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IIpeaucroBue aBTOpa

Hacrosmue gexinn mpegcTaBiasioT coOON 3aMMCKN CEMeCTPOBOTO BBO/I-
HOT'O KypCa TeOPHUH NPeJACTABIEHNN, YNTAHHOT O MHOK B HezaBucumom mo-
ckoBckoM yHuBepcuTeTe B 2002—2004 rogax. OHu npeaHazHaAYEHBI IJIS CTY-
OEHTOB HaYMHAA CO BTOPOTO Kypca.

[Ipu moaTroTOBKE >TUX JEKIUN S MPUIEPKUBAJICA TBYX MPABILI:

1) mpeacTaBaATE O6IHE MPUHIHTBL HA MPOCTHIX KOHKPETHBIX TPHMEpPaX;

2) IeMOHCTPHPOBATH TEOPHIO NPEJCTABIEHHN B AEHCTBHIL.

Hampumep, B cooTBeTCTBUN € HEPBBHIM MPABIMIOM, i (POPMYJUPYIO TEO-
PEMY O CYIIeCTBOBAHUN WHBAPWAHTHOW MeEPHI Ha KOMIIAKTHOW T'DPYIIIE, HO
BMECTO JI0Ka3aTelbCTBA BHIYHCIASAIO €€ Ha TDPYIIeE BPAIIEHW, KOTOpas pe-
AJBHO UCIOJB3yeTCs HiKe. Vian 1eMOHCTpUPYIO YHUTApPHBIN Tpook Beias
ua npumMepe SU(2) n SL(2,C).

B cooTBeTcTBHE CO BTOPBIM MPABWIOM, B JEKIUH O IPEICTABICHUAX
CHMMEeTPHUYECKON TPYIIHI 4 TPUBOXKY BHIDAXKEHIE PANMOHAIBHBIX DEIIeHH
ypaBuenna Kagommesa—TIleTBuamsuian depes moamHoMmbl Ulypa. A moxazwi-
BalO, 9TO yXKe MPOCTENIINe PACCMOTPEHUS B TEOPUHU MPENCTABIEHUH TTPH-
BOMAT K (pYHAAMEHTATBLHBIM BBIBOJAM O CTPOeHHHU aTtoMma. KyabMuHAImen
Kypca sABjisgeTcs pelienne ypaBHenus Ulpegmarepa mis sjaekTpoHa B IeH-
TPaJbHOM IOJ€e U BBITEKAIONIEE 3 HENO OOBACHEHE CTPOEHNA MEPBHIX e~
puogoB Tabauubl MeHgeneeBa.

[Ipu moaTroTOBKE CBOMX JEKIUN 51 MHPOKO TMOJb30BAJCA 3aMedaTelbHON
xuuron . B. Bunbepra «/luneiiasie npencrapienus rpynms. [lo cpaBHenn o
c Hell s ellle GoJiee KECTKO TOAOMEN K OTOODPY MOKABLIBAEMBIX (PAKTOB.
B To xe BpeMs i HECKOABKO TPUOIMIMI M3JIOKEHIE K KIACCHIeCKIM KHAT aM
. M.Teapdpanga, P. A. Munaoca u 3. 4. llanupo «YauTapHble IpeacTaBie-
HIUs TPyOOsl Bpamiernil u rpynns Jlopernas u B. JI. Ban- rep-Bap gena «Me-
TOJ TEOPHUHU I'PYNN B KBAHTOBOU MexaHuKe». VIMeoTCA 3aMMCTBOBAHUA 13
«PelTHMAHOBCKUX JeKIIHH TIO (PU3UKED.

A 6aaronapen C.JlokTeBy 3a pazpelenne BKIYATH B 3alUCKH pa3pa-
GOTaHHBIH UM UHKT 3a1ad (cM. npuiaoxkenne). fI Takxke 6aarogapio B. Illy-
BaJOBa, CAEIABIIET0 MaKeT W BHECIIENO MHOTOYHCIEHHBIE TPEIIOKEHUA
PeJAKIMOHHOT O XapaKTepa, a TaKkKe APYIHUX COTPYIHIKOB M3aTelbCTBA
MIITHMO, BHecmmx psj| yIy4IleHUNH B TEKCT.

0. K. llleiinman. Mati 2004 2.



Jlekmma 1. O6imume cBOMCTBaA I €[CTaBJICHUN

1. OcHoBHEIE OIpejeeHUT

[ycte G —rpynna, V — KOHEYHOMEPHOE KOMILIEKCHOE JHHENHOE MPO-
crpancTBo, GL(V) —rpynna obparumerx omeparopos B V. IIpedcmas.ae-
nuesm G 6 V wHaswiBaeTcsa romomopduam T: G — GL(V). Oneparop, ot-
BEYAIOMINN DJAeMeHTY ¢ € (G, Ha3BIBACTCA €0 Onepamopom npedcmasaeHus
n obosnadaerca T'(g) nam T,.

Mycte Vy — mogmpocTpaHCTBO, HHBAPMAHTHOE OTHOCUTEABHO BCEX OTIe-
paTopoB npejicrapienua 1. Torga orpanmyenua omepatopos T, na Vj
obpasyior mpejcrasiaenne G B Vp, KoTopoe HasbiBaeTcA nodnpedcmad.ie-
nuen T'. [lpencrapaenne, o6pazoBanHoe (PaKTOPOIEPATOPAME B TPOCTPAH-
crBe V/Vh, HasbiBaeTcs gakmopnpedcmasaenuenm. IlpejcraBienne, He uMe-
[olllee HeTPUBUATBHEIX (T. €. OTIHYHBIX OT HYJEBOTO 1 OT HET'O CAMOT0) IO~
MpeICcTaBACHNH, HA3BIBACTCH HENPUEOJUMbIM; B TIPOTHBHOM CIY€ae — Npu-
800UMBLM.

[Ipeacrapnenne Ha3BIBACTCSA PA3AOHCUMBIM, €CTU V PaCKIATBIBAETCA
B NpAMYI cyMMy (HETPHBHAJIBHBIX) WHBAPHAHTHLIX MOANPOCTDAHCTB, 1
8N0AHE NPUSOJUMDBLM, €CIU Ka¥KT0e MHBAPUAHTHOE TOAIPOCTPAHCTBO UMe-
€T WHBAPUAHTHOE JOTOJHEHIE.

[IpeacraBrenne Ha3BIBAETCA YHUMAPHBIM OTHOCHTEIBHO 3aJaHHOU He-
BBIPOXK IEHHOW 3PMUTOBON (popMbl B V| ecau 5Ta opMa HHBAPHAHTHA OT-
HOCHTEIBHO BCEX OIEPATOPOB IPeJCTaBIeHNA (MHBIME CIOBaMH, Bee 1, yHI-
TapHel). [IpefcTaBienne HA3BIBACTCA YHUMAPUSYEMbIM, ECTT HEBBIPOXK JEH-
Had WHBaApHAHTHASA SPMUTOBA (POPMa CYIIIECTBYET.

Teopema 1.1. Ynumapuvie npedemasaenus 6noane npueouMmbl.

Aorazameavrcmeo. OpTOroHaIbHOE IOMOJHEHNE K MHBAPUAHTHOMY TIOI-
MPOCTPAHCTBY OTHOCHTENBHO MHBAPUAHTHOW SPMHUTOBON (DOPMBI CAMO WH-
BapHaHTHO. O

Teopema 1.2. [Ipedcmasienus KOHECUHBLT 2pynn yHUMAPUIYEMBL U, KAK
caedemeue, 6noARE NPUSOIUMDL.

Aorazameavcmeo. Ilycts F — kKakasg-au60 HeBBIDOXK JeHHAd SPMHUTOBA
dopma B V. Toraa

(@,9) = |G Y B(Tyw, Tyy) (1)
geG
ABAAETCA UHEAPUAHMHOU HEBBIPOXK IEHHON SPMITOBON (POPMOIL. O

2. DKBHBAJICHTHOCTH, MOPGU3MEI (CILIETAIOLIAE OIMEPATOPHI)

Mopgusmom (cnaemarowumn onepamopom) upeactasienuti Ti: G —
— GL(W) u Ty: G — GL(Va2) HaseiBaeTca Takoil onepatop C': Vi — Va,
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aro CTi(g) = Ta(9)C aas awoboro g € G. Ecan C' aBasgercs uzoMopgms-
MOM JUHEHHBIX OPOCTPAHCTB, TO, TO OMPENeJeHNIo, OH ABIACTCA U M30-
MOPGUIMOM MPEACTABICHUN. AHATOTUYIHO, TEPMUHEI d9HIOMOPHUIM, A6MO-
MOpPU3M TIEPEHOCATCA W3 KATEerOpHH JAWHEHHBIX TPOCTPAHCTB B KaTero-
puio mpeacTtapienni. Ecan uaoMopdusaM cyiecTByeT, MpeNcTaBICHIA Ha-
3BIBAIOTCA sKsusadeHmubimy (oboznadernne: T = Th). MHoKecTBO (KIac-
COB KBHBaJEHTHOCTH) HEMPUBOAUMEIX TpeAcTaBieHnil rpynnsl (¢ 06o3Ha-
aum G

Teopema 1.3. Kaocduiii mopduszm nenpusodumvie npedemasaenuti — au-
60 usomopduzm, aubo nyaesoti onepamop.

Aorazameavemeo. Anapo u obpas Moppuzma uaBapuanTHbl. CaenoBa-
TeNBHO, KAk J0e U3 HUX JNGO ABIACTCA HYJIEBBIM MOAIPOCTPAHCTBOM, JUGO
COBMAJAET ¢ COOTBETCTBYIOMIUM TIPEACTABICHIEM. O

Jemma WMlypa (Schur). Kaocowii sndomopdusm nenpusodumozo nped-
emagaenus Had C ckaaspen.

Jokazameavcmso. Ilyers CT(g) = T(¢9)C, 1 A — XapaKTepHCTHIECKOE
snadenne C. Torna (C' — AT (9) =T(g)(C — AI), 7.e. C — Al —MopdusM.
Ho det(C' — AI) =0, mostomy C' — Al =0 (Teopema 1.3). O

Jlemma Illypa— ocHOBHON KpUTepUU HEMPUBOAUMOCTH B TEOPUHU TIPE-
crapiernti. HampoTws, 0CHOBHOU METO/ Pa3JI0KeHUs MpecTaBIeHu — Mo-
CTPOEHHE JHATOHAIBHOTO (HO HE CKAMAPHOIO) CIIETAIIETO OMepaTopa.

Caegcreue. [Tyemo 17 u Ty — okeusasenmuble Henpucodumble nped-
cmasaenusa. Toada awboi uzomopPuszm T u Ty umeem sud Ao, 2de o: 17 —
— Ty — Purcuposannviti uzomopgusm, A € C.

Jokazameascmeo. ycts 7: Ty — Ty — m3oMopdusM, Torga 7o L —
aroMopdusM T, T.e. o1 = Al O

Sagaua 1.1. Kaxcdoe nenpusodumoe npedcmasacnue abeac6oli 2pynnwl
odHoMEPHO.

3. OcuoBubie onmepammu: B, Y

Mycte 17 — npegcraBaerne G B U, T — npencraBiaenne G B W
u V=U&W.Ipencrasaerne T B V, onpegenennoe gpopmyaoi T'(g)(x Dy)=
=Ti(g9)x @ T>(g)y, HaseIBacTCA npamotl cymmot npencraprennin Ty u Th
u obozuadaerca T @ Ty, [IpaMyio cyMMy n 9K3eMIUIAPOB TPeICTABICHUA T
o6o3HAYUM NT.

Mycte 17 — npeacrasaenne G B U, 15 — npeacraBmenne H B W
u V =U ® W. llpeacrasiaenne T rpynnei G X H B V, omnpenererHoe
dopmymoit T(g x h)(x @ y) = Ti(g)e @ To(h)y (x €U, ye W, g€ G,
h € H), HasbIBaeTCA MEHIOPHBIM npoussedenuesm TpencTabiennii 71 u Th
u obozuadaerca 11 ® Ty, Tepmun menzoproe npouszéedenue TPUMeHAET-
c K ellle OJHON aHaJorwdHoW omepamnuu, B KoTopon u U, u W — npej-



cTapieHUss ogHOM m Tou ke rpynmekl (. Ilpm >Tom, mo ompeaeneHmo,
(T @ 1) (g)(z @ y) = Ti(g)x @ Ta(g)y.

4. CmekTp mpejcTaBIeHUA

Jemma 1.1. ITycmo T: G — GL(V) — npedemasaenue u V=V, & ...
oo ® Vi — pasaoscenue 6 cymmy HENPUEOJUMBT UHEAPUAHMHBIE NOINPO-
cmparncme. Toeda T enoamne npusodumo u, 6odee mozo, 044 Kaxcdozo uH-
sapuanmuozo nodnpocmpancmea U C V' watidymes marue i1, ..., 1, 4mo
V=UoV,®...0V,.

HAoxazameavcmeo. Homepa iy,...,1, Bbol6upaem mz yciaosus, 4ro U,
Vi, ..., Vi, — MakcuMa/lbHaA He3aBHCHMad HOJCHCTeMa (B KpaiHeM cirydae
HabOD {1, ..., Ip OKaxeTcs mycTeM). Torga aia moboroi=1,...,m

Vi

Vin(UeV,®...0V,) = (0}

NHBaApUaHTHOE IIOAIIPOCTPAHCTBO B V,

Cay4ain {0} uckaioden, 1. K. Torja V; InHENHO HE3ABUCUMO ¢ OCTAJBHLIMHE.
Caegosarenpno, V; CU GV, & ...V, nV=UQV, &...®V,. O

Jemma 1.2. Feau T' pasaoxceno na wenpusodumvie: T =@ T;, mo aio-
6oe e2o nodnpedcmasaenue (Parmopnpedcmasienue) sK6UEALEHMHO CYM-
Me Herkomopoti wacmu npedecmagaenuti T;.

Aokazameavcmeo. o aemme 1.1 V/U =V, @ ... @© Vi, u yTBepxie-
Hme M paxTopa mokazaHo. /A moAIpeacTaBIeHUA: BCAKOE TOAIPEICTa-
BieHIEe W30MOPGHHO (HaKTOPIPEACTABIEHNID MO JOTOJHUTEILHOMY HTOANPO-
CTPAHCTBY, a OHO B JAHHOM CIydae mMeeTcs — 1o Jemme 1.1. O

TeopeMa eguHCTBEeHHOCTH. Pazaoicenue Ha Henpusodumble OUHCMEEN-
HO ¢ Mmounocmbilo do aksusasenmuocmu: ecau T =Ty & ... BT, ul =
ES1B...D Sy, MO M =N U NOCAE COOMEEMCMEYIOULEY NEPEHYMEPAYUU
T=S,i=1,...,m.

Aorazameavrcmeo. C TOIHOCTBIO 0 M30MOPPUIMA MOKHO CINTATE, ITO
npefcTapieHna 1; m S; AeHCTBYIOT B OJHOM U TOM e MpoCTpaHCcTBe V,
1, COOTBETCTBEHHO, MBI HMEEM [[BA PA3JOKeHNA V B NpAMYIO CYMMY He-
TMIPUBOUMBIX TOANpocTpancTs: V =V & ...&V, n V=U1 & ... 8 U,,
Tak ato Ty, =21T; m Ty, = 5.

IIpoBegem pokasaTeabcTBO WHAyKIHen mo m. llpmmennm demmy 1.1
Kk nognpoctrpanctBy U = Uy, 910 naer V=U @ V;,, & ... 8 V,,, rae
Vi, ..., Vi, — HeKoTOpad ¥acTh npegcraBieHun Vi, ..., V. Torma Ty 22
= TV/V”@H@V%. N3 pmansOTO MO yeaoBuio pasjoxkenus V=V, & ... &V,
umeeM Ty v, o v, ZV; &...&Vj, rae {ji,.. gt ={1,...m}—{ir,.. ix}.
CaenoBaTenbHo,

S1 2Ty 2 Tyyv, e av, 2T ©... 0T,

6



Tak kak 57 Hempupogumo, To [ = 1. BBegem HOByIO HyMepalmo HOOANPO-
crpancts V; Tak urobnl Vi npuotpeno nomep 1. Ilocae aroro Vi = U
u {iy,. .., ixr ={2,...,m}. Mbl umeemM, cle0BaATEIbHO, JBA PA3IOKEHUA:
V=U&Ve.. 6V, uV=UsUs&...6U,, 13 KOTOPBIX BLITEKAET,
9TO

T®.. T Ty r 25 ®...0 S,.

ITo mpeanonoxennto HHAYKIWE M = N W, MOCTE HAaIEXKAIIEN TepeHyMepa-

umn, 15 2 Sy, ..., Ty =S O
Cmeacteue. Ecau T = @ m, 7= @ n,7, mo m; = n,; daa awbozo
~ re@ red

Ted.

Ha6op {m, | 7 € G} naswiBaercsa cnexmpon npeacrasienus T. Uz Te-
OpeMBI eJUHCTBEHHOCTH CJAEJyeT, ITO 06a NPedcmasAeHUA IKEUSAACHTHDL
moada, u moavko moeada, Ko2da oHU UMEWT 00UHAKOEHIT CRERMP.

5. HempuBoguMoCTh TE€H30PHOT'0 IIPOU3BEeHUI

Teopema 1.4. Tenzoproe npouzeedenue J6yr Henpueodumbly npedcma-
saenutt epynn G u H nenpusodumo (kak npedcmasaenue G X H).

AJokazsameavcmso. Ilyers T: G — GL(V), S: H — GL(U).

1) Pacemorpnm caydaii, korga H = {e} u .S = ] — ToX 1eCTBEHHOE TIPe-
crapaerne. Torpa aw6oe HempuBogmmoe moxnpocTparcTtBo W C V @ U
(otHOCHTeaBHO T' ® I) nmeet Bug V & ug (ug € U).

JlencTBUTENBHO, IYCTH U7 . . . Uy — 0a3uc B U. Begkuit saement V @ U
eIMHCTBEHHBIM 06pa3oM TPeACTABAAETCA B BUAe 1 @ U + ...+ Ty Q U
B 9aCTHOCTH, A A1060ro w € W nMeeM w =01 (w) @ ui + ...+ Om (W) @ U, .
OueBHUIHO, 0; — MOP(MU3MEL:

(ToH(g)w=T(g)o1(w) Qui +...
—_———
o1 (TRI(g)w)

N3 nocaeanero coorromenns BugHo, 9to o; (T ® I)(g)w = T(g)o; (w) ans
Bcex ¢ = 1, ..., m. CregoBarensno, o; —mMopdmsm (T @ I)|w u T — ABYX He-
NPUBOMMEIX TIpeacTaBaenui. 1o crencremio na aemmur lllypa cymecTBytoT
Takoll dukcupopanubil w3oMopdusm o: (T ® I)|lw — T u Takne A; € C,
t=1,...,m, w10 0; = ;0. Takum o6pazom,

w=oc(w)® (Z /\iui) = o(w) ® up.
N

Uo

TMockoapky o: W — V — usomopdusm, nmeeMm o(W) = V. OkoHvaTeabHO

W:V®U0



2) Tlycts Teneps S Henpusogumo n W C V ® U mHBapHaHTHO OTHOCH-
Teapo T'® S.

Omneparopst Buga T'(g) ® S(e) obpasyoT npejacTaBieHne, H30MOPQHOE
T ® I. Ilycte W’ C W — HenpuBomMoe TOATIpOCTpaHcTBO B VW oTHOCH-
TenbHo T ® I. M3 1) caegyer, ato W/ =V ® ug, ug # 0. Takum obpazom,
W DV ® ug. Bygem npumenaTs kK V ® ug onepatopsl Bujga T(e) @ S(h).
Tak Kak S HENpPUBOAUMO, TO

Span{S(h)ug |he H} =T,

rge Span o6osHadaeT JuHeHHYK o060dovky. Takmm o6pasom, W D

DVRU. O
Peurenusa 3agat x meknum 1

1.1. Ecim GG abeneBa, To T, ABAAeTCA aBTOMOP(HUIMOM IIpecTaBleHIA '
g moboro g. Ecan T wenmpusogumo, o Ty, = A I, Ay € C (remma Ilypa);
caegoBaTenbuo dim7T = 1.

Jlekimmsa 2. PasjoxeHne peryaapHoOro
TIp €[CTaBJICHUA

1. dewcTBHA TPYNII HA MHOXECTBAX

loBopaT, aTo 3agano deticmeue o rpynmnbl (G Ha MHOXecTBe X, ec-
am KaxjgoMy ¢ € G conocrabieHo oTobpaxenne o(g): X — X, mpudem
a(g192)x = o(g1)(0(g2)x) (aesoe deticmeue) mnn xo(g1g2) = (zo(g1))o(g2)
(npasoe deticmsue). (Kak o(g)z, Tak n zo(g) oboznagaoT obpa3 31eMeH-
Ta ¢ mpm oTobpaxenun o(g).) B obomx cayvasx mpeamomaraeTcs, 9TO
o(e) = 1. Orobpaxkenns ¢(g) 9acTo HA3BIBAIOTCA cdsu2ami (COOTBETCTBEH-
HO, JeBBHIMHU MM MPABBIMH). [KaK MpaBHIo, MBI OyjeM NHCATH & BMECTO
o(g)x n xg BMecTO 20 (g).

Ecam wa X 3agaHa cTpyKTypa TOMOJOTHYECKOTO IPOCTPAHCTBA (TJIa -
KOT'0 MHOT'006pasid, aHaINTHIeCKOI0 MHOT006pas3nA, IPOCTPAHCTBa, C Me-
poi1), TO CABHTH MPEATONAr AI0TCA HEMPEPLIBHBIME (COOTBETCTBEHHO, TJIa -
KHMH, aHATNTHIeCKIMHE, H3MEPUMBIMHE).

Opbumoti saementa & € X HazwiBaeTcs MHO)ecTBO {92 | g € G}.

Kax oMy AeficTBHIO Ha MHOXECTBE €CTECTBEHHBIM 00pa3oM COOTBET-
cTByeT npencTtabiaenne (G B MpoCcTpaHCTBe PYHKIUHA Ha >TOM MHOXKECTBE:

(Tyf)(x) = flg~ %) g aeoro geiicTBus

(Sgf)(2) = f(xrg) naa mpaBoro gelcTBHA.



[Mpumepom siBAsieTCA peayaaproe npedecmasaenue rpynnbl G:

Reg(g1,92)F(9) = f(95 " 991)-

TyT mMeeT MECTO CMellIEHne TepPMUHOB, TaK KaK Ha caMoM fede Reg ABMIA-
eTca nmpencrapienneM G X (G, a me (. Tem He MeHee MBI 6y1eM TPHEPKNI-
BaThCA TPaHIHOHHON TepMHUHOJIOT A,

Orpannvenne Reg wa nogrpynnst G X {e} u {e} x G npaior coorser-
CTBEHHO IIPEJCTaBICHHA

Lg)f(h) = f(g~'h) wu  R(g)f(h) = [(hg).

IlepBoe U3 HUX HABLIBACTCH ACEHIM PE2YAAPHBIM, & BTOPOE — NPAGLIM pe-
ayanprvia. OHEU [IelCTBUTENBLHO ABAAIOTCA IIpeAcTaBleHusMEu rpynnol (7,
npudeM L cooTBeTCTBYET JeBOMY, a R—mnpasoMy geiicTBuio rpynnsl G Ha
camoi cebe.

3agaga 2.1. dim Reg = |G|

2. [IBoMCTBEHHOE TpeCTaBICHAE

st npomsBoabHOTO mpefcTaBienns T rpynnbl G noaoxnm T7(g) =
=T(g971)" (cupaBa ’ — conpsaKeHHLI omepaTop, ONpeJeleHHbI KaHOHI-
YECKH).

Sagaia 2.2. T — npedcmasaenue.

3. MaTpu4nbie >JeMeHTHI

Bosbmem npegcrasienne T: G — GL(V). Ecan BeiGpaTs 6aznc B V),
mel noayauM mzomopduaM GL(V) — GL(n), rge n = dim V. CkposHO# To-
mMomopdmsm G — GL(n) MBI 6y1eM Ha3BIBATH MampuuHol dopmot nped-
emaeaenus T, uves B Bugy nox T'(g) yXKe He caM omepaTop NpecTaBie-
HHA, & eTo MaTpHiy. DieMeHTH T;;(g) 5TOH MaTPHIHL, PaccCMaTpHBaeMbIe
Kak GYHKINN Ha (G, HA3BIBAIOTCA MAMPUUHBLMU IACHEHMAMU TIPECTABIE-
ansa T

O6paTho, mycTh MEl IMeeM roMoMopdusm G — GL(n). Beibupas Gasuc
B V u ucnonbsys BozHEKaWME mpu sToM mzomopduam GL(n) — GL(V),
noayuum npefacrapiaenne G B V. Ilpu BeiGope apyroro 6asuca moayduTcsa
SKBUBaJEHTHOE TpeacTaBierne. Takum o6pa3zoM, ¢ TOUYKH 3PEHUA TEOPUH
IpeACTaBACHIN HET Pasian<uA MeXIY OolMepaTOPHON M MaTPUIHOH (hopMon
npejcTaBiaenna. Kak mpaBumio, Mbl 6yjeM OepexouTh OT OJHOW K APYTron
6e3 0coBBIX OTOBOPOK.

Takxke 6e3 OrOBOPOK MBI Oy JeM MepexoquTh oT npocTparcTsa End (V)
HAOMODPGDU3MOB (0MEepaTOpPOB) B MPOCTPAHCTBE V K COOTBETCTBYIOUIEMY
mpocTpaHcTBy MaTpul Matr(n X n), eciim 370 IPHBOJUT K SKBHBAJEHTHBIM
npeIcTaBIeHIAM.



B kadecTBe IpmMepa o6pallleHHA ¢ TEPMHHOJIOTHEH chopMyInpyeM
CAEAYIOUIYIO 3a1ady (CYUIECTBEHHO WCTIOML3YEMYI0 B H3JAATaeMON HIKe
TEOpHH).

Sagaua 2.3. T ® S usomopdro npedcmasicnuio 6 RPOCMPAHCMEE MAM-
puy:

(T®S)(g1,92)6 =T(91)£5(g92)', € € Matr(n x m).

B aepoit wactu (T ® S)(g1,92) — oneparop. B npapoit qactu T'(g1) €
€ Matr(n x n), S(g2) € Matr(m x m). 3agada moapazyMeBaeT yCTaHOBIeE-
HEE COOTBETCTBHA MEXKJy NPOCTPAaHCTBOM IIpejcTabieHna 1T ® S m mpo-
crpancTBoM Matr(n x m).

Jluneitnas o6onouxka GyHkuui Tj; Ha3bIBaeTCH NPOCMPAHCEOM M-
MPUUHBLT dAeMeRMOE npedcmasacnud T

)| &ij € C}

{Z & Ty
M(T) ={tr&T(g) | £ = (&;) € Matr(n x n)}.

t,j=1

Opramnsysa qncia &;; B MaTPHIy &, HIMeeM

3agada 2.4 (caegcrBue). M (T) ne sasucum om evibopa bazuca.

TMockoapky M (T) ABAfETCA NPOCTPAHCTBOM (PYHKIWI, TO OHO, Ode-
BUIHO, Biokeno B Reg. BymeT am 5To BiokeHme MOPQIM3IMOM TpencTaB-
JeHun?

Jemma 2.1. M (T) asasemes nodnpedemasaenuen 6 Reg.

Jokasameavcmseo. Mbl gomxubl fnokazaTh, 9ro M (T) mHBapHaHT-
HO OTHOCHTEJIBHO OlepaTopoB npeicTapieHus Reg. Ecam f e M(T), To
flg) =tr&T(g) mas HekoToporo €. TlosTomy

(Reg(g1,92)/)(9) = fl92 991) = tr €T (95 )T (9)T(91) =
= tr(T(91)ET (95 )T (9) = tr(nT'(g)) € M (1),

rae n="T(g91)¢T (g5 "). U
3agada 2.5. T @ T' = M(T).
Cmeacreue 2.1. M (T) — nenpusodumoe npedemasaenue G x G.
Cmeacreue 2.2. T sao0sceno 6 R (R — npasoe peayadaproe npedcmas.ie-
Hue).
Horazameavcmeo. T ® T’|GX{6} kpaTtHo T u BioKeHO B R BMecTe

cM(T) =TT O
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Wrak, xkax)mgoe HENPUBOIMMOE TpeACTaBleHNe TPYHIbl (G BIOKEHO B
(mpaBoe WM J1eBO€) PETYIAPHOE, TPUYEM ¢ KPATHOCTHIO, PABHON pasMep-
HOCTH 3TOI'0O HEMPUBOUMOT O TIpeACTaBICHNIA.

4. Pazmoxenue Reg

Jlemma 2.2. Fcau T u S — neuzomopduvie nenpusodumvie npedcmaé.ae-
wua G, mo T QT u S ®5S" ne usomopdnol wax npedecmasacnus G X G.

Aorazameavcmeo. Ecan 6b1 5Tu npencTaienus Oblin mw30MOPQHBI, TO
uzomopdubl Gbumn 661 Takke T1 =T @ TGy ey 1 ST =5 ® 5 |gx ey Ho
TI=ZmT, ST =nS. JleMMma crefyeT u2 eINHCTBEHHOCTH Pa3JOXKEHUSI Ha
HETIPUBO IIMHEIE. O

IIpwanMas Bo BHUMaHUe pe3yJabTaT 3303490 2.5, MoaAydaeM

Caepcreue 2.3. Fcau T u S — neuzomopduvie nenpusodumvie npedcma-
saenus G, mo M(T) u M(S) ne usomopdrvt kax npedcmasaenus G x G.

MycTe G — moaubrit Habop K1acCOB DKBMBAJIEHTHOCTH HENPHBOAMMBIX
npegctasaennii Tpynnsl G (|G| < 00, T.K. [060€e HEMPHBOANMOE MPEACTa-
BJIEHIE BKJAaIbBaeTcsA B R).

Jemma 2.3. @ M(T) C Reg.

Tedq
Horazameavcmeo. [as moboro HenpuBogumoro T mo jemme 2.1,

M(T) C Reg. Mpegcrasaenns M (T) Henpupoanmbl (cregcreue 2.1) n no-
mapHO Hem3oMopdHHI (3agada 2.5 m demma 2.2). OTciofa ciaegyer, 9TO Mpo-
crparctBa M(T), T € (G, mnHeliHO He3aBUCHMBL. JleHCTBUTENBHO, IPEINO-
goxum mpotusHoe. Torga cymectBytor Takme 11, ..., 75, Tk41 € G, wTO
k
M(Ty),...,M(Ty) munenno Hezapucumbl u M (Ti41) N @ M(T;) # {0}.
i=1
[MockoabKy mnepecedenne WHBAPHAHTHBIX MOANPOCTPAHCTB WHBAPHAHTHO,
a M(Tyk41) HEIPUBOANMO, TO PAcCCMaTPHBAEMOE MepecedeHne NOMKHO CO-

k
Buagatk ¢ M(Tipy1), T.e. M(Ti41) C @ M(T;). Torga mo memme 1.2
i=1

M (Ty+1) sxBUBaIeHTHO oHOMY 13 nipeacTasienuin M (T1), ..., M (Ty), aTo
TIPOTUBOPEYNT CJAeNCTBHUIO 2.3.
JlemMa HeMemIEHHO clefyeT W3 NOKa3aHHOW JUHEHMHOW HE3aBHCHMOCTH

noanpoctpancts M (T) B Reg. O
Teopema 2.1 (o pasnmoxenun Reg). Reg= @ M (7).
TeqG
Aoraszameavemso. Beuay aemmvbr 2.3 OCTaEOCL JoKazaTh, 4To Reg C
C P M(T).
TeG
Iycts fi,..., fxv —6asuc B Reg, a R;;(g) — MaTpUIHDIE SIeMEHTEL Ipa-

BOT'O PeTyJAAPHOTO TpeAcTaBAeHnsa K B 3ToM 6asnce.
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Jas npoussoaproro j=1,..., N pasioxum f;(g) mo Ri;(g):

filg) = file-9) = (R(9)f;)(e) = <Z Rz’j(ﬂ)fi) (e) = Z fi(e)Rij(g),

T.e. f; =3 file)Ri; € M(R). Ho R uMeeT pasioxeHne Ha HEIPHBOINMBIE
i

¢ HekoTOpEIME KpaTHocTAMI: R = @ mypT. Tlostomy M(R) C @ M(T)

TeG TeG R

(T.%. B moaxofameM Gasmce MaTpuna R — 6aodHo-inaroHaabHas ¢ T € G
[0 THATOHAM).

Taxum obpazomM, f; € @ M(T) gaascex j=1,..., N. DTo u o3HadIaeT,

TeG

aro Reg C @ M (T). O

TeG
CaepcrBue 2.4 (Teopema Bepucanga (Burnside)).

Gl=> (dimT)*.
TeG
CaegcTBue 2.5.
L= R= P (dimT)-T.
TeG
3agaqa 2.6. Hatdume sce nenpusodumvle npedcmasaenus yurAUNECKOU
epynnwt Ly, (2 {3/1}).
Sagaqa 2.7. Ecau epynna komeuna u 6ce e€ Henpueodumble npedcma-
8AEHUA OOHOMEPHDL, O OHG aDedesd.
3agaqa 2.8. Hatimu ece nenpusodumvle npedcmasaenus S U UL 2€0ME-
mpuuecKoe onucanue.

Peurennsa 3agad K meKumum 2

23.T®S5 = {Z&]tl ® Sj}, rae t;, s; — Ga3NCHBIE 3IeMEHTEL. JTOMY
comocTapigercs & = (£;). PopMmyaa I1a JeHCTBUA NPOBEPAETCA IPOCTEHIM
BEIYHCIEHNEM.

2.4. Ecin T(g) — CT(g)C~1, To tr(€CT(9)C™1) = tr(C7LECT(g)) =
= tr(nt(g)) — saEMEHT TOTO XKe caMOro MPOCTPAHCTBA.

25. T®@T = M(T) (T menpupoauMo).

a) Bocnoabszyemcs maTpudaHoil mHTepnpetanmen T ® 77 (zagaga 2.3)
i mocTponM oTobpaxenue p: T @ T" — M (T) mo ¢popmyae & LN tr(€7(g)).

6) p— MopdusM npecTaBiaeHni. lelcTBATETBHO

(T®T")(91,92)6 = T(91)€(T"(92))" (samama 2.3) = T(g1)€(T (g5 ")) =
=T(91)&(T (93 ),
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(Reg(g1,92)(tr&T))(g) = tréT (g5 ' gg1) = tr(T(g1)ET (95 1) - Tg)),

T.e. {i KOMMYTHUPYET C JelCTBHEM TPYIIIIHL.

B) ft— H30MOPHU3M.

T ® T menpupogmMo 1o Teopeme 1.2.

TlockoabKy ft — HeTpuBHATBHEI MopdmaM, To (T @ T ) =T @ T'.

Urak, T @ T C M(T). Ho dimT @ T" = (dimT)?, a M (T') nopox naeT-
ca dynkuuavu suga 1;i(g), 4,5 =1,...,dim7, r.e. dim M (7T) < (dimT)?.
Caenopareasro T ®@ T 2 M (t).

2.6. Mycte Tj(1) = e2™F/Mm = Wk (W = ?/™) dim T}, = 1. Ouesnzno,
OHHM He M30MOp(HLI, X M WITYK, N 110 TeopeMe BepHcalga 5To Bce Ipej-
CTaBJIeHUS.

Bamevarue. MoKHO HEOCPEACTBEHHO NOKA3aTh, 9TO MATPHYIHEIE BJe-
MEHTHI TIPeJACTABIEHAN T}, JUHEAHO HE3ABUCUMBI. JTO MPUBOANT K JeTep-
MuHaHTy Bamgepmonga:

1 1 1 1

1 w w? w1
1 w2 o L2m=1)
1 wm—l wZ(m—l) w(m—1)2

2.7. Bce M(T) opmomepnnt. Caegosateabno, f(g~ hg) = f(h) naa -
61X ¢, h. JleficTBUTEIBHO,

Reg(g,9)| )€ =T (9)6T(g7") =€,
—_———

BCE€ OJHOMEPHO

T.e. Reg(g, g) =id.

Urak, f(g~thg) = f(h) naa mobuix f, g, h.

Ho ecam f(g1) = f(g2) nus moboro f, To g1 = ga. JelcTBATENBHO, BO3b-
Mem f =dg,, T.e. flg1) =1, flg) =0 (9 # g1). Ecmm g, (91) = dg, (92),
TO ¢1 = ¢2. MBI Jokazamu, 4To ¢ lhg = h ana mobex g¢,h, T.e. gh =

28.6=124+12+4+2?2=1%2+ ... 412 (6 pas). Bropoii cayuaii ornagaer,
Tak KakK Ipylia HeabenaeBa. Tak, nMeeTCA ABa OJHOMEPHBIX MpejCcTaBJe-
HUA W OHO ABYMepHOoe. BOT 5Tu mpejcTaBieHus:

1) TpuBHAIBHOE TIP€CTABIECHNE;

2) mepecraHoBKa — (—1)7€THOCTE,

3) ABYMepHOe MpejcTaBleHHe: NPeoOpPa3sOBaHUA ILIOCKOCTH COOTBET-
CTBYIOT NEpecTAaHOBKAaM BEPIIMH MPAaBUJABLHOIO TpeyroabHuka A As Az —
— A1y Ao (2)As(3) (9TO TIOBOPOTEI Ha 27 /3 W OTpakeHnA B BHICOTAX).
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Jlekmusa 3. XapakTephsl u rpynmoBas aarebpa

1. XapakTepnl: OCHOBHBIE (DAKTHI

XapakTepoM nipeficTaBieHua T HazbIBaeTCA QYyHKINUA

xrlg) =trT(g).

TTo onpenenenuto x5 (g9) € M (T).
IIpumep. XapakTephl 0 JHOMEPHEIX IPEJCTaBICHAN S3 TaKOBHL.
1) x(¢) =1 pasa TpuBHAIBLHOTO TpeACTABICHNA;
2) x(o) = (—1)? gas npegcrasienns o — (—1)7;
3) XapaKkTep ABYMEDHOTO MpPeCTABICHUA:

2, o=1,
x(o) = 0, o—TpaHcOO3WINA,
1, o =(123).

DTo caefyeT W3 TOTO, 9TO B MOAXOAAIIeM Gasnce MaTpuipl T(0) nmeoT
BU

RV mo o
(1 0) (0 1) B D R
0 1)’ 1 0)° o

é 1 si112—7r cosz—7r

2 2 3 3

XapaxTephl 061amaf0T CIEAYVONMTMA CBONCTBAME MO OTHOIIEHUIO K OTIe-
panuaM Ha[J TpejcTaBieHuAMA. /{ad MPpOU3BOJBLHOT O TIpeACTaBACHNUA

xr:(9) =xr(g™")

(M TOKa3aTeabCTBA AOCTATOMHO B3ATH el OT 066X 9acTell PABEHCTBA
T'(g) =T(g71)). lag yHuTapHbx npejgcTaBiIeHuil

xri(9) = xr(9)-

[ls XapaKTepoB IPAMOR CYMMBLI ¥ TEH30PHOIO IPOU3BEEHUA IIPEJCTaBIE-
HUU

X7@s = X7 T Xs» X7gs =X7*Xs-

JokaxkeM BTOpOe W3 DTHX COOTHOINEGHHI. Baznc B TEH30PHOM IIPOH3BEe-
uun nMeeT Bug {z; @ y;}, rae {z;}, {y;} — Gasucu B mpocTpaHcTBax Hc-
XoaHBIX npeacTabaenni. Torga (i, j)-i AnATOHAILHBIN BJIEMEHT OMEpaTOpa
T(g) ® S(h) B oToM Gasuce pasen T;;(g)S;;(h). HesaBucumoe cymMmmupoBa-
HEE JUATOHAJIBLHBLIX 3IeMEHTOB 110 { U j AaeT TpebSyeMoe MpOoM3Be/eHIe Xa-
pPaKTepOB.
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2. lleuTpamsueie QyHKITH

Mycrs C'(G) —mnpocrpancTeo Beex hyuxunit vHa G, Z(G) C C(G) —mnog-
OPOCTPAHCTBO (PYHKIUI, MOCTOAHHBIX Ha K/JIACCAX CONPAKEHHBIX BJCMEH-
ToB. Takue GYHKINH HA3BIBAIOTCA YEHMPAAbHBLMU.

XapakTep J060r0 npencTapieHnd T ABIACTCA TEHTPAILHON (DY HKITHET:
xr(9) € Z(G). NeficTBUTENbHO,

xp(hgh™) =te(T(W)T(9)T (")) = tr T(g) = x(9).

Teopema 3.1. {x, | 7 € G} — 6asuc npocmpancmesa 7 (G).

Jowxasameavcmeo. 1) llenTpanbhble GyHKIUM — 5TO (QYHKIWH, He-
HOBIIKHEIE OTHOCHTEILHO PEryAApHOrO IIPEACTaBACHHA B CIEAYIONEM
CMEBICTE:

f€Z(G) <= Reglg,9)f =f Vged.

Nas xaxgoro f € C(G) nmeem pasnoxenue f =3 & fr, fr € M(7), npu-
4eM 5To pasfoxeHne ofgHozHadHO. [asa f € Z((G) noaydaeMm oTcrofa pasio-
JKeHme

J=Y Reg(g.9)fr.

TGC:'

Beuy waBapuanTHocTn M (1) dynkimun Reg(g, ¢) fr TakKke ABaA0TCA Hie-
merTamn M (7). CpaBHuBas ABa pasiaoxkenus gasa f, Haxonum Reg(g, 9)fr =
= f;. Taxum obpasom, fr € Z(G). Mbl mokasaau, 910

feZlG)y= freZ(G)NM(r) Vr.
2) TlokaxeM, 9TO

feZlG)NM(r)=3IAeC: f=Ax,.

Bocnoarayemcsa mzomopduamom T Q@ 7/ A (T) m MATDPUYIHON HHTepIpe-
Tanneil T @ . DToT m3oMopduaM umeeT Bufg pu: £ — f =tr({r(g)). Tak
KakK [ HemoJBUXKHA OTHOCHTENbHO gericTBuA (f, TO m & HETOABUAKHO,
T.e. T(g)ér(g7t) = €. Torna 7(g)é = &7(g), T.e. £ — duaOMOpDUIM Tpe-
crasaerns 7. ITo aemme Mlypa & = Al. Torga f(g) = tr(A)7T(g) = Ax, (9).
Takum o6pazoM, MBI MOKa3aaW MOJTHOTY XapaKTepOB HEMPUBOUMMBIX
mpejcTaBieHnil B nmpoctpatcTBe Z((G). VX auHelHas He3aBHCHMOCTE BBI-
TeKaeT M3 HE3aBUCHMOCTH TpocTpancTs M (7). O
Caegcteue 3.1. Hucao xaaccos wenpusodumvly npedcmasienuti pasmo
YUCAY KAACCOE CONPANCEHHDIT DAEMEHINOE 2PYNNbL.
Jokasameavemso. #{x, | T € é} = dim Z((G) = 4mciio KaaccoB comps-
JKEeHHOCTH. O
Kak nokaseiBaeT ciefylomas TeopeMa, XapaKkTep ABJIAETCA BaXKHEHIITNM
MHBApUAHTOM TMpeCTaBIeHu.
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Teopema 3.2. Jioboe npedcmasienue onpedeiiemcs C60UM TAPAKME-
POM € MOUHOCMbI0 J0 SKEUCAAEHMHOCTU.
AJokasameavcmso. lycte T'= @@ m,7. Torna xp = @ m;x,. Tak kak

el TeG
X, AUHEMHO HE3ABUCHAMEL, TO IUCIA 1M, OTPEIETAIOTCA O THO3HAYHO, TO €CTh
IO XapaKTepy OIpPeJeldeTcd CIeKTD NpeAcTaBleHu. O

3. I'pymmoBasa aareGpa

DaemeHTH npocTpaicTBa C((G) — 5T0 QYHKINH, W KaK TakoBble HX
MOXHO TepeMHoXkaTh. O THAKO B 3TOM HPOCTPAHCTBE CYIIECTBYET €Ille Off-
HO, HEKOMMYTATHBHOE, YMHOXKEHIEe, Ha3bIBAEMOE CBEPTKON (1 o6o3Hadae-
Moe CHMBOJIOM *). ITo ompeneneHnio,

(px¥)(9) = e(h)i(k).

hk=g

TpocrparcTio C((G) ¢ Takoil omepaliell yMHOKEHHA HABBIBAIOT 2pynnosot
aazebpoti rpynme G

DJIeMEHTHI TPYNNOBON aJdre6pHI OUeHb yI00HO 3aINCHBATE B Bie POP-
MaJdbHBIX JTHHEHHBIX KOMOUHAINN DIEMEHTOB TPYIIBL § ~ deG elg) - g.
Hanpumep, ¢ 6yaeT cuMBOJIU3NpOBAThH GYHKINIO, paBHYO 1 Ha daeMeHTe
TPYNNBL ¢ U HYJIKO HA MPOYnX djdeMeHTax. CBEPTKA MOMYIUTCSH, €CAU YMHO-
JKeHIe TPYIIIOBBIX DJeMEHTOB eCTeCTBEHHBIM 06pa3oM MPOJAOMKATH Ha Ta-
kue opMaabHble KOMOWHAINH, T.€. MOJOKUTE ¢ * h = gh W TPOJOIKATE
O JMHEHHOCTH.

HenmocpencTBenno u3 onpeefeHull BEITEKAIOT QOPMYIBI

Rynf=fxg, Lgf=gxf.

Beugy R- u L-muBapmanTHOCTH, nognpocTpancTa { M (7)|r € @} oKa-
3BIBAIOTCA HjeaJaMil TPYIIOBOH aare6pEL.

Jemma 3.1. Z(G) —yenmp C(g), m. e. yenmp C(g) cosnadaem ¢ aaze-
6poti Pynkyul, NOCMOAHHBIT HA KAACCAT CONDANCENHWIT IACMENMOE (YeH-
mpassroir Gynryud).

Jokasameavemso. f € Z(G) <= fxh=hxf VYheG. 3nece fxh=
=3 f(g) - gh, hxf=>f(g9) - hg. Yenosue [+ h =h % f ozHadaer, 4TO
npu gh = hg' (¢’ =h""gh) f(g') = F(9). U

4. IlenTpaIbHEIE XapaKTepEI

Kaxkaoe mpencTaBierne TPYNOB TPONOIKAETCA HA TPYIIOBYIO a-
rebpy:

T(f)=> Hg)T(9), feC(G).

geG
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Mycrs Z'((G) o6osHakwaeT 1BOHCTBEHHOE TPOCTPaHCTBO K Z((G). [lenmpass-
HbLM Tapakmepom NpeacTasaenns T HaswviBaeTcsa Ap € Z'(G), rae

Ar(x) =trT(x) =Y x(g)xr(9), x€Z(G).

>

_Ar(x)
= ImT "

Ecan T wenpusogumo, 1o T(x) — ckaxsap, T.e. T(x)
Teopema 3.3. {\, | 7 € G} —6asuc 6 Z'(G).
Jorxasameavcmeo. 1) IlycTh, Kak u BbIle, o/ — IpeIcTaBICHNE, ABOU-

creennoe k 0. Korga o npoteraet (G, o’ Takxke nmpo6eraer (. [Toxaxkem,
9TO
~ /
o,reG, o 27= A (x,)=0.

Borancanm 7(x,,) Tepes npaBoe peryaspHoe MpescTaBIeHHe.
R|M(T) = (dimr)r = R(Xo‘)|M(T) = (dim7)7(x,)-

Hanee, R(x,) = %X, (cBepTKa ¢ X,/ ). [JelCTBUTENLHO, TO OMPEETCHUIO
R(x,) = X Xo(g7 )Ry—1. Ho Ry =g, a x,(97") = x,(g), nmosromy
R(xo) = %2 X0 (9)g-

Ecmm f € M(7), To f * X, = 0; mabivm croBamu, (¥X,)|ar(-) = 0. [ei-
creurensuo, M(7) u M (c') — gBycTOpoHHEE Hiealbl, modToMy [ * X,/ €
e M(ryNnM(c'). Tak xak ¢/ 27, To M(1) N M(c') = {0}.

Taxum o6pasom, R(x, )|sr(r) =0, T.e. (dim7)7(x,) =0, oTkyaa A+ (x,) =
=0.

2) Temeppb moxaxeMm, 9T0 A;(x,/) 7# 0, T.e. A\; — Ga3UCHBIN HAeMEHT
B Z((G)', nBoHCTBEeHHLIN K GasucHOMY 2deMeHTY X., B Z(G). Ilo ompege-

TG =Y X (9)7(9).

CaenoBaTenbHo,

A () = () = Y X (9)x(9):

BocrnonbayeMca yHHTAPH3YEMOCTBIO IpeJCTaBAeHAA T U IepelieM K SKBH-
BaJCHTHOMY IIpEeJCTaBICHHIO YHHTAPHLIMH MaTpHIaMH. Torjga HaXoInM
(g)=1(¢7 ) =7(g), .e. 7' = 7. CaenoBareanno, Y., = X,. OKoHuaTeNb-

A () =D X (9)x,(9) #0. O
g

Teopema 3.4. [Ipedcmas.aenue Koneunoti 2pynnivt ¢ MouHOCMbio Jo K6 U-
BUAAEHMHOCTNU ONPEJEAREMCA CEOUM YEHMPAALHBLM TAPAKRMEPOM.
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Jokazsameavemso. T= @ m 7=T(x) =Y m:7(X) = Ar =>_m: A;.
red
Ho A, auHENHO HE3aBUCHMBI, IOITOMY YHCIA 1M, ONPENEIAIOTCA O Ap O/I-

HO3HAYHO. O
5. PaznoxeHue mpejcTaBIeHMH

Mycte gano mpegcraBaerne T rpynmel . CoOTBETCTBYIOIIEE TIPEACTA~
BaeHue Z((G) naeT GOMBIION 3amac KOMMYTHPYOIINX MEXKAY COBOH HHIAO-
MOP(}U3IMOB UCXOTHOT'O NMPEACTABACHNA, KOTOPBIE BeCbMa IOJE3Hbl [IJIA €I 0
pas3JoxkeHUs Ha HenpuBoAuMbIe. Hanmpumep, B ciiydae MpencTaBieHI ¢ MPO-
CTBIM CIIEKTPOM HENPUBOAMMBIE KOMIIOHEHTHI COBIAAal0T ¢ oMU cob-
CTBEHHBIMH TOIMPOCTPAHCTBAMU 3THUX HHIOMOPMOI3IMOB.

JIeKI_II/IfI 4. CooTHolIeHU OPpTOI'OHAJIBHOCTH

1. VuBapuanTHoe ckamxapHoe npoussejenue B C(G)

Pacemorpum na C'((G) caegyionryio 5pMuToBy HOpMY:
1 —_
(fl,fz):@Zfl(g)fz(g)~ (*)
geG
Jlemma 4.1. Reg — ynumapnoe npedcmasaenue 6 C(G) omnocumeavro
dopmor (*).
2. EAUHCTBEHHOCT: MHBAPMAHTHOTO CKALAPHOT 0 MPOU3BecHUA

Jlemma 4.2. Jas nenpusodumozo npedcmasienus uHEAPUAHMHOE CKd-
AAPHOE Npouzeéedenue eJUHCMEEHHO ¢ MOYHOCIbIO JO NPONOPUUOHAADHO-
cmu.

Jokasameavcmso. IlycTs (-, -) BpeMeHHO 0603HAYAET 34 JaHHOE CKAJIAD-
HOe TPOM3Be/leHe B TPOCTPAHCTBE NIpeicTaBAeHnA. BeAkoe ApyToe CKaaap-
HOe TIpomsBeterne nmeeT Buf (Az,y), rre A—wmarpuna. Ecan o6a mpomns-
BeJleHUA MHBapUaHTHHL, TO

(TgflATgx, y) = (AT 2, Tyy) = (Az, y).
N3 HeBLIpOXK AeHHOCTH POPMBI (-, +) BBITEKAET, ITO TgflATg = A aas Beex

g € G, orxyna ATy =T, A raxxe mis Bcex g € G. Ilo nemme llypa A =
= Al O

3. CooTHorrenusa OPTOI'OHAJTBHOCTH

B xo/ie foKa3aTeqbCTBA TeOPEMHBI 3.3 MBI TOKA3adM, 9T0 Ar (X, ) =0 <
<= 12 0. C Apyroll CTOPOHH, NI YHUTAPHBIX TPEACTABICHIT Ay (X,/) =

= ZgXT (9)x, (), OTKy1a HeMeJIeHHO TOAyIaeM, 9To (X, ,X,) =0<=T¥0,
T. €. XapaKTephl HeIIPHBO JUMBIX IIPeJCTaBAcHNI 06pasyioT OpTOrOHAABLHYIO

18



cUCTeMy. 376Ch MBI JOKaxKeM 6oJee TOIHYIO TEOPEMY, W3 KOTOPOM, B 9acT-
HOCTH, CJeJyeT, 9TO CACTEMAa XapaKTepoB OpTOHOPMHUPOBAaHA.

Teopema 4.1. Mampuunvie saemenmpl HENPUEOIUMBIT NPEICMAsAEHUT
(634AMblE OMHOCUMEALHO OPIMOHOPMUPOEAHHBLE 6AZUCOE UHEAPUAHIMHBLE S]P-
MUMOEHIT PopM 6 céour npedecmasienuir) obpasyom opmozonaibrbiti 6a-
suc 6 C(G) ¢ nopmupoeroi (7;;,7;)=1/dimr (¢,j=1,... dimr).

Jorazameabcmeo.

1) OproronansHocTh mpocTpancTs M (7).

Mycts 0,7 € G, o 2 7. PaccMOTPHM OPTOrOHAIBHHI TPOEKTODP Po
Ha npoctparcTBo M (o). Tlo onpegenennto aias awoboro ¢ € C(G) nveem
Do = Yo, TAC ¢ = 9o + ¢+ (9o € M(c), ¢+ € M(c)t). Torga Regp =
= Reg o, + Reg ¢, mpuiem sBuy nasapuanTaocta M (o) u M (o)t oTro-
CHTEeNLHO peryaapHoro mpejcTasienns Reg o, € M (o) u Reg ot € M (o)t
Nz »Toro BHiTekaeT, 4TO p, Regy = Regp,p, TO ecTb p, — aMmMOP-
U3M peryaspHOTO HpejcTaBleHns Ha TpencTabienne M (o). Orpann-
qnBasg ero Ha M(7), moaydaem MopdusMm p,: M(r) — M(o). Tak kak
M(r) 2 M (o), T0 po|ar(ry =0, T.e. O oNpeieleHmio OPTOTOHATLHOTO PO-
extopa M (1) C M(o)*.

2) OpToroHalbHOCTL BHYTpH M (T) H HOPMHPOBKA.

Bocnoabayemes msomopduamom p: Matr(V:) < M (1), p(€) = trér(g)
(em. samaqn 2.3, 2.5). Ilpu sToM npenonaraercs, 9To B V; BEIGpaH 6asnc,
npUIeM HMEHHO TaKOl Kak YKa3aHo B yCIOBHU TEOPEMbI: OPTOHOPMHPOBaH-
HLI OTHOCHTEIBHO MHBAPUAHTHON 3PMHUTOBON (DOPMBI TIPeACTABICHUA T.
B TakoMm 6aznce MaTPUIBL OMEPATOPOB T(g) YHHTADHEL.

B Matr(V;) onpegeanm ckaasipHoe npoussefenue tr(€n*) (rae n* =7).
Ono WHBapMaHTHO OTHOCHUTEIBHO fAeicTBHA T B Matr, mpm kKoTopom & —
— 7(g1)é7(g5 ) (7. €. MepPeHECEeHHOT O 13 PEryIAPHOTO MPEICTABICHNA).

M&r MoxeM u 6y teM pacemaTpuBaTh tr(€n*) u (p(€), 1(n)) xkak 1Ba MHBa-
PUAHTHBIX CKaJAAPHEIX TIPOU3BEJEHNA /A OMHOTO W TOTO XKe HEIPUBONMO-
ro npeacrapiaennda. OHEU, claefoBaTENLHO, TPONOPIHOHAILHEL C HEKOTOPOU

KOHCTAHTOW ¢, T.e. (1(&), pu(n)) = ¢r tr(€n*).
3amernM, 910 T;;(g) = u(Ej;). JelicrBuTensHo,

0o ... 0
w(Es) =tr(Eyur) =tr | 71 Tin, | = Tij
0o ... 0

(B MaTpHIle 3allolHEHa TOIBKO j-A cTpoka). Takum obpasoM, (7ij, Tk) =
= ¢ tr(EjE],) = ¢rtr(EjiEw) = ey tr(dip Eji) = ¢,0i50;;,. B wacTHOCTH,
(rij, i) =0mpu i £ knam j #1, u (73, 7;) = ¢r gaaBcex i, j=1,... dimr.
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Berawcanm ¢;. Beugy yanrapHocTn MaTpui 7(g)
dim 7
> miilg)mile) = 1.
j=1

ITpocymmupyem 570 10 ¢ u pazgeaum Ha |G|:

dim 7 1 dim 7
> al S rmil@)mile) =1= Y (rj,m;) = L.
Jj=1 geG j=1
Ho (7i;, 7;) = ¢7, IpH MOGHX ¢, j (cM. Bhime), mosToMy ¢, dimT= 1. O

CaepcrBue 4.1. {x, |7 € @} — opmonopmuposanmbiii 6azuc ¢ Z(C').
Jokasameavcmso. 1) 0 27 = (Xx,,X,) =0.

dim 7
2) (X7, X7) = 22 (7, i) = (dim 7)e; = 1. 0
i=1
Caegcreme 4.2. Feau T'= @ m.7, mo m: = (X7, X;)-
red
Jokazamesvcmeo. Xp = > Mg Xy, AATbIIE UCTOIB3YEM OPTOHOPMIPO-
oe@
BaHHOCTD. O

Cmeacreue 4.3. T € G <= (xp, x7) = 1.
Aorazameavemeo. T = @ m. 7= (x7,xp) = >, m2. Caegobareinn-
TEG TEG
HO, (X7, X7) = 1 <= Bce m; =0 Kpome OHOT O, PaBHOTO 1. O
CaencTBue 4.2 — HHCTPYMEHT BBIMHCACHUS KPATHOCTEN CHEKTPA, CIe-
crBre 4.3 ABAseTCA KPUTEPUEM HETTPHBOJUMOCTH.

3agaun K aekuuam 3, 4

1. Muarpammer KOHra B3auMHO OJHOZHAYHO COOTBETCTBYIOT KJIACCAM
COTPSIKEHHBIX BJIEMEHTOB B S, .

Yrasanua. Bepem [mcaa ot 1 10 n m 6pocaeM TPOU3BOIBLHBIM 06pa-
3om B Tabanny HKOura. CTpokum WHTepUpeTHPYeM KaK KOMMYTHPYIOIIHE
Mexk Ay cobon nukabl. [logcranoBka momydaeTcsa nx nepeMuoxenunem. Ilon-
CTAHOBKHW, BOBHUKAOIINE TakKnmM o6pa3oM m3 ofgHol aumarpammbl FOHTa,
06pasyIoT Kaacc COmpskeHHOCTH. [lokazaTelbCcTBO OCHOBAHO Ha (hOpPMY-
ae o(iy, ... ig)o = (o(i1),...,o(ix)), rae (i1, ..., i), (6(i1), ..., 0(ix)) —
KB

2. Bemmcats amarpammbr FOQwra Ss, Si, Ss. Hantm wwncao wempu-
BONUMBIX TPEJICTABICHNN KaX oW m3 >Tux rpynm. Hahmum pazmepHOCTH
HENPUBOJUMBIX MOpejcTaBieHuil Sy (yKasaHHe: BOCIOAB30BATHCA TeOpe-
molt Beprcaiiga.) TlocTponTh HENPWBOAMMEIE TIPEJCTABIEHUA Sy T'eOMe-
TpHYecKH (yKasaHHe: WCHOAB30BATH M30MOPGU3M Sy ¢ TPYNNOH TeTpa-

37pa).
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3. HaiTu Bce HempHUBOAMMEBIE MPEACTABACHUA TPYIIIL € THBIX MOACTa-
HOBOK Ajg.

1
Pewenue. |Ay| = 5|S4| = 12. I'pynma A, uzomopdua rpymnme cobCTBEH-

HBIX IBIIKEHNN TeTpasapa. [leficTBUTENbHO, PACCMOTPHUM B TeTPadIpe TPH
OTpe3Ka, COENMHSIONINE CEPEMHBI TPOTHBOMOMOKHBIX CTOPOH U BHIGEpeM
Ha HUX HampabieHns. Jlioboe co6CTBEHHOe [MBUMKEHUE ONPeNeaseTcs anbo
[OJCTAHOBKOI 3THX TPeX BeKTOPOB (S5, |S3| = 6), 1160 M0 ACTAHOBKOI ¢ M3-
MeHEeHUeM HalpaBIeHns ABYX u3 Hux. VToro— aBeHamaTh BJeMEHTOB.

A4 mMeeT TpexMepHOe TIpe/CTaBleHNe, BOZHIUKAIOIIee N3 TBUKEHUN Te-
Tpasapa. Taxum obpazom 12 = 32 4+ 12 + 12 4+ 12, To ecThb mMeeTcsa eme
TPH OJHOMEPHBIX TpecTaBIeHus. Jioboe o THOMePHOE TIPeICTaBIeHNE TPH-
BUAABHO Ha KOMMYTAaHTE, T.e. MPOIYCKaeTCs deped (PakTOp 1O HEMY:
Asf[As, As] = Zs. Dra rpynna Zz 06pazoBata HUKIXICCKUMHE EPECTAHOB-
KaMi OTMEeYEHHBIX TPEX BEKTOPOB, MO-APYTOMY — IMUKJIMIECKIMI BpAIIle-
HUSAMEI TeTpa3apa IPH OJHOW HEMOIBUAKHON BEPIIHHE.

4. HafiTn npeacTapienns rpynnsl mumsapa Dy, = {a,b|a” =b?=¢,aba=1b}
(a=e?™ /" b—ocepas cummeTpus).

Pewenue. Orpanndenne Ha moarpynny Z, (MOPOXKIEHHYIO >lIeMeH-
TOM @) JaeT COGCTBEHHBIE MOATIPOCTPAHCTBA € A = 2™k Fean Tyv = Av,
To Ty (Tyv) = A7 (Tpv), T.e. npu A # A~! nmapwt (v, Tpv) obpasytoT aBymep-
HEIe HEIPHBOAUMEE IPOCTPaHCTBA, a OpH A = A~ ! — ogHoMepHEIe. Ilpm
geTHoM 7 A = A"! mpu A = £1. IIpu HEYeTHOM 1 — TOABKO TIpH A = 1;
B orom caydae uz (T,)? =1 umeem T}, = £1, 4To gaeT ABa OJHOMEPHBIX
npencTapaeHua. Ilpu detmom n umeem A = +1 m T = £1, 910 gaeT de-

n—1
THIPE OJJHOMEPHBIX TpencTapienus. Takxke npu ar06oM n MMeeTCs [T}

NBYMEDHBIX HEMPUBONMBIX TTPECTABICHUN.

Teomempuueckoe pewenue. |D,| = 2n. OgHoMepHble U ABYMepHBIE
MpeCcTaBAeHNs JerKO cTposTcs aBHO. O THOMepPHBIE — MIPH TTOMOIIH (haKTO-
pH3alNH M0 KOMMYTaHTY (B (pakToOpe BOHHKAET I'pynna Zso, TOPOXKJeHHAS
2JEMEHTOM b, IpU HeYeTHOM n, W rpynna Zs X Zg, TOPOXKAeHHAS BJIeMeH-
ramu b u a/?, mpu qeTHOM). [|BYyMepHEIE NPeJCTABIEHNA COOTBETCTBYIOT
JBIKEHHAM JAH3pa (MOXKHO TOCYNTATE WX YUCJAO U IUCIO KJIACCOB COTNPA-
KEHHBIX DJIEMEHTOB).

5. Pa3joXUTL B CyMMY HENMPUBOMMBIX:

a) TpeJCTaBleHIe DYl BpalleHNH Ky6a B MPOCTPaHCTBE BYHKIHIT
Ha MHOXECTBE €r'0 BepIINH,

6) mpeAcTaBIeHNE TOMHON TPYTIIEI CHMMETPHI MPaBIIBHOTO TETPadAPa
B IPOCTPaHCTBe (PYHKIUN HA MHOXKECTBe ero pebep.

Vrazanus. I'pynna TeTpasapa maoMmopdHa Tpynne Si. B camom gese,
aiobad CHMMETPHA TeTpadapa MOPOXAaeT TMOACTAaHOBKY BeprmH. Jlobas
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TPAHCIO3UIUA BEPIINH MOPOXK JeHa OTPakKeHueM B IIJIOCKOCTH, MPOXOAAIIEH
4Yepes pe6Gpo W CEpeHy MPOTHBOIOMOKHON CTOPOHHI.

Cpasb MeXAy KyOOM M TeTpasJpOoM TaKoBa: B Ky BIMCAHO JBa TeTpa-
5/pa, CHMMETPHYIHEIX OTHOCHTEIBHO IMIOCKOCTH, TepIeH THKYIAPHON Tia-
roHaan Kyba 1 MpOoXoAAIIell 9epe3 ee CepeuHy .

Takum o6pazom, #{cummerpuil Ky6a}=2-#{cummerpuit TeTpasapa}=
=2-24=148.

I'pynma co6CTBEHHEIX CHMMETPHI Ky6a m30MOopdHa IPyTIe CHMMETPHI
TeTpasapa.

lpyroi mogxon K cBa3m S4 ¢ COGCTBEHHLIME BpAIIEHNAMNI Kyba TaKOB.
S4 mepecTap/IgeT deTHIPe GOMBIINX AUAT OHAAN. JTO TO XKe, 9TO AeHCTBHE Ha
BEPIINHBLI TeTpasApa: JIoO0H BepIINHe COOTBETCTBYET GOMbIIAA JUAT OHAMD.

A perenna 3aa€9n NpeaIaracTcA HaUTH XapaKTephl COOTBETCTBYIO-
INX TPENCTABICHIE S4 W MyTeM pPEIIeHUs CUCTeM JUHEHHBIX ypaBHEHUH
PasIoKUTh HX TI0 XapakKTepaM HEMPHBOAMMBIX NpejacTaBaenui. Tabanua
HOCTETHHX TaKoBa (IPOBEPUTH!):

g 1 6 8 6 3

: 1 (12)  (123)  (1234)  (12)(34)
Tpusnansunoe U 1 1 1 1 1
3nakonepemennoe U’ 1 -1 1 -1 1
Crangaptroe V(dim=3) | 3 1 0 -1 -1
Vel 3 -1 0 1 -1
NBymeproe W 2 0 -1 0 2

(HepBaﬂ CTPpOKa COAEPKUT HTUCIO JJIEMEHTOB B KJjaaccax COHpH)KeHHOCTI/I).

Jlekmusa 5. IIpegcTaBieHns cMMMeTpUIeCKON
rpymmsl Sy

DTa JeKIus TpeciefyeT NBOAKYIO Iedb. [lepBoe — mpoaeMOHCTPHPO-
BaTh >P(EKTUBHBIE METONBI PEIeHNA OCHOBHBIX 3ajad TeOPUH MpecTa-
BJAEGHUU CUMMETPHYECKON TPYIIEL, T BTOPOE — AaTh OPEACTABICHHE O TOM
KakK dTa «cefasy Kaaccuka paboTaeT B COBpeMeHHON dusuke. B sTol gekiinn
HIYEro He JOKa3bIBAETCA, HAIOTCA JUIb CCHLIKA HA COOTBETCTBYIOIIYIO JIH-
Tepatypy (W.Fulton and J. Harris. Representation theory (a first course),
Springer-Verlag New-York Inc., 1991; V.Kac and A.Raina. Bombay Lec-
tures on Highest weight representations of infinite-dimensional Lie algebras,

World Scientific Publ. Co. Pte. Ltd., 1987).
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1. Kraccudpukanua HempuBoOAMMEIX IIPe/CTABICHIH

Yuciro HEMPUBOAUMBIX TPEACTABIEHNN = YucJa0 quarpamm FQHra = wmc-
10 pasbuenuin p(d) (umerorcsa B BuAy pazbueHus dncia d B CyMMY HeNBIX
MOMOKUTENBHBIX C/IATAEMBIX ), KOTOPOE MOKeT GBITH 33 1aHO TPOM3BO AAIIEH

pyHKIHER

o0

St =] ﬁ
d=0 1

2. UpenTudukanya HeNPUBOJUMBIX MIPEJICTABICHAA B PeryJLAPHOM

HMamo pazémerne A: A\ = X2 > ... 2 A = 1, D \; = d m cooTBeTCTByIO-
mas guarpamma KOHra. 3aHyMepyeM KJIeTKH AHATPAMMBL B TPOM3BOJIBEHOM
mopsigke. Kaxmasa Taxad HyMepalusa MO3BOJAET 3anaTh mericTBue Sy Ha
xiaeTkax. Onpemenaum B &4 nBe moarpynmner P u Q:

Py, ={g9 € 84| g coxpansier Bce cTPOKU pazbueHus A},
Q) ={g9 € 64| g coxpauser Bce cTOAOULI pazbueHus A}.
NMeeTca B BUAY, 9TO 3MeMEHTEl MepBOI IO PYIIIEL IePeCTABIAIT KJICTKI

BHYTPH CTPOK, a BTOpOW — BHyTpu cToabuos. [locTaBum s>Tum TpymmaM
B COOTBETCTBHE CAeYIONINE BIEMEHTH TPynHoBoll aare6pur C(Sy):

=Yg, b= (-1)%.
gEPA gEQA

HpOI/I3Be,Z[eHI/Ie DTUX 3JEMEHTOB
ey =ayby € C(@d)

HasLIBaeTCA cummempusamopom Ownza.

Teopema 5.1. Cnpasedauso coommowenue c3 = nycy. Obpaz cy (npu
npasom deticmsuu 6 C(S4)) ecmpb nenpusodumoe npedcmasaenue Vi, u aio-
6oe nenpusodumoe npedcmasaenue epynnvt Sy noayuaemca makum obpa-
30M.

Takum o6pazoMm, (cx/ny)?=cy/ny (Takue pieMeHTH HAZBIBAIOTCA UDEM-
nomenmamu Koablia C'(S4)). DaemeHT ¢y /ny 3agaeT npoektop C (&) —
— Vi

3. XapakTepsr: popmyaa PpobGenuyca

Juarpammy FOHPa MOXHO 3ajaTh HaBOpOM & = (i1 ...iq), Tae &, —
YHUCA0 CTPOK AWarpaMMbl, nMeromnx iy « (o =1,...,d). Odepugso,

d
E at, =d.
a=1
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Mycrs k=i + ... 4 iq (dncao cTpox amarpammbr). Beeem mepemen-
HBIE T, ..., L), T KaXKIOH CTPOKE NUATPAMMBI COMTOCTABUM TIEPEMEHHYIO M3
sToro mabopa. Oupegennm nmoanaomMbl HeioToHa

Pi(e)=a) +.. . +2l (G=1,....d)

U KOCOCHMMETPHYECKHI MOTNHOM MEHIMAJALHON CTEelleHn OT k IIepeMeHHbIX
(onpegeqnrent BantepMoHa)

Aw)= JI (@i—ay.

1i<i<k

Ecan f(x) — moaurom, To depes [f]i,. 1, Oymem o6o3HAYIATE eT0 KOI]-
dunmenTsr: f(z) = Z[f]ll...llif .. .xij.

B 5Tux TepMuHax MBI MOXeM CPOPMYANPOBATH CJAeAYIOMYIO ek THB-
HYI0 POPMYJTy Maf XapaKTepoB, NpuHa arexkaiyo Ppobernycy (cm. Fulton
and Harris).

Bosbmem nBe (BooCle ToBODSA, pasandHbx) anarpammelr IOHra. 3ajga-
MMM TepBylOo, KaK W B NyHKTe 2, pasdmeHmeM A, a BTOpYIO — HabopoM
t=(i1,...,%q). HycTs ), —XapakTep HEIPUBOSUMOTO IIPeJCTABICHHA, OT-
Bevalomero mepson guarpamme, C; — KAacc CONPAKEHHOCTH, 3a1aHHBIN Ha-
6opom ¢. Torga

m@:PQW},

Iy g

rie l, =X, +k—n (n=1,...,k), A 1 P; — DOIHHOMEI, OIpejeeHHEIE
BBIIIIE.

4. PazmepuocTu: GopMyaa KpOKOB

HaszoBem xprokom gmarpammy B popme 6ykBeI [ . MeeT MecTo hopmyna

d!

dim Vs = [1(zau kproxos)

(mpomaBefieHIe GepeTca O BCEM KPIOKaM, BJIOXKEHHBIM B guarpammy FOH-

ra A).

5. IMomuuomer llypa

Hoaunomer lllypa Sy MOXKHO oNpeneanTh W3 COOTHOIIEHUS

det(x%"-l'k*i)
S ) = )
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(Fulton and Harris, Appendix A). W3 GpopMyIbl XapakTepoB MOXKHO BBIBe-
CTH, ITO

H Pj(x)ij = ZXA(Ci)SA (x)

Toamaomur lllypa urpatoT GyHIaAMEHTATLHYIO POTb B TEOPUN CHUMMeTPHIe-
ckux QPYHKINN, TEOPUHN TPEJACTABIEHNN CAMMETPUIECKON IMPYIIIEL i KOMOH-
naTopruke. OKa3bBaeTCs, OHI UT'PAIOT BAXKHYIO POJb U B MAaTEMATHIECKON
duznke. Huxke MBI KOPOTKO OTMCHIBAEM ABa MPUJIOKEHUA TAKOTO POJIA.

6. Ypasuenue Kagomuesa—Ilersuaumuim (KP):

4 9y? dx

39%u a(au 3 Ou 183u)
ot 2 Oz 40x3)°

onepatop KdV

DTOo ypaBHEHHE ONUCHIBAeT HEIWMHENHBIE BOTHEL B iasme. [loannomer lllypa
MO3BOJISTIOT TOJAYYUTE KJAACC SBHBIX PEIEHII 3TOMO YpaBHEHS.

Teopema 5.2. Caedywwue Gynryuu A6AA10MCA PAYUOHAALHBIMU PEULE-

nuamy KP:

52

ﬁlOgS)\(l‘,y,t,Czl,Cg,, .- ')a
2de ¢y, €5, ... — NPOUZEOABHBLE KOHCIMAHIMBL.

Ypasuenne KanomueBa—IleTBHAIBUAN OTHOCUTCA K KJIACCY 8NOAHE UH-
ME2PUPYEMBIT CUCTNEM, TEOPUS KOTOPHIX ABAAETCA OJHAM W3 KPYTHEHITHX
JOCTHIKEHUH BTOPOM momoBHHBI XX Beka. B 50—60-x rogax XX crome-
THA, B YUCAeHHLIX dKcrepuMenTax, Pepmu, [lacta m Yramom 6bl1a obHa-
py’KeHa aHOMAaJAbHO MelJeHHasa cToxacTmaanus yenouku Toda, a Tapmme-
pom, I'purom, Kpyckasom m Muypoil — COIUTOHHBIE DEIIEHUS YPa6HEHUS
Kopmeseea—de Ppuza (KdV). BHACHIIOCH, 9TO 3TH ABIEHHA OOBACHA-
I0TCA HAAWYINEM Y TAKWX CHCTeM OeCKOHeTHOT'O YHCIa 3aKOHOB COXpaHe-
mua (I1. JJaxc). Permatoiyo poib B pasBUTHE TeOPHH chirpain MocKoBckas
WKOTA (KOHETHO3OHHBIE DellleHns) n JIeHnHrpajckad mKoda (TaMuIbTOHO-
Ba TEOPH).

2

7. KBanToBaga Teopua moas

Ioamaombr Ulypa obpasyioT 6asnc B HOKOBCKOM TTPOCTPAHCTBe B 60-
30HHOM mpecTaBieHnn. OHU COOTBETCTBYIOT MOAYy6eCKOHETHHEIM MOHOMAM
pu 6030H-pepMHOHHOM cooTBeTcTBIE (M. Kac—Raina), koTopoe ¢ Toukn
3peHns TEOPUN TPEICTABICHNN ABASETCA He €M MHBIM, KaK H30MOP(MU3MOM
IBYX THIIOB KOHKPETHBIX TpejfcTaBieHull a4zebp Kaya—Mydu.
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Jlexkmmsa 6. I'pymmer SU(2) u SO(3) —reomeTpus,
TOIOJIOTHS, HHBAPUAHTHAA Mepa

1. Ompeaeaenme SU(2) u SO(3)

Omupegenum cneyuatvuyio yrumapryio epynny SU(2) u epynny spauje-
Hutt SO(3) caeayromnm o6pazom:

u€SU(2) <= ueMatr(2 x2), wu=1, rae u*=u/, nu detu=1,
uweSOB) <= ueMatr(3 x3), vu=1 un detu=1.

Jaga4da 6.1. Joxaxcume, umo

wor={( 3 2

Craegctpue 6.1. SU(2) = S3.

o124 |22l = 1}.

2. ¥Yrau Duaepa

BeenieM fokaabHbIe (Ha caMOM [ele — KBasHTJIOGAAbHEIE, T. €. TOKPHI-
BalollNe Bce, KpoMe |-MepHOro moaMHoroobpasus) koopausaTel B SO(3).
BriGepeM oOpTOroHAJBHYIO CHCTEMY
xoopauaar OXY Z. Torma awobGoe
coOGCTBEHHOe BpallleHNE ¢  3ajaeT-
cd Apyrofl (Tak Ke OpPHEHTHPOBAH-
HOT) cucTemoli kKoopaunat OX'Y'7Z'.
[ycte | — npsamas mepecedeHns mIoC-
kocren OXY Z w OX'Y'7Z'.

[Ipogenaem creayrolrme omepanun:

— nepeBegeM ochk OX B mpsimyio [
BpattenneM maockoctn OXY B moJo-

KUTEIHHOM HaNpaBiaeHnH (IpH Hero-
apmxaoil OZ). Tlyers ¢ — yroa mo-

Puc. 1.

BOpOTa;
—mepepenem OZ B O7' Bpamennu-
em mrockoctu QY Z npu wenogpuxuon OX; mycts § — yroa moBopoTa;
—nepesegem OX B OX’ npu nenogpmxknon O7; MycTh (s — yrod Mo-
BOpoTa.
B pesyabTaTe cucrema xoopauaat OXY 7 nepenner 8 OX'Y'Z’. Mat-
pHIia COOTBETCTBYIONIETO MpeobpaszoBanns (B cucTeMe Koopanaat OXY 7)
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eCTh § = g, 9odp, "), TIC

cosy —sing 1
Jo= | sing cos , g9 = cosfl —sind
1 sin 6 cos

3agada 6.2. a) IIposepvme, umo

* * *
g= * * *
Sin g -sinfl cos s -sinf  cosf

6) Buluucaume 6c1o mampuyy g.
B) /Jokaxcume, wmo 6 nocaedneti cmpoke cmoam Jexapmosvt Koopou-
0
Hamul mouru P, neperodaweti npu spawenuu g 6 moury | 0 |. (Vrasanue:
1
maxoeo ceoticmeo nocaednetli cmporu 410600 0pmMo2oHaAbHOT Mampuubl).
Ilycth () — Toduka mepecedeHnA eIUHUTIHON cephbl ¢ MpAMOR [, TOU-
Hee —o6pas Toukn (1,0,0) opu Bpatmenun g,,. Touxkn P u () Bnoane 3a-
natoT cucteMmy koopamaat OX'Y'Z’ a crenoBarenbmo, n Bpamenune g. Ilo
HIUM BOCCTAHABIWBAIOTCA €ro YIUBI JDitepa: @2 u § — Kak ceputdeckime
KOODAUHATEL TOYKH P, a (o1 — KaK HoJOXKHUTeIbHBIN yroga Mexay OX u l.

3. Hakpurune SU(2) — SO(3)

E:{X:( Ty l‘z-i-il‘3>
g — 13 —I

— MPOCTPAHCTBO 3PMUTOBEIX MATPHI ¢ HyJeBHIM caegoM. [las u € SU(2)

pacemoTpum otobpaxkenue P(u): X +— uXu~!. Hoayuum geficreue SU(2)

na F, npu kotopom dopma (X, X) = 2% + 23 4+ 23 = — det X coxpansercs.

Caegosareanno, P(u) € SO(3), To ecth P —romomopdusm SU(2) B SO(3).
Jaga4da 6.3. Jorxancume, umo

(eiwz 0 >'_) cosp —sing

IIycTs

x1,To, T3 E}R}

0 i) sin ¢ cos ¢ ,
1
[ .. 0
cos 5 isinz 1
) — cosf —sinf
—1isin 7 Cos3 sin cos 0

1) O6paTHBIN TOPAJOK COMHOXKUTEJNEN B 3TOM MPOU3BEIeHIN 00y CJIOBAEH TEM, YTO Ma-
TpUIHL 6€pyTCcA HEe B HCXOTHOH CUCTEME KOOPAUHAT, & B Mpeo6pa3oBaHHBIX.
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Cmeacreue 6.2. Nomomopdusm P: SU(2) — SO(3) cwopuexmusen.

W3 onpegenernsa P caeayer, aro P(u) = P(—u). DTo BujHO U u3 3a-
gagm 6.3: ecin K o w @ npuGaBuTh 27, TO cleBa Bee yMHOXHTCA Ha (—1),
a cIpaBa He M3MEHUTCH.

Jemma 6.1. ker P = {£id}.

Aokazameavemeo. u € ker P <= P(u) X = X VX € E<=uXu =X
VXel<—=uX=XuVXel.

Tenepnb gocTaTOYHO 3amucaTh 3TO ycaoBue s 6azncHbix X . [as xq =1,

1 0
rs = x3 = 0 moayvaeM, 9TO 4 KOMMYTHUDYET C (0 _1); clleAoBaTelbHO,

0 z
|2|> =1, m npokoMmyTHpoBaTh ¢ ¥y =23 =0, 23 =1mx; =25 =0, z3=1.
O

JleMMa B TOYHOCTH 03HA49aeT, ITO Mpoobpas Jr60on TOYKH Tpu 0To6pa-

z 0
u — guaroHajibHad Marpuna. OcTaeTca IpeJcTaBUTL €€ B BUE ( >,

KeHnu P cOCTOWT M3 MBYX TOYEK. JTO BHEIPAXKAIOT cloBaMu P A6a4emcs
deyaucmuvlu naxpvimuen wim SU(2) — deyaucmuoe naxprimue SO(3).

4. NuBapuanTHag mepa Ha SO(3)

3agaua 6.4. Husapuanmuas mepa Ha cepe S ecmp sind dyp db.

NuBapuanTHas Mepa Ha SO(3) B TepMmHax yrioB Oillepa CTPOUT-
¢l 9UCTO reoMeTpu¥ecku. BepeMm B KadecTBe mapaMeTpoB Touku P u ()
(em. 1. 3). P mpoGeraer cdepy, U el COOTBETCTBYET Mepa Ha cdepe
sin 6 dps df. () mpo6eraeT GoJbION KpPyT, U el cooTBeTCTBYeT dyi. Ilo-
aygaem sin f dypy dys df. Bpalenuss coxpaHAIOT Kak Mepy Ha cdepe, Tak
U JUIWHY AYTH, TTODTOMY MOCTPOEHHAs Mepa WHBAPUAHTHA.

5. Iloavem maBapuanTHOU Mepsl ¢ SO(3) ma SU(2)

NuBapuanThyo Ha SU(2) MOXHO HOCTPONTE, HogHAB Mepy ¢ SO(3) ¢ mo-
Mollbto HakphITHA P (cM. 1. 4). DIeMeHTapHBIMH W3MEPHUMBIMH MHOXKe-
CTBaMH HaJ0 CINTATH IPOOGPa3Hl 3I1eMEHTAPHBIX M3MEPHMbBIX MHOXKECTB Ha,
SO(3), rexarmue Ha 0 JHOM JaucTe (Wan cBA3HbIe). IIpu 5ToM 1A saeMeHTap-
HOTO MHOXecTBa X C SU(2) mo ompeneneHnto F‘SU(z)(X) = uSO(B)(P(X)).

Jlekimma 7. IIpeacTaBieHus KOMIAKTHBIX TPYIII

1. BBoausle 3aMeIaHud

Ha kaxaoil KoMmakTHOW TPYIe CYIIECTBYeT HWHBAPHAHTHAS Mepa,
W TMPUTOM TOJBKO OJHA C TOYHOCTHIO MO HOPMUPOBKH. MBI 6yeM moab-
30BaTBLCA DTOW TeopeMoll 6e3 mokazaTelbcTBa. Ha paccMaTpuBaeMbIX Ha-
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mu rpynmax SO(3) uw SU(2) MBI mOCTPOMIN MHBApHAHTHYIO MepYy SABHO.
B ofmeM ciydae MBI 6yJeM 0603HaYaTh MHTErpas M0 HHBAPHAHTHON Me-
pe / f(g) du(g), uMes B BUAY, 9TO OH GepeTcs MO BCEH T'PYIITE.

[ KOMIAKTHBIX TPYII BEPHBI TEOPEMBI 00 YHHTAPH3YyeMOCTH (Teo-
pema 1.2) KOHEYTHOMEDHBIX TIpeJCTABACHNN (CYIIECTBOBAHMM WHBAPHAHT-
HBIX DPMUTOBBLIX MPOU3BEIEHUN B MpeACTaBIeHuAX). /1A ToKasaTeabcTBa
BMECTO CyMMHpPOBaHHA IO Tpylle Halo MMOAb30BATHLCA MHBaPHAHTHBEIM
WHTerpupoBaHneM: ecau F(z,y) — NpOM3BOJIbHAS HEBBIPOKICHHAA DPMHE-
ToBa opma, To (,y) = / E(Tyx,Tyy) dp(g) — uHBapHaHTHAsA HEBHIPO-
KJeHHad spMuToBa dopma (cp. ¢ dopmyaon (1) m3 mexmmnm 1). B ka-
gectBe C'((G) GepeTcss TPOCTPAHCTBO HENPEPHIBHBIX (BYHKIHH Ha TpYI-
ne. B HeM paccMaTpuBaeTcA WHBapHAHTHOE CKAJIAPHOE IIPOH3BEICHHE

(p,¥) = / w(g)¥(g) du(g). CepTka JBYX (QYHKIWI BBOJUTCA C TIOMOIIEIO

dbopmyasr (¢ * ¥)(g) = / o(R)(h~tg) du(h). C yuerom oTux 3aMevanuii
TEOpHA NpPeNCTABICHII KOMIAKTHBIX TPYIH MOJHOCTHLIO IIOBTOPAET TEo-
PHIO IpecTaBleHI KOHETIHLIX T'PYII ¢ OJHHM OTAHIHEM: THCIO KIaCCOB
HENPHBOAUMEIX TIpeJCTaBIcHAN y HIX 6eckoHedHO. MBI 6ygeM paccMaTpH-
BaTh KOMIAKTHEIE 2pynnbl Ju, Y KOTOPBIX YHCI0 KJaCCOB HEMPUBOANMBIX
npecTaBIeHI CIeTHO.

2. Teopema IleTepa—Bemra

Teopema 7.1 (Ilerep—Bewis). Mampuunsie saemenmvl KOHEUHOMEPHBLET
HENPUEOJUMBLT NPEACMABACHUT 0BPAZYIOM OPMOLZOHAALHYIO NOAHYIO CUCTNE-

ny 6 C(G) ¢ nopmuposkott ||7;;]|? = T

[MoaHOTa GECKOHETHO CHCTEMBI MATPUYHBIX DJICMEHTOB 03HATAET, ITO
kaxkaad pyaknud u3 C(G) MoxeT GHITH alNPOKCHMUPOBAaHA KOHEIHBIMI
JAMHENHBIME KOMOWHAINAMA MAaTPUIHBIX 2I€MEHTOB.

Jokasameavcmeso. 1) OpToroHaIBLHOCTH I HOPMHPOBKA JOKA3BIBAIOTCA
TOYHO TaK XKe Kak B Teopeme 4.1 (cooTBeTCTBYyIOmEH TeopeMe s KOHEeH-
HBIX TDYTII).

2) Jloka3aTeabCTBO MOJHOTHI MBI AaNM TOJBKO A AUHEUHDIT KOM-
MaKTHBIX TPYNN (T.e. T'PYII, BJAOKEHHBIX B MOJHYIO JUHENHYIO TDYIITY
JAOCTATOYHO GOMBIIOH PasMEPHOCTH). DTO MO3BOIAET CHOBA HCIOAB30BATH
AHAMOTHIO C TeOopHell TpeJCTaBICHNI KOHETHBIX Tpymnm. HMMeHHO, mycThb
s1eMeHT ¢ € (G mpefjcTaBleHo MaTpulienl ¢ = (g;;). PaccMoTpuM kiracce
dbyukmuit #a (7, OpefCTaBUMLIX B BHIe MOIHHOMOB OT {¢;j, Ji; ). LlycTs
Ry (G) — npocTpaHCTBO TaKUX MOJNHOMOB CTENEHN HE BHIIIE M. DTO MPO-
cTpancTBo G-uHBapHaHTHO |, B oTandue oT C((), KoHeunoMepHo. Temeps
TOYHO TaK XkKe, KaK B TOKA3aTelbCTBE TEOPEMBI O DA3JIOKEHUH PEryJIAPHOT O
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pejcTaBleHna KOHEYHOH Tpynnel (TeopeMma 2.1) moaywaem, 9To J06OH
sneMeHT 13 Ry, (G) mpefcraBuM B BHJe JHHEHHON KOMOGHHAINH MaTpPHY-
HBIX DJEMEHTOB KOHEYHOTO YHCIa HEMPUBOAUMBIX OpejacTaBieHui. [To Teo-
peme Befiepirrpacca 06 anmpoKCHMAIINT TPOCTPAHCTBO TTOANHOMOB BCIOIY
mwiotHo B C'(() B paBHOMepHOI MeTpuKe. ClleJoBATENBHO, MATPHYHEIE Hile-
MEHTBI HEMPUBOAUMBIX KOHETHOMEPHBIX MPEeACTABICHUN 06pasyioT MOJHYIO
CHCTEMY. O

IIpumep. [Iycte G = S'. Bee HempmBoAuMbIe IpeJcTABICHHA S' OTHO-
MepHEBI I IMeIOT BH ¢ — €% rae ¢ € [0,27], a n— mpom3BoibHOe Teloe
qncao. Jliobas HenpepbiBHAA QYHKIUA HA OKPYKHOCTH MOXKET GBITH Opej-
cTaB/eHa KaK HelpepbIBHAA MePHO AmdecKas (PYyHKITUA Ha TIPAMON; MBI He 6y-
neM ux pasandarh. CaegoBaTenbHo, o Teopeme [lerepa—Betuns, aobas me-
puogndeckas GYHKIUA HA TPAMOR MOXET OBITH IpecTaBleHa KaK mIpeaea

m

IpH M — 00 IMHEHHBIX KOMOUHAUNH BUAA fm(p) = Y. an(m)ei™?. Mu

n=—m
JaKe [OKa3ajdu, ITO TOT Tpejet — paBHOMepHHIN. 3 3Toro BHITEKaeT,

aro lim —— /27T fm(p)e ¢dp = L /27T flp)e ™ ¥dyp nas mo6oro n € Z.

m—oo 27 JO 27 Jo
B aeBolt wacTu »>TOTO paBeHCTBa BBIpajKeHUE IMOJ 3HAKOM TIpefiefia paB-
HO ap(m). TlpaBas d9acTh (0GO3HAYNM €€ Gy ) HasbIBaeTCA KOd(DMUINEHTOM
o0
Pypoe pynknun f. Temepn yxe aerko gokasaTh, aro f(p) = Y, ane’™?.
n=—oo
DToT paAn HasbiBaeTcsa padom Pypve dywkumu f. Takum obpazom, auas
G = S MBI momydaeM ¢ IOMOIIBIO TeopeMbl IleTepa—Beflia KIaccHaecKyo
TeOpEeMY O Pa3loKeHUN HEMPEPBIBHOU Mepuoandeckon GpyHkuun B pajg Py-
phe.

B ofimem caydae paabl M0 GeCKOHETHBIM OPTOHOPMUDPOBAHHBIM CHCTE-
MaM TakKe TPUHATO Ha3kBATh pAdanu Pypeve. [Ipumenss Te ke coobpaxe-
HUA, 9TO U B caydae rpynnbi S1, MoKHO mokazaTh (Mo KpaiiHeil Mepe, fis
AUHEUHHT KOMIAKTHBIX TDPYII), 9TO 6CAKAA HenpepbisHat Pynxyus Ha G
packaadpi6aemes, u npumom eduHcmaerHvim obpason, 6 pad Pypve no ma-
MPUUHBIM DAEMEHMAM €€ HENPUCOJUMBLE NpedcmasacHuil:

dim 7

f= Z Z CrijTij
red@ ij=1
Muvivu caoBamn,
C(@) =P M),

reG
rjle, Kak u Beie, M (T) — IpocTpaHCTBO MATPHYHBIX 2JIEMEHTOB HEMPHBO-
IUMOTO TPENCTABACHNA T, HO 3/7eCh MBI HMeeM [eJO CO CIeTHOW MPAMON
CYMMOH.
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3. TapMoHMIecKHil aHAIHM3 Ha S2 — MOCTAHOBKA 3aatm

CaeayolumM maroM B CTOPOHY 0GOOIIEeHUs ABAAETCA MOMyIeHne PAJIOB
Pypbe na S? — equnuanoil cepe npocrpancrsa R (6ynem obozHavaTh
ee pocTo S). DKBUBaIeHTHAA (POPMYINPOBKa 5TOH 3a1a4m TakoBa. [IycTs
C'(S) — npocTpaHCTBO HeMpepHIBHBEIX PYHKONI Ha S. Ero s1eMeHTH Hasbi-
BatoTcA cepuneckumu Gynryuany. I'pynma SO(3) geiicTByeT Ha S; caego-
BaTelbHO, NMeeTCH ecTecTBeHHOoe npeiacTapiaerne SO(3) B C'(S). Hazorem
ero cepuneckum npedecmasaenuem. 3amada 3aKAOIAETCA B TOM, 9TOOH
PA3ToKHUTL HTO MpecTaBIcHIe Ha HEMPUBOUMBIE.

Jlekimma 8. Cdepuieckue ¢pynkmmu Jlamwmaca

Teopusi cepudeckux ¢yuknuu Jamiaca perraeT 3afadn O Pa3fioxke-
HIH ceputeckoro npejacrasienna SO(3) Ha HEMPHBOAMMEIE KOMIIOHEHTHI,
0 pazaoxenun (pyHkumi Ha chepe B psagsl Pypee. Ee poas stum He mc-
gepnbiBaeTca. Chepudeckune pyukiun Jlanmsaca — ogna u3 Hanbogaee pac-
MPOCTPAaHEHHBIX BUIOB CcReyua bz gynkyut. B MaTemaTudeckon dpusnke
OHU BO3ZHUWKAKT BO BCEX 3aadaX ¢ CHMMETPHEN OTHOCHTEIHHO BpaIlleHUH
(HampuMep, B 3a1a49aX ¢ KyJOHOBCKHM MOTEHINAIOM).

1. TapMoHMecKkue MoaMHOME B B3

Ilycth A — mpocTpaHCTBO TOAMHOMOB OT X1, L3, L3, a A, — DOAIpO-
CTPaHCTBO OJHOPOAHBIX MOJAHMHOMOB cTermenn m. Torga A = Ag @ A1 @ ...
Momombr {z¥1 252252 06pasyioT 6asnc 8 A. Beeqem B A spMurTOBO TIPO-
1 Lo T3 pasy A P P
U3BeIEHIE:
ki ko ks Ky kL ki kik! ckokl cksk!
(et a5 ws®, w ey ws®) = kilkol kgl 8717197282573
Jemma 8.1. Onepamop ymuosxcenus Ha Gyuxyuio 12 = x% + x% + x%
2 2 2
d d d
u onepamop A= —5 t 55 + 55 conpajcensl
Oy Oy g

Horazameavcmeo. [locTaTovHo [goKa3zaTh, 4UTO = (x1)*, T.e

orq
a
(z1u,v) = <u, a—xlv> masa Beex u, v € A. IlpoBepuM mociegHee paBeHCTBO

maa GazucHbIX U, v. IlycTh u = x’flflx?l‘ga, v = xlflx’fxg?’. Toraa ¢ obe-

ux cTopoH moxyduMm kilks!ks!. B ocrambHBIX ciydadx ¢ o6enx cTOPOH
HYJIN. O
def
DaemenTol npoctpancTBa H = {a € A | Aa = 0} = ker A mazpBatoTcs
2apmonuueckumt noaunomamy. Iloaoxnm H,, = H N A,,.
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Jlemma 8.2. A, = Hyp, @ r?Ay_o (opmoeonatbnas npamas cymma).

Aorazameavemeéo. JlokazaTedbcTBO CBOMUTCA K YTBEPKJACHUIO O TOM,
aro ker A = (im A*)L, 9To BepHO A MOG0TO OomepaTopa. Umeem A, =
= (ker A @ ker AL) N A, Nagee, ker AN Ay = Hp, a (ker A)E N Ay, =
= (imr?) N Ay =12 A, s O

Cmegcteue 8.1. Ay, = Hyy @12 Hpo @ Hpypya @ . .. (sceeo [% + 1}

UAEHOS).

2. Cdepuiaeckne pyHKIMH

Omupegenum oTobpaxenne p: A — C(S), comocTapasis Kaxk oMy TOIN-
HOMY ero orpaHmdeHHe Ha cdepy S = S2.

Jlemma 8.3. ker pN A, = {0}.

Aorazameavcmeo. Ecam o fTHOPOIHBIN MHOT O4JIEH PaBeH HYJIIO Ha cdepe,
TO OH HYJIEeBOH. O

TpocrpancTBo Uy, = p(Hy,) HABBIBASTCH NPOCMPAHCIMBOM cPHepuneckus
Pynryuti eeca m.

Cmeacreue 8.2. p(Ap) U @ Up_2@ ...

Jorazameabcmeo. YTBepKAeHNEe BHITEKAeT U3 ciaelcTBud 8.1 ¢ yaeTom
ToTO, 9TO Ha cepe 72 = 1. O

3. CoGcrBennsie noaunomsl rpymmst SO(2) C SO(3)

Pacemorpum B SO(3) crannonapuyto noarpynmy Touku (0,0, 1). O6o-
sragnM ee Gy, fAcro, 1ro Gy =2 SO(2).

Jlemma 8.4. Bpawenus uz Gy umewm 6 npocmpancmee A, 6a-
3uc obwur cobemeennbir Pynryuti. Cobemeennbie 3HANEHUA uMeom 6ud
e?mihe k= 0,%1,...,4m, ede ¢ — yeoa nosopoma, onpedestoupul
saemenm uz Go. Kpammocmv cobemeennozo 3uavenus ¢2™F¢  paeua

m — |k|
B ).
[ 2 '

Horazameavcmeo. llomoxum u = &1 — txs, U = x1 + e, 2 = €'7,

cos —sin _ i
hiz)=1". 14 14 € Gy. Torpa h(z)u = zu, h(z)u=2"tu.
sin @ cos

Hepeiinem B Ay, x 6asucy wPulzl (p+ ¢+ =m). OTHOCHTeaBHO h(Z)
MOHOM upﬂqxg umeer cobcrBertoe 3navenue 2P 9. Umeem [p—q| <p+¢=
=m — I < m. llpu puxkcupoBanuoM p — ¢ = k p + ¢ MOKeT MEHATHCS TOMb-
KO Ha YeTHoe 4ucio, a BMecre ¢ HuM u [. IIpu srom | < m — |k|. TTooTomy
[ MoxeT mpuHuMaTh 3Hadenus m — |k|,m — |k| —2,m — |k| — 4, ..., Bcero

m — |k o
[ 5 k] + 1} 3HAYEHUN. O
Berancanm dim H,,. /laa KpaTHOCTH cOBCTBEHHOrO 3HAYEHNUA 2* B 5TOM
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TIPOCTPAHCTBEe WMeeM B cuay JeMMm 8.4 u 8.2
— |k —2—1k
multy H,, =mult; A,, —mult; A,,_»= [m 5 %] + 1} — [mf“ +1|=1.
Takum o6pazom, H,, COJepXKHT Kakioe cOGCTBEHHOe 3HadeHme 2,
k=0,£1,...,+m ¢ equHEYHON KpaTHOCTHIO, modToMy dim H,, = 2m + 1
(qmcio co6CTBEHHBIX 3HAYEHTIH).

4. OcuoBHax TeopeMa 'aDMOHHU'IECKOI'O aHAIN3A Ha 52

Teopema 8.1. 1) C'(S) = @ U, (opmozonasvnan cymma).

m=

2) Up, uneapuarmuo omruocumeavro SO(3), nenpusodumo u dimU,
=2m -+ 1.

3) B Uy umeemes opmozonasvubiti cobcmeennbiti omuocumeavro Gy
6a3uc Ym0, Ym 41, - s Ym 4m, npusem Yy, coomeemcmeyem cobemeen-
HOMY 3HaUeHuIo 27 .

Jlemma 8.5. Jwboe nenyaecsoe roneunomeproe SO(3)-nodnpedemasae-
nue 6 C(S) umeem zomsa 66l odnomeproe nodnpocmpancmso Go-uneapu-
anmos.

Jokazsameavcmso. Iyctes U C C(S) — noanpeacrasaenue, Uy = {f €
e U | f(0,0,1) = 0}. Ycaosue f(0,0,1) = 0— 570 oHO JHHEHHOE YCIOBHE
na f. Caegoatensto, auto Uy = U, aubo Uy — runepriockocTs B U

Tak kax U # {0}, cywecrByior f €U mz €S, 118 KOTOPHIX f( ) # 0.
Hycts g € SO(3) — Taxoi saement, wTo gr = (0,0, 1). Torga (gf)(O 0,1)=
= f( )#0. Ho ¢gf € U, mosromy Ug # U, u B meiicrButenpoctn Uy — ru-
MEPILIOCKOCT. Cﬂe;[OBaTeﬂbHo, dimUi- = 1.

Beuay Toro, ato Go(0,0,1) = (0,0, 1), mogmpocTpancTBo Uo, a crefoBa-
TeapHo W Ugh, HHBAPHAHTHO OTHOCHTEMBHO Go. IlycTh feus. Torma musa
moborog € Go gf =Af, A e C. Ho (¢£)(0,0,1) = f(g~(0,0,1)) = £(0,0, 1),
T.e. A=1. O

Jokasameavcmeo ocrhoenoti meopeavt. 1) PaziioxkeHne B IPAMYIO CyMMY
BBEITEKaeT U3 caeJcTBuA 8.2 m TeopeMel Bellepmrpacca 06 anlpoKCUMAaInu
(eM. noxasaTeabcTBO TeopeMbl Ilerepa—Beiias). [lonapras opToroHaIb-
HOCTE MPOCTPAHCTB Uy, TpebyeT OTAEABHOTO JOKA3ATEILCTBA (CM. HITKE),
TaK KakK y HAC HET CBeJeHUH 06 m3oMeTpuaHOCTH oTo6paxenus p (B C'(S),

O onpejeneHuo, (¢, ¢) = /S e(s)(s) du(s)).

2) MaBapuaTHOCTE Uy, CIEAYET U3 TEPECTAHOBOYHOCTH p ¢ AEHCTBHEM
SO(3) n maBapwaHTHOCTH Hpy, & TOCAeTHAA — U3 MEPECTAHOBOIHOCTH A
¢ gerictuem SO(3) (mpoBepseTcs HEMOCPEJCTBEHHO).

Henpusoanmocts U, gokasbiBaeTcs Tak. PaaMeprocTh (Go-MHBapHaHT-
HBEIX BeKTOPOB B Hpy, a ciefoBaTenbuo, u B Uy, , paBua 1. [To semme 8.5 B U,
MOXKeET OBITEH He 60Jiee OHOTO HETPUBHATLHOT O TTOAMPEACTABIEHN.
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Beugy amemmur 8.3 dimU,, =dim H,, =2m + 1.

3) B xadecTBe Y), ; Bo3bMeM 00pa3 BEKTODPa ¢ COGCTBEHHLIM 3HAYEHN-
em z* B H,,. BBuIYy OpOCTOTHI COGCTBEHHBIX 3HAYCHUI, HpPHU JAHHOM M
U PA3INYHBIX k MOMyYeHHBIE BEKTOPHI MOTAPHO OPTOT OHATBHHI.

[ycte p— oproronansutinn npoekTop Uy, — U,/ . llpn nEBapmanTHOM
CKAJSIPDHOM MPOM3BEJEeHNN P ABJASETCS MOPMPU3IMOM TpencTapieHmin. Ecam
m#m', 10 Uy, w1 Uy #e maomopduer (dim Uy, # dim Uy,/). Ho onn Henpu-
BoauMBL, IodToMY p =0, T.e. Uy LUp,yr. O

Ym0 Ym 41, - - -, Ym,+m Ha3HBaOTCA cepureckumy Gynryuamnu Janaa-
ca Beca m: Yy, g— 30HaabHOU chepudeckonl GyHKINEH, a OCTATBHBIE — Npu-
coedunennvimy cdhepuaecKuMu HYHKIHAMI.

Jlekimma 9. daeMeHTHI Teopuu Jlu

1. JIlunevnsie rpymms: Jlu

(JTunetinoti) epynnoti JJu MBI HazbIBaeM JO0YI0 3aMKHYTYO TOATPYIITY
noaron auHenHoN rpynnel GL(n) ¢ Tomomorued, 3ajaBaeMoil eBKJIHOBOH
MeTPHKON B mpocTpatcTBe Matr(n X n).

Orobpaxenne ¢: G — H aByx rpynn Jlu HaszbiBaeTcs 20MoMOpPHuUsMOM,
ecan @ — roMoMopdU3M TPYII, W A TPOU3BOJIbHON obtactu U eBKJIH-
[OBa MPOCTPAHCTBA U ee Taaakoro oTobpaxkenus t: U — G KoMOoosumus
pot: U — Matr(n X n) ABagercs riagkuM 0TOSPAaKEHIEM.

CsouictBa Tpynnbl Jlu BO MHOTOM OIPENENAIOTCA CBONCTBAMH TO-
pazfgo 6omee MpPOCTOro 06BEeKTa — KAcaTelbHOTO TPOCTPAHCTBA K HEH
B OJIHOW-eUHCTBEHHOU ToUKe. Kak 5TO MPOUCXOMUT — U3YYaeT Teo-
pusa Jlu.

MMycrs T, G — xacaTeabHoe TPOCTPAHCTBO B eUHUIE TpyIbl (.

Teopema 9.1. ['omomoppuszm cessnot epynnwr Ju G 6 epynny Ju H
onpedesemesn c60UM KACAMEALHBIM OMOBPANCCHUEH 6 eJUHUYE.

Jokasameavcmso. 1) Tlyers ¢: G — H — romomopduam, de: TG —
— TH — kacareibHOe oToOpaxeHne (B TPOM3BOALHON TouKe), [(g) — ae-
B caBur Ha ¢ B (7, [(h) —eBuiil casur Ha h B H, l(g)«: T.G — T,G 1
l(h)s: TeH — Tp H — coOTBETCTBYOIIE KacaTelbHble OTOOPAKEHNA.

Caepyroltias ArarpaMma KOMMYTATHBHA B CHIY TOTO, 9TO (Y — FOMOMOP-
duzm:




W3 mee BoiTekaer KOMMYTaTHUBHOCTDb TaKOI AuarpaMMBblL:

e —2 . r1¢

T.H [ H.
Ho(a). P

Mycte € € T, (G. Torga m3 BToOpou AUarpaMMBl BHITEKAET, ITO

dp(l(9)+&) = U{p(9))+dp(§). (1)

2) Mycte Tenepk g € G. MBI X0THM BOCCTaHOBHTH ¢(g), 3Has dp. Co-
eVHUM € 1 ¢ TIaJKoH KpuBol ¢(t), aexameit B rpynme: g(0) =e, ¢(1) = g.
Omupenennm £(t) w3 ycaosus ¢’ (1) =1(g(¢)).£(¢) n mokaxem, 9o £(t) € T.G.
Tpumvennm cooTHoterne (1):

do(g'(t)) = de(l(g(1))«£ (1) = Lp(g(1))wdep(&(L))-
TTo onpenenenuto do(g'(t)) = ¢(g(t))’, T.e.
l

p(g(t) =1Up(g(t))«dp(£(1))-

Beenem o6osnadenud h(t) = ¢(g(t)), n(t) = de(£(t)). Homyunm A'(t) =
=1(h(?))n(t), T.e. auddepennnaibroe ypapHeHne Ha h(l) mepBoro mopsi-
Ka (31ech [(h(t)), — auHelHBIN onepaTop, 3aBucAmni oT h(t), n(t) — us-
BeCcTHAsA BeauwdnHa). /1A amHeHbIX rpynn noaydaerca npocto b’ = hy. Ilo-
ckoabKy h(0) = e, To TeopeMe eIHHCTBEHHOCTH /1 OGBIKHOBEHHEIX Andde-
peHUNAIBHBIX ypaBHEeHNH h(l) onpeneneHo oxHosHawHO, T. €. ¢(g(1)) = ¢(9)
OTpeeNeHO OTHO3HATHO. O

2. Ckobka wa T, G

KacaTelbHoe TPOCTPAHCTBO B eJUHHIE TPYINH JIn ABIdeTcA BEKTOP-
HBIM TpocTpancTBoM. Ecim x,y € T.G, To cyinecTByloT KpuBble ¢ = g()
u h = h(s), nexamne B rpymme, Takne uaro g(0) = h(0) =€, ¢'(0) = x,
h'(0) = y. Torna x + y ABaseTcd KacaTeabHbBIM K ¢(1)h(1), a Az —xk g(At).

Kpome Toro, Ha T.(G KaHOHHYeCKH oIpejeleHa elle OXHa Ollepallud,
Ha3bIBaeMad ckoOKot, IWIH KOMMYMATMOPOM:

5° 1,1
[2,y] := %(ghg h™ ) s=t=0. (2)

Muddeperunpys B (2) mo s n nonarad s = 0, MOIyINM KacaTeIbHBI BEKTOD
gh'(0)g=t — R’(0). On npunagaexur T.G npu Beex {.
3aTem, quddepeHtupys ero no t, upu ¢t = 0 moayHIuM

9(0)h"(0) = A'(0)4(0) = [, 9]
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(3/1eCh MBI IICTIOB3YEM TOUKY A1 0603HAYEHNA MPOM3BOTHON MO ¢ 1 IITPHK
I 0603HAYMEHNA TPON3BOJHON 1O §).

CaepcrBue 9.1. Jas aunetnox epynn Ju [z, y] = 2y — ya.

3agada 9.1. a) T.5U(2) = {X e Matr(2,C) | X + X* =0, tr X =0}.

6) T.S50(3) = {X € Matr(3,R) | X + X' = 0}.

Sagaqa 9.2. [Iposeppme daa auneiinbir 2pynn, umo

o [X,Y] — buaunetinas onepayus;

o [X,Y]= -1V, X] (anmucummempuunocms);

o (X, [V, 7]+ [Z,[X, Y]]+ V.7, X]] =0 (moxdecmeo Arobu).

BexTopHoe mpocTpaHCTBO, B KOTOPOM OlpejeieHa CKoGKa, ob1a qaorasa
cBOWCTBaME, CPOPMYAUPOBAHHBIME B 3aate 9.2, HazpiBaeTcA aqzebpoti Jlu.

Beitte Mbl mokazaau, @ro T, G HageqeHo cTpyKTypol aare6por Jlu.

Asarebpa Jlu T, maswiBaeTcs aazebpot Ju epynnvt G n o6ozHavaeTcs
Lie(G).

O6Gosnagenma: Lie(SU(2)) = su(2), Lie(SO(3)) = s0(3), Lie(SL(2)) =
=5l(2), Lie(GL(V)) = gl(V).

Teopema 9.2. Fcau ¢: G — H — comomopdpusm epynn  Ju, mo
dy: LieG — Lie H — 2omomoppusm aacebp Jlu.

AJokazsameavcmso. Ilycts g = g(t), h = h(s), g(0) = h(0) = e. Nnmeem:

o _ _ def O _ _
d@(g(ghg "h 1)szo) = Soplghg ™ h™)ezo =

%) _ _

= - (p(@)e(h)e(9) " e(h) ™) s=0.

ITpoauddepennupyem obe vactu mo t u BHeceM cieBa quddepeHInpo-

BaHWe 10 ¢ B apryMeHT d¢ (3T0 MOXKHO C/elaTh, Tak Kak dp — JIHHENHOe
OTOGPAKEHHE):

o o™ ) omemo) = o (o)) (0) (1))
dsot == dsot s=t=0’
1.e. dp(z,y]) = [dp(). dp(y)]. 0

3. CoorBeTcTBHE MeX Ay IpejgcTaBIeHuaMu rpymnmn Jln
u ux aare6p Jlu

Mo ompenmerenuto mupepcrtapieHne rpynnel G — 3TO TOMOMOP(PUIM
T: G — GL(V). das rpynn Jlu K 5ToMy TOMOMOPQHIMY MpeIbABIAeTCA
TpeGoBaHUE TJIaTKOCTH.

IIpedemasaenuen aseebpur Ju g HaseiBaeTcd ee romoMopdusm B gl(V),
T. €. TaKoe JHHENHOe oTobpaxenue ¢: g — gl(V), aro ¢([z,y]) = ¢(z)e(y) —
—p(y)e(x).

B cuny Teopembr 9.2 xax nomy mpenctapiaenuto T’ rpynmbt JIn conocTa-
BasAeTCA MpecTaBiaenne ee aare6pot Jlu, koTopoe Met o6o3uadaem T wian d7T.
ITo Teopeme 9.1 mas cBA3HBIX TPYNIN TIpefcTaBiaeHne aarebpol Ju BromHe
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onpegeaseT MpeacTaBleHne IpyInbl. /JIas o HOCBAZHLIX IPYNT MEX1y HHU-
MU CYIIECTBYeT B3aWMHO OJHO3HAYIHOE COOTBETCTBHE, HO 3J€Ch MBI 3TOTO
He NOKa3bIBaeM.

Cuaegcreue 9.2. /Jan ceasuuz auneldnvnir epynn Ju u uzr aseebp Ju xa-
aHcdbili sndomopduszm npedemasaenus arzebpor Ju asasemes u sndomop-
Pusmom coomeememeywuezo npedcmasAeHuL 2pyYnnol.

Jokasameavcmso. Ilycrs g = Lie(G) u T(E’)u = uT(E’), A JT060r0
¢ € g. Hano nokasarse, aro T(g)u = uT(g) naa moboro g € G. Tloraras
H = GL(V), paccmorpnm ypashenne h'(t) = h(t)n(t), monydeHHoe B Teope-
Me 9.1. Umeem:

! (tyu=h(t)n(t)u = (h(t)u)n(t),
al(£) = (uh (0)n(0),
T.e. h(t)u m uh(t) yIOBIETBOPAIOT OHOMY 1 TOMY XKe JU(pePEHITTATLHOMY
ypasaerno. Tak kax h(0) = e, To uh(0) = h(0)u = u, T.e. W HadATBLHOE
ycioBue ofgHo U To Xe. Ilo Teopeme eamucTBeHHOCTH h(t)u = uh(t) ans
BCeX 1.

Caegcreue 9.3. B ycaosusxr cacdemeus 9.2 u 6 npednoaoscenuu Kom-
nakmuocmu epynnu npedcmasaenua T u T npusodunst wau nenpusodumst
00HOEpEMENHO. .

Aoxazameasvcmso. HeTpuBnaabao ToabKo, 9TO ecau T MpuBOAMMO, TO
u T npusogumo. [Tas koMoaxkTHON rpynnsl T'(¢) MOXKHO CIHTAThH YHHTAD-
HBIM, a T(E’) — kococummeTpudecknM. [losTomy ecan T(&’)Vo C Vo ansa mo-
Goro& €gromn T(f)VOl C Vgt gaa moboro € € g. Ho Torga T(E’) KOMMYTH-
pyeT ¢ OpTOTOHATLHEIM mpoeKTopoM Ha Vp. Ilo mpegpiaymeMy caeacTBuio

u T(g) ¢ aum xommyTupyeT. Takum o6pasom, Vy WHBApWAHTHO OTHOCH-
TeabHo T'(g). O

Jlexknusa 10. IIpeacrasiaerus SU(2), SO(3) u s1(2)

1. OT su(2) k sl(2): koMmrekcudukamusa

Hycrs £ ={X € Matr(2 x 2) | X = X*, tr X =0} 2R3 B . 4 nexunuu 6
JaH obmmi BU MATPUIl TPOCTPAHCTBA F, W3 KOTOPOTO BHAHO, 9TO B F
MOXKHO BHIOpATH 6a3mc

0 1 0 ¢ -1 0
a= (o) m=(00) 5= (0 1)
3agada 10.1. Joraxcume, umo a) By = %(El FiFy), H=—FE3 —6asuc
6 51(2); 6) Hy = %El, Hy= %Ez, Hs= %Eg — 6asuc 6 su(2). (Vrazanue:

em. 3adawy 9.1).
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Cmeacreue 10.1. Basucnvie saemenmur 5[(2) u su(2) ceasamnvt caedyio-

WUM 06PaA3OM:
Eyr=Hy+iH,, H=-2iH;3.

Cmeacreume 10.2. 1) Hueemes 63aumno OOHOZHAUHOE COOMBEMCMEUE
MENCOY KOHEUHOMEPHBIMY npedemasaenuant su(2) u s[(2). Hmenno, sca-
Koe KomnaexcHoe npedemasaenue su(2) npodoascaemces do npedemasae-
Hua 51(2) 6 mom sce npocmpancmee; o6paMHOE COOMEEMCMEUE 3AVAEMEA
onepayuel ozpanuuenus npedemasaenuti s1(2) na su(2).

2) Coomsememeyruue npedemasaenus su(2) u sl(2) npusodumvt uau
HENPUSOJUMBL 0OHOEPEMEHHO.

Takum o6pazoM, KaaccuPUKANA HEMPUBOAUMBIX TpeACTaBIeHNH s1(2)
cBefleHa K KJAacCU(UKAIIH HEITPUBONMbIX KOHETHOMEPHEBIX MPeACTaBIeHUN
5[(2) (n HAoGOpOT). DTa uies PpyHAaMeHTalbHA. B curyannn obmen KoM-
mwiekcHol (mpoctott) aare6pst Ju (y Hac —s[(2)) u ee komnaxmuoti gopmvl
(y Hac —su(2)) oHa HOCHT HasBaHWE YHUMApHo2o mMplora Betiaa.

Basuc Ey, E_, H B sl(2) naspBaeTca kanonuveckum. s ero sieMeH-
TOB UMeEIOTCA CTaHJapTHHe obosHaveHua Iy =B F_ =1 H.

3aga4da 10.2. [Iposepvme, umo

v %) e ) (5
u[H,E)=2F, [H,F]=—2F, [E,F]=H.

2. HenpuBoguMEle KOHETTHOMEepPHBIE IpegcTapieHud s((2)

Teopema 10.1. [Iycmv T — nenpusodumoe KoHEUHOMEPHOE NPEICTMAEAE-
nue sl(2) 6 V. Toeda cywecmeyem makot 6asuc vy, ..., Uy, 4MO

1) 7(H)vg = (n — 2k)vg,

2) T(F)vg = g1,

3) T(E)og =k(n —k+ Dok
(cuumaemes, wmo v_y = vy = 0).

Jokazsameavcmso. 1) Ilycth ¢ — Kakoe-HHGYIb COGCTBEHHOE 3HAYEHIE
r(H) BV, T.e. 7(H)v = cv. Torga 7(F)v — coGCTBEHHBII BEKTOD ¢ OG-
CTBEHHBIM 3HadeHHeM ¢ + 2, a T7(F) —c cOOGCTBEHHEIM 3HadeHNEM ¢ — 2.
JlericTBUTEIBHO,

r(H)r(E)v =7(E)r(H)v + 27(E)v = er(E)v + 2r(E)v = (¢ + 2)7(E)v.
r(H)r(F)v=7(F)r(H)v — 27(F)v= (¢ — 2)7(F)v.

2) Tlpumenss k v omeparop 7(F) B pasHBIX CTeNEHAK, MBI Gy 1eM TIOJIY-
JaTh JUHEHHO He3aBHCHMBle BeKTOpHl. Tak kax dim7T < 0o, TO HalgeTcAa
BeKTOD vy # 0 co caepytommmu csoticreavn: 7(H )vg = covg, 7(E)vg = 0.
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3) Mycte v, = T(F)kvo. B cuay Tex ke coobpaxeHunl KOHETHOMEPHOCTH
CYIIECTBYET TAKOE N, ITO Uy, V1, . ..,Un Z 0, vpy1 = 0.
4) CooTHoteHns 1) i 2) 04eBHIHBEL IO MOCTPOEHNUIO, HO MOKA € ¢y BMe-
cro n, T.e. T(H)vg = (co — 2k)vg,.
MMokaxem, aTo mas awoboro k cymectByeT Takoe ai € C, wro
T(E)vg = apvg_1. (1)

Mpuvennm nagykumio mo k. Ipu k = 0 umeem 7(F)vg = 0, T.e. MOXKHO
B3ATEL ag = 0.
Mpeanonoxum, 410 7(E)vi_1 = ag_1vx—2. Torga

(B = 7(E)7(F)vg—1 = 7(F)7(E)vg—1 + 7(H)vg_1 =
=ap17(F)vg—a+ (co — 2(k — 1))vg_1 =
= (ak,1 + (Co — Q(k — 1))0;@,1.
Wrak, ag = ai—1 + cog — 2(k — 1). Takum o6paszom,
ag =[eco —2(k = 1)] 4+ ...+ o +ao,

k 4meHoB

npuaeM ag = 0. CregoBaTeIbHO,
agp=cok =21+ ...+ (k—1)=cok —k(k—1)=k(co —k+1). (2)

5) Has k =n 4+ 1 Bce mpenpiyiliee TOXKe BEPHO, ModTOMY T(F)vy41 =
= ap41Vn. Ho any1 =0, Tak Kak vpy; = 0. Temeps us (2) caegyer, uro
(n+ 1)(co —n) =0, oTkyaa ¢ = n.

Bce cooTHomenns 1), 2), 3) nokasaHbl. O

Caegcteue 10.3. Jucao n onpedeasem wenpusodumoe npedcmasaenue
5[(2) ¢ mounocmyio do uzomopdusma.

OTO 9UCJA0 HABBIBACTCA CIMAPWUM 6ECOM TIPENCTABICHILA.

3. Ipeacrasaenus SU(2) — knaccupukanua

KaxjgoMy HenpupoguMoMy mpegcTabieHno SU(2) cooTBeTCTBYeT
HENPUBOJUMOe TpejcTaBieHue suU(2) (ero KacaTelbHOe NpeACTaBIEHINE,
CM. JeKIHIO 9), a TOMY, B CBOK O4Yepefb, npeacrabienne s((2). Tocaennme
TOJBKO 4TO KaaccudunupoBarbl. OcTaloCh MOKa3aTh, 9TO d060€e TpeacTa-
BJeHHE 51 (2) MOXKeT GbITH MoAHATO Ha SU(2).

3agada 10.3. a) Ecmecmeennomy npedemasaenuro SL(2) 6 npocmpan-
cmee 0IHOPOIHBIL NOAUHOMOE CINENEHU N OM JGYT NEPEMEHHBIT OMEEUAEM
Henpusodumoe npedemasaenue sl(2) cmapwezo seca n.

6) Kaxcdoe nenpusodumoe npedemasaenue su(2) A6A4€MEA KACANEAD-
Holi K npedemasaenuto SU(2) 6 npocmpancmee 00HOPOOHWT NOAUHOMOE
om Jdeyxr nepemMeHHblr.
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Takum 06pasoM, COOTBETCTBIE MeXK Ay TpecTapaernamu SU(2) u su(2)
ABAACTCA B3ANMHO OJHO3HATHBLIM.

Cmeacreue 10.4. [Ipedemasaenus epynnot SU(2) 6 npocmparcmeaz 00-
HOPOOHBIT NOAUHOMOE 6CEBO3MONCHOIT cmenenelt om J8Yr NEpeMenHnT da-
10OM NOAHBI CNUCOK €€ HENPUEoIuMMT npedcmasaenutl.

4. IpepcraBrenus SO(3) —knaccupukanua

Beugy sakpeiTua SU(2) — SO(3) kakgoMy HeNPHBOANMOMY MPEACTa-
BaeHmio SO(3) cooTBeTCTBYeT HempHBoANMOe mpefcTabierne SU(2) B Tom
xKe mpocTpancTie. CaenoBaTelbHO, BCe HENPUBOAUMBIE IIPEACTABICHUA
SO(3) comep:kaTcs cpe MOCTPOEHHBIX BhIlle TpeacTapierni SU(2). B oa-
HOPOJHBIX moamHOMax cremenn n 7(—F) = (—1)" - id. Taxue npencranie-
HuA croyckatoresa #Ha SO(3) Toabko mpu deTHEX n. Taknm o6pasoM Hempn-
BoAuMEle pefcTaienna SO(3) HaXoAATCA BO B3AHMHO OTHO3HATHOM COOT-
BeTCTBHN ¢ npejicTaBieHuaMu SU(2) deTHOro Beca.

Jlekimma 11. IToaunmomsr JlexaHapa

Buaajes nHpopMannell 0 HempUBOAUMEIX npeacTapieHuax SU(2), SO(3)
u 5[(2), MBI MOXKeM BBIMUCAHTH B ABHOM BHe chepudeckne pyuxumn Jla-
maaca.

1. SonampHag cepuieckas pyHKIua Y, o

Y.n,0 umMeeT Bec 0, HODTOMY pacKiablBaeTcA 10 MOHOMaM B Jja uPuP rh =

= (¥ + 222l 2p+1=m). lycts & 2 3= p(z1 2 3) — byHKIIHHA, TOTy9ato-
IUecs orpaHUYeHHEM eBK.IH TOBBIX KoopquHatT Ha chepy. Mad nux &7 +£2 =
=1 —¢&2, nooroMy Y, o OKasblBaeTCA MOMMHOMOM OT 3t Yy, 0(€1,&2,&5) =
P (&3). Py HasweiBaeTca noamHoMoM JlexkaHapa. IMomsombr Jlexanapa
06pazyioT OPTOrOHAIBHYIO cHcTeMy Ha oTpeske [—1, 1] (obracTe mamene-

1
HuA &3 Ha cdepe): / . PP, dés =0, m#n. 910 cBA3aHO C TeM, UTO Yy, g

MpPH Pa3HBIX M OPTOTOHAJIBHBI MO C(EPUUECKON Mepe, a MOCAENHSSA MMe-
eT Buf sinf dff dp = —dés dy (B Hammx obozHadeHnax 3 = cosl, cM. JeK-
nio 6), M OT ¢ NOABIHTErpadbHOE BhIpakeHne He 3aBnucuT. [loanHOMEL Jle-
KaHApa MOXKHO HAHTH ABHO (HANPHMED, ¢ MOMOIIBIO MPOIEcca OPTOTOHA-
auzanunu). [lepsrie noannombl TakoBbl: Py =1, P = &3, Py = 362 — 1.

2. IIpucoegunennsie chepuieckue GyHKIUM

Henpupognmoe mpencrapienne sl(2) (a smaunr, n SU(2), u SO(3)) ox-
HO3HAYHO ONpeIeAeTCA CBOel pa3MepHOCThIo (paBHOU 1 + Bec).
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Cdepndeckoe npegcrapaenne Uy, Henpueoaumo oTHocuTeldbHO SO(3).
Ero pasmeprocTb 6bLTa HallJeHa B JeKINH 8 ¢ MOMOIIBIO HEIIOCPeCTBEHHO-
'O paccMOTPeHUs TapMOHIYeCKIX IOJHHOMOB, I OKasaJlach paBHoil 2m + 1.
Taxum o6pazoM, 5To IpeJcTaBICHIE COOTBETCTBY T HEIPHBOANMOMY TIpe -
crasaennio sl(2) Beca 2m (nekuns 10).

Cdepuieckne Gynxunu Y, p BBeJeHH B JIeKIUH 8§ KaK COGCTBEHHEBIE
BEKTOPEL 110 PYIIIILL

cosp —sing
Gy = sin cos C SO(3)
1

k2= ¢, B npocrpancTee U,,. Jlerko mo-

Ka3aThb, ITO 3TO TO XK€ caMoe, 9ITO coOCTBEeHHEBIE BEKTOPLEL OIllepaTopa

Cc cOOCTBEHHBLIM 3HaUeHHUEM Z

npeJcTaBleHNA aNeMenTa [ . [leficTBUTeaBHO, Yy,  ABIACTCA COGCTBEHHEIM
BEKTOPOM C TeM K€ COOCTBEHHBIM 3HadeHHeM OTHOCHTEIHLHO HOATPYIIIEL
~ elel? 0

Go= 0 eiel2
depeHIIUpPYS MO © PABEHCTBO

C SU(2), naxpsiBatomenn Gy (3agada 6.3). JTud-

eiel? 0

A R ®

B Touke @ = (, y6exgaeMca, 9TO COGCTBEHHOMY BEKTODY C COOCTBEHHBIM
sHadeHneM z° orHOCHTenBHO (g COOTBETCTBYET BEKTOp Beca 2k OTHOCH-
TeasHo H. Beugy mpocToThl ciekTpa H B HENPUBOAMMOM TIpeACTABICHIH
aare6per Jun s((2) dymkoun Y, p ¢ TOYHOCTBIO 10 HOPMHPOBKH COBIIATa-
10T C dJeMeHTaMi KaHOHWYeCcKOT o 6asnca mpencTasienns U,, BBeIeHHOT O
B Teopeme 10.1. B wacTnocTn, Y, ;, UMeeT Bec 2m, T. €. ABAAETCA BEKTOPOM
cTapmrero Beca B Uy, .

B paBencTBe (3) MBI OIMYCTHIN I TPOCTOTH 0603HAYEHIE C(HePUTECKO-
ro npejgcTaienns. Cenrdac Ham 6yaeT yaobuee ero BBectn. [lycts 7— cpe-
pudeckoe npejcrasierne anre6pe 5((2). Tlo Teopeme 10.1

Yon 4k = T(E1) Ym0 (4)

(TeM caMBIM MBI ONpeellIn HOPMEPOBKY Yy, +, OTINIHYIO OT HOPMHPOB-
KW KaHOHIYECKOT O Gasmca).

3agaga 11.1. Paccmompun npedcmasaenue SO(3) 6 npocmparcmee
Pynryuii na R u accoyuuposannvie npedemas.aenua su(2) u sl(2). B smom
npedemasaenuu

. 0 0 e)
T(E+) = (l‘l 721‘2)% 71‘3(% 72%).
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Peutenue. Kax o6sramo, peammayeM R3 Kak ITpocTpaHCTBO CaMOCOIPS-
JKEHHBIX MaTPHI] ¢ HYJEBBIM CJAEIOM:

= {( —1‘3., l‘1—|—il‘2>
] — 19 s
0 1 0 -1 0
El — (1 0> 3 E2 — (—Z 0> 3 E3_ ( 0 1) )

E= {l‘lEl + xoFy + x3l3 | Ti,%9,x3 € ]R}

1, &2, T3 E}R}

n 6a31ucoM

TakK 9TO

Tokaxem, aTo g awoboro U € su(2)

T(U) = (U, X], 9x), (5)
rae 0x — CpajueHT 1o &1, &g, &3, (-, ) — CKAIAPHOE IPOU3BENCHEE, acCo-
nuupoBanHoe ¢ 6azucom Fy, Fs, Ejs.

PacemoTpum kpusyio u = u(t), xas koropoit u(0) =id, «'(0) = U. Torga

r(U)F(X) = SF(X (=0, Tae X(0)=u()Xu(t)  (6)

Ilo npaBuay audpepeHTnpoBaHIA CAOKHON (PyHKITNH

d dr, 0O dry 0O drg 0O ,

AT dony Tt oeg T @ us (X'(t),0x)-
Tenepn noaoxmum ¢ = 0. Ocraerca samernth, uro X'(0) = [U, X], u y6e-
ANThCA B cupasemBocTn (5).

Tockoabky s[(2) aBaserca aunenHon obomouxon su(2) wag C, a npabas
4acTh COOTHOIEHHA (5) auneiHa mo U, 3akaodaeM, 9170 cooTHomeHue (5)
BHITIOMHAETCA i Beex U € sl(2). B wacTHOCTH, A4 Bbramciaenusa 7(Fy)
NOCTATOIHO 3aMETHTh, ITO

—r1 + il‘z —2l‘3 . .
[E-I-’X]: ( 0 21 —il‘z) Z(l‘l —Z$2)E3—$3(E1 —ZEZ).
OTCIO,Z[a U ITOJAYy1dacM UCKOMO€E BBIPpaxKEeHHUE M5 T(E_|_). O

3. Brraucaenue Y, 4k

IIycth ?m,:l:k — mo6oit mpoobpaz Yy, +i B C(R3). Buay nepecTaHoBod-
HocTu orpanumdenus na chepy S = S? ¢ neiicreuem SO(3),

T(E)Yim i = (7(E+) Y )| -

B 4acTHOCTH, MOXHO B3ATb Y, 0 = Pr(23) (5T0 He 0ZHOPOJHDLIN HOIN-
HOM, TTodTOMY P (23) ¢ Hp).
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MoXKHO B3ATH ?m,:l:k = T(Ei)k?myo (Tora mocsie OrpaHWYEHHA yCIO-
Bie (4) GymeT cobII0JeH0).

Hcnoabaysa zagagy 11.1, maigem ?m,l =7(F4) Py (23)=(x1 —iz2) P, (x3).

Korga 6yaeMm uckarh ?m,Z = T(E+)?m71, HAJO0 Yy4eCThb, 4TO

%} . 0 .
(% — Za—xz)(l‘l — Zl‘z) = 0,

IIoS5TOMY I
o .9 . B
(% - l@)((l‘l —ix3) Py, (23)) =0,

. %} .
TaK 9TO TOABKO WieH (X1 — w:z)a— omeparopa T(F4) BHeCET CBOI BKIA,
T3
U MBI TIOLY THM

Y2 = (21 — ix2) Py (23).

Amnajoruvno

Yo ok = (21 F iwa)F P (23).
OrpannvmBasg Ha cdepy, HMeeM:

Yok = (61 F &)FPI (&),

Jlekimma 12. ATom Bogopoaa. Ilepuoaudeckasn
cuctema MeHeleeBa

1. Cranuonapuoe ypaBHenue lllpeaunrepa

,HJIH OOHOT'O 3JEKTPOHAa B EHTPAJBbHOM IIOJE 5TO YpaBHECHUE UMeEET BH

(*%A +V())=Ev,

rge h— mocroaunas [lranmka, p — Macca baekTpona, B — ero »Heprus,
¢ — BomHOBaA QMYHKINA WIN COCTOAHWE »MeKTpoHa, V =V (r) — noreHun-
aa. OmepaTop A BBefleH B JeKInu 8 U HasbIBaeTCA onepamopom Janaaca.
YpaBHeHIe ONUCHIBAET COCTOSHIE DJIeKTPOHA ¢ sHepruen F. [laa KyaonoBa

€
norennuara V(r) = —— eJHHHYHOTO 3apAja € (PaBHOTO 3apANY SAeKTPO-
r

Ha)
fgmpz (E+§)¢. (1)

[MoTennuaa 3aBucuT ToaAbKO OT pajguyca. [losTomy mepengem K chepu-
9eCKUM KOODAUHATAM.
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3agada 12.1. B cfiepuueckur voopdunamaz ypasnenue (1) umeem eud

2 2
L0+ A= (B4 5w, 2

ede

(«paduaavnan wacmvy onepamopa Janaaca).

2. Pa3gemenue mepeMeHHEBIX

Ilo ocnoBmonI TeopeMe 'apMOHIYECKOT'O aHaJdl3a Ha Sz

gp,@r Zle ml@ag)a

rie Y, —cdepuieckue gpyuxunmn. IIpeobpasyem (2) x By
Hyp+ Ay o =0,

rae

2 2 2 2
H, —r—( )+ 25 (E+ 67)1/)
IoacraBum croga pag s V.
Z(Hle ml+Zle LpGYm,l:0~
m,l

Jlemma 12.1. A, Y, = —m(m + I)mel
JlokazaTeabCcTBY 3TOU JEMMBI MOCBAIIEH TYHKT 3 HACTOAIIEH JEKIIHN.
Takum o6pazom,

Z(HrFm,,(r))Ym,, = Z m(m + 1) Fp 1 (7)Y,

orkyaa H. I, | = m(m + I)mel. CrenoBaTeqsHo, Fly, | ABAASTCA DeIIeHNEM
ypaBHEHHA
2
P2 (rF) + 2“’" (P+° )F m(m + 1)F (3)

(3ameTmM, 9TO | He BXOMWT B ypaBHeHUe, T.e. F He 3aBucuT oT 1).

3ameqanue. MoxXHO 6bLIO OB IIPOBECTH pa3felcHHe MepeMeHHLIX 6e3
BCAKOI'O FapMOHHYECKOrO aHadH3a, CKa3ap: «6yeM HCKATh pEllleHHA ypaB-
Henus (2) B Buge Y(p,0,7) = F(r)Y (yp, 0)». OcHoBHAA Teopema TrapMOHHIYe-
cKoro agaamaa Ha S2 BMecTe ¢ JeMMol 12.1 IOKA3LIBAIOT, ITO HMOXyIeHHLIE
TaKuM 06pa3oM PelleHnA o6pas3yioT HOJHYIO CHCTEMY.
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3. Omeparop Jlanmmaca B cpeputieckoM NpeACTABICHUN

Hike MBI He GyjgeM fedaTh pasinm<dua Mexkgy 0603HadeHHeM dJAeMEHTa
anare6pel JIu 1 COOTBETCTBYIONIErO My ONepaTopa MpeAcTaBICHS.

Sagaua 12.2. Haiidume deticmeue Hy, Ho u Hs 6 cepuueckom npeo-
CMAGAEHUYU U NPOBEPUMD, UMO

HI+ HI+ Hi=A,y.
Omeem.
1y = (s 9 | gt i)
1= SIn p =5 + ctg cosgoago ,
f

sz—(cosgogfctgﬁsingo%), H; = B

Ykazanus. 1) Tycts T— cepudeckoe npejgcrasienne. Torna

(r(H) 1) (@) = T @Xu iz = (¢ (0)55 +0'(0) 55)/(X).

rae u(t) € SU(2), u(0) =1, wj(0) = H1, X = X(p,0) € SCFE, X(t) =
= () Xu(t) ! = X (p(t), 0(0).

2) Chepudeckue W eBKANJOBBI KOOPAHHATEL X CBA3AHBI COOTHOIIEHNEM
z1 =sinf cos ¢, £o =sinfsin @, 3 = cosf. Orcoaa

2}y =coslcosp -0 —sinfsinp - ¢,
xh =cosOsing -0 +sinfcosp -y,
xh=—sinf-¢.

3) C gpyroit croponwl, z; (i =1,2,3) —»T0 koopauHaTH X Kak Hie-
MeHTa npocTpancTBa £ X =21 F1 + #2FEy + x3Fs. 1lo onpenenennio

X'(0) = (u(t) Xu(t))izo = [H1, X] =
1
= [ZE“ v1F1 + xoFy + a3Es| = —x2E3 + w3 Foa.

Taxum obpazom, 4 (0) =0, x5(0) = x5 = cos 8, 25(0) = —x3 = —sinfsin .
TogcTaBaas 5T0 B NPEJBIAYUIYIO TPYNINY COOTHOMICHHH (MeXay x), i =
=1,2,3,u ¢, ), Beipazsum ¢’(0), #/(0) gepes TpuroHOMeTpHYuecKE DYHK-
uun @ u f.

3agaga 12.3. B wo6om npedcmasaenuu HZ + HZ + H2 wommymupyem
C El, E2 u Eg.

Yrazanue: NCTIONB3YHTE COOTHOUICHWA MeXKAY Hi23 W Fy a3 (mex-
uns 10) n KoMMyTannoHHbEe cooTHoteHnd [F, Ea] = 2iE3, [F2, F3] = 2(Fy,
[Es, E1] = 21E>.

Sagaqa 12.4. A, g KOMMYMUPYEM C 6PAUEHUAMY.
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Pewenue 1. BuBectn yrBepx aerne m3 zagaqn 12.1. Onepatop A unBa-

puanTen oTHocuTeabHo SO(3), a A, ¢ ecTh orpanmdenne A na S2.
Pewenue 2. BoiBecTn yTBepXK fenne n3 3agad 12.2, 12.3 u caenctsusa 9.2.
3agaua 12.5. B2 + E2 + B2 =F_E, +2H + H~.

Caegersme 12.1. A, 5 = fi(E,E_F +2H + H?).

HAorazameavcmeo aemmvr 12.1. Ham Hano moxazaTh, 9To Ay g v, =
= —m(m + 1) - id. Coraacno 3agate 12.4, A,y Ha HeIPHBOZUMOM IIpef-
CTABICHNN CKaaApeH. [lopToMy MOCTATOYHO BHIYHCJINTE €0 HA KAKOM-TO
OTHOM BeKTope. BosbMmeM Y, . OTO cTapmmii BekTop, T.e. F Yy, , =0.

Bocnoawbsyemcsi caegncreuem 12.1:
A sYmm = —5(2H + H*)Yy .
Ho HY, oy = 2mYp, 1, mosTOMY Ay oY o = —m(m + 1). O

4. Pagmnansuoe ypasHenme lllpegunrepa

Tax HaswiBaecTcsa ypaprerne (3). Teopus npejcTaBieHnil He JaeT HUYETO
I BTOTO ypaBHeHHUsA. Kro mccaegoBanne — o6JacTh YPaBHEHUI B 9aCTHBIX
npousBoaHbIX. ChopMyanpyeM TOTOBHIH pe3yabTar (cM., HanpuMmep, Peil-
HMAaHOBCKHE JeKIHN 1o Puanke, ToM 9).

Jemma 12.2. Vpasuenue (3) umeem Juckpemmuoe MHOMCECTNEO peule-
nutd F, n > m+ 1, ybusawowur na Geckoneunocmu, npuuem pewenuio Fp
COOMEEMCMEYEM 3HAYEHUE IHEP2UY

ue4 1

C = (Popmyaa H. Bopa)

B = 2k n?

1A HeeWHNYHOTO 3apAfa AApa z B IHCANTEIEL BOILIo 651 22, OTpHia-
TeNbHOCTE YHEPTHH BHI3BaHA TeM, 4T0 noTeHunan V(r) paeen 0 Ha Gecko-
HEYHOCTH, TaK 9TO Ha KOHETHOM PacCTOSHUE DHEPT A OTPHUIATENbHA. YOhI-
BaHne Ha 66CKOHETHOCTH COOTBETCTBYET CBA3AHHOMY DJEKTPOHY (T. €. JieK-
TPOHY aTOMa).

HoMep >HepreTHYIeCKOro YPOBHA N HA3BIBACTCA 2AA6HBIM K6AHMOGLIM
YUCAOM.

5. BrIpoxjeHue rIaBHOT'0 KBAHTOBOI'O IHCIA
¥ JauHA nepuojoB Tabauusl MeHgeaeeBa

ITo memme 12.2 coberBennble dyukuun oneparopa llpenunrepa, oTpe-
yajole co6CcTBeHHOMY 3Ha4YenuIo [, , uMmelor Bufg Fp,Jy, o, rae m <n. duaa
JaHHOTO m wuncao Taknx Gyaknni pasuo dim U, = 2m + 1. CaenoBaTes-
HO, PA3MEPHOCTE COOTBETCTBYIOIIETO COGCTBEHHOT O MO ANPOCTPAHCTBA (651~
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pooxcdenue YPOBHA dHepruu Iy, KaK TOBOPAT PU3NKN) paBHA

n—1

Z(?m—i—l):nz.

m=0

C y4eToM cruHa moaydaeM 2n’ COCTOAHUIL ¢ JaHHON SHEPrueil.
[l qucaa coCTOAHUE Ha MEPBLIX YPOBHAX SHEPTUN MUMeeM

n=1,234,...
2n? =128,18,32, ...

DTO B TOYHOCTH [IIWHBI TepuofoB Tabauisl MengeseeBa. OHO U He yIUBH-
TeAbHO, TaK KAK XUMUYECKIE CBONCTBA B OCHOBHOM ONPEAEASAIOTCA BHEITHEH
SIEKTPOHHOH 060J0IKOH, a 2n? — 3To umeIo PasImYHEIX COCTOSHUH BieK-
TPOHOB B 060J09Ke YPOBHA Fy, .

Onnako, B Tabautie MeHjejeeBa nMeeTcs [Ba MEPHOA IHHBI 8 — BTO-
pon u TpeTuit —u aBa AanHb 18. O6bsicHUM 5TO.

6. 3amoaHenme ANIEKTPOHHBIX 060J01eK

WNrak, Kax)JI0My 3HAYEHHIO T[JIaBHOTO KBAHTOBOTO YHCIO OTBEYAET
n? Gyuknmit Y, ¢ m < n. PU3NKK HA3BIBAIOT M A3UMYMAALHBLN K6 AH-
MO6LIM UUCAOM, WIN KEAHMOELIM HNUCAOM NoaHo20 momenma. CocTos-
Husg ¢ m = ( Ha3LIBAIOTCA S$-COCTOAHUAME, ¢ M = | — p-COCTOSHUAM,
¢ m = 2— d-coctosruamu, ¢ m = 3 — f-cocTosHusgmu, u T. 1. Hanpumep,
cocTogHme 2p —3T0 cocTosinme ¢ n = 2 u m = 1. OkazriBaeTcsa, $-COCTO-
AHUS OHEPreTUYECKN BBITOMHEEY P-COCTOAHUN, TaK KaK BEPOSTHOCTH Ha-
XOXKJJeHUA BOAM3N fAjJpa ¥ HUX Gogblie (CM. pHC. 2, 3aMMCTBOBaHHEBIN 13
«PellHMAHOBCKIX JeKIHI MO (DU3HKe»). AHATOIHYHO, p BHITOAHee d, W TaK
najee.

1s;m=0




DIeKTpOoHHBIe KOHPUTYpanun nepBuix 30 DJeMeHTOB
(MUCIO 3IEKTPOHOB B PA3HBIX COCTOAHMAX)

7 S reMeRT W, DIAEKTPOHHASA KOHPUTYPATIA
°B |1s|2s 2p|3s 3p 3d|4s 4p 4d 4Af
1|H Bomopon 1361
2 | He reaun 24,6 | 2 HHEPTHHIN T'a3
3|Li awrun 5,4 1 MIEJOMHON MeTaJLI
4 |Be Gepmummit | 9,3 || 2
5B 6op 83| m2 1
6|C yraepon 11,3 ; 2 2
7N azor 151512 3
810 xwmcaopon (136 5|2 4
9/F dTop 17412 5
10 | Ne meon 21,6 2 6 HHEPTHHIN T'a3
11 | Na wmaTpuin 5,1 1 MIEJOMHON MeTaJLI
12 | Mg marumi 6|l = |2
13 | Al amomunrnii| 6,0| 7 e 2 1
14|51 kpemuuin 8,1 ; ; 2 2
15|P  docdhop 1051 5 5 2 3
16|S cepa 104 5 = 2 4
17| Cl xaop 130 2 5
18| Ar aprou 15,8 2 6 HHEPTHHIN T'a3
19| K xamun 4,3 1 memovHON MeTAJLT
20 | Ca xaabumi 6,1 2
21 |Sc ckangun 6,5 112
22 | Ti Turanm 68| © |22
23 |V  Bamaguin 6,7 3 a 3 3|2
24 | Cr xpom 6,8 é ; ; 5|1
25| Mn mapranen | 74| 3 g g 512
26 | Fe xenezo 79| 5 5 6 | 2
27| Co kobaabT 7,9 « « « 7 2} Tpynma XKejae3za
28 | N1 Huxeasb 7,6 8 | 2
29 | Cu mens 7,7 1011
30| Zn umok 94 10| 2
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[MosTOoMy ¢ pocTOM aTOMHOTO HOMEpPA S-COCTOAHUS, KaK MPABMJIO, 3a-
TMOMHATOTCH PAHbBIIE P-COCTOAHUI, P-COCTOAHNA PaHbIe d-COCTOAHUN, U TaK
najee.

Ecan mpenebpedn MeK3JIeKTPOHHBIM B3aHMOJ€ACTBUEM WM YINTHIBATH
€r0 B TeOPHH BO3MYIIEHWH, TO TEOPHUs OJHOIIEKTPOHHOTO aTOMa I0 Ka-
KOW-TO CTeleHn OOBACHAET CBOMCTBA MHOTO3JIEKTPOHHBIX aTOMOB. Pac-
CMOTPHM Hadago Tabanubl MeHgeneeBa (cM. Tabanmy Ha c. 48, Takke 3a-
HMCTBOBaHHY0 13 PellHMAHOBCKNX JEKIINH).

[lepBrilt Mepmoa mMeeT MIMHY 2, TaK KaK €IUHCTBEHHAA DHEPrETHTe-
CKHU BBITOJHAsS 060709Ka 1s 3amonHseTcs 2 saekTpoHamn. Bropon mepmoa
B COTJIACHE C BHIIECKA3AHHBIM HMeET IJINHY 8.

Caepytonmit, TpeTHl Mepuo; MoJaxkeH Obln 6B mMeTh gauay 18. Ongma-
KO Ha mpaxTuke 060409Kkn 3d u 4s pacrmoMoKeHbBl HACTOJBKO OIM3KO, ITO
45 OKa3bIBaeTCA SHEPTeTHYECKN BHITOHee, eM 3d, W 3AMOMHAETCH DaHb-
wre. [losTomy 3amofHene TpeThell 060JOYKN HA BPEMS MIPEPHIBAETCS, W BCE
BBITWISAIUT TakK, KaK OyATO TPEeTHH NEPHUO TakXKe MMeeT JJINHY 8, a 3aTeM
HAYMHAETCA YeTBEPTHIN.

Bo BTOpOM U TpeThbeM mepHOLaxX CTPOEHHE BHEITHIX 00OJ0YEK TMOBTO-
pseTca GYKBATBHO, MOTOMY COOTBETCTBYIOIINE 3JIEMEHTHI DTHX MEPHOI0B
HAEHTHIHBI IO XUMAYIECKIM CBOMCTBAM W MEPHOANYecKnn 3akon Men nemee-
Ba BBINOMIHAECTCA WAEATBHO (¢XHMIYECKHE CBOMCTBA BEIIECTBA HAXOAATCA B
MEPHOUIECKOH 3aBUCHMOCTH OT ATOMHOTO BECA) ).

Mur yxazaan B TabauIe TOABKO MepBhie 12 n3 18 2/1eMeHTOB 9eTBEPTOT O
nepuoa. Jlad ocranbHEIX 06009KN 3d 1 4s 3amonHeHbl (KaK ¥ MOCAeJHETO
B TabJIiIIe SIeMeHTa — IHHKA) W MPOUCXOINT 3alodHeHne 060M09Kn 4p, 94T0
 JaeT HejgocTamlnne 6 3IeMeHTOB.

B komewHOM cHeTe, KaK MBI BHAUM, XUMHUYECKNE CBOWCTBA DJEMEHTOB
0OBACHAIOTCA B TEPMHHAX CTAPIIHX BECOB MpecTaBieHui su(2) (s,p, d, .. ).
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IIpunoxenue. 3agaum K Kypcy «BBegenne
B Teopuio mpegctasieruny (C. A.JlokTes)

Cemunap 1

3agada 1. 3agaioT 1 MaTpULH @(n), n € Z npefcrapienne addumusHod
rpynmsl Z.:

dem=(% ) wem=(g 0) awm=(5 )

1 a” cos(na) sin(na

d) ¢(n) = (0 1 >; ¢) ¢(n) = (sin((na)) cos((noz))>?
rae a, b, « €R.

Sagaqa 2. [lna npejcTaBieHnl W3 3ajadu | HAWAUTE BCe TMOMIPENCTa-
BJAEHHUA U OMUINHATE BCe PaKTOPIPECTABICHIA.

Sagaqa 3. Hatiaure Bce sHIOMOPUIMBI IPEACTABICHUN W3 3ajadn 1.

Sagaua 4. Hatitu Bce 1-MepHBble TpefcTaBICHUSA MUKJIUICCKON TPYIILL
Z/nZ

a) Hat IR; b) wHax C; ¢)* Ha I KOHeYIHEIM mojeM I, .

3agaqa 5. [Iycrs G — rpynna. Yepes k[G] o6osnadum JuHellHOE TPO-
CTpaHCTBO Beex (MyHKINH Ha (. O6pasyioT Ju onepaTophl ¢(g) B IpocTpaH-
crBe k[G] npeacraBaenne rpynmel G

a) (e(@)f)(x) = flg-x); b)) (elg)f)(x) = flx-g);

o) (p@) @) =Fflg7t-x); ) (p(@))(=) = flw-g7h)
rae f € k[G], x € G.

3agada 6. OnpeenuM NpeacTaBIeHNe CUMMEMPUNECKOl TDYITEL (TPYTI-
Bl EPECTAHOBOK) Sy, B R™ cooTHOIIEHTEM

o) ((x1,. .. 2n)) = (Fo(1), -+ - To(n)),

rie o € .Sy.

a) JIOKaKuTe, IT0 DAEMEHTHI (X1, . . ., &y ), A4 KOTOPHIX £1 + ... + &y =
= 0, o6pazyoT MOANpeACTABICHIE.

b)* JokaxmuTe, 9T0 3TO HOANPEJCTABIEHIE HEIPHBOINMO.

c) Haiignre ApyTue TOANpEACTABIEHNA TOTO JKe TPeACTABICHNIA.

Sagada 7*.

a) [JokaxuTe, 9T0O B KOHEYHOMEPHOM KOMILIEKCHOM BEKTOPHOM MPO-
CTpaHCTBe He cyllecTBYeT Takux oneparopos X, Y uro [X,Y]=id.

b) HaiiguTe Takme onmepaTopbl B KOHEYHOMEPHOM BEKTOPHOM ITPOCTPAH-
cree Haj [Fy.
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Cemunap 2

3/7eCh MBI PAcCMaTPUBaeM KOHEMTHOMEDHBIE BEKTOPHBIE NMPOCTPAHCTBA
Ha [ TPOU3BOMBLHBIM TIOJEM k.

Omnepatop P: V — V HazmBaeTcsa npoexkmopos Ha TONIPOCTPAHCTBO
UcV,ecmmIm(P)=Un Ply=id.

Sagaua 1. [Jokaxure, aTo P sABAseTCs MPOEKTOPOM TOTAa M TOJIBKO
Torja, korga P? = P.

Teneps paccMoTpuM npefcTapiaenne m: G — End (V') koredHON rpynms!
G. llyctes U C V —ero nognpencrasaenne, P: V — V —npoektop ma U.
Omnpegenum onepaTop

1 _
PG:@ZW(g Yo Pon(g).
geG

3agaua 2. [lokaxure, uro PY aBasercsa npoekTopom Ha U.

3agaua 3. [Hokamure, uTo P¥ — MopdusM mpeicTapienuil. BoiBeguTe
pasIoKeHne B IPAMYIO CyMMY TipefcTaaennit Tpymmst G: V 2 U @ Ker (PY).

3agada 4. Tlokaxure, aro ecan char(k) He sapagerca geaurenem |G|, To
BCAKOE TIPeACTABIEHNE BIOJHE TTPHUBOJUMO.

3agaua 5*. Halinure He BrmosHEe MPHUBOAUMOE MpEeNCTABIEHNE TPYIIIBI
Z/qZ nan T,.

Cemunap 3

Nas muororpanunka M C R3 o6oznauum uepes O(M) rpynmy gBuxe-
uuit npoctpanctBa R3, coxpansatoumx M, a depes SO(M) C O(M) —ee
MO PYIIY, COCTOAILYIO H3 ONIEpaTOPOB C ONpeNeINTeIeM, PABHBIM ¢ JNHATE.

Tpouka F D FE DV, rge F — rpanb mHororpananka M, B — comep-
XKalleeca B Hell pe6po, a V — cofepKalaica B HeM BepIINHA, Ha3bIBACTCA
Paazom muororpannnka M. MHororpanHEK M Ha3BIBacTCA peayapHblM,
ecan O(M) TpaH3UTHBHO melicTByeT Ha ero (arax.

3agata 0*. [lokaxxuTe, 9TO BCe peryaapHbIe MHOTOI DAHHHKH COlepKaT-
cA B CIeNYIOmEM CIIICKe:

retpasap (T), xky6 (C), okrasap (O), ukocasap (I), nogexasap (D).

3agata 1. [ToxkaxnTe, 9T0 1A MIOGOTO PEryJIAPHOro MHOTOrpaHHuKa M
nopsgok |O(M)| rpynner O(M) paeen wuncay ¢qaaros Ha M u |[SO(M)| =
= [0(M)]/2.

3agaga 2. Jlokaxure, ato SO(T) = Ay u O(T) = 5;.

3agaga 3. Jokaxure, aro SO(C) = SO(0) = S, u O(C) = 0(0)
~ S, x 7.)27.

3agaga 4*. Joxaxure, aro SO(I) = SO(D) = As u O(J) = O(D)
~ A5 x 7,/27.

R

R
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3agada 5. [JokaxuTe, 9TO AaA JIO60T0 PETYJIAPHOTO MHOTOTPAHHUKA
M rasrororuteckoe npejgcrasierne rpynn O(M) u SO(M) gBmKeHHAMI
MHOTOrpanHuKa M HempuBoguMO.

3aga1a 6. zomopdHbl 1 cregytomme MpejcTaBIeHus:

a) Sy IBUKEHUAMH TeTpasgpa n Ky6a;

b) A4 C Sy apuKeHHAME TeTpasapa H Kyba?

Cemunap 4

[ycte ¢ — xoneunas rpymnma, depez Reg oGosznadmm ee JeBoe pery-
JASPHOE TMpeCTaBIeHIE HA T MPOM3BOABHEIM mogeM k. Qmpenennm saeMeHTH
dy € Reg caenyrommm obpaszom:

ecan g = h,

%(h) = {0 ecan g # h.

3agada 1. [TokaxuTe, 9T0 MHOXKECTBO {04 }ycc obpasyeT 6asuc B Reg.
SalunmTe JeBoe U MpaBoe AelcTBHe Ipynnsl (¢ B 3TOM Hazuce.

st nByx mpencrapiaenni Vi, Va obosnaunm depes Home (V, V) aunen-
HO€e TTPOCTPAHCTBO ToOMOMOPMU3IMOB 13 Vi B V.

3agatua 2. [loxkaxuTe, 9T0 MId A1060T0 MpeACTaBIeHNA V' MMeeTCA M30-
MOP(MU3M JHHERHBIX TTPOCTPAHCTB

Homg(Reg, V) 2V,

IpHU KOTOPOM FOMOMOP(H3MY COMOCTABAAETCA 00pa3 dIeMeHTa I, .
Mycrs Autg (V) = Homg(V, V). Jlemma lMlypa yTBepxkgaeT, 910 115
k = C n menpupogumoro npeacrabienns V Mbl uMeem Autg (V) =C.
3agaga 3. Tlpeamomoxum, uto char(k) we neant |G|. Tlokaxnre,
9TO KpaTHOCTH HENPUBOAWMOrO mpeacTaBierna V' B Reg pasHa
dimV/dim Autg(V). Jokaxnre, 910

(dim T)?

< dim Autg(T) "
TeG

Gl =

Hasi k € Z onpegenum 2-MepHoe TpeacTaBienne p, rpynnbl Z/nZ Bpa-
[MIEHUAMHA TLIOCKOCTH

2mkl . 2wkl
cos ——  sIln ——

pr(l) =

. 2wkl 2mkl
mn— § ——

COi

aia i€ Z/nZ.
3aga1a 4. Haiiaure pasmepHocTh npocTpancTsa Aute (g )
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3aga4ua 5. Pazjoxure pp Ha HEMPUBOAUMEBIE TIPEJICTABICHNA W HAWJAUTE
YCJOBHS TOTO, 9TO P =2 pi

a) Ha C; b) mag R.

3agaqa 6. Haiigure Bce HempuBoguMble mpeacTaBieHus rpynmbl Z /nZ
Haq R ¢ TOYHOCTHIO 10 M30MOpPdU3MA.

Sagaqa 7*. Hailiaure Bce HempUBOAMMbIE TIpeJCTaBieHus rpynnbl Z /37
wan Fy ¢ TowHOCTBIO 10 m30MOpdU3Ma.

Cemunap 5

3agada 1. Hafigure xapakTep PeryaapHOro NpeAcTaBIeHn (JEBOTO Wl
mpaBoro). PasmoxknTre ero Ha HenpupojguMble. [lonydnTe oTcoga ele pas
Teopemy bepHcaiiga.

Hamomuum, 9To rpynna ausapa D, TopoXeHa BpallleHWeM § W OTPa-
werneM T, Tak aro s =T2 =¢, TsT =57 1.

Mycte k € Z. Oupegeaum 2-MepHOe TIpeAcTaBlIeHne py TPYOOBL D), cie-
AYIOMIAM 06pa3zoM:

27k . 2wk
cos —— sin == 1 0
s) = , T) = .
ma=( o =y )
—sln —  €oS ——
n

3agaia 2. IlpoBepbTe, 9TO pp KOPPEKTHO ONpefeJeHO U HallfuTe ero
xXapakTep.

3agata 3. PasnoxuTe pp Ha HENPHBOJNUMEIE IPeJCTaBICHHAA

a) Hag C;  b) max R.

3agaia 4. Haiigure ycaoBuA, IPH KOTOPHIX pg = prr

a) Hag C;  b) max R.

3agata 5. HalignTe Bce HEMPUBOANMEIE IIPeJCTaBACHAA IPYIILL D)

a) Hag C;  b) max R.

3agaia 6. PasroxuTe TEH30pHLIE IPOU3BEJCHNA HEIPUBONIMBIX KOM-
IIEKCHBIX TIPeACTaBACHIN Ipynmel D, .

Cemunap 6

Iycrs [G, G]—moarpynna rpyunbl (, TOPOXKJeHHAS BCEMH KOMMYTa-
Topamu (saemenTamu Bufa aba b7 paa a, b€ G).

Sagada 1. Tlokaxure, uro [, ] sABaseTcas HOPMAJIBLHON MNOAIPYII-
noit, gpaxrop G/[G,G] saBasercs abeleBoll I'PYIION W BCAKOE OXHOMED-
HOe mpejcTaBieHne TPynnbl G ABAAETCA U MpeJAcTaBieHneM (haKTOPTPYIIThL
G/|G, ).

Sagaqa 2. Hatiaure oqHOMepHBIE TPEACTABICHAA CAETYIONINX TPYIIIL:

a) Sp; b) Ay; c)* Ap.
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Sagada 3. Onmmmre KIACCHI CONPSAKEHHBIX BDIEMEHTOB CJIEIVIONINK
TpyI:

a) Sp; b) Ay; c)* Ap.

WNrak, MBI 3HaeM BCe HENPHUBOMMBIE NPEJACTABIEHHNS TPYIObl Ay
(a MMeHHO, TIPEACTABICHUA BPAIllEHUAMN TeTPadApa W OJHOMEDHbBIE Tpe-
CTaBleHWs), W BCe HENPHBOJANMBIE MPEJICTABICHHA Sy, KPOME OHOTO
(a WMeHHO, HpeJCTABIEHNsA BPAIIEHUAME TeTpasApa, NPeJCTaBIeHns Bpa-
[IEHHAMHI Ky6a I OTHOMEPHEIE).

3agaua 4. Haiiinre pasMepHOCTh W XapaKTep OCTABINErOCST MPECTa-
BIEHUS TPYIOBL Sa.

3agata 5*. [locTpoliTe 5To mpeacTaBIcHNE.

3aga4da 6. PazmoxuTe TeH30pHBIE TPOM3BENEHNST HEMPUBOANMBIX MPE/I-
CTABJEHUN TDYIIITEL

a) Aug; b)* Sy

Ha HENPUBOAUMBIE ITPEACTABJCHUSA.

Cemunap 7

Mlycre H — rpynna, TMOpOXJeHHAA SIeMeHTaMu ¢, j W € (HocieqHui
urpaeT poab «—1»), TakuMu UTO €1 = i€, £j = je, i° = j2 = ¢, ij = €ji.

Sagaua 1. Haiaure |H| u [H, H].

Saga4ua 2. HaiiguTe I1cao HEMPUBOAMMBIX KOMILUIEKCHBIX TTPeCTABICHIH
rpynnbl H.

3agaua 3. HaliguTe omHOMEpDHBIE KOMILIEKCHBIE TPEACTABIEHUA TPYII-
et H.

3agaua 4. Haiiinre pasMepHOCTh W XapaKTep OCTABINErOCST MPECTa-
BieHUS Tpynnbl H .

3agata 5*. [locTpoliTe 5To mpeacTaBIcHNE.

3agaua 6. Pazjoxure TeH30pHBIE TPOM3BENEHUA HEMPUBOIUMBIX KOM-
MJIEKCHBIX TTPEICTAaBIEHNN TPYINBl H Ha HEPUBOIIMHEIE.

KOHTpOJIBHBIe 3aja'm 110 MIpeACTaBJICHUAM KOHE'THBIX I'DYIIIL

[Mycts G — rpynma, mOpoXAeHHAs dJAeMEHTAMU T W 0, TaKUMH 9TO
™m=10"=1, 0t =12

Sagaqa 1. Haiigure |G|, [G, G] u 4uciao HempUBOAMMBIX KOMILIEKCHBIX
npefcTaBiaeHni rpynmner G

Sagaqa 2. Haliinre pazMepHOCTH U XapaKTepbl KOMILIEKCHBIX HETPUBO-
QUMBIX TIpefcTaBieHni rpymumsr G

Sagaqa 3. PazioxuTe TeH3OpHBIE TPOU3BEEHUA KOMILIEKCHBIX HETPHU-
BOJIMMBIX MPeJCTABICHUN TPYNIBl G Ha HEMPUBOAUMBIE TTPENCTABICHI.

Sagaqa 4. [locTpoliTe HeNmpUBOAUMBIE KOMILIEKCHBIE NPEACTABICHUA
rpynne G

54



Cemunap 8

Mlycts V — BekTOpHOE MPOCTPAHCTBO MOAHHOMOB P(&,y) 0T mepemeH-
HBIX © 1 y. Onpegeanm orobpaxkenne T: GL2(C) — End(V) caenyroumm
obpazom

T ((i Z)) P(z,y) = P(ax + cy, bx + dy).

Ilycte V,, C V —noampocTpalHcTBO OTHOPOIHLIX TIOJUHOMOB CTETIEHN 7.

3agada 1. Tlokaxure, uro T aBasercd npeacrabiernem rpynnsl GLo(C)
B IpocTpaHCTBe V U mpocTpaHcTBa V,, n > 0 ABIAI0TCA MOANPeCTaBICHN-
amvu. HaliginTe pazMepHOCTH TPOCTPAHCTBA Vi, .

Mycrs H C GLy(C) — noarpymnna MaTpull Buga (8 201> s |z = 1.

3agaua 2. Ioxaxute, uro H = S' u pasnoxnre V, Ha HEIPUBONMBLC
MpeCTaBICHIA.

Sagaia 3. Korga V,, B AeUCTBUTENBHOCTH ABIAETCA NPEJICTABICHIEM
rpynnsl SO3 = SU,/£17

3agaua 4. [lokaxure, 9T0 V,, ABIAsSEeTCA HENPUBOAUMBIM TIPECTABIEHN-
em rpynnsl GL2(C), a Takxke rpynmer SUs C GLo(C).

3aga4ua 5. Hangure xapakTep mpeacTaBieHus V, .

Saga4da 6. llcrmonb3ys BHIYUCHEHTE XaPAKTEPOB, PA3IOKUTE TEH3OPHBIE
MPOM3BeTeHNsA

a) V1oV, b))Vl ooV, d)hel,, e Vi,V
Ha HEMPUBOANMBIE TIpeAcTaBIeHus Tpynnbl SUs (To ecTh Ha peAcTaBIeHNA
Bijga V;).

Cemunap 9

Sagaua 1. O6pasyeT au caemyioliee MHOXECTBO MaTpull rpynmy Ju?
Ecan ga, maiigure coorBeTCcTBYyMOIIYIO aarebpy Jlu:

a) BepXHWE TPEYTOdbHble OCpAaTHMBIE MAaTPHIBL, b) AWaroHalibHBIE
o6paTuMble MATPUILL, C) BEPXHHE TPEYTOJbHBIE MATDHIEL C €IHHAIAMI

* | K
Ha guaroHan; d) o6paTuMble MATPHIEL BHA (T’T)’ e) obpaTHMble

MaTpHUIBl BUAA il Bl
pui, ) 0= /)

3aga4ua 2. Hangure aare6py Jlu rpymme: a) O,, OPTOrOHAJBHBIX OTIe-
paTopoB; b) U, yHUTapHBIX ONEPaATOPOB;

c) O(B) 06PATHMBEIX OMEPATOPOB, COXPAHAIINX JaHHYIO OHIMHENHYIO
bopmy B;

d) U(E) 06paTUMBIX ONEPAaTOPOB, COXPAHAIIINX MaHHYIO 3PMUTOBY

dopmy E .
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3agada 3. Hafigure aare6py Jlu rpynnst — a) SLy, omepaTopos ¢ ompe-
pgeautenrem 1;  b) SO, u SU, — cOOTBETCTBEHHO OPTOTOHANBHBIX U YHI-
TapHBIX OMEPATOPOB C OompefeaunTeneM 1.

3agaua 4. Hanigure Bce ¢ TOYHOCTBHIO 10 m3omopduzma aareCpol Jlu
paszMepHOCTH 2.

3agada 5*. Tlokaxure, 9T0 503(C) =2 5[5(C) Kak KOMIUIEKCHBIE aareGPHI

Jn.

Cemunap 10

[yctes p— npencraBaenne aarebper Jlun slo. Omepatop
Ky = p(E)p(F) + p(F)p(E) + p(H)* /2

Ha3BIBaeTCss onepamopom Kaszumupa.

3agaqa 1. [lokaxnuTe, 970 K, KOMMYyTHpYeT ¢ JeicTBueM slo.

Sagaqa 2.

a) JoKaxKnTe, 9TO eCIH p HEIPUBOAUMO, TO K, — CKaIAPHLIH OLEePaTop.

b)* MokaxuTe, 9TO eCIH p HePasIoOKUMO, TO K, HMeeT eJUHCTBEHHOE
co6CTBEHHOE 3HAYECHIIE.

3agaqa 3. HaiinmTe K,, Korja p — HeIPHBOANMOE N-MepHOe TpejcTa-
BIEHTE.

3apgaia 4. Boisegure dbopmyay aia K, HcHoib3ys IeHepaTOphl alredphbl
Jn SUs.

3agada 5*. Croabko ecth nogrpynn B GLg(C) (¢ TowHOCTBIO 10 comps-
KeHNA), m3oMopdHbIX rpymme  a) SOz;  b) SUy 7

Cemunap 11

3agaua 1. Haiinure crangapTHB 6asuc mnpefcTaBienns aare6por Jlu
sls B OHOPOMHBEIX MOJIMHOMAX CTEMEHN N OT ABYX IMepeMeHHBIX. [locaennee
MOXKHO TOMYYIUTh KaK KacaTelbHOE K COOTBETCTBYIOIIEMY TPEJACTABIEHITIO
rpynnst Sho.

3aga4a 2. B caegyrommx npegcraBieHusx sanuimuTe onepatop Kazumu-
pa kak audQepeHnagbHBIN OMePaTop:

a) peJCTaBIeHIEe TPYTIEL 5Usy C gly B MOMMHOMAX OT ABYX TEPEMEHHBIX;

b) mpejacrasieHme Tpynnbl sig & 503 C gl; B HOAMHOMAX OT TPeX mepe-
MEeHHBIX.

3aga4ua 3. Hanigure netictBue renepatopoB Hi, Hs u Hs aareGphi sus
B chepU9ecKOM NpeJcTaBIeHNH (CM. YKa3aHWusA B JeKInn 12).

Sagaua 4. 3amummTe omepaTop Kasmmmpa xak guddepeHInanbHBIT
omepaTop B chepUHaeCcKOM TpecTaBieHnn aiareGpol JIu sy u cpaBHUTE pe-
3yJABTAT C paguaJbHON 9acThIO omepaTopa Jlamiaca.
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Sagaua 5*. Kak omnpegelnTh TeH30pHOE IIPOU3BEAEHIE NPeACTABICHIN
aare6por JIn, Tak ITO6B KacaTeabHoe MPeJACTaBIeHne K TEH30PHOMY IIPO-
U3BEEHUIO PABHAJOCH TEH30PHOMY NPOU3BEAEHHUIO KaCaTeAbHBEIX IpeacTa-
BACHUN !

KonTpoabHEle 3aa M 10 IpejcTaBIcHUAM aareop Jlu

ITpucoenmaennOe TpencTaBAeHe aareopel JIn g —>5To mpencTaB/IeHmIe
B IPOCTpaHCTBe g, o6o3HadaeMoe cuMBoIoM ad U 3aJaBaeMoe CaeAyIomeln
dopmyaoit: (ad x)y = [x,y], ,y € g.

3agata 1. PasnoxuTe Ha HeIpHBOJUMBIE TPUCOSNIUHEHHOE MIPeNCTaBIIe-
Hue anre6per Jn gl, (C).

3agaga 2. /las anre6pet Ju gl,(C) maignre

a) OJHOMEpHBIE KOMILIEKCHbBIE TIDEACTABACHAsA; b) BCe HEMPHBOMMBIE
KOHETHOMEPHBIE KOMILIEKCHEIE ITPeICTaBICHIA.

3agata 3. HaiignTe pasnokeHne Ha HEMPHBOJUMBIE TEH3OPHOIO IPOU3-
BeJleHNA JBYX HEINPUBOAUMBIX TIPEJCTABIEHHN BECOB M W n aare6psl Jln

5[2(@).

57



Oruaasienue

IIpenmcaoBme aBTOPA . . . . . .« . v v vt e 3

Jextmus 1. O6mume cBOUCTBA TPEACTABAEHNN . . . . . . . . . . . . . . . 4
1. OcHoprble onpegenetus (4). 2. DKBHBaJEHTHOCTH, MOD-
dusmbl (cruerarornune oneparopel) (4). 3. OcHOBHEIE oTepa-
mn: @, ® (5). 4. Cuextp npegcrasiaenus (6). 5. Hempuso-
JAUMOCTE TEH30PHOTO Tpon3Beerns (7).

Jexmua 2. Pasznoxkenne peryIApHOTO MPEACTABAEHAA . . . . . . . . . . 8
1. HefictBua rpynn Ha MHOXKecTBax (8). 2. JIBolicTBeHHOE
npegcrasaenne (9). 3. Marpudnsie saemenTs (9). 4. Pas-
soxenne Reg (11).

Jexmua 3. XapakTepsl W rpynmnoBas airebpa . . . . . . . . . . . . .. 14
1. Xapakrepbl: ocHoBHBle (GakThl (14). 2. IlenTpanbHbie
dysakumn (15). 3. Tpynmosas aarebpa (16). 4. HenrpanbHele
xapakTepsl (16). b. Pasaoxenme npejgcrasiernii (18).

Jextus 4. CoOTHOMIEHUA OPTOTOHATBHOCTH . . . . . . . . . . . . . . . 18
1. MaBapmanTHOe cKajaapHoe mnpomssefenne B C(G) (18).
2. EQuHCTBEHHOCTE MHBAPHMAHTHOTO CKAJIAPHOTO IIPOM3BEJE-
uus (18). 3. CooTHomeHus opToronaibHocTH (18).

Jextus 5. IlpencraBaenns cummeTpudeckon rpynnet Sy . . . . . . . 22
1. Knaccudmkaliug HeNPHBOAUMBIX —OpejcTaBieHuil  (23).
2. UnenTudukanus HETPUBOJAUMBIX TPEACTABICHUN B PeEry-
asproM (23). 3. Xapakrepnl: gopmyra Ppobermyca (23).
4. Pasmeproct: dopmyra kpiokos (24). 5. Hoauromer ly-
pa (24). 6. Ypapuenne Kanomuepa—IleTsuamsmm (25).
7. Kpanrosas Teopus noas (25).

Jlekuusa 6. Tpynner SU(2) u SO(3) — reoMeTpus, TOTONOTHSA, WHBA-
PHAHTHAA MEPA . . « o o v v o v e et e e et i e e e 26
1. Ompepnenerne SU(2) u SO(3) (26). 2. Yrawr Jinepa (26).

3. Hakperrue SU(2) — SO(3) (27). 4. MuBapumanTHad Mepa
Ha SO(3) (28). 5. Hoawem muBapnanTHOM Mephl ¢ SO(3) Ha

SU(2) (28).
Jexmua 7. IlpeacTapieHnd KOMITAKTHBIX TPYII . . . . . . . o o . . . . 28
1. Beoguble 3ameuanus (28). 2. Teopema Ilerepa—Beii-
as (29). 3. PapMmonuyeckuii anamus Ha S? — MOCTAHOBKA 3a-

gaqu (31).

58



Jexmus 8. Cepuveckne pyukinn Jamraca . . . . . . ... ...

1. Tapmonudeckue noaunombl B R3 (31). 2. Cepude-
ckne ¢dyakunu (32). 3. CoGcTBEHHBIE TOJINHOMBI T'DYIIIE!
SO(2) € SO(3) (32). 4. OcHoBHag TeopeMa TapMOHWYECKOT'O
ananmza na S2 (33).

Jexmus 9. Daementsl Teopun Jlw . . ... L L0

1. Jluuetinete rpynoer Jn (34). 2. Ckxobka wa T.G (35).
3. CooTBeTcTBHE MeX Iy TIpeACTABICHUAMY TPy JIu u ux aJ-

re6p Jn (36).

Jlekuus 10. Hpencrapaenna SU(2), SO(3) msl(2) . . . . ... ... ..

1. Or su(2) k sl(2): kommaekcudukanmusa (37). 2. Hempuso-
JAMMBle KOHeUHOMepHBIe npeicTabienus s[(2) (38). 3. Tlpen-
crasiaerns SU(2) — kaaccudmkanus (39). 4. IIpegcrasienns

SO(3) — kaaccudurarnus (40).

Jexmua 11. Hommmombr Jlexkauapa . . . . . . . . . . . . .o ...

1. 3onampuas cdepudeckas GyHKUuA Y, o (40). 2. Ipuco-
enuHeHHBle cepndeckne dynkmun  (40). 3. Boraucaenme

Yoo s (42).

Jexmus 12. Atom Bogopoga. [lepuoanyeckas cucrema MeHgeneeBa
1. Craumonapuoe ypasaenue [lIpeaunrepa (43). 2. Paszgeme-
Hie lepeMenHbIX (44). 3. OmepaTop Jlannaca B chepndeckom
npegcrasiennn (45). 4. PagwaabHoe ypaprenue [Ipenmnre-
pa (46). 5. BHIpoXxIeHHe NIABHOT'O KBAHTOBOTO YHCAA U [UIH-
Ha neprogoB Tabauisl MeHeneeBa (46). 6. 3amoaHeHne HaeK-
TPOHHBIX 0Go0deK (47).

puaoxenme. 3agadn kK Kypcy «BBemenne B Teoputo npeacTaBieHmny

(CLALJIOKTEB) . o o oot

59

43



O HESABUCMMOM MOCKOBCKOM
YHUBEPCUTETE

HMY — Briciee HerocyapcTBeHHOe yiebHOE 3aBefleHNe A TOAT OTOBKHI
npodeccuoHaJdbHBIX MaTEMaTHKOB.

3auarna 8 HMY npoBojsaTca B BedepHee Bpems (o6brdHO ¢ 17.30). DTo
CBA3AHO C TeM, YTO MHOTHe HaIlll CTYAEHTHI cOBMemaioT oby4denne B HMY
C 3aHATHAMN B APYTOM By3e (KakK MPaBHIO — HO He HCKIIOYHTENbHO! — Ha
mexmaTe MI'Y). Hamm 3aHATHA MO (DH3NKe U MATEMATHKE MOXKET MOCEIIATE
Mo6OI Kemalolni (He 0643aTelIbHO CTYAeHT Han acnupanT HMY).

O6y4enne 8 HMY GecrmaTaoe. CTymeHTaM BHIIAYABAETCS CTHUIIEH IS,

Hamr agpec: 119002, Mocksa, B. Baackesckun nep., 1. 11.
Tenedon: (095) 241-4086.
Pakc: (095) 291-6501.

E-mail: ium@mccme.ru

[MogpobuocTu cM. Ha canTe http://ium.mccme.ru/

KYPCbl W CEMUHAPBI B HMY
B BECEHHEM CEMECTPE 2004 TOJA
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