryio npeobpaszoarne Pypoe Ha rpynne Zj npu aoboMm k < 2”7 ¢
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TouHOCTRIO §. (Ompegenenne cM. B 3agade 8.4. YkasaHme: BOCIOIB3YHTECH
pesyapTaToM 3agaqn 11.2).

12.7. 3agaua 0 CKpHITOM MOATpyIme B Z*. AJTOpHTMBI, OTKDHITHIE
Canmonom u Illopom, 0606maTcsa Ha JOBOJBHO IMIMPOKUN KJIACC 3aad,
CBA3aHHLIX ¢ aGemeBbiMu rpynnamu. CaMon o6Iien n3 HUX ABAACTCS 33044
o ckpuiTolt moarpynme B Z* [23]. K mefi cBoauTca 3anata o CKPHITOH IOI-
rpynmne B 10601 KOHEYHO-IIOPOXK JeHHOn abeneBon rpynmne (¢, nockoabky G
MOKHO TPeJCTABATL Kak daxTop-rpymmy ZF (g1s mexoroporo k).

«Cxpoiras noarpymmar D C Z* momopdua Z*, mockorsky oma mmeeT
KOHEWHBIN MHJeKC: OpAIoK Ipynnel I = Z* /D me mpesocxont 2". C BHI-
YUCANTENLHON TOUKH 3peHns [ mpeacTaBaseTcs 6asncoM (g1, ..., gk ), BO-
HYHaf 3alHCH KOTOPOro nMeeT AauHy poly(k, n). JlroGon Takol 6asnc cun-
TaeTcA peleHneM 3agadl. (DKBUBATEHTHOCTD ABYX (Ga31COB MOXKHO IPOBe-
PUTH IPH HOMOIIN NOINHOMHIAILHOTO AATOPHTMA).

3agada O BBIMHCACHNN MEPUOAa SBAACTCA TACTHBIM CAYIaeM 3a0a<l O
ckperToll moarpynne B Z. Hamomanm, 1To0 per (a) = min{t > 1 : at =1
(mod ¢)}. dyumus f: x — ¢” mod ¢ ygosaersBopseT ycaosmo (12.1), rae
D = {mper,(a) : m € Z}. Ira QyHKINA NOIMHOMHUATBHO BBITICINMA,
MOATOMY JMI060U TMOINHOMUAIBLHBIN AITOPUTM HAXOXKJEHUSA CKPLITOHN MOJ-
TPYIOIBL TPeobpa3yeTcsa B NOAMHOMUAILHBIN AATOPUTM PEIeHnA 3a A<l O
BBIMNCACHNN MEPUOA.

WasecTHas 3agada BBIMUCACHUA JUCKPETHOTO JorapudMa MOXKeT OBITh
cBefeHa K 3ajade O CKPBITOH MoArpymme B Z2. Juckpemubim 402apu@momn
9HUCAa ¢ MO OCHOBAHUIO (, rae ( — HEKOTOPBIN MePBOOGPA3HBIA KOPEHDb IO
MO Y0 IPOCTOro ducia ¢ (obpasyiomasn (7 /q7)*), Ha3BIBaeTCA HANMEHb-
Iee TMOJOKUTEIBHOE UHCI0 § Takoe, 4To {° = a. PaccmoTpum dyHKINO
fi(x1,22) = ("1a” mod ¢. ITa QYHKIUA TakKe yFOBIETBOPIET yCIO-
suo (12.1), tae D = {(x1,22) € Z? : ("'a” = 1 (mod ¢)}. 3mas Gasmc
noarpynnst D C 7?2, aerxo mHaiiTu saemenT Buja (s, —1) € D. Torga (¢ = a,
T.e. § €CTh JUCKPETHBIN JOTApu(M ¢ M0 OCHOBAHUIO (.

OmnuireM KBaHTOBBIN AATOPUTM PEIIEHUA 3a0a<N O CKPBITON MOATPYII-
ne 8 ¢ = Z*. On anmaroru+en aaropurmy aas cayaas G = (Zs)", Tomsxo
BMecTO omepaTopa H®F memonbayeTes mpomegypa n3MepeRnsa coGCTBeHHBIX
qncen. Bmecto 6azuca camon rpynmsl [ MBI 6ygeM UCKATH CUCTEMY 0Opa-
aytomnx gasa epynnut zapakmepos E* = Hom(FE,U(1)) (mepexog ot E* x D
OCYIIECTBAAECTCA TPYU MOMOIIN HTOANHOMHUAILHOTO AINOPUTMA, CM., HAIPH-
Mep, [14, T. 1]). XapakTep

(gla .. agk) = exp(Zﬂ-iZ SDJg])
J
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3aJaéTca HabopoM FHUCeT 1, . . ., Pk 0 MOAY.IO 1. DTO paluoHAIbHEIE TH-
clla co 3HaMeHaTelAMu He Goablue |E*| < 27.

Ecmm mopomuTs | = n + 3 cayvalHLIX paBHOMEDPHO PacCIpeleJeHHBIX
xXapakKTepa (go(ll), e goél)), . (go(ll), .. .,gog)), TO OHH HOPOXKJAIOT BCIO
rpynmy E* ¢ BeposTHOCTBIO > 1 —1/2/7" = 1 —1/8 (cM. 3agaay 12.1). Ka-
KIYIO U3 BEIMIHH go‘g.r) QOCTATOYIHO 3HATEL C TOYHOCTBIO § U BEPOATHOCTHIO
ommnobku < &, TAe
1 1
g < @
Iocaennee ycroBme TapaHTUPYeT, ITO CyMMapHaf BEPOATHOCTHL OIIHOKH
Gygetr He Goabine, geM 1/8 4+ 1/5 < 1/3.

BriGepem goctaTouso 6oasiioe uncao M = 2™ (koHKpeTHAd OLeHKa [0~
Ay9aeTCs U3 aHAIN3a aaropuTMa). Mel 6ygeM paboTaTh ¢ IeJBIMI SHCIAME
B pnamasone ot () 1o M — 1.

HpI/I]."OTOBI/IM B OJHOM KBaAHTOBOM PErucTpe IJNHBI km cocTosune

€)= M~*23 " g), rae A={0,..., M — 1},
geEA

d <

~ 22n+1 ’

(12.3)

B apyroun perunctp momectnM |07). IIpumennM KBaHTOBBIN opakya (12.2) u
BLIGpPOCHM BTOPOIl perucTp. Iloly¥nTca cMelagHOe COCTOSHUE

p=Trpemsr, gl (U (ENEN @ 0O NUT) = M5 ST gyl
g,h€EA:g—heED

Teneps MBI cOOIpPaeMcsi U3MEPUTL COGCTBEHHBIE 3HAUEHUS ONEPATOPOB
caBura mo Moayaio M:

Vi (gl,...,gj,...,gk) — (gl,...,(gj—i—l)modM,...,gk)

(MeHsAEeTCA TOABKO j-ai KOMIIOHEHTA). JTH ONePaTOPBl KOMMYTHDYIOT, IO~
TOMY V HUX €CTb 001ui 6a3uc m3 coOGCTBEHHLIX BEKTOPOB, I, 3HATNT, MOXK-
HO OIpeJelsiTh NX COGCTBEHHBIE Ynciaa oqHoBpeMeHHO. CoOGCTBeHHbIE THUCIA

nmetor Bug e27%i/M  CoorBercTByomue cOGCTBEHHBIE BEKTOPE! PABHBL

k
_ ) gis;
€51 sp) = M k/2 Z exp(—ZmZ%) lg1, -, 98)-

(91,--,95)EA j=1
BepoaTHOCTBL TOTO, ITO peaqn3yeTcs TaHHBIA Habop Si, ..., Sy, paBHA
P(p, £51,~~~75k) = <€81,~~75k|p |€817~~~75k> =
" (g~ hy)s
_ as-2k _ . g — )5
= M= S xplg— h) valg)va(h) exp(2miy 0 HAE),
g,hem* j=1
rjae x4(-) obosHauaeT xapaxTepucTHieckyio GyHxnmio Maoxecrsa A. Dy-
pbe-06pa3 OT IPOU3BeJeHNA PaBeH CBepTKe (Pypbe-006pa3oB COMHOKUTEIEH.
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Takum 06pa3oM, MOLyIaeM:
1
P(P, Esl,...,sk) = W Z ptp1,~~~,¢k(51a~~~a5k)a
(p1,.., k) EE*

sin(Mr(s; /M — o))\
e Popnlon o) =1 (Msin(w(s‘;/M—i‘;))) |

j=1
IIpu 3aJaHHBIX 3HAYMEHISX @1, ..., Y% OQYHKIUA Py, . o, (51,..., k) AB-
Js1€TCSA BEPOATHOCTHBIM pacCIipedeJeHneM, OTHOCUTEJIBHO KOTOPOI'O
1
Pr(ls; /M - o5 > 8| < 373

(8 — mo6oe). Mer u3MepsieM Bean<nssl s; /M (kak yxke DOBODILIOCH, H3Me-
peHme OLHON U3 HUX He MeHseT 3HAUeHHs APYTOMH); IPH 3TOM HAC YCTPOHT
TouHOCTL U BepoaTHOCTH omubku < 1/M 3. Tem caMbIM MBI IOIyda-
€M 3HAUEHUA P1,...,P, € TOIHOCTHIO § = 23 U BEpOATHOCTBIO OUINOKN
< &€ = 2/Mp. Teneps ocrasocs mogodpats aucia M u 3, 4T06H ya0BIE-
TBOPHUTL HepaBeHcTBaM 12.3.

CmoxHocTs aaropurMa. TpeGyerca O(n) obpalieHnll Xk opaxkyiy, Ka-
% a1l Bonpoc uMmeeT qauay O(k(n+logk)). Pasmep KBaHTOBOI CXeMEI Ole-
mnsaetca xax O(kn?) poly(logk,logn).

3ameuanme. Jl1g m3MepeHNs COGCTBEHHBIX TICET ONePATOPOB V; MOXK-
HO BOCIOJIB30BATHCSI KBAHTOBLIM IpeoGpazoBanneM Pypoe ma rpynme Z s
npu M = 2™ (cM. 3agady 8.4). DT0 m03BOJIET HECKOIBKO YMEHBIINTE Pa3-
Mep cxXeMBl (Ha JI0rapH(MUYIecKHNl MHOXKUTEIb), OTHAKO IPHXOJUTCA HC-
[I0JIBb30BATh HECTAHJADTHBIE HI€MEHTEL.

13. KBanTosem anagor NP: kaacc BQNP

MoXKHO CTPOUTL KBAHTOBBLIE AHAJIOTH HE TOJBKO AaA Kiaacca P, HO m
OIA APYTUX KIACCHIECKUX CIOKHOCTHBIX KaaccoB. Mul pazbGepémM mpumep
KBAHTOBOI'O aHaJora kJjaacca NP.

13.1. Moandukamus KiaccuiIecKMX oNpejeleHUM. KBaHTOBOe BBITH-
cleHUe, KaK, BIPOUeM, I BePOSTHOCTHOe, Haubojee €CTECTBEHHO OIINCHI-
BaTb, UCIOJAB3Ys YaCTHYHO onpegenéuuble pyuknnn. Pamee Mbl 06x0qmancy
6€3 >TOr0 MOHATHUA, ITOOBL He VCIOKHATDL U3I0KeHNe TUITHIMA TeTalIMU,
HO Tellepb OHO HaM IoTpebyeTcs.

Hacmuuno onpedeaéunan byaesa Gynryus — 370 QYHKIIUA

F:B" — {0, 1, (ze onpegeneHo)}.
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B sTom pazgene Bcoogy mojJ 6yaeBHIME (DYHKIIUAME IOAPAa3yMeBAIOTCI Ha-
CTUYHO ONpeJeléHHble OYIeBbl (PYHKINIH.

U ewté ogmo 3aMedaHe o0 T0OBOAY 0603HAYMEHIIIT: MbI ICIOIB30BAII 060-
3Hadenne P m qis kaacca DOAMHOMUAJBLHO BBIMHCINMBIX (DYHKUNH, W IS
KJIacca MOJNHOMEIAIBLHO PA3PEIINMbIX IPEJUKATOB; Teleph MOCTYINM aHa-
JOTHUYHO, HCIoAb3ys oboszuadvenns P, NP u T.m. gas xaaccoB gacTm<HO
OTIpeIeTéHHBIX (PYHKITNH.

P, ecrecTBenHO, 0603HAaYAET KIACC MOIMHOMUAJIBLHO BBIYHCAUMBIX 9a-
CTUYHO OIpefedeéHHBIX (QYHKUuN. [IpuBeiéM MOAUQIIIPDOBAHHOE OLpe[e-
Jenne xiaacca NP.

Ompepgenenne 13.1. Pynryus F: B — {0, 1, (ne onpedeaeno)} npu-
nadaeawcum waaccy NP, ecau ecmv wacmuuno onpedeaémnan Gynryua
R € P om dsyr nepemennbir, maxas umo

Fiz)y=1 = 3y ((lyl < a(lz)) A (R(z, y) 1)),
Flz)=0 = Vy((lyl <q(lz])) = (R(z,y) = 0)).

Kax u panvwe, ¢(-) — noaurnom.

Yo 6yaet, ecau B onpegerernu 13.1 3amenuts ycroBue X € P na ycio-
sue R € BPP? Iloayuurcs apyroi, ckopee Bcero, Golee MINPOKII KJIacc,
KOTOPBII MOXKHO 65110 651 0603Ha4uTs BNP. O gnako g1 3Toro kiacca ectb
Opyroe, craHgapTHOe, oGo3Hadenne — MA, yxa3spiBarolliee Ha TO, ITO OH
BXOJUT B HEPApPXUIO KJIACCOB, OIpeleldsieMbIX uzpanu Apmypa — Mepauna.
06 urpax, KOTOPBIME 3aJaI0TCA CIOKHOCTHBIE KIACCH, MBI YK€ TOBOPILIN
B pazgene 4.1; urper Aprypa — Mepanna orangaiorcs TeM, 170 ApTyp —
BEPOATHOCTHAS NOINHOMUAAbHAA Matnnia Teopuura. [lopsagok 6yke B 060-
aHadennn MA yka3bIBaeT Ha HOPAIOK X040B: BHadaae Mepaun coobuaeT y,
3aTeM ApTYp mpoBepseT BHIOAHEHHe IpeaukaTa R(x,y).

13.2. KBauToBoe€ onpejeieHne MO aHAJIOTHH.

Ompepgenenne 13.2. Pynryus F: B — {0, 1, (ne onpedeaeno)} npu-
nadaenxcum kaaccy BQNP, ecau cywecmsyem odnopodnan nocaedosamev-
HOCTb KEAHMOGHIT CTEM NOAUHOMUAADHOZO NO N PAIMEPA, PEAAUSYIOUUT
marue onepamopvl Uy : BON» — BEN=ymo

Foz) =1 = 3 P(Unl§) @ |z) @ [0V7777), M) > py,

Fp(x) =0 = VIEP(U[€) @) @ [0¥7777m) M) < po.

3decv F,(-) — oepanuuenue F na caosa daunwt n, |[£) € BO™Mn» m, =
poly(n), M = 1) @ B®Wn=1 " a das po u p1 doarcno evinoansmscs

ycaosue p1 — pg = Q(n~%), a > 0.
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BexTop |£) BEINOIHAET POIb MOACKA3KH (Y) U3 IPEABIAYIETO OLpeeTe-
unsa. Ham y1o6Hee cInTaTh €ro mepBEIM apryMeHToM onepaTopa U, (4To6w!
MOKHO OBLTO B 1060 MOMEHT IOJOKATHL & KOHCTAHTOH U MCKIIOYNTDL W3
06G0o3HaYEeHNIT).

3ameqanne 13.1. B onpegenennn 13.2 xBauTOpPH HO |£) BKINOYAIOT B
ce6s TOABKO BEKTOPHI €IUHIYHON JJINHLL. AHAJOMHYHOE coraaleHme 6y aeM
HCIOJL30BATE U Jajee B TOM pa3jefe, BHIHOCS HOPMIPOBOYHBIE MHOXKIITE-
a1 32 3HAK | ).

Ecan BMeCTO 9HCTBIX COCTOAHUT [€) paccMaTpUBATL CMeIIAHHELE, TO IO-
JydaeTcsa SKBIUBAJECHTHOE ONpeJeleHIle: MAKCUMYM BEPOSATHOCTH BCE DABHO
JOCTHCAeTCS Ha YHUCTOM COCTOSHIIN.

Ilo cyTu mpomcxoauT Bcé Ta xKe urpa MepamHa ¢ ApTypoM, TOIBKO
Teleph IMOIINHAIONIAACT 3aKOHaM KBaHToBol Mexannku. Coobmenne Mep-
auaa (cocrosHue |€)) naét ApTypy BO3MOXKHOCTB yOEIUTHCA B TOM, HITO
F(z) = 1 ¢ BepoATHOCTBIO p1, ecan 3To Tak. A ecan F(z) = 0, To BepoaT-
HOCTB, 9T0 Mepanny yaacTca ybenquTb ApTypa B 06paTHOM, He BEIIIE P
mias aoboro coobenus Mepanua.

O6cyauM Temepb COOTHOITEHNA MEXKTY MOPOTOBBIMH BEPOATHOCTAMI.
U3 npusenérHOro B onpegeaeEny 13.2 cooTHOmEHUA ciefyeT Topasao 6oee
CIIBHOE yCIOBHE HA Pg U Pi.

Jlemma 13.1 (ycunenue BepoarHocren). FEcau F € BQNP, mo ona ydo-
64EMEOPACTY MAKICE U MAKOMY capuanmy onpedescnus 13.2, 2de ycaosue
p1 —po = Qn~%) sameneno na py = 1 —¢, py = ¢, ¢ = exp(—0(n?)),
B8>0.

JoxkazaTeascrBo. OOIras njges yCUIEHNIS BEPOATHOCTEN OCTAETCS IPEkK-
Hell: PACCMOTPHUM 0O0JBIIOe, HO OTPAHNYEHHOE TOANHOMOM, KOIIMIECTBO KO-
IHI cxeMBbl, peanusyiomell onepatop U = U, (uEgexc n Mbl GygeM omyc-
kaTh). K pesyapTaraM nx paGoThl NPUMEHHM (QYHKINI TOIOCOBAHNA C
IIOPOT' OBBIM 3Ha4eHUEM, Pa3IeddIonM BeDOITHOCTI Py U P!

k

1, ecam Y z; =1
Glz1,. . ) = =t (13.1)
0, ecmm ) z <,

rael = pk, p = (po+p1)/2. Ho Teneps nossiaseTcsa IOMOIHHTEILHAL TPYI-
HOCTE — Mepaun MoxkeT mBITATBCE 06OMaHYThH ApTypa, coobInas eMy He-
PAa3J0KUIMYIO B TEH30DHOE NPOU3BEEHIE [TOACKA3KY.

IIycre Mbl ncnoaszyem k wommin cxemubl U. IlpegocraBum Mepauny
66abIIyi0 cBOGOLY, Da3pELInB B KadeCTBe NOACKA3KN JMIO0YI0 MATPIIY
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IJIOTHOCTH p € L(B®km). BepoaTHOCTE ONYYeHUSI OTBETOB %1, ..., 25 LIpH
II0ICKa3Ke p paBHa

P(z,..., 2] p) = Te(XED @ @ X)), (13.2)
riae

X = Ty (U0 (som @, 0V7) (@, 0N=7=)) ). (13.3)

31ecn H(la) — OPOEKTOp Ha MOANPOCTPAHCTBO COCTOSHUN, UMEIONNX ¢ B
nepBom ¢-6ute (T.e. C(|a)) @ BENV-1),

Tro6ur yoenuts ApTypa B mpasuibHocTH F'(2) = 1, Mepaun moxerT
naTe moackasky p = p&F, rae p, = |€:)(&:| — coobmenne, KoTopoe y6e-

K JaeT ApTypa, JelcTByoLIEro 0o cxeMe U/, ¢ BepoATHOCTHIO p1. [lo o6mum
CBOHCTBAM KBaHTOBOH BepOATHOCTH, GopMyna (13.2) mpeobpasyercsa B
k

k
j=1

PaccmoTpum Temeps cayuail, korga F(z) = 0. Ham HyXHO OLeHUTH Be-
posaTHOCTE P(21,. .., 2
6epem B mpocTpaHcTBe B®” OPTOHOPMHUPOBAHHEIN 6a3IC, B KOTOPOM JHa-
ronatmsyercs omepatop X 1) (3T0T omeparop, oweBnaHo, 3pMuTOB). Ote-
patop X(¥ = 7 — X guaromazen B TOM ke bazuce. Qupegeanm HaGOD
«YCIOBHBIX BepoaTHoOCTE p(z|d) = <d|X |d> rge |d) — oguu u3 Gasmc-
HBIX BekTOpOB. (OueBngno, uto p(z|d) > 0 u p(0|d) + p(1|d) = 1.) Torza
seauuuua P(z1, ..., z;| p) npmoGpeTaeT BuS

P(z1,.... 25| p) = Z Paya P(z1ldr) - p(akldi), D> paya, =1
dy,...,dg

(13.4)

) Aa1 DpoM3BOABHOTO cooOitenns Mepanna p. Brr-

3mech pa,. q, = (d1...dgl|p|d1 ... di).

®Dopmyna (13.4) uMeeT ciegyolyo HHTepIpeTanuio. PaccMoTpuM Ha-
6op BeposTHOCcTen P(21,..., 25| p) BJI BCex mMOCIeFOBATETLHOCTER (21, ...

, 21 ) KaK BEKTOD B k-MepPHOM BeIlleCTBEHHOM IpocTpaHcTBe. Mbl mokasa-
JIL, 9TO TOT BEKTOP Ha IPOM3BOJLHON TOACKA3KE [ IPUHALIEKNT BHITYK/I-
Ol 06010 IKe TAKNX XK€ BEKTOPOB Ha PA3loKUMBIX HogcKkaskax |dy, ..., dy).
TosToMy HanGoaBIIAT BEPOATHOCTE coObITuA G(21, .. ., 2;) = 1 (#7151 moGon
dyakunn () JOCTHraeTcs Ha MOICKA3KaX Takoro BILIA.

B cayuae, korga G — moporosas Gyuknus (13.1),

Pmax = maxPr [G(z1, ..., 2) = 1] p] = Z (lj)pi(l —p)f77, (13.5)

g il
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rje p. = maxjg) (€|XMW|¢). Cormacro yerosmio, p. > pi, ecin F(z) = 1, n
Ps < po, ecan F(z) = 0. OueHnM BeINUNHY Prax B 9THX CIyHasX, COOTBET-
CTBEHHO, CHH3Y W CBEPXY.

Bygem ncnoassoBats HepaBeHcTBO ‘IepHoBa (cM. [18]). IlycTs

H(p,q)=—(1-p )hlﬁ plnd

Torpa npu p, > p; moayIaeM
1-— Pmax < eXP(_H(Papl)k’)a

P

a IpH Pps < Po —

Pmax < eXP(_H(P pO)k)
W3 mepasencrsa In(1 + ) < « caegyer, aro H(p,q) > 0. Ucnoassys 6oxee
TouHOe pazioxenue In(1 + x) r—x?/2+ x3/3, MOXKHO TOTYINTE OIEHKY
H(p,q) = Q((p—q)?). Tak a70 npu k = n?**+# yxazannwre B ycrosnn onenxn
HA € BBLITIOJHEHHL. O

Sametuanne 13.2. BaxXHBIM MOMEHTOM B H3J0XKEHHOM JOKAa3aTeIbLCTBE
apagerca ToT dpaxT, 970 X (V) 1 X1 mnaromammsyorcs B oqHOM I TOM e
6asuce. Boobme, ycuieHne BepOsSITHOCTEN IS HeTPUBHAILHBIX CIOKHOCT-
HBIX K1aCCOB (KaK KBAHTOBBIX, TaK M KJIACCHYIECKNX) — Bellb TOBOILHO
TOHKAA.

13.3. Ioausrie sagasu. B xiacce BQNP, xakx u 8 NP, ecTh moambie 3a-
Ja<H OTHOCHTEIBHO TOH XK€ CaMOH MOANHOMUAIBLHON CBOINMOCTI, KOTOPYIO
MBI paccMaTpuBaIn paHbine. BoT mpocremmni npuMep.

3a1a49A 0. 3agagum Gyuknuio F caegyomum obpasom. Ilycrys 7 —
MHOXKECTBO TPO€K BUJA

({ommcanne xBauTOBON cxeMBl W), po, p1),

re Moj ONWCAHUEM CXeMEl TOHHMAeTCS €€ NPUOIMKEHHAs pealu3alus B
cTaHJapTHOM Gasuce, a p1 — pg = 2(n™%) (a > 0, n — pasmep omucanus
cxemsl). Torga g z € 7

F(z)=1 <= ecam cymecTByeT BeKTOD |{), IpH NeHCTBUH Ha KOTO-
PBLII MBI HOIYYMM B IE€PBOM OuTe 1 ¢ BEPOATHOCTBIO,
OOaBIITEN P1;

F(z) =0 <= ecan nas Bcex |£) BEPOATHOCTD HMOLYYINTH B IEPBOM O~
Te 1 MeHbBIIE pg.

Ilonmora 3agadun 0 oueBmama. Bcé, 4uTo TpebyeTcs Aas MOCTPOEHUS
cBeqéHUs, cogepxkuTcsa B oupegerennn 13.2. Bxox x Bougér B onmcanue
cxeMbl W BMecTe co cxemon U, .
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PaccmoTpum 6Gosee mHTepecHBIe TpuMephl. a1 Hadaga JaJuM OIIpe-
JedeHne kBaHTOBOro anagora 3-KH® — moxkaabHOT0 raMuabTOHIAHA (JIO—
KaIbHOCTDb ABIACTCA AHAJOTOM OTPAHUYEHHOCTH INCIA IePEeMEHHBIX, BXO-
JAIIIX B OFHY OU3BIOHKINIO).

Onpegerenne 13.3. Onepamop H: BE" — B®" nasweaemes k-roxann-
HBIM TAMUJLTOHUAHOM, €CAU OH GbIPANCAEMCA 8 6Ude

H=2) Hls],

2de kadcdoe caazaemoe — IpMumos onepamop, detcmayrowut Ha MHONICE-
cmee g-6umos S, |S;| < k, na ocmaavnviz g-6umaz on deiicmeyem mo-
AHedecmeeHHo.

IIpu smom svinoaneno ycaosue nopmuposru 0 < Hy < 1 (dpyeumu cao-
samu, u H;, u l — H; — noaodcumeabmo nmtyonpe&eﬂeHHble).
3ATAYA 1: JOKAJBHBIN TAMUJAbLTOHUAH. IlycTs Z — MHOXKeECTBO

TpOeK BHUIA
({onncanne k-mokaapHOrO raMmiabToHnaHa M), a,b),

rae k=0(1), 0<a<b, b—a=Q(n"%), (a« >0). Torga g1 z € Z

F(z)=1 <= ecany H ecTb coGCTBEHHOE 9HCIO, He GOIbIIee d,

F(Z) =0 <~ ecan Bce cOOCTBeHHBIE unciaa H 6Gouabire b.

YrBepxgenue 13.2. 3adaua JOKAJTBHBIN TAMUJIbLTOHUAH npuHad.ie-
agcum BQNP.

HokazaTerbcTBo. OmumimeM BHavate OCHOBHYIO HAeo. Mel mocTpomm
Takyo cxemy VW, KoTopas HCIIOAL3YeT MOACKa3Ky U3 IPOCTPAHCTBA, B KO-
TOpoM gelicTByeT H, W BEIZaéT OTBeT «ia» (3HadeHme 1) Ha LOJCKa3Ke
|n) ¢ BepoaTHOCTBIO p = 1 — r~Y(n| H |n), rae r — 4uCIO cIaraeMbIxX B
ramuasTonnate H. Ecan |n) — co6CTBEHHEI BEKTOD, COOTBETCTBY IO
COBCTBEHHOMY 9HCIY @, TO BEPOATHOCTL OTBETA ¢Ja» 6yIeT

p=1—r"YylH ) >1-r""q,
a ecam Bce cobcTBeHHBIe uncia [ 6ompe b, To
p=1—r"Yn| H|n) <1—r"1b.
CrepBa HOCTPOHNM TaKyIO CxeMy A8 OJHOTO claraemoro. IlycTe 3To
Gymer H; =3, As|ws) (5|, menicrBylommi Ha MHoXKecTBe ¢-6uTos S;. Ilo-

CKOIBKY Pa3MePHOCTH IPOCTPAHCTBA, HAa KOTOPOM IeHcTBYeT [;, orpaHu-
“eHa KOHCTAHTOU, MBI MOXKEM DEATN30BATL OIEPATOD

Wil 0= ) & (VA10) + V= AD)

KBAHTOBHIN AHAJOT NP: kjaacc BQNP 109

KOTODBII JellcTByeT Ha MHOXkecTBe ¢-6mros S; U {(oTeT)}, rae (oTBeT)
o6o3HaMaeT q-6UT, U3 KOTOPOro GepéTca pe3yabTaT paboThl cxeMmbl. Ha
OCTaIBHBIX (-6HTax Mogcka3ku W; gellcTBYeT TOXKAeCTBEHHO.

BrruncanM BeposaTHOCTH 1 B 6uTe pesyabTaTa Hocte IpuMeHeHns W, k
cocrosunio |1, 0) (6uT pesyabraTa ycTaHoBaeH B ( mepes HadamoM paGOThL
cxemsl). IIycTs ) = Y, ys|ths) — pasmoxenue |n) DO OPTOrOHAIBLHON CH-
cTeMe COGCTBEHHEIX BeKTOPOB H ;. IIMeeM, IO OIpefeNeHNI0 BEPOATHOCTH,

P;(1) = (n, 0| W(I @ |1)(1])W; |n,0) =
——

(oTBeT)

Zys U, 0] WT(I®|1> apw, Zytwt, =
(OTBeT)

=Y VI-AY VI =AWl =D (L= A)iy, = 1= Aiy, =
s, s

5

=1—(lH[n). (13.6)

O6mas cxema W BBIOEpaeT cIyvdaiiHO I PaBHOBEPOATHO HOMED j, IO-
cie dero mpuMmenseT omepaTop W;. Takoe nelicTBIe MOXKHO Dealn30BATbH
U3MEPSIONINM OIepaTOPOM BHAA Zj [7)(j] @ W, npuMeHEHHBIM K BEKTODPY

1 . . .

(7 Zj |j>) ® [n,0). (3gecy |j) obosHataeT GA3UCHBIN BEKTOP BO BCIO-
r

MOTATeIbHOM 7-MepHOM IpOoCTpaHcTBe.) [IpOBOIS BEIMHCICHHA AHAIOTHYI-
o (13.6), noxygaem

1 1
P(1) = —(n, 0l Wi(I @ [)A[)W;lj,n0)=" -P;(1) =
Zj:r —— ZJ: " (13.7)

=1—7r""(y| H |n).

(oTBeT)

d

YrBepxgenue 13.3. 3adaua JOKAJLHBIN TAMWJILTOHUAH nNoaHa 6
kaacce BQNP omnocumeavno noauromuaabroti ceodumocmu.

Uges poxazareancrsa BocxoquT k Peiimmany [29]: 3aMeHa yHATAPHOI
SBOMIOLUN He 3ABHCALINM OT BPeMeHH TaMIIbTOHHAHOM (T.€. IMePeXom OT
CXeMBI K JOKAILHOMY TaMUIbTOHIAHY ).

JokasareascTBo. IlTak, nycTh ecTh cxema pasmepa L: U = Up-...-U;.
Byuaem cunrars, wTo U gellcTByeT Ha mpocTpaHcTBe u3 N -GUTOB, nepBbIe
M I3 KOTOPBIX — (-OITHI HOACKA3KH, & OCTAIbHBIE — BCIOMOTATEIbHEIE
(B3ATBIE HAIPOKAT HA BPeMs BLIUNCIEHHI); CINTAEM TaKXKe, ITO CXEMa CO-
CTOUT U3 OLEPATOPOB, JEHCTBYIOIINX HA Iapax ¢-OHTOB.
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TamuabToHUaH, conocTaBageMbin cxeme. OH JelCTByeT Ha MPOCTPaH-
cTBe

£=B"ocCH,

I'Jie IePBLII COMHOXKITENb — IPOCTPAHCTBO, HA KOTOPOM JEICTBYET CXEMa,
a BTOPOH COMHOXKNTEIb — IIPOCTPAHCTBO cIéTYnKa maros (dacel). Cocro-
T 3>TOT FAMUIBLTOHIAH U3 TPEX CAaraeMblX

H=H;, + HpI‘Op + Hout.

CaaraemMoe Hin OTBeYaeT HATAJBHOMY COCTOSHIIO I PAaBHO

Hip = ( > HgU) @ [0)(0], (13.8)

s=m+1

()

rae II;"/ — mpoexTop Ha MOAIPOCTPAHCTBO BEKTOPOB, ¥ KOTOPEBIX §-II OUT
paBeH «. BTOpoll COMHOKUTEND B 3TOH (GOPMYJIe JeICTBYET B IPOCTPAHCTBE
CUETYINKA.

Caaraemoe H,u; OTBedIaeT KOHETHOMY COCTOAHIIO I PABHO

— 170
Hout — H1 ® |L><L|, (139)
3deCb MBI CIITaeM, ITO ouT pes3yapTaTa — HepBBIfI.
I/I, HaKOHeEIl, cjJaraeMoe Hprop OIINCBIBaCT 3BOJJIOIIIO CUCTEMBI I COCTO-

UT, KaK I CIeJOBAJO OXKIIATh, I3 L caaraeMblX, KaxJoe I3 KOTOPBIX OT-
BedaeT 3a mepexon oT j — 1 K j:

L
HPFOP:ZHJ’

=1

1 o 1o . Lo N e
Hj=—2U; @)= = 5U] @ li-1)(1 + 31 (1)) + =16 -1]).

(13.10)

Kaxgoe craraemoe H; feiicTByeT Ha JBa (-6ITa U3 IPOCTPAHCTBA CO-
CTOSHUN U Ha (-ONTHI IPOCTPAHCTBA CIETINKA.
3amena Gasuca. IIpousBeném 3ameny Gasuca, 3a1aBacMyI0 OIEPATOPOM

L
W= U ... U@ i)l
7=0

Ilomesuo o6paTuTh BHEMaHHe HAa TO, 9T0 W — H3MepSOLINN OIepaTOop:
U3MepsieTCs 3HAYEHNe CIETYNKA j U K -OMTaM IPOCTPAHCTBA COCTOSHUN
CXeMBI IPIMEHAETCS OePATOD HBOMIOLNNN 33 BPeMH j. B

laMuapTOHEAH NP TakOI 3aMeHe M3MEHITCS HA COUPSIKEHHBIN: H =
= WTHW. locmoTpuM, Kak JeHCTBYeT COmpAXKeHme omepaTopoM W Ha
craraeMble H.
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Ha craraemoe Hin COIIPDSIXKEHNEC HE BJANSET:

Hin = WHHW = Hyy,. (13.11)
HMencTBue Ha craraemoe Hqyy:
Hlow = W HouW = (UMI00) @ [ L)1), (13.12)

Cnaraemoe H; cocronT us Tpéx. Buadaie sanmmeM JellcTBHe COIpsiKe-
HUA Ha IepBoe U3 caaraemsbix B (13.10):

W (=3U5 @ )G - 1) W =
=3 2 (U U@ uul) (U5 @13 = W) (U .- U2 0 [)(t]) =

1

) (156D 156 11 (15 - 16 - 1)) =

1 N
= —Lrali -1l

ConpsixeHnne IByX OPYTHX CJAAraeMBIX IPOUCXOAUT AHAJIOTUYHO, B HTOLE
oIy IaeM

= 105 (17 =4 = 1= 1 = D4l = i) = 1+ 1) = 10

n
ﬁprop = WTHpropW =1® E, (1313)
rie
1 _1
2, 0
L : 1 : 1
E=Y"E= -3 1 —3
Jj=1 %

OneHka cOGCTBEHHOTO THCJIA P OTBeTe «Zar. IIpennonoxum, 4To cxe-

Ma, Ha BXOZ KOTOPOH mogaH BEKTOp |&), naéT oTBeT 1 ¢ BEPOATHOCTBIO He
MeHblle, deM 1 — £. DT0, IO OHmpeJeleHNI0, 0O3HATAET, ITO

P(0) = (¢,0| U0 |¢,0) < e.
HokaxemM, 9TO B 3TOM cIydae y H (a, 3maunT, n y H) ecTs Mamtoe

co6cTBeHHOE 1ncao. [ TOro IpeIbaBUM TAaKOH BeKTOD |77), TTo (7] H )

JOCTATOYHO Malo (MHHEMYM KBajipaTudHol ¢opmer (-| H |-) gocTuraercsa
Ha COGCTBEHHOM BEKTODE).
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B mpocrpancTBe cuéTunka BuibepeM BEKTOD

) = ﬁ;m (13.14)

Uckomeiil BexTop |7j) paser |£,0) @ |¢). Ouennm (77| H |7).
OueBngro, uTo E|¢) = 0. IlosTomy

<77| Hprop |ﬁ> =0= <77| Hj |ﬁ>
ITockoabKy Bce BcmoMoraTedbHBIE (-ONTHI BHadajde ycTaHOBIeHBI B 0, TO
HENOCPEICTBEHHO U3 ompegersiomen GopMyast (13.8) moayaaem

<ﬁ| ﬁin |ﬁ> =0.

Ocramocs OLCHUTE IIoCJAeqHee CaaraceMoe

~ ~ 1
(il Howe 17 = () (U0 ) @ \LXLIT = PO) - 757 < 757

Wrax, MBI fOKA3aaH, ITO

~1 TT &€
H < ——
TR < 5
m03TOMY ¥ H ecThb cOOGCTBEHHOE YUCI0 C TAKOU K€ BEPXHEN OLEHKOI.
OneHka coGCTBEHHOT'O MHMCJAA IPU OTBeTe «HeT». B »ToM ciayuae HaMm

HYZKHO I0Ka3aTb, ITO Bce COOCTBEHHBIe 4UnCIa Beauku. lIycTh pasa maoboro
BEKTODA |£) BEPOATHOCTH OTBeTA 1 He IPEBOCXOINT £, T. €.

(€0 UV U [€,0) > 1— e

MokaxeM, ITO B 3TOM cIytae Bce COGCTBeHHbIE Uncaa H Goablire 1u60 pas-
uet ¢(1 — /)L 73, rge ¢ — HeKOTOpas KOHCTAHTA.

okazaTeabcTBO TOBOIBHO [JIHHHOE, TIODTOMY BHAdale IPUBEIEM €ro
kpaTkuil naas. IpeicTapus raMmibTOHIAH B Buge cyMmel H = A; + A
onepaTopoB Ay = Hiy+ Hou 1 A2 = Hprop, MBI OIICHIM CHI3Y HaIMeHBIIIHE
HeHyJeBble coOOCTBeHHBIE Yncaa Ay u A, mo orgeabroctu. Ioayuum omen-
ku 1 u ¢/ L=? coorBercrBenno. UTOGLI OIEHNTL HANMEHBIIEE COGCTBEHHOE
qnciao Ay + Ao, HaM moTpebyeTcs JeMMa, KOTopas JaéT TaKyIo OMEHKY I/
CYMMBI epe3 OIeHKN A CIaraeMBIX U YTOJd MeXIY UX HYJeBBIMI IIOJ-
IPOCTPAHCTBAMHU. YTVIOM MeXK Iy moampocTpaucTBaMu L1 u L3 ¢ HYJEBBIM
mepecedenneM OyieM Ha3blBaTh Beanduuy ¥(Li, L), 3aJaBaeMyio yCIOBI-
AMI

cos (L1, L) = max  [(n]n2)], 0 < 9Ly, L2) < g (13.15)
[n1)€L1
[n2)€L2
Jemma 13.4. Ilyemv Ay, Ay — wHeompuyameavnvie onepamopvi, L1,
Lo — ux nyaesvie nodnpocmpancmea, npuuém L1 NLy = 0. ITycmv makoice
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nenyaesvle cobemeennvle uucaa Ay u As ne menvwe v. Toada
Ayt Ay > v 2sin® S (13.16)
ede ¥ = V(Ly, La) — yeoa mencdy L1 u La.

O6Gosmadenne A > a (A — omepaTop, a — €NCIO) HYXHO IOHHMATD
xak coxpamenue or A — al > 0. dpyrumn caoBamu, ecin A > a, To Bce
cOGCTBeHHBIE Uncaa A He MeHbBIIE d.

B mamewm cIydae Mbl HOIyHmM omleHkn 1 u ¢/L~? 118 HeHyIeBBIX cO6-
cTBeHHbIX uncenl A; u As (06 3TOM yXke TOBODHIOCH BHIIE) I sin? 9 >
> (1—+/2)/(L+1) gas yraa. Orcioga BHITeKaeT HCKOMOE HEDABEHCTBO

H>ce(l—e) L5

MoxasareabctBo (nemmsr 13.4). Owuesnuguo, uro A1 > o(l —Ilz,) u
Az > v(I —Tlz,), mosTOMY J0OCTATOYHO JoKa3aTh HepaseHcTso ([ —II., )+
+ (I = Mg,) > 2sin?(¥/2). Omo, B cBOWO 0Uepelsb, SKBUBAICHTHO TAKOMY
HEPABEHCTBY:

My, + Tz, <1+ cosd. (13.17)

Iycts |€) — coberBennsint BekTop omepaTopa Iz, + 11, , oTBedatommui
co6crBernoMy wucay A > 0. Torga

Mg, 18) = wilm),  Tg,l&) = uzlna), uyp|n) + uzn2) = AlE),

rae |m) € L1 u |n2) € Lo — eIUHEYHBIE BEKTODPHL, & U] I %3 — HEOTPHIA-
TeJbHBIE BelleCTBeHHEBIe Tncia. OTcioga Haxo uM

A= (€|(Me, +10g,)1€) = uf +u3,
N = (ur (] + uz(na]) (wr|m) + walie)) = ui + ug + 2urus Re(n [12).
CuaegoBaTenbHo,
(14 2)A— A2 = z(up £ u2)2 >0, rmex= |Re<771|772>|.
Taxum o6pazom, A < 1+ 2 < 14 cos?. d

Tenepb mMOMyYNM YIOMAHYTBIE BBINIE OLeHKHN. HyleBbie TOANPOCTPAH-
cTBa Ay m A, mpeacTaBIAIOTCA B BuIe

L£1=B" @0V @ |0)e BN @ C(|1),...,|[L - 1)) &
o UT(|1) @ B*WN-1) o |L)

(mOoCaeIHUIT COMHOKHTENb BO BCEX CJAAlaeMblX OTHOCHTCA K IPOCTPAHCTBY
cIéTYnKa ),

(13.18)

Ly = BN @ v, (13.19)
rje BeKTOD |¢) ompegenén gopmyron (13.14).
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Hnst oenxn
A1|£f_ >1 (13.20)

JOCTATOYHO 3aMETUTD, ITO Aj SIBAAETCS CYMMOH KOMMYTHDYVIOUIIX APYT
C IPYT'OM IPOEKTOPOB, IIO3TOMY BCe COOCTBEHHBIE HTNC/Ia 3TOT'0O OllepaTopa
IeJble.

g onenxu A2|£J_ HYXKHO HAUTH [E€PBOE MOJOKUTEILHOE COGCTBEHHOE

2

qncao MaTpuisl . Co6cTBeHHBIE BEKTOPEL I COOCTBEHHBIe dncia F naorces
dopMyIaMu

L
[g) = Z OS(% Jj+ )) 17, A =1 —cos g,

rae g, = wk/(L 4+ 1) (k 0,.

™ ry—2
Aslgs > 1— cos (L——l—l) > /L2 (13.21)
Hakomer, Hy:XHO OIleHUTH Yyroa Mexny moAmpocTparcTBamu L1 m L.

Bygem ounenmBaTh KBagpaT KOCHHYyCa yIia

, L). Orcioga caegyer, 4To

2
cos’¥ = max |<7]1|772>| = max (12|, |n2). (13.22)
C [n2)€L2
[n1)€L1
[n2)€L2

IpegcrasuM |72) B Buge |€) ® |¢). IIpoexTop Ha £1 pacmajaeTcs Ha CYMMY
TPEX IpoeKTOpoB, B coorBeTcTBun ¢ (13.18). CoBceM Zerko moacunTaTh
BKJaJ BTOPOro ciaraeMoro, ox pases (L — 1)/(L + 1). IlepBoe u TpeTne
caaraeMble B CyMMe ,anOT

<€|<HK1 + HK2)|€> < Hﬂa

L—|—1 L+1

rae Ky = BN, Ko =UT (|1) @ B2W=1), a p — yroa mex gy >TuMu ABY-
M# IOANPOCTPAHCTBaMU. (34ech NCHOab3yeTcs HepaBercTso (13.17), moay-
YeHHOE B XOJe JOKa3aTelbCTBa TeMMEL 13.4).
Benmunza cos? ¢ paBHa MaKCIMAJILHON BEPOSTHOCTH MOIYIeHIT OTBETA
1 uCXOgHOM CXeMOU; IO YCIOBHIO OHA He Ooublie, deM £. [loayuaem Takymwo,
npogoaxaromyio (13.22), oueHKy:
L - 1++/e —1_ 1— /e

CaeoBaTenso, sin? ¢ = 1—cos” ¥ > (1—+/2)/(L+1), Kak u yTBepxK 1aT0Ch
BRIIIIE.

Peammzanua ciéTamka. Mbl HammcaIn 3aMedIaTelbHBIH MaMIILTOHHNAH,
[OYTH yAOBJAETBOPAIONMN TPeGyeMbIM CBONCTBAM. Y HETO €CTh TOJLKO
oauH HefocTaTOK — oH ammb (log L)-10KanbHELI (B IPOCTPAHCTBE CIETHH-
Ka MBI JelICTByeM Ha Bce q-OnThl).
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DTOT HEJOCTATOK MOXKHO NPEOSOJETh, €CAN BJIOKUTH NPOCTPAHCTBO
cuéT4nka B Goabliiee npocTpancTBo. Boapmém L q-6uTOB, 3aHYMepPOBAHHBIX
ot 1 go L. Ucxomoe Broxenne CEH1 — BT priraagnT Tak:

|7y —=11,...,1,0,...,0).
N e N e’
J L-j
Ucnoap3yeMble B KOHCTPYKINN TaMIIBTOHHAHA H omepaTopsl Ha HIpO-
CTPAHCTBE CYETUNKA 3aMEHSIOTCSI COVIACHO CXeMe

10)(0] ma I, 10)(1] a <|o><1|> g
)G ma T, - DG ma Y, (o)) I, (13.23)
|L)(L] ma TIY, L~ 1)(L| ma I3, (j0)(1]),

Teneps OHE 3-T0KalbHBlE (a4 caM FaMIUIBTOHNAH, C YI€TOM TeHCTBHI HAa
(-OUTEL HCXOLHON CXeMBI, — D-JOKAILHBIH).

Ecan roBopuTh TOUHee, Mbl 3aMEHWIN TaMIIBTOHUAH [, 1eHCTBOBAB-
mmit ma mpoctpancTBe L = BON @ CLH!| ma moBmili ramMumbToHmAH H oy,
OIpe e eHHBIN Ha 661bmeM IpocTpaHcTBe Lo = BON @ B, Oneparop
Hext oTo6paxaer nognpoctparcTBO L C Lext B ce6s I eNCTBYET Ha HEM
Tax ke, kKak H.

Teneps Bo3HWKAET HOBas MpobaeMa: UTO AeIaTh € JAMIHOMI COCTOS-
HOAME B PACHIIPEHHOM TpOCTpaHcTBe cuéTunka? Mel cnpaBuMcs ¢ 3TON
mpo6aeMoln, JO6ABUB el OJHO CIaraeMoe K TaMUIbTOHUAHY Hext:

L-1
Hstab—IB®N®ZH ]_l_)l
j=1

Hyunesoe moanpocTpascTBo onepatopa Hgi,p cOBIagaeT co CTAphIM pa-
60YIM IPOCTPAHCTBOM L, IOSTOMY AOMOJHAUTENBHOE CIAaraeMoe He MeHAeT
BepXHeN OleHKN MUHNMAJIBLHOTO COOCTBEHHOT O TIHUCIA MIPU OTBETE ¢Ias.

IIpu oTBeTe (HeT» TPEGYEMYIO HIKHIOK OLEHKY I COGCTBEHHBIX THCeI
omepaTopa Heyxt + Hgtap MOKHO TOAYYIUTH clregyiomuM obpazom. O6a caa-
raeMBIX OCTABIAIT MHBAPUAHTHBIM TOANPOCTPAHCTBO L, TIO3TOMY MOXKHO
OIIeHNBATE He3aBICHUMO Ha L 1 ero opToroHaibaoM Jomonmennn L1, Ha £
nmeeM Heox > ¢(1—+/€)L73 1 Hepap = 0, a ma LY — Heye > 0w Hypap, > 1.
(3mech MBI HOAB3YeMCS TeM, ITO Kaxk0oe U3 ClaraeMbIX [aMIIbTOHNAHA,
(13.8), (13.9) u (13.10), ocTaeTcs HeoTpunaTeIbHBIM Ipu 3aMeHe (13.23)).
B ai060m cayuae

Hext+Hstab (1_\/5)[/_3.

DTo 3aBeplIaeT JOKAa3aTEeALCTBO IOIHOTHL 38 a4N O JOKAILHOM MaMILIBLTO-
Huame B ki1acce BQNP. a
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13.4. Mecto BQNP cpegn apyrux caoXHOCTHBIX KaaccoB. Ilpsmo m3
ompefeneHus caegyer, 9To kaacc BQNP cogepxut xracc MA (a, smauut, n
BPP, u NP). Huuero Goiee onpeneréHHOr 0 O CILIE (HeAeTEPMUHIPOBAHHBIX)
KBAHTOBEIX AITOPHTMOB CKA3aTh IOKa HeIb3d. ")

He canmkom MHOrO MOXKHO ckazaTh n 00 X «CaaboCTIy.

YrBepxgenue 13.5. BQNP C PSPACE.

HokazaTembcTBo. MakcuMadbHAd BEPOATHOCTL TOTO, ITO IOACKA3KA
Mepanna 6ygeT nmpuHaTa ApPTypoM, paBHa MACHMAJILHOMY COGCTBEHHOMY
amcry omeparopa X = X (cm. popamyay (13.3)). Ham HYXKHO BRIICIITS
3Ty Beamdury ¢ TourocTbio O(n~%) (a > 0).

Jamernym, aTo 0 £ X < 1. JI14 omeHKN MaKCHMAJIbHOI'O COGCTBEHHOT O
qncia 6ygeM ICIOoNb30BaTh CleqyIolee MpelelbHOe PABEHCTBO:

. InTrXx¢
e = fim B
IMycts Amax = A1 2 A2 > ... > Aam — cOoGCTBeHHBIe uncaa omepaTopa X
(3mecs m = poly(n) — gaunma mogckaskn). Nmeem omenky
om
g X Af
0 A € 2 = 2 e+ 02,

13 KOTOPOI CIelyeT, ITO AAs OLEHKH ¢ IOJNHOMUIAILHON TOYHOCTBIO HEO-
TPULATEILHOrO OLIEPATOPA, JeNCTBYIOIIEro Ha m -61Tax, JOCTaATOYHO BhI-
YUCAUTDH CAeJ OT €ro CTEIeHH, OFPAHIYEHHON IOINHOMOM OT M.
Brruncrenne sermdnael Tr X¢ geraeTca Ha MOIMHOMHAILHONH HTaMSTIH
TeM kKe CIoco60M, ITO U MOJeJNpOBaHIe PAOOTH KBAHTOBON CXEMHI. |

Sameqanue 13.3. IlonyueHHBIN pe3yabTaT MOxHO ycuanTh: BQNP C
C PP. JoxasaTelbCTBO MOTHOCTBIO AHAJIOTUYMHO PeIleHnio 3aJa4u 8.3.

Sameuanne 13.4. Mgul orpannumiances caygaem urp Mepamua u Apry-
pa, KoTopble mpogopkaioTca ofud payHa. Hegasuo 6vlro mokazamo [45],
YTO yXKe IBYX PAYHAOB TAKOW KBAHTOBOI UTPHI JOCTATOYHO, YTOOHL MOIY-
4uTh Bech kaacc PSPACE. B knaccudeckoM caydae Ist JOCTUKEHIS KIACCA
PSPACE TpebyeTcs HOAMHOMHUAIBHOE KOIANIeCTBO DayHAoB [36, 37], npu-
“€éM B LMINPOKUX KPyraxX Y3KHUX CIEIUAJIICTOB [OCIOACTBYET MHEHNE, ITO
HHUKaKOT'0 (PUKCHPOBAHHOI'O KOJIIMYIECTBA PAYHIOB HEJOCTATOYHO.

15) IIpenynpex geHue: B uTepaType BCTpEYaeTCA IPYroe olpefeleHe KBAHTOBOTO He-

AeTEePMUHUPOBAHHOI'O BEIMUCJACHUS, A1 KOTOPOro MoMyvYeHa [oMHad XapakTepusalii B
TepMHUHAX KJIaCCHIECKUX CJIOKHOCTHEIX Kaaccos (cM. [46]).
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14. Kiaaccudgeckue M KBAaHTOBLIE KOdBbI

Kak yxe 06cyxXIaloch paHee, KBAHTOBOE BBITHCIEHIE «HE CIUITKOM»
IYBCTBHTEIBHO K IOTPENIHOCTAM peaJu3allill YHHTADHBIX OINEPATOPOB:
ommOKI HaKAILINBAIOTCA InHeNHO. Ecan ecTs mociejoBaTeIbHOCTS YHITAD-
HBLIX omepaTopos U1,..., U, u mociefoBaTeabHOCTh mpubaunxenun Uy, . . .
UL, ||U] — Uj|| < 8, To BHImOIHAETCSA HEPABEHCTBO

WO -...-Uy=Up-...-Uj|| < L6.

OTCIO,E[& JerKO 3aK/AIYNTh, HACKOJBKO H3MEHHUTCSI BEPOATHOCTD IIOJIY'Ee-

HHA IpaBHILHOTO oTBeTa F'(x) xBamTOBOH cxeMoil U = Up - ... - Uy (cMm.
ompegenerne 3.1). DTa BEPOATHOCTS (JIeBas JacTh HEPABEHCTBA B OLpefe-
Jemmm) MomeT O6bTh 3ammcana Kax (E|UTTIpMU|E), Tae [€) = |z,0V77), a

M = |F(z)) @ BEW=7) TlmeeT mecTo cregyioman omeHKa:

(EI0TTLMT1E) — (€U U1E)] < 2010 = U] < 2L,
Taxum 06pa3oM, IPU HETOYHON PEATM3ALNI YHUTAPHLIX OIEPATOPOB Ipa-
BHJIBHEIN OTBET IIOLYIAeTCS C BEPOITHOCTBIO > 1 ——21.J; B 00meM caygae
2Ta OLEHKA HEYIydIlaeMa.

C Touku 3peHns PU3NIECKON PeaSn3alUl KBAHTOBOI' O KOMIBIOTEPA, [I0-
JyYeHHBIN Pe3yAbTAT He ABISLeTCS VIOBIeTBOPUTEIbHEIM. [loaydaeTcs, 1To
pasMep KBAHTOBOH CXeMBI [ He TOJKeH HpeBocXoAuThb 1/(44), mHaue Bepo-
ATHOCTb IPABUIBLHOIO OTBETA MOKeT cTaTh MeHblue 1/2. IlosToMy BO3HE-
KaeT BaXKHBII BOIIPOC: MOXKHO J1 N36€KaTh HAKOIJIEHUS OUINGOK, HCIOAb3Ys
CXeMBI CHeNUAaIbHOrO BUga?!

OTBeT Ha 3TOT BOIPOC HOIOKUTEAbHLIN. nes cocTouT B TOM, 9TOOHL
sakoduposame (3aMeHNTD) KaXK ABIH -OUT, NCIOAL3YIOUMICA B BEIUHNCICHN-
AX, HECKOJIBKUMI IIPH IOMOIIK OIPELEIEHHOI 0 H30MEeTPUIECKOrO BIOKEHNST
V:B — B®", [lero B ToM, 9TO OMMOKH, KaK IPABLIO, JeHCTBYIOT OIHO-
BPEMEHHO Ha HeGOJBIIOE YNCIO -OUTOB, IO3TOMY KOAUPOBAHIE IOBLIIIAET
YCTONYNBOCTL KBAHTOBOI'O COCTOSHMUS.

KoucTpykunn, Heo6x0AUMBbLe 17151 OPraHN3aI[UN BEIMHNCICHI Ge3 noTepn
TOYHOCTH, JOBOABHO CIOXKHEL Iloapo6Ho oHn uzaoxensr B [41, 19, 34, 4, 32],
a 3eCb MBI B OCHOBHOM OI'DAHHYHUMCS 60jee IPOCTHIM BOIPOCOM: KaK CO-
XPaHATL HEOTDAHNYIEHHO TOAT0 33aJaHHOe KBaHTOBOe cocTosHme?! (Jlerko
MOHATD, 9TO 3TO — YACTHBIN CIy4Yal IPeIblIVIIero BOIPOCa, KO A Peai-
3yeTCA MOCIeI0BATENBHOCTD TOXAECTBEHHEIX omepaTopos.) [l pemenns
TaKOIl YIPOLIEHHON 33144 KOHKPETHLIA BIJ KOJUPYIOUIEr0 0TOODAKEHIs
V HeBaxkeH; HYXKHO 3aJaTh JUIIL MOATpocTparcTso M = ImV C B,

Omnpepgenenne 14.1. KpanToswil ko1 Tuna (n, m) — 3To HOIPOCTPaH-
crBo M C B®™ pasmeproctu 2™. (ucao m — KOINIeCTBO 3aKOANPOBAH-
HBIX (-OHTOB — He 003aTeNIbHO JOMKHO OBITH IIEIBIM ).
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Ommbkn, BO3HIKAOLIE IPH XPaHeHnn nHdopManun, 6yJyT IPUBOIUTH
K TOMY, ITO COCTOSIHIE CUCTEMEI 6y 1eT BEIXOAUTH 3a npegeast M. ITosTomy
HeoOX0IUMO HAy<INTBHCA BOCCTAHABINBATL COCTOAHNE CUCTEMBI IIOC]IEe BO3-
JEACTBIA OUINGOK OLNPEeIeSEHHOTO TIIIA.

14.1. Kmaccuueckume kopgel. Bmawaze paccMoTpuM ciaydall Kiaaccude-
CKIX K0J0B. MBI JUINE clerka 3aTpoHeM 3Ty o6mupHyo Temy. [logpobuoe
H3JI0JKEHIEe TEOPUHU KOT0B, KOPPEKTHPYIOMINX OMHOKH, (Tak 0OLIYHO HA3BI-
BAeTCH 5Ta Hayka) MOXKHO HauTH B [9].

Kaaccuueckuii xod muna (n,m) — 1o nogMuoxectso M C B momr-
woctu 2. [las onmcamns oum6ok HeOOGXOAMMO TAKIKe OUPENENNTh KAHAA
C8A3U — HEYITO BpoJe HeOTHO3HAYHOrO oToOpaxenus B — B Cymect-
BYeT ABe MOJeIN OMNGOK: 60jee PealNCTIIHAs — BEPOSTHOCTHASM, I YIPO-
LUIEHHAS — TeOPeTUKO-MHOXKecTBeHHAass. COrIaCHO BEPOSTHOCTHON MO e/,
KaHAT CBA3N 3aJaeTCsi YCIOBHBLIMI BEPOATHOCTAMHE p(Yy | ) mpmeMa clIoBa
y mpu mepegade caoBa x. Mul 6yJeM paccMaTpHBATH CIydYal He3aBICHMO
pacIpeJeléHHLIX OMUOOK, HoJaras 9To n' = n, a yCIOBHBIE BEPOSTHOCTH
OIPEREISIIOTCA IePe3 BEPOITHOCTD OIIMOKN NPU Hepefatde OJHOrO GUTa pi:

plyle) = pi " (L= pr)r o), (14.1)
3mecs d(x,y) — paccmoanue Xommunea (MUCIO PA3INTHBIX OITOB).

EcTb cTaEgapTHBII cioco® YIPOCTHTL MOEIb HE3ABHCUMO PacIpese-
JMEHHBIX omu6oK. OIeHnM BepOATHOCTD TOT'0, ITO CIYIATCA 6oee k OmmO0oK
(xak scHo m3 Qopmyasl (14.1), sTa Beamumuna oT & He 3aucut). CunraeM,
uT0 n, k — duxcuposansl, p; — 0. Torga

Pr[uncao ommbox > k] = Z " L1 —p1)" 7 = o(ph). (14.2)

i>k
HUrak, BepOATHOCTH TOrO, ITO IHCIO omMuOOK Goabe k, maxa. [losTomy
MOXKHO CIJIBHO yIPOCTUTE MOJeIb. BygeM cauTaThb, 9To IpHu nepejate CJIo-
Ba & MOXKET IOLYINTHCA A1060e CI0Bo Y, Takoe 9To d(z,y) < k (mapametp k
3aJaéT NHTepecyIomnil Hac LOPOr TOYHOCTH ), & APyrue OMHOKN He BCTDe-

“aTCA.
Beegém oGozuadenus:
N =B — MHOX€eCTBO BXOIOB,
N' = — MHOX€ECTBO BBLIXOIOB,
E C N x N/ — MHOXeCTBO Iepex0J0B
(0HO e — MHOXeCTBO OMNGOK),
E(n, k) — wmHOXKecTBO {(2,y) : d(z,y) < k}.

Ompegenenne 14.2. Kox M ucnpasasem owubku U3 MHOXKeCTBa F, ec-
an 4 M0OBIX 1, 22 € M u3 (x1,y) € B u (x2,y) € F caegyer 1 = xs.
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JApyruMn cioBaMu 3TO yCIOBHE MOXKHO CPOPMYAUPOBATDL TAK: AJA JIO-
opix map (21,¥1), (€2,y2), npuHagTeKammx F, u3 x1,22 € M u 1 # 22
cIemyeT Y1 £ Ya.

B ToMm cayuae, xorga F = F(n, k), ropopar, uaTo kod ucnpasasem k
0WUBOK.

3ameuanne. TepMUH «KOJ, MCIPABIAIOIINN OMUIOKN) SABIACTCS HETOY-
BLIM. [IpaBuibHee 6LLI0 ObI CKA3aTh, ITO KOJ OCTaBAAET BO3MOKHOCTD /IS
ucnpasaeHns ommbok. Henpasasiouue npeobpaszosanue — 3TO oToOpaKe-
mne P: N' — N, Takoe uro, ecan (z,y) € FEmwx € M, To Ply) = ,
BEITHCIEHNE 3HAYEHNA NCIPAB/IAIOINIET O IPeo0pa30oBaHNs Ha3bIBAETCA JEK0-
duposanuem.

IIpumep 14.1. Kox ¢ moBTOpeHMmeM:
Ms = {(Oa 0, O)a (1a 1, 1)} C B
Takonl K0 UCIPABALET OSHY OLINOKY.

OueBnguoe 0606mmenne npumMepa 14.1 IpUBOAUT K KIACCHIECKIM KOJaM,
HCIPABILIONIIM M060e KoaniecTBo omubok. [locTtpoum 6oiee nHTEpECHEBIE
IPUMePHI KJIACCHIECKNX KOA0B. I Hadasa JaguM eIneé OJHO CTAHIAPTHOE
oIpeeleHUe.

Omnpegenenne 14.3. KomoBoe paccTosiHie — 3TO
d(M) = min{d(z1, 22) 1 1,22 € M 1 # 22}

g xoxa u3 mpumepa 14.1 xoxoBoe paccToanune paBHo 3. IMeeTcs ote-
BUIHOE YTBEDXKJCHIIE.

YrBepxpgenue 14.1. Kod uenpasasem k owubor mozada u moavko mo-

eda, kozda d(M) > 2k.

14.2. IIpuMepsl KIacCHIeCKUX KOJOB.

1. M, tuna (n,1); aas mero d(M,) = n.

M, ={(0,...,0), (1,...,1)}.

n n

DTo camas IpocTasi cxeMa KoaupoBanus. [loBTopsieM Kax bl 6T MHO-
ro pa3, a mocie KaxkJOU Omepaiui BOCCTAHABIMBAEM KOTOBOE CIOBO,
3aMeHAs 3HAYMEHUA OGUTOB Ha TO, KOTOPOE BCTPEUIAETCA Hallle.
DTa cepus KOJOB, KaK OygeT IOKa3aHO HIXKe, He 06001aeTcs Ha KBaH-
TOBBIN CIy<Ial.

2. IIposepxka Ha I€THOCTB. Kong M,(f) Tuma (n, n— 1), 111 Hero d(M,(LZ)) =
= 2. CocTouT U3 BCEX uEMHHIT CIOB, T.€. CIOB, COAEPKALIIX UETHOE
HCAO €JIHUII.
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3. Kog Xommuura H,. dto xox tuna (n, n — r), rge duncio n = 2" — 1.
CroBa m3 [B* — 5To mocreqoBaTENBHOCTH OUTOB
= (#q : « = 1,...,n). Homep xaxgoro 6ura

100 MOJKHO 3allCaTh B TBOUIHOHW CHCTeEME KaK (O —
110 = (oq,...,@,). BBegéM MHOXKECTBO KOHTDO.IbB-

111/ HBIX CYMM
101
010 pile) = D wa

aoy=1

011

001 (cyMMupoBaHme 3 1eChb TOHIMAETCS IO MOJYIIO 2).
Ha pucyHke BBIJeIeHBI MHOKECTBA GUTOB, BXOI-
IINX B KOHTPOJBHBIE CYMMBL IpH © = 3 (HOJIE3HO
BILIETDH B DTOH KapTHHKe TPEXMEPHBIN KY0).

MuoxkecTBO €JI0B KOga X3MMUHTA 3aJaéTCs YCIOBHEM DABEHCTBA BCEX
KOHTPOIBHEIX cyMM 0 (T.e. OHO ABIAETCA TOAIPOCTPAHCTBOM IO MOLY-
0 2). MoxHo mokasaTs, 9To 141 Koga XsMMmuara d = 3.

14.3. Jlunennsie kopet. Ilycte ects mMuHOxecTBO N = B? = Fj. Ju-
netnwit kod M C N — 5To IHHEeHHOe HMOANPOCTPAHCTBO. JINHENHBIE KOIBI
yBOGHO 3aJaBaTh OBONCTBEHHBIM 0a3mcoM (KaK MHOXECTBO DEIIeHHI CH-
CTEeMBbI IHHENHBIX YPABHEHNH).

IIpumep 14.2. Kop XsMmuHra, pacCMOTDEHHBIH BBILIE, 3aJa6TCI KaK
MHOXKECTBO DEIIeHNN CIUCTEMBl ¥PaBHEHIII

100+ 101 + 2110 + 2111 = pa () =

Zo1o + ®o11 + X110 + 2111 = po(z) =

zoo1 + To11 + T101 + 2111 = ps(z) = 0.

IlosToMy Kox XpMMUHra 06pa3yeT HOAIPOCTPAHCTBO KOPA3MePHOCTH 3.

14.4. KBauToBsie KoAbl. ByeM naBaTh OmpefeleHns aHATOTTIHO KAAC-
cuaeckoMy caydato. Habopy yCIOBHBIX BePOSTHOCTEN (p(y|x) tx €N, y€
€ N’) COOTBETCTBYET (PU3MUECKU DPeanru3yeMoe Mpeobpa3zoBaHyme MaTpPIHII
mmorroctn 1': L(N) — L(N’). Hmeer cMBICI 1 yIPOLEHHAS MOIEIb: IO
AHAJOTUN ¢ MHOXKeCTBOM mepexonoB E C N x N’ oupegeaum npocmpan-
cm60 owubok — NIPOW3BOABHOE anHelHOe npocrparcTso & C LN, ).
(Taxum oGpa3oM, KBaHTOBas OIMHOKA — 3TO AHOOOH INHEHHBI OIepaTOp
N — N’). Ectp u upsamol araxor MHoxecTBa F(n, k). Paccmorpnm A =
= N' = B®", Yepes £[A] 0603na4uM Te OMMOKH, KOTOPLIE JeHCTBYIOT Ha
q-6mTax u3 MHOXKecTBa A W He FENCTBYIOT Ha OCTAJBHBIX (-OUTax, T.e.
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E[A] = L(B%4) @ Igorna (30ech m nazee [n] o603nATACT MHOKECTBO BCEX
g-6mros {1,...,n}). Torga nozaraem

En k)= > E[A]
Ik
(3,qec1; CTOUT IIPOCTO CYMMa IIOAIPOCTPAHCTB, He HpHMaﬁ.) B nanpuenmem
Hac 6ygeT HHTePecOBATH IMEHHO YCTONYNBOCTD K OIINOKAM I3 S(n, k)
Ho mepen TeM, Kak 3aHATHCA U3YUIEeHUEM KOJOB, YCTOWYHBBIX K OIMING-
KaM 13 S(n, k), PacCMOTPHUM aHAJIOT MOJENN He3ABHCHMO DACIPEIeTEHHBIX
omn60K B KBAHTOBOM ClIydae I €ro CBA3b C OMMUOKaMU 13 S(n, k)

14.5. Moaeab He3aBUCHMEBIX OIIMOOK B KBAHTOBOM cay4ae. llpegmo.o-
KOM, 9TO Ha KaXKILIH -OUT TeNCTBYET OJHO W TO XK€ Majoe BO3MYIIEHHe.
DTo 03HAYAET, ITO HA MATPHUIY INIOTHOCTH PACCMATPUBAEMON CHCTEMBI 13
n q-6mToB geficTByeT mpeoGpaszosanue T = ([ + R)®", rge R — «amo».
B xraccmeckoMm caydae Magoe BO3MYIIEHHE O3HATAET MAIYIO BEPOATHOCTD
onmmbku. B kBaHTOBOM cIydae Magoe BO3MYIIEHNE MeHAeT MaTPHUILI ILIOT-
HOCTH «He CIHIIKOM CHALHO». UTOOLI IPUIATE STOMY BLIPAKEHWUIO TOIHBIN
CMBIC, HY2KHO BBECTH HOPMY Ha MATPUIAX INIOTHOCTH, XapaKTePH3yONIyIo
ux 6JIM30CTh, & 3aTeM — TaKylo HOPMY Ha Mpeo6pa3zoBaHUAX MaTPHI] ILTOT-
HOCTH, 9TOOHBI BLIMOJHAIOCH YCIOBUE: MAJoe 0 HOpMe IIpeoOpa3oBaHme me-
PEBOAUT MaTpPHIly INIOTHOCTH B GJIU3KYIO K HEI.

Hawmém ¢ Toro, 9To BLIACHNM, KaKie HOPMBI IIPUTO THEI 11 XapaKTepu-
3anuu 6,IM30CTH MAaTPUIL IMIOTHOCTH. MaTpua IMIOTHOCTH, KaK MBI IIOMHUM
u3 pazgena 9, 3a1aéT BepOATHOCTHOE paclpejeleHne Ha TUCTHIX COCTOSHI-
ax. BepoaTHOCTHLIE pacIpejeleHNsa eCTeCTBEHHO CPABHUBATE B {'-HOpMe:
ecan p = (p1,...,0n), 4 = (¢1,- -, qn) — [OBa pacupeleleHns, TO MEPOH X
Pa3Inna cIuTaeM Z;:l lp; — ;1 = |lp — ql|1- Jagum ompegenenue aHato-
TUYHOI HOPMBI A/ MaTPHUIL IJIOTHOCTH.

Onpepenenne 14.4. Crenosas Hopma oneparopa A € L(N') pasra

4]l = Tr (VATA) (14.3)

s spMuTOBa OmepaToOpa ClIegoBas HOPMa — 3TO CyMMa MOIyIen cob-
CTBEHHBIX HTHCe.

3agaua 14.1. IIposepwTe, uTo (14.3) mellcTBUTEILHO OUpefeseT HOD-
My. [lokaxure, ITO

| Tr AX|
Allty = sup ———— 14.4
e = S0 (144
(||X]| — omepaTopras HOpMa, cM. omp. 7.2 Ha c. 62).
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3agaua 14.2. IlpoBepbTe BHIIOIHEHIE CAEIYIOIINX CBOUCTB CJAeJOBON
HODMBIL:
a) |AB|lee < IIBIHIAllrs 1) [[Trad Aller < [[Allses
6) |BAllee < 1B IAllers a) [[A @ Bller = [|Allie][ Bl
B) | Tr Al < [[Alfor,

Curegyromas reMMa IOKa3bIBaeT, IOYeMY MOXKHO PACCMAaTPUBATE CJIeJ0-
BYIO HOPMY I8 MATPHI] INIOTHOCTH KaK AHAIOT £'-HOPMBEI A1 BEPOSTHOCT-
HBIX pacOpegeIeHn.

Jemma 14.2. IIycmps N = @]./\/J — pasaoscenue npocmparcmea N
8 NPAMYI CYMMY 63AUMHO OPMO20HAALHBLT nodnpocmpancme. Toada das
410601 napel MAMPUY NAOMHOCTIU P, Y

STIP(p,NG) =Py, M) < o=l
;

JokazaTeascTBo. JleByo 4HacThb 3TOr0 HEPABEHCTBA MOXKHO IPEACTA-
BuTh B Buge Tr((p — ¥)B), rae B = Zj(:leNj). fcwmo, uro ||B|| < 1L
Teneps NPUMEHNM IPEICTABICHTE CIeI0BOH HOPMEL B Buge (14.4). (I

Temepb KaxkeTCHd €CTECTBEHHBIM OIDeNEINTL HOPMY Ipeobpa3oBaHUL
MaTpPHI] INIOTHOCTH AHAJOTMYHO OIEPATOPHON HOPMe

17Xl
T||y = sup
71 = sup s

(14.5)

U MEPUTH 3TOI HOPMOHI MAJOCTh BoaMyIerns. O IHAKO HCIOJb30BAHIE HOD-
Mel (14.5) okasviBaeTca HeyJOOHEIM, Tak KaK OHa He COIVIACOBaHA C TEH-
30pHBEIM npou3BegenueM. IloscuuM 3T0 moapobHee. ITOOLI IMeTH OIEHKY,
aHAJOTHIHY oleHKe (14.2) B KIaccuueckoM cIytdae, MBI JOJKHEL HAIIHCATH
pasfoxeHne

T=(I+R" =1+ > R*@Impa+ » R™@Ipa (146)
|A|<k |A|>k

P

n oneHnTs HopMy P mpm yciosuu ||Pl|; < J. Ecanm 6bl BEIDOIHATOCH He-
pasercTso ||[T ® R|)1 < ||T)[1||R||1, MoxHO 6BL10 GBI 6YKBAIBHO IOBTOPUTD
omenxy (14.2). OHaxo 3TO HEPABEHCTBO HE BCETAA BLINOIHAETCA.

IIpumep 14.3. PaccmoTpum mpeobGpazoBaHiie
T |5kl = 1k)GL (G, k=0,1).

Ouesugno, uto ||T|; = 1, ognaxo ||T' ® ILs)ll1 = 2. ([MogeficTByiiTe mpe-
o6pazosanmem '@ Ir,(5) Ha omepaTop X = Zj o 17, 0k, k|.)
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OxasbiBaeTcs (HuXKe 5To GygeT JOKA3aHO), 9TO HaTOJOT A IpuMepa 14.3
IMeeT oTrpaHWYeHNe O pazMepHOcTH. A nmenHo, ecin dim§G > dim N, To
IT'® Iug)lli = ||T|¢, rae sermmna ||T]|¢ oT G He 3apucut. Ipexae wem
MOKAa3BIBATL 3TO YTBEPKAEHNE, IIOCMOTPHUM Ha €r0 CIeICTBHA.

Bo-mepBrIX, fICHO, YTO ompefenéHHas TakuM oOpazoMm seamdmsa ||7e
ABAACTCA HOPMOIL.

Bo-BTOpEIX, TOCKOIBKY ClAeqoBafd HOPMa MY/JIbTHILINKATHBHA OTHOCH-
TelbHO TeH30pHOTO yMHOXeHu#, To [T @ R||1 > ||T|1]|R|;. HosTomy
ITlls > 171l

B-TpeTsux, us onpegenenns caegyet, 9to ||[TR||1 < ||T1||R]||1, mosTomy
nMeeM TaKne HepaBeHCTBA

TR <T@ Rl = [(Te HI @ R)li < [T @ HW[T @ Rl (14.7)

U3 >Tux HepaBeHCTB CleiyeT MyIbTUIINKATUBHOCTL HOPMEL || - ||¢ oTHOCH-
TeIbHO TEH30PHOTO YMHOKEHI.

ITo6BI JoKa3aThb NpPUBEIEHHOE BhIlle CBOHCTBO HOpM ||T ® I||1, magum
Apyroe ompegenenne seandnssl ||T]e.

Onpepenenne 14.5. Paccmorpuy npeacrasaerns T: L(N) — L(N”) B
suge I’ = Try A-BT. 3gecy A-B' o6o3mataeT npeobpazosanme X — AX BT,
aA,BeL(N,N®F), rge F — npou3BoIbHOE YHUTAPHOE IPOCTPAHCTBO
pasmeprocTu He MeHbel, TeM (dimAN)(dim A). Torga ||T||¢ — Toumasn
HUXHAA Ipasb uucen Buga ||A|| ||B|| (3To omepaTopmsle HOpMBI) O BCeM
IpecTaBIeHIAM YKA3aHHOTO BHIA.

3amevanme. Ycaosme dim F > (dim N)(dim A’) rapamTupyet, 910 Cy-
IIIeCTBYET XOTsA 6Bl 04HO peacTasiaenne 1' = Trr Ay ~B$. s MUHIMUI3a1Inn
npousBegenus ||Al| || B|| mocTaTowHO paccMaTpHBATE OIEPATOPLI ¢ HOpMa-
mu ||A]l < ||Ao]| 1 ||B]| < ||Bol||, mosToMy unduMyM ZocTuraeTcs B CIILY
KOMIIAKTHOCTH. T0, 9TO OH He 3aBUCHT OT pazMepHOCTH JF, BEITEKAET W3
ClIeTYIOMIEN TeOpeMEI.

Teopema 14.1. Fcau dimG > dim N, mo ||T|¢ = ||T @ Ing)l1-

Nokasareapcrso. Ilyers TX = Trr AXBT. Torga, ncmoassys cBoi-
CTBa CIeJOBON HOPMBI U3 3agaydn 14.2, moaydaeMm

(T ® I6)) Xl =l Trr (A © Ig) X (BT @ Ig) |l <

<A@ L)X (BT @ Ig)llw < [IAINBIHEX for-
Hoaromy [Tl > [T @ Iuig)lh-
JoxazaTh HepaBeHCTBO B 06DATHYIO CTODOHY HECKOABKO clIoxkHee. Bes

yMeHbIerns obmuocty, ||T|e = 1. Uadpumym B onpegenennn 14.5 goctn-
raercs npu ||A|| = ||B|| = 1.
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IMoxaxem cHadana, ITO CYIECTBYIOT TPH MATPUILI ILIOTHOCTH p,y €
€ L(N) u 7 € L(F), maxme aro Try: (ApAl) = Tran (ByBT) = 7. Mycts
K =Ker(ATA - Iy), £ =Ker(B'B — Iy),

E= {’I‘rN/(ApAT) ip€ D(/C)}, F= {Tw(B'yBT) 1y € D(ﬁ)},

rge D(L) o6o3HaTaeT MHOKECTBO MATPHI] IIIOTHOCTH HA MPOCTPAaHCTBe L.
Torga E, F C D(F), 1o3ToMy B KadeCTBe T FOAUTCS JII00ON >IEMEHT U3
ENF.

Hoxaxem, utro BN F # @. Tak xax £ u F' — KOMIaKTHBIE BBIIYK-
JIble MHOKECTBA, JOCTATOYHO JOKA3aTh, ITO He CYLIECTBYET Da3gesoien
X THOEPILIOCKOCTH. [pyruMu cioBaMu, HeT TAKOT'O SPMHUTOBA OLEPATODA
Z €L(F),uro Tt XZ > Tr Y7 gaa mobeix X € E, Y € F. A 570, B cBOIO
o¥epen, CIeLyeT U3 MUHIMAIbHOCTH Beamdnssl ||A|| || B|| no oTHomenn:o x
npeob6pa3oBaHUIIO

A (I @e YA B (I @ €e'%) B,

rae { TOMOKNTEILHO, HO MAIO.
Urax, mycts Trar(ApAl) = Tran(ByBY) = 7 € D(F), rae p,y €

€ D(N). Hpexcrasme p u v 5 suge p = Trg (1€)(¢]), 7 = Trg (In)inl),
rae |),|n) € N © G — eguHmIHBIE BEKTODEL. 31€Ch MBL HCIOIB3YEM YCJIO-
Bre dim§G > dim N u yreepxkgenue 9.1. Iomoxum X = [£)(n|. OueBuaro,
o || X = 1.
HMoxaxewm, ato |[(T'® Irg)) X||tr > 1. O6o3mamm

X'=Teolg)X, )=Acl)l), ) =(BeI)n),
TOr A

X =Ter([E)0']),  Traveg(I€)(E']) = Traraa (In')(0']) = 7
Orcioga, BO-IIePBBIX, cIefyeT, 9T0 BeKTOpH |{') u |1') mmetoT enmEmInyIO
nanHy. Bo-BTOpPEBIX, HAIAéTCA yHHTApHBIN omepaTop U/ Ha IPOCTPaHCTBE
N @ @G, Taxon aro (U @ I£)|E") = |1’} (310 yTBepxKAeHue W3 3aza4nm 9.3).
CuaegoBaTenbHo,

e > LB = e (0 0 )i D] = el Dl = 1. O

Tenepb MOXKHO OLEHHTH OCTATOYHBIN wieH P B ¢popmyae (14.6), mourn
JOCIOBHO TOBTOPAL PACCyXk JeHIA B KaaccudeckoM caydae. Ecanm ||R]|; < 4,
to ||R||¢ < €4, rme € — koHcTanTa (Bce HOPMBI 3KBUBAJICHTHBI, LIPH-
9éM MHOKHUTEIh OTPAHUYEH Pa3MEPHOCTLIO ITPOCTPAHCTBa; R AelCTBYeT
Ha IPOCTPAHCTBE MATPHIl IIOTHOCTH OTHOTO ¢-6uTa). Mcnonssys MyasTn-
IMINKATHBHOCTH HOPMHI || - |4, 3axmiouaeM, 9T0

1Pl < NIPlle = o(8).
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ITosTomy 6yaem npeHeGperaTh BCEeMH cIaraeMbIMEI U3 P, a qedCcTBIe BCeX
OCTATBHBIX CIaTaeMbIX 6ygeM yIuThBaTh. IpeobpasoBanma RE4 mmeror

Bug R%4p = Z XipYZ»T, rae X;, Vi € £(A); cuMBOINYIECKH HTO MOXKHO 3aln-

2
catp Tax: R®4 € £(A)-£1(A). Cymma npeobpazopanmnit Z|A|<k R?AQ@I[”]\A
aexut B £(n, k) - £T(n, k). Taxum 06pa3omM, MBI IPUXOINM K BEIBOTY, ITO
HyHO paccMaTpuBaTh ommokn u3 £(n, k).

14.6. OcHoBHEIE ompefe/ieHua M TpocTenmme ciaefcTeua. Cregyrormee
ompejeneHne JaéT B KBAHTOBOM cilydae (popMaJbHOE BhIpaxkeHne TpebGoBa-
HUA (PA3IHYHbIE COCTOAHUA NEPEXOAAT B Pa3imtuHBle COCTOAHHUM (3TO He-
06X0IUMOe YCJIOBHE BO3MOXKHOCTH BOCCTAHOBJIEHNS HCXOTHBIX COCTOSHUN
(UBNTECKN pealn3yeMBIM IPeo0pa3oBaHIeM).

Onpepenenne 14.6. KsarTosril xog (mogupocrparctso M C N) mc-
npasasger omuokn u3 £ C LN, N), ecim

Y€1), €y E MY X,Y € & ({&2]61) = 0) = ((&|YTX|E) =0).  (14.8)
Onpegenenne 14.7. Puzndeckn peaansyemoe mpeobGpazoBaHiie
P:L(N') = L(M)
HAa3bIBACTCI UCNPABAAIOULUM (,Mﬂ xoga M u mpocTpaHcTBa OIMEIGOK 5),
ecan

VT e&-ETe=c(T)Vp EL(M) (PTp=c(T)p).
Ecan npu stom T coxpanser caex, To ¢(T) = 1.

Teopema 14.2. Fcau kod M uecnpasasem owubku uz &, mo uenpasad-
10uee NPeobpazo6anue CYWEecmeyem.

HokazaTeascTso 6y geT gano Huxke. O6paTHOE YTBepXK eHIe JOKa3aHo B [4].

Ipumep 14.4. Tpusmambmsiit ko1 Tuma (n,m): oycts M = B @
@10, a & = E[m+1,...,n], T.e. Qa7 KOAUPOBAHUI HCIOIL3YIOTCA
mepBBIe M -GUTOB, a OMNOKN LEICTBYIOT HAa OCTAaJbHBIE (-ONTHI. YCIOBIE
(14.8), oueBuAHO, BHIIOIHEHO. B KauecTBe HCIPABIAIONIEro IpeobpazoBa-
HOA MOXKHO B3ATb P = Ippem) @ R, rge R: X — (Tr X)[0777)(0" ™.
IIpeoGpazoBanne P peanmsyeTcs OYeHL IPOCTO: BLIGPACHIBAEM MOCIETHIE
n —m ¢-6UTOB U 3aMeHAeM UX Ha HOBble -6uTHl B cocTosauun |0). IIpaxTn-
“eCKOU IOJAL3BL OT TAKOT'O KOJa, KOHeYHOo, Majo. uTepecHo, oguako, IT0
JA000N KBAHTOBBLIN KOJ, NCIPAB/IAIIINN OIMINOKN, B ONPEIeJ6HHOM CMBICTIE
[OXOXK Ha TPUBHATBHBIN (cM. JeMMy 14.3 Himke).

IIpumep 14.5. PaccMoTpuM KBaHTOBBIH aHAIOT KOJa C HOBTOPEHHEM.
IIycrs mpoctpancrso M = C([0,...,0),|1,...,1)). PaccmoTpum gBa co-
crosuud £1) = 10,...,00+|1,..., Dy m &) =10,...,0)— |1, ..., 1). Ommbxy
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BeiGepeMm Tak: X = I, Y = o7[1]. OueBnano, aro X,V € &£(n,1). IIpu
stoM Y|€) = X|£1), 9TO IPOTHBOPEINT ONpeseNeHNI0 KOa, NCIPABITIO-
mero omubku. Mel BIANM, 9TO KO ¢ IPOU3BOILHO GOIBITHM HOBTOPEHIEM
He 3aIlNaeT Jaike OT OJHON ONTHOKH.

Ommnbku Buga o [1] HABBIBAIOTCA Kadccuueckumy, a omnbkn suga o [1]
Ha3BIBAIOTCA (a306blMU.

B oupegenennn 14.6 peus mia TOILKO 0 IapaX OPTOrOHAILHBEIX COCTO-
saunn. JaBanTe MOCMOTPHM, YTO MOLYyYIaeTCs Ha IPOM3BOJILHEIX Iapax. Ja-
duxcupyem X,Y € £ u ob6o3nasum Z = Y1 X. OkasniBaeTcs, 9T0

V1), [€2) € M (&2]Z161) = e(Z)(&211), (14.9)
rjae ¢(7) — HeKOTOpOe KOMIIEKCHOE IHCI0, He 3aBucaiiee oT [£1), |€2). Ten-
CTBUTEIBHO, IYCTh |71), . - ., |m) — OPTOHOPMUPOBAHHEIN GA3MC IPOCTPAH-

crBa M. Ilo ompegenennto 14.6 (n;|Z|m) = 0 upu j # k, a (n;|Z|n;) ue
3aBHCUT OT j, TaK KaK

i1 Z1n5) = (| Z|nw) = (s = el Znj + me) + (ol Z |ng) = (nj | Z1mwe) = 0.
(Bce Tpu ciaraeMblx B IPaBOU TacTH DPABEHCTBA DAaBHBL HYJTIIO, Tak Kak

BXOJfIIe B HOX IapEl BEKTOPOB OPTOr OHAJIBHEL )
SameTmm, ato ectn X, Y € £(n, k), To Z =YX € &(n, 2k).

Onpegenenne 14.8. Koz M obrapyoncusaem ommbku us £ C L(N),
ecin

VIE1), 162) € MY Z € & (&2 Z]|61) = c(Z)(&al6r).

Kodosvin pacemosnuen HazbBaeTcsa HamMeHblee uncao d = d(M), opu
KOTOPOM Ko7 He o6HapyxmuBaeT ommbku us &(n, d).

TaxuM 06pa3oM, Ko HCOpasifeT k omubok, ecan 2k < d(M).
Temepb MBI HmepengeM K T0Ka3aTeIbCTBY TeopeMbl 14.2.

Jlemma 14.3. Iycmoy ksanmoswiii kod M C N ucnpasasem owubru u3
E CL(N,N'). Toeda cywecmsyem ynumapnoe npocmpancmeo F, uzome-
mpuueckoe saodcenue Vi MQF — N' u aunetinoe omobpancenue f: £ —
— F, maxue umo

VIE) e MY X € £ XIE) = V(&) @ |F(X))). (14.10)
MokasareabctBo. Ilycrs & = {X € £ : V() € M X|¢) = 0}. Pac-

cMmoTpuM (daxTop-pocTparcTBo F = £/Ey u ecTecTBeHHOE 0TOOpaKEHIE
f: & — F. Jluueitnoe oTobpaxernne V: M @ F — N, ynosreTsopstomiece
yeaosuio (14.10), cTponTes KaHOHHYECKHM 06Da3oM; HYKHO JIHIIL IPOBe-
PUTH €ro U30MeTPUIHOCTD.

CxanapHoe Ipou3BeeHne Ha TPOCTPAHCTBE F MOXKHO 3aJaTh IIPH TOMO-
mn GYHKINE ¢ 13 cBolicTBa koga (14.9): ecau |n1) = |f(X)) u |n2) = [F(Y)),
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To (n2|m) = e(YTX). OueBngno, 9T0 >Ta BeTWMINHA He 3ABUCUT OT BEIGOPA
X nY. flcao Takxke, aTo (n|n) > 0, ecan |n) # 0. Popmyna (14.9) kax pas
U 03HAYAET, 9TO 0TOOpaxkeHne V ABIAETCA M30METPUIECKIM. O

MoxazarenbcTeo (Teopemur 14.2). Ilpegcrasum mpocTtpancTBo N/ Kak
CYMMy B3aHMHO OpTOroHaAbHEIX nognpocrparcTs: N/ = (ImV) & K, rage
V — oTobpaxkenne u3 mpegbigyineil demmsl. Ilycts W: K — AN — xa-
HOHmYIecKoe Baoxenme, a R: L(K) — L(M) — mpoussoasHOe Quanteckn
peaanzyeMoe npeob6paszoBanne. Torjga MBI MOXKeEM ONDeIENNTh

Pipr Ter(VipV) + ROVOW), e X YT e (F(V)IF(X)).
(PyHKUINA ¢ INHENHO IPOJOIKAETCA Ha BCe IPOCTPAHCTBO & - ST). |

Jlemmy 14.3 n moxasaTelbcTBO TeopeMbl 14.2 MOxKHO HeOPMAILHO U3-
JOXKUTH TakuM obpazoMm. Koa, nmcupaBiasonuil o6k, XapaKkTepPu3yeTcs
TeM, ITO OINbKa He CMEIINBAETCA C 3aKO0LIPOBAHHON MHGOpMAIUEI, T. €.
OCTaéTcsi B BHUJE OTAEALHOIO TEH30DHOI'O COMHOXKHTeNs. Ilcnpasisioree
npeo6pa3oBaHile U3BIEKAET 3TY «BCTPOEHHYIO OMIMOKY» I BBIODACLIBAET €€
B MYCODHYIO KOD3HHY.

3agata 14.3. Ilycts xog M C B®" o6mapyxusaeT ommbkn u3 &(A).
Hoxaxute, 9T0 cocTosuue p € L(M) MOXKHO BOCCTAHOBHTE, HE HCIOAb3Y L
q-6mToB U3 MHOXKecTBa A.

14.7. Kog Wopa [40]. Onuwmem cepuio KOLOB €O CKOIb YLOJHO GOIb-
MM KOJOBHIM paccTogamer. OHN HCIOIB3YIOT N = 2 KOJOBBIX (-OUTOB I
KOAUPYIOT oful ¢-6uT (T.e. dim M = 2), a kogoBoe paccTosHIe d PABHO 7.

ITockoabpKy KOJIMYIeCTBO KOJOBHIX (-OUTOB — TOYHBIN KBagpaT, YA0O-
HO 3aJaBaThb GA3ICHBIE COCTOSHUS B TAKOM KOJOBOM IPOCTPAHCTBE B BIJE
MaTpuisl. B atux o6oznadenusx xoa lllopa mopoxgaeTcs BekTOpamn

Y1 eee e Y1
D DI Ve > (14.11)

Y1,..yr€B”

g anmamuza xoga lllopa maM moTpebyeTcs KIacCHMUKANUA OIEPATO-
poB ¢ momorisio MaTpur Ilayan. IIx, BooOite rosops, Tpu, HO UeTBEPTON
Matpumen ayan 6ygeM caInTaTh eJUHIYHYIO. BBe1éM HecTaAaHIADTHYIO IH-

JeKcaIo MaTpui Ilaymn:
1 0 2
go1 = 0 —1 =03

10
000:01;
01 v 0 —i y
010 = 10 =03 011 = FE =0o7.

Matpuis! [laynu 3aMedaTeIbHB Te€M, ITO OHI 3PMUTOBLL I YHUTAPHEIE 01-
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HOBPEMEHHO. BBe,E[éHHaﬁ NHICKCAUNSA IIO3BOJAECT y,E[O6HO 3aIlIluCbIBaATh KOM-
MYyTaIOHNOHHBIC COOTHOIICHUSI MEX Y MaTpHUIIaMI HayJII/I
'OC/@I—OCI/@ OC/@I—OCI/@
7) (=1)

OapOalg = (— Oalf! Oap.

(14.12)

MuoxecTBo ungexkcoB obpasyet rpyuny G = Zo @ Zo win 2-MepHOE IPO-
CTPAHCTBO HaJ HOJIeM [Fo.

Taga',f0p'y Tapla'f’ =

Marpnuer Iayan o6pasyor 6asuc npocrparcTsa L(B):
L(B) = C(ooo) ® Cloo1) & Clo1o) D Clo11)-

s mpoctparcTsa B2 6ygeT yxe 4" 6a3HCHEIX olepaTopoB. Beegém o060-

3HaICHIe

def
O-(f) = U(alaﬁlaQZaBZa .. 'aanaﬁn) :e Oay,B1 @ Ty, Be @ ® [T

3xecs f € G" =T,

Ucnoap3ys KOMMYTAITMOHHLIE COOTHOIIEHN, MOXKHO HAINCATb, C TOY-
HOCTBIO 110 06mero dazosoro muoxurent, o(f) = co(f@) - o(f&)), rre
f@) = (a1,0,a9,0,...) HasplBaeTCa Kaaccuueckol owubkod, a fl¥) =
=(0,061,0,02,...) — daszosoti owubroii.

Tenepsr mpoamammszupyem kox Illopa. B cuay quEenHOCTEH ompemeie-
HUS JOCTATOYHO OTPAHMIHTLCS U3ydIeHNeM Ga3nCHLIX omubok. IlycTs 7 €
cE k), (k<r)uZ =0o(f) = co(f)o(f&)). Docxomsxy |f| <k (|f] —
qmCT0 HeHyIeBBIX mepemenueix B f), To || |fE)| <k < 1.

lMocTaToIHo NOKa3aTh, ITO B 3TOM CIy9dae

(&12160) = 0, (&]Z&1) = (&0l Z[&0)- (14.13)
PaccmoTpum gBa cay<as.

1. Kaaccuueckas ommubka oranusa oT (. B aToMm cayuae xaxgoe 6a3ucHoe

COCTOsSIHHIE
Y1 e e Y1
Y2 . Y2
Yr CE Yr

U3MeHsIeTCs oA TelCTBUEeM / B HEKOTODPHIX e 6urax, 0 < e < r. IloaTo-
MYy B CKaJIpHBIX npousBegennsnx (14.13) sce craraemsle 6yayT pasusl 0.

2. f®) = 0. Ommobka uucro dazopas: 7 = (0"2)ﬁ11 Q- (o"z)ﬁ”, rie
Zj,l Bj1 < r. Obozmaqmm A; = ), B Torga (em. (14.11))

Y1 Y1
Aoy = Y (-)EFmge o
Y1, Yr Yr el Y

Hac nuTepecyioT 3Hadenusa A; mo Moaymio 2. BoamoxuE 3 crygas:

a) (Ar,...,A) =(0,...,0) (mod 2).
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6) (A,...,A)=(1,...,1) (mod 2).

B) (A1,...,A) #(0,...,0),(1,...,1) (mod 2).
Caysanl 6) B QeHCTBHTEILHOCTH DEAIN30BATBCA He MOXKET, TaK Kak
3. A; <k < r.B caydae B) Bce CKalsgpHbIE IPOU3BeJeHNs 00PAIIAIOTCA
B Hy1b, {(£4|7|€e) = 0. B cayuae a) J|¢,) = |€4), T.€. Z melicTByeT Ha
KOZOBOM IIOANIPOCTPAHCTBE TOXAeCTBEHHEIM o6pasonm. (Taxas ommbka,
0 CyWIeCTBY, He ABIAETCH OMMNOKOU, IOCKOAbKY HUYero He IOPTHT).

CaeposaTensno, (Eq|7|Eq) = (Eallar)-

Nrak, kox llopa o6mapyxkuBaeT r — 1 ommbKy; KoJOoBOe PACCTOSHIE
DPaBHO 7.

Jameqanme. Kon [llopa ocHOBaH Ha IyaJbHOCTH MEXK Y KIACCHIECKIMU
1 (Ha30BLIMI OIMIOGKAMI, KOTOPasi BEIpakaeTcsa paBeHCTBoM o° = Ho HT,
BuyTpu xaxgoll CTPOKH Yi,...,Y, PEATHM3OBAH OOLIYHBIN IOBTOPUTEIb-
HBII KOJ, UCIPAaB/SIONMN kiaaccudeckue omubku. CTPpOKN opraHmn3oBaHbL
B AHAJOTMYIHBIN Ko,q, OTIMYAIOUINIICA 3aMeHOU (a3mca B KakJIoM (-6uTe:

E Y5) _

Zyl,...,yr( 1) lyi, .. yr) = (H® - @ H)|o, ..., &). DTOT KOT HC-
npasiseT (a3oBble OUINOKH.

14.8. CummmekTHieckue (cTabuamsupyoume) kKoAsl [26]. ITo amazor
KJIAaCCHIeCKIX JHHEHHBIX K0JoB. KBaHTOBbIe CHMILIEKTHIECKHE KOLBL YCT-
POEHBI TaK e, TOIBKO BMECTO KOHTPOIBHEIX CYMM Oy YT HCIOIB30BATHCS

o-onepaTopsl (o(a1, 1, ..., 0y, Fn) B IPESBIAYIMX 0003HATECHIAX ).
3aga MM, HAIIPHIMe, TakuM crocobom ko1 Mopa. das zero N = BE""
dimM = 2. KogoBoe MOAIPOCTPAHCTBO MOPOKIEHO ABYMS BEKTODAMI,
M. (14.11).

KaknMm ycaoBusiM yaoBreTBOPAOT 6a3ucHble BeKTOPBL M7

1. HOas mo6wix j,! (I < r) BBIDOAHEHO 05,07 (1+1) €Y = |€), T.e. xaxgas
CTPOKa COCTOUT W3 HOBTOPEHNI quoro 61/ITa

2. [Has mo6oro j < r BBHIIOJHEHO | [ ( ]lU]+1 ) |€) = |€). YTo o3mazaeT

? x xr
a0 ycaosue? Qumepatop Hl (U]lo-(j+1)l IIepeBOAUT
6azucHBIN BexTOp | ¥ W B BeKTOp | ¥ ol ey 1
Y41 - Y41 Yi+1 By D1

(ocTanbHBIE CTPOKE HE MEHAIOTCS). DTH 1BA BEKTOPA ZOMKHEI BXOIUTD
B |£) ¢ oguHAKOBBIME KO>(D(UIIEHTAMI.

YrBepxkaenue 14.4. Fcau |£) ydosaemsopsem ycaosuam 1 u 2, mo

1€) = col€)o + c1l€)o-
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TIpex e eM mepenTH K M3YUEeHHIO 60jee OOIIX CUMILIEKTHIECKIX KO-
OB, PACCMOTPHUM TOApOGHEe CBOUCTBA -0OMepaTOPOB.

Kax yxe T OBOPILIOCE, 0-ONePaTOPLL yI06HO UHAEKCHPOBAThL DJIeMEHTA-
mu rpynnsl G = (Z2) . Bygem o60o3Ha¥aTh MyIBTHHHIEKC 0-OIEpaTOpPa

_ n

1epes Y = (alaﬁla .. 'aanaﬁn) S G .

o-omepaTopsl o6pasyior 6aszuc B L(B®™), 6o1ee Toro, ecTh ecTecTBeH-
Hasg G"-rpadyupoBKa:

Ny _
LB = P C(a(7).
veGn
ﬂﬂﬂ 0-0II€EPATOPOB BBIIIOJHECHEI CJI€OVIOIINE COOTHOIICHIIS

a(n)o(ye) = ()" o(n 4 72) = (=1)* o (y2)0 (1),
rae
n

&(alaﬁla L anaﬁn; O/laﬁia L a;wﬁ;,) = Z(a36§ - O{/yﬁ]) IIlOd 4a

j=1
w(y1,72) = @(71,72) mod 2.

PaccMoTpuM yHETapHLIE MPE0OPa30BaHUA — NENCTBUS yHUTAPHBIX OIe-
patopoB X +— UXU'. Takoe gelicTBme He MeHSeTCH IpH JOMHOKeHum [/
Ha JHUCI0, pABHOE TI0 MOMYJIIO eIJUHUIE, TOITOMY I'PYINA YHHTAPHBLIX Ipe-
o6pazosauuil umeer sug UT(B®") = U(B®")/U(1). OTmernM, aTO yHH-
TapHBIE IPe06PA30BAHUA — JTO B TOYHOCTH ABTOMODP(HU3MBI *-alTeOphl
L(B%m™).

Hac mmTepecylor Taxme mpeoGpasosamms, nas xotoperx Uc(y)UT =
= o(u(y))-c(y) (v: G* = G" — mexoropas dyrxuns). Oneparop Ua(y)UT
SPMHUTOB, I0>TOMY () = %1, TO eCTH MBI MOKEM HAIHCATH

Us()UT = (=1)*D o(u(y)), u:G" =G, v:G" —Zy (14.14)
I'pynma Taxux Ipeo6pa3oBaHUN HA3LIBAETCA PACUIUPEHHOU CUMNAERMUYE-
ckoti epynnotl n oboznavaercsa ESp,(n). OmepaTopsl m3 >Toll Tpynnsl Gy-
TeM Ha3blBaTh CHMILIEKTHYeCKIME. [IpuBeIéM IpuMepHhI.

1. g-omeparoper. o(f)o(y)a(f)t = a(fla(y)o(f) = (-=1)*UVe(y). B gan-

HOM caydae u(y) = 7.

1 /1 1
2. Ouepatop H = ﬁ (1 _1). HemocpeacTBeHnHO IpOBepPSeTCa, ITO

Ho"H=0¢°, Ho"H=0¢", Ho"H=-0".
Taxmm o6pasom, npeobpaszosarme H - HT € ESp,(1).

Mox#o nokasats, uto | ESp,(1)| = 24. Ecan yunTeBaTL (ha30BEIE MHO-
KUTEAN, TO MOAYIUIach Ol 2pynna Kaugddopda nz 24 -8 = 192 smeMenToB.

OcHOBHBIE CBOICTBA BBeLEHHOr0 0ToGpaxenus u: G” — (" TakoBbL:

KJACCHUYECKHE U KBAHTOBBIE KO/BI 131

1. w aumenso ma G".

2. u coxpauseT popMy w, T.e. w(u(f), ul(y)) =w(f,g).

OTobpaxeHns ¢ TaKUMHU CBOUCTBAME, KAK M3BECTHO, HA3LIBAIOTCA CHM-
IIEKTHHIECKIMHE; OHI 00PAa3yIoT cuMnaekmuueckyr epynny Spo(n). Takum
06pazoM, onpegenén romomopdusm ¢: ESp,(n) — Spay(n).

Teopema 14.3. Imé = Sp,(n), Kerd = G" (adpo cocmoum us
o-onepamopos). Takum obpasom, ESp,(n)/G"™ = Sp,y(n).

[na moHmMaHUA JOKA3aTelbCTBAa XKeIaTeIbHO 3HATL UTO-HUOYIbL IPO
pacmupeHus 1 Koromogoruu rpynn [15]. YuraTeno, He3HAKOMOMY € STHMI
HOHATHAMIE, Oy IeT IPEeJI0KeH «OOXOIHON Iy Thy (CM. HHXKE).

MoxasareabctBo. IIpeoGpazosanme (14.14) nomxHO 6BITE aBTOMODP(I3-
MoM #-anre6psr L(B®™). DTo nmeeT MecTo Torja I TOIBKO TOTJa, KOLAA
COXPAHAIOTCA IPAaBIIa YMHOXKEHHUA OMEPATOPOB (). DTO 03HAYAET, ITO
dyuKIUA u 061agaeT YKA3AHHBIME CBOICTBAMI, & U YAOBIETBODSIET yDaB-
HEHIIIO

v(e +y) —v(@) —v(y) = wlw,y), (14.15)
e w(e,y) = LELUD 59) 7,
B cayuae, xorga u — TOXJIeCTBEHHOe OTOOpaxkeHue, mMpaBas HYacThb

ypasHenus (14.15) paBua HymT0. PeleHnsaMu sBIgoTCa Bee IUHENHbBIE BYyH-
xuuu. 1o gokaswiBaeT, uTo Ker § = G”.

Yreepx gerne Im ¢ = Sp,(n) paBHOCHIBHO TOMY, ITO ypaBHeHue (14.15)
IMeeT DellleHne IPH JI060M 4 U3 Sp,y(n). ITo6b Z0Ka3zaTs 3TO, 3aMETHM,
4TO0 QYHKIUA w 06IaaeT CAeVIOMINMI CBONCTBAMI:

w(y,z) —w(x 4y, 2) +wle, y+2) —w(x,y) =0, (14.16)

w(z,y) = w(y, ), (14.17)

w(z,z) = 0. (14.18)

®Dopmyna (14.16) — sro ypaBHenne xonmkaa. OHO o3Ha9aeT, 9TO (YHK-

10 W 3aaeT CTPYKTYPY TPYIIBL Ha JeKapTOBOM IIPOU3BEJeHNN MHOXKECTB
G" x 7% coraacuo mpasuay (z,p)-(y,¢) = (x+y, p+q+w(z,y)). Hoayzen-
Hag rpynma (o6osmaduM ee F) sBasercsa pacmmpenueM (G mOCPeICTBOM
Z.a, T.e. onpegenén romomopduam A: E — G”, A: (z,p) — & ¢ aapom Za.

Ypasuenne (14.17) osmawaer, uro rpynma F abenesa. Haxonen, ypas-
menne (14.18) o3madaeT, YTO BCe 3IeMEHTHl TPYHNELL F HMEIOT HOPALOK 2
(mmm 1). CaegosaTemsno, F = (Z5)?" 1. Orciona sriTexaeT, 1m0 pacmmpe-
e F — (" TpuBmanbHO: cyuecTByeT romoMmopdusm pu: G" — E, Takon
910 Ay = idgr. 3amnuceiBag >ToT roMoMopdu3M B BuIe i: x — (z, v(x)),
HoIydaeM pelieHne ypasHenns (14.15). O
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CymecTByeT OPYToOH, HECKOIBKO KyCTAPHBII CIOCOO NOKa3aTh, ITO
Imé = Sp,(n). PaccMoTpum cregyiomne CHMILIEKTHYECKHE IPeoOpPa3zo-
sarms: (H - H1)[j], (K - KN)[j] m (A(e®) - AT(¢%)) [j, k]. (Hamommmm, TT0
K= (é ?) ). 1Ix o6passl mpu roMoMopduaMe § MOPOKIAIOT BCIO TPYIILY
Spay(n). (Haméx Ha JoKa3aTeIbLCTBO: II00YI0 Iapy BEKTOPOB Y1, Y2 € G, Ta-
KY10 9T0 w(¥1,y2) = 1, MOXKHO IlepeBecTH >TUMH IpeobpazoBanuamu B (1,0,
0,0,...) m (0,1,0,0,...).) Ha camom gene, TAKHM CIOCOGOM MOXKHO IOIY-
YUTH W APYTOU HHTEDPECHBIN Pe3y.abTaT. YKa3aHHBLIE BA€MEHTHI TPyIIIbL
ESp,(n) mopoxgator Bce MaTpunsl [laymm, T.e. sapo romomopdusma f.
CrefoBaTeaLHO, BEPHO TaKOe yTBEPK eHMHe.

YrBepxaenue 14.5. I'pynna ESp,(n) nopoxcdaemes saemenmanu
(H - B[, (5 - KD (Ae®) - AT(0")) [, k).

st mpuMepa mOCMOTPHM Ha geficTBue omepatopa U = A(o”)[1,2]. o
ompegenerno uMeeM Ula, b) = |a,a @ b). denicreue U Ha ob6pasyiomue ai-
re6por L(B®?):

UsiUt = of,
UciUt = o5,
UosUt = 0%,

UotUT = 6703,
IIpuBenéHHEIE pABEHCTBA MOXKHO 0€3 TPYa MPOBEPUTEL MPAMBIM BLITHCIIE-
aueM. OJHAKO IT0J€3HO NPUBECTH OOBACHEHHE (Ha TMaabnaxy. OmepaTop o
MOJKHO MOHUMAaTh KakK HM3MepDEHHe 3HadeHHSA COOTBETCTBYIOIIEro (-OUTa.
IlepBrie nBA paBeHCTBA MPOCTO MOKA3LIBAIOT, KAK MEHAIOTCS >TH 3HATCHIUS
npu 3aMeHe Oazmca, 3afgaBaeMoll /. TpeThbe paBeHCTBO MOKA3LIBAET, ITO
U3MeHeHIe 3HaYeHNsA BTOPOTO (-0MTa KOMMYTHDPYeT ¢ 3aMeHon Oazmca U.
YeTBEpTOE — YTO M3MEHEHNE 3HAYEHUS TEPBOTO (-OUTa NPU HEH3MEHHOM
BTOPOM OUTe B IIOBEPHYTOM 6a3lce O3HAYAET OJHOBDEMEHHOE M3MEHEHHe
3HaYeHNN 060uX (-6UTOB B MCXOTHOM Ga3smce.
lagum Temeps ompejeNeHne CUMILIEKTHIECKOTO KOJa. B mpocTpancTBe
N = B®" mml BhIgernm mogmpocTpaHcTBo M ycaosmamu X;|¢) = [€)
(X; GymeM HasBIBATL NPoSEPOuUHBLMU onepamopamu). IIpoBepotHnble ome-
paTopbl 6yIyT UMETh BH]

X;=(=1)%a(f;), fieG", ¢; €L (14.19)
Bes orpanmteHns o6LIHOCTH MOXKHO CUNTATh, 9TO {f;} ANHeNHO He3aBU-

cumel. [loTpebyem emé, 4T06mI BCe omepaTophl X; KomMmyTuposain. llo-
CKOIBKY X;Xj = (—1)w(fj’f’€)Xka, yCA0BUE KOMMYTHUPOBAHUS O3HAYMAET,

aro w(f;, fr) = 0.

KJACCHUYECKHE U KBAHTOBBIE KO/BI 133

Onpegenenne 14.9. Cumnaexmuueckuti xeanmosnt xod 3anaércs yc-
noBusamu (14.19), rae Bce X; KOMMYTHPYIOT.

Wrax, cUMIIeKTHIeCKOMY KBAHTOBOMY KOV COOTBETCTBYET H30TPOI-
Hoe moAnpocTparcTBo F' C G™; H30TPONHOCTH 0O3HAYAET, UTO A JIOOBIX
f, ¢ € F Bumoaneno w(f, g) = 0. [losToMy pasMepPHOCTb CHMILIEKTHYECKO-
T'0 KOJa JerKO BBIMHCAAETCA.

Teopema 14.4. dim M = 27—dim 7,

Jemma 14.6. JTwboi cumnaexmuneckud kod npusodumca npeobpaso-
sanuamy uz ESpy(n) k emandapmuony sudy, ko2da nposepounvimu onepa-
mopamu seasomes o?[1],... c*[s], 2de s =dim F'.

JoxasarexscTBo. IlogmpocrpancTBo F' C G MOKHO IepEBECTH OTO-
GpazkeHneM m3 Sp,(n) B moampocTpatcTBo I/, cocTosImIee U3 BEKTOPOB BIAA
(0,41,0,8,...,0,6,,0,...,0), rge 3; — mpomusBoabHble. COrIacHO Teope-
Me 14.3, 3ToMy 0TO6pPAKEHIIO COOTBETCTBYET HEKOTOPOE YHITAPHOE IIpe-
o6pazosanne U/ - UT. Ono mepeBonT K0J0BOE TOAIPOCTPAHCTBO B IOIIPO-

CTPAHCTBO, 3aJaHHOE IPOBEPOTHBIME omepaTopamu +o°[j] (j = 1,...,s).
[pumensas gomoamnTersHOe Tpeobpazosanme suga o(f) - o f)T, Bce smaxn
MOKHO CAeTaTh ILTIOCAMI. O

Temeps mocMoTpuM, Kakne omMuOKN CIIOCO6eH 0OHAPYKIBATL CHUMILIEK-
Tuvecknil kon. HamoMunM, 9T0 ko o6HapyxkuBaeT omubkn us £(n, k), ecan

V&), In) € MV Z € E(n, k) (€] Z]n) = e(£) (&) (14.20)

Ilo coobpakeHHAM JIHHEHHOCTH IOCTATOYHO PAaCcCMaTpPHBATL WML J =
=a(g), lg| < k.

Myers n) € M, .. X;lu) = |n) ans neex j, rae X; = (~1)%a(f;).
O6osmaunMm Z|n) = |¢), rae 7 = o(g). Kak MBI cell9ac yBIANM, BEKTOD |¢)
ABIAETCA COOCTBEHHBIM s BCEX IPOBEPOYUHBIX OLEPATOPOB X, MOITOMY
oH 60 MPHUHALIEKUT KOJOBOMY IOJIPOCTPAHCTBY M, 1160 eMy opToro-
HaseH. IloelicTByeM IPOBEPOTHEIM OLEPATOPOM Ha |i):

X310 = X5 Zln) = (<19 2, ) = (<129 Z]y) =
= (<1 ).

Yeaosue |1y € M paBrocuibro ycaosuio w(f;,¢) = 0 gas Beex j. Takue g
06pa3yioT IHHeHHOe IOSIPOCTPAHCTBO, KOTOpOe MBI 0603Ha4YUM F, T.e.
Fro={9eG":¥YfeFuw(f,g) =0}
Bo3MOKHEL creAyIoOlUIe TPU CIydas:
1. g ¢ Fy. Ilpu stom |¢p) L M, mostomy (£|o(g)|n) = 0. Takyio omubky
KOoJa OOHApYXKUT.
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2. ¢ € F. Taxas ommbka (pakTHUIeCKn HEOTIMINMa OT TOXKJICCTBEHHOTO
omepaTopa, Tak KakK OHa He MeHAeT KOZOBOI'0O BEKTOPa |7) (¢ TOIHOCTBIO
10 (pazosoro MuoknTenst). lIyets ¢ = a1 fi + ... + a5 fs, Torga o(g) =
c(g) X7t - ... X%, rae c(g) = +1,+i. B sTom cayaae (£]|o(g)|n)
= ¢(g){&|n) — ycaoBue (14.20) BLImOIHEHO.

3. g € Fy \ F. B srom cayuae (mposepbre!) (£|o(g)|n) He mmeer BHIa
c(g){€|n). Taxyo ommbKy kKox He 0GHADYKHBAET.

DTUMHE pPacCyXJeHISME JOKA3aHa CIeIVIOUas TeopeMa.

Teopema 14.5. Kodosoe paccmoanue daa cumnaexmuneckozo koda M
d(M) = min{|f|: f € FL \ F}.

3aMeTHM OTINYNE OT KJIACCHIECKNX IMHENHBIX KOT0B. TaM K010BOe pac-
CTOSHNE olpelenseTcs Kak HAWMMEHbBINAI HOpMa BeKTopa I3 IOANPOCTPaH-
CTBa C BEIKHHYTHIM HYJIEM. A y CHMILIEKTHYECKUX KOJOB HYJIb Da3 yBaeTCs
IO IOJIPOCTPAHCTBA.

3agada 14.4. TlocTpoliTe CHUMIIEKTHYEEeCKIH KBAHTOBEIN ko Tuna (5, 1),
HUCIPABISIOMNN OJHY OIINOKY.

3agaa 14.5. [JokaxuTe, 9TO He CyMecTBYeT KBaHTOBOTO KOJa THUIIA
(4,1), HcIpaBaAoONEro OJHY OMHOKY.

14.9. Topuieckue koawi. IIpumBegéM BaXKHBIN IPUMED CHMILIEKTHIYE-
cxoro koga. Ou crpourcs Tak. [IycTe ecTh kBagpaTHAS pelneTKa pa3zMepa
r X r Ha Tope. ComocTaBuM KaxjgoMmy eé pebpy mo g-6mry. Taxum obpa-
30M, BCeTo uMeeTcsa n = 12 q-6uToB. [IpoBepOTHEIe OMePATOPE 6YAYT ABYX
THUIIOB.

Puc. 6.
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Tun I 3agaércsa BepimHaMu. BoibepeM HEKOTOPYIO BEPIIUHY § U COIO-
CTABUM €l IPOBEPOTHBIN OIEPATOD

A== I o
J € 3Be3pa(s)
Tun II 3agaérca rpanamu. BeibepeM HeKOTOPYIO TPpaHb ¢ U COMOCTABIM
eIl IPOBEPOYHLIN OLIEPATOD

AP =oith= T o

j€ rpanunna(u)

OnepaTopsl AP g AP KOMMYTHPYIOT, IOCKOJbKY CDAHNNA U 3Be3Ja
BCerJ1a MePeceKaloTCsa 10 I€THOMY duciy pébep. (IlepecTaHOBOYHOCTE ome-
pPaTOpPOB OFHOTO TUIA OUEBUAHA.)

Xora Mut yxazaan r? +r? = 2r? TpoBepOUHLIX OMEPaTOPOB (IO OTHOMY
Ha paHb U Ha BEPIINHY), MeXKIY HEMH €CTb cooTHomenns. IIpoussegenne
Bcex A®)_omepaTopos, kax n mpomssetenne scex A?)-omepaTopos, paBHEI
TOXAeCTBeHHOMY. MOXHO MOKa3aTh, 9TO APYTUX coOoTHommeHun HeT. Ilo-
sTtomy dim F = 2r?—2, a dim M = 22, [lo>ToMy TOPIYeCKIH KO/ II03BOIIeT
3aKOAUPOBATL ABa (-6uTa. IlocMoTpuM, TeMy PaBHO KOJOBOE DACCTOSIHIE
[V TOPUTIECKOT O KOJA.

1 TOpUUecKoro Koga MMeIOTCsl eCTECTBEHHBIE PA3IOKEHIs
_ (w) (2) _ () (?)
F=F%qF", Fy=F @ FY

Ha IOIPOCTPAHCTBA, COOTBETCTBYIOIINE IPOBEPOTHBIM OLMEPATOPAM, CO-
CTOAIINM TOIBKO 13 07, 160 Toabko u3 0. Takne kogsl HazeBatorcs 59
rodamu (1o GpaMHUINIM aBTOPOB, BIEPBLIE PACCMOTPEBIINX 3TOT KIACC KO-
J0B [25, 44]). B cayuae TOPUIECKOT0 KOJa 2IeMEHTH HOAIPOCTPAHCTB F),

Z
F_E_ ) mveroT Bug (0,51, ...,0,5,); IM MOXHO COOCTABUTS 1-1em, T. €. Gop-
MaJbHBIe JIHHENHbIe KOMOUHauuu pébep ¢ xoddduiuenrtamu 1, ...,0, €

xr xr

€ Fy. DaemMerTaM MOANPOCTPAHCTB F ), F_E_ ) comocrapamoTes 1-xoremnu.

Z Z 3]
PaccmoTpum BekTOp flg ) € F ), OTBEYAOUINN I'PAHN ¢ HOMepoM u. Emy
6ygeT comocTaBieHa 1-1enb, ABISIOIIAICA IPAHNLEN >TOU IPaHu. Jlerko Bu-
1eTh, 4To mpocTparcTBo F(*) cocTouT m3 Beex 1-rpammi. AHAIOIHYHO, BeK-
xr »

TOpaM fs( ) 6YIyT COMOCTABIATHCA 1-KOUDAHUIL, IOPOXK JAIOLINE BCE MPO-
CcTpaHcTBO l-Korpammi.

Bo3bMéM NpPOM3BOIBHBIA DJAeMEHT ¢ € Fy, ¢ = g + ¢, Yeaosus
KOMMYTHPOBAHNS 3AMUIIYTCA CIeIYIOMINM 06pa3oM:

W(fi,9)=0 = w(f",¢) =0,
w(flgz),g):() = w(f52>,g<f>):0.
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YT06bI BLITOJHAIOCH w(fs(x) , g(’z)) = 0, HyKHO, ITOOHI B 10601 3Be371e ObI-

710 IéTHOe HmeIo Pébep ¢ HeHyaeBRIME Becamn um3 ¢l?). JIpyrumu caosamu,
¢¥¥) — 510 1-muKa (¢ xoodpdunuenTtamu B Zs). AHATOTHIHO, ¢ pomxken
OBITE 1-KOIIMKJIOM.

Hrak, npocTpancTBa Ff), F_E_x) cOCTOAT U3 1-1UKI0B I 1-KOIUKJIOB, a
npocrpasctsa F(*), F(#) cocroar m3 1-rpammn n 1-xorpammm. CiegoBa-
TeIbHO, KOJOBOE PACCTOAHNE €CTh MHUHEMAIbHAS MOIIHOCTH (KOIMYIECTBO
HeHYJIeBHIX KO)(QUINEHTOB) 0 LHKJIAM, He SBIAIONMMCA TDAaHUIAMH, I
KOLNKJIAM, He SBIAMOIIIMCSI KOUPDAHNIIAMI. JIerko BUAETH, 9TO TOT MIIHI-
MyM paBeH 7 (HyXKHBI AH0O0 IUKT, 1060 paspes, He roMoaoruuasie ). o
O3HAYAEeT, ITO TOPHIECKNUN Koj ucnpasaseT |(r — 1)/2] ommboxk.

Byaem o603Ha"aTE KOABL onucaHHOTO Buga depes TOR(r).

3ameuanme. Topmdeckne KoABl ABISIOTCA OUYeHDL BAaXKHBIM IPUMEPOM,
006JaJaIONMM PAJOM 3aMeYIaTelbHBIX CBOUCTB. B YaCTHOCTH, 3TO Kodbl ¢
AokaabHuMu nposepramu. Ilocre1oBaTeTLHOCTD KOJOB HA3BIBAETCA KOJAMI
C JTOKAJIbHBIMH IIPOBEPKAMMU, €CIN BHIIOJHEHBI CJAeIYIONINe YCIOBIA:
—  KaXJBII IPOBEPOYHBIN OIEPATOD JeNCTBYET Ha OrPDAHIYEHHOE KOHCTAH-
TOHN YKCI0 |-6UTOB;

— KaXJABI (-OUT BXOAUT B OTDAHUYEHHOE KOHCTAHTOU HHCIO IPOBEPOT-
HBIX OIIEPATOPOB;

— KOJOBOE PacCTOAHIE HEOTDAHMYIEHHO BO3pacTaeT.

Takue KoIBI IPeICTABAAIOT HHTEPEC A1 38 AN IOCTPOEHNI BEITICINTENb-
HBIX CX€M, yCTONYNBHIX K ommnbkam. [Ipu ncnpasiennn ommn6oK MOTYT IPO-
nCcxoAuThL HoBHle ommbxu. Ho 1ag K0J0B ¢ JOKATLHBIMHI IPOBEPKAMH CXe-
MBI ICIpPaBIeHNA OMNO0OK NMEIT (PUKCHPOBAHHYIO INIYOUHY, IIO3TOMY OTHA
omnbka npu paGoTe TAKOU CXEMBI IOPTUT OFPAHNYEHHOE HHCIO (-OITOB.

14.10. IIpouneaypa ucnpasiaenus oumbGok. QOnpegenenne 14.6 u Teope-
Ma 14.2 yka3bIBalOT TOJBKO Ha IPUHINIHAILHYI0 BO3MOKHOCTH BOCCTAHO-
BHTBL MCXOJHOE COCTOSHEE CHCTEMBI Tocae geicTBuA ommbku. Ha mpuMepe
CUMILTEKTUIeCKIX KOJ0B IIOKaXKeM, KaK Pealn30BaTh IPoIelypy HCIpaBJe-
HUA OIMNOKH.

PaccMOTpuUM YacTHBIN CIydall, K KOTOPOMY BCe CBOAWTCA. 1lycTh mMe-
I0TCA gBe OUMOKH, 3afaHHBle omepaTopaMu X = o(g1), Y = o(g2). Torza
7 =YX = co(g1 — g2) (|c| = 1). Hazosém cundpomom ommbxm g, BeKTOD
(w(gr, f1)y .- w(gr, fs)) (mas g2 — amamorm<Ho).

Bospmém BekTop |7) € M. O6osraunm |¢p) = X|n). IIposepounsie ome-
paTOophL JeHCTBYIOT Ha |¢) Tak: X;|¢) = (=1)«(g1:f3) |4b). TlosTOMY, m3Mepssa
cobCTBeHHBIe MHcIa X Ha COCTOAHNN |¢), MOXKHO N3MEPHTH CHHIPOM.
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- - ~~ [uamepenue\ ™" - -
a(f)lm)y =cln) | : @ : D . | cungpoma | - H : ‘ : I
- - - - - -

g’ cungpom(g’) = cungpom(g)

g =9+f J[fEF

Puc. 7. Ucnpapienue omm6ku

Ecan xogoBoe paccrosHme paBHO k, TO BBIIOJIHEHO

V91,92 ((|91| <kl <k)=2 (-9 €F)V(n—9 & F+)))~

Ycaosue g3 — g2 € F o3HadaeT >KBUBAJIEHTHOCTH OIMIOOK ¢ W (2, T.e.
a(g1)|n) = eo(g2)|n) pas apoGoro BekTOpa |7) U3 KOJOBOI'O HOANPOCTPAH-
cTBa. YcaoBue g1 — g2 € Iy PaBHOCHIBHO TOMY, 9TO CHHAPOMEL OLIUGOK 1
u g, He coBmAaroT. Tak, Mu60 OMMOKN >KBUBAJEHTHEI, JUOO HX MOXKHO
pazamauTs 1o cuHapoMy. CieloBaTeabHO, IO CHEIPOMY MOXKHO OINpeIeanThb
ommOKy ¢ TOYHOCTBIO J0 3KBUBAJEHTHOCTH, T. €. TI0 MOYJIIO TOAIPOCTPaH-
cTBa F.

Tenmepb ACHO, KAK HYKHO HCIPaBAATL oMmOKy. Ilocae TOTO Kak ompe-
OeTéH CHHIPOM, MPUMEHUM OIepaTop, OOPATHLIA K OMepaTOpPy BOCCTAHO-
BJAEHHOW MO CHHAPOMY OMMOKH. IIoAy<9uM COCTOSHUE, OTINYAIONIEECH OT
HCXOTHOTO JHITh Ha (Pa30BLII MHOXKNTEIL. Bes mpomeaypa n3obpaxkeHna Ha
puc. 7.

Beimme paceMoTper caydail ommbxu tuna o(g). Ha camom gexe omubka
COCTOUT B J€ICTBAN MPeoOPA30BaHUA MATPHUI] ILIOTHOCTH BIIa

— § ’ nt
T = bhyh/O'(h) O'(h) .
[RI<E R <R
B kadecTse YHOpaXHeHUud YUTaTen0 IpellaraeTca IIPpOBepUTh, KakK pa60—
TaeT HpI/IBe,E[éHHaﬁ BBIIII¢ CXeMa B CJAy'ae TaKor'o 006111eT O HpeOGpaBOBaHI/IH
MaTpHI IIJIOTHOCTH.

Sagada 14.6. IlocTpoiiTe HOIMHOMHUAJBHBIN AJCOPUTM OLIpEIeIeHNT
OIINOKN 10 CHUHIPOMY 18 TOPHUYECKOT' O KOIa.

14.11. Auunons (WUIOCTPATUBHEIA MPUMED HA OCHOBE TOPHIECKOT0 KO-
Aa). Ha mpumepe TOpIIecKoOro xoga MOXKHO JaTh (oJee TOTHOE IPEICTA-
BIeHIEe 06 AHMOHHBIX CHCTEMAaX, 0 KOTOPHIX NOBOPUIOCH BO BBEIEHU.
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WTak, BHOBb pacCMOTPHM KBaJPAaTHYIO CeTKY Ha Tope (a MOXKHO I Ha
IJIOCKOCTH — celldac Hac 6yJeT HHTEPECOBATH TOJILKO €€ IeHTpPalbHAas
wacTh). Kak u panbime, 11 KaxTOH BepIIMHBI § U KaXJOI TPAHH U Pac-
CMOTPUM IPOBEPOYHBIE OIEPaATOPHI

A= II o AP= I o

j€ 3Be3na(s) j€ rpanunna(u)
CocTosiHEe KOJ0BOTI0O HOANPOCTPAHCTBA 3a,1a€TCA YCIOBIAMIE A@ 1€ =€),

Z
Al )|€> = |&). Ix MoxHO mepenucaTh ApYruM cmocoboM. PaccMoTpuM cie-
OVIOMIII 2aMUAbMOHUAH — 3PMHUTOB OLMEpPaTOP

H=Y (I-A")+> (1-Ap).

DTOT OIepaTOp HEOTPHUUATEILHEIIL, IPIUYEM €r0 HyJIeBOe 0 IPOCTPAHCTBO
B TOYHOCTH COBIIAJa€T C KOJOBBIM IIOANPOCTPAHCTBOM TOPUYECKOT'O KOTIa.
Taxum 06pa3zoM, BEKTOPHI U3 KOJOBOI'O IOANPOCTPAHCTBA SABIAIOTCA COO-
CTBEHHBIMH I 06.13Ja10T HaIMeHBbIIIell SHepruell (T. €. COGCTBEHHBIM THCIOM
raMU/JIbTOHHAHA). Takne BEKTOPHI HA3BIBAIOTCA OCHOEHLIMU COCTROAHUAMU,
a BEeKTOPHI U3 OPTOTOHAILHOTO JOTOJHEHUSI — G036YHCOEHHBIMU COCTMOA-
HUAMU.

PaccmoTpum Bo36y K AEHHBIE COCTOSIHIIA C HAIMEHBIIIEN HEHYIEBOI SHED-
ruell, KOrjga HapyIIeHO POBHO OBa yCJIOBHA (HampuMep, BepumHHBIX). (Iu-

(@) _

CI0 HApPYIIEHHBIX YCIOBHHI KaXkJOrO THIIA 6THOE, MOCKOIBKY |[, As ' =
Z
= AY) = I.) Torza 11 ABYX BepIINH, B KOTODBIX KOZOBEIE YCIOBHA
U k)
HapYIIAIOTCA, BEIIOIHEHO
xr _ xr —
APy = =n), A ) = —|n).

Kax MOXHO mOIyInTh cOCTOAHUE |7) U3 kKogosoro cocrosuus |£)7 Coexn-
HEM p n § pemérTouHblM myTeM () u mogelcTByeM Ha |£) omepaTopoM

J— 2
W =[l;ec, 05 DTOT omepaTop KOMMYTHpPYeT ¢ IPOBEPOTIHBIMH BepIINH-
HBLIMH OIlePATOPaMHU AT BCeX MPOMEKYTOUHBLIX BepmuH myTn C, a B KOH-

xr xr
I[aX — AHTUKOMMYTUDYET: WA® = —ADW. Honoxum [n) = W|¢)
HOKaXeM, 9TO |7)) yAOBIeTBOPseT TpeGyeMBIM cBoHcTBaM. Jlasd BepImHE §
(aHAMOTHYHO U 4 p) UMeeM
= = @)y = _ A®) = (w)

xr
(A§ )|€> = |€), Tax xak cocrosHue |£) — KoZOBOE).

JIt060€e CoCTOARNE CHCTEMBI MOXKHO MOCTPOUTE W3 DIeMEHTAPHBIX BO36Y-
XK IeHWN IBYX THIOB, OJHH I3 KOTODLIX (KUBYT» Ha BepIINHAX, APYTHE —
Ha TpaHaX. JJIeMeHTapHOe Bo30yXKJeHWe — 3TO IPOCTO HapyIleHHOe KO-
MOBOE YCJAOBHE, HO Telepb MBI AyMaeM O HEM Kak O 9acTHIe. 1acTHIbI-
BO30Y K TeHIS MOKHO IBUTAThb, CO3JaBaTh I yHHITOXKaThb. [lapa Bo36Yy X ne-
HUI IEPBOTO THIA HOAYYIAETCA H3 OCHOBHOTO (KOJZOBOIO) COCTOSHESA Ael-
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S S
ol lp "1
TR

U == o= = o = U == = = b =P == =
* fon X * >3 c

a) 6)

Puc. 8.

cTBHeM omepaTopa V/, NpUBeNEHHOT O BEINIE; TMapa Bo30yXKJIeHHH BTOPOTO
ied i T
THIA — ZEfiCTBHEM OmepaTopa V =Tljec,0f, rae C> — myTs, coegunsa-
IOIMNE IBe UpaHN, Kak MOKa3aHo Ha puc. 8a). Kak u paHbime mposepseTcs,
(2) _
aro Ay’ (V]€)) = =V |€).

ITo cay4mTes, ecan JBUMaTh BO3OYXK JeHIE OFHOTO THIA (KPECTHK) BO-
KpYT B030yX AeHus Broporo tuna (kpyxouka)? (Cm. puc. 86).) JBuxkenne
BO30Y X JeHHUS OLUICHIBACTCA OLMEPATOPOM | | o? =11 A saBncsmm

YKL p P jec' 5 = 1l 40 7 111
oT xkoHTypa ob6xoga C’ (3geck r mpobGeraeT Bee rpanu BayTpu C'). OdeBua-

HO, ITO AE«”|¢> = |¢) mas Bcex r # p. B peayapTaTe MBI HOIYHNM

) = [T ofle) = A [v) = —[v).
jeC
TO €CTEh BEKTOD COCTOSHUS JOMHOXNJICS Ha —].. 3TO I O3Ha'daeT, ITO pac-
CMaTpPpHUBAaCMEBIC BOBGy)K,E[eHI/IH ABJJIAIOTCS (aGG.ZIeBBIMI/I) AHITOHAaMI.

Ha Tope MOXHO IBHTATh YaCTUILI IO ABYM PAa3JUYHBIM ITUKJIAM, 0Gpa-
3ytoimM 6a3uc B rpynme romMogorui. Hampumep, MOXKHO CO3JaTh I3 OCHOB-
HOT'O COCTOAHUSA TTapy BO36YXKIeHUH OTHOTO THIA, 0OHECTH OTHO I3 BO36y-
KJAEHUN [0 MUKIY U IPOAHHUTUINPOBATE CO BTOPBIM BO30YXK JeHIEM. DTOT
IIPOLIECC OIIUCHIBACTCS HEKOTOPBIM OIIEPATOPOM, rE[eI‘/,ICTByIOI_T_II/IM Ha KOJOBOM
IOANIPOCTPAHCTBe, — IPOU3BelcHIEM O'j» BJOJb IIyTH Ha pelleTKe, 1160 O'f»
BIOJb IYyTH Ha ABOUCTBEHHON perméTke. [JoCKOABLKY CyliecTBYyeT ABa THIA
BO30YXK IeHNUN, MBI UMeeM 4 TakKuX OmepaTopas: Yl(z) u Yz(x) COOTBETCTBY-

6 Y(Z) Y(x) _ D

10T OJHOMY Oa3ncHOMY HHKIY, a Y, ' m Y] ADYToMy. DTH OLepPaTOPHI
JeHCTBYIOT Ha JBa 3aKOIHPOBAHHBIX -0uTa kak 07,07 (i = 1,2), moro-
MY 4YTO OHE 00JaJal0T TAKUMHI Ke KOMMYTAINOHHLIMHI COOTHOUIEHUSIMMN:

Yi(x)YZ»(Z) = —YZ»('Z)YZ»(x) (ocTanbHBIE Haphl KOMMYTHDYIOT).
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Pemrennsa 3agada

B 5Ton "acTm IpUBOATCA peIleHUs 3ajad WIn HeOpMaAbHbIE YKa3a-
HIUSL, TOJb3YACH KOTOPLIMI 3ANHTEPECOBAHHEBIN IINTATEIb MOXKET BOCCTAHO-
BUTH CTPOrO€ PeEIIeHNe CaMOCTOATENbHO.

W3 pazgena 1

1.1. HedpopmanbHO omucaTh TaKyio MamnHy Jerkxo. OHa mepeHocuT CuM-
BOJIBI IO OJHOMY CJIeBa HAIPaBO I CIpaBa HaleBo, MOKa He 06HAPYKUBAET,
ITO TOCTUTHYTA CEPEeNUHa CI0Ba, IMOCTe IeT0 OCTaHABINBACTCA.

Manum Temeps GopMaibHOE ONICAHHIE dTOH MAIHHEL.

Buemnun anpasut: A = {0, 1}. Andasur § = {_,0,1,x, 0, '}, nomu-
MO CHMBOJOB BHEITHETO al(aBUTa U TYCTOTO CHMBOMA L., BKIIOYAET TPH
BCIIOMOTATEIBLHLIX METKH, YKa3bIBAIOIINX Ha IIOIOKEHIe CHMBOIOB, KOTO-
pEBIe IePEeHOCATCA.

MHOXeCTBO COCTOAHNI YIPABIAINIEr0 YCTPOICTBA

Q =1{q0,9f,70, 71,10, 1, lor, 11}
Byxsel r u | yka3piBaioT Ha HampaBIeHIe IePeHOCa CIMBOJA, HHICKCH IPH
>TuX 6yKBax — Ha IePEeHOCHMEIN CHMBOIL.

Teneps 3a1a1uM GYHKIIIO Tepexonos. [1g Bcex map, Ha KOTOPHIX (DYH-

KI[US IePEeXOJ0B He OIpedeleHa IPUBONMEBIME HIKE IPABIIAMH, €€ 3HATe-
HUA MOXHO BBEIONDATH IPON3BOJILHO.

Hawaao paboTsr:
(q0,0) = (ro, *,+1),
(90, =) = (g0, 0, —1).
IlepBas cTpoka o3HAMAET, ITO MAIINHA TOCTABIIA METKY B IIEPBOU MO3MITNN

U IOHEeCIa BIPaBO CHIMBOJ, KOTOPHIN B Hel ¢TOsLI. Bropas cTpoka o3mavaer,
9TO Ha IIYCTOM CIOBe MAallliHa CPAa3y OCTAHABANBAETCH.

(QOa 1) — (rla *, +]—)a
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Ilepenoc Bupaso:
(ro,0) = (r0,0,+1), (r1,0) = (r1,0,+1),
(ro, 1) = (r0,1,+1), (ri,1) = (r1,1,+1).
Mammsa IBUTaeTca BIPaBO, MOKa He JOCTHUTHET KOHIA CIOBa MIH MeTKIH.

Ilepemena HanpaBieHIs JBHKEHNS CIPABa HAJIEBO COCTOUT U3 ABYX [ell-
CTBUIH: CHATBH METKY (€C/JH TO He IYCTOH CHMBOII)

(ro,0") = (lor, 0, —1), (r1,0") = (l1/,0,-1),
(ro, 1) = (lor, 1, -1), (r,1) = (l/,1,-1),
(ro, o)~ (lor, oy —1), (ri,o) = (I, 0, —=1)
U IOCTABUTH €€ Ha JEeBOT'O COCENa
(lor,0) = (lp, 0", =1),
(lor, 1) — (11,0", 1),
Ilepenoc BaeBO:
(ly,0) — (lp,0,—1),
(lo, 1) — (I1,1,-1),
Ilepemena ABUKEHIA CleBa HANPABO:
(o, *) — (g0, 0,+1), (l1,%) = (qo, 1,41).

3aBeplrenre pabOTHL 3aBUCHT OT U6THOCTH JINHBL CIOBA: NPHU IETHOU
[UINHE OCTAHOBKA MPOUCXOJUT IPU HAaYaTe JBUKEHIUA BIPABO

(QOaO/)'_)(QfaOa_l)a (q0a1/)'_>(Qfa1a_1)a
a [Ipu HEYETHONU NIHMHe — IIpH Hadaje IBUKEHHUA BJICBO

(ZO’a*)'_)(QfaOa_l)a (ll’a*)'_>(q‘fa1a_1)a
(Qf,o)'—>((]f,0,—1), (Qfal)H(Qfala_1)~

1.2. HedopmalbHo genaeTcs cIegyioliee: KO BTOPOMY CIaraeMOMYy IIO-
0IepEIHO JOGABAAIOTCA Pa3PAILI IePBOro, JO6ABICHHEIN Pa3pia]l CTHpaeT-
ca. Jlo6aBienne oJHOTO Pa3pAga IPONCXOJUT 3a BPeMfA, He IpeBLIIaonee
VIBOEHHOI JIMHLI BTOPOT'O CIAraeMoro, Tak ITo oOIee BpeMsa paboThl Ma-
IIIHBL KBaJPATHYHO 3aBHCAT OT [JIMHBLI BXOA.

Hagum Temepsb (popMaTbHOE ONHCAHNE TAKOH MAIIHHEL

Buemnun aadasur: A4 = {0,1,+}. Aapasur S = {.,0,1,+,0, 1", +'},
OMIMO CHMBOJIOB BHEITHEr'o aadhaBHTa I MYCTOrO CHMBOJIA L., BKIIOYAET
TPH BCIOMOTATEIbHLIX METKI.

(11/,0) — (ZOa 1/a _1)a
(11/, 1) — (11, 1/, —1)

(11,0) — (10,0,—1),
(11, 1) g (11, 1,—1).

MHOXKeCcTBO COCTOSHUN YIPABILIOUIETO YCTPOUCTBA

Q= {40,497, 9,70, 71,10,11,d}.
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Byxksol r u | yka3bBaloT Ha HalpaBJeHNE MePEHOCA CHMBOIA, NHAEKCHI IPH
>THX GyKBax — HA [IePEHOCHMBIN CHMBOJ (BIEBO MAallllHa HOCHT OHT Iepe-
HOCA B CIeIYIOINNH pa3psaf, a BIPaBo — J0OaBIAEMEIN OUT), B COCTOAHIN d
MAIllHA OCYIeCTBASET CTUpaHIe 06pabOTAHHOT O pa3psjia.
Teneps zagaanM ¢yukiuo nepexoqoB. Kak u B 3agade 1.1, 11g He ymo-
MSHYTBIX HIXKe Hap QYHKINS IePeX00B OIPeLeleHa IPOU3BOILHO.
Hauamo u xonen paboTh:

(QOaO)'_) (q0a0/a+]—)a (q0a1) — (QPa]-/a'i']-)a ((]0,-1-) — (daoa_l)a
(anO)'_)(qP’Oa+1)a (qpal)H(qpala—i_l)a (QPa—i_)'_)(daOa_l)a
(4p,0") = (g7,0,+1), (g5, 1) = (g7, 1,+1),
(Qf,O)'_)((]f,O,—l), (Qfal)H(Qfala_1)~
Ca,MBII;,I JIeBBIfI CHIMBOJ II€PBOI'O CJaaraeMoro loMedaeTcs, 9TOOLI He IIPOILy-
CTHTBHb KOHeEIT pa6OTBI. ,Z[aJIee MallllHa OBIXKETCSI BIPAaBO B COCTOSIHUN qp.
Ecan mammgen 3Hak +, TO IPONCXOOUT IepeXoq K HAYAIy NOOABICHUSI Ote-
pPeIHOr O CaaraeMoro. ECJII/I Haﬁ,qua Me€TKa, TO OHa CTHPaeTCda, a MalllllHa
OCTaHaBJAUBaeCTCHA. HpI/I JTOM HAa JEHTeE OCTaéTCﬂ pPe3yabpTaT CI0XKEHNA (C‘H/I—
TaeM, ITO CYMMa MOXKET HAINHATBCI HyﬂﬂMI/I).
Onpegenenne o4epegHOro 6mUTa, KOTOPHI HYXKHO JO6ABISITE KO BTOPO-
MYy cjadaraeMoMy, II€EPEHOC €r'0 BIIPDABO U IIEPEXOd B PEXKUM CIOXKEHUSI:
(d,0) — (ro,+,+1), (d,1) = (r1,+,+1),
d,0") = (ro,+', +1), d, 1) = (r,+, +1),

( (

(ro,0) = (r0,0,+1), (r1,0) = (r1,0,+1),

(ro, 1) = (ro, 1,+1), (ri,1) = (r1,1,+1),

(ro, o) — (lor, oy —1), (r1, o) = (4, o, —1),
(ro,0") = (lo/, 0, 1), (r1,0") = (11,0, -1),
(ro, 1) = (lor, 1, 1), (r1,1) = (L, 1, -1),
(lor,0) = (I, 0", =1), (11,0) = (lo, 1", 1),
(lor, 1) = (I, 1/, 1), (I, 1) — (11,0",=1).

CJIO}KeHI/Ie, IIOKa He¢ JOCTUTHYT 3HAK +
(16,0) = ({0, 0,-1),

(lo, 1) — ({0, 1,-1),

(l )i—>(d,0,—1), 11,+)'—>(d,1,—1),

(l /)H(qp’o’_l)’ ll’+/)'_>(QP’1’_1)'

HOCJIe,E[HHH CTPOYKa IIPpUMEHAETCA B KOHIIe, KOI'Ja JeBee 3HaKa —|—/ YK€ HI-

1ero HerT. HOBTOMy MallllHa HaINHaeT ABUTIATHCA BIIPDaBO, 4T0OBI CTepeTh
OCTAaBIIIYIOCA METKY.

[1,0) = ({p,1,-1),
11, 1) — (11,0,—1),

o~ o —

0a+
0a+
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1.3. [Joka3aTelbCTBO OT IPOTUBHOTO. IIpEMOI0KHNM, ITO TAKON AT 0-
PUTM €CTb, T.e. CyIlecTByeT MamnHa A, koTopas Ha Bxoge ([M], x) gaér
OTBeT «fa», ecin MammHa M ocTaHABINBaeTCS Ha BXOJA€ T, B IPOTHBHOM
caydae JaéT oTBeT «HeT» (depe3 [M] oGosHadeHo omncanme Mammusr M ).
Toraa ecTh u Takas mammea A’, KoTopas Ha Bxoge X MogeanpyeT paboTy
A ma Bxoge (X, X). 3arem, ecan orseT mamuubl A — ¢1a», To A’ Haunnaet
IBUTAThL COJOBKY BIIPABO U He OCTAHABINBAETCS, a €CIU OTBeT A — (HeT»,
To A’ ocTamaBamBaeTcs.

Ocranosurcsa au A’ Ha Bxoge [A’]? Ecau ocranosuTes, To A gaét oTBeT
«ga» Ha Bxoge ([A'],[A]). Torga, mo ompenerennio mamuusl A', Ha BXoze
[A’] oma me ocramoBuTca. Urak, A’ ma Bxoge [A’] He ocranasiusaerca. Ho
Torga A maét orseT «HeT» Ha Bxoge ([A'],[A']). Ho sTo o3magaer, uro A’
Ha Bxoge [A'] ocramaBiusaerca. [Ipumin Kk TpoTUBOpPEUNIO.

1.4. Bo-mepBBIX, 3aMeTHM, ITO €CTh AATOPUTM, KOTOPHII BLIINCLIBACT
omuy 3a apyroii Te MT, koTopsle ocmanasiusaiomecd, 6yIyIn 3amyIleH-
HBIMH Ha IIyCTOH JeHTe. DTOT alIrOpUTM mepeGupaer Bce mapsl ([M], n)
([M] — omncamme mammusl M, n — HaTypaIbHOe HHCIO) M JIf KaXKAOH
mapsl MoJeaupyeT paboTy M Ha IycToM BXofde B TedeHHe N TakToB. Ecin
3a 3TO BpeMA IPOUCXOTUT OCTAHOBKA, TO M BKIOTaeTCA B CINCOK, €CIN
He 6BLTa BKIIOYEHA B HET'O PaHee.

Ecin 651 cymecTBOBaI €mé U TaKoH alrOpUTM, KOTOPHIH BLIMTHICLIBAET
OIHY 3a JPYTOH MAaINWHBI, He OCTAHABIHBAIOIINECA Ha ITYCTOM BXOge, TO
MOZKHO OBLTO 6Ll IOCTPOUTE U AT OPHTM, IPOBEPAIONINI, OCTaHABINBAETCA
an MT A ma mycToM Bxofe: 3amyckaeM 06a alIrOpUTMa IePeTNCACHUS I
XK I6M, KOTJa omncanne A MOABUTCA B OJHOM IIHN B IPYTOM CIIHCKE.

Ho Torga cymecTBoBaI 6B H aIrOPHTM, peIIaioMUi Tpo6IeMy OCTa-
HOBKH: To MammnHe M 1 BXOIy ¥ JerKo CTPOUTCA MallmHAa, KOTOpasA CHaYa-
Ma 3amHCBIBacT T Ha JEHTY, a 3aTeM ModernpyeT paboTy M. Tax «To us
OpeasIIyIell 3afa<n 3aKI0TaeM, ITO HeT aIrOPUTMa, MEePEeINCIAIONIEro
MAIIIHLI, He OCTAHABINBAIOMINECA Ha IyCTOM CIOBE.

1.5. Orpamnunmcs ykazarueM. i 10600 BeraucanMon Gpyaknnm b(n)
IpU JOCTATOYHO GOJBUINX N CPEJU MAIIUH ¢ N CHMBOJaMu aadaBATA U
N COCTOSHUAME, OCTAHABIMBAIOIINXCA HA MYCTOM BXO[€, MOXKHO HAUTH U
TaKyi, KOTOpas BHYHCAAeT nb(n), a 3aTeM BEIYUTAET U3 >TOCO TUCIA IO
eJUHIUIle, TOKA He TOUAET M0 HYJ/IA.

1.6. Ilycte mmeerca aByxaerTounas MT M,, paboraromias 3a BpeMms
T(n) > n Ha Bxogax gaussl n. OnumeM HedOpMaIbHO MamnHy M ¢ equH-
CTBEHHOU JeHTOU, MOJEAUPYIONIyIo padoTy Ms. AnpaBuT >TOH MAaIINHBI
JOCTATOYHO BEINK, 9TO6BI KOJUPOBATDL B OJHON SYeHKe CONEPKIMOE AIeeK
C TeM JKe HOMeDPOM Ha JeHTax My m uH(GOpPMALNIO O MOI0XKEHUHN [OJ0BOK
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(Ha KaKuX JeHTaxX COJOBKH HaXOZATCA Hal SIEHKON C TeM JKe HOMEDOM).
Yupasasmoiree ycTponcTBo M TMO3BOAAET 3aMOMHUHATH COAEPKAMOE ste-
€K, HaJ KOTOPBIMEU HAXOATCI TOJOBKU Mo, U COCTOAHNE YNPABIAIOIIETO
ycTponcTBa Ms.

Mammuua M; paGoTaeT MuKIaMU, KAk IbIN U3 KOTOPLIX IMUTUPYET OJUH
TakT paboTel M. B Hauaze kaxgoro mukia roloBka M HaXoguTcs Ham
CaMON JIeBOU AIENKOMN.

I[Muka cocTonT U3 ABYX MOCAENOBATEABLHBIX IPOXOA0B IO 3aNNCAHHOMY
croBy. Buavame M) aBumKeTcsa BOpaBO U cOOMpaeT MHPOPMAIUIO O COCTO-
AHUAX B g9enkax My, HAL KOTOPBIMU HAXOAATCA MoJoBKA. IIpn oGpaTHOM
poxXoe cIpaBa HalxeBO M| BLITOMHSET JeHNCTBUA, HMATUPYIOIINE TAKT Pa-
6oTer M. Ha xaxgoe Takoe nenictue Tpebyercs O(1) TakToB.

Iuka semmoanserca 3a O(S) TakToB padorsl My, rge S — pamHa nc-
HOAB3yeMOH JacTH deHTHL. Tak kax 7'(n) > n, To S < max{n,T(n)} =
T(n). MosTomy M; paboraet 3a Bpema O(ST(n)) = O(T?(n)).

1.7. Ipusegém emé Gomee HepOpMAIbHOE, UeM B IPEABIAVIINEN 3agate,
ommcaHue aaropuTMa. AapaBuT MOIeSUPYIOUIEN MAIIIHLL BEIGepeM JOCTa-
TOYHO GOIBIINM, YTOGL KOAUPOBATH B OJHON AUeNKe COAEPKIMOE AIeeK Ha
BCeX JeHTaX, NHGQOPMALNIO O HOJOKEHNN TOI0BOK (Ha KaKUX JEeHTaX TOT0B-
KN HaXOQATCA HaJ JAHHOHN S4elKOll) H NONOJHUTEIbHBIE METKH, KOTODBIE
noTpebyioTca B Ipolecce paboTHL.

Onumem aaroput™M A, KOTOPHII pelllaeT TAaKYIO 3aJady: Ha OJHON W3
JEHT 3alHCcaHo cIoBO (1, w), Ha BTOPOH NOIOBKA HAXOAUTCA B KOHIE HC-
OAB3YEMON YacTH JEHTHI, HYKHO IPOMOLEINPOBATL PaGOTy TPEXIEHTOY-
HOJ MAIlNHBL 3a [IEePHOJ BPEMEHH ¢ (3aNHCAHHLIN JBONYHBIM CIOBOM), €CIH
BHAYaJe COCTOSAHNE JEHT OIPELEICHO CIOBOM .

Samuimem Ha cBOGOLHOE MECTO Ha BTODOI JeHTe IucIo {/2; mocae wero
cxomupyeM Tyga xe ({/2)-0KpecTHOCTH KaX O U3 TOJOBOK Ha BCEX TPEX
JEHTAaX ICXOTHON MAIINHLL I IePEMEeCTHM [OJ0BKY B KOHEII CJI0BA W (B KOHEII
HCIOJB3Y€EMON JacTH MEPBON 1eHTH ). K HoIyIeHHOMY Ha BTOPOIH JEHTE CI0-
BY IPUMEHNUM PEKYPCUBHO aIropuT™M A, mo 3aBepiiennn ero paboThl CKOIII-
PYEM Ha IEPBYIO JEHTY PE3YIbLTAT MOLEINPOBAHIS, CKONIUPYEM HAa BTOPYIO
1eHTy (t/2)-0KpeCcTHOCTH T'OT0OBOK BO BHOBB HOLYI€HHOM COCTOSHHUH, OTBE-
9AlolleM COCTOSHUI0 TPEXAeHTOTHON MAIINHLL Hocte (/2 TakToB paboTHL,
OISITH IePEMECTHM [OJOBKY B KOHEI ICIOIb3YEMON YaCTH IIEPBOU JEHTHL.
Emé pa3 pekypcuBHO npuMeHuM A K CJIOBY Ha BTODOI JeHTe, IO 3aBepIile-
HUU er0o paGoThl CKOMUPYEM PE3YIbTAT MOLEINDPOBAHNS HA IEPBYIO JEHTY.

151 KOPPEKTHOr O OMUCAHIA AATOPIUTMA HYKHO €IIé 3a1aTh ero paboTy
Ha caose (1,w). B sToM caydae mpocTo IpuUMeHSeM AATOPUTM, aHATIOTHY-
HBII OIUCAHHOMY B IPeILIAYIIEN 3agate.
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Onepannuio KONWPOBAHUSA € JEHTHl Ha JEHTY MOXKHO OCYIIECTBUTH 3a
JNHEHHOe OT [INHBl KOIMHPYEeMOro CJA0Ba BpeMs. IlodToMmy aas BpeMeHH
T(t,s) paGoTHl B HaAUXYAIIEM CIydae airopuTMa A, MOZEINDYIOLUETO pa-
60Ty TPEXTEHTOYHON MAIINHBL 33 BpeMs ¢ Ha CJIOBAX JIHNHBL S, IIOJYYaeM

OLICHKY:

T(t,5) < 2T(,1) + O(t) + O(s). (+)

U3 (%) cpasy caegyer, 4To mpn HekoTopoll koucTanTe C ut > 1

T(t,2t) < Cit(logt +1).

IToaTomy

T(t,s) = O(tlogt) + O(t) + O(s).

3aMeTHM, YTO HOIYYINTh CI0BO (I,w) M3 CI0BA w MOXKHO 3a BpeMs
|w|logt, ecan t nzBecTHO.

AIropuT™M MOZeINPOBAHNA TPEXICHTOIHON MAITHHLL Ha, IBYXICHTOTHOI
HCHOIB3YyeT aaropuT™M A ciemytomuMm obpasoMm. IlpoMomenmpyeM paboTy
MAaIINHLI I3 HAaTaIbHOT'O COCTOAHNAL 3a 1 TakT, 3aTeM paboTy 3a 2 TaKTa H3
TOCTUTHYTOTO COCTOAHUA U T. 4. O1leHnM BpeMa paboThLI TOr0 aAr OpUTMA.
IIycTs ucxoaHAA TPEXJACHTOYHAS MAIINHA pPaboTaeT Ha CIOBaX AIMHEL N 34
Bpems T'(n) > n. Torga Bpems T7’(n) paGoTHl MOIEINPYIOLIEN MAIINHBL
6ydeT OMeHNBATHLCA KaK

fogT(n)] _ [log 7 (n)]
T'n) < Y, TE n+2 < D 0m+2)+0(k2")+0(2%) <
k=0 k=0
[log 7 (n)]

< Y O(T(m) = O(T(n) log T(n)).

1.8. Nudopmamnus B mammue ThIOpUHTa MepPEHOCHTCA T'OJOBKOH yIIpa-
BJSAIONIET0 YCTPOHUCTBa. Bojee TOYHO 3>Ta MBICIL (POPMYJIUPYETCA TaK.
PaccmoTpuM mociegoBaTeabHOCTL {();(%,k)} COCTOAHMI yIPaBIIOLIErO
ycrporctBa MT B MOMEHTHI IEPeX0J0B FOIOBKH Mexay k-1 m (k + 1)-i
saenikaMu npu padore MT Ha Bxoge # (paccMaTpuBaeM Iepexonsl B 00e
ctoponsl). Pabora Mammus! TelopuHTa cOpaBa OT k-1 A9€HKH IOIHOCTHIO
ompefeaseTcs mocaefoBaTelbHOCTI0 {Q; (2, k) }.

Tenepsb 3amuireM HUKHIOI OIEHKY Ha BpeMs paboTel MT, konupytomen
BxogHOE c10Bo. OHA OCHOBaHA HA TOM, ITO KaXkK BN MEPexo TOTOBKH Tpe-
6yeT oTaeabHOT 0 TakTa paboTel MT. Beeném mapaMeTpsl € u 7y, 3HATCHES
KOTODBIX ompefeauM mosxe. Jad croBa w depes 74 (w) 0603HAYINM €UHCIO
[IePEX0I0B TOAOBKN Mexk Ay k-il m (k + 1)-11 suefikamu mpu pa6ore MT Ha
Bxoge w. Bynem mckaTh Takoe cI0BO w, 9TO Ti(w) > T3, mpH k = n/2.
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TTockoabky MT xomupyeT HavMaJbHBIN KYyCOK AJAUHBI k copaBa OT k-1
A9elKH, HOCIeZ0BaTeIbHOCTH {();(vy, k) } Ipu PUKCHPOBAHHOM U JOMKHBL
OBITH PA3JINYHBI A8 PA3INYHBIX A-GYKBEHHBIX CI0B v. KOpOoTKux (IIMHBL
He GOIBIIE T) HOCIELOBATEILHOCTEN COCTOAHNIN YIPABIIIONIET O YCTPONCTBA
me Goabme, uem |Q|"T1/(]Q| — 1), rae @ — MHOXKECTBO COCTORHHII ympa-
BAAIOILIEr0 ycTpoucTBa. Jast 106oro (n — k)-GyKBEHHOT O ClI0Ba ¢ HPH

| Q|T+1

Q-1
rIe .,4 — BHEIIHNII aJI(l)aBI/IT, HepaBEHCTBO Tk(vu) > T BBIIOJIHEHO IIO Kpaf/l—
Hell Mepe Oasa goJam 1 — ¢ oT Bcex k—GyKBeHHBIX CJIOB v. JTO O3Ha'vaeT, ITO
A9 0OJan 1-— |.A|n_k6 OT BCeX k—GyKBeHHBIX CJOB U HEPpaAaBEHCTBO Tk(vu) > T
BBIIIOJHACTCA O BCEX U. HOBTOMy IIpu

n—k 1
|A|" ™7 < o (#%)

<2|Q” < elAff, (%)

HANAETCA CIOBO W Takoe, 9To T, (w) > 73, mpu k > n/2.

Ecin ¢ = (n|A|*/?)~1, 1o (x*) Bumonuserca mpu k > n/2. Ecin mpu
srom emé u 7, = |(log(e/2) + %nlog |A|)/log|Q]], To (%) BBImOIHSETCA
upu k > 2n/3. Ilpu TakoM BBIGOpe mapaMeTpos 7, = §}(n) mpu k > 2n/3.
Ouenum Bpems paborer MT ma caose w Takom, 9To T (w) > 7 upn k >
> 2n/3 (MBI yKe NOKa3aaH, ITO TAKOe CIOBO €CTh)

n
n
Tn)> >, m= 3 0(n) = Q(n’).
k=[2n/3]

s OmeHKH MEHEMAJIBHOTO BpeMeHH paboTel 1'(n) MOXHO camTaTs,
aro MT BrHauame gonmceiBaeT 3a 71(n) TAKTOB HOCIEIOBATEIBHOCTL H3
oganx 0 ganHbl 1, 3aTeM 3a O(n) IAroB NPOBEPAET, COCTOUT JH UCXOI-
Hoe cI0BO W3 ofHHX (), mociae Yero mpekparaeT paboTy, eCIH TO Tak, a
B IIPOTUBHOM CIydae paboTaeT JMIOOBIM IPABUIBLHLIM criocoboM. flcHo, IT0
T'(n) = Ti(n) + O(n). B cBoto ouepeas, Ti1(n) = O(nlogn). defictBu-
TeIbHO, eCAN ObI MallllHa BO BHYTPEHHEH HaMATH MODVIa XPaHNTh THCIA,
TO KOIHPOBaHEe CIOBA U3 HyJell He co34at0 Obl mpobaeMsl (Hago OBLIO OB
HOACINTATH JINHY CIOBA I IOTOM HAalUCATh CTOIBKO ke Hyael). Ho sToro
cAelaTh Helb3A. 3aTo MamuHa TLIOPUHTa MOXKEeT XPaHATh IUCIO B JBOMY-
HOU 3aIIICH B OKPECTHOCTH CBOEH ['OJIOBKH (MBI MOXKEM DACIIHPUTE APaBUT
O CINTATh, ITO Ha JEeHTE €CTb MECTO 1A JONOTHATEILHEIX IOMETOK PAJOM
c 6ykBaMH cJI0Ba u3 Hytell n eamuun). [Ipn sToM npubaBieHne efUHHALEL K
TAKOMY CIETHHKY, BBIMHTAHNE eIHHUNBl I CABAD CIETIHKA IO JeHTe (ero
Beb HaJO BO3UTH C COOOI) TpeOyT BpeMeHN HOPAAKA MJIHHBI CI6TIHKA,
T.e. O(logn), Tax 9T0 Beero Mul ykaageiBaeMct B O(n logn) TaxTos.
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3amedannme. MoxHo mokaszaTh, uTo 7'(n) = Q(nlogn). Inraremo
IpeAIaraeTca CaMOCTOATEILHO MOHAThL, KaK HYKHO MOIU(UINPOBATL M3-
J0ZKEHHYIO BBIIMIE HIKHIOW OIMEHKY BDeMeHH DaGOThl B XyIIIeM CIydae.

1.9. IIpuBeméM mIero HANUCAHHA TaKOH MPOrpPaMMEL.

BymeMm nucaTs IporpaMMy, MOAeIHDYIONIYIO paboTy YHIBEPCATLHOI Ma-
muasl Teiopuura. [[ockoIbKy 3HaYeHHIE IePeMEHHON MOXKeT OBITH CKOIb
yTOTHO BEINKO, TO B OJHOI TepeMEHHON MOKHO XPAHUTE BCIO JEHTY MAIlTH-
uBl (nudps! |S|-mIHOrO IpeacTaBICHNS TucIa, Tie S — al(QaBUT MAIINHEL).
YkazaTeqs MOTOKEHHA DOJTOBKH — JTO €Ié OnHA MepeMeHHasd, COCTOSHIE
YTIPaBIAONIET0 YCTPONCTBA — TPEThA.

IIpeo6pa3oBanna 3THX MePEMEHHBIX 38 TaKT PAGOThI ONHUCHIBAIOTCA IPO-
CTEIMU apHpMETHIECKHMH AeICTBHAME (CIOXKeHNe, YMHOXKEHHE, BO3Beje-
HHE B CTeIeHb, JeleHHe C OCTATKOM I HaXOXKJeHIe 3TOT0 0CTaTKa, CpaBHe-
Hue qucen). Bee 3T gelicTBUs erko peaan3oBaTh 6€3 PeKYPCUH, UCIOIb3Y S
UX CTaHIapTHBIE ONpeIeIcHAA U IPUBIeKas HeGOMbIIoe KOANIeCTBO JOMOI-
HUTEILHBIX TTepeMEHHEIX.

ITocKOIbKY COCTOSHUN yIPaBIfoIIero YCTPOHCTBa I CMBOJIOB al(aBH-
Ta (PUKCHPOBAHHOE THCIO, HaGOPOM B/IOKEHHBIX MpoBepok if-then-else
KOHETHOH ITyOHHBEI MOXKHO 3aJaTh BLIOOD TEKYIUX 3HAYECHHWN 3TUX Iepe-
MEHHBIX, U, TeM CaMbIM, (PYHKIHIO IePeXoa0B.

Sameuanne. Korjga 3HadeHus nepeMeHHBIX He ODAHUYEHE], B O JHOM IIe-
PEMEHHOHN MOXKHO XPAHWUTh LEJBIH MACCHB TAKUIX ITePeMeHHBIX:

(T1,. .. xn) — 271372 pon

n

Pj — OPOCTBIE [THCIA. HOBTOMy OI'DaHNYICHNE Ha "THUC/I0 IIEPEMEHHBIX HECY-
II€CTBEHHO.

1.10. Bygem uckaTb Bce (QYHKINU OT IBYX MEPEMEHHLIX, KOTOPEIE BLIPa-
xapoTca GpopMyraMu B 6azuce F. Bradane ecTh gBe Takne GpyHKIHH (Ipo-
exnun): p1(z,y) = @ u pa(x,y) = y. Jazee Kk MHOKECTBY yX&Ke MOCTPOEHHBIX
dyrxuun F' npumenseTca cregyomas mpoienypa. [JobapiaseM K MHOZKe-
ctBy F' Bce Qyukuun suga f(g1(x1,22), g2(23, 24), .. ., g1 (®2p—1, Z2k)), TO€
;€ {z,y}, 95 € F', f € F. Ecm mEOXKecTBO F' yBeINIMIOCH, TOBTOPAEM
mpolenypy emeé pas. B IpoTuBHOM caydae BO3MOXKHLI ABa BapUaHTa: JH60
yiKe MOIydeHBl Bce MYHKIUN OT ABYX IEePEeMEHHBIX (Torja Ga3uc IOJIOH),
au6o — HeT (Torjga 6asuc He SBAAETCA IOIHBIM).

OmenuM BpeMsa paboTEI 3TOTO alTOPHTMa. PacmupaTs MHOXKeCTBO F'
MOXKHO JuIb 14 pa3 (Bcero ects 16 GyaeBBIX QYHKIMN OT ABYX HepeMeH-
HbIX). Kaxkgwlll pas HyKHO IpoBepuTh He Gomee |F/|™ - 2™ = (2’”)1+10g|}-’|
BapHaHTOB, TJe M — MaKCHMAaJIbHOE KOINIeCTBO APTYMEHTOB ¥ OA3MCHBIX
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dyukunn. Jinaa sxoga (gimea 3amncu 6asmca) He mpeBocxoint |F|2™, a
|F| = O(1). Tak 9T0 arropuT™M paboTaET 3a BPeMs, OTPAHIYEHHOE IOIN-
HOMOM OT IINHBLI BXOJIA.

1.11. Bepxmssa ouerka n2" < 2,01" (mpm n > 2000) zas ¢, cpasy cie-
OyeT M3 NpeJCTaBIeHNs (PYHKUUN B JI3BIOHKTHBHON HOPMAJbHOHN (hopMe
(em. (1.1) ma c. 22).

[as momydeHNs HUXKHEH OLEHKHN MOACUNTAEM €HCIO PA3IUYHBIX CXEM
pa3Mepa s I CPABHHUM €0 € KOJIMIeCTBOM (PYHKIUHA OT N IepeMeHHbIX. [ias
OIPEAETEHHOCTH CINTAEM, ITO UCIOIb3YeTCS CTAHIAD THLIN MOJHLIN 6A3HC.
Torga gast k-ro npucBanBaHUs CXeMBI eCTh He (ojee

2-(n+k)n+k—-1)/24+n+k—-1)< (n+k)*
BO3MOXKHOCTe!l (KOHBIOHKINS I AU3BIOHKIHUA — CHMMeTpHIecKHe (yHK-

I, & BEIONPATDb MBI MOXKeM 13 n+k — 1 mepeMeHHOIl ), HO3TOMY KOINIeCTBO

N; pa3autHLIX cXeM pasMepa s He HOJbIIIeE, TeM
s

B3
H(n + k)Z < H 277,2]{72 < (277,2)8(8!)2 < 25(1+210gn)+2510gs.
k=1 k=1

A umeso 6yaeBbIX QYHKINI 0T 1 mepeMeHHBIX paBHo 22 . IIpn

2" > s(1 4 2logn) + 2slogs (%)

HKIIUNA GOJBIIE, IeM CXeM, IIODTOMY ¢, > s. Eciu s = 1,99, To HepaBen-
by ; ; y 997, P
cTBO () BEIMOAHAeTCA mpu n > 3000.

1.12. CuoBa mcnoab3yeM AU3BIOHKTHBHYIO HOPMaabHYIO dopmy. Ecian
ctpouTs mo Qopmyre (1.1) cxemy us saemenToB AND u OR, umetommx
IPOM3BOJIBLHOE HICAO BXOLOB, TO HOHALOOUTCS He 60see 3 CI0EB HJIEMEHTOB:
OJUH CJIOW Ha OTPUIAHNS, OUH — HA KOHBIOHKINN, I OUH — HA UTOCOBYIO
O3 BIOHKIINIO.

1.13. Kax rosopmioch Ha c. 21, cxeMy MOXHO TPeJCTABAATL B BUIE
rpada. U3 kax [0l HeBBIXOJHON BEPIINHLI MPada cXeMbl eCTh XOT OBl 0JUH
OPHMEHTUPOBAHHBIN MYTh B OJHY M3 BHIXOAHBIX BepimuH. I[loaToMy pazmMep
CXeMBbl OTDAHNYEH CBEPXY CYMMOU YHCIA BHIXOJAHBIX BEDIINH U HCAa TaKUX
myTew.

[l1nHa OpUeHTUPOBAHHOT O MyTH B Tpade CXeMbl He TTPEeBOCXONUT TIy6n-
HBI cxeMbl d. [l cXeMBI B CTaHJAPTHOM 0a3lce BXOAHAA CTEMEeHb Kaik 0N
BepmuHsl He Goubine 2. [[o3ToMy OpUEHTUPOBAHHBIX MYTeN, BEAYVINUX B BbI-
xoHbIe Bepumasl, He Goasie Tem 2¢ = O(n?M)) (gBuraemcs oT BBIXOFHOM
BEPIINHEL IPOTUB HANPABIECHNS CTPETOK I IPHMEHTeM HHIYKIIIIO).

1.14. PeayapTaToB cpaBHEHUsA ABYX SUCEI & U § TPU — & > Y, WIN
r =y, wan ¢ < y. BygeMm ¢cTpouTh cxemy, KOTOpas BHIJaéT nBa GuTa pe-
3yabTaTa, KOJUPYIOINEe 5T TPU BO3MOXKHOCTH.
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Ly e l‘n/z xn/Z—l ......... o
Yn oo yn/Z yn/Z—l ......... Yo
Cxema C'mpy, /2 Cxema C'mpy, /2
"= 1, ecan uncia paBHBI ¢’ =1, ecan uncia paBHBI

g=1lecmez>y g'=1,ecmmz >y

e:=¢ Ne'

g:=g V(e ng’)

e = 1, ecanm 4ucaa paBHBL
g=1,ecau & >y

Puc. 9. Cxema C'mp,, g1a cpaBHEHHA N-Pa3PAJHBIX GHCET (pa3Mep CXeMBI
O(n), ray6ura — O(logn)

[ mpocTOTHL mojaraeM, 9TO N SIBASETCS CTEINEHBIO IBONKN. JTO He
IOPTUT OIIEHKY B 00IIeM cay4ae, IIOTOMY UTO MOXKHO IONIOJHUTDL HHCIA
HyJSIMH CJIeBa, 9TOOBI UX JINHA CTajla CTeleHb IBOUKH. Pazmep BxOoga
yBeImIuBaeTCca IPU 3ToM He 6oJjee <IeM BIBOE.

CxeMy cpaBHeHUS n-Pa3pAJHBIX 4ncea OygeM coOUPATH I3 ABYX CXEM,
CPABHUBAIOLINX THCIA, 00PA30BAHHEIE IEePBBIME 1 /2 pazpAfaMy I LOCAe-
HEMEU n/2 paspsgaMu. SHasd Pe3yJAbTaThl CPABHEHNUs dTUX ABYX Hap <ICel,
MOJKHO BOCCTAHOBUTD I Pe3yJAbTaT CPaBHEHUS NCXOTHBIX HHCE.

Komcrpykuns cxemsl uzobpaxena Ha puc. 9. Ouennm e€ pazMep u riay-
6uny. BEINOTHAIOTCS ClIeyIOMNe PeKYPPEHTHBIE COOTHOUICHTST

sn:25n/2—|—3, hn:hn/z—i—z
W3 mux noaygaeM s, = O(n) u hy, = O(logn).

3ameuanne. CpaBHeHIE n-3HAYHBIX JBONMYHBLIX YHCEI £ U Y PABHOCHIbL-
HO OIIPefeeHIIo CTapIero paspaja dncia £+ (2" —1—y), a ancao 2" —1—y
HaXOAUTCS 1o Y cxeMoll ray6unsl O(1) aunreniHOrO paszMepa (HyXKHO IpHMe-
HUTH OTPHIAHIE KO BCEM IlepeMeHHBIM). ITopToMy ZOCTATOYHO OLLIO GBI
peumnTh cregyiomyio 3agady 1.15. Mel, mao6opoT, 6ygeM HCIOIB30BATH
CPABHEHIUEe YUCEN IS CIOKEHU.

1.15. BBemém o603HAYMEHUS: MYCTDb &yy_1,..., Lo — ABOUYHLIC Pa3PsIbl
IIePBOTO CJIATAEMOT0; Yp—_1, - - -, Yo — BTOPOTO; Sy, Sp—1,. .., 50 — Pa3PAILI
pe3yabTaTa; ry_1,..., 70 — ONTHI IepeHoCa B CIeIYIONMI pa3pal. Beeaém
OOMOTHUTENbHBIE TTepeMeHHble §; = x; & y;, to = 0. Torga sqg = g, 5; =
=r1@tiopui>0,r_; =0, r;, = (1 At)Va; mpu i > 0 (ecan 6uTH
B CJIaraeMbIX Pa3n<Hbl, TO OGUT MepeHOca TAKOU XKe, KaK B MPeAbIIVIIEM
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paspsje; eIl OINHAKOBEL — OUT IepeHOCa COBIafaeT ¢ UX (OOLUMM) 3Ha-
TeHHeM).

IToxa MbI BBOgUMAN 0603HAYEHNS, MIMOXOJOM DPEIINIACh 3aJada IYHK-
Ta a). [JelcTBUTeIbHO, IPNCBANBAHNN [0 IPUBEJEHHBIM BBIIMIE (POPMYIaM
HyxkHO cgexaTb O(n) mWTyk.

[ast myHKTa 6) HCIOAB3YeM HIPeJLIAYILYIO 3aJaty.

3aMeTHM, 9TO €CJIN eCTh CXeMa pasdMepa S U MIyOuHsl H , BEITICASIONA
OUTHI HepeHoca, TO U3 Heé IerKOo CTponTCa cxeMa pasMepa S + O(n) n
ray6unst H + O(1), Beraucasomas cyMMy (Bce ; MOTYT OBITH HalJeHBI
mapajIeabHO, I, IPH IM3BECTHBIX 6UTaX IEPEHOCA T, BCE §; TAKIKE MOLYT
OBITH HANEHBl HaPATIeIbHO).

Brraucienne 6uToB nepeHoCa PABHOCHIBHO CPABHEHUIO, TAK ITO JOCTA-
TOYHO HAYYUTHLCSI CPDABHUBATHL HAPALIEIbLHO BCe «Cy(QQUKCHy HHUCEeT, T.e€.
[JIS KaXKOT'0 § CPABHUTDL HHUCAA &;Ti—1 ... L0 I YT Yi—1 - - - TYo-

Brauaje cpaBHUM HHCIA Tp_18p_2 .. Lo T TYp—1"Yn—2 - - . Yo IO CXe-
Me, ONNCAHHON B IPeABIAYINEN 3agade. JaMeTHM, ITO IpH paboTe >ToH
CXeMBl HA HUJKHEM YPDOBHE MBI CDABHUBAaeM OITHI, HA CIeJYIOLIEM — IBY-
3HAYHBIE TICJA, 3aTeM — YeThIPEX3Ha4YHble I T. 1. [lory4uaeMm «cyxaroueecs
gepesoy. OHO JaéT Pe3yIbTATH CPABHEHIA 6.10K0B 1o 2F 6ITOB, B 4acTHO-
cru, gus cyddukcos gan 1, 2, ..., 2™ = n. 3TO UHCIa, JBOMTHAS 3AMINCH
KOTOPBIX COAEPKUT POBHO OHY eINHNNY. KOMOUHUDYS Pe3yIbTAThL CPAB-
HernA cydduKcos I1nEsl 2F 1 cOCEIHNX ¢ HIMI 6I0KOB, HOIY<IHM Pe3yIbTa-
THI cCpaBHEHIA CY(P(OUKCOB, TBONYHAS 3AIMUCL JINH KOTOPBIX COLEPKIT ABE
eanannsl. [Ipogonaxas 3TOT npolecc, Mbl MOJYYIIM Pe3yAbTATEl CPABHEHIS
Bcex cy(ddurcos. IIocKOIBKY KOANIECTBO €UHUI] B JBOMTHON 3AMNCH /-
uBl cydukca He npeBocxoaut logn, raybuna noxygennon cxemsl O(logn).
Pasmep cxeMBl THHEEH — IOMIMO CXeMEIL cpaBHeHus & u 2" —1 —y (annenHo-
ro pasMepa) Mbl HCHOb3YeM TOMOIHUTEILHO JI1 Kak I0T0 cyddukrca ogus
610K, M306PaKEHHLIN B eHTPe PUC. 9, KOTOPLIL KOMOUHUDPYET PE3YIbTATEL
IpPeIBIIVIIX CDABHEHNI.

1.16. [Juas seraucaenns Gyukmuu MAJ 10cTaTOMHO HAYINTHCA MOACTA-
THIBATD YNCJAO €JUHUI CPeJN 3HAYMEHUN IMepeMEeHHBIX: NAadbllle MOKHO IC-
MOJIB30BATEL cxeMy u3 3agadu 1.14. Obimee 4ucaI0 eIUHAI] pABHO CYMMe HH-
Cla eIUHUI] CPeN 3HATCHNH MePEMEHHBIX OT 1 [0 T|,/2| W THCIA eITHUI
Cpeln 3HAYEHUI TePEeMEHHBIX OT T|n/2|41 4O Tn. [Ipegcrasias 5To B BU-
[ie CXeMBI, TMOAYINM CXeMy TIyOWHBI logn, 3meMeHTaMu KOTOPOU JOAKHBI
OBITE QYHKINU, BEMUCIAIONNE CYMMY ABYX wncen. [lockoabky »Tu wmcia
He TIPEeBOCXOAT N, UX TBOWYHAA JJINHA He mpeBocxoquT log n. U3 peutenus
sagaqn 1.15 BeITekaeT, uTo raybuna Taknx cxem O(loglog n). TnyGuna Been
cxemnl noaroMy O(log nloglogn) (a pasmep O(n)).
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1.17. dasa rpadoB MOKHO OTPEJEINTE OMEPAIINI0 BO3BEJEHNA B CTEIEHb.
B rpade G* cToIbpKo e BepHmH, CKOIbKO I B (7, a JBe BePIINHLI CBA3AHEL
pebpom, ecant B (¢ IX MOKHO COEJUHUTE IIyTEM He JinHHee k (B 9aCTHOCTH,
G = Q).

Ipadwt 6ymem 3agaBaTh mampuyamnt cuexrcnocmu. CTPOKI U CTOIOIBI
MmaTpuusl cMexHOocTH A(G) rpada G mHIEKCHPOBAHBL BepIINHAMU Tpada.
Ecan (jk) — pebpo G, To a;; = 1, B mporuBHOM caydae aj; = 0. Ham
GygeT ygo6HO moIaraTh d;; = 1 I CINTATH IeMEHTH MATPHIB Oy IeBBIME
TepeMeHHbIMII.

Jlerxo moHATL, ITO ecan Mex [y BepmmnHaMmu B rpade G ecTb OyThb, TO
eCTh U Iy Th He JAuHHee N, DJe N — 9uCIo Bepinud B rpade G. Tak uTo gaa
peIlleHns 3aJatdul JOCTATOYHO MOCTPOUTH CXEMY, BBIUNCASIONYI0 MATPIIY
A(G*) ans xaxoro-mubyan k > n, m cxeMy, BEIGUDAIOITYIO MATPITHLII .-
MEHT TI0 3aJaHHLIM HOMepaM CTPOKHU U CTOJOLA.

[ TI06BIX TOTOKUTENBHBIX k, j, 1, TakuX 9T0 k = j+m, cupaBeIuBo
TOXKIeCTBO

AG Y =\ AG)uw AAG™ ). (%)

weV (G)

Ecan cxazaTh c1oBaMu, TO 3TO TOXKIECTBO 03HAYAET, ITO HA JIOGOM IyTH
qanssl k B rpade (G, CBA3LIBAIOIIEM BEPIINHBL & I ¥, €CTh BEPIINHA W TaKas,
YTO JJAUHA TYTH OT % O W paBHA j, a JIWHA IYTH OT w JO ¥ PaBHA M.
B o6paTHYIO CTOPOHY, €CIN €CTh TMYyTH MeXAY ¥ U W, W U ¥ AIUHBL j O
M COOTBETCTBEHHO, TO UX O0BeIUHEHNe JaéT MyTb [IUHBLL j + m = k u3
U B V.

Buramciaerne MaTpHUHOTO 2IeMeHTa 1o (OpMyade (*) JIerKO 3aIlNCcaTh
B Buge cxeMmsl ray6uusl O(logn). Berancans nociegoBaTeaIsHOCTh MaTPHIL
A(Gh), A(G?), A(G*),. .. mocaegoBaTeIbHBIM BO3BeJEHIEM B KBAIDaT, de-
pe3 [logn]| maros Mbl mOIYUHM MATPHIY A(sz), rae 28 > n. Tay6uma
IOCTPOEHHON cxeMBI log” n, a pa3Mep IOINHOMEIAIEH IO 7.

Teneps mokaxkeM, Kak H3BIEKATH M3 HAOGOPA MATPUYIHBIX 3IEMEHTOB
BIEMEHT Ujg, €CIH j U k 3aJaHbBl JBOUYHBIMU IPEICTABICHHAMIU i ... Jo,

ki...ko, | = [logn]. 3ameTnM, 9TO paBeHCTBO ABYX OMTOB & H Y IPOBe-

o 7 def
pseTca B cTaHZapTHOM Gasuce dopMmytonl = y = (- A —y) V (x A y).
IMosToMy 3HaYeHNe, BLIYUCIEHHOE O (OPMY.TE

VA —— /l\ (sm = jm) A (tm z km) , (+#)

$1...50,t1...t0 m=0
BCcerjaa paBHO am %l kot Pa3Mep (I)OpMyJIBI (**) MOJINHOMUIAaJIEH 110 n. Jler-
o Jo,ki...
KO IIpeacTaBUThb 3TY (I)OpMyJIy cxeMou I"JIy6I/IHBI O(log n) Moxnmo Taxxe

coCIaThCA Ha pe3yabTaT 3agadm 1.19.
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1.18. Ucmoawn3ys ToxgecTBa ge Moprana

R

MOXKHO JOOUTHCS, ITOOBI OTPUIAHNS IPUMEHSINCH IEPBLIMI. A MOCKOIBKY
=f = f & 1, upumensia npu Heo6XoAUMOCTH TOXKAecTBa ge Moprana emé
pa3, MOXKHO HOOUTHCS, YTOGHI MOCAEIHEN IPIMEHSIACE JU3BIOHKIIN.

TToce Takux mpeo6pa3oBaHUN MBI TOAYYINM cXeMy, KoTopad ecTh JJHD.
U 3agadua cBerachk K TOMY, ITOOBL yOEJUTHCS, ITO KOJIMIECTBO KOHBIOHKTOB
(aprymenTos gusblonkunu) B ao6on TH®D, sagaromeit yuxmuio PARITY,
SKCIOHEHINAILHO BEINKO.

Jlerko mousTh, uTO a0601 KOHBIOHKT B Takou JH®P gomken cogep-
XKaTb N COMHOXHTeNeN (B IPOTHBHOM caydae (PYHKINA, KOTOPYIO 3aJaéT
sra JJH®, nnorga me GygeT MeHSTHCS IPU M3MEHEHNHN POBHO OJHOIO U3 €€
aprymMeHToB). KOHBIOHKT, COAepXKaIMI 1 COMHOXKUTENXEH, paBeH 1 poBHO
Ha OJHOM Ha(Gope 3HAUYeHUN MepeMeHHBIX. [[03TOMY 4mcIo KOHBIOHKTOB He
MeHbIIe uncia eguunn dbyuxmun PARITY, xoTopoe pasmo 271,

Sameuanne. MOXKHO JOKa3aTh, ITO CXeMBI JI060U (DUKCHPOBAHHOI Iy~
6uner u3 saemenToB NOT u OR, AND ¢ IpOU3BOJLHBIM YHCIOM BXOOB,
Beraucisaonue Gyukimio PARITY, nMeoT 3kcrIoHeHInaIbHBIN pa3Mep. Jo-
Ka3aTelbCTBO CTPOUTCS [0 MHAYKINN, OCHOBAHIE KOTOPOI JAOT CXEMBI
rayOunsl 2 U 3 (M310KEHHBIN BHIIIE CIydal).

JokazaTeabcTBO 3TOr0 yTBepKAeHHs MOxkHO Haitu B [24]. Ilpusegém
KPaTKOe U3J0KeHIe OCHOBHON HAEH. 3AMETHM, ITO IPUMEHEHIE JU3BIOHK-
LUN I KOHBIOHKIINN B CXeMe MUHIMAJBHOT O Pa3MePa JOIKHO IePeJOBATHCA.
SaMeHss TU3BIOHKINI KOHBIOHKINHI HA KOHBIOHKINIO JM3BIOHKIINN, MOXK-
HO YMEHBIINTEL DIyOmHy cxeMbl Ha 2. QgHaxo pasMep CXeMBl MOXET IpPH
TOM YBEINYIUTHCA KBAAPATHYHO, IOITOMY HIKAKON PA3yMHON OIEHKH TaK
He nosay4aeTcs. U DOLyYeHns OLeHKN cayualiibii 06pa3oM IPUCBOIM 3HA~
YeHIs 9acTH HepeMeHHBIX. [loayyuenHas GYHKINUS OT MEHBIIErO UHUCIA IIe-
pemennbix — au6o PARITY, nu6o eé orpunanme. CxeMHast CIOKHOCTD A5
orpunanus PARITY Takas xe, kak u gas camonn PARITY. A ¢ mekoTopon
BEPOATHOCTBIO HAIA CXEMa YIPOCTUTCS U MEPECTAHOBKA KOHBIOHKINHA I
JU3BIOHKINN He NPUBEIET K GOIBIIOMY YBEINYEHNUIO Pa3Mepa CXEMBL.

1.19. a) = 6). TI'pad, mpeacrapasonmil GOPMYILy, MOXKHO CLeIATh
JepeBOM, eCIU PAa3MHOXKUTL BXOIHLIe IepeMeHHBIe. Pazmep mpu 3ToM yBe-
anauTcs He 6osee, eM BIBOeE.

[ust moctpoenns cxemsl rayouusl O(logn), Beraucasiomein Gpopmyry X
pasMepa n, ICHOAb3YeM HJel0, IPIMEHEHHYIO B pelnennn 3agad 1.14 u 1.15.

JBurascs oT KOpHA XepeBa, MpeICTaBiAioNero (HpopMyIy, I BeIOHpas
KaXKIBII pa3 BEPIINHY, COOTBETCTBYIONIYIO HOg(opMyle GOABIIErO Pa3Me-
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pa, MBI HAILLEM pAHO WIN MO3JHO HOoAMOPMYIY Z, pazMep KOTOPOH JIeXKUT
mexay n/3 u 2n/3. 3amensas B popmyae X moadopMyay 7 He3aBUCUMOIL
IepeMeHHON z, moaydaeM (GopMyry Y ¢ TAKHME Ke OLleHKAMI Ha Pa3Mep.
Iycre ans Z u Y ecTb BBIMHCISIONINE X CXeMBI TIYOUHBL He GOJIBIIe
h. Iloctponm aas Bcenn popmyast X cxemy ray6unsl He 6oabite h + 3. Bei-
YHCANM J mepeMeHHBIe ogCXeMaMI MIyOnHBI He Goablie h: yy — 3HaAUEHNe
dopmyasl Y mpu z = 0, y; — 3Hadenme dbopMmyasl Y npu z = 1, s —
3Hadenne (HpopMyanl /. JHadeHue f Bcell GOPMYIBI PABHO
F=(oA-s) V(L As).
1o dpopmyna rayGuHLL 3.

Urak, gaa h(L) — MEHEMaIBHON TIyGHHBL CXeMBI, BEIYHCIAONEN GOp-
MYJIy pa3Mepa L, BBLIIOJHEHO DEKYDPPEHTHOE COOTHOIIEHNE:

W) <h(2E) +3.
U3 mero caeayer h(L) = O(log L).

6) = a). 9To0 coBceM mpocTo. IlpeBpaTuM rpad cxeMbl B AepeBo,
pasMHOKasA IPU HeOOX0 UMOCTH Bepiunubl. Pazmep 3Toro gepesa He GyaeT
MPEBBIMIATL KOAUYIECTBA OPUEHTUPOBAHHBIX MYTeH OT BBIXOJa KO BXOJaM.
A Tmakux nyreit He 6oxee 27,

1.20. BcnoMHIM KOHCTPYKIINIO HePa3PeIInMoro nmpejukata f,(z), npu-
magaexamero P/poly, koropas npusenena B 3amedannu 1.1 Ha c. 24.

Ceiluac MBI Gy ZeM CTPOUTH TaKoH Hpeaukat f,(z), ITOGH OH GBI pas-
pelmM, HO He mpHuHaAIexkal P. MLl mocTponM Takylo BEMUCANMYIO (DyH-
KIOmo ¢(n), IT0 1060 aIropuTM €€ BEIYHCICHHS paGOTaeT TOJbBIIE, HeM
2", JIpyruMH CIOBaMU, €CThb AJTCOPUTM PACIO3HABAHUA IPUHA IIEKHOCTH
M3bIKy H, cocTosleMy 13 ABOWYIHBLIX 3allMCell TeX TUCeT N, IAA KOTOPHIX
¢(n) = 1; HO BpeMs paGOTHL B HANXY ALIEM CIydae G0N0 TAKOT O Il OPHT-
Ma Ha CI0Bax JIHHBLL /M PACTET 6hIcTpee, wem 27 .

Hoxaxem 6oxee obmee yrBepxgenne. Ilycts f(n) — Borancanvasn GyH-
kius. O6o3Ha4nM Tepe3 M ¢ A3BIK, cocTosmun u3 Takux nap ([M], z), 1To
Mmanmua M Ha Bxoge ¥ ocraHaBinBaeTcs 3a BpeMs f(|z]). Ilpuma atexsHocTs
STOMY S3BIKY paspellnMa (3alyCTHM YHHBEPCATBLHYIO MAallnHy ThIOpHHTA
co BxogoM ([M], x), orcanraem f(|x|) TaxToB pa6oTsl M m mocMOTpEM —
ocranoBuiack au M ). Ho GBICTPO NPOBEPUTDH 3Ty Pa3peINNMOCTh HeEIb3d,
KaK MOKa3bIBaeT CAeqylolllee paccykeHne, IOYTH JOCJAOBHO HOBTOPSIOIIEe
petrerne 3aga4u 1.3.

IIycTe Mamnza A pacno3sHaéT IPHHAIIEKHOCTb A3LIKY M cIoB aam-
uBl n 3a BpeMms 7' (n). Torga ects n Takas mMammua A’, KoTopas Ha BXO-
e X samyckaer A ma Bxoge (X, X), mocle Wero B caydae oTBETa «Ja)
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[ePeXOAUT B COCTOAHIE, B KOTOPOM IOJI0BKA ABHIAETCA BIPABO (I MAIIIHA
He OCTAHABINBAETCA), & B CIyIae 0TBETA (HeT» ocTaHaBauBaeTca. CMogenn-
poBaTs pa6oTy A 3a Bpemsa T'(n) MoxHo 3a spema 1" (n) = O(T?(n)). Ecan
T'(n) < f(n), To aro cxaxer A o ciose ([A],[A])? Ecan «ga», To mpu-
XOAUM K IPOTHBOPEYHIO C OmpeleleHneM Mamuael A’, ecin «eT» — Toxke
npuxoauM K nporusopednto. llostomy 17(n) > f(n), a T'(n) = Q(fl/z(n)).

Nrax, MBI J0Ka3a1Hd, ITO BpeMsa paboTHl JI060T0 aIropuTMa, PACIO3Ha-
IOITEr0 TIPUHA JIeKHOCTD CI0Ba MIBIKY M ; He Menbire, wem Q(f1/2).

B3aB B kadecTBe f QyHKIHIO 22, MOLyHMHM DelleHIe 3aJatm.

W3 pazgena 2

2.1. HamoMHEIM, 9ITO ANTEpaJIoM HA3LIBACTCS MTepeMeHHAs WIN €6 OTPH-
namne. Jlutepaasl 6ygeM 0603Ha49aTh [1, 15, . ... AITOPUTM pellleHns 3a Ja-n
2-KH® 6ymer paboTaTh B Tpu >Tana.

OTAN 1. Ilepebupaem Bce mapbl Au3bIOHKINH. Ecanm BcTpedaeM mapy
l1Va,lsV -z, To tobasaiem k KH® mgusswronkmmio [ V [5. Ecin Bce ma-
Pl (Bkarodas 10GaBIeHHbIE IU3BIOHKINI) IPOCMOTPEHEI, TO IEPEXOINM K
sTamy 2.

I71an 2. IlpoeepsteMm gas KaXIOW Hapbl I€PEMEHHBIX, CKOIBKO JM3b-
IOHKINN UCHOJAb3yeT 3Ty napy. Ecanm xaxgas mapa mcnoab3yercs He Gouee
OHOTO pa3a, To BeZaéM oreeT «Jas (KH® sBrimoanunma). Ecan mamtacs
mapa IepeMeHHBIX, HNCIOIb3yeMas [0 KpalHel Mepe B IBYX JI3BIOHKINAX,
BBINOJIHAEM COKPAIIeHNE: JeJaeM I0ICTAHOBKY DABEHCTB, YKA3aHHBIX B TPe-
Tbel CTPOYKe CJAeIYIOMeN TaGInubl, BO BCE AU3BIOHKINEI U €CIH [IOIY<IaeM
npotusopedne ((z = 0) A (z = 1) mmm (x = —y) A (z = y)), To BeLgaéM
OTBET (HET», B IPOTUBHOM CJIydae MEPEXOAUM K ITAIy 3.

xVy xVy xVy -z Vy —xV -y —xV -y
A A A A A A

xV -y —xVy —xV -y xV -y —xVy xV -y
x=1 y=1 r ="y r=y xr=10 y=20

OTAN 3. Pemraem moaydenuyo Ha sTane 2 3aJady ¢ MEHBIINM YHCIOM
IepeMEHHLIX U IOBTOPSIEM €€ OTBeT.

KOppeKTHOCTB TaKOI'o aJr'OpuTMa BBITCKACT U3 CJACAYIOIINX Ha6JIIO,E[e—
Huil. Bo-TepBHIX, B CILIY JOTHIeCKOTO TOXKJECTBA
((11 vV l‘) A (12 vV ﬁl‘)) — (11 vV 12),
Ha II€PBOM 3Talle€ MbL ,E[OGaBJIﬂeM CJIeICTBUSA YK€ NIMEIOITNXCSA KOH’BIOHKHI/II;,I

Bo-BTOpBIX, 15 KaXI0r0 CTOI6IA IPUBEEHHON BBl TabIIIIbL JeFKO IPO-
BePUTH, ITO KOHBIOHKIINA IIePBLIX ABYX CTPOYUEK 3KBUBAJEHTHA DABEHCTBY
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B TpeThen cTpotuke. [JosToMy BHITOMHUMOCTD ncxoquon KH® s>ksuBasenT-
Ha BBITOJIHUMOCTH cokparrerron KHD.

Haxkomern, goxaxem, 9T0 ecan Ha KaiJOU [ape IePEMEHHBIX €CThb He 60-
aee oguon amzbrouknun, To KH®, nonyvennas xo BropoMy »Tamy, BBIIOI-
uuMa. [IpucBonM 3HaYeHIe TepEMEHHON &1 IPOI3BOJILHEIM 06Pa3oM, 3aTeM
VITEM Bce CIeICTBHS 3TOrO0 IpucBoeHusa. [lepBoll m3 mepeMeHHBIX, KOTO-
POIl He IPHCBOEHO 3HAYUeHNe, TaKkKe IPUCBOUM 3HAYEHNE IPOI3BOJLHBEIM
o6pazom u T. 1. Korga Mpl He HOIyYUM BBIIOJIHAIEr0 HAGOpa 3HAYEHUN
mepemMeHHbIx! TOABKO B TOM ciydae, ecan AJIsi HEKOTODOU HMEPEMEHHON II3
3HAYEHNN paHee OIPeLeIeHHBIX NepeMeHHbIX 6yayT caegoBaTs u 0, u 1. Pac-
CMOTPHIM caMoOe paHHee Takoe npoTusopevne. QHO 03HAYAET, ITO UMEIOTCS
gusbioknnn [y Ve u ls V -x, a Takxke, w10 1 Vs = 0. Ho 5T0 HeBo3MOXKHO,
TaK KaK B DTOM cIydae qum3bioHknus [; V [s taxxke sxogur B KH® mocae
srama 1.

Teneps omernM BpeMsi paboTHL aJrOpUTMa B XygireM caydae. O6o3Ha-
auM ero depes T'(n), rge n — 9GHCIO MepeMEHHBIX (MHCIO HePEMEHHBIX 3a-
BeJOMO He IPEBOCXOAUT AIHHEI BX0Aa). IIo HOCTPOEHNI0 HMeeM ClegyIolee
PEeKYPPEHTHOE COOTHOIIeHe

T(n) < O() + T(n - 1),
oTkyga caeayet T(n) = O(n’).

2.2. C'menenvio BepIINHBL B rpade HA3BIBAETCA KOINMIeCTBO PEGED, BBI-
XOOALINX U3 >TOU Bepinnubl. Heo6X0IUMBIM yCIOBHEM CYINECTBOBAHUS BII-
JepoBa IyTHU ABIAETCA c8A3HOCMb Ipada: TOTXKeH CYUIeCTBOBATL IYTh U3
Ja10601 BepIIUHEL B J106y10. ITO6B! BEISICHUTE, CYIIEeCTBYET JII 3MIEPOB Iy Th
B CBS3HOM rpade, JOCTATOYHO MOACINTATDL KOJIMYIeCTBO BEPIINH HEYIETHON
crenenn B 3ToM rpade. Ecin oHO He IpeBOCXOAUT 2, TO SILIEPOB IIYTH €CTh,
B IDOTHUBHOM CIydae — HeT.

Bropas 4acTb 3TOro yTBEPKACHUS OYEBUIHA: €CIU €CTh 3UIEPOB Iy Th,
TO BCe BepIINHBI rpada HIMeT Y6THYIO CTeleHb, KPOMe HAYAJILHOI I KO-
HeYHOIl BepUINH SHIepoBa Iy TH (eCIH HaYalbHAS I KOHEYHAA BEPIINHEBI CO-
BIIaJal0T, TO CTEIEHN BCEX BEPIINH T€THEHI).

JokazaTelbCcTBO CYLIECTBOBAHUS 3WIEPOBA IYTH OCHOBAHO HA TAaKOM
IPOCTOM HAOMIOEHUN: €CAN €CTh IBa 3aMKHYTHIX IyTH 6e3 obmx pe6eép,
HO ¢ OOIIeH BEPIINHOH, TO NX MOXHO OOBEJUHNTL B OAUH IYyTH (KIEM IO
IepBOMY IyTH A0 OOILIel BEPIINHEBI, IOTOM 00XOAUM BTODOU IyTh U HIPO-
JOJKaeM JBIDKEHNe 1o mepBoMy). [alee HYXKHO IPUMEHHTH HHAYKINIO IO
4qucay BepmnH u pé6Gep B rpade. KpaTko m3m1o0xuM 3To HHIYKTIBHOE Pac-
cyXKjeHNe (UNTaTeT0 PEKOMEHAYeTCA BOCCTAHOBHUTH OIYIIEHHBIE IETATIN
CaMOCTOSTEIBHO).
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Ecau Bce Bepumnuel rpada ¢ 1€THOU CTEIeHN, TO BEIGepeM B HEM KaKO-
Hu6yab 3aMKHYTHI 0yTh C'. Beibpocus pé6pa C u3 rpada ¢, moayanm He-
KOTOpO€ KOINIeCTBO CBI3HBIX rpados (1, ..., (G, ¥ KOTOPHIX BCE CTENEHN
BepIINH TéTHBE. Tak 9TO B KaXJOM M3 3TUX rpadoB eCThb dUIEPOB MyTh
(mo mEaykuun). Kax el u3 Taknx rpadoB UMeeT XOTA Obl OJHY BepIINHY
ma C' (nHage G 6bl1 OBl HeCBA3HBIM). II03TOMY MOXKHO IPHMEHHTH H3I0-
JKEHHYIO BBIIIle KOHCTPYKLINIO, ITOOBl HOCTpouTh n3 C' U 3MIepOBBIX IyTen
B rpadax G sirepos nyTs B G.

Ecau B rpage G ects aBe'®) BepIImHEI HeUSTHOI cTemeHH, TO BEIGEpeM
cBs3pBatouil ux nyTh (. JalpHenmnee paccyXk JeHIe OCTAETCS MPEKHUIM.

Ocranock 3aMeTUTh, YTO U HOACYET CTENEHHN BEPIINHLI, I IPOBEPKA
CBA3HOCTHU Tpada MOTYT OBITH BLITIOIHEHBI 33 MOINHOMHUAIBLHOE BPEM.

2.3. Paccmorpum mpeaukat () € NP. Ilo onpegenernio

Qx) = 3y ((lyl < a(lz])) A R(x,y)),

rge ¢(-) — moausoM, a R(-,-) € P. B Ipyroil uHTepOpeTalUN CIOBO § —
5T0 coobmmenne Mepanna, noxaspiBaoliee HCTHHHOCTE ().

IIpenmonoxuM, 9T0 ApTYp MOTHOCTLIO A0BepAeT Mepanny, a TOT IMeeT
IIPaBO OTBEYATH TOILKO OTHUM OHTOM (I BCerJa aéT NPABIBHLIH OTBET
Ha HOCTaBIeHHHIN Bompoc). Torga ApTyp MoXeT BOCCTAHOBHTDL CIOBO Y,
BBEIAICHAS €ro OGHTHI OT IEePBOrO [0 MOCIeTHEro, caeayonmM obpazom. Ec-
JW yJKe M3BEeCTHEI IIepBble k OMTOB, 0Opa3yIoONIWe CIOBO U, TO ApTyp Mo-
JKeT MOWHTepecoBaThca y Mepanna, cymecTsyeT au caoso ulz, Taxkoe ITO
R(x, u0z). IIpu noxoxuTteasaoMm oreTe (k—+1)-11 6uT nonaraercs paBHbIM 0,
OpHU OTPUIATETHHOM — 1.

Ecan P = NP, To ApTyp MoXKeT IMUTHPOBATL Mepamnua.

2.4. IlpmuanzexHOCTD 3aJa4U O IapocotdeTaHuax kaaccy NP oueBua-
Ha: Mepauny mocTaTovHo pa3buTh MAILUYNKOB U JeBOYEK Ha Iaphl, IOCTe
“ero ApTyp cMOXkeT yOeIUThCs, ITO Iap POBHO 1 U BCe BHIOGDAHHBIE AL
COIIaCHBI TaHIIEeBATh.

JoxazaTeabcTBo IpuHagIeKHOCTH P 6yIeM IPOBOANTD, HepedopMyIn-
poBaB 3aJady B TepMuHax Teopun rpados. Ects deydoavuuiid epad (pébpa
COEIUHSIOT TOMbLKO BEDIINHBEI U3 PA3HLIX JOJEN), HYXHO IPOBEPUTH, CY-
LIECTBYET JdU COBEPUIEHHOE NAPOCONEMAHUE, T. €. TaKON HabGOp pébep, ITO
KakJas BepPINNHA NHINAeHTHA POBHO OJHOMY pebpy M3 Habopa (ecanm ka-
XK gad BepmnHa rpadya HHInIeHTHA He 6ojee 1eM ogHOMY pebpy u3 Habopa,
TO TaKOU HAGOD HA3LIBAETCS NGPOCOUEMAHUEM, PABMED IAPOCOTETAHISI —
KOJIHYIeCTBO BXOJAIINX B Hero pébep).

16) Bean y Bac moJydmica rpad, y KOTOporo poBHO OTHa BEPIINHA HEI6THOU CTEIIECHH,

TO MPOBEPHTE BHIYUCICHUA U HAUIUTE ONIUOKY .
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4 4 4
/ \ / \ \ / \ /
/ U \ \N 7/ \N 7/
/ \Y4 \ \N/ \N/
/ \ A A
/ /7 \ \ /7 \ /7 \
U / \ \ U \ U \
/ / \ \ / \ / \
/ \ \ U
Puc. 10.

Mgl paccMOTPUM AATOPUTM, MOCAEAOBATEILHO YBEAUMNBAIONN TEKY-
IMee mapocodeTaHne, HauUnHas ¢ mycToro. [loctpoenne 3asepimaeTcs Jau6Go
COBEDIIEHHBIM APOCOUYeTAHNEM, AN00 JOKA3ATEIbCTBOM MAKCUMAIBLHOCTH
pasMepa TeKyIero mapocodeTaHus (I TOTAA COBEPIIEHHOTO HapOCOdIeTa-
HuA B rpade HeT).

AgropuT™ 6yIeT UCIOIB30BATE IS YBEINTEHNUA pa3Mepa TeKYIIero ma-
POCOTUeTaHNsA OCTPOEHHE uepedylouwe2o nymu (3TO TaKOH myTh B rpade,
KOTOPBIN HAUNHAETCA U 3aKAHINBACTCA B BePINNHAX, He MHINACHTHBIX D6-
6paM TapoCoYueTaHUsA, U MPOXOAUT MOMEPEMEHHO o Pé6paM, NpuHAa JIeKAa-
UM I He IpHHAIJIEKAIIIM IapOoCOUeTAHNIO). 3aMEHHB B IapOCOYeTAHNN
pé6pa depeIyIoNero myTH, CTOAIINE Ha T6THBIX MeCTaX, Ha pé6pa, CTOAIIIe
Ha HeUETHBIX MECTaX, MBI YBEANINM Pa3Mep MapoCcOouIeTaHNs.

O6o3nauuM Tekyimee mapocodeTanue depes (', a MHOKECTBO BEPIINH,
HHIIAeHTHEX pé6paM u3 ¢, — gepes W(C'). Ilpeamomoxnm, 9To B rpade
ecTb mapocodeTanne (' 60abimero pasmepa. PaccmoTpum rpad A, ob6paso-
BaHHLII 00bequHeHMeM pébep C' u C/. CTenenn BepmuH B TakoM rpade He
IPEBOCXOAAT 2, HOITOMY €I'0 KOMIOHEHTHI CBA3HOCTH — 3TO IYTH (BO3MOXK-
HO, AuHLL 1, T.e. pé6pa) u nukasl (cM. puc. 10, rge CIIOIIHBIME IHHEAMIE
m3o06paxkensl peopa m3 C, a mrpuxopeiMu — u3 () Ha CTpeakn moka He
HyXHO obpammaTs BuuMamne). Tax xax C' nuMeeT 6oabiue pébep, 1em C, To
B A HamIEéTCsS KOMIIOHEHTAa CBA3HOCTH, cojepikKaiiad Goabine pebep m3 (7,
teM u3 C. Takas KOMIOHEHTA SBIAETCA, KAK HETPYIHO BHAETH, TePeIyIO-
IIIIM TTYTEM.

Nrax, mpoBepka MAKCUMAJIBHOCTH 3aJaHHOTO mapocodeTannus C' paBHO-
CIIBbHA TPOBEPKE CYIeCTBOBAHUA IePeAYIONero myTu. IlocaeqHion MoXHO
caenaTs, Hampumep, Tax. O6osmatnm goau rpada wepes V u U. Opuen-
mupyem pédpa rpada COrJACHO CIeAVIOMEMY TPABUIY: péOpa, BXOAAIINe
B (', mampasaensl u3 V' B U, a Bce ocTanbHble pEGPa HANPABIAEHBI TIPOTH-
BOIIOJIOKHO (3Ta OpHEHTALNs Takxke n3o0paxena Ha puc. 10). Torga cyrme-
CTBOBAHUE ePENYIONIEro NyTH PABHOCIIBHO CYIIECTBOBAHUIO TAKOUW Maph
Bepume v € U\ W(C)n v € V\W(C), 910 U3 « B v €CTb OPHEHTHPO-
BaHHBIA nyTh. CyllecTBOBaHNE OPUEHTUPOBAHHOTO IIYTH ¢ HATAIOM U KOH-
I[OM B 3aJaHHBIX BEPIINHAX TPOBEPAETCA CIOCOGOM, OTINCAHHBIM B PEIIeHIN
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sagaun 1.17, KoTOPBII paboTaeT U B CIydae OPHEHTHPOBAHHOTO rpada (Ma-
TPHUIA CMEKHOCTH CTAHOBHTCA HECHMMETPHHUHOMN, ITO HUKAK He BINACT Ha
BBIMHICICHNA).

Wrak, MBI JoKaszalu, 9TO 3ajada O MapocodeTaHHAX IpHHaAIexUT P.
OnucagHBII BBIIE AITOPHTM He ONTHMAJEH, INTATeIo IpeilaraeTcs IIo-
IyMaTh, KaK MOXKHO ero YCKOPUTh.

2.5. 6) YgoGuee onuceiBaTth cBeferne 3-KH® k 3agate HE3ABUCUMOE
MHOZKECTBO. B sront 3agaie no rpady G u 4uciy ¢ TpeGyeTcs OnpeelnTs,
cyuecTByeT au B rpade (¢ MHOXKECTBO BEPILINH MOIIHOCTH ¢, HIKAKAas Iapa
BEPIINH KOTOPOTO He CBA3aHA PeOPOM (HE3A6UCUMOE MHOHCECTED).

OueBngHO, ¥TO 3aga4a KJINKA guas rpada (¢ 3KBUBaIeHTHA 3agade HE-
3ABUCHMOE MHOXKECTBO a1a gomommmTersHoro rpada G (B gomomnm-
TeAbHOM Ipadre pédpa I HepEGPa MEHIIOTCA MECTAMI).

Bozpmém 3-KHD u3 m Qm3boOHKINN, B KOTOPLIE BXOAST 1 IepeMeHHBIX.
I'pad, xkoTopeint comocrapaseTcs >roun KH®P, umeer 2n + 4m sepmun. Ka-
K JOU IIePEMEHHOI X; COOTBETCTBYIOT ABe BEPIINHBI, CBA3AHHLBIE PeGPOM.
TMomernum ux z; m —x; (cM. puc. 1la).
Kaxgoll JU3BIOHKINNI COOTBETCTBYIOT
“eThIpe BEPIUUHEI, IOMAPHO CBI3aHHBIE
pébpamu Mexay cobou. Bepmmusr, co-
OTBETCTBYIOIIIE IEPEMEHHBIM WU JU3B-
IOHKINSIM, CBS3aHBI MeXIy COGOIl Tak,
Kak [oKka3zaHo Ha puc. 116), (mapucosan
IpuMep A1 AU3BIOHKINT 1 Vo V i3).

=3
L Iy

—ly =l

IIEpeMEeHHAasS AN3BIOHKITNA

a) 6) OueBrgHO, 9TO TaKON rpad CTPOUT-
Puc. 11. ca no 3-KH® noamsoMuaibHBIM airo-
PUTMOM.

ITo mocTpoennio rpada sicHO, ITO a1060€ HE3ABUCIMOE MHOXKECTBO €ro
BEPIINH cOgepXKUT He Oojee n + m daeMeHTOB. JJokakeM, 9TO He3aBICH-
MBble MHOXKECTBA pPa3Mepa N + m HAXOAATCS BO B3AUMHO OJHO3HATHOM CO-
OTBETCTBHUU C BBIIOJIHAOIIMEI HaGopamu 3HadeHun giasa 3-KH®, koropoe
3aJa€TCs IPABILIOM: €CIN I3 Iapbl BEPIINH, IOMEYEHHBIX &; U —&;, B He-
3aBICIMOE MHOXKECTBO BXOAUT BEPIINHA &;, TO B COOTBETCTBYIOLIEM 3TOMY
HEe3aBUCHMOMY MHOXKECTBY Habope 3HaUYeHNN &; = 1, B IPDOTUBHOM CIydae
T; = 0.

W3 pmc. 116) nerxo ycMaTpuBaeTCs KOPPEKTHOCTH TAaKOL'O COOTBET-
cTBUs. B HezaBmCHMOe MHOXKECTBO pasMepa n + m 006s3aHa BXOIUTH XOTs
OBl OJHA BepIINHA U3 UYeTBEPKH, COOTBETCTBYIOIIEN AuzbloHkuuu. Ho »To
03HAYAaeT, 9TO XOTsa OBl OJHA U3 BEPIINH, NOMeYeHHBIX —lq, —ls, —l3, B 3TO
MHOXKECTBO He BXoAuT. 11 Hao60poT, ecn B3ITh MHOXKECTBO 5 BEPILINH, CO-
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OTBETCTBYIOUINX BBINOJIHAIOMeMY Habopy miaf 3-KH®, To ono oxznozmawHO
JOMOIHIETCA O HE3aBHCHMOIO MHOXKECTBA pasMepa n + m (IpoBepbTe 10
puc. 116), 9To ans xaxgoro HaGopa sHadeHuil [, ls, I3 (kpoMe HyzeBOTO
Habopal!) u3 4eTBEPKH, COOTBETCTBYIOUICH JU3BIOHKINN, OFHO3HAYTHO BBI-
OUpaeTCs BepIINHA, KOTOPYIO MOXKHO JOGABHTH K S).

2.6. 6). 3aMeTHM, UTO IUCIO PACKPACOK B 3 IBETA IIO OYeBUIHEIM IPH-
YHHAM KPATHO 6: IepecTaHOBKA 1[BETOB COXPAHSET MPABILILHYIO DACKPACKY .

Iycre ects 3-KH® u3 m gusbioHKuuil, B KOTOPBIE BXOIAT N IEePEMEH-
ubix. I'pad, xoropsii conocrapasercs >roil KH®, numeetr 7m + 2n + 3 Bep-
. [as ommcasus cTpyKTyphl rpada ygo6HO HOMETHTH YaCcTh BEPIINH.
Bo-nepBrix, moMeTuM Tpu Bepruukl yncaamu 0, 1, 2. Bo-BTopoix, moMeTnM
KasK JBIM JHTEPAIOM (IIePEMEHHON WIN €€ OTPUIAHNEM) IO OJHOH BepIINHe.
OcranbHble 7m BepnH pa300bEéM Ha IPYIIIBL 0 7, KaXas CPYIIa COOT-
BETCTBYET OJHON U3 AU3BIOHKIIMI.

Teneps omuineM péGpa sToro rpada. Kak mokasaxo Ha puc. 12a), Bep-
muasl 0, 1 1 2 coequnensl Mex 1y coboi péépamu. Ha puc. 126) noxazans
€IIé n TPEYrOJBLHUKOB B 5ToM rpade. U, Hakomen, puc. 12B) moxassiBaer,
KaK COeJIHEeHBl PEOpAaMI BEePIUUHEBI, COOTBETCTBYIOIINE KaXK JOU JU3BIOHK-
uuu. Ha sTom pucysxe I, l2, I3 0603Ha4AI0T AUTEPATIbl, BXOAIAIINE B U3 B-
IOHKINO. 3aMeTHM, ITO HEKOTOpLBIE PE6pa MBI IEPEUNCIIIN 10 HECKOABKY
pas.

O4eBHAHO, YTO ONUCAHHOE BBIIIE IOCTPOEHNE MOMKHO BBIIOJHUTD 34 [O0-
JNHOMIAIBLHOE OT 1 U M BpeMs. [JokaxeM ero KOpPEKTHOCTE.

PaccmoTpuMm, kakme IpaBIIbHBIE DACKDACKH B 3 1[BETA BO3MOMKHBI I/
Takoro rpada. Bes orpannenns o61UHOCTH MOKHO CINTATH, ITO BEPIINHEL
0, 1 n 2 mokpamiens! B ngeta 0, 1 u 2 (13 mecTn packpacok, Pa3Imdaiomnxcl
[ePEeCTAHOBKAMII I[BETOB MBI BEIOPAIN O4HY ). Tor 1a BepIINHLL, TOMeTeHHbIE
z; U —x;, Hokpamensl B 1Bera 0 m 1, mpuuémM mx IBeTa JOMKHBI OBITH
IIPOTHBONOIOKHEL (M. puc. 126).

0 1 x x; h ly
=15 -1
I3
2 2 0 1
KOHCTAHTEI mepeMeHHast MU3BIOHKITHS
a) 6) B)
Puc. 12.
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IIpssmbIM mepeGOpPOM BapHAHTOB MOMKHO IIPOBEPUTH, ITO rpad, n3obpa-
XKEHHBIN HA pUC. 12B) yI0BIETBOPAET CIEAYIOMEMY CBOICTBY: €CIN KPACHTH
BEpIIIHBL, OTMeYeHHbIE JuTepataMu, B nBeTa () min 1, a BepmnHbl, oTMe-
“eHHBle OTPULAHIAME JIITEPAIOB, — B IPOTUBOMOIOKHEBIE nBeTa 1 min 0,
TO IPABWILHAS PACKPACKA OCTAJBHBLIX BEPIINH 3TOro rpada B 3 uBeTa Cy-
mecTByeT (I eIMHCTBEHHA!) TOrZa M TOIBKO TOPgA, KOTa XOTA OBl OZHO
U3 3HAYEHNN JIUTEePAIoB OTINIHO oT 0.

ITosToMy mpaBmabHBIE 3-pACKPACKHI HOCTPOEHHOr 0 rpada, 411 KOTOPBIX
BepmmuEl 0, 1, 2 moxpamiens! B nBeTa (), 1, 2 COOTBETCTBEHHO, HAXOAATCA
BO B3aIIMHO OJHO3HAYHOM COOTBETCTBIN C BBIIOJIHAIOIIMIMI HaGopaMu 3Ha-
“eHNN nepeMeHHbIx ncxoguon 3-KHD.

2.7. Mamnas 3afgatda COJEPEKUT OTPAHUYEHUA PA3HOTO BUIA, HOPOTHCA
¢ KOTOPBIMHU yA0OHee Mo oTAeaAbHOCTH. [lo3ToMY MBI cOpMyIUpyeM IPO-
MeXYTOUHYIO 3349y U MOCTPOUM I[ENOYKY MOINHOMUAILHBIX CBOJUMOCTEN
3ajJad.

Urak, Hazosém gamnyiwo 3agasy RP (“restricted puzzle”). 3agaza UP
(“unrestricted puzzle”) moaygaercs, ecan 0TKa3aThCA OT OTPAHUYEHN HA
YNCJA0 TUIOB KBAJPATUKOB U TPeGOBATL CJAOKUTH MPIMOYTOJIBHUK 3aJaH-
HBIX Pa3MepOB, IPUIEM He U3 BCero Habopa KBaJIPATUKOB, a U3 HEKOTOPOTO
€ro MOAMHOXKeCTBA.

Onumem HeOPMAIBHO IENOYKY CBOJUMOCTEN

3-KH® «x UP «x RP,

xoTopas JokasbiBaeT NP-moaHoTy mcxoiHon 3aga<dn.

3-KH® « UP. [das onmcanms 3TOU CBOAUMOCTH 6yJeM CINTATH KBa-
OpaTuKH poboTaMu, KOTOPble MOIYT MOIYYaTh U IepeJaBaTh COOOLIEHIA
gepe3 cTOpoHBL. [lapa 6YKB JOIyCcTHMA, €CIN OJHA M3 HIX O3HAYAET Iepe-
Jady cOOOIIeHNs, a BTOPas — LIPUEM TOT'O XkKe COOOIIeHNs.

Urak, nycrs ects 3-KH®, MHOKECTBO IepeMeHHBIX KOTOPOU 0GO3HA-
<uM depe3 X, a MHOKEeCTBO JU3BIOHKINI — depe3 D. Uepes D’ o6o3ga<tuM
MHOXKECTBO BBINOJHUMBIX AU3BIOHKINHA, NOIyIaeMblX n3 D mogcTaHoBKoOn
3HAYEHNN HEKOTODPBIX IePEMEHHBIX.

ByaeMm Temeps onmchIBaTH MHOXKECTBO KBAAPATIKOB I UX THIIBL, U3 KO-
TOPBIX HYKHO Oy JeT CKIaABBATE IPAMOYT 0JAbHUK pazMepa | X | x |P|. Ogua
CTOPOHA TOT0 IPAMOYTOJIBHIKA (11 ONpeIeNéHHOCTH — JeBasi) COOTBET-
ctByeT nepeMenHbiM KH®, a apyras (HuxHA") — AU3BOHKINAM. PoGoTH-
KBaJPATUKN IOIYYIaloT ClIeBa coobmenns «x; = by mim «x; = 0y, x; € X;
IepefarT BIPABO TO XKe CaMOe COOOIIeHNe; OAYYAIOT CHII3Y TI3BIOHKI[IIO
u3 D’; oACTaBIAIOT B Heé, eCIM BO3MOXKHO, IePEMEHHYIO 2 I IePEaloT II0-
AYUeHHYIO JU3BIOHKINIO BBEPX, €CIN He IOIYYeHO Hy/leBOe 3HadeHne (Apy-
TEMH CIOBAMH, OTCYTCTBYIOT THIBI, [IOLYYAIOUIE CIeBa COOOIIEHNS BIIA
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«r; = @, a CHH3Y — «a P ;). Bee >Tn THIBI He cofepkKaT IDaHNTHBIX
6yKkB. A ecTb emmré 4 yrJIOBBLIX THIA, IBYM CTOPOHAM KOTOPEIX PA3PEMIEHO BhI-
XOAUTH Ha rpaHuny, u 2| X |+2|D| rpasnvHbIX THNOB (04HA CTOPOHA MOXKET
BBIXOAUTH Ha PAHMUIY ), KOTOPBIE HYMePYIOTCA NEPEMEHHBIMA I JH3BIOHK-
[UAMHI COOTBETCTBEHHO. ByKBEBI, HAIMCAHHBIE HA CTOPOHAX KBaTPATHKOB
FPAHUIHEIX TUIOB, 06ECIeINBAIOT OTHO3HATHYI COOPKY KOHTYpa IPAMO-
yroapauka. KsagpaTnk kaxgoro Tuna ogus. A scero tunos O(|X| - |D|).

Taxum o6pazoM, BeimoaauMocTs KH® »>kBuBateHTHA BO3MOKHOCTH CI0-
KUTH IpAMOyToabHUK pasMmepa (| X |+ 2) x (|P| 4 2) us onucamroro sblme
Habopa THUIIOB KBa TPaTHKOB.

UP o« RP. IlycTh ecThb MHOXKeCTBO KBaJADATHUKOB, IPUHAIIEKAIINX
MHOKecTBY TunoB 1', Kamgoro tuna t mo n(t) mryx (3 ,.pn(t) = N), us
KOTOPBLIX HYKHO CIOKATHL IPAMOYTOILHUK m X k. Bes orpammaenus o6m-
HOCTHU MOXKHO cIHTaTh, 4To N > 5. [Jo6aBuM KBagpPaTUKOB: IO 2 IITYKH
u3 M + k SOMOIHNTEJIBHBIX TUIOB ¢; M Fj, ITOOH! BHLIOKNTDL BHELTHUI KOH-
TYp mpaMoyroabHuka m X k, 4(N — mk) xBagpaTukos emé ogHOro THIA
U, ITOOLI MOKHO OBLIO MCIOIb30BATE KBAaAPATUKH, HE BOLIEIINE B IPAMO-
yroavuux, u (5N + 3)? — 5N — 2(m + k) + 4mk xBagpaTuxos THHA v A1
noaydenns kagparta. [lockoasky 5N +3 > |T|+2(m+k)+2, orpanntenne
9HCTa TUIOB IINHON CTOPOHBLI KBagpaTa OyAeT BEIIOJHEHO.

CdopMyInpoBaHHLIE YCIOBUA MPAMO MEPEBOAATCA HA A3BIK OyKB W WX
coueTannn. Ha cTOpoHaX KBaIpaTHKOB THNAa v HANNCAHA OTHA W Ta XKe
6ykBa v, KOTOpasg MOXKeT COCeJICTBOBATbL TOALKO caMa C COOOH; Ha OTHON
CTOpOHE KBaJpaTuka THIA U HaIcaHa OYKBa U, KOTOpas MOXKeT COCeICTBO-
BaTh CO BCceMHU OYKBaMI, & Ha OCTAILHLIX — v; HAKOHeIl, Ha OTHOW CTOPOHE
KBaJPATHKOB THIOB ¢; U 7; HalNcaHa OyKBa ¥, a Ha OCTAIBHBIX CTODO-
Hax HAINCAHBI OyKBBI, 00€CIIeInBAaoe COOPKY KOHTYPa IPAMOYT OMbHIKA
m x k.

Taxum 06pazoM, 4To6b co6paTs kBaapaT (5N +3) x (5N +3) u3 "osoro
Habopa KBaApaTukoB 1 X 1, HEOGXOMWMO W JOCTATOYHO YMEThH COOHPATH
OpPAMOYTOIBHUK M X k M3 HEKOTOPOTO MOAMHOKECTBa MCXOJHOrO Habopa.

2.8. ITockoabKy YMHOXKeHIE IHceI MOXKHO IPOU3BECTH 38 IOJINHOMUAIL-
HOe BpeMs, Mepana MoxkeT cooOmuTs ApTypy 11060€ Pa3/IokKeHIe HUcaa n
Ha OBa MHOXNTEIA.

2.9. HokaxeM IpuHAIJIEXKHOCTD 3a a4l IPOCTOTA YNCJA kaaccy NP,
IIOCTPOUB [JJIsI PEIIeHNs 3TON 3a a4l HeJeTepPMUIHIPOBAHHYIO Malnyy Toio-
purra N, xoTopas peKyPCHBHO BBI3BIBaeT caMmy cebs.

Ha Bxoxg mammue N mogaéTcs IBOMYHAS 3alNCh GHCIA P, HIPOCTOTY
KOTOPOr'0 HYXkKHO [IPOBepUTH. Malnsa HegeTepMUHUPOBAHHO [JONHCHIBA-
eT HepBOOGPA3HBII KODEHb ¢ II0 MOYII0 p U PAa3JoXkKeHNe Ha IPOCThIe
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MHOXHUTeIN HHcIa p — 1, T.e. Takme WHCAA P1, ..., Ps, X1, ..., Qg, ITO

p—l:Hp?j. (%)
j=1

Tocne »Toro MammHa OPOBEPSET PABEHCTBO (k) (Ha 3TO XBATHT BPEMeHH
O(n®), rge n = logp, gaxe ecanm yMHOXKATH GOJBIINE UHCAA (B CTOIGHKY ),
nposepseT paBeHcTBo g1 =1 (mod p) u Bce HepaBeHCTBA

ge=1/Pi £1 (mod p).

[ast >Tux nposepok noTpebyeTcs Bpema O(n?), Tax xax s = O(n), a Boase-
genne B crenens ¢ Tpebyer O(log¢) ymuoxenuil. Jaree MalInaa npoBepsaeT
IPOCTOTY BCEX Pj, PEKYPCUBHO BHI3BIBas caMy ceOd.

OnmcanHsle BEBIIE TPOBEPKH TapaHTHPYIOT, YTO MOPAJOK 9HCIA § B
rpynmne (7 /pZ)* paBeH p — 1, 9T0 3KBUBAJIEHTHO IIPOCTOTE P.

Omennm Temeps Bpema paboTwl Taxoml HMT ma Bxoge mamabl n. OHo
CKTaJbIBaeTCa I3 BPEMEHM, 3aTPAavHBaeMOro Ha TeTepMUIHIPOBAHHEIE Jeli-
CTBUA, I BPEMEHM, 3aTPaINBaeMOro Ha HeJeTePMUHIPOBAHHLIC NeHCTBHA.
Kak cIefyeT U3 OIpUBeJeHHBIX BBIITE OEHOK, KOAMIeCTBO JeTePMUHIPOBAH-
HEIX IelICTBUI OTpaHIYeHO MOIMHOMOM OT IIMHLI 3amucell Bcex Uucel, Ipo-
BepAEMBIX Ha IPOCTOTY 3a BpeMA paboTwl. [InHa 3ammcell IepBoo6pa3HBIX
KODHeIl I KPATHOCTell TaKxke OrDaHHTeHA [OJAUHOMOM (I AazKe JIMHEIHO)
OT NIUHEI 3amucell BceX THCET, TPOBEPAEMBIX Ha IPOCTOTY.

Taxum 06pazoM, OCTAIOCh ONEHHTL AINHY 3aIlHcell wucel, IpoBepde-
MBIX Ha IPOCTOTY. EcIn B3ATL Ipom3BeqeHNne BCeX MUceTd, IPOBEPAEMbIX Ha
OPOCTOTY Ha k-M YPOBHE PeKYDPCHH, TO OHO 3aBeJOMO MEHBINEe HMCXOTHOTO
amcaa p. [loaToMy cyMMapHas IIMHA 3ammcell >THX 9HceT He Golee TeM
BABOE IPEBHIIAET MIHHY 3alUCH p (AINHA 3aIHCH IPOU3BEJeHNs JBYX IH-
ceal pasBe 4TO Ha 1 MeHBbIe CyMMBI JInH coMHOXKuTenell). Maxcnmanbaoe
U3 IHcea, TPoBepAeMBIX Ha IPOCTOTY Ha k-M YPOBHE PeKyPCHH, IO Kpali-
Hell Mepe BIBOE MeHBINe, TeM MaKCHMaJIbHOE U3 9Iced, MPOBepAeMBIX Ha
(k—1)-m yposre. IlosToMy MaKCHMAJIBHELL YPOBEHD DEKYDCUH He IPEBOCXO0-
muT log p. CegoBaTeanHo, 00IIas IINHA 3aMUCEN BCEX TUCET, TPOBEPAEMEIX
Ha mpocToTy mpH Bxoge p, pasaa O (log” p).

W3 pazgena 4

4.1. 3aMeTHuM IpeXkjge BCErO, 9TO S 3aBeJOMO He MEHLIIE [INHBL BXOLA

B CIIy HCIOIB3YeMBIX ompegenenuir.!”)

17) Bupator u npyrue onpegenaerus. Tak, nanpumep, kiaacc log-SPACE onpepnenserca

C MOMOINBIO OIBYXJCHTOYHBIX MalllH, ¥ KOTOPHIX Ha 0,[[H01>i JEHTE 3alllucaH BXOT U C Heé
MOXKHO TOJBKO YUTaTh, a Ha BTOpOﬂ JEHTE UCIOAb3YETCA ITaMATh O(log n)
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[IpeamosoKuM, 9TO JoKa3aHa BepxHAL oleHKa Bua 2P°V(5) ma Bpems
paboThH HeleTEPMIHIPOBAHHON MAaIUHbl. Torga MOXKHO JOCIOBHO IOBTO-
PHUTH JOKa3aTeIbCTBO TeoPeMHl 4.2, mocTpouTs Urpy Aaussl poly(S), n Bel-
INCANTH €€ Pe3yAbTAT LeTepPMHHHPOBAHHON MAINNHON Ha mamaTn poly(S).

IIycre ects HMT, paboratomas ua namsatu S. B nponecce paboTsl ona
MOKET HaxomuThcsa He Gomee wem B N = |A|° - |Q| - S cocrosmuax, rae
Q, A — MHOXeCTBO COCTOSHUN YIPABAANIIECTO YCTPOUCTBA U BHEIIHUH aJ-
¢aBuT, coorBeTcTBeHHO. X0Ta y HMT MoxkeT 6LITH HECKOJBKO BAPUAHTOB
mepexoja M3 JAHHOIO COCTOSHIA, U3 IOCAeJOBATEILHOCTH IEPEX0J0B BCe-
rja MOXKHO BBIGDOCHTH IMKJBI (HH K UeMy delaTh BHaHale HeNIPABIILHBIN
IePeXo, a 3aTeM, BEDHYBIINCL B TO XK€ COCTOSHIE, — NPABUIBHBIN). Tax
aro Bpems paborsl HMT orpammaeno 2°(%), kxax n 11a geTepMuHUpOBAH-
mon MT.

4.2. Jlerko coo6pa3uTh, Kak IMHTHPOBATL Opakya F m3 X, nMes Bo3-
MOJKHOCTB 3aKa3bIBaTh opakysa u3 II;. HyxHo 3akazaTs opakya —F, a qaib-
e 6paTh OTPHUIAHNE OT KaXkKIOT0 Pe3y.IbTaTa ero paboTHL.

Kuacc P¥*, xax u P, 3aMKHYT OTHOCHTEJIBHO B3ATHA JomouHernil. Tax
9TO OCTATOCH JOKa3aTh BKIOUeHme PY* C Y4, 1. DTo yI06HO He1aTh, mc-
[OJB3ys UTPOBOE ONpeeleHne KIaCCOB L.

[IycTs ecTs mpeguxaT [ € P¥F, a BLINHCISIONINH €0 MOIMHOMIATD-
HBIH aITCOPUTM HCHoab3yeT opakyl G € Y. Urpy, koTopas 3agaér G(z),
o6oznaunM G(z). Onumem Teneps urpy F (&), BEIUTDHIII GeIBIX B KOTOPOH
(TouHee, HAINYNE BLINTPLINHON CTPATErNN) SKBUBaleHTeH F ().

IepBEIll X0 6€ILIX B 3TOU UT'PE COCTOUT B OOBLABIEHNN MTOCTIEI0BATENE-
soctu map (f;, xj);].:l. Beable yTBepx 1aioT, 9TO 3Ta IIOCIEI0BATEILHOCTD
eCTb MPOTOKOJ OOpAIlleHNd K OpaKy/ldy B IIpOIlecce paboThl alTOPUTMa C
opakyaoMm (G, Beraucasiomero F'(z). Boaee TodHo 3To 03HaYaeT, ITO aaro-
pUTM 00palllaeTCa K OPakyly ¢ pa3, j-H 3aImpoc gelaeTcs O CIOBe Zj, Opa-
KyJ OTBedaeT Ha 3TO 3ampoc fj, U OKOHYATeNIbHBIN pesyabTaTr F(z) = 1.
CuegyromnmM xogoM UépHble 0OBABIAIT HHAEKC j U, ecan f; = 0, To go-
HOJHHUTEILHO NePBHI X0 Geablx B mrpe G(z;). Hamee, ecan f; = 1, To
pas3bIrpeiBaeTcs Urpa G(z;), a ecan f; = 0, To passirpeiBaeTcsa urpa G(z;)
€O ¢ABUTOM «Ha TeMIy: (i + 1)-I xox Geasix B F(x) B 2TOM cIydae COOT-
BETCTBYeT I-y Xo1y 4€pHBIX B G(z;), a (i + 1)-11 xog wépueix — (1 4 1)-y
xogy Gearix B G(x;), (k4 1)-11 xog 4€pHBIX Ha Pe3yIbTAT BINAHNI He OKa-
3LIBAET.

Beable BEIUTPBIBAIOT B 3TOH UIpe, €CIN (a:j);]»:l — IpaBUJIbHAA IOCIHIE-
JOBATEILHOCTDL apI'yMEHTOB IIPH 00paIleHnax K Opakyay, pe3yJabTaT UrPhI
G(z;) coBnagaet ¢ f;, a peayapTaT paboTHl AIrOPHTMA I BBIMHCIEHNT F

Ha BXOJe & C OTBETAMIHI OpaKyJIa (fj);]':1 paBeH 1.
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HdocraTouno saceo, ITo ecan F(x) = 1, To y GeIblX eCTh BBIUTDEHILIHASL
crparerua B F(#): HePBHIM X0JIOM CKa3aThb NpaBAY, a Jadbllle HCPATh B
G(x;) mo cTpaTerusM, CyLIeCTBOBAHNE KOTOPHIX BHITEKaeT U3 DaBEHCTBA
i = G(z;). Ecan xe F(x) = 0, To B KakoM-TO wieHe (fp,, &) HOCIETO-
BaTembHOCTH (fj, 2;)]_, Geasre fomxmBI OTKIOHUTHCA OT meTHHEL “TépHBIe
CBOIM XOZOM JOJIKHBL 00BABUTE M (I, JONOJIHETEILHO, IEPBEII X0 3a Oe-
abx B urpe G(4,,) Ipu HeoOXOAUMOCTH ), JaIbHENAd UX CTPATEr U COCTO-
UT B TOM, ITOGH JOKaseBaTh f; # ((2;), MOIB3YACH COOTBETCTBYIOIIMI
cTpaTernaMu Aas G(xz;).

W3 pazgerna 6

6.1. TlockoAbKY KOHBIOHKIINA U OTPUIAHHE 06Pa3yIOT MOJHBIN 6Ga3mc
O OOBITHLIX cxeM, u3 adeMM 6.1, 6.2 cregyeT, ITO ZOCTATOYHO DPeATH3O-
BaTh GYHKIHN —g: (2,y) — (2,2 By H 1) u @. 3ameTum, aTo —g[l,2] =
= —[2] @1, 2], nosTomy gocrarouno peaamsoBaTb @. a1 3Toro 3aBeiéM
BCIIOMOTATEIbHEIN OUT 4, CogepXKammil KOHCTaHTY 1 (411 3Toro B caMoM
Hadale I B caMOM KoHIe nmpuMmenseM —[u]). Torga @ [1, 2] = Aglu, 1,2].

W3 pazgema 7

7.1. I3 pokaszaTenncTBa TeopeMEBl 7.1 ciaegyeT, ¥TO ZOCTATOYHO Ha-
YIUTBCSA Pealn30BbIBATE Bee omepaTopsl Buja A(X), X € U(2) (ympasas-
eMBIN IBYyMs q-6nTaMu (pa30BBIN CABAT HA —i ABAAETCA GaCTHBIM CIyTaeM:
A?(—i) = A(K™1)). [das arropuTMa HOCTPOEHUs cxeMbl TPeGyeTcs TaKxKe
KOHCTPYKTHBHOE TOKA3aTeIbCTBO JeMMEI 7.1.

CruepBa peaansyeM yIpaB/iseMbIll (pa3oBBII CABIL:

AP =B, e o= () L), B = (5 L)

TMockoasky A(XY) = A(X)A(Y), To ocraéresa peaanzoBaTh onepaTopsl Y
m3 U(2)/U(1), rze U(1) — moarpymnna ¢ga3oBbix ¢IBUroB. MOXHO CINTATS,
gro Y € SU(2). dra peammsanns nzobpaxena Ha puc. 13. Ucnoassyemble
B Hell omepaTopbl A n B MOJIXKHEBI YIOBIETBOPATEL YPABHEHIIIO
Ac"A71Bs*B~t =Y. (%)
TeomeTputeckn ypaBHEHHE (%) SKBHBAIEHTHO TAKOMY YTBEDXKICHHIO: JIO-
60€ BpalleHIe TPEXMEPHOI'O IPOCTPAHCTBA €CTh KOMIIO3UINSA JBYX IIOBOPO-
ToB Ha yroa 180°. JokazaTeabcTBO 3TONO YTBEPK ACHAA MOKHO YCMOTPETh
u3 puc. 14.
Ocranocy gokazaTh deMMmy 7.1 koHCcTpykTHBHO. [l Havama 3aMeTHM,
YTO s MOOBIX HHCEN €1, Co CYIUIECTBYET VHUTApHas MaTpuua |/ pazmepa
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A G /2
(HHEH DD

Puc. 13. Puc. 14.

2 x 2 (3(pexTUBHO BEIYHCANMAL C 000N 3aJaHHOI TOYHOCTHIO §), Takasd

(-,

C2 0

qTo

CregoBaTeabHO, Id II060T0 €FUHNYHOTO BeKTOpa |£) € CM  cymecTny-

eT mocaegoBaTenbHOCTh yEETapHEX MaTpun V()| VM -1 makag wro
v V(M_1)|€> = |1), rae V() nelicTByeT Ha MOAIPOCTpaHCTBE
C(|5>, |s + 1>) (kaxk MaTPHIBI B YCIOBHH JeMMBI 7.1) I OCTaBIseT Hem3-
MEHHBIME OCTAJbHBLIE 6a3MCHBEIE BEKTOPHIL.

IlycTe Teneps 3aaHa yHUTapHas MaTpuna U pasmepa M x M. YMHoxkas
U~! creBa Ha mogxogamme marpuns: (LD UMM =1) " yoxno mepese-
cTn mepBBIl cToxben B BekTop |1). IIpm »>ToM ¢TOI6IBL OCTAOTCI OPTO-
TOHAILHBIMH, IIODTOMY IepBasf cTpoka mepexonuT B (1|. deflcTBys Takum
e 06pa3’oM ¢ OCTAIBHBIME CTOIOLAMIE, moIydaeM Habop Marpmm U (%)
(1<j<s<M=1) (rge UV®) peficteyer ma |s) u |s + 1)), ygosie-
TBOPAOIIAN yCIOBHIO
M=1LM -1 (M=2,M=2)p(M=2,M=1)  7(1,1) p(L,M=1) -1 _ |

DToT Habop cTpouTes arroputMmoum croxuoctn O(M?3) - poly(log(1/d)).

7.2. Hepasencrso (7.6) ciegyeT U3 HeMoYKN HEPABEHCTB, CIPABELINBEIX
A1 ao6oro |£):
[xYI] <IN - [V < X - Y1 18]

st foxazaTelbCTBa paBeHCTBA (7.7) 3aMeTHM, ITO COOGCTBEHHbIE THCIA
omeparopoB X X' u XTX cosmagaror.
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U, makower, paBeHcTBO (7.8) clefyeT U3 TOTO, 9TO COGCTBEHHBIE UHCIA
omepatopa (X ® V) (X @ YV) = XTX @ YTY nmeror Bug Ajux, e A\; n
p — cobersennsre uncta X1 X n YTY, coorBercTBenHo.

7.3. HocraTo4HOo IPOBEPUTH Iis ABYX COMHOXKUTeRen. Imeem
Uy (1€) @ [0V=™)) = Us (U11€) @ [0V ) + ) =
= UsU1[€) @ [0N ™) + [n2) + Us|m),
rae |||77]>|| <4; (j=1,2). Iosromy
1050, (1€) @ 10V =)) = Ut ]€) @ [0V =) || < 61 + s
7.4. O6ozmaaum M = B®”~® |0N_”>. Bynem mckats omepaTop B Bue

W = (U® Iypqa,. . 8)Hm + W — Iym), Toe yEnTapusi omepaTtop W
coxpanser M*. Ilas Taxoro W, 0ueBHIHO, BLIIOIHAETCA PABEHCTBO

W (lg) @ 1077) = (Ulg)) @ |0V 7),

a||W—=U|| < O(8) sxBuBaenTHO TOMY, 9TO 415 Beex |n)) € ML rimonmse-
ca || (W=U)|n) || = O(9). pencrasasaas W = XU, noaydaeM >KBUBAICHTHEBLE
YCIOBHUA Ha YHHTAPHBIN omepaTop X:

|IX —I]| =0(5), XLt=M*,
rge £ =UM.

Teneps HaM moTpebyeTcsa CIeIYIONad JeMMa.

Jemma. Iycmo £ u M — nodnpocmpancmea KOHEUHOMEPHO20 NPO-
empancmea N, marue wmo |z — Ipm|| < 8, § < 1/2. Toeda natidém-
e yrumapuviti onepamop X, mawot umo || X — I|| = O() u XL = M.
(Bnavum, u XLt = ML)

MoxasareabctBo. Bospmém omepatop YV = TIaIl; + (7 —TIaq) (1 —11z).
Cpaay BugHO, 1TO0 0H epesogut L 8 M u L1 8 ML. las mopmmt ||V — ||
IMeeM OIEHKY

Y = I|| = |[TTmIle — Tlag — Tl + T IIz || <
<M = T )T ||+ [T (Mg — T )| € 26 < 1.

Omneparop Y ne yunrapusii. Ho u3 npuBegeHHON OLEHKH ClIeAyeT, 9TO OH
HEBBLIPOXK JeHHBIA. PaccMOTPUM YHUTAPHBIN omepaTop X = Y(YTY)_l/Z.
Omnepatop YTY coxpanser mognpocrpancTso £, mosToMmy X mepeBoiuT L
B M. [das omenku HOPMEL X DPa3I0KIM (YTY)_l/2 B pax Tenaopa

W)=k 2422 meZ=1-YTY.

Mostomy ||(YIYV)=Y2 — || < (1 = ||Z|))~"? — 1 = O(4), oTcioga moryaaenm
I|X — I|| = O(3). O
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IT06b1 IPUMEHNTD TeMMY, Heo6xoauMo oneHnTs Beanauny |[II; —TIa|.
Nneem ||[(U = U @ NI || € 6 (U npubanxaer U B pacIImpeHHOM CMBICIE
¢ TounocTh0 §). Ob6o3navas V = U ® I, noaygaem

[T — T = [UTIM T = VITA VY| < 26
Hrak, ycaoBue JeMMBI BLITTOJTHEHO (I/I 3agadga pemeHa) mpu § < 1/4.
7.5. Cxemy mas omepaTopa A(U) MOXKHO HOCTPOHUTH, UCHOJAL3YA 3.4e-

menm Ppedruna F = A(+>) — ynpaBaseMblll oOMeH GHTAMIH. DIEMEHT
Dpeakuna 3a1a6TCA COOTHOIICHUIMNA

[0,b,¢) ecam a =0,
[1,¢,b) ecama=1.

F:lab,c) .-){

Ero MoxHO pealn3oBaTh CIeIVIOMINIM 06pa3oM:
F1,2,3]= A@)[1, 2,3l M@)[1,3,2] A@)[1, 2, 3]

(zameTum, uTo A(@) = A%(0,) — 370 saement Toddoan).

«F| —— | F<—
"

Puc. 15.

—10)

Ha puc. 15 moxazano, kak U3 cxeMbl 01s onepaTopa [/, COXpaHSIIOUIETr o
|0}, mocTtponTs cxemy gag A(U). B mpaMoyroabHHKax MPOHCXOAUT yIpa-
BAfEMBIH OOMeH (-6HTaMH (IapallelbHO NeHCTBYeT HYXKHOE KOIMIEeCTBO
saeMenToB Ppenkuna). Ecan ympasasionmi ¢-6ut pasex |1), To Ha BXOf
cXeMBl, Belduc/assionell U, 6yaeT nogan |£), B mpoTuBHOM caydae — [0).

7.6. Kaxabin n3 paccMaTpuUBaeMbIX IOBOPOTOB IIOPOK JAET BCIOAY ILIOT-
HO€ II0JMHOK€eCTBO B IOATPYIIIE IOBOPOTOB OTHOCUTEABHO (PIKCHPOBAHHON
upsamont. IloaToMy ocTaloch A0Ka3aTh, 9TO IOBOPOTHL OTHOCUTEIBLHO ABYX
Pa3INYHBIX OPAMBIX HopoxgaoT SO(3). Jag 5Toro 10cTaTouHO JOKA3aTh,
YTO NOATPYIIA, IOPOXK JEHHAS BCEMU [IOBOPOTAME OTHOCHTEILHO IBYX Pa3-
ANYHBIX IPAMBIX, 0elCTBYeT TPAH3UTHBHO Ha c(epe (IIN Ha IPOEKTHBHON
IVIOCKOCTH — MHOXK€eCTBE 0JHOMEPHEIX ognpocTpancTs). Copase inBocTh
5Toro axTa oUeBNAHA U3 PUC. 16 (ecam MOXKHO IepeMeIaThCA 0 ABYM Ce-
MeNCTBaM apajulejel, TO U3 ao000H TOYKH Ha c(hepe MOKHO IONACTH B
106y10 apyryo). CTporoe JoKa3aTeIbCTBO HOIYIAeTCA AHATOTHTHO Pellle-
HUIO 3ajJa4n 7.7.
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Puc. 16.

3aMeuanme. IJTO peIleHNE HEKOHCTPYKTHBHO: HEIb3s JaTh HIKAKON
BepxXHell OIEHKH Ha Koam<decTBo mooporoB X, X 1 Y, Y~! xommosmmus
KOTODBIX NpHOANKaeT 3afaHHbl saeMeHT U € SO(3) ¢ 3aJaHHON TOUHO-
cThi0 §. IIpuyunHa HEKOHCTPYKTUBHOCTU COCTOUT B clefywoiieM. [loBopoT
Ha yroia 27wq, rje o — HPPALIOHAJBHOE, IOPOKAAET BCIOAY IJIOTHOE IO -
MHOXKECTBO B IDYIIE NOBOPOTOB OTHOCUTEIBHO (PUKCHPOBAHHON NPIMON
(sTa rpynna, ogeBugHo, m3oMopdHa R /7). OgHAKO THCIO (v MOXKET OUeHb
XOPOIIO NPHOINKATHCA PAIMOHAIBHBIMI YHCIAMI (3TO HMeeT MeCTO, KO-
raa Ko3@@OUIUeHTH MeTHON Apo6u, IPEeACTABIIIOMEN «, O¥eHb OBLICTPO pa-
ctyT). Torga moboe r € R /7 npnbamxaeTcs sreMeHTaMu Buja no (n € 7,)
¢ 110601 TOIHOCTRIO § > (), HO YUCI0 N MOXKET GBITH CKOMb YT'OJHO BEIUKO:
6oabine, deM md0basa Hamepé 3agaHHad QYHKINAL J.

KoHcTpyKTHBHOE JOKa3aTeIbCTBO U dP(MEKTHBHLIN (IpH HUKCHPOBAH-
HeIX X 1Y) aIrOPHTM HOCTPOEHNA ANPOKCHMAINI JOBOILHO CIOKHEI [4].

7.7. O6osmaunm |¢') = V~L¢), Toraa H' = V-'HV — crabummsa-
Top C(|¢")). Tak 4To yTBepXKAeHHe 3a1a<y NPHOGPETaeT BUA: 0ObeIUHE-
HHe CTabWIN3aTOPOB IBYX HECOBIA TAIOMNX OJHOMEDPHBIX TOAIPOCTPAHCTE
nopoxgaer U(M).

HocTaTouno mokasaTs, 9To rpynna (7, mopoxaénras H UH', reiicTByeT
TPaH3UTHUBHO Ha MHOXKECTBE eJUHITHBLIX BeKTOPOB. [lelcTBUTEILHO, TIYCTh
Ans kazkgoro |¢) € M mangéres onepatop Uy € G, Takon aTo Uy [£) = |i).
Torga

umM)= |J vyH.
l¥)em

llokazelBaeM TPaH3UTUBHOCTH AEHCTBHUA rpynmbl (. 3aMeTHM, ITO

def

H]p) = Q) = {[n) : [(n[ )| = cos I},

H'|¢) = Q'(0") L {In) : |(n]€')| = cos 0'},
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rae 9,9 o6oznagaT yrasl Mexay |¢) u [€), |€) cooTBeTcTBeHHO: cos V¥ =
= ||, cos?d = [{¢|&)], 0L ¥, < n/2. B nocaeayromux GpopMyrax
HCHOJB3YETCI TaKkKe yroa o Mexay BexkTopamn |€) u [€)': cosa = |(£] &),
0<ag /2
MoxHo npoBepuTs, uro npu dimM > 3
HQ'(v) = U Q)
loao—d!| <Y <min(a+d! 7/2)
H'Q(v) = U Q).
|oo—¢| <P/ <min(a+9,7/2)

IToaTomy

H'[E)
HH'|S)

Q' (a),

UJ Q(9),
0P <min(2a,7/2)
H'HH'|¢) = UJ Q'(v),

0K <min(3a,7/2)

u T. 1. Takum o6paszoM, JelcTBYS Ha BEKTOD |{) HOIEpEeMEHHO DIeMeHTaMM
u3 ' u H gocTaToIHOE KOAMIECTBO Pa3, MOKHO HOIYIHTD 060 eTnHEY-
HBIH BEKTOD |¢).

7.8. Hockoapky ¢ = HK?H, To cTaHZAPTHBI 6a31C COTEPKIT HOI-
HBIH Ga3smc AId KIACCHIeCKHX OOPATHMBIX BBIMHCICHHE (cM. 3agady 6.1).
JTo, 6rarogaps 3agate 7.5, HO3BOIAET pealn30BaTh omepaTopsl A(U) aas
BCeX 2JIeMeHTOB Gazmca, Kpome H.

Teneps paccmoTpuM omepatop X = A(HKH) = HA(K)H, xoTopsl,
B CHIY CKa3aHHOTO, Pealu3yeTcsa B CTAaHJapTHOM Gasuce (omepaTop K co-
xpanser [0)). Hogeficteyem nm Ha B®? 1ByMA BO3ZMOKHBIMU CHOCOGAMII:
X; = X[1,2], Xo = X[2,1]. Onmepatoper Y1 = X1 X5 1, Vo = X' X maxxe
pealn3yoTcsa B CTAHAAPTHOM Oa3mce.

3ameTnM, ITO omepaTopsl X1, Xa (caegoBaTeasHo, n Y1, Y2) cOXpaHSIOT
BexTopsl |00) u |n) = |01) + |10) + |11). Kpome TOro, BEIMHCICHUAME IPO-
BepseTcA, 9TO Y1, Yo He KOMMYTHDPYIOT H HMEIT, TOMUMO 1, COGCTBEHHEIE
ameaa Ao = (1++/—15)/4 = *¥/2. B SO(3) = U(2)/U(1) omepato-
PY C TAaKUMH COOCTBEHHBIMHU 9UCJIAMHI COOTBETCTBYET MOBOPOT HA YTOJ (.
IMockompky A1 2 He ABIAIOTCA KOPHAME u3 1 (M Jaxke IeasIMH anreGpan-
YeCKIMHN HHCIAMH, TaK Kak HX clef paBeH 1/2), yroa ¢ HecOm3MEpHM ¢
7. A MOCKOIBLKY 3TH ONepaTophl He KOMMYTHPYIOT, UM COOTBETCTBYIOT IO~
BOPOTHI BOKPYT Pa3IWIHLIX OpAMBIX. IlosToMy Y1, Yo mopoxaaroT BCIOTy
naoTHOe moamuomecTso B U(L)/U(1), rge £ = C(|00), [n))t (em. zaga-
1y 7.6).
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a5 3aBepuieHNs AOKA3aTeJbCTBA ABAKIBL IPHMEHNM DE3YIbTAT 3a-
gadn 7.7. OnmepaTtopsr Y7, Yo HOpOXKIAOT BCIOAY ILIOTHOE MHOXKECTBO B
U(L)/U(1), onepatop V = A(K) coxparser C(]|00)) u me coxpanszeT C(|n)).
Tax aTo Y1, Yo, VY1V, V1Y,V mopomx galoT Bcioy IIOTHOE MHOKECT-
Bo B U(L&C(|n))) /U(1). Onepatop H|[1] me coxpanser C(]00)); mpumensa
pe3yabTaT 3ajadn 7.7 el pas, MOAydaeM BCIOAY IJIOTHOE MHOMXKECTBO B

U(B92)/U(1).

7.9. U3z mpeaniayimell 3a1a4u cIefyeT, ITO MOKHO Pealn30BaTh OIepa-
Top A(c) ¢ TourocTRIO 10 asoBoro mmomuTens, A(c) = e/?U. OmepaTop
0¥ peaansyeTcs TOUHO. Bo3bMEM JONOIHNTEILHEBIN -6UT B cocToAHnn |0)
u npumernm o Uo"U~1: |0) — ¢|0). HeuspecTHoill (BazoBeIii MHOKUTETH
COKpAaITaeTCA.

7.10. B Gasnce |¢) = %(m + (1)), |n) = %(m — 1)) omepaTop o°

AUarOHAIN3YeTC S, TaK ITO B 3TOM Ha3uce [{ nmMeeT BT

e?TZOC 0
. Cen
R = —iexp(miac”) = —i 0 e-ria) -
A pa3z a — HppAINOHAIBHOE WICIO, CTEHeHAMH R MOXKHO IPUGINKEHHO
peann3oBaThb T060I omepaTop BHIa ¢° exp(ipo”), KOTOPHI B yKa3aHHOM

BBIMIe 6aslce mMeeT MaTPHIY 7° (3 291), rge s = 0,1,23, |z] = 1. B

reoMeTPUIeCKON HHTEPIPETAIINN STH OIePaTOPhl COOTBETCTBYIOT ITOBOPO-
TaM BOKpYL ocu z. llpy s = 3 m 2z = ¢ moaydaem daemeHT Toddoan:
(AZ(R))k ~ A?(0%) (upu moaxonsmem k), Tak UTO yikKe HMeeM IOTHBIH
kaaccaecknit 6asuc. pu s = 1 u 2 = 1 noayzaem A?(i) = A(K) (ma Tpe-
THI ¢-GHT 5TOT OLEPATOP AEHCTBYET TOXKAeCTBEHHBIM o6pazoM). U3 A(K)
MOKHO cenaTh K, mogaBas Ha YIPaBIAOINNH -6UT KoHCTaHTY |1) = o”|0).
C TounocTnio 10 dazoBoro MHOxuTEass A — 3T0o moBopoT Ha 90° Boxpyr
ocH z, a KOMIIO3UITMAMHE TOBOPOTOB BOKPYT T M OJHOTO OBOPOTA BOKPYT 2
mpezcTaBIAlOTCA Bee >meMeHTH SO(3) (amazoruwno 3agate 7.7).

Wrak, MBI HOIyYmIN pealm3anuio Bcex omeparopos m3 U(2) ¢ Touno-
cThio 10 (pazoBoro MHOKHTeId. OCTaloch UCHONB30BATL 3amady 7.9 mas
TOro, YTOOLI pealn3oBaTh H.

7.11. Jlwo6oe BpamieHme TPEXMEPHOTO IPOCTPAHCTBA NPEICTABISIETCI
KaK KOMIIO3HIIIA TPEX MOBOPOTOB: HA YL OJ (v BOKPYT OCH 2, 3aT€M Ha Yol
[ BOKDYT ocH: &, 3aTeM Ha yroJ ¥ Bokpyr ocu z. llosTomy aro6on omepaTop,
JEACTBYIOIINN Ha OJHOM (-OUTe, IPEICTABASETCA B BIIE

U= eiwei(’Y/z)gz ei(ﬁ/z)gzei(a/2)02~ (*)
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Kax gl 13 omepaTopoB B IPaBOI YacTH (#) BblpaxkaeTcs depes H u ympa-
BasgeMble (pa30Bble CABUTHU:

e'? = Ae"?)o"A(e'?) o €7 = Ale™")o"A(e'¥) 0"
* = HA(™)H, 197" = [ I,
TakuMm o6pazoM, A pelleHns 3aJadu TOCTATOTHO ITOCTPOUTEL CXEMY,
IIPeICTABIAIONIYIO yIpaBaseMeri dazoswiit casur A(e?) ¢ ToamocTrio O(6).
BriGepem Taxoe ¢ = 2", uaro 1/§ < ¢ < 2/4. Ilpeanonoxum, 9T0 y HaC
B PACHOPAKEHNN €CTh N-OMTOBLII PETUCTP B COCTOAHUN

g—1

1
ex 271'2—
(e, 1) = == ; p(2mi=) 7).
3ameTn™, 9T0 |1y (¢, k)) — COGCTBEHHBIN BEKTOP KIACCHIECKOT O OIEPATO-
paV:|j)—|(j—1) mod ¢):

Vitn(a, k) = ™D g (g, k).

Hpumensas k |, (q, k)) omepatop V', ynpasasembiii JOTOTHNTETBHBIM (-
6UTOM, TOIyIaeM HCKOMBIN (ha30BEII CABUT Ha 3TOM g-6mTe:

AV (1E) @ [9n(a, k) = A D) €)@ [4n (g, k).

(Kaaccmaeckmit) omeparop A (V') MoxHO 3a1aTH cxeMoT THHEHHOTO pas-
Mepa B cTaHIapTHOM 6asuce. Ecin k — HewéTHO, TO BLIGOPOM IIOIX0AAIIIe-
ro | moxuO mpecTasuTh omepaTop A(e!?) ¢ ToumocTsIo 27/¢ = O(4).

BMmecTo TOro, 9TOGBI CTPOHTE CXeMY, MOpOXKJaoIylo |¢,(q¢,k)), Oy-
JgeM 6paTh cMechb |1, (q, k)) mpu pasHBIX k, U3MepATH 3Ha<YeHHe Kk U BB
6upaTh [, COOTBETCTBYIOIIEE STOMY M3MePEHHOMY 3HadeHnto. Onummem Tpe-
GyeMble TeHCTBUA.

1. Coszzaém BexTOD
g/2-1

o [H[0") = ) = 710) — =la/2) = ﬁ S 1nle,25 + 1)

3amernm, aTo 0° = A(i)? = K? peaamsyeTcs TOIHO B CTaHJAPTHOM

ba3suce.

2. Tpomsseném msMepenue k ¢ BePOATHOCTBIO ommbKH € < §%; OHO MOXKeT
OBITH IIPEACTABICHO OLEPATOPOM

rae Wil0) =1 —clk)® |Myc0p(k)> +/2[¢(k)), a BexTopwl |Mycop(k))
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u |((k)) — eIUHHYHON AANHBL. 3aMeTHM, ITO TOYHOCTb — KBaJPATHEIN
KODEHb U3 BEPOATHOCTH ONTHOKI:

[Wil0) — k) & payeop()) ]| = v/ (1 - vVI—2)” + & = 0(6).
3. Hamnzém Taxoe [(k), aro |kl(k)/q —0/(2m)| < 1/q.

IIpumenuM A(Vl) K paboueMy n-0UTOBOMY PerucTpPy, UCHOAB3YA OUT, B

KOTOPOM HYKHO CAelaTh (Pa30BBIA CIBUT, B KAUeCTBE YIIPABIAIOIIErO.
5. O6paTuM BLIYHICIEHUS, CAelaHHble Ha Imarax 1-3.

IT06bI BEPOATHOCTE ommbKH 6bi1a Menbie 62, myxunl O(log(1/5)) aae-

MeHTapHBIX H3MepeHNH A1 Kaxkjoro ms omeparopos V, V2, ..., V2",
TMockoasxy n = O(log(1/4)), obmuit pasmep cxeMbl — O(log?’(l/é)).

W3 pazgerna 8

2
8.1. Mycts Y [(F(2),2|U|z, 0" ™) =1-¢c,,me, <& < 1/2 aan
Bcex r. HaM HYKHO OICHHTE BEIMYUHY
2
p() =30 [z fi 2, F@), 0° MU (2,087 ) |
Ji,ofe

Z21,.-%k

rae M — omepaTop, peaansytonmui npuMeHerne Gyaknun MAJ x cooTseT-
CTBEHHBLIM 6UTaM k PerHCTPOB OTBeTa HCXOTHON CXEeMBI I 3aIlHCLIBAIOMIII
3HAYeHNe HTOU (QYHKINN B PEIUCTP OKOHIATEAbHOro oTBeTa. (liuna oTBe-
Ta paBHa M, a § JONOIHUTEILHBEIX GHTOB NCIOAB3YIOTCA IPH BLIMHCICHUN
MAJ).

Eciu 6oee HOMOBUHBI PETHCTPOB OTBETa HCXOTHON CXEMBI COep:KaT
F(z), To pesyabraTroMm npumenenus M oGssarensso 6ygeT F(x). [losTomy

1—p(x) <

B SR SRS ) TAA T
21,02k

SC{1,.. k], Fisee TE»
ISIKk/2 fj=F(c) & j€S

= Z (1—6x)|5|gl;_|5|:<(1_6x)6x)k/2 Z (Ex )k/2—|5|

1—¢g

V/a\

IsIgk/2 IsIgk/2

k
< (\/(1—%)%) 28 < AR mme A =24/(1 —¢)e.
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8.2. Tockoabky H? = I, mMeeM IEIOYMKY PABEHCTB:

DO

Omneparop A(c?) ymuaoxaet |1,1) ma —1, a ocTanbHble Ga3nCHBIE BEKTODHL
He MeHseT.

Eciu caeraTs 3aMeRy 6a3nuca TOABLKO B YIPABIAIOIIEM (-0UTe, Kak ITOKa-
3aHO Ha PUCYHKE HHZKe, TO HOTYIUTCS OIepaTop, KOTOPHIA SBAAETCS IPON3-
BeJeHNeM OTPHIAHLN B 060uX (-6uTax u «omepaTopa anbdysum (Ha c. 68
MBI 0603Hadann ero V). JelcTBUTEIBHO,

H[1A(e™)[L, 2] H[1]]a, b) = H[1]A(e")[L, 2]% 3 (1), by =

= H[1) 2 () le b e) = 5 (=) b ) =
c,d

LSO g,
2 bl

c,b!

Ha PHUCYHKE C/JI€eBa IIOKa3aHa CXeMa BBIYMHNCJACHISI TaKOI'O OoIlepaTopa, a CIpa-
Ba — €r'o MaTpuna B CTaHIAPTHOM bazuce:

@ @ 1 1 1 -1
1 1 1 -1 1
2 1 -1 1 1
@ -1 1 1 1
8.3. BPP C BQP. Kuaccuiueckoe BepOATHOCTHOE BBIUIC/IEHIE MOXKHO
IpegcTaBuTh o6paTuMoin cxemoit (Uy, ..., UL ), KoTopas, HAPALY CO BXOIOM
Z, ICHOAB3YyeT CAYIANHYIO MOCAeIOBATEIBHOCTD Hydell u eguuun r € B,
(KpoMe mozme3Horo oTBeTa, cXeMa MOXKeT CO34aBaThb MYCOD — 3TO HEBaXK-
HO). 3aMeHNM IepecTaHoBKN [/; Ha COOTBETCTBYIOIINE YHUTAPHBIE OLePa-
TOPHI ﬁj, a BMECTO CIYYAaHHOrO CI0BA I IPUCOTOBIM COCTOSHIIE
) = HE0) = 2772 3 ).
rebs

BQP C PP. Iycts cxema (U, ...,Ur) Beramcaser npeguxat F(z) ¢
BepOATHOCTBI0 omubku < 1/3, obmee umciao 6utoB B cxeme paBHO N, a

|z] = n. BeposaTHOCTb TIOTydIenns oTeeTa 1 BEIpaKaeTCsa Uepe3 MPOEKTOD
) = |1)(1], npuMenérEDIfl K mepBOMY (-6UTY:
ple) = (e, 0N 00T UI IO UL ULy - Uy e, 0N =

()

=27 0NV VL - Vo Ve, 0N T,
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3apecs Vi,...,V_ — HmepeHyMepOBaHHBIE OLIEPATOPHI UlT, .. .,H(l)[l], -
..., Uy ¢ oguum nckmovenunem: ecan Uy = H[m] (mam U,I = H[m]), To
cooTBeTCTBYIOIMI omepaTop V; paser v/2H[m]; xormiecTso sremenTos H
B cxeMe 0603HAYEHO depe3 h.

MaTpudHble 3JIeMeHTHl OMepaTopoB V; € {(V2H, K, Kt A(c%), A*(67),
MV} mpumagrexaT MHOKECTBY

M = {0, +1, -1, +i, —i}.

IlepeMHOXAs MATPHUILI, MBI HOJy9aeM CyMMY THCeI W3 MHOXKecTBa M.
TockoabpKy mHTepecyoas Hac BeIUIHHA P(&) BElleCTBEHHAA, MBI MOXKEM
OrpaHmINThbCA cymmupoBanueM =£1. KpaTHocTn craraeMbix 6yayT BhIpa-
KaTbCA B BUE

#a(r) = {w: Calw,w) =1}, ae{£l},
rjae npeaukaTel Cy (2, w) € P oupenenentr uuxe. [lorywaem npecrasienne
p(x) = 27" (F1(x) — #-1(2)).
JarbHelllee TpUBeJeHNe YCIOBUA (%) K BHAY I3 ONpefeleHns Kiaacca PP

yxKe He OYJeT UCIOJB30BATH HUKAKOU KBAHTOBOH CIEIN(DUKIE.
Teneps ommmeM npeinkaTsl Cy (2, w) GpopManrbHo. MaTpuTIHbIE d1eMeH-

THI mpou3BefeHus Vi - ...  V_p MoxkHO BeIpasuTs mo dopmyre (5.1)

(VL T V—L)xy = Z (UL)CUCUL—I Tl (U—L)x—L+1y'

TL—1,--,T—L41
ITo ompegenenmio, Cy(u—_r,...,ur) paBHO 1, ecan u TOIBKO eCan
L
N—
u_L:uL:(x,O n)’ H (Vj)u]'uj'_l =a.
j=—L+1

Jlerko BugeTn, uTo C; € P: HyXHO IIpeICTABIATL MATPUIHLIE 3JEMEHTEI
KaK CTelleHH 1 I CYMMHUDPOBATH IMOKa3aTeIl CTeleHell o MOIYIio 4.

Ecan F(x) =0, To p(x) < 1/3; ecan F(z) = 1, o p(x) > 2/3. Urax,
F(z) = 1 Torga um ToabKO TOrJa, KOT A4

plx) = 27" (G () = #-1(2) >
IDTO 3KBUBAIECHTHO YCIOBHIO

#_1(1‘) + Zh_l < #1(1‘)

3anucaEHOEe HEPABEHCTBO IMOYTH COOTBETCTBYET ONPEIENeHHI0 KJIACCA
PP: ocTaéTca IWIL NPOBEPHThL, UTO JeBaf IacThb NMpeACTaBOMAa B BHe
flz) = Hy : R(z,y) = 1}|, R(-,-) € P (a1a mpaBol 4acTm >TO ykKe 10-
kazaHo). @yHKnuE f Takoro Buja 00pa3’ylOT TaK Ha3blBaeMBII Kaacc #P.

B | =
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ToxaxeM, 9TO TOT KIACC 3aMKHYT OTHOCHTENbHO cIoxkeHns. [Iycts g(x) =
= |{y : Q(l’,y) = 1}|7 Q(a ) € Pa Toraa
@) +g(@) = Hy: T(e, zy) = 1},
rae T'(x,0y) = R(x,y), T(z,1y) = Q(x,y).
[lokazaTeasCcTBO 3aKOHIEHO.
PP C PSPACE. O3to o4ueBugHO. 3aBeqéM ABa CIETHIHKA: OANH A1 Ry,
apyrou — aas Ri. Ilepe6upaeM Bce BO3MOXKHBIE 3HAYMEHUA Y U YBEIAUTH-

BaeM 3HaYeHNA CIéTUnKoB 4ai Ry, ecam Ri(z,y) = 1. IloToMm cpaBHuUBaeM
3HAYEHNs CIETINKOB.

8.4. IlyukT a) caegyer u3 nyHkTa 6). [Juas 6) mpusesém cxeMy, KOTO-
pas 1aéT mpubImKEHHOe pellieRne. IIpex e BCero, 3alnineM peKyPPeHTHYIO
dopmyry

[0 (q)) = cosD10) @ [¢n-1(¢")) +sind|1) @ [¥n-1(¢")), ()

rae

¢ =2""1  ¢"=q—2""1 ¥ =arccos\/q'/q, ecmmq>2""1;
g =q, g =1, =0, ecmm ¢ < 2771
OpramnzyeM peKypCUBHOE BHIUNCICHNE, HCIOAb3YA GOpMyTy (*).

1. Bowraumcasem ¢', ¢", 9/, nocrenuee mpegcrapaseM npubanKEnHo | ABO-
IIHBIME IHQpaMI. 3aloMIHAEM Pe3YIbTATHl BBIYUCICHUS B JOIOJIHU-
TeIbLHBLIX (-OuTax.

2. TlpumenseM K mepBoMy (-6mTy permctpa |07), B KOTOPOM HYKHO CO-
3147k |¢n(¢)), omepaTop

R(9) = (cosﬂ —sinﬂ).

sind  cos¥

3. B ocTanpBIX 7 — 1 6UTax CO3Aa6M COCTOAHEE, 3aBUCAIIIEE OT 3HATCHIUS
mepBoro 6mra: ecam oH paseH 0, To cosgaém cocrosmme |Y,_1(¢')), B
IPOTHBHOM CIydae co3gaéM |¢,_1(¢")).

4. TlpoBoamM BBLIYHUC/IEHWE, 06paTHOE K mary 1, 9ToOBI OIHCTATHL AOMOJ-
HUTETbHYIO NaMATD.

Ouneparop R(V) peaansyercs npudamkénso. lIycrs ¥/1 = 22:1 ag2™*.
Torga R(¥) ~ R(m/2Y)% - ... R(7/2)* ¢ Tourocteio O(27!). lTak, npu-
6nmxénno omepaTop R(V) mpeicTaBaseTcs NPOU3BeIeHHNEM OLNEPATODOB
A(R(m/2%)), rae k-it paspan «mcaa ¥/m ympapaseT mpEMEHEHHeM OTepa-
Topa R(m/2%).

Obm1as TOIHOCTH Takol cxeMel pasHa § = O(n27'); pasmep, BEIpaKen-
HBIH €Uepe3 JIHHY BXOJa U TOYHOCTB, — poly(n + log(1/4)).

IIyuxT B). IIpuBegéMm peanusamnmio npeoGpasopanns Pypbe, HALICHHYIO
Konnepcmurowm u, ezaBucumo, JotaeMm, B uzaoxennn 1. Mlopa [39].



176 PEIEHNA 3A0AY

SanyMepyeM (-6uThl B y6pIBaromeM nopsike oT n— 1 go 0. O6ozmanm
HJZHU]’ Sjl_A2<M/2 )[]’l] (j<l)~
Torga omepaTop

Vie=HoS0,150,2 ... Son—25n-1H1512-...-Sine1 ...
Hn—BSn—S,n—ZSn—S,n—1Hn—25n—2,n—1Hn—1

JaéT mouYTH TO, 4To HyxkHO: Uy = RV}, rae R — (kraccmtieckuil) omepaTop,
[EPENICHIBAOLINI JBONYHOE CJI0BO B oOpaTHOM mopsgke. Pasmep Taxon
cxemet O(n?).

Jlerko BugeTh, YTO MOAYAN MATPHUYHBIX DIEMEHTOB Vi ONDPEAeIIITCa
KOJIIIeCTBOM OIIEPATOPOB [1;, TAK ITO OHI PABHEI 1/\/%, Kxak u TpebyeTcs.
Ocranocs npoBepuTh (pa3oBule MHOKUTeRN. IlycTh

1 .
(Vk)(xn_l...xg,yn_l...yg) = ﬁ exp(l : 27Tg0(l‘n_1’ s Loy Yn—1y- 0, yO))

3aMeTHM, 9TO KaXJbIl MATDUYHBIA 3IeMEHT Vi €CTh IPOM3BeJeHNe Ma-
TPUYHLIX 3IEMEHTOB COMHOxNTereH. llpuMenenne H; menseT dasy Ha 7
TorJa I TOILKO TOTJa, KOTJa &; = y; = 1; OpuMeHeHHne S;; Jo6aBIfAeT K
daze 7/2!77 TorpKO B TOM c1yUae, Koraa x; =y = 1. Iamenenne ¢aswl Ha
27 Hu Ha YTO He BINAET, IO3TOMY BEIMUCIUM ( IO MOIyIo 1.

n—1

TiYj Ty
_ Y5 J _
Sp(xn—la""xoayn—la"'ayo)—Z + Z lj-l—l_
§=0 0gj<i<n
_ Z riyr Z TiYn—1-m
- 21—j+1 - 2n—j—m -
0<i<i<n 0<j+m<n
(35€Ch PaBEHCTBO IO MOAYIIO 1)
n—1 25y
_ LiYn—1-m 1-m n j
_Z on—j—m =27 sz]ZZynlm
7,m=0

ITocme Toro, kaxk MBI IEPENUIIEM CIOBO ¥ B 06pDATHOM MOPSAKe, MOCIETHEE
BLIDaJKeHUe IpeBpamaeTcsa B 2y /2",

W3 pazgera 9

9.1. Hycts p = >4 prléx){€x|. IpoBepum yeaosus 1)-3) mas p.
Ycnosue 1): odeBmzHO.
Yeaosme 2): (n] p|n) = 2, pr(nléi) (Exln) = Sy pr |(nlée)]* > 0
Yeaosue 3): Trp =", pellelés) => o = 1.
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I mao6opot, ecin p ygoBreTsopseT 1)-3), To p = >, Ae|&k){(&k|, Tae
Aj; — cOGCTBeHHBIE 4nCaa, a {|€4)} — OpTOHOPMUPOBAHHEIN 6a3uC U3 CO6-
CTBEHHBLIX BEKTOPOB.

9.2. BekTopy |¥) € N @ F MOXKHO eCTeCTBEHHBIM 00Pa30M COLOCTA-
BUTE omepatop ¥: F* — N. IlycTb p; — HeHyleBble COOGCTBEHHBIE UICIA
omeparTopa

p= WU = Tux(|v)(4]) € L)

(xax o€ COGCTBEHHOE YHCIO YINTHIBAETCI CTOIBKO Pa3, KaKOBa €ro KpaT-
socTh). [Tockoapky p aBaseTca MaTpuuel maotroctH, 0 < p; < 1. Homommnm
Aj = \/Pj, & B KaIecTBe MHOEKecTBa {|¢;)} BO3BMEM M06Y10 OPTOHOPMUPO-
BAHHYIO CUCTeMY COGCTBEHHEBIX BEKTOPOB, COOTBETCTBYIOIINX COGCTBEHHBIM
THCIAM P

OnepaTrop ¥ MOXKHO HIPEeJCTABUTL B BHIe

¥ = Z/\j|5j><’/j|,

J
rae |v;) = /\j_l\IfT|€j> € F*. CoorsercrBerHo, (v;| € F** = F. Ilepeobo-
3HaquB (V;| depes |1;), HodydaeM nckoMoe pasioxkenue IllMuara.

9.3. Yenosue Trr(|¢1){(¢1]) = Trr(|¢2)(12]), xak cregyeT u3 permeHns
IpeaBLAyIIel 3a1a91, H03B0LIeT BEIOpaTh pasaoxerns llvuara o |¢1) n
[¢2) ¢ oguHAaKOBHIME A; 1 |€;). 3amMIeM >TH Pa3IOKeHIS

) =Dl o ), k=12

IMockoasKky {|n;k)>} — OpPTOHOPMHUPOBAHHBIE CeMEIICTBA, CYMIeCTBYeT YHIH-

TapHLIN omepaTop U, TaKoH 9TO U|7](»1)> = |n§2)> s Beex j. Torga

(In @ U) 1) = ZA &) @ UlniYy = SN le) @ [18) = ).
J

W3 pazgena 10

10.1. YTBepxkgeHme 3aqavu BBITEKAET I3 CAeIYIOUIEN JIeMMbI, KOTODAsi
OyJeT moMe3Ha U B JaJbHENIIEeM.
Jemma. Duzuuecku peaausdyembvie npeobpazo6aHus MAMPUYy NAOMHO-

cmu umewm sud

B3

prr Y AnpAl, Y ALAL =T, (*)
m=1 m

Komopuill 6ydem HA3BIGAMb PA3AONHCEHUEM 6 OonepamopHyto cymmy. A eca-

KOE PABAOINCEHUE 8 ONEPAMOPHYIO CYMMY MONUCHO Npedcmasums 6 sude p
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= Tre(VpVT), 2de V. — usomempuueckoe 6aoxcenue.

JokaszaTteascrBo. I[lian goxasaTeabcTBa ciaeIyIOMIM:

a) HoKaxkeM, 9TO H30METPHUECKOe BIOKEHNE I B3ATHE TACTHIHOLO CIEHA
HMEIOT PA3jI0XKeHNe B OEPATOPHYIO CYMMY;

6) moKaxeM, 9TO ONEPATOPHBIE CYMMBI 3aMKHYThl OTHOCHTEIBHO KOMIIO3M-
I

B) HaHZéM IpeCcTaBICHNE IPON3BOILHON ONEPATOPHON CYMMEL B BHIE p —
= Tre(VpVT).

a) YcaoBue M30MeTPHYHOCTH BIOXKEHHUS 3AMNCHIBACTCA Kak Vv = 1.
DTO 03HAYAET, ITO U3OMETPUIECKOE BIOKEHNE IPEJCTABIMO B BHJIe OIe-
PATOPHOI CYyMMEI U3 OJHOLO CIACaeMoro.

15 9acTHIHOr O cieja IMeeTCs CIeAVIollee PA3JI0KEeHIE B OIEPATOPHYIO
CyMMY:

:ZmeWTL, rage Wy, = Iy @ (ml: NOF - N, (x%)

3ameTnm, ITO Wm<|j, k>) =dmii), a W,L(|j>) =|j,m).
6) IlycTs STApAL LS kaB; — Pa3JoXKEHNsI OBYX MPeoOpa3zoBaHmI
k

m
B omepaTopHBle cyMMBI. Torjga X KOMIO3UINSA TaKXkKe Pa3JaraeTcs B OIle-
DPATOPHYIO CYMMY:

S B (3 Al ) BL = S (Bedu)plBe )

k,m
S (BiAn) (BiAn) ZAT (ZBTB) A =3404,, =
k,m m

B) IlycTs mpeo6pazoBanme pa3iokeHo B OMEPATOPHYIO CyMMY (), a F —
$-MepHO€ IPOCTPAHCTBO, Ga3NCHBIE BEKTODPHL B KOTOPOM OGO3HAYHM |m).
OToGpaxenne

V= ZAm®|m l—)ZA &) @ |m)

ABJIAECTCA N30OMETPHUYIECKIM BJIOXKEHIIEM, IIOCKOJIBKY
VIV => (Al @ (1)) (4, @ [m)) ZATAm|k (Ilm) = 1.
OCTaJIOCB 3aMeTHUTh, ITO ollepaTOpHAs CYMMa IIPeACTaBII€eTCI B BIIIe p —
— Trz(VpVT1). deficTuTemsuo,
Ter(Vpvt) = ZTff( L pAT @ [m( 1|) ZAmpAT O

U3 PA3JEJA 10 179

10.2. Hycrs p € LN @ F), Ulj) =1&;), Y|k) = |nx). Torga
Trr (U@ Y)p(U @ Y)T) =

=Ter (VoY) 3 piwgwld G (U@ Y)T) =
jyk,jl,kl

Z Piki|€5)(E5 1 @ ) Uk’) Zpﬂw’k@ W&l =

J.k.g' k! 3i'k
=U(Trrp)UT.

10.3. IlycTs Zm AmpAIn — pa3J0ikKeHUe B ONEePATOPHYIO CYMMY IIpe-
o6pazosanusa 7' (cM. 3agaty 10.1). Torga

Ty = G KR TR =D G A1) - (kAL IK).

m

Taxoe mpeIcTaBIeHHIE HO3BOALET JETKO IPOBEPUTEL CHOPMYINPOBAHHEIE B
YCJIOBUH 3aJa4n CBONCTBA a)—B).

CsoiicTBo a): ZT(k’j)(k’k) = Z<k/|Am|j> (k|AL K =
k' k'm
= (kAL KK 1A, 1) = Y (kAT A, L) = (k).
k'm m
o X " . . . + ) %
CsoticTo 6): Ty ey = Z (| A, 1) (kAL EY)
Z J|A k |Am|k> k’k)(j’j)'
CsoiicTBo B): Z Griykew)ld's IE k| = Z [Um ) (¥ml,
3k
rie | m) = Z(j’lAm|J> 15", 7)-
i

U 5a060pOT, BCIKII HEOTPIUIATEILHEIN OIEPATOD MOXKHO IPEICTABITE

Beuge T =3 |m){¥m|, rge |1 ) — mogxoaamum o6pasoM HOPMIPOBAH-
HEIE COOCTBEHHEBIE BeKTOPLL 1, 0TBEYAOIIHE TOI0KNTEILHEIM COOCTBEHHBIM

qncaaM. O6o3zadum
) =D amyiili"),
jl

|1/)m> == Z amj’j|j/aj>a
m,j’.J
rorga Ti;i ;) hik) = Zamj,ja;‘nk,k. 3 ycaoBusa ;T(kzj)(kzk) = 0} cregyeT
m 7
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k’| (ZA m) |J = k’| (Z mk’kamk’ ) |J = ZT(k’j)(k’k) = 9jk-
k:/
Ocrarocs IPOBEPUTD, UTO T(|j><k|) =3 An|i)k|A]:

ZA 17)( k’|AT _ZZ Ajij g |37} k|—ZTJ] k'k) i)k =

§' k! m 3K
= T(|5)(kl).

10.4. CsoinicTBa a) u 6) >KBHBaJeHTHBL CBOHCTBAM a) U 6) U3 IpebLIy-
IIIen 3a,Ja~m.

IIycTs ecTh pU3NYIECKN pealn3yeMoe IpeoOpa3oBaHne MaTPHI] IIOTHO-
crn T: p = Trr(VpVT). Torga T' @ Iygy: p = Trr((V @ Ig)p(V @ Ig)T)
TakKkKe ABAACTCA (PU3MIECKH pealN3yeMBIM MPeo0pPa3oBAaHUEM U IIOITOMY
ob1anaeT pasIoxeHmeM B omepaTopHyio cymmy. Crerosarersro, 1'® 1)
[epeBOAUT HEOTPHUIATEIbHEIE OIlePATOPLI B HEOTPHUIATEIbHEIE.

[laa nokazaTeqbCTBa YTBEPKAEHHA B APYTYIO CTOPOHY BBIBEIeM I3
CBOICTBA B) JaHHON 3aJatdl CBONCTBO B) IPeJBIAYINEH 34 Ta<.

IT06EI J0Ka3aTh HEOTPUITATETLHOCTE MATPHUIEL 1 {(j15) (k%) TIO TAPAM MH-
MeKCOB, B3ATBEIX B CKOOKH, IIOKaKeM, ITO OHA ABIAETCA MATPHIEHN olepa-
Topa Buga (I @ T)|Y)(¢¥|, rae [¢¥) € N © N mueer suz [¢) = 3 [j) @ |j)-

lencTBUTEIBHO,

(TD) W)Wl = > Tumwmlid kYK =D Tyiywmli'i) Kkl

Jhakk Jhakk

10.5. Bocnoawayemcsa pesyabraroM 3aga4u 10.1. IIpeacrasum T'p B Buze
Trz (VpVT). Bossmém [¢) € N. Tlockoasky cocTosmme

Trrer ([VONVE|) = Trre (Tre (VIe)(w|V)) = Ter (TY)(0]) = [¢)(@
wancroe, Vi) = [4,£(¢)) (3T0 caegyer u3 3aMedaHms, CAETAHHOTO IOCIE
dbopmyanposkn 3agaum 9.2, cMm. c. 78). U3 ammennoctn V' cregyer, 4To
|€(v)) = |€) me 3aBucuT ot |¢). TosTomy TX = X ®~, rge v = Trr (|€){€]).

10.6. Bygem cumTaTb, 9TO cpa3y Ke IOCIe H3MEPEHHA U3MepAeMble
q-6UTHI BLIOPACLIBAIOTCA B ¢MYCOPHYIO KOP3UHY». DTO COOTBETCTBYET Ipe-
06pa30BaHNI0 IBYX KBAHTOBBLIX OMTOB B KIACCHIECKHE:

T:pes Y (Eaplpléan)(a,b).
a,b
Yrobwl peanm3oBaTh IpeobpazoBanme 1, HyKHO CHada/la MOAelCTBOBATD
YHHTAPHBEIM OIIEPATOPOM

H1A(e")[1,2]: |€an) = |b,a),
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a 3aTeM IPOM3BECTH u3MepeHme B Gasuce {|0),|1)}; mocae sToro g-6mTHI
BLIOPACHLIBAIOTCA.

Bes orpannenns o6IIHOCTH, TEPBHI (-6UT HAXOTUTCA B IHCTOM COCTO-
aunn |¢) = zg|0) 4+ 21|1). (Ecan MBI TOCTPONM BOCCTAHABINBAIOIIYIO IIPOIle-
OYPY OIS IMCTLIX COCTOSHMUI, TO OHA IO JAMHENHOCTH 6yIeT IPOJOTKATHCA
Ha cMemannble). Ha TpeTuil g-6uT H3MepeHne He AelCTBYET, O3TOMY MOXK-
HO 3amucaTh

(T @ Insy) (|1/)><1/)| ® |€00><500|) = Z(a, b, [ab)(Yasl),

a,b

rae |Ygp) = (<€ab| ® IB)(|1/)> & |€00>). 3mech (4| paccMaTpuBaeTCa Kax
omepatop B%? — C, nostomy (£46| @ I5: BY? — B. 3ameTnm, 9To xBagpaT
HODPMEIL BEKTODA |1)45) PABEH BEPOATHOCTH MOIYHUeHNs Napsl (a, b).

Teneps 3aluilleM ABHOE BbIDaXkKeHNe AT |tqp):

[Vab) = \/—Z (€| @ I5) (l¥) @ |d, d)) \/—Z Eap|, d) |d) =

= 75 2 weltarle d)d) = 5 D1 degaazeld) = 5 D O(-1) la ).
c,d

c,d c

I3 >Tor0 BEIpaKEHUSA CPa3y CIeayeT, ITO
b 1
(0)" (6°)° [has) = 115,

Tax 9TO COCTOAHEE |i)) B TPeTheM (-ONTe MOIYyUNTCA IPUMEHEHIEM Olepa-
TOpoB ¢” U 07 ¢ KIaCCHIeCKNM VIpaBIeHIEM: YIPABIIONINIME IIapaMeTpa-
MU SIBJASIIOTCS I3MepPeHHbBIE 3HAYeHNs a U b.

|€00)

Puc. 17. CxeMa KBAHTOBOH TeJIENOP TAITHI

CxeMa KBaHTOBOU Telenmoprauuu uzobpaxkeHa Ha puc. 17. 3HAIKOM
Q o6o3maten mepBwBI GUT, — sropon (q-6ur Anucer), @ — TpeTun
(q-6mT Bo6a). Korga Annca xouer nepegars q-6ut O Bo6y, oHa coBepinaeT
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H3MepEHNs Ha T HIM I CBOUM (-GHTOM (Jaiblile 5TH (-OUTHl He HCIOIb3YIOT-
s, I OHA BHIOPACHIBAET UX B MYCOPHYIO KOD3UHY). Pe3yapraTs usmepenni
oHa coobmaer Boby mo kraccuieckoMy kamady ¢Bsasu (Teredony). Bob,
UCIOAB3YA cO00IenHne ANchl, TpeBpainaeT ¢cBol q-6ut B ¢-6ut O.

W3 pazgena 11

11.1. Tlo ompeneneHn0 KBAHTOBOU BEPOATHOCTH MMeEeM

P (W (l0)0] @ p) W', (k) & N') =
= Tr(HC(Ik>)®NW<|0><0| @) WT) -

= 3 Te((1) (k1) B (0} (OD R & e e, ) =
:ZTr(<|k><k|>Rj<|o><0|>R}) Te(IL p1e,) =
—Z|k|R 0)]°P(p, £; ZP (Kl5)P(p, L;).

1_
11.2. Ecmm W = Zk 1z, @V, To W™ Zk RN ®Vk . HosTomy
ICKOMas KBAaHTOBAf cxeMa mMeeT Bug W'Y W, rjge omepaTop Y KommpyeT
B JONOJHUTENLHBIN PETUCTD (IOJE3HLIN PE3YILTATY:

Yily,z,v) = |y, z2,v @ y).

Ouenka TOYHOCTH JelaeTCs TaK Xke, Kak B 3agade 7.11.

W3 pazgena 12

12.1. UnTepecymomiyo Hac BePOATHOCTH 06o3HadnM tepe3 p(X, (). Ecan
hi, ..., h; He mOpoxKFAIOT BCIO rpynny X, TO OHHU COAEPKATCA B HEKOTOPON
MaKCOMAaJIbHOU cobcTBenHon moarpymme Y C X. Haa xaxmgoro Y Bepo-
ATHOCTBH TAKOT'o COOBITHA He mpeBocxomuT 27!, mockompky |Y| < |X|/2.
Taxum 06pazoM, MBI IMeeM OLEHKY

p(X0) 31— K(X)-27,

rge K(X) — 4mcao MakCHMaIbHBIX COOCTBEHHBIX MOATPYIN B rpynme X.

Iogrpynner abeneBon rpynmbl X HAXOAATCS BO B3AIMHOOJIHO3HATHOM
COOTBETCTBAN ¢ MOATPYIIAMIU TPYNNLI XapakTepoB X ™, IpU 3TOM MaKCH-
MAaJbHBIM COGCTBEHHBIM IOATDPYINAM OTBEYAI0OT MUHIMAJLHBIE HEHYJEBBIE
moarpynnsl. Kaxkgas Takas HOATPYNNA IHOPOXKIAETCS OJHNM IEMEHTOM,
nosromy K (X) < | X*| = |X|.
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12.2. TocTponM kaaccmieckuil omepatop V, € L(B @ B®™) (6asucubie

BekTOpH B B9 3amymeposanst ot () 1o 2" — 1), Taxoi 1TO

V510,0) =10, 1), Vol1,0) = |1,b).
Torga cxema V1[0, BlU[B, A] V[0, B] pearuayeT omepaTtop A(U)[0, A] B
PaCIIIPEHHOM CMBICIE.

12.3. O6o3maunm 06pa3 BexkTopa |2) mpu npeobpasosannn Pypre depes
|tn (K, 2)). B 3agade 8.4 MBI HayIMINCH CTPOUTH BEKTOD |4y, (K, 0)). Kak yxe
0TMedal0ch B pemennn 3agadm 7.11, [, (k, #)) — coGCTBEHHBIN BEKTOD
KaIaccudeckoro omepatopa V: |7) — [(j — 1) mod k), cobcTBernOE [ncao
KOTOpOT0 paBHO exp(2miz/k).

Wcnoabays a3t coobpaxenus u pe3yabTaT 3agadu 11.2, mocTponm cie-
OYIOIIYIO CXeMY M KBAaHTOBOrO IpeobpazoBanna Pypre.

1. B DOmOIHUTETBHOM, M3HAYAILHO HYJIEBOM, PETUCTPE MOCTPOUM BEKTOD

[tn (K, 0)). Obmmee cocTosHme HOLyIaeTCA

1
— |z, y).
i

2. Cpenaem aszobwiil ciBur Ha exp(2mizy/k). Tenepsb moayTaeM COCTOSHIE
) @ [¢n(k, 2)).

3. Usmepsas o6paTuMeiM 00pazoM (cM. 3agady 11.2) coGcTBeHHOE €UmCIO
omepaTopa V, IeHCTBYIOUIEr 0 HA BTOPOU PETUCTD, IPUOABISIEM Pe3yIb-
TaT U3MePEHHA ¥ K IePBOMY peructpy. (3Jech mMeeTcs B BUAY mOOH-
TOBOE CJIOXKeHHe 10 MOAYI 2). B mepBoM permctpe moayuaetcs |0), a
BO BTOPOM — TpeGyeMblll pe3yasTatT |y, (k, x)).

W3 pazgera 14

14.1. Omnepatop A MOXHO IPeICTABUTL B BIE

A= NN A >0, (lék) = (nglme) = Gk
i

3aech /\? — HeHyIeBbIe COGCTBeHHBIC wmcIa omepaTopa AAT, |€;) — ero
COGCTBEHHBIE BEKTODHL, & |1;) = /\j_lAT|€j>. Torga ||Alle: = Zj Aj.
Hns mro6oro onepaTopa X

| Tr AX] <Y N Tl (n X <Y Ml = DAl X
i i

C Apyron CTOpPOHBI, ecau B3ATh X = Zj [7;)(&;], To || X|| € 1, a Tr AX =
= 1Al

W3 noxazaHHOTO ImpeJCTaBICHNA Ja1 || - ||¢r J€TKO CIeAYeT HEPABEHCTBO
TPEYrOAbHIKA, & HOJOXKHTEILHOCTD I OHOPOSHOCTS || - ||ty 09eBUIHEL.
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14.2. CsouctBoO a):
Tr ABX A BX
| Tr | « qup 1ALl BX]]

<||A B||.
xn Sy xS Il

||AB||sr = sup
X £0

AHATOTUYHO NOKA3BIBAETCA U CBOHCTBO 6) (BOCHOMB3YHTECH PABEHCTBOM
Tr ABC = Tr CAB).

CsoiicTBo B):

Tr(Al
1T = L < A
CsoricTBo r): gas awbdoro A € L(N @ M)
| Tr((Trp A)X)]| |Tr(A(X © Im)) ]
Trpg Allre = sup ———22 2 — gup o = MU Ao
e Aller = e =% oA ey I

CsoticTBo 1):

1A® Bllw = Tr\/(A® B)1(A® B) = Tr (VATA © VBTB) = || Allul| Bl

14.3. Ilycte F — mpocTpaHCTBO cocTofEmil q-6utos m3 A, a N —
IPOCTPAHCTBO COCTOAHUN OCTAJBHLIX ¢-6mToB. OG03HATIM

D=Iy@F: NoF = N.

Ecm XY € D, 1o YX € Iy @ L(F) = £(A). Caegosarersno, xog M
ucupapaser omnoxu u3z D.

IIpeo6paszoBanune T': p — Trr p MoxkeT OBITH PA3IOKEHO B OLEPATOD-
HyI0 CyMMy (#%*), cM. permenne 3aga=n 10.1. Onepatoper W, u3 sToro pas-
JOMKeHIs IpUHALIeKAT IpocTpacTBy D, mostomy 1' € D - Dt Ocrarocs
BOCIIOIB30BAThLCA TeopeMon 14.2.

14.4. IIpoctpancTso F', COOTBETCTBYIOLIEEe UCKOMOMY KOy, IOPOXK Ja-
eTCs CTPOKaMU TalInIlbl

10 10 0 1 01 0 0
10 0 1 10 0 0 01
0 1 0 0 0 1 10 01
0 1 0 1 0 0 01 10

MozxHo mpoBepuTsh, 4TO w(f;, fr) = 0 A1 M06BIX IBYX CTPOK f;, fi. 3aMe-
THUM, 9TO CTOAOUBI B TabANIle pa3buThl Ha mapbl. Eciu B3STh JT106bIe qBe Ta-
PBI, TO COOTBeTCTBYIOIUE 4 cTOM6NA AuHEeNHO HezaBUCUMBL. CleoBaTenb-
HO, U3 CTPOK BCerja MOXKHO COCTABATH AUHEHHYI0 KOMOUHAIINIO, KOTOPAs B
IBYX 3aJaHHBIX TapaxX MO3UIUN COAEPKUT 3aJaHHbIe ducia. [losToMy yeiao-
But w(f;,9) =0 (j = 1,2,3,4) upu |g| < 2 MOryT BHIIOIHATBCSI TOIBKO
ot g = 0.

14.5. (Cwm. [22, 33].) JomycTuM, 9T0 M — kopn Tuna (4, 1), ncupasasio-
mui oguy omnbky. Torga oH Joaxken o6HAPYKUBATH IO KPAHHEHN Mepe ABe
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omnbKy, B 9aCTHOCTH, omubKu B ¢-6urax [1,2], a Takxke B g-6urax [3,4].
JTo 03HAYAET, YTO NPOU3BOILHOE cocTofHue p € L(M) MoxKHO BoccTaHo-
BITB KaK II0 IEPBBIM, TaK U 10 HOCIETHIM ABYM ¢-6uTaM (cM. 3agady 14.3).
IMoxaxkem, ITO 3TO HEBO3MOKHO.

Ilycts N7 — mpocTpancTso cocToaruil -6utos [1,2], a Ny — mpoct-
PAHCTBO cOCTOSHUA ¢-6uToB [3,4], Torga M — 5T0 HOAIPOCTPAHCTBO B
N1 ® N3. Broxerme M — Nj ® Ny obosmaamm gepes V (370 mzomeTpn-
secknil omepaTtop). Ilycts Takxke Ti: p — Tra,p u To:p = Tra, p —
npeo6pazoBanna ommbox, a Pi: N — M u Py: Ny — M — cooTseT-
CTBYIOINE UCIpaBIAoime npeobpaszoanus. Torga mpeobpazosanne P =
(PL@ P)(V-V1): M - M ® M obragaeT cleqyionmm cBOHCTBOM: I
ao6oro p € M

Try, Pp = Ten, ((PL @ P)(VpVY) = PITL(VpVT) = p,
Try, Pp = Tew, ((PL @ Po)(VpVT)) = P (VpVT) = p.

Coraacuo 3agade 10.5 mepBoe TOXAeCTBO 03HA4IaeT, 4T0 Pp = p ® 72, Dle
~2 He 3aBHCHT OT p. I3 BTOpOrO TOXOECTBa caegyetT, 4To Pp = v ® p.
Ioayunau npoTuBopetdne: v1 ® p = p & ~va, °ge p —awboe.

14.6. OmmueMm KpaTKo HIEI0 PELIEHNs TOU 3aJatl.

HJocTaTouno paccMOTpPeTh OJHO U3 ABYX IPAMBIX CIAraeMbBIX TODHe-
cxoro koga. Komnonenra cuagpomMa paBHa 1 Qust TAKOrO y3jia PELIETKH, B
3Be3qy KOTOPOrO BXOAUT HEYETHOE UICAO PEGED ¢ HEHYIeBLIMH BECAME B
l-memm, cooTBeTCTBYyOMmE BekTOpy ommbkn ¢l*),

ITosToMy moaydaeM Takywo 3agady. 3aJaHO HEKOTODOe MHOXKeCTBO 1)
y3moB pewéTku. 113 Bcex l-memenn €, rpaHmnna KOTOPHIX coBHAgaeT ¢ D,
HY2KHO BBEIODATH TY, B KOTOPOH HAIIMEHLIIEe TICJA0 PEGeD HEHYIEBOT'O BECA.
HeTpyano coobpas3uThb, 4To Takad 1-1lenlb pacnagaeTcs B 00bheJIHEHNe Iy-
Tell, COeNHAIIINX Y36l U3 MHOXKecTBa [ (1:00ble JBa PA3INIHLIX Iy TH He
IMEIT 00MuX PéGep), IPUIEM TH IYTH MOXKHO CINTATh KPATIANIINMI.
Tax <T0 3aJa4va OmpeJeNeHns OMUOKN MO0 CHHAPOMY CBOAUTCA K 3adaue o
836€wWeEHHOM napocouemanuy: Jal rpad G (B HalleM caydae MOMHBIN), Ka-
XKJIOMY €ro peGpy IPHNNCAH BeC (B HAIlEM CIydae — PACCTOAHHNE MEXKIY
Y3IaMH IO DEILITKe), HyKHO HAITH IapOCOUeTAHNe, HA KOTOPOM JOCTHIa-
eTCcsi MEHHMYM CYMMBI BECOB IO pé6paM, BXOJAIINM B IaPOCOYeTAHIE.

[ng 3a1atn 0 B3BEIIEHHOM IapPOCOTETAHNN U3BECTHLI IOJNHOMUAILHEBLE
anropuTMsl (cM., HampuMep, [11, ra. 11], rge ommcan airopuTM, OCHOBAH-
HBII Ha NeIX JINHENHOr O MPOrPAMMHIPOBAHIE).
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