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[1peancnosue

IIpemiaraemasi BamreMy BHUMaHUIO KHUI'A HAIKCAHA 10 MaTEpPUAJIAM
JIEKIIAH JIJIsT MJIRJIIIEKY PCHUKOB, KOTOPBIE UUTAJINCh aBTOPAMH B pa3-
HbIE TOJIbI Ha MeXaHUKO-MaTeMarudeckoM dakyibrere MIY. (B sty xe
CEPUIO BXOAT KHUTH «SI3bIKM U UCUIUCTIeHUsS» U «Boraucimveie byHK-
uu».)

OcHOBHbBIE [OHATUS TEOPUU MHOXKECTB (MOIIHOCTH, TPAHChDUHUTHAS
UHIYKIWsl, OPAUHAJIBI) BXOAAT B UHCJIO Belleil, KOTOpble XOPOIIO Obl
3HATH JIIOOOMY IDAMOTHOMY MaTeMaTHKy (Jaxe eciu OH He sBJIsAeTCs
MATEMATUIECKUM JIOTMKOM MJIH OOIUM TOMOIOroM). OBBIMHO PO HEUX
KOPOTKO IHIIYT B IIEPBBIX IJIaBaX yIeOHUKOB aHAJIN3a, AJIreOPhl UJIH TO-
[IOJIOTUH, CIIeINa NepeidTu K OCHOBHOW TeMe KHUTH. A Kajb — MpPeIMeT
JIOCTATOYHO WHTEPECEH, BaXKEH U IIPOCT, 9TOOBI PACCKA3ATH O HEM HE TO-
POILSACh.

VmerHO Tako#l MOy IsIPHBII PACCKa3 MBI IIBITAJINCH HANACATD, UMest
B BUJIy CaMbIX PA3HBIX YuTaTeJIell: OT HOAINOTOBIEHHOrO MKOJIbHUKA (3a-
XOTEBIIIEro IePEeRTH OT 10OeT Ha OJUMIINAJAX K IeMy-TO 00jiee OCMBbIC-
JIEHHOMY) 110 TPOGeCCHOHAIBLHOrO MaTeMaTHKa (PEIIUBIIEro NPOYNTAT
IO JIOPOTe Ha, OTIBIX, 9TO YKe TAKOe TPAHC(UHUTHAST UHIY KIS, KOTOPYIO
Beerga 3amensior Jemmoil [lopua). s Gosee mogpoGHOro 3HAKOMCTBA
C TeopHmeil MHOYXKECTB UHUTATE]b MOYXKET ODPATUTHCA K JIPYTMM KHUTAM
(HEeKOTOpBIE U3 HUX IIEPEUYMCIIEHBI B CIIMCKE JuTeparypsl Ha c. 105).

ABTODPBI TIOJIB3YIOTCSL CJTy9aeM T0HJIAr0IApUTH CBOETO yaureis, Biia-
JuMupa AHzpeeBrda YCIEHCKOTO, JIEKIUN, TEKCTHI U BHICKA3bIBAHUS KO-
TOPOIO [OBJIMANM Ha HUX (M HA COJIEPKAHUE ITOil KHHUIH), BEPOSTHO,
Jlaxke B OOJIBINIEN CTENeHH, YeM aBTOPHI 3TO OCO3HAIOT.

IIpu moaroroBke Tekcra HMCHOAb30BaHbl 3amucu A. EBdumbeBckoro
u A. Pomamenko (KOTOPBI Tak»Ke MPOYEN NpPEeJIBAPUTENbHBI BADHAHT
KHATU ¥ HAIIET TaM HEMAJIO ONIHMOOK ).

Opurunas-maker KHuru 6611 mogrorosien B. B. Ilysarosbiv; 6e3 ero
HACTONYMBOCTH (BILUIOTH JI0 TOTOBHOCTH PA3JIEIUTh OTBETCTBEHHOCTH 34
OMUOKN ) OPUTHHAJ-MAKET BPsIJ[ JIM MOSBAJICS OBl K KAKOMY-JIMO0 CPOKY.

Asropsr npusrarensasl Ecole Normale Supérieure de Lyon (®pan-
IMs1) 38 TOJJIEPIKKY U TOCTENPUUMCTBO BO BPEMsI HATINCAHWSI 9TOH KHUTH.

IlepBoe m3maHMe KHUTH CTAJIO BO3MOXKHBIM Os1aromaps Poccuiickomy
dony byHmaMeHTAIbLHBIX UCCaeqoBanmil, a Takxke V. B. dmenko, koTo-
PBIil YyrOBOPHJI ABTOPOB II0/IaTh TYIA 3asiBKY.

Hakomnerr, Mbl 6J1aroiapuM COTPYAHUKOB, aCIUPAHTOB U CTYICHTOB
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Kadeapbl MaTeMaTHIecKoii joruku Mexmarta MI'Y, a Takke Bcex ydact-
HUKOB HAIUX JIEKIIUI U CEMUHAPOB U UUTATEseH IIpeIBAPUTEHHBIX Ba-
PUAHTOB 9TOH KHUI'H.

ITpocum coobImaTh 0 Beex OIMMOKaxX U OIeYaTKax aBTopaM (3JeKTPOH-
Hble agpeca ver at mccme dot ru, nikolay dot vereshchagin at gmail
dot com; sasha dot shen at gmail dot com, alexander dot shen at 1irmm
dot fr; mourossrit agpec: Mocksa, 119002, Bosbimnoit BiraceeBckuii mep.,
11, MocKOBCKUil EHTD HEIIPEPHIBHOI'O MATEMATUIECKOI0 00Pa30BaHMs ).

Bo BTOpOM m3maHum uCHpaBieHO HECKOJBKO OIMIUOOK U J100aBJIEHO
HECKOJIbKO HOBBIX 3ajlad. B TperbeM m3/aHum ObLI JIOTOJTHEH MMEHHON
yKa3aTeJb ¥ BOCCTAHOBJIEH IIPEJIMETHBI yKa3aresb. IPOIYIIEHHBIA BO
BTOPOM M3JIaHUU 110 BUHE aBTOPOB. B 4eTBéproM uzganuu (IIOMUMO U3-
MeneHust popmara BEpCTKU U ucnosb3oBanus mpudros LH) cuenanst
HeboJIbININE JT00aB/IEHUsI, B OCHOBHOM CBA3aHHBIE C aKCHMOMOIT BBIOOpA.
IIsaroe nzmanue nevaraercs 6€3 CyIECTBEHHBIX U3MEHEHUI.

H. K. Bepewazun, A. Ilens



1. MHo)xecTBa 11 MOLLHOCTY

1.1. MHoxecTBa

OcHoBHBIE IOHSTHSI U 0603Ha‘I€HI/IH7 CBdA3aHHbIE C MHOXKeCTBaMU U
orepanusdgaMu HaJl HUMUA:

e Mmnootcecmea cocToaT u3 asemenmos. 3amuch x € M o3Havaer,
9TO T SABJISIETCS JEMEHTOM MHOXKecTBa M.

e T'0BOPAT, YTO MHOXKECTBO A ABIAETCS NOOMHOINCECTNGOM MHOMKE-
crBa B (3amuce: A C B), ecsn Bee 3yteMeHThl A ABIISAIOTCH 971eMeH-
Tamu B.

e Muoxkectsa A u B pasnu (3amuch: A = B), ecin OHE comepKaT
OJIHU U T€ JKe 3JIeMeHThI (ApyruMu ciaosamu, eciu A C Bu B C A).

e Eciu A — nogmuoxkecTBo B, He paBHOoe BceMy B, 70 A Ha3bIBAIOT
cobcmeentvim ToIMHOKecTBOM B (3anuce: A C B).

e [lycmoe MHOXKECTBO & He COIEPKUAT HU OJHOTO JIEMEHTA U SBJIs-
eTCsl TTOJIMHOKECTBOM JIIOOOTO MHOZKECTBA.

o [lepeceuenue AN B nByx MHOXKeCTB A 1 B COCTOUT U3 9JIEMEHTOB,
KOTOpBIEe MPUHAJJIERKAT 060UM MHOXKecTBaM A u B. D10 3anuchl-
BaIOT TaK:

ANB={x|z€ Auzc B}

(uMTaercs: MHOXKECTBO TAKHUX T, 4TO. .. ).

o Obsedurerue AUB cOCTOUT U3 9JIEMEHTOB, KOTOPbIE IIPUHAJIEIKAT
XOTsI OBl OHOMY U3 MHOXKeCTB A u B:

AUB={z |z € Awm z € B}.

e Pasnocmv A\ B cocrouT U3 3JeMeHTOB, KOTODbIe IIPUHAIIeKaT A,
HO He IIpUHAa/JIeXxar B:

A\B={z|zx€ Auzx ¢ B}

Ecsin MuO2KeCcTBO B sIBiIsIeTCsT HOIMHOXKECTBOM MHOXKecTBa A, pas-
noctb A\ B HasbiBaor Takke donoanenuem B do A.
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o Cummempuueckasn pazhocms A /A B cocTouT U3 3JIeMEHTOB, KOTO-
pble TpUHAJIEKAT POBHO OJTHOMY U3 MHOXKecTB A un B:

AAB=(A\B)U(B\A)=(AUB)\ (AN B).

e Yepes {a,b,c} obo3HAUAETCS MHOXKECTBO, KOTOPOE COMEPKUT SJIe-
MEHTHI @, b, ¢ 1 He comepKuT apyrux. Eciu cpenn a, b, ¢ ecTb pas-
HBbIE, OHO MOXKET COJEPKATh OJMH WM JBa 3djemeHta. [lomobnoe
0003HAYEHUE UCIOJIL3YeTCs U B MeHee (POPMAJIbHBIX CATYAIUsIX:
MHOXKECTBO YJIEHOB IOCJIEI0BATEJILHOCTU Gg, A1, . .. 0003HATAETCS
{ag,a1,...} mwm naxe {a;}. Bonee akkypaTHas 3amuch I TOTO
ke MHOXKecTBa TakoBa: {a; | ¢ € N}, rne N — muoxkecTBO Hary-
pasbubix uncen {0,1,2,...}.

[TomsaTue MHOXKECTBA MOSBUIOCh B MATEMATHKE CDABHUTEILHO HEIAB-
HO, B KoHIle 19-r0 Beka, B cBsi3u ¢ paboramu Kanropa (cpaBHeHHe MOII-
HOCTEH MHOYKECTB), O KOTODBIX TIOHIET pedb nasbiie (pasmen 1.3 u cie-
nyomue). Hekoropoe BpeMsi Ha3aj, 9TOT s3bIK IBITAJIACH BHEAPUTH B
IIKOJIbHOE TIPEIofaBaHNe, 00bLACHAS YICHHKAM, UTO V¥ YPABHEHHS T2 -+
+ 1 = 0 ecrb MHOXKECTBO pelieHuil (BIPOYEM, IIYCTOE), YTO MHOXKECT-
BO PEIICHUII CUCTEMbl ypABHEHUIT €CTh IIepeceYeHrne MHOXKECTB PelleHUl
KayKJI0r0 U3 HUX (& JUIs «COBOKYIIHOCTU» ypAaBHEHHII — OObeInHEeHue),
91O B MHOXKecTBe {2,2,3} He TpH 3/1eMeHTa, a JBa, U OHO PABHO MHO-
xectBy {2,3}, uro @, {@} u {@,{}} — sT0 TPU COBepIIEHHO PA3HBIX
MHOXKeCTBa U T.J7. Ho BCé paBHO OOJBITUHCTBO IMKOJIHHUKOB TaK W HE
HOHAJIO, HOYEMY MHOMKECTBO DEINeHUH ypaBHeHHd 2 = 4 MOXKHO 3aIm-
cuiBaTh Kak {—2,2}, a MHOYKeCTBO pelmenuii ypapHenns 12 = —4 HeJb3s
3anuceiBaTh Kak {&} (a Hamo mmcarb &). OTMeTHM KCTATH eIg IBa
PaCXOXKIECHUA: B IIKOJIE HATYypaJIbHBbIE YHCJIa HAYMHAIOTCS C €IWHMUIIBL,
a4 B HEKOTODBIX KHUXKKAX — C HyJd (Mbl TOxKe OyeM Ha3bIBATH HYJIb
HATYPaJIbHBIM 4ncjioM). Kpome Toro, uxorga Bmecto C nuimyT C, uc-
107163yt C J1JIs COOCTBEHHBIX HOAMHOXKECTB (BMECTO Halero ).

Ms1 mpesnosiaraeMm, 9TO IE€PEYNCIEHHBIE BBIIIE OCHOBHBIE ITOHSTUS
TEOpHUU MHOXKECTB 00Jiee MJIM MEeHee BaM 3HAKOMBI, U OyJIeM JI0CTATOYHO
CBODOIHO UMU HOJIb30BATHCA. BOT HECKOJIBKO 3a/a4 JJIsi CAMOKOHTPOJIS;
HaJeeMcsi, YTO OOJIBITMHCTBO M3 HUX HE MPEJICTABUT JJIsi BAC OOJIBIIOrO

TPy

1. Crapeifimnii MaTeMaTUK CPE/X MIAXMATHCTOB U CTAPEHIINi MaXMaTUCT
Cpeay MaTeMATHKOB — 9TO OZWH WJIM TOT YKe YeJIOBEK MK (BO3MOXKHO) pa3HbIe?

2. Jlyummit MaTeMaTHK Cpean MAaXMaTUCTOB U JIY Ui MAXMATUCT CPEIH
MATEMATUKOB — 9TO OJMH MJIM TOT K€ YeJIOBEK MU (BO3MOXKHO) pa3Hble?
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3. Kaxkplit gecaTolii MaTeMaTUK — IMaXMATUCT, 8 KaXKJbIi IIeCTOi Iax-
MaTHCT — MaTeMaTuk. Koro 60sbille — MaTEMaTUKOB MJIX IIAXMATHCTOB — U
BO CKOJIBKO pa3?

4. CymectBytoT jiu Takue mHOKkecTBa A, Bu C,ytro AN B # @, ANC =2
u(AnB)\C =27

5. Kakwe u3 pasencts (a) (ANB)UC = (AUC)N(BUC); (6) (AUB)NC =
= (ANC)U(BNC); (B) (AUB)\C = (A\C)UB; (r) (ANB)\C = (A\C)NB;
(%) A\ (BUC) = (A\ B)N(A\C); (e) A\ (BNC) = (A\ B)U(A\ C) neprr
qtst o6bix muoxkects A, B, C'?7

6. IIpoBeauTre MOAPOOHOE NOKA3ATEIHCTBO BEPHBIX PABEHCTB IPEIbIIYIIEH
3aJla4uM, UCXO/Is U3 OlIpeesIeHU. (Z[pKa)KeM, YTO MHOXKECTBA B JIEBOU U IIPaBOii
qacTax paBHbL. [lycTs & — 110601 971€MEHT JIeBOI YacTh paBeHCTBa. lorma. . .
ITosTomy x BXOZUT B mpaByio dacTb. O6parHo, ycTh . .. ) IlpuBenure KOHTp-
MpUMEPHI K HEBEPHBIM PABEHCTBAM.

7. Jlokazkure, 9TO Omepanus «CUMMETPUIECKasi PASHOCTh» aCCOIMATUBHA:
AANA(BAC) = (AAB)AC anst mobeix A, B u C. (Ykazanue: cjioxenue
[I0 MOJYJIIO 2 aCCOIMATHBHO. )

8. Hokaxwure, uto (A1 N...NA) A (BiN...NB,) C (A1 AB)U...
...U (A, A B,) gyia moberx muoXkKeCTB A1,...,An u Bi,..., By.

9. /lokaKmTe, 9TO €CJIM KAKOe-TO DPABEHCTBO (COMEpIKaIee IEePEeMEHHBIE
JUUIST MHOKECTB 1 onepanuu N, U, \) HEeBEPHO, TO MOKHO HAfTH KOHTPIPUMED
K HEMY, B KOTOPOM MHOYKECTBA IIyCThI WJIU COCTOSIT U3 OJIHOT'O SJIEMEHTA.

10. CKOTbKO PA3JIMYHBIX BBIPAYKEHUH JIJIsT MHOYKECTB MOYKHO COCTABUTH W3
nepeMeHHbIX A 1 B ¢ moMOmpio (MHOIOKPATHO MCIOJIB3YEMbIX) ONepanuii me-
peceuenust, oobennuenus u passocru? (IBa BbIparKeHUsT CIUTAIOTCS OIUHAKO-
BBIMH, €CJIM OHM PaBHBI IIPY JIIOOBIX 3HAYEHHsIX lIepeMeHHbIX.) ToT 2Ke Bompoc
JIS TPEX MHOXKECTB m jyia 1 MHOKecTB. (OTBer B 00meM cirydae: 22"_1.)

11. Tor ke BOIPOC, €CJU UCIOJIL3YIOTCH TOJMBKO oneparun U u N. (s
IBYX U TPEX IEPEMEHHBIX ITO UUCJIO HECJIOXKHO IIOJICUNTATh, HO 00Ieil dhop-
MYJIBI JIJTsT 72 TIEPEMEHHBIX HEe U3BECTHO. DTy 3a/a4y HA3BIBAIOT TaK¥Ke 3a,1a9eil
0 YMCJIE MOHOTOHHBIX OyseBbIX DYHKIMIA OT 1 ApryMEHTOB. )

12. CKOJIbKO CyIIECTBYET IMOJIMHOXKECTB Y N-3JIEMEHTHOrO MHOXKecTBa?

13. IlycTh MHOXKECTBO A COHNEPXKUT N 3JIEMEHTOB, & €ro IMOJAMHOXKEeCTBO B
cogepkut k snementoB. CKoOIbKO cymecTByeT MHOXKecTB C', 1151 KOTOPBIX B C
cCcA?

14. MuoxkecrBo U comepxKut 2n 3jgeMeHTOB. B HEM BbIZIEIEHO K ITOIMHO-
2KeCTB, IPUIEM HHU OIHO M3 HUX HE sBJISETCS MOAMHOXKeCcTBOM Apyroro. Ka-
KOBO MOKeT OBITH MakCHMaJjIbHOe 3HadeHue unciaa k? (Ykasamue. Makcumym
JOCTHUTAETCs, KOT/Ia BCe MOJIMHOYXKECTBAa UMEIOT TI0 1 3JIeMEHTOB. B camoMm Jie-
Jie, IpeJCTaBUM cebe, UTO Mbl HAUMHAEM C IIyCTOI'O MHOYKECTBA U 100ABIISLEM
0 OJHOMY 3JIEMEHTY, TOKa He MoJIyduTcst MHOXKecTBO U. B x01me Takoro mpo-
1ecca MOXKeT TOSIBUTHCS He 60J1ee OMHOTO BBIJEJIEHHOTO MHOYXKECTBA; C IPYToit
CTOPOHBI, MOXKHO ITOACYUTATH MATEMATHIECKOE OXKUAHNE YHCJIa BBIIEJIEHHBIX
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MHOYKECTB I10 JITHEIHOCTH; BEPOSITHOCTH MIPOUTH Yepe3 JAHHOE MHOYKECTBO Z C
C U MmuHIMAJIbHA, KOTA Z CONEPXKUT N 3JIEMEHTOB, IIOCKOIBKY BCE MHOYKECTBA
JIAHHOI'O pasMepa PaBHOBEPOSITHBIL. )

1.2. Ynucno anemenToB

UnciI0 97€MEHTOB B KOHEUHOM MHOXKECTBE A HA3BIBAIOT TakKe ero
Mougrocmvro 1 obosHauaror |A| (a Takxke #A). (Bekope Mbr Gyiem rogo-
PHTbH O MOIIHOCTSAX U Jid GeCKOHEYHBIX MHOXKeCTB.) Creyromas ¢dhop-
MyJIa TIO3BOJISIET HANTH MOITHOCTD OO'bEIMHEHNST HECKOJIBKIX MHOYKECTB,
€CJIM M3BECTHBI MOIHOCTU KAXKJIOTO U3 HUX, & TaKXKe MOIIHOCTH BCEX
nepeceyeHuit.

Teopema 1 (Popmyna BKIKOYEHNA 1 NCKITIOHEHNIA).

|[AUB| = |A| +|B| — |AN BJ;
|[AUBUC| =|A|+ |B|+|C|—
—|ANB|-]ANC|—|BNC|+
+]ANBNC;

BooGmie |A; U. ..U A,| pasro

STIAT =D AN A+ > [ANA; N A - ...

i<j i<j<k

<1 DTO yTBepKJEeHUE HECJIOXKHO JTOKA3aTh WHJYKIUEH IO 71, HO MBI
IPUBEIEM IPYTOe JOKA3aTeIbCTBO. OUKCHPyeM IPOU3BOIBHOE MHOKECT-
Bo U, OAMHOXKECTBaMU KOTOPOI'O SIBJIAIOTCS MHOXKecTBa A1, ..., Ay.

Xapaxmepucmuueckoti Ppynkuyuets muoxkectsa X C U Ha3bBaioT
dyuKIMIO X x, KoTopasg paBHa 1 Ha smeMenTax X m (0 Ha OCTAJIBHBIX
anementax U. Omepamum HaJ IOAMHOXKECTBAMH MHOXKecTBa U COOT-
BETCTBYIOT OIEpalisM C HX XapPaKTePUCTUYECKHMHU (QYyHKIUAMA. B
YaCTHOCTH, TEPECEUECHUI0 MHOXKECTB COOTBETCTBYET IPOU3BEICHHUE Xa-
pakrepucrtuaeckux byuxmuiti: Xang(u) = Xa(uw)Xp(u). Jononnenuro
(mo U) coorsercrByer dbyukiusa 1 — X, eciu X — XapaKTePUCTHIECKAs
GYHKIMSA UCXOIHOTO MHOXKECTBA.

Yucsio 971eMEHTOB MHOYKECTBA MOYKHO 3aIIUCATH KAK CYMMY 3HAYEHUH
€ro XapaKTepUCTUIECKON (DYHKIUN:

X = ZXX(U)'
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O6benunenue A U. ..U ANy MOXKHO 3alHcaTh KaK JOIOJHEHNE K IIepe-
CEYEHMIO JOIOJHEHUI MHOXKECTB A;; B TepMHHAX XapaKTePUCTHIECKUIX
byHKIMNE nMeeM

Xau.oa, =1 = (1 =Xa,)... (1= Xa,)

PackpbiB cKOOKM B mpaBoii TacTr, MBI IOy IAM

ZXAi - ZXA,-XAJ- + Z Xa;Xa;Xa, —
i

i<j i<j<k

U IIPOCYMMUPOBAB JIEBYIO M MPABYIO 9acTh 110 BceM 3djiementam U (obe
ouu ecrb dysxuuu Ha U), noaydum (Hopmyiry BKIIOYEHUH U UCKIIIOUE-
HUH. >

15. Joxaxure, aro |A1 A ... A A,| paBHo

Z|AJ*2Z‘A2‘0A]’|+4 Z |AiﬂAJ’ﬁAk‘7...

1<J i<j<k

(k03> dbuIHEHTHl — [TOCIIe0BATEIbHbIE CTEIIEHH JABOMKN).

Tloscaér KoMuaecTB 3JIEMEHTOB B KOHEYHBIX MHOYKECTBAX OTHOCAT K
rombunamopure. HekoTopble HaYaIbHBIE CBEJICHUS N3 KOMOMHATOPUKU
[IpUBEJIEHBI JaJiblile B KadecTe 3aa4d. Ceifuac HaC B IEPBYIO O4Yepeib
UHTEPECYyeT CJIeTYIOMNUil TPUHITAIL:

€cJIl MEeXKJIy JIBYMsI MHOXKE€CTBaAMHU MOXKHO YCTAHOBUTBH B3aHUMHO OJ[HO-
H 3HAYHOE COOTBETCTBHE, TO B HUX OJHMHAKOBOE YHCJIO 3JIEMEHTOB.

(Bzanmuast oHO3HAYHOCTH TPeByeT, 4TO0bI KAaZKIOMY JIEMEHTY [EePBOro
MHOXKECTBa, COOTBETCTBOBAJI POBHO OJIUH JIEMEHT BTOPOIO ¥ HA0GOPOT.)

Bot Hecko/IbKO TPUMEPOB HCIIOJIHL30BAHUS TOTO TPUHITUATIA.

16. Ha oxpyxxuoctu BbiOpanbr 1000 6enbix Todek um omHa 4dépHas. Jdero
60JIbIIle — TPEYTOJIBLHUKOB C BEPIIMHAMU B O€JIBIX TOUYKAX HJIM I€THIPEXYTOJIb-
HYIKOB, y KOTODBLIX OJHa BepIIMHa I€pHas, a ocrajbHble Tpu Gesble? (Perre-
HUE€: UX IIOPOBHY, IIOCKOJIbKY KaXK/IOMY I€TBIPEXYTOJIBHAKY COOTBETCTBYET TPe-
YTOJIbHUK, OOPA30BAHHBINA TPEMs €ro GeIbIMU BEPITMHAMM. )

17. Kakux moaMmHoxkecTB 60stbiie y 100-3/1eMEHTHOTO MHOYXKECTBA: MOIIHO-
ctu 57 mwm mompoctu 437 (Vkazanue: 57 + 43 = 100.)

18. [JokaxkuTe, ITO HOCIEAOBATEIBHOCTEN IJIMHDL 13, COCTABJICHHBIX U3 Hy-
Jiefl U eIMHUILL, CTOJIBKO K€, CKOJILKO MOAMHOXKECTB y MHOXKecTBa {1,2,...,n}.
(Yrazanue: kaxkaomy noaMuoxkectBy X C {1,2,...,n} coorBercrByer «xa-
PaKTePUCTHIECKasl [TOCJIEI0BATEILHOCTbY, Ha 4-M MeCT€ KOTOPOH CTOUT eIu-
HUIIA, €CJIM U TOJIBKO ecyn i € X.)
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19. /TokaxkuTe, 9TO MOCTIETOBATEILHOCTEN Hyseil M €IWHWUI IJIUHBI N, B
KOTOPBIX YHCJIO €IUHUI[ PABHO k, pPABHO YHUCJY Kk-3JIEMEHTHBIX TOJIMHOXKECTB
N-3JIEMEHTHOI'O MHOXKECTBA.

OTO YUCI0 HA3BIBACTCA YUCAOM covemanuti u3 n no k u obosHada-
ercd C”;j B PYCCKUX KHIXKKAX; B MHOCTPAHHBIX OOBIYHO MCIIOJIb3yeTCs
obo3HaUeHne (2)

20. Jokaxxure, aro CF = CP~F,

21. Joxaxkure, uto CO + CL + ...+ C? = 2",

22. IIyctes U — HemycTOe KOHEYHOE MHOXKeCTBO. JloKaKuTe, YTO IOIMHO-
2KeCTB MHO>KeCTBa U, UMEIOIIIX Y6THYIO MOIITHOCTD, CTOJIBKO K€, CKOJIBKO UMe-
IOMUX HEIETHYIO MOIMHOCTD. (Ykasanue: dukcupyem smemenT u € U u 06b-
€IMHUM B IIAPbI II0MHOKECTBA, OTIMYAIOIINECS TOJILKO B TOUKE 1. )

23. Joxaxure, uro CO — CL 4+ C2 — ... + (=1)"CP = 0. (Vkazauue: Kax
3TO CBA3AHO C IIpEAbIAYyIICH 3a;paqeﬁ?)

24. Jlokaxkure dpopmyiny buroma Hvromona:

(a+b)" = Cla™ +Cla™ 'b+ ...+ CFa™ R + .+ O™,

25. JlokarKkuTe, 4TO CIOCOGOB PACCTAHOBKHM CKOOOK (YKa3bIBAIOIIUX HOPSI-
JIOK ;LeﬁCTBI/H”/'I) B HEACCOIIMATHUBHOM IIPOU3BEICHUU U3 N IJIEMEHTOB CTOJIBKO
K€, CKOJIBKO CIIOCOBGOB pa3buTh BBITYKJIbIA (1 + 1)-yroJbHUK HA TPEYTrOJbHHU-
KM HellepeceKarouMucs auarosansamu. (st npousseeHnst TpEX MHOXKHUTE-
Jieit ectb nBa Bapmanta (ab)c m a(bc); ¢ APyTOH CTOPOHBI, €CTH JABa CIOCO-
6a pa3pe3aTh YeTHIPEXYTOJLHUK Ha [IBa TPEeyroJIbHUKA, IIPOBeIs JUaroHab.
JIj1sT IpOU3BeieHUsl 9eThIpEX COMHOMKUTENCH U JJIsl NATHYTOJbHUKA UMEeTCs
1o 5 BapuaHTOB.)

1.3. PaBHOMOLHbIE MHOXECTBA

JIBa MHOXKECTBA HA3BIBAIOT PAGHOMOULHbBLMU, €CITA MEZK LY HIMEI MOK-
HO YCTAHOBHUTH B3aUMHO OJIHOZHAMHOE COOTBETCTBHUE, IIPU KOTOPOM KazK-
JIOMY 3JIEMEHTY OJHOTO MHOXKECTBA COOTBETCTBYET POBHO OJUH SJIEMEHT
JIPYTOTO.

JIj1s1 KOHEUHBIX MHOXKECTE 9TO O3HAYAET, YTO B HUX OJMHAKOBOE IHUC-
JIO 3JIEMEHTOB, HO OIpeIe/IeHIe UMEET CMBICH U JjIs OECKOHEUHBIX MHO-
skects. Hanpumep, orpesku [0, 1] u [0, 2] paBHOMOIIHBI, IIOCKOJIbKY OTOG-
pakeHue x — 2T OCYIIECTBJISIET KCKOMOE COOTBETCTBHE.

26. Tokaxkure, 9To J100ble aBa uHTEpBasa (a,b) u (c¢,d) Ha upsMOit pas-
HOMOIIIHBI.

27. Jlokaxkure, 9TO JIIOOBIE JIBE OKPY?KHOCTH HA TJIOCKOCTU PABHOMOIITHBI.
Hoxkazkure, 9T0 JI00OBIE IB& KPyra Ha IJIOCKOCTHA PABHOMOIIHBI.
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28. Jloxkaxkure, [uro mosymHTepBas [0,1) pABHOMOIIEH IIOJyWHTEPBa-
ay (0,1].

Heckonbko Oosee coxkHa Takas 3ajada: J0Ka3aTh, UTO WHTEPBAJ
(0,1) m a1yu (0,+00) PABHOMOIIHBL. DTO JETAETCS TaK. 3AMETUM, UTO
orobpazkenne T — 1/ sBisiercs B3aUMHO OJIHO3HAYHBIM COOTBETCTBUEM
mexy (0,1) u (1,400), a © — (x — 1) — B3aNMHO OJHO3HAYHBIM CO-
orBercTBHEM MeX Ty (1,+00) u (0,400), HOITOMY HX KOMIIO3HIHS & —
— (1/x) — 1 aBisiercss NCKOMBIM B3aMMHO OJHO3HAYHBIM COOTBETCTBUEM
mexay (0,1) u (0, +00).

Boobie, Kax roBOpsIT, OTHOIIIEHNE PABHOMOIITHOCTH €CTh OMHOULEHUE
IKBUBANEHMHOCTU. DTO O3HAYALT, UTO OHO pedaekcucho (KazKioe MHO-
JKECTBO PABHOMOIIHO caMoMy cebe), cummempuyto (ecan A paBHOMOIII-
HO B, To n B pasHOMOMmHO A) n mpansumuero (ecom A pasHOMOIIHO B
u B pasromomiao C, to A pasromontao C'). CBofCTBOM TPaH3UTHBHOCTH
MBI TOJIBKO 9TO BOCIIOJIb30BAJIMCH, B34B Jiyd (1, +00) B KauecTBe mpomMe-
JKYTOTHOTO MHOYKECTBA.

Emé neckonbko mpumMepos:

e MmuokecTBO OECKOHEYHBIX IOCJIEI0BATEILHOCTEN HYyJIeH M €IIHHUI]
PaBHOMOIIHO MHOXKECTBY BCeX IIOJMHOXKECTB HAaTypPaJbHOI'O PAJA.
(B camom giesie, COMOCTABAM € KaKJIOH [IOCJIEI0BATEILHOCTHIO MHO-
2KECTBO HOMEPOB MECT, Ha KOTOPBIX CTOAT €IUHAIIBL: HAIIPUMED, IIO-
CJIeI0BATEJIbHOCTDh U3 OJHUX HyJIeif COOTBETCTBYeT IIyCTOMY MHO-
2KeCTBY, U3 OJIHUX €IUHUI] — HATyPaJbHOMY DPsy, & IHOCJIeJ0Ba-
resbrocTh 10101010 ... — MHOXKECTBY 46THBIX IHUCE.)

e MHOXKecTBO OECKOHEUHBIX IocjaeaoBaTenbHocTeit mmudp 0,1,2,3
PABHOMOIIIHO MHOYKECTBY OECKOHEUHBIX MOCJIEIOBATEILHOCTEH Hy-
Jgeii u epunui. (B camom mene, Mmoxkuo 3akoauposars mudpst 0, 1,
2, 3 rpyumamu 00, 01, 10, 11. O6parHoe npeobpa3oBanue pas3bu-
BaeT IOCJIe0BATE/IbHOCT HYyJIell W €JUHUIl Ha Iapbl, [IOCJIe Yero
KaxKJiag 1mapa 3aMensierca Ha nudpy or 0 g0 3.)

o MuoxkecTBO OECKOHEUHBIX TOCIe0BaTebHoCcTel mudp 0, 1, 2 pas-
HOMOIITHO MHOXKECTBY OECKOHEYHBIX I10C/IeoBaTeapnocTeil mudp 0
u 1. (MoxkHO 6bLI0 OBl IBITATHCH PACCYKIATH TAK: 9TO MHOKECTBO
3aKJII0OYEHO MEXKJy JBYMsI MHOXKECTBAMM OJIHON M TOM Ke MOII-
HOCTH, W TIOTOMY PaBHOMOIITHO KaXXKJOMY M3 HHUX. DTOT XOJ, MBIC-
Jiell TIpaBUJIeH, KaK MOKa3biBaeT TeopeMma Kanrtopa— Bepamreiina
u3 pazzaena 6. Ho 3mech MmoxkHO 000#THCH 1 O€3 9TOI TEOPEMBI, ec-
s 3akonupoBaTh 1udpst 0, 1 u 2 nocienosarensuocTsamu 0, 10 u
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11: jerxko coobpas3uTh, 9TO BCAKAS IOCJIEIOBATEILHOCTD HYJIEH u
€JIMHWIL OJTHO3HAYHO Pa3buBaeTcst Ha Takue OJIOKH CJIeBa HAIPABO.
Takoit c1oco6 KopaupoBaHus HA3BIBAIOT «IIPEUKCHBIM KOJIOM> . )

e [Ipumep ¢ mocaea0BATEIHLHOCTAMEI HYJAEH U €IUHUI, MOXKHO 0000~
[IUTH: MHOYKECTBO MIOJMHOYKECTB JII000ro MHOKecTBa U (OHO 0OBIY-
HO obosHauaercss P(U) m 1o-aHIJIMIACKYE Ha3bIBaeTCs power set)
PaBHOMOIITHO MHOYKECTBY BCeX (DYHKIWil, KOTOPBIE CTaBSAT B CO-
OTBETCTBHE KaxKJIOMy ajieMenty x € U oxno u3 ducesn 0 u 1 (MmHO-
JKeCTBO Takux byHKIuit 06brano oboznagator 2V). (B camowm gerne,
KaykJI0My MHOXKecTBY X C U COOTBETCTBYeT ero XapakTepuCTuYge-
ckast byHKIHSI. )

Mgzt IIPOAOJIZKUM 3TOT CIIMCOK, HO CHa4daJIa JJOKazKeM HECKOJIbBKO IIPO-
CThIX (i)aKTOB 0 CUETHBIX MHOYXKECTBaX (paBHOMOHLHI)IX MHOXKECTBY HaTy-
PaJIbHBIX tII/ICGJI).

1.4. CyéTHble MHOXeCTBa

MHO>KeCTBO HA3BIBAETCS CHEMHbLM, €CJIU OHO PABHOMOIIHO MHOXKE-
ctBy N HaTypaJbHBIX YHCEJ, TO €CTh €CJU €ro MOYKHO IPEJICTABUTH B
Buge {xo,x1,Ta,...} (3HeCh xT; — JIEMEHT, COOTBETCTBYIONIMI YUCILY i;
COOTBETCTBUE B3aMMHO OJ[HO3HAYHO, TAK YTO BCE T; PA3JIUIHBI).

Hampumep, MHOYXKECTBO TEJIBIX YUCET Z CIETHO, TaK KaK IeJIble TUCIIa
MOKHO PaCIOJIOKHATDh B MoceroBaTenasnocTs 0, 1, —1, 2, =2, 3, =3, ...

Teopema 2. (a) TToaMHOXKECTBO CYETHOIO MHOXKECTBA KOHEUHO WJIN
CYETHO.

(6) Besikoe GecKOHEYHOE MHOXKECTBO COJEDPXKUT CUETHOE IOAMHONKE-
CTBO.

(8) O6beuHEeHe KOHEYHOIO WJIM CYETHOTO YHCJIA KOHEUHBIX WK
CYETHBIX MHOXKECTB KOHEYHO WJIA CUYETHO.

< (a) Ilycre B — moamuoxkectso cuérroro muoxkectsa A. Ilpencra-
BUM MHOXKeCTBO A Kak {ag, a1, as, ... }. BeIGpocnm U3 mocsie1oBaTebHo-
CTH ag, a1, ... T€ WICHbI, KOTOPbIE He MpUHAIeKaT B (coxpaHss mops-
JI0K ocraBinuxcst ). Torga ocrasiimecs 4WieHbl 06pa3yIoT U060 KOHEUHYIO
[OCJIEJOBATEIBHOCTD (1 TOra B KOHEYHO), 1160 GeckoHedHy o (1 Toraa
B cyérno).

(6) Iycrs A Geckoneuno. Torga OHO HEIYCTO U COJEPIKUT HEKOTO-
polit 3emenT by. Bymyun 6eckoHeTHBIM, MHOYKECTBO A He MCUEpIbIBACT-
cs 9JIEeMEHTOM by — BO3BMEM KAKOU-HUOYIb IPYTOil 3jeMeHT by, u T. 1.
[TonyuauTess mocaemoBaTembHOCTL by, by, . ..; TOCTpoeHME He TPEPBETCH



14 Mmnootcecmea u mouwgnocmu [ror. 1]

HHI Ha KaKOM IIare, IOCKoJbKy A Geckonmeuno. Temeps MHOXKecTBO B =
= {bg,b1,...} u Oymer UCKOMBIM CUETHBIM HOJAMHOXKECTBOM. (3aMeTHUM,
410 B BOBCe He 00s13aHO coBHagarh ¢ A, naxe eciu A c46THO.)

(B) IlycTh mmeeTcd CYETHOE YUCIO CUETHBIX MHOXKECTB Aj, As, ...
Pacmoo;KuB 3JIeMeHTHl KazKIOoro M3 HHUX CJIEBA HAIPABO B IOCIEIOBA-
resbrocTh (A; = {a0,ai1,...}) U IOMECTUB 3TH II0CJIEIOBATEILHOCTH
YT O IPYTOM, IOJIYIUM TaOIUILy

aopo Qo1 Qo2 Ao3
aiyp a1 @12 a13
azp G21 G2 423
asp @31 a3z ass

Teneps 31y Tabsnily MOXKHO PA3BEPHYTH B IMOCIEI0BATEILHOCTD, HAIIPH-
Mep, IIPOXO/id 110 OYepe/id JUaroHaJIN:

Q@oo, @o1,@10, @02,011,020, Q03,A12,A21,A30, - - -

Ecim muOX)ECTBa A; HE MEepeceKanuch, TO Mbl TOJIYIUIN UCKOMOE TIPeJl-
cTaBJICHHUE JJTsi nX 00beuHeHus . Feyim mepecekainchb, TO U3 IOCTPOSHHON
[IOCJIETIOBATEIHOCTH HAJIO0 BHIOPOCUTH TOBTOPEHUS.

Eciin MHOXKECTB KOHEUHOE YHCJIO MJIM KAKUe-TO U3 MHOXKECTB KOHEU-
HBI, TO B 9TOI KOHCTPYKIUK YaCTU UIEHOB HE OY/IeT — U OCTAHETCsI JINOO
KOHEYHOE, JINDO CIETHOE MHOXKECTBO. >

29. OnucaHHBIN TPOXOJ, IO AUATOHAJISIM 331a8T B3aNMHO OJTHO3HAYHOE CO-
OTBETCTBUE MEXKJy MHOXKECTBOM BCeX I1ap HaTypPaJIbHbIX IUCEJI (KOTOpOe 060—
snadaercd N X N) u N. JIio6onbITHO, YTO 9TO COOTBETCTBUE 33IAETCsI IPOCTOM
dopmystoii (MHOrOWIEHOM BTODOH CTENEHH C PaIMOHAJIBHBIMU KOd(DduUImeH-
TamMu). YKaXKUTe ITOT MHOTOYJIEH.

3amedanue. B mokasarenbeTse yTBepKIeHus (6) TEOPEMBI 2 €CTh TOH-
KUl MOMEHT: Ha KazKJIOM II1are Mbl JOJIXKHBI BBIOPATH OIUH U3 OCTABIINX-
CsI 9JIEMEHTOB MHOXKeCTBa A; Takue 3/IeMeHThI €CTh, HO y HAC HET HUKa-
KOI'0 TIPABUJIA, ITO3BOJIAIONIErO TaKoil BbIOOp omucarhb. [Ipu 6osee dop-
MaJbHOM MOCTPOEHUU TEOPHHM MHOYXKECTB TYT HY2KHO COCJIATHCS HA CIIe-
[MHAJBHYIO AKCHOMY, HA3BIBAEMYIO GKCUOMOT 66100pa. 3aKOHHOCTD ITOMN
aKCHOMBI BBI3bIBaJIa OOJIBINNE CIOPHI B Hadaje 20-To Beka, HO TOCTe-
[IEHHO K Hell IPUBBIKJIM, U TU CIIOPBI CeYaC IOYTH HE BOCIIPUHUMAKOT-
cst. (K HEKOTOPBIM NapaioKCaJIbHBIM IIPUMEPAM, CBA3AHHBIM C AKCHOMOI
BbIOODA, MBI emné BepHéMcs.) B cepenune Beka Benukuii jsoruk Kypr I'é-
JIeJIb JTIOKa3aJjl, 9TO aKCHOMY BBIOODA HEJIb3sl OIPOBEPIHYTH, MOJIB3YSIChH
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OCTaJIbHBIMU aKCHOMaMH TEOPHUH MHOYKECTB, a B 1960-e roapl aMmepruKaH-
ckmit maremaTuk ITom /Ixx. Kosu mokazast, 910 €€ HeIb3sT W BBIBECTH U3
ocrasibHBIX akcuoM. (KonedHo, moHMMaHWe 3TUX yTBEPXKIEHUN Tpedyer
IO/ TPOOHOTO U3JIOZKEHUsT TEOPUU MHOYKECTB KaK aKCHMOMATUIECKON Teo-
pun.)

30. Takoil ke TOHKHMIT MOMEHT (XOTsl M MEHee OYEBHIHBINA) €CThb U B J0-
Ka3aTeJbCTBe yTBepkaeHus (B). Moxere st BbI fgoragarbcs, rae oH? (OTser:
MBI 3HAEM, UYTO MHOXKEeCTBa A; CYETHBI, TO €CTb UTO JJIsI KAXKJIOTO i CYIIECTBY-
er B3aMMHO ojHO3Ha4HOe coorBercTBue Mexiay N u A;. Ho Hyx)HO BbIGpaTH
7 (PUKCHPOBATH ITU COOTBETCTBHUS, IIPEXKIE YeM YJACTCs IIOCTPOUTH COOTBET-
cTBUE MexIy o0bemunenneM Bcex A; m N.)

Emé nHeckoIbKO MPUMEPOB CIETHBIX MHOYKECTB:

e MmuozxkectBo Q panmoHaJILHBIX Yrces] caéTHO. B camoMm Jeste, parnu-
OHAJTbHBIE YHCJIa MIPEJICTABIISIIOTCS HECOKPATUMBIMU JTPOOSMU C Tie-
JIBIM YHUCJIUTEJIEM U 3HaMeHaTeseM. MHoxKecTBO jpobeil ¢ qaHHbIM
3HAMeHaTe/ieM CIETHO, mosToMy Q mpecTaBuMoO B Bujie 00be ImHe-
HUs CYETHOIO YUC/Ia CIETHBIX MHOYKECTB. 3aberas Blepés (M. pas-
nest 1.6), ormernm, 9T0 MHOXKeCTBO R Beex J1eficTBUTENbHBIX YHCelT
HECUYETHO.

e Muoxecrso NF, sjieMenTamu KOTOPOro sIBIISIIOTCs HAGOPH! 13 k Ha-
TYpaJbHBIX YHCEJI, CIETHO. ITO JIETKO JI0KA3aTh MHIIYKIHEH 110 k.

Ilpu k£ = 2 mmoxkectso N2 = N x N map HaTypaJbHBIX UHCET
pasbuBaercst Ha CU€THOE YUCIO0 cI6THBIX MHOXKecTB {0} X N, {1} x
x N,... (s;emenTamu i-ro MHOXKeCTBa OYJyT Iapbl, IEPBBIA YieH

KOTOpBIX paseH 7). Ilosromy N? cuérro. AHasormaubM o6pasoMm
MHOKecTBO N3 Tpoek HATypasbHBIX UHCe] Pa3OHBAeTCA HA CUBT-
Hoe unciio MHOkecTB {i} X N x N. Kax/oe u3 HuX cocrouT u3
TPOEK, TEePBBII YIeH KOTOPHIX (PUKCHPOBAH U TMOTOMY PABHOMOIII-
HO MHOKecTBY N2, KoTopoe cuéTHo. TOUHO TaK ke MOYKHO HepeiiT
or cuérHocTn MHOMKecTBa NF K cuérHOCTH MHOMXKecTBa NFTL,

Ilo TeM ke mpuUYMHAM IIPOU3BEIEHHE JBYX CYETHBIX MHOMKECTB
A X B 1 BooOIIIe KOHEYHOI'O YUCJIa CISTHBIX MHOXKECTB A1 X ... X Ay,
(371€EMEHTAMM 3TOr0 MHOYKECTBA ABJISAIOTCA HABGOPHI (a1, . . . , k), CO-
CTaBJICHHBIE U3 3JIEMEHTOB a1 € A1, ..., a € Ag) cuérHo.

o MHOXKeCTBO BCeX KOHEUHBIX TOCJIEIOBATEILHOCTEH HATYPAJIHHBIX
qucest caéTHO. B caMoM Jeste, MHOYKECTBO BCEX ITOCTIEI0BATETHHO-
cTell JaHHON JJIMHBI CY6THO (KAK MBI TOJIBKO YTO BHIEJH), TAK
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9TO WHTEPECyIoIlee HAC MHOXKECTBO PAa30MBaeTCs Ha CIETHOE IUC-
JIO CIETHBIX MHOYKECTB.

e B mpenpiaymiem npumepe He 00s3aTEIbHO TOBOPUTH O HATYPAJIb-
HBIX IHMCJIAX — MOYKHO B3sITh JIF000€ CUETHOE (MM KOHETHOE) MHO-
2kecTBO. Hanpumep, MHOXKECTBO BCEX TEKCTOB, UCIOJIB3YIOINX PYC-
ckuit asiasuT (TAKO TEKCT MOKHO CIMTATH KOHEUHOH [OC/Ie10Ba-
TEJILHOCTBIO OYKB, IPOOEIOB, 3HAKOB IIPEIUHAHUSL U T. II. ), CIETHO;
TO K€ CaMOe MOXKHO CKa3aTh O MHOXKECTBE (BCEX MBICIUMBIX ) KOM-
IIBIOTEPHBIX IIPOrpaMM U T. 1.

e nciio HA3BIBAIOT AA2EOPAUNECKUM, €CIH OHO sIBJISIETCS KOPHEM
HEHYJIEBOI'O MHOTOWIEHa C IieJbiMu Kodddunmentamu. MuoXKecT-
BO alreGpanvecKux 9GHcesI CIETHO, TAK KAK MHOTOWICHOB CIETHOE
qrcsI0 (MHOTOUWIEH 33/ 1aéTCsi KOHEYHOM ITOC/IeI0BATEIEHOCTHIO Tie-
JIBIX 9HCeNT — ero KO3 DUIMEHTOB), & KaXK/ bl MHOTOYJIEH HMeeT
KOHEYHOE YHCJI0 KOpHeii (He Gosiee n jisi MHOIOYJIEHOB CTEIIeHH 7).

e MHoxKecTBO mepuoindecKkux apobeit caérno. B camowm jerre, Taxast
Jpobb MOXKeT ObITH 3alncaHa KaK KOHEUHas IIOCJIEI0BATEILHOCTD
CHMBOJIOB M3 KOHEYHOI'O MHOXKECTBa (3argarasi, nudpbl, CKOOKHN);
nanpumep, jpobs 0,16666. . . moxuo 3anucars kak 0,1(6). A Takux
[I0CJIeI0BATEILHOCTEH CIETHOE MHOXKECTEO.

31. JTokaxkure, 9T0 1060 CEMEHCTBO HEIEPECEKAIONIUXCST MHTEPBAJIOB Ha
IpsIMO# KOHEYHO Wik CI6THO. (YKazaHue: B KarKJIOM WHTEpBaJie HAWJIETCS pa-
[MOHAJIbHAS TOYKA.)

32. (a) Jokaxkure, 410 J11060€ MHOXKECTBO HENEPECEKAIOIIUXCSI BOCBMEPOK
HA TJIOCKOCTU KOHEYHO mim caéTHO. (BocbMépka — oObequHeHne nByX Kaca-
IOIUXCsl OKPY2KHOCTEH J1100bIx pasmepos.) (6) Cdopmynupyiite u mokaxkure
AHAJIOTUYIHOE YTBEPKIEHUE s OYKB « T ».

33. [lokaskuTe, 9TO MHOYXKECTBO TOYEK CTPOTOTO JIOKAJTLHOTO MAKCHMYMa,
1060 DyHKIUYU JIeHCTBUTENIHHOTO apryMeHTa KOHEYHO WJIM CUETHO.

34. [JokaxkuTe, 9TO MHOYKECTBO TOYEK Pa3pblBa HeyObIBaromeil dyHKImn
JIeICTBUTEIEHOTO apryMeHTa, KOHETHO UJTA CIETHO.

Teopema 3. Eciin MmuO)KecTBO A GECKOHETHO, 8 MHOXKECTBO B KOHEIHO
Wi C4ETHO, TO obbeauHeHre A U B paBHOMOIIHO A.

<1 MoxHo cunTaTh, 9T0 B He nepecekaercs ¢ A (mepeceueHne MOXKHO
BBIOpOCUTH U3 B, OCTaHEeTCs MMO-IPeKHEMY KOHEYHOE UJIU CIETHOE MHO-
JKECTBO).

Boigesmum B A cuérHoe mOaMHOXKECTBO P; 0CTaTOK ODO3HAYUM Ue-
pe3 Q. Torna Ham HaJO J0KasaTh, uro B + P + (Q pagHOoMommuOo P + @
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(3HaK + cuMBOJIMBHUPYET OObLEIUHEHNE HENEePECEKAIONMXC MHOXKECTB).
[Tockombky B + P m P 06a CUYETHDBI, MEKIY HUMH CYIECTBYET B3aMM-
HO OJHO3HAYHOE COOTBeTCTBHE. ET0 JIerko npomosiKuTh 10 COOTBETCTBUS
Mexgay B+ P+ Q u P+ @ (Kaxkplil 3/ileMeHT MHOXKeCTBa () COOTBeT-
crByer cam cebe). >

35. IIpuMeHnTE 3Ty KOHCTPYKIIUIO U IBHO YKaXKUTE COOTBETCTBHE MEXKIY
orpeskoM [0, 1] u monyunrepsaiom [0, 1).

36. Teopema 3 mokasbiBaeT, 9TO H0OABJIEHIE CYETHOIO MHOXKECTBA K Oec-
KOHEYHOMY HE MEHsleT €ro MOIIHOCTH. MOXKHO JIM CKa3aTh TO Ke Camoe Ipo
ynanenune? Jlokaxkure, 9T0o ecsim A GECKOHEYHO M HE SIBJISIETCS CUETHBIM, a,
B xomeuno niam caérao, To A\ B pasnomormHo A.

37. Hemenkuit maremaruxk P. lemekun mpejIosKua TaKoe OIpeeseHre
GECKOHEYHOTO0 MHOXKECTBA: MHOXKECTBO OECKOHEYHO, €CJIM OHO DABHOMOIIHO
HEKOTOPOMY CBOEMY IMOJMHOXKECTBY, HE COBIAJIAIONIEMY CO BCEM MHOKECTBOM.
[Tokaxkure, uTo yKazanuoe JleIeKnHIOM CBONCTBO JEHCTBUTEIHHO OMPEIEISIET
GeCKOHEUHBIE MHOXKECTBA.

IobaBJisiss KOHEYHbIE WU CUYETHBIE MHOXKECTBA, JIEIKO IIOHSTH, 4TO
IpsiMasi, BCe HPOMEXKYTKH Ha LPAMOi (OTPe3KU, MHTEPBAJIBI, IIOJIyHUH-
TEPBAJIbl ), JIy9d, UX KOHEYHbIE UM CIETHBIE O0HEINHEHNS U T. Il. PABHO-
MOIIHBI JIPYT JAPYTY.

38. YkaxkuTe B3aMMHO OJHO3HAYHOE COOTBETCTBHUE MEXKJIY MHOXKECTBOM
[0,1]U[2,3]U[4,5]U... u orpeskom [0, 1].

39. Jlokaxkure, YTO MHOXKECTBO BCEX IPSAMBIX Ha IUIOCKOCTU PABHOMOIIHO
MHO2KECTBY BCeX TOYEK Ha IIJIOCKOCTH. (yKa.SaHI/Ie: U TOYKHU, U IIPpAMBIC 3a/1a-
IOTCA ImapaMu YuceJI — 3a He60.HI>IHI/IMI/I I/ICKHIOLIGHI/IHMI/I.)

40. TokazkuTe, 9TO MOJIYILNIOCKOCTD (TOYKH IJIOCKOCTH, JIE?KAIIHE 110 OJHY
CTOPOHY OT HEKOTOPOii IPsIMOii) pABHOMOIIHA IJIOCKOCTH. (DTO BEPHO He3a-
BUCHUMO OT TOr'O, BKJIOYaeM Mbl 'DAHUYHYIO IIPAMYIO B HOJIYIIJIOCKOCTH WJIA
HET.)

Teopema 4. Orpesok [0, 1] paBHOMOIIEH MHOXKECTBY BCEX OECKOHEY-
HBIX ITOCJE€N0BATEJIbHOCTEN HyJIel U eJUHHUILL.

< B camom gene, kaxgoe unciao x € [0,1] 3amuceiBaercs B BH-
e OeckonedHoil jaomvHOU apobu. IlepBeiit 3nak 310t Apodbu pasen 0
mwir 1 B 3aBUCUMOCTH OT TOI'O, HONAJAET JIU YUCJIO & B JIEBYIO HJIH IIPa-
BYIO TIOJIOBUHY OTpe3Ka. UTOObI OMPEIeIUTD CJIeTYIONUI 3HAK, HAJIO BbI-
OpaHHYIO MOJIOBUHY MOJEJUTh CHOBA IOMOJIAM U ITOCMOTPETh, KyIa I10-
najgeT x, U T. 1.

DTO Ke COOTBETCTBHE MOXKHO OIMCATH B JIPYI'YIO CTOPOHY: IOCJIE-
JOBaTEbHOCTUA T0T1T32 ... COOTBETCTBYET UUCJIO, SBJISIOIIEECS CyMMOIA
pana

Zo Z1 T2
2+4+8+...
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(B »TOM HOCTpOEHUU MBI HCIOJIb3YeM HEKOTOpble (baKThl U3 MaTeMa-
TUIECKOTO AHAJIN3a, ITO HE YAUBUTEJIHHO — HAC MHTEPECYIOT CBONCTBA
JIefiCTBUTEIbHBIX TUCEIL. )

OmnncagHoe COOTBETCTBHE IIOKA YTO HE COBCEM B3aMMHO OJHO3HAY-
HO: JIBOMYHO-DAIMOHAJbHbIE uncia (xpobu Buma m/2") umeror asa
upezcrasienus. Hanpumep, gumcio 3/8 MOXKHO 3almcarb Kak B BHJE
0,011000..., tak u B Buge 0,010111... CoorBercTBHE CTAHET B3AMMHO
OJIHO3HAYHBIM, €CJId OTOPOCUTDL JApobu ¢ equnuieil B nepuoge (Kpome
apobu 0,1111. .., koropyio Hajuo ocraBurh). Ho takux apobeil cuéruoe
YHCJI0, II09TOMY Ha MOIIHOCTH 9TO He mnoJusgeT (reopema 3). [>

41. Kakas nsonvnas npobb cooTBeTCTBYET auciay 1/37

B sTom mokazarenbcrBe MOXKHO OBLIO OBI UCIOJIB30BATH OOJiee TIpu-
BBIYHBIE JECATUIHBIE JPOOU BMECTO ABOMIHBIX. [loIydumaochk ObI, 9TO OT-
pe3ok [0, 1] paBHOMOIIIEH MHOXKECTBY BCeX GECKOHEUHBIX [IOCJIeI0BATE b
nocreit udp 0,1,...,9. Yrobsl nepeiiTu OTCIO/Ia K IIOCJIEI0BATETHLHO-
CTSIM HyJIell W eJUHUIl, MOXKHO BOCIIOJIb30BaThCsl IIPUEMOM, OIUCAHHBIM
Ha c. 12.

Terepb BCE TOTOBO JIJTsT TIOKA3ATEILCTBA YINBUTEIHLHOTO (haKTa:

Teopema 5. Ksajpar (co BHYTPEHHOCTBIO) PABHOMOIIEH OTPE3KY.

< Ksagpar pasaomorien muoxkectsy [0, 1] x [0, 1] nap meficrBuresinb-
HBIX 9HCEJI, KaXKJI0e U3 KOTOPbIX JjiexkuT Ha orpeske [0, 1] (meron koopmau-
HaT). MBI yKe 3HAeM (Teopema 4), 9TO BMECTO YHCEJ MOYKHO I'OBOPHUTH
0 IOC/IeJI0BATEIbHOCTX HyJ1ell u eaunuil. OCTajoch 3aMEeTUTh, YTO IIape
HOCJIe/IOBATEIBHOCTEH HyJIeH M eluHUIL (ToX1Z2 ..., YoY1Y2 - ..) MOKHO
ITIOCTABUTDH B COOTBETCTBUE TOCJIEIOBATEILHOCTB-CMECh XoYoL1Y1L2Y2 - - -
7 9ITO 9TO COOTBETCTBUE OYIET B3aNMHO OJHO3HATHBIM. [>

DTOT pe3yabraT ObLT mosydeH B 1877 romgy HEMENKUM MaTeMaTHuKOM leop-
rom KdHTOpOoM u yaIuBMII €ro caMoro, mocKOJIbKY ITPOTUBOPEYNJI NWHTYUTUBHO-
My OILYIIEHUIO «Pa3MepHOCTH» (KBaJpaT JByMepeH, LI03TOMY BpoJie Obl 10J1-
JKEH COEePXKaTh GOJIbINE TOYEK, 9eM OJHOMEDHBINA O0Tpe3oK). Bor uro Kanrop
nucan Jenexknuny (20 nions 1877 roga), o6cy»K1ast BOIPOC O PABHOMOIIHOCTH
TIPOCTPAHCTB PA3HOr'0 YUCIa H3MepeHHfI: «KaK MHE KazKeTCd, Ha 9TOT BOIIPOC
cjielyeT OTBETUTDh YTBEPDAUTE/IIBHO, XOTsA Ha IPOTAXKECHUUN PdAlla JIET 4 IPpUuaep-
2KUBaJICA IIPOTUBOIIOJIOZKHOT'O MHEHUA».

B omsom u3 orBeTHbIX MHceM [leeknna oTMedaeT, 4To pe3yabrar Kanropa
HE JIUIIaeT CMBbICJ/Ia IIOHATHE Pa3MEePHOCTH, IIOCKOJIbBKY MOXKHO pacCMaTpUBaThb
JINIIb HEIIPEPBbIBHBIC B 069 CTOPOHBI COOTBETCTBUA, U TOTJa IIPOCTPaAHCTBa pa3-
HOI PA3MEPHOCTU MOXKHO OyZeT pasjinduTh. DTa TUIIOTE3a 0Ka3aJI0Ch BEPHOIA,
XOTsI He TaKOM HpOCTOfI; IIepBbI€ IIOIIBbITKN eé J0Ka3aTb, B TOM 4YHCJI€ OJHa U3
crarett Kanropa, comepkaan ommbOKU, U TOJIBKO CILYyCTsI TPUIIATH JIET TOJ-
JaHcknit mateMaTuk JI. Bpaysp masn npaBusibHOe 10Ka3aTeabcTBO. Bupodew,
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OTCYTCTBUE HEIPEPBIBHOTO B 00€ CTOPOHBI COOTBETCTBHUS MEXKY OTPE3KOM H
KBa/IPATOM JIOKA3aTh HECJIOKHO; TPYJAHOCTH HAYMHAIOTCA B OOJIBIINX pa3Mep-
HocTsix. (3aMeTHM Tak»Ke, 9TO CYIIeCTBYeT HElPpePBIBHOE OTOOparkeHHe OTPe3-
Ka B KBaJIpaT, KOTOPOE MPOXOIUT Yepe3 JI0yio TouKy KBagparta. OHO HaA3bI-
Baercs «kpusoii IleaHo».)

U3 Teopembl 5 JIETKO MOJIy YU Th MHOT'O JIDYTUX YTBEPXKIEHUH TIPO PaB-
HOMOIIIHOCTh T€OMETPUIECKUX OOBEKTOB: KPYI' PABHOMOIIEH OKPYYKHO-
CTH, TIpsiMasi PABHOMOIIHA TIJIOCKOCTH U T. II.

MozKHO TakzKe 3aMeTUTh, YTO IIPOCTPAHCTBO (TOYKU KOTOPOrO 3a/a-
I0TCsl TPeMsl KoopAuHaTaMu (T, Y, z)) PABHOMOIIHO ILIOCKOCTH (HAJO 3a-
KOIUPOBATH Hapy (T,Yy) OMHUM YUCJIOM), U, CIIeJ0BATEJIBLHO, IpsMoil. To
JKe caMoe MOYKHO MPOJIENIaTh U JJIs IPOCTPAHCTE GOJIbIIeil pa3MepHOCTH.

42. JIokaXuTe, YTO MHOXKECTBO BCEX KOHEYHBIX ITOCJIE/IOBATEILHOCTEH eii-
CTBUTEJIbHBIX YHUCEJI PaBHOMOIITHO R (MHO)KGCTBy BCEX ,Hef/’ICTBI/ITe.HI)H])IX qun-
ceur).

43. JlokaxkuTe, 9TO MHOXKECTBO BCEX OECKOHEYHBIX ITOCJIEI0BATEIHHOCTEH
JEefCTBUTE/ILHBIX YUCE] PABHOMOIIHO R.

OTMeTHM, UTO MBI IIOK& HE YMEEM JIOKA3BIBAThH, YTO MHOYKECTBO JIEii-
CTBUTEJIbHBIX YncCes (MM MHOXKECTBO GECKOHEUHBIX IOCJIEI0BATEIbHO-
creil Hyseil u exuHMN) HECIETHO. DTO OyHeT cuenano B pasuene 1.6.

MOIIHOCTL MHOXKECTBA, JTEACTBUTENBHBIX YHCE HA3BIBAIOT MOULHO-
cmwto kowmunyyma (OT JIATHHCKOIO CJIOBA, O3HAYAIOIIErO «HElPepbIB-
HBIii»; UIMEETCsI B BUJLY, UTO TOYKA HA OTPE3KE MOXKET HEIPEPBIBHO JIBU-
rarbCsl OT OJ[HOI'O KOHIA K JIPYIOMY).

1.5. Teopema KaHTopa— bepHuuTeiiHa

OrpeiesieHne paBHOMOIIHOCTU YTOYHSIET HHTYUTUBHYO U0 O MHO-
JKECTBaX «OJIMHAKOBOT'O pa3Mepay. A Kak pOpPMaJIbHO OIIPEJIEIUT, KOTJa
OJIHO MHOKECTBO «DOJIbIIEs JPYyroro?

ToopsT, 4T0 MHOXKECTBO A no mouwrocmu He 6oavwe MHOXKeCTBa, B,
€CJIM OHO PABHOMOIIHO HEKOTOPOMY IIOJIMHOXKECTBY MHOXKecTBa B (BO3-
MOKHO, caMoMy B).

44. HekTo TpejjioKuil TaKoe OINpeJiesieHre: MHOXKECTBO A mMeeT cTporo
MEHBIIYIO MOIIHOCTb, YeM MHOXKECTBO B, €CjiM OHO PaBHOMOIIHO HEKOTOPOM
JacTH MHOXKecTBa B, He coBnajamorieii co Bcem B. [loduemy 10 omnpemgenenue
Heynauno? (Ykaszanue. [lonyssipHbIe pACCKa3bl O TEOPUU MHOXKECTB 9aCcTO Ha-
YUHAIOTCS C TAKOrO MapajioKkca, Bocxoadmero K Lamiero. Kakux gucesn 60J1b-
e — BCEX HATYPAJIbHBIX YUCEsI WJIM TOYHBIX KBaJpaToB? C OIHOM CTOPOHBI,
TOYHBIE KBAIPATHI COCTABJISIIOT JIMIh HEOOJIBIIYIO YACTh HATYPAJbHBIX IHCET;
C ApYroii CTOPOHBI UX MOXKHO IOCTABUTH BO B3aWMHO OJHO3HAYHOE COOTBET-
CTBUE CO BCEMU HATYPAJIHHBIMY THCJIAMU. )
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OtHorenne «uMeTh He OOJIBIIYI0O MOIIHOCTL» 00JaIaeT MHOTUMUI
€CTeCTBCHHBIMU CBOHMCTBAMU:

e Ecin A u B pasHOMOIIHBI, TO A nMeeT He GOJIBIILYIO MOIIHOCTS,
geM B. (OveBumHO.)

e Eciu A umeer He GOJIBIIYIO MOIIHOCTH, YyeM B, a B umeer He
6O0JIBIIYI0 MOITHOCTE, YeM C', To A uMeer He GOJBIIYIO MOIIHOCTD,
geM C. (Toxe Hecnoxkuo. IlycTh A HAXOAUTCS BO B3AMMHO OJHO-
3HAYHOM coOTBercTBHM ¢ B’ C B, a B HaxomuTcs BO B3aMMHO
omro3HadHOM cootBercTBuu ¢ O C C. Torma npu BTOPOM COOTBET-
creun B’ coorsercTByer HekoTropoMmy MuoxkectBy C C C' C C,
KakK [OKa3aHo Ha puc. 1, u moromy A pasromomntao C”.)

Puc. 1. Tpan3utuBHOCTDL CpaBHEHHUS MOIIHOCTEH

e Eciiu A mmeer He GOJIBIIYIO MOIIHOCTH, YeM B, a B umeer He
GOJIBIIYI0 MOIIHOCTD, YeM A, TO OHM paBHOMOIIHBL. (DTO BOBCe He
OYEeBUJIHOE YTBEPXKIEHUE COCTABJISIET COfep:KaHune TeopeMbl Kan-
Topa— BepHiTeilina, KOTOPYIO MbI ceffdac JoKazKeM. )

o JTng 066X 1ByX MHO)KECTB A 1 B BepHO (X0Tst 6bl) OIHO U3 IBYX:
Jmbo A mmeeT He GOJIBIINYIO MOIIHOCTB, YeM B, jmbo B umMeer He
6OJIBILY IO MOITHOCTD, YeM A. ([JokazarebeTBo 3Toro hakra Tpedy-
€T TaK HA3BIBAEMOI «TPAHCHUHUTHON MHIYKIMI ; CM. pa3aen 2.6,
Teopema 25.)

Teopema 6 (Kantopa—bBepHuwreiina). Ecau muoxkecrBo A paBHOMOIII-
HO HEKOTOPOMY TTOAMHOXKECTBY MHOKeCTBa B, a B paBHOMOIITHO HEKOTO-
POMY IIOJIMHOXKECTBY MHOXKeCTBa A, TO MHO>KeCcTBa A n B paBHOMOIIHBI.
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Puc. 2.

< Iycrs A paBHOMOIITHO TOAMHOXKeCTBY By MHOXKecTBa B, a B pas-
HOMOIIHO mojMuOKecTBY A MHOkecTBa A (cM. puc. 2). Ilpu B3aum-
HO OJHO3HAYHOM COOTBETCTBHMU Mexkiy B u A nogmuoxkecrtso By C B
[IEPEXOJUT B HEKOTOpoe mojMHO)KecTBO A C Ap. Ilpm stom Bce Tpum
MHOXKecTBa A, By u Ay paBHOMOIIHBI, — U HYKHO JIOKa3aTh, 9TO OHU
PaBHOMOIITHBI MHOXKECTBY B, wjm, 94To TO )Ke camoe, Aj.

Temepb MBI MOKEM 3a0BITH PO MHOYKECTBO B W €ro IMOIMHOXKECTBa
7 JIOKa3bIBATH TaKOi (PaKT:

ecum Ay C A1 C Ag m Ay paBHOMOIIHO Ay, TO BCe TpU MHOXKECTBA
PaBHOMOUIHEL.

(dns enmrOOOpasnst Mbl mumieM Ay Bmecto A.)

ITycts f — dyHKI@A, OCYIIECTBIAIONAS B3aMMHO OJHO3HAYHOE CO-
oreercrBue Ag — Ag (s1ement x € Ajy coorBercTByer v71eMenty f(x) €
€ As). Korma Ag nepexomut B Ag, MeHbIiee MHOXKECTBO A nepexomut B
Kakoe-To MHOXKecTBO Ag C Ay (cM. puc. 3). AHAJOIHYIHBIM 00pa30M ca-
MO A mepexoauT B HeKOTOpoe MHOXKecTBO Ay C As. Ilpu sTom A4 C As,
Tak Kak Ay C Aj.

ITpomo/zKast 3Ty KOHCTPYKIIUIO, MBI IIOJIy4aeM yOBIBAIONLYIO TOCIEI0-
BaTEIHLHOCTH MHOYKECTB

Ay DAL DA DA3 DAL D ...

U B3aMMHO OJIHO3HAYHOEe coorBercTBUe f: Ay — Ao, pu KoTopoM A;
coorBercTByeT A; 1o (MHOIA 910 3anmuchBatoT Tak: f(A4;) = A;12). Pop-
MaJIbHO MOYKHO OIHUCATh Ao, KaK MHOXKECTBO TE€X IJIEMEHTOB, KOTOPBIE
MOJIYYAIOTCST U3 KAKOTO-TO 3JIeMEHTa MHOXKecTBa Ay 1mocse n-KpaTHoro
npumenenus Gyarnun f. AnasornaabiM 06pa3om Asg,, 11 COCTOUT U3 TEX
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Puc. 3.

U TOJIBKO T€X 3JIEMEHTOB, KOTOPbIE TOJIyJaloTCa U3 KAKOTO-TO 3JIEMEHTa,
MHOKeCTBa Aj 1Ocje N-KpaTHOro IpUMeHeHus pyHKIun f.

3ameTnm, 4TO MepecedeHne BCeX MHOMXKECTB A; BIIOJIHE MOYXKET ObITh
HEIYCTO: OHO COCTOUT U3 TEX IJIEMEHTOB, Y KOTOPBIX MOXKHO CKOJBKO
yrojaHo pa3 opars f-upoobpas. Termepb MOXKHO CKa3aThb Tak: MHOMKECT-
B0 Ay MBI pasbusim Ha Henepecekaromuecs ciaou C; = A; \ A;y1 u HA
cepauesnny C' = (), A;.

Cuon Cy, Cy, C4, ... paBaoMoInbl (byHKIMs [ OCYIIECTBIIAET B3a-
UMHO omHo3HauHOe cooTBercTBrHe MexXay Co m Cy, mexay Co m Cy
u T

Lo Loy L

To ke camoe MOXKHO CKa3aTb IIPO CJiou C HEYETHBIMU HOMEepaMu:

o Loy Lo L

Mo2KHO emié OTMeTHUTD (UTO0, BIPOUeM, He TIOHAI00UTCsI ), 9T0 (DYHKIWS f
Ha MHOXKecTBe C' OCYIIECTBIISIET €0 NEPECTAHOBKY (B3aMMHO OJHO3HAY-
HOE COOTBETCTBHE C CAMHUM CO0OIA).

Teneps JIETKO MOHATH, KAK MOCTPOUTH B3ANMHO OJHO3HATHOE COOT-
BercrBue g Mexiy Ag u A;. Ilyers & € Ag. Torma coorBercTByfommumit
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emy aviement g(z) crpourcs Tak: g(x) = f(x) upu x € Coi u g(x) = x
upu z € Copy1 win x € C (eM. puc. 4). >

Ao = Co + Cl + 02 + 03 + 04 + -+ C
A = Ci + Cy + C3 + Cy + -+ + C
Puc. 4.

Vcropus sroit Teopemsl (HaspiBaeMoit Takke Teopemoii IlIpénepa—Bepn-
mrefina) TakoBa. Kanrop dbopmysupyer eé 6e3 pokasaresbcra B 1883 rouy,
obemas: «K sromy s emé BepHyCh B OfHOI OoJiee mO3mHEH paboTe W TOTIA
BBISIBJIIO CBOeOOpa3HbBI MHTEpeC 3TOH obieit TeopeMbl». OmHaKo sTOrOo 0be-
I[aHUsI OH He BBIMOJIHWI, U MEPBbIe JOoKa3aTebCcTBa ObLTH manbl [IIpéaepom
(1896) u Bepumreiinom (1897). Kak Bunno u3 pabor u nucem Kanropa, on
IpeJoara J0Ka3blBaTh 9Ty TEOPEMY OJHOBPEMEHHO C BO3MOKHOCTBIO CPaB-
HUTH JIIOOble JiBa MHOXKecTBa (CM. paszen 2.6, reopeMa 25); GBITH MOXKET, OH
nMeJT B BUILy PacCyzKJeHne, HaMedenHoe HaMu B 3a1aqe 117. (Paborsr Kanro-
pa 110 TEOPUU MHOYKECTB W €ro IHMChbMa II€PEBeIeHbl Ha PYCCKHi sI3bIK [1]; Bce
IUTATHI JAIOTCS 10 ITOMY U3JIAHUIO. )

Teopema Kanrtopa—Beprinreitna 3HaYATENFHO yIIPOIIAET IOKA3a-
TEJbCTBA PABHOMONIIHOCTHU: HAIIPUMEP, €CJIM MBI XOTHUM JOKa3aTb, 4YTO
OyOJIMK U IIap B MPOCTPAHCTBE PABHOMOIIHDI, TO JIOCTATOYHO 3aMETUTD,
gT0 M3 OyOJMKa MOXKHO BBIPE3ATh MAJIEHbKHUH Imap (rOMOTEeTHYHBIH
GOJILIIOMY ), & U3 IIapa — MaJleHbKuil OyOJIuK.

45. [locmoTpuTe Ha TPUBEAEHHBIE BBINIE 33/1a49M, IIe TPEOOBAIOCH TOKa-
3aTh PABHOMOIIHOCTb, U yO€IUTeCh, YTO BO MHOT'HX M3 HUX IIPUMEHEHUE TeO-
pembl KanTopa — Bepainreitna cuibHO yIpPOIAET JeJI0.

46. /TokaxkuTe, 9TO BCE TEOMETPUIECKUE (DUTYDPHI, COMEPIKAIINE XOTS OBbI
KYyCOY€eK IIPAMOI MJIM KPUBOIi, PABHOMOIIIHBI.

47. JlokaxXuTe, YTO €Cjid KBaJApaT pa3dbUT Ha JIBA MHOXKECTBA, TO XOTsI ObI
OJIHO U3 HUX PAaBHOMOIIHO KBajapary. (Ykasanue. Eciau ogna u3 gacreii comep-
2KHUT OTPE30K, TO MOXKHO BOCIIOJIb30BaThCA Teopemoit Kanropa — Beprmmreiina.
Ecnu xe, ckazkeMm, nlepBasi 9aCTh HE COIEPXKHUT OTPE3KOB, TO B KaXKJIOM I'OPH-
30HTAJIBLHOM CEUYEHUHU KBaJpaTa €CTb TOYKA BTOPOIH YaCTH, U C IIOMOIIBIO aK-
CHOMBI BBIOOPA BO BTOPOH YACTH MOXKHO HAWTHU IMOAMHOXKECTBO, PABHOMOIITHOE
OTPE3KY — IIOCJIE Yero CHOBA MOXKHO COCJIAThCs Ha TeopeMmy Kanrtopa—Bepn-
mrreitsa. )

48. JlokaxxuTe, 9TO €CJU OTPE30K Pa3OUT Ha JBe YaCTH, TO XOTs ObI OJIHA
U3 HAX PABHOMOIIHA OTPE3KY.
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To ke camoe moKa3aTeabCTBO TeopeMbl KanTopa — Bepamreitna Mox-
HO U3JIOXKUTDH GoJiee abCTpakTHO (M M30ABUTHCs OT yIIOMUHAHUS HATY-
pasbHbIX unces). Hanomunm, uro f: A — Ay ecTb B3aUMHO OJHO3HAY-
HOE COOTBETCTBHE MEXKJy MHOXKeCTBOM A U ero mojMHOKecTBoM Ao, a
Ay — HEKOTOpPOe IPOMEeKyTOUHOE MHOKecTBO. Hazosém MuOXKecTBO X C
C A «xopormmy, ecjim OHO cojepKuT A \ A; ¥ 3aMKHYTO OTHOCHTE]Ib-
oo f, T.e.

X5 (A\ A)) + F(X)

(MBI UCIIOJIB3YyeM 3HAK + it 00bEIMHEHUsI, [IOCKOJIbKY O0beIUHIEMbIe
MHOXKECTBa, 3aBEJJOMO He Ilepecekarorcs). JIerko npoBepuTh, 4ro mnepece-
qeHue JI000ro ceMeiicTBa XOPOIINX MHOYKECTB XOPOIIee, MOITOMY eCJIn
MBI IIepecedéM BCe XOPOIIHEe MHOXKECTBA, TO MTOJIYIUM MUHHMAJIBLHOE IO
BKJIIOUEHHIO Xopolee MHOKecTBO. Hazosém ero M. Jlerko mpoBeputs,
qro MHOKECTBO (A \ A1) + f(M) Gyaer XOpOIuM, OITOMY B CHILY MU-
HAMAJIBHOCTH M BKJIIOUEHUE B OIPEJIEJICHUH XOPOIIEro MHOYKECTBa TIpe-
BpAIAETCSI B PABEHCTBO:

M = (A\ Ay) + f(M).

Teneps Bcé TOTOBO JIy1sT TIOCTpOeHUs buekimu g: A — A;. Dra Gueknust
coBuauaer ¢ f BHyTpu M u ToXKaecrBeHHa BHE M.

49. IIpoBenure 9TO paccyKeHue IoIpOGHO.

DT0 paccyxKjieHue yJI00HO MpU IMOCTPOEHUN AKCHUOMATHIECKONH Teo-
PHU MHOYKECTB, TaK KaK B HEM HE HYYKHBI HATYpPAJIbHbIE YA (KOTOPbIE
CTPOSATCS JaJIeKo He cpa3y). Ho 1o cymecrBy 910 TO 2Ke caMoe paccyk-
nenne, ockoabky M ects Co UCy U ...

50. IIycTs f — B3aMMHO OJIHO3HAYHOE COOTBETCTBHE MEXKIY A M HEKOTO-
PBbIM TOJIMHOXKECTBOM MHOXKECTBa B, a ¢ — B3aUMHO OJHO3HAYHOE COOTBECT-
BUE MeX]ly B M HEKOTOPBIM HOJMHOXkeCTBOM MHOxkecTBa A. Jlokaxkure, 910
MOYKHO TaK pas3buTh MHOXKecTBo A Ha Hemepecekaromecss gactu A u A", a
MHOXecTBo B — ma memnepecexatromuecss gactu B’ u B”| uto f ocymectsis-
eT B3aMMHO OJHO3HauHOe coorsercTBHe Mexay A’ u B', a g — mexay A u
B". (YkazaHne: IMEHHO 3TO MbI (DaKTHIECKH yCTAHOBUJIIN IIPU JIOKA3ATEIbCTBE
reopembl Kanropa— Bepumreiina. )

51. Jlokakure, 4TO KBaJpaT MOXKHO pa3OMTLb Ha JBe 9aCTH TakK, 4TO W3
NOMOOGHBIX UM HYaCTell MOXKHO CJIOXKHUTH Kpyr. POpMasbHO: KBAJpaT MOXKHO
pazbuTh Ha ape qactu A’ u A", a kpyr — na gpe wactu B’ u B”, ny1a xoTopbix
A’ omo6uo B’, a A” nonobuo B”. (Ykazanue: Bocnosb3yiiTech IpebLLyIeit
3a/1a4eii. )

Temnepn, nmes B Bumy Teopemy Kanrtopa— Beprrmreiina, BepHéMcs K
BOIIPOCY O cpaBHeHuu MoinHocreil. g manabix maoxKectB A u B Teo-
PETUYIECKN UMEIOTCS IeThIpe BOZMOXKHOCTH:
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e A paBHOMOIIHO HEKOTOPOIl YacTu B, a B paBHOMOIIHO HEKOTOPOIi
gactu A. (B sTOM ciiydae, Kak Mbl 3HAE€M, MHOYKECTBA PABHOMOIII-
HBL.)

e A paBHOMOIIHO HEKOTOPO# dacTu B, HO B He PaBHOMOIIHO HUKa-
koit yactu A. B srom ciiydae roopsT, uro A umeem menvuLyro
MOWHOCMD, wem B.

e B paBHOMOIIIHO HEKOTOPOIi YacTu A, HO A He PABHOMOIIHO HUKa-
koit wactu B. B 3Tom cityuae rosopsit, uro A umeem 6osvuiyro
MOWHOCMD, wem B.

e Hu A me paBHOMONIHO HUKakoil dacTu B, HuU B He pPaBHOMOIIHO
HUKaKoi JacTu A. DTOT ciydail Ha cCaAMOM Jiejie HEBO3MOXKEH, HO
MBI 9TOTO [OKa He 3HaeM (cM. paszen 2.6).

52. JlokaxKuTte, YTO CYETHOE MHOXKECTBO MMEET MEHBIIYIO MOIIHOCTDb, YeM
11060€e HEeCIETHOE.

53. IIpoBepbTe aKKypaTHO, 9TO €CJii A UMEeeT MEHBIIIYIO MOITHOCTD, YeM B,
a B umeer MeHbIIYI0 MOIIHOCTb, ¥eM C'; To A MMeeT MEHBIIYIO MOIIHOCTD,
4yeMm C (TPaH3UTHBHOCTH CPABHEHUS] MOIIHOCTE]H).

3aMeTuM, 9TO MbI y2Ke JIOJITO TOBOPUM O CPABHEHUHU MOIIHOCTEMH, HO
BOB/IEPKUBAEMCST OT YIIOMUHAHUS «MOITHOCTU MHOXKECTBa» KaK CAaMOCTO-
SITEJIBHOIO O0'bEKTA, & TOJIBKO CPABHIBAEM MOIIHOCTU PA3HBIX MHOXKECTB.
B npunnune MoxkHO 66110 ObI OIPEIETUTH MOITHOCTH MHOXKECTBa A Kak
KJIACC BCEX MHOXKECTB, paBHOMOIIHBIX A. Takue KJ1acchl Jijisi MHOXKECTB
A u B coBIaJaoT B TOM M TOJIBKO TOM CJIydae, Korja A u B paBHOMOIII-
HBI, TAK UTO CJIOBA «UMEIOT PABHYIO MOIIHOCTL» TPHobpen Obl 6YKBAJIh-
HbI#i cMbicst. IIpoGiema TYT B TOM, UTO TAKAX MHOXKECTB (PABHOMOIIHBIX
MHOXKECTBY A) CIMIKOM MHOTO, IIOCKOJIbKY BCE HA CBETE MOXKET ObITH UX
ssreMenTamMu. X HACKOJIBKO MHOTO, 9YTO 00pAa30BATh M3 HUX MHOXKECTBO
3aTPYAHUTEIBHO, 9TO MOXKET IPUBECTU K mnapajokcaMm (cM. pasdzgen 1.6,
c. 29).

W3 sroit curyarum ecTbh HECKOJIBKO BBIXOI0B. CaMplif POCTONR —
MIO-TIPEKHEMY TOBOPUTH TOJBKO O CDABHEHUN MOIITHOCTEH, HO HE O CAMUX
MoIHOCTSX. MOKHO Takke BBECTH IOHSTHE <KJIACCA» — TAKON 0OJIb-
IIOM COBOKYITHOCTU OOBEKTOB, UTO €€ YK€ HeJb3s CIUTATh IJTEeMEHTOM
JPYIUX COBOKYIIHOCTEH (<«€C/IU BbI IIOHUMAETE, O YEM g TYT TOJKYIO» —
nobasuia 661 CoBa u3 KuuKku 0 Bunnu-ITyxe), u caurarh MOITHOCTHIO
MHOXKeCTBa A KJIaCC BCEX MHOXKECTB, paBHOMOIMHBIX A. Emé ogun Bbi-
XOJ, — JJIA KazkKJI0ro A BbIOpaTh HEKOTOPOE «CTaHIAPTHOE» MHOXKECTBO,
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paBHOMOIIHOE A, ¥ Ha3BaTh €ro MOIIHOCTHIO MHOXKecTBa A. OObIYHO B
KadeCcTBe CTAHIAPTHOTO MHOXKECTBA O€PyT MUHUMAJILHBINA OPIUHAJ, PAB-
HOMOIIHBI A, — HO 3TO0 HOCTpOeHMe yzke Tpedyer Hojiee (POpMaILHOIO
(aKCHOMATHYECKOr0) TIOCTPOEHUST TEOPUH MHOYXKECTB.

Kanrop rosopu o mormHocTsax Tak (1895): « Mowrocmuvio unn kapounans-
HBM HUCAOM MHOXKecTBa M MBI Ha3blBaeM TO 00Iee MOHATHE, KOTOPOE II0-
JIy9aeTCs TPU TOMOIIN HAIel aKTUBHON MBICJIUTEIBLHON criocobrocTn u3 M,
KOTJIa MbI a0CTparupyeMcs OT Ka4eCTBA €r0 PA3JIMIHBIX JIEMEHTOB M U OT II0-
psika ux 3aaHust. (... ) Tak Kak U3 Kaxk/[0ro OTAeIbHOIO SJIEMEHTA 1M, KOIJIa
MBI OTBJIEKAEMCSI OT KadIeCTBa, MTOIYyIAeTCs HeKasl ,,eJUHUNA’, TO CaMO KapIu-
HaJIbHOE YHCJIO OKA3bIBAETCS MHOXKECTBOM, 0OPAa30BAHHBIM HCKJIIOYUTEHHO U3
€JIMHUI], KOTOPO€E CYIIECTBYET KaK MHTEJUIEKTYAJIbHBIA 00pa3 MM KaK IIPOEK-
M 33IaHHOTO MHOXKeCTBa M B HAIl pa3yM».

Tak niam uHave, Mbl OyjieM ynorpebssiT o6o3HaueHue |A| st Mo
HOCTH MHOXKecTBa A Xorsi 6bI Kak BOJILHOCTB peun: |A| = |B| o3navaer,
gro MuoxkecrBa A u B pasaomomntusl; |A| < |B| o3nagaer, uro A paBHO-
MOIITHO HEKOTOPOMY IHOJIMHOXKECTBY MHOXKecTBa B, a |A| < |B| o3navaer,
910 A MMeeT MEHBIYIO MOIIHOCTD, YeM B (cM. ¢. 24).

1.6. Teopema KanTtopa

Kraccuyecknit mpumep HEPABHOMOIHBIX OECKOHEUHBIX MHOXKECTB
(o cux moOp TaKoro npumepa y Hac He ObLIO!) HaéT «IMaroHaJIbHAs
KOHCTpyKIns KanTopas.

Teopema 7 (KanTtopa). MHOXKeCTBO GECKOHEUHBIX TIOCIIEIO0BATENBHO-
cTeil Hyseil 1 eJIMHUIL HECYETHO.

< Ilpemmosoxum, aro ono cuérHo. Torga Bce mOCIEI0BATEIBHOCTH
HyJIelf ¥ eIUHUI] MOXKHO IIePEHYMEPOBATh: Q, 1, ... CocTtaBuMm Oecko-
HEYHYIO BHU3 TaOJIUILy, CTPOKAMH KOTOPOIi Oy/LyT HAIIN OCIEI0BATE b
HOCTH:

Qo = Qpp CQp1 Qp2
Qp = 19 Q11 Q12
Qo = Qo9 Q21 Q22

(1epes a;; Mbl 0G03HaUaeM j-if djeH i-if mocienoBaresnsHocTH). Temepnb
PACCMOTPUM TOCJIEI0OBATEIBHOCT, 0OPA30BAHHYIO CTOSIIIUMHI HA, JINATO0-
HAJIA WIEHAMU Qq0, (11, (22, -..; €€ i-f WIEH eCTb (y; W COBIAJAET C
1-M 9JICHOM i-# IIOCJIe0BATETbHOCTA. 3aMEHUB BCE UJICHBI HA ITPOTUBO-
[TOJIOYKHBIE, MBI [OJIyIUM [TOCIEI0BATEILHOCTD 3, ¥ KOTOPOI

Bi =1— au,
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TaK 9TO IOCJIEIOBATEIFHOCTh (3 OTJIMYaeTcs OT Jiro0OOoil M3 IOCjenoBa-
TeJbHOCTEH v (B MO3UIUM §) U IIOTOMY OTCyTCTBYyeT B Tabjwmie. DTo
[IPOTUBOPEYUT HAIIEMY IIPEIIOJIOKEHUIO O TOM, YTO TaOJIUIA BKIIOYAET
B cebsl BCe II0CJIEIOBATEIBHOCTH. [>

3 »T0i1 TEOPEMBI CJIeIyeT, YTO MHOXKECTBO R 1efICTBUTEILHBIX TUCET
(koTOpOE, KaK MBI BHJIE/IN, PABHOMOIIHO MHOXKECTBY IOCJIEI0BATEIHHO-
cTell HyJiell U eJMHUIL) HeCUETHO. B 4acTHOCTH, OHO He MOXKeT COBIIAJIATD
CO CYETHBIM MHOYKECTBOM aJIredpanvecKux Uuces U IOTOMY CYIIEeCTBY-
eT JeficTBUTEeNIbHOE YUCIIO, He sIBJIONIeecs ajarebpandeckuM (He siBJIsd-
foreecss KOpHEM HUKAKOI'O HEHYJIEBOI'O MHOT'OYJIEHA C IEJIOYUCIEHHBIMUI
koaddunuentamu). Takue duciia HA3BIBAIOT MPAHCUEHOCHIMHBIMU.

K momenty cozmanms KanTopom Teopum MHOXKECTB yiKe OBLIO M3BECTHO,
9TO TaKWe YHMCJa CyHEeCTBYIOT. 1lepBblii mpuMep Takoro 4mcJia HOCTPOUI B
1844 rony dpanmysckuii maremaruk 2K. JInysuwaas. OH mokasas, 94TO YUCIIO,
XOPOITIO TPHUOIMKAEMOE PAIMOHATHLHBIME, HE MOXKET OBITH AJIredpamdecKuM
(taxoso, manpumep, uncio 3 (1/10™)). Jokasarenbcrso TeopeMbl JImyBuI-
JIsl He OYEHb CJIOKHO, HO BCE-TaKM TpeOdyeT HEKOTOPBIX OIEHOK IOrPEITHOCTH
npubIMzKeHnsT; HA ero (POHe TOKa3aTeIbCTBO KaHTOopa, OmyOJMKOBAHHOE WM
B 1874 rojy, BBITJISIUT YUCTOM BObI (DOKyCOM. DTa IIyOuKalus Obliia IepBoi
paboToil 10 TEOpUM MHOXKECTB; B €€ MEpPBOM maparpade JT0Ka3bIBAETCSA CUET-
HOCTh MHOXKECTBA AJreOpanvecKuX 4Uuces, & BO BTOPOM — HECUYETHOCTH MHO-
KecTBa AeficrBuresbHbIX unces. (Ob6iee onpezenenne paBHOMOIHOCTH Obl-
Jio mano KaHTopoM Jinib depe3 Tpu rojia, OJHOBPEMEHHO C J0Ka3aTeTbCTBOM
PaBHOMOIITHOCTH ITPOCTPAHCTB PA3HOTO YNCJIA U3MEPEHUIA, 0 KOTOPOM MBI yKe
TOBOPHIIN. )

OrMeruM KcTaTu, 9TO B TOM ke 1874 romy dbpaHIy3cKuii MaTreMaTuK
[I. 9pmuT q0Ka3asI, ITO OCHOBAHNE HATYPAJIbHBIX Jorapudmos e = 2,71828 . ..
TPAHCIIEH/IEHTHO, & Yepe3 BoCeMb JieT Hemenkuii maremaTuk @. Jlunneman 110-
KazaJl TPaHCIEHIEHTHOCTD uucyaa ™ = 3,1415... u TeM caMbIM HEBO3MOXKHOCTb
KBaJ[paTypbl Kpyra.

B meckobKHX CIIeIyIOmMuX 3a1a9ax MbI IIPEJIIOIaraeM H3BECTHBIMU
HEKOTOpbIe HaYaJIbHbIE CBEJICHUS U3 KypCca MaTeMaTUdYeCKOr0 aHAJIM3A.

54. ITokaxkuTe, 9TO IJIsA BCAKOTO HecuéTHOro mHoxkectBa A C R moxkHO
yKa3aTh TOUYKY @, JIF0Oasi OKPECTHOCTb KOTOPO# TiepecekaeTcst ¢ A 1o Hecuér-
HOMY MHOXKECTBY. (YTBEPXKJIEHHE OCTAETCS BEPHBIM, €CJIM CJIOBA «HECIETHOE
MHOKECTBO» 3aMEHUTDb HA «MHOXKECTBO MOIIHOCTH KOHTHUHYYMAas.)

55. Ilokaxkure, uro sroboe Hemycroe 3aMKHyTOe MHOXKecTBO A C R 6Ges
M30JIMPOBAHHBIX TOYEK UMEET MOITHOCTH KOHTHHYYMA.

56. ITokaxxkure, yTo J060e 3aMKHyTOE MHOXKecTBO A C R yimbo KoHEUHO,
aubo cIéTHO, MO0 UMeeT MOIHOCTh KOHTHHyyMa. (Ykasanue. Paccmorpum
MHOKECTBO B C A, cocrosiee u3 Tex Touek MHOXKecTBa A, B 1060 OKpecT-
HOCTH KOTOPBIX HECYETHO MHOro Apyrux rodek uz A. Ecim B uycro, to A
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KOHEYHO MJIN CYETHO. ECJII/I B HEIIyCTO, TO OHO 3aMKHYTO U HE€ UMeeT U30JIN-
POBaHHBIX TO“IGK.)

OTa 3a/1a9a MOKA3BIBAET, YTO JIJIsT 3aMKHYTHIX [TOJIMHOYKECTBO MPSAMOit
BepHA THIIOTE3a KOHTHHYYMA, YTBEPKIAIONIAsI, 9TO JII0DOE MMOIMHOMKEe-
CTBO IPAMOIl Jinb0 KOHEYHO, b0 cuéTHO, 6o pasHomoinHo R. (Kan-
TOP, JIOKA3aBHIUH 9TOT (haKT, PACCMATPHUBAJ €0 KaK MEPBBIil IIar K J10-
Ka3aTeJbCTBY THUIOTE3bl KOHTHHYYMA JJIs ODIIEero cjydasi, HO U3 3TOr0
HUYero He BBIILIO. )

57. I3 miocKoCcTu BBIOPOCUIIM IIPOU3BOJILHOE CUETHOE MHOXKECTBO TOYEK.
Jlokaxkure, 9TO OCTABINAsICI YACTh IJIOCKOCTH JIMHEHHO CBsA3HA U, H0JIee TOro,
JII0OBIEe ABe HeBbIﬁpOIHeHHbIe TOYKHN MO>KHO CO€CIUHUTDH ,HByX3BeHHOﬁ .HOM&HOI'./‘I7
He 3aJ1eBaIOIIeil BHIOPOIIEHHBIX TOYEK.

Bepnémca x quaronanbHoit KOHCTPYKIH. Mbl 3HaeM, YTO MHOXKECT-
BO IIOCJIE/IOBATEIBLHOCTEN HysIel U eIMHUI] PABHOMOIIIHO MHOXKECTBY I10JI-
MHOXKECTB HATYPAJILHOrO psijia (KaXKJIOMYy II0JIMHOKECTBY COOTBETCTBYET
€ro «XapaKTEPUCTUIECKAs TTOCJIEI0OBATEILHOCTDY, ¥ KOTOPO €MHUIIBI
CTOAT HA MECTax M3 9TOro HOoAMHOXKecTBa). [loaromy MoxkHO nepedop-
MyJIHPOBAThH 3Ty TEOPEMY TaK:

|| MuoxecrBo N HEe paBHOMOIIHO MHOXKECTBY CBOHX ITOJIMHOYKECTB.

JlokazaTeabCTBO TAKKE MOXKHO IIIAT 3, ArOM [IEePEBECTH HA TAKON A3BIK:
IIyCTh OHU PABHOMOIIHDI; TOIJIA €CTh B3aUMHO OJIHO3HAYHOE COOTBET-
cTBUE § — A; MEXK Ty HATYPAJIBHBIMUA YUCJIAMU U [TOIMHOYKECTBAMUI HATY-
paspHOrO psma. JlmaronaabHas MOCIEIOBATEILHOCTh B 9TUX TEPMUHAX
npejicraBisier coboit MHOXKECTBO TeX 4, JIJIsT KOTOPbIX i € A;, a mocye-
JIOBATEJILHOCTH 3, OTCYTCTBOBABINAS B [I€PEUNCICHUN, TeIepb OyJIeT ero
pononuenueM (B = {i|i ¢ A;}).

IIpu sTOM OKa3BIBAETCS HECYIIECTBEHHBIM, YTO MBI UMEEM JIEJIO C Ha-
TYPAJIbHBIM PSIZIOM, ¥ MBI IIPUXOJIUM K TAKOMY YTBEDIKJICHUIO:

Teopema 8 (obwast chopmynupoeka Teopembl KanTtopa). Hukakoe MHO-
2KecTBO X He PaBHOMOIITHO MHOXKECTBY BCEX CBOUX IIOJIMHOXKECTB.

< Ilycrs ¢ — B3amMHO OJHO3HAYHOE COOTBETCTBHE MeXK1y X M MHO-
kecrBoM P(X) Bcex nommuoxkecTB MHOXKecTBa X . Pacemorpum e ai1e-
MeHTbI T € X, KOTOpble He MPUHAJIEKAT COOTBETCTBYIONEMY WM TIO/I-
MHO)kecTBY. Ilycth Z — 0bpazoBaHHOE UMU MHOXKECTBO:

Z={reX|a¢p)

JlokazkeM, 9TO MOJMHOKECTBO Z HE COOTBETCTBYET HUKAKOMY SJIEMEHTY
muoxkecTBa X . IlycTb 910 He Tak u Z = (z) mJist HEKOTOPOIO IJIEMEH-
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Ta z € X. Torna
2€Ze2¢9(z2)e2¢ 7

(mepBoe — MO TOCTPOEHUIO MHOXKECTBA, Z, BTOPOE — I10 IIPEIIOJIOKEHIIO
p(z) = Z). HomnyueHnoe npoTUBOpEYME IIOKA3BIBAET, YTO Z JjeficTBU-
TEJIbHO HIYEeMY HE COOTBETCTBYET, TAK UTO (¢ He B3AUMHO OJHO3HATHO. >

C apyroit, cTOpoHbI, JI000E MHOXKECTBO X PABHOMOIIHO HEKOTOPOH
qactn mHOXkectBa P(X). B camom merne, kaxmomy snementy x € X
MOKHO IIOCTABUTH B COOTBETCTBHE OJIHOYJIEMEHTHOE TIOJMHOKECTBO {2 }.
ITosTomy, BciomuHast onpejiesienre CpaBHEHUs] MHOXKECTB 110 MOIHOCTH
(c. 24), MOXKHO CKa3aTh, YTO MOIIHOCTH MHOXKECTBa X BCErJa MEHBIIE
MornocTr MHOXKecTBa P (X)

58. Jlokakure, uro n < 2" st Bcex HarypasbHbix n = 0,1,2, ...

B o6meit popmyanposke Teopema 8 nosiBiisiercs B pabore Kanropa 1890/91

roga. Bmecro mopmuoxkects KanTop roBopur o (GyHKIHMAX, TPUHUMAIOIITX
suavenns 0 u 1.

Ha camowm fesre MbI yKe NPUOJM3UINCH K OIMACHON T'DaHUIlE, KOTIA
HAIJISIHBIE [IPEJICTABJICHUSI O MHOXKECTBAX HPUBOJAT K IIPOTUBOPEIUIO.
B camomMm jesie, paccMOTpUM MHOXKECTBO BCeX MHOXKecTB U, 3jieMeHTaMu
KOTOPOTO SIBJISIFOTCSI BCe MHOXKeCTBa. Loria, B 4aCTHOCTH, BCE IIOJIMHO-
kectBa MHOXKecTBa U GyayT ero anementamu, u P(U) C U, uro HeBos-
MOKHO 10 Teopeme Kamropa.

DT0 paccykjeHne MOXKHO Pa3BEPHYTh, BCIIOMHUB JIOKA3ATEIHLCTBO
TeopeMbl KaHTOpa — I[OJIyduTCs TaK HasblBaeMbIil mapajiokc Paccea.
Bor kak ero o6bIYHO U3JIATAOT.

Tunuynble MHOYXKECTBA He SIBJISIFOTCsT cBOMMU 3jieMenTamu. CkakeM,
MHOYKECTBO HATYPAJILHBIX YrceT N caMo He sIBJISIeTCsl HATYPaJIbHBIM IUC-
JIOM U TIOTOMY He OyjieT ¢cBouM 3jieMeHTOM. OIHAKO B IPUHIUIE MOYKHO
cebe MpeJICTaBUTh U MHOYKECTBO, KOTOPOE SIBJISIETCSI CBOMM 3JIEMEHTOM
(HampuMep, MHOXKECTBO BCEX MHOXKeCTB). Ha3oBéM Takme MHOXKeCTBa
«HEOOBIYHBIMHU». PAacCMOTPUM Telepb MHOXKECTBO BCEX OOBIYHBIX MHO-
kecTB. Byzer s ono obobraabiM? Eciin 0HO 0OBIUHOE, TO OHO SIBJISIETCST
CBOHWM 3JIEMEHTOM U IIOTOMY HeOOBbIYHOe, u Haobopor. Kak ke Ttak?

MomudurmpoBaHHas BEPCUsT STOTO MMapaoKca TaKoBa: OyaeM Ha3bl-
BaTh MMPUJIATATEIHLHOE CAMOIIPUMEHIMBIM, €CJIH OHO 00JIa1aeT OMUChIBae-
MBIM cBoOiicTBOM. Hampumep, npuiarare/ibHOE «PYCCKUiT» CaMOIIPUMEHM-
MO, a IpHUJIaraTesibHOe «TJIUHAHBIN» HeT. JIpyroi npuMep: mpuiarareib-
HOE <«TPEXCJIOXKHBIN» CAMOIPUMEHUMO, & <«IBYCJIOXKHBIN» HeT. Temepnb
BOIIPOC: OyIeT Jii IPUIAraTeIbHOE «HeCaMOIPUMEHMMbIH» CaMOIIPUMeE-
uuMbiM? (JI1060it OTBET OUEBHUIHO IPUBOIUT K IIPOTUBOPEYUIO. )



30 Mmnootcecmea u mouwgnocmu [ror. 1]

Orcrona HEJAIEKO 0 MIUPOKO M3BECTHOTO «IIAPAJOKCA JIZKEIA», TO-
BODSIIIETO «s1 JITY», WJIA JIO UCTOPUU O COJIJIATE, KOTOPBI JTOJKEH ObLI
OpUTH BCEX COJIJIAT OJHOU C HUM YaCTH, KTO He OpeeTcst caM U T. II.

Bossparasice Kk Teopun MHOXKeCTB, MBI O0sI3aHBI JaTh cebe OTIET B
TOM, 9TO IJIOXOT'O OBLJIO B PACCYXKIEHUSIX, IPUBEIINNX K TapaIokcy Pac-
cesna. Bompoc 3T0OT [1ajieko He mMpoCToii, U ero 06CyXKIAEHIe AKTHBHO IO
Bcio nepByIo noJsioBuny 20-ro Beka. lTorn sroro obcyxaenus npubIn3u-
TEJIbHO MOXKHO CPOPMYJIMPOBATH TaK:

o [lorsiTne MHOXKECTBa HE SIBJIAETCS HEIIOCPE/ICTBEHHO OYEBHIHBIM;
pasHbIe Jou (M HayIHBIE TPAJUINN) MOTYT TIOHUMATE €ro Mo-pas-
HOMY.

e MuoxkecTBa — CJUIIKOM aOCTPAKTHBIE OOBEKTHI JIJIT TOTO, ITOOBI
BOIIPOC «a 4TO Ha caMoM jeyie?s mmes cMmbici. Hamnpumep, B pa-
6ore Kanropa 1878 roma 6pu1a chopMyInpoBaHa KOHMUHYYM-2U-
nome3a: BCAKOE MMOIMHOXKECTBO OTPE3Ka, IO KOHETHO, JINOO CIET-
HO, Jiu60 PABHOMOIIHO BeceMy oTpe3Ky. (Ipyrumu cioBamu, Mexk iy
CYETHBIMU MHOXKECTBAMHU ¥ MHOXKECTBAMU MOIIHOCTH KOHTUHYYM
HET IIPOMEXKYTOUHBIX MoInHOcTeH ). Kantop Hammcas, 4To 310 Mo-
2KeT OBITH JIOKA3aHO «C IMOMOIILI0 HEKOTOPOI'O0 METOJA WHIYKITUHU, B
WM3JI0KEHNE KOTOPOTO MBI He OyIeM BXOIUTh 3/1eCh OAPOOHEe», HO
Ha caMOM Jiejie JOKA3aTh 9TO eMy He ynaJjoch. bojee Toro, mocre-
IIEHHO CTAJIO SICHO, YTO yTBEPK/I€HNE KOHTUHYYM-TUIIOTE3BI MOXKHO
CYNTATH UCTUHHBIM WJIN JIOXKHBIM, — IIPU 9TOM IOJIyIalOTCs Pas-
HBIE TEOPUHU MHOXKECTB, HO B ODIIEM-TO HU OJIHA U3 STUX TEOPUil He
JIydIne Jpyroi.

TyT ecTb HEKOTOpasi aHAJIOTHsI ¢ HEEBKJIMIOBOM reomerpueit. Mol
MOXKEM CUHUTATh <«IAThIH nocryaar EBkiugay (depes JaHHyio TOY-
Ky IIPOXOJUT He 0oJiee OJ(HOM IPSAMOIi, IapallIeIbHO TaHHO) nc-
TUHHBIM. Torja IOIyYnuTCs reOMeTpUsl, Ha3bIBaeMasl €BKJINJIOBOI.
A MOXKHO IPUHSITH B KAYECTBE aKCUOMBI IPOTHBOIIOJIOZKHOE YTBEP-
KJIeHHUE: Yepe3 HEKOTOPYIO TOYKY MOXKHO IIPOBECTH JIBE Pa3jidd-
HbI€ IPsIMBIE, MapAJLIeIbHbIEe HEKOTOPOil mpsiMoit. Torma mosrydnT-
¢s1 HeeBKIIMI0Ba reoMerpust. [OTMETHM, KCTATH, PACTIPOCTPAHEHHOE
3a0JTyKJeHIe: [T0YeMY-TO IIMPOKNE MAaCChl IHcaTeseil 0 HAayKe U
Jla’Ke OTIEJIbHBIE MATEMATUKY B MUHYTHI 3aTMEHUN (CM. CTATHIO B
Becrnuke Axkagemun Hayxk, nocssaménnyto obusero JIo6ageBcKoro)
CUHUTAIOT, YTO B HEEBKJINJIOBOII I'€OMETPUN HapaJljieibHble IIPAMbIe
MepPeceKaroTCsl. ITO He TaK — MapaJuleIbHbIe MPSMble U B €BKJIU-
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JIOBOI, ¥ B HEEBKJIUIOBOI T€OMETPUH ONPEAEIIIOTCS KaK MpIMbIe,
KOTODBIE HE [IEPECEKAIOTCAL |

Borpoc o Tom, eBKJIn10Ba NN HEEBKJIUI0BA F€OMETPHsI [IPABUIIBHA
«Ha CaMOM JIeJIe», €CJI BOOOIIE MMEET CMBICI, HE SIBJISIETCS MaTe-
MaTUIeCKUM — CKOpee 00 9TOM CJIe/IyeT CIparmuBaTh Gu3nkoB. K
TEOPUN MHOYKECTB 3TO OTHOCHUTCSI B eIé HOJIbINEH CTerneHn, U pa3se
aro Teosorusi (Kanrop HEOmMHOKpATHO 06CY KA BOIIPOCHI TEOPUH
MHOKECTB € IIPOGeCCHOHAIAME-TEOJIOTaMH ) MOIJIa Obl B IIPUHITHAIIE
[IPETEHI0BATh HA OKOHYATE/IbHBIN OTBET.

e Eciau MBI XOTMM paccyXaTh O MHOXKECTBAaX, HE BIAJas B IIPO-
THUBOPEYNs, HY?KHO IPOSBJISITH OCTOPOXKHOCTD U U30€raThb ompese-
JIEHHBIX BUJIOB paccyzkeHuii. Bezonacubie (1o KpaiiHeil Mepe 110Ka
He NIPUBEJIININE K IIPOTHBOPEYNIO) MPABUIIA OOPAIIEHUST CO MHOXKE-
cTBaMu C(OPMYJIUPOBAHBI B AKCHOMATHYECKOW TEOPUU MHOYKECTB
(bopmasbuas Teopus ZF, nazsanunas B gectsb Llepmeso u @perke-
Jist). Jo6aBuB K 3TO TEOpUU aKCHOMY BBIGODA, I10JIyYaeM TeOPUIO,
nasbiBaemyto ZFC (choice no-anrsmiicku — Boibop). Ecrb u apy-
rue, MeHee IOIyJIIPHbIE TEOPUU.

Opnako dopMabHOE TOCTPOEHWE TEOPUHM MHOXKECTB BBIXOJHUT 32
paMKu Harmero oocyxkaerus. [lodaTomy MBI orpaHmamMcs HeOPMAJTb-
HBIM OIMCAHUEM OI'PAHIIEHUH, HAKJIA/IBIBAEMBIX BO n30€KaHe IIPOTUBO-
peunii: HeJib3si IPOCTO TaK PACCMOTPETH MHOYKECTBO BCEX MHOYKECTB UJIU
MHOXKECTBO BCEX MHOXKECTB, HE SIBJISIFOIIMXCS CBOMMU 3JIEMEHTAMU, I10-
CKOJIbKY KJIACC TOTEHIMAJIbHBIX MIPETEHIEHTOB CJUIIKOM <«HEODO3PUM>».
MrmozkecTBa MOXKHO CTPOUTDH JIUINb ITOCTEIIEHHO, WUCXOMs U3 YKe I0-
CTPOEHHBIX MHOXKecTB. Hampumep, MOXKHO 06pa3oBaTh MHOYKECTBO BCEX
[IOJIMHOXKECTB JIAHHOTO MHOXKecTBa (akcuoma cmenenu). MoxHO pac-
CMOTDETH HOJMHOXKECTBO JAHHOI'O MHOYKECTBA, 00PA30BAHHOE JIEMEHTA~
MU ¢ KAKUM-TO CBOHCTBOM (akcuoma evideserus). MoKHO paccMOTperhb
MHOXKECTBO BCEX IJIEMEHTOB, BXOISIINX XOTsS Obl B OJMH U3 JIEMEHTOB
JIAHHOTO MHOXKeCTBa (akcuoma cymmot). ECTb u Ipyrue akCHOMBI.

Wanarast cBeJieHUsT U3 TEOPUU MHOXKECTB, MBI OYIeM CTApAThCS JIEpP-
JKATHCsI [IOJIAJIbIIE OT OIACHOI YEPThI, U YKa3bIBAThH Ha OMACHOCTH B TeX
MecTaX, KOTJla BOSHUKHET UCKYIIEeHUE K 3TOi uepre npubymsnthes. [loka
9TO TAKOE MECTO OBLIO OJIHO: IMOIBITKA OMPEIEJTUTh MOIIHOCTH MHOXKE-
CTBa KaK KJacC (MHOXKECTBO) BCEX PABHOMOIIHBIX €My MHOYKECTB.
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1.7. ®yHkuun

Jlo cux mop MBI CTAPAJICh OTPAHUYIUBATHCI MUHUMYMOM (hopMaJib-
HOCTeli ¥ TOBOPWIN O PYHKIUSX, UX apTyMEHTax, 3HAUYEHUsIX, KOMIIO3H-
[UY U T.T. 6€3 MONBITOK JaTh OMpejesieHnst 3Tux mousituii. Ceituac Mbl
naauM GpopMasbHbIE OMPEJIeICHUS.

IIycte A u B — nBa MHOXKeCTBa. PaccMOTPUM MHOXKECTBO BCEX YIIO-
psiioueHHbIX nap (a,b), rae a € A u b € B. D10 MHOXKECTBO HA3bIBAETCH
dexapmoswvim npoudsedenuem MHOXKecTB A u B u obosnadaercss A X B.
(K Bompocy 0 TOM, 94TO TaKOE YIODsIOYEHHAd Hapa, Mbl eIlé BepHEMCs
Ha c. 36.)

JIro6oe moaMmuozKecTBo R MHOXKecTBa A X B Ha3BIBACTCA 0OMHOULEHU-
em Mexy MHOxKectBamMu A u B. Ecim A = B, roBopsT 0 OUHGPHOM
omnowenuy Ha MHOXKecTBe A. Hampumep, Ha MHOXKeCTBE HATYPAJIbHBIX
qHCesl MOXKHO PacCMOTPETh GHHAPHOE OTHOINEHHE <«OBITh JEeTUTeIeM>,
06BIIHO 0603HaTaeMoe cHMBOJIOM |. Torma MOXKHO B mpuHIHIeE ObII0 OBl
Hanucarsb (2,6) € | u (2,7) ¢ |. O6bI4HO, ONHAKO, 3HAK OTHOIIEHUS U~
MIyT MEXKJy oObekTamu (Hampumep, 2|6).

59. Bompoc mj1s caMOKOHTPOJIS: OTHOINEHUS <«OBITH IEIUTENeM» U <€~
JIUThCA Ha» — 3TO OJHO M TO 2K€ OTHOIIECHHUE HJIN paBHI)Ie? (OTBeTZ KOHEYHO,
pa3Hble — B yHOpHI[O‘IeHHOfI I1ape Iopda0K CyHleCTBeH.)

Ecmu aprymertamu (hyHKIUM SIBJISTFOTCST 9JIEMEHTBI MHOYXKeCTBa A, a
3HAYEHUSIMU — 3JIEMEHTBI MHOXKECTBa B, TO MOYKHO PacCMOTPETH OTHO-
urenne mexiy A u B, cocrosmee u3 nap suzga (x, f(x)). Ilo ananoruu c
rpadukaMn GYHKIMA HA IIOCKOCTH TAKOe MHOYXKECTBO MOYKHO HA3BATH
rpadukoMm byukiuu f. C dopManbHON TOYKY 3peHusi, OJHAKO, y/100Hee
He BBOJIUTH OTJIEJTLHOTO HEOMPEIeJISIEMOT0 TIOHSITUsT (DYHKITHH, 8 BMECTO
9TOI'0 OTOXKIECTBUTH (DYHKITUIO C €€ IPpaUKOM.

OtrHomenne F' C A X B naspiBaercsa gynkyuet us A 6 B, eciu oHO
HE COJEPKUT AP C OJMHAKOBBIM IIEPBBIM WIEHOM M PA3HBIMUA BTOPLIMHU.
Jlpyrumu cJioBaMu, 3TO O3HAYAET, UTO JIJISI KaXKJI0ro a € A cymecTByer
He Gosee onHoro b € B, npu xotopoM {(a, b) € F.

Te snementsl @ € A, jjisi KOTOPBIX Takoe b CymecTByeT, 06pasyroT
obaacme onpedesenus dyaxuuu F. Ona obosnauaerca Dom F' (o an-
rymiickoro cyrosa domain). s smo6oro smementa a € Dom F' MoxkHO
onpesesuTh 3haverue GyHKIMU F Ha aprymente a («B TOUYKe a», Kak
MHOTI/Ia TOBODSIT) KaK TOT €JIMHCTBEHHBIN 3j1eMeHT b € B, Jyist KOTOPOro
(a,b) € F. Dror asemenT 3amucbBaior kak F'(a). Bee Takue amemeHTsI b
00pazyioT MmHoocecmso 3uauenuti GyHknun F, KoTopoe 0003HAYTAETCS

Val F.
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Eciu a ¢ Dom F, To rosopar, uro pyHKOus He onpedesera HA .
3ameTnMm, 9TO MO HaIeMy ompejeennio GyHkiusa n3 A B B He 06s13a-
Ha OBITH OIpeNeeHa Ha BCEX dJieMeHTax MHoxkectBa A — eé obmacTb
OTIPEJIETIEHUS MOXKET OBITh JIIOOBIM TIOAMHOXKECTBOM MHOKecTBa A. CumM-
METPUYHBIM OOpPa30M MHOYKECTBO €€ 3HauYeHUN MOXKET He COBIaJATh C
MHOKECTBOM B.

Ecmu obnacts onpenenenus dyuknuu f u3z A B B coBnagaer ¢ A, To
mumyT f: A — B.

[Tpumep: moowcdecmeennas pyukiust idg: A — A nepeBoguT MHO-
kecTBO A B cebs, npuuém id(a) = a s smoboro a € A. Ona upezcras-
JisieT cobol MHOXKeCTBO 11ap Buja {(a, a) 1uisi Beex a € A. (Mupeke A Bidg
MHOTJIA OIYCKAIOT, €CJIM CHO, O KAKOM MHOXKECTBE MJIET Pedb.)

Komnosuyuett nyx dyuknmit f: A — B u g: B — C Ha3bBaioT
dyuxmuio h: A — C, onpegenéunyio coornomenueM h(z) = g(f(x)).
Hpyrumu cioBamu, h mpeacTaBiiser coboit MHOXKECTBO map

{{a,c) | {a,b) € f u (b,c) € g nna mexoroporo b € B}.

Kommosunust dyHKImit o6o3Hauaercst g o f (Mbl, KaK ¥ B GOJIBIINHCTBE
KHUT, IUIIEeM clipaBa (HYHKIMIO, KOTOPast IIPUMEHSIeTCs TI€PBOi ).

OueBuno, KoMnosuiys (Kak oreparust HaJ (QYHKIUIMHI) acCOIa-
TuBHa, T0 ecTb ho(fog) = (hof)og, 109TOMY B KOMIIO3UIIUY HECKOJIBKHUX
OAPSi, UAY KX (PyHKIUH MOXKHO OIYCKATH CKOOKH.

ITycts f: A — B. IIpoobpasom nommuoxecrsa B’ C B nasbiBaer-
csl MHOYKECTBO BCexX ajieMeHTOB & € A, juist koropeix f(z) € B’. Ono
oboznauaercss f~1(B'):

f(B) ={zre Al fx) e B}

Obpaszom vHOkecTBa A’ C A HasbIBaeTCs MHOXKECTBO BCEX 3HAYCHUI
dyukuuu f ma Beex anemenrax maoxkecrsa A’. Ono oboznauaercs f(A’):

f(A) ={f(a) [ac A} =

={b € B | {a,b) € f ans nekoroporo a € A'}.

Crporo rosops, obozuadenue f(A’) moxer npusecTu K myranure (OIHI
U Te K€ KPYIJIble CKOOKH yIIOTPEOJIAIOTCH U JJjId 3HadYeHns (DYHKIINN, U
J1J1s1 00pa3a MHOXKECTBA), HO OOBIYHO $ICHO, YTO UMEETCS B BUALY.
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60. Kakwne u3 cire1yomux paBeHCTB BEPHBI!

FA'NA") = f(A) N F(A);

FA'UA") = f(A") U F(A");

FATNA") = FAN\ F(A);
fTUB B = BN (B
fTUB'UB") =B U (B
FUBN\B") = f 1B\ fH(B");

FHfAN) C A

FHf(AY) D A

f(f7H(B) C B

f(f7H(B") > B

(g0 )(A) =g(f(A));
(go /)7HC) =g 1 (C));

(Bmecy f: A= B,g: B—C, A, A" CA B ,B"CB,C'"cC(C.)

Wuorma BMecTo dyHKIMI ropopaTr 06 oTobpaskeHnsax (pesepBupys
TEePMUH «(PYHKIUSA» I OTOOPAXKEHUI C UCJIIOBBIMU apryMEHTAMU W
3HaueHuaMn). Mbl He Oy/ieM CTPOro NPUIEPKUBATLCH TAKUX PA3JINInii,
ymoTpebJisist CJIOBa «OTOOpaXkeHue» n «(PYHKIINsT» KAK CHHOHUMBI.

Oyukiust f: A — B Ha3bIBaeTCsd UHBGEKMUESHOU, WIH UHseKyue,
WIN 8A024CEHUEM, €CTIA OHA IIE€PEBOTUT pa3Hble 3JIEMEHTHI B Pa3HbBIE, TO
ectb ecint f(ay1) # f(az) UpH PA3IUIHBIX a1 U A2.

Oyuknust f: A — B HasblBaercs ClopsexmueHoli, Wi clopsexyuet,
W HAAOICEHUEM, €CTIN MHOXKECTBO €é 3HaueHuil ects Bcé B. (Unorma
Takue (QYHKIMU HA3BIBAIOT 0mobpasicerusmu ha B.)

OTu 1Ba onpejie/ieHus 00JIee CUMMETPUYHBI, YeM MOXKET ITOKA3AThCSI
Ha, TIEPBBIH B3TJIsAJI, KAK IOKA3BIBAIOT TAKUE 33/Ia9H:

61. Tokaxkure, uro dbyHkuus f: A — B sBisieTcs BJIOXKEHUEM TOTJa U
TOJIBKO TOTJ/Ia, KOTJIA OHA MMEET sesyto obpammuyro dyukimo g: B — A, o
ecTb hyHKIMIO g, 1ist Kotopoit go f = id4. okaxkure, uro dyukiua f: A —
— B ABJIACTCA HAJIO2KEHUEM TOr'ZIa U TOJIBKO TOr'/la, KOrJda OHa MMEET Npasyro
obpamuyro by g: B — A, s koropoit f o g =idpg.

62. Tokaxkure, uro dyukuus f: A — B saBisieTcsd BJIOXKE€HUEM TOTa U
TOJIBKO TOT/Ia, KOI/la Ha HEeE MOKHO COKpPAIllaTh CJIeBa: U3 PaBeHCTBa f o g1 =
= f o g2 cienyer paBeHCTBO g1 = g2 (Auist yr06BIX QYHKIMIA g1, g2, obiacTu
3HavYeHnil KOTOpbix copepxkarca B A). lokaxkwure, uro dbynkmusa f: A — B
ABJIAETCHA HAJIO?KEHUEM TOI'/la U TOJIBKO TOT/la, KOI'/Zla Ha HEE MOXKHO COKpaliaTb



[ 7] Dynryuu 35

CIpaBa: U3 PABEHCTBA g1 O f = g2 © f CJeyeT paBeHCTBO g1 = g2 (Iy1s JIOOBIX
dbyHKUMI g1, g2, 06JIACTD ONpeIesIeHns] KOTOPBIX ecTh B).

Orobpaxenne (bynkiusa) f: A — B, KOTOpoe OJHOBPEMEHHO $IBJIg-
€TCsl MHbEKIUell U CIopbekiyedi (BJIOKEeHUeM U HAJIOKEHHUEM ), HA3bIBA-
ercs buexyuetl, NI B3ANMHO OJTHOZHAYHBIM COOTBETCTBUEM.

Eciun f — 6uexuus, TO cymecTByeT obpammuas dyHKmms 1, ms
kotopoit f~(y) =z < f(z) =y.

63. MoryT Jyin 7151 HEKOTOPO# (DYHKIWH JieBasl U IpaBasi 0OpaTHbIE CyIIe-
CTBOBATb, HO OBITH PA3JINIHBI!

Hamomawmm, aro MHOXKecTBa A m B paBHOMOIIHBI, €CJIU CYIIECTBY-
er Guekius f: A — B. B KakoM cjly4ae CylIeCTBYeT MHBLEKIHs (BJIO-
xkeume) f: A — B? Jlerko HOHATDH, 9TO BJIOKEHME SIBJISIETCI B3AUMHO
OJIHO3HAYHBIM COOTBETCTBHEM MeXKJy A M HEKOTOPBIM MOIMHOXKECTBOM
MHOXKECTBa B, 1M0ITOMY TaKoe BJIOKEHUE CYIIECTBYET TOTIA U TOJBKO
TOrJIa, KOrjia B B eCTh IOJIMHOXKECTBO, PABHOMOIIIHOE A, T. €. KOT/[a MOIII-
HOCTH A He IIPEBOCXOAUT MOITHOCTU B (B CMBICJIE OIIPEIE/ICHUS, JAHHOTO
B pazzeie 6).

YyTh MeHee OYeBHJIEH JpYroii pesysibrar: Hajoxkenune A wa B cy-
IIECTBYET TOTJIa W TOJBKO TOIJA, KOIJa MOIIHOCTh B He IPeBOCXOIUT
MomHuocTn A.

B camowm zeste, nycrs Hajoxkenue f: A — B cymecrByer. st kax-
Joro ajieMenTa b € B Haiijiércs XoTst Obl OJWH 3JIeMeHT a € A, s
koroporo f(a) = b. Boibpas 110 0JHOMY TAKOMY 3JIEMEHTY, MbI II0JIy 9UM
noamuoKecTBO A’ C A, KOTOpoe HAXOAUTCS BO B3AMMHO OJHOZHAMHOM
COOTBETCTBUU € MHOXKeCTBOM B. (31ech CHOBA HCIOJIb3YeTCs aKCHOMa
BBIOOpPA, O KOTOPOii MBI FOBOPHJIM Ha C. 14.)

B o6paTHyT0 CTOPOHY: ec/im Kakoe-To ojaMHoKecTBo A’ MHOKecTBa A
PABHOMOIITHO MHOXKECTBY B u nmeercs bueknus g: A — B, To Hamoxe-
nue A Ha B MOXKHO MTOJIYIUTD, TOOTIPEIETUB Ty OUEKITNIO Ha SJIEMEHTAX
BHe A’ KAKMM yroJHO 06pa3oM.

64. Haiiiure ommbOKy B 9TOM pacCyKJIEHUU, HE YUTAsI JAJIbIIIE.

Ha camowm sieste Takoe mIpo/1o/izkeHrne BO3MOXKHO, TOJIBKO ecyin B Herry-
CTO, TaK YTO MPABUIHLHOE YTBEPXKIEHUE 3BYIUT Tak: Hajaoxkenune A wa B
CYIIECTBYET TOJIbKO U TOJBKO TOTJA, KOTJAa B Hemycro u paBHOMOIITHO
HEKOTOPOMY TIOJAMHOXKECTBY A, MM KOrja 008 MHOXKECTBA IIYCTHL.

B mamem uzsoxkeHun ocTaéTcs €Ié OIUH He BIIOJHE TMOHSITHBIA MO-
MEHT: 9TO TaKoe <«ymopsmodenHas mapas? Hedopmaabro rosopsi, 310
cr1ocob u3 IByX OObEKTOB & U Y 06pa30BaTh OAUH OOBEKT (X, Yy), IPUIEM
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9TOT CIocob 00IaTaeT TAKUM CBOMCTBOM:

(r1,91) = (X2,92) & 1 =22 U Y1 = Yo.

B npunnue, MOXKHO TaK M CUUTATH IIOHSTHE YIOPsIOUCHHOIT ApbI He-
oIpeiesIsieMbIM, & 9T0 CBOIiCTBO — akcrnoMmoit. OxHako npu GopMaIbHOM
IIOCTPOCHUN TEOPUH MHOXKECTB YJ0OHO HCIIOJIb30BATH TPIOK, IIPUJLYMaH-
HBII ITOJIbCKUM MaTeMaTUKOM KypaTOBCKI/IM, u I/I36e}KaTb IIOABJICHH S OT-
JIeJIBHOTO TIOHSITUS! YIIOPSI0IeHHOI Tapbl. IIpex ie 1eM OluChIBATL ITOT
TPIOK, HAIIOMHUM, 4TO {2} 0603HAYaeT MHOMXKECTBO, €JIMHCTBEHHBIM 316~
MEHTOM KOTOPOr'O sIBJIsieTcs &, a {,y} 0603HauaeT MHOXKECTBO, KOTOPOE
COJIEPKHT X U Y U HE COAEPIKUT APYIrux s1eMentoB. Tem cambiv {z,y} =
={z} ={y}, ectm z = y.

Teopema 9 (VnopsigodeHHast napa no KypaTosckomy). Omupesenim
(x,y) xax {{z}, {z,y}}. Torma BEIDOJHEHO yKa3aHHOE BBLILIE CBOHCTBO:

(r1,91) = (X2,92) & 1 =22 U Y1 = Yo.

< B omHy CTOpPOHY 3TO OY€BHAHO: €CIIM T] = T U Y1 = Y2, TO

<l’1,y1> = <sc2,y2>. B npyryto cropony: mycTb <l’1,y1> = <$2ay2>- Ilo
OIIPEJIEJIEHHIO 9TO O3HAYAET, UTO

Hrih {zn i) = ({22}, {72, v2}}-

Tenepb HY?KHO aKKypPATHO pa3o0paTh caydan (He MyTas IMPU 3TOM T C
{z}). D10 ynobuo nenars B caeyromem nopsake. IlycTs cHavana xp #
# y1. Torma MHOXKecTBO {Z1,Y1} COCTOUT U3 JABYX JEMEHTOB. Pa3 oHO
PUHAJIEXKUT JIEBOI 9aCTh paBEHCTBA, TO IIPUHAJJIC’KAT U IIPABOil. 3Ha-
9UT, OHO PABHO JUOO0 {2}, 160 {2, y2}. [lepBoe HEBO3MOXKHO, TaK KaK
JIBYX3JIEMEHTHOE MHO?KECTBO HE MOXKET OBITH PABHO OJHO3JIEMEHTHOMY.
Buauurt, {z1,y1} = {z2,y2}. C Apyroii cTOPOHBI, OIHOIIEMEHTHOE MHO-
JKECTBO {Z1} IPUHAJJIEXKAT JIeBOl 9aCTH PABEHCTBA, OITOMY OHO IIPU-
HAJUIE’KUT U TIPABOii, X IOTOMY PaBHO {2} (IOCKOJIBKY HE MOMKET OBITh
paBHO AByx3jeMenTHOMY). OTCIONA T1 = Ty U Y1 = Yo, UTO U TPeGOBA-
JIOCh.

AnayioruvaHo pa3bupaeTcsi CHMMETPUYHBIN CJIy9ail, KOTJa To 7 Ya.

OcTasoch paccMOTpeTh CUTYyalluIo, KOTJa T1 = Y1 U Tg = Y2. B aTOM
ciayuae {x1,y1} = {z1} u moromy JeBas YaCTb ZAHHOIO HAM PABEHCTBA
ectb {{x1}}. AnasornaaeiM 06pa3oM, npasast ero 9acrTb ectb {{xa}}, n
HOTOMY ¥1 = T3, TAK YTO BCE YETBIPE JJEMEHTA X1, T2, Y1, Y2 COBIAIA-
I0T. >
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SaMeTnM, 9TO BO3MOXKHBI U JPYTHE OIIPEIEICHIUS YIIOPsIOIeHHOI mma~
PBI, 1JI KOTOPBIX aHAJIOTMYHOE YTBEPXKJICHNE BEPHO, TAK YTO HUKAKOIO
«m10cOPCKOro CMBIC/IA» B 3TOM OIPE/IEJIEHIH HET — ITO IMPOCTO Y00~
HBIIl TEXHUYECKUI TTPUEM.

65. Jlokarkure yTBepKIeHNE TeOPeMBI 9 [tst ynopadowerHot napv, no Bu-

nepy: (z,y) = {{2,{z}}, {{v}}}.

1.8. Onepauum Hag MOLLHOCTAMU

MormHoCTH KOHEYHBIX MHOYKECTB — HATyPAJIbHbIE YUCTIA, U HX MOXKHO
CKJIQJIBIBATh, YMHOYXKATh, BO3BOJIUTH B CTEIEHb. DTU OIEPAIMH MOXKHO
0000ITUTD U HA MOITHOCTH OECKOHEYHBIX MHOXKECTB, U JIEJIA€TCS 9TO TaK.

I[Mycts A u B — gBa muoxkecrBa. UTOOBI CJIOXKUTH WX MOITHOCTH,
HAJIO B3STh MOIIHOCTH MHOXKecTBa AU B, eciiu A u B He miepecekaroTcs.
Ecsiz onn mepecekaiorcs, TO UX HaJ0 3aMEHUTH HA HeIePeCEKAIONecs
paBHOMOIIHBIe M MHOXKecTBa A’ 1 B'. MompocTs o6beauHenus u Oyier
cymmoti MonTHOCTEH MHOXKecTB A n B.

3ameyanus. 1. Yrobsr n3beKaTh yIOMAHAHNST MOITHOCTEN KaK CaMO-
CTOSATETBbHBIX O0BEKTOB, CJIE/IyeT CINTATH BBIPAYKEHIE «MOIIHOCTD MHO-
xecrBa C' ecTh cymMMa, MOIIHOCTeH MHOXKeCTB A n B» uamoMaTudecKuM
BbIparkeHNeM (a CKasaHHOe BbIE — ero ompejesnerneM). Ho Mbl jgist
yaoberBa Oyj1eM 4acTo npeHedperaTb TAKUMU IIPEI0CTOPOXKHOCTIMU.

2. B mpunmune ciemosalio 66 TPOBEPUTH KOPPEKTHOCTH 3TOTO OIMpe-
JIEJIEHUsT U JIOKA3aTh, ITO MOITHOCTH MHOKecTBa A’ U B’ He 3aBucur or
TOrO, KaKne MMEHHO HemepeceKatormuecst MHOKecTBa A’ n B’ (pasrOMomT-
uble A u B) bt BeiGepem. (HUTo, BipoueM, 04eBUJIHO. )

3. /L1 KOHEYHBIX MHOXKECTB TIOJIyYIaeTCd OOBIMHOE CJIOYKCHUE HATY-
paJIbHBIX YUCEJI.

4. Hakoner, (popMaTbHO CIEIOBAJO OBbI emé JT0Ka3aTh, 9To Takue A’
u B’ MOXXHO BBIGpaTh. ITO MOXKHO CIEIaTh, HAIIPAMED, TAK: MOJOXKUM
A'=Ax {0} u B =Bx{l}.

[Tocnenneit mpobsiembl He OyneT IPH ONPEIEIEHUU NPOU3EEIeHUS
MOIIIHOCTE KaK MOIIHOCTHU JleKapToBa npousseaenns A X B. (Ho ocrain-
HbIE 3aMEYaHUsI OCTAIOTCS B CUJIE. )

Teneps ompeesnm gozgederue 6 cmenens. s 3TOr0 paccMOTPUM
(mas manabix A u B) MHOX)KecTBO Beex dyukumii Buga f: B — A (ua-
MMIOMHUM: 3TO O3HAYAET, UTO UX 0OJIACTH OIpeJie/IeHns ecTh B, a 001acThb
sHauennii comepxkurca B A). dTo MHOKecTBO 0bo3madaerca AP, u ero
MOIITHOCTH U Oy/IeT pe3y/IbTaTOM OIePAIlni BO3BEJIEHUsI B CTEIECHb.

Ecmn muoxkectBa A 1 B KOHEYHBI U CONEPXKAT @ U b IJIEMEHTOB CO-
orBercrBenno, 1o AP conepxut kax pas a’ smementos. B camom nerte,
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onpejensst GyHknuio f: B — A, MBI JOJXKHBI ONPEIEIUTh €€ 3HAYCHUE
HA KaXKJIOM U3 b 3JIeMEHTOB. DTO MOXKHO CJIEJIATh G CIOCODAME, TaK 9TO

1nostydgaeM Bcero a’ BapHaHTOB.

66. Yemy pasno 0° cormacno namemy onpenesnermo? (OTer: eumure.)

Mpumep. OGosHaunm Yepe3 2 Kakoe-HUOY b MHOKECTBO U3 JIBYX dJI6-
menTos, marmpumep, {0,1}. Uro Taxoe 2N? Tlo ompenenenuio 310 MHO-
xkecrBo dyukuuit f: N — {0,1}. Takue dbyHKIME — TO IO CYIIECTBY
IIOCJIEIOBATEILHOCTU HyJIell U € JUHULL, TOJILKO BMeCTO fof1fo ... MbI mu-
wmem f(0), f(1), f(2),... (PopMasbHO NOCIEAOBATEIHHOCTD JIEMEHTOB
HEKOTOPOTrO0 MHOXKeCTBa X TaK U OIPEIENIeTcs — Kak (DYHKIUA TH-
na N — X.)

Bamerum, aro 2% pasromomuo P(X) (B wactroM caygae X = N Mbr
9TO JIOKA3BIBAJIN; JJis OOIIEro CJlydas JOKAa3aTebCTBO TAKOe Ke).

O6brunble CBOMCTBA CIIOKEHUSI U YMHOXKeHUs (KOMMYTATUBHOCTD, aC-
COIUATUBHOCTD U JUCTPUOYTUBHOCTD) COXPAHSIOT CUJLYy W JJisi apudme-
TUKHN MOIITHOCTET:

a+b=b+a;
a+(b+c)=(a+b)+c
axb=bxa;

ax (bxc)=(axb)xcg
(a+b)xec=(axc)+ (bxc).

DopMAaTbHO UX CIIEAYET IUTATH, U30eras CJI0Ba «MOMIHOCTB» KAK Ca-
MOCTOSITEJIBHOI'O 00beKTa: HAalpUMep, a X b = b X a o3Hadaer, uro A X B
u B X A paBHOMOIIHBI (M 9TO JIETKO NPOBEPUTH: (x,y) — (y,z) OGyaer
B3aUMHO OJIHO3HAYHBIM COOTBETCTBUEM MexXK 1y HuME). OcTaabHble CBOii-
CTBa JTOKA3BIBAIOTCSI CTOJb K€ MPOCTO. UyTh CJI0KHEE CBOHCTBA, BKJIIO-
JAIONHe BO3BEJACHUE B CTEIECHD:

bt+c _ ab % ac;

(ab)® = a® x b

(ab)c — ab><c.

IIposepum nepsoe u3 mux. U3 wero cocronr ABTC? (Bynem cuurars,
gro B u C He nepecekarorcs.) Ero sjnementamu gaBasiorcs GyHKIUE CO
snavenusMu B A, ompenenénnbie na B + C. Takast yHKIus cocTouT
U3 JIByX 4dacTeii: cBoero cyxkenus Ha B (3Hadenus Ha aprymenrax usz B
OCTAIOTCs TEMHU 2Ke, OCTAJbHbIE 0TOPACHIBAIOTCS) 1 CBOEro cyxKenus Ha C.
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TeM caMbIM 15T KazK10T0 s1eMenTa MuozkecTBa ABTC Mpr momywaem ma-
py snementos u3 AZ u AC. D10 u Gymer mckoMoOe B3aNMHO OJHOZHATHOE
COOTBETCTBUE.

C coorsercTrrem Mex 1y MHOKecTBamu (Ax B)C u AY x BC mp1 Toxe
gacTo cramkusaemcs. Hampumep, smement muoxkectsa (R x R)F ecrn
orobpaxkenne tuna R — R x R, To ectb kpuBasi t — z(t) = (x(t), y(t))
Ha IUIOCKOCTHU. Takasi KpuBas 3a7aércs mapoit dyuknumit x,y: R — R.

Coorsercraue mexkay (AP)C u ABXC) perpeuaercs HeCKOTbKO pe-
xe. Drement f € APBXC) gpngercs oroGpaxernem B x C — A, To
€CTh, B OOBIYHOI TepMUHOJIOIHMH, DYHKIMEH qBYX apryMeHTOB (IIepBbIii
u3 B, sropoit uz C). Eciau 3adbukcnpoBarsh B Hell BTOPOii apryMeHT, To
nonyaurca dbyuknus f.: B — A, oupenesnénnas coorromenueM f.(b) =
= f(b,c) (rounee, f((b,c))). Orobpaxkenue ¢ — f., IpUHAIIEKAIIEE
(AB)C u coorsercrryer aementy f € APXC) (Orvacru cxommas Kon-
CTPYKIIHsT BCTPEUIAETCS B ajiredpe, KOrjaa MHOTOWIEH OT JIBYX IIepeMeH-
HBIX PACCMATPUBAIOT KaK MHOT'OYJIEH OT OJIHOM IepeMeHHON ¢ Ko3hdu-
[MEHTAMU B KOJIbIE MHOIOWJIEHOB OT BTOPOM [IEPEMEHHO. )

MormHocTh CYETHOTO MHOXKECTBA CHMBOJIUYECKHM ODO3HAadIaeTcs N,
MOIIHOCTb KOHTHHYyMa (OTpe3Ka WJIM MHOYKECTBAa GECKOHEUYHBIX II0CJIe-
JIoBaTeILHOCTEH HyJleil I euHUIT) 0603HAYAETCA ¢, TAK 4TO ¢ = 280,

(EcrecTBeHHBIN BOpOC: KAaKOB cMbIca unjgekca 0 B Ng? uro Takoe,
ckaxkeMm, N17 OObraHO N; 0003HAYAET HAMMEHBIIYIO HECUETHYIO MOIII-
HOCTH (KakK Mbl YBHJMM, Takas CyIlecTByeT). ['umore3a KOHTHHYyMa, O
KOTOPOii MBI yiomuHau Ha c. 30, yTBepxKIaer, 910 ¢ = Nj.)

W3BecTHbIE HAM CBONCTBA CIETHBIX MHOXKECTB MOXKHO 3aIUCATDH TaK:

o Ng+n = Ny g koHeIHOTO N (00bEJMHEHTE CIETHOTO U KOHEIHOTO
MHOXKECTB CYETHO);

e Ny + Ny =Ny (06besuHeHne IBYX CIETHBIX MHOMKECTB CIETHO);

o Ny X Ny = Ny (0Obequnenne CIETHOrO YUCJIA CUETHBIX MHOXKECTB
CY6THO).

OTCIOIL& MOZKHO @OpMaJILHO IIOJIYy9UTb MHOI'ue CbaKTbI MaHUITYJIAIIN-
AMHA C MOIIHOCTAMHM. I‘Ia,HpI/IMep7 Ierno4vYKa paBEHCTB

¢ x ¢ =280 x 2%o — 9Ro+Ro — 9N — ¢

[MOKA3bIBAET, UTO IPsIMasi U IJIOCKOCTh PABHOMOIIIHBI.
AnajiorngHbIM 06pa3oM,

CNO — (2N0)N0 — 2N0><N0 — 2N0 = C.
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67. O6bsicauTe TOIPOOHO BBIKJIAIKY:
che=1xctlxe=2xc=2"x2% =20 = 9% —
68. IIpoBepbTe, uTO N X ¢ = C.

IIpuBenénnbple HAMU CBOMCTBA MOIIHOCTEH IIOJIE3HO COYETATH C TEO-
pemoit Kantopa — Bepumreiitna. Hanmpumep, 3ametum, 9To

IIO3TOMY NON" = ¢ (csloBaMU: MHOXKECTBO BCeX GECKOHEUHBIX MOCJIEI0Ba~
TeJIbHOCTEN HATYPAJIBHBIX YUCE] UMEET MOIIHOCTh KOHTUHYYMA).

69. TTocsieiHee paCCyzKIeHNE HESIBHO UCIIOJIb3yeT MOHOTOHHOCTD OTIEPAIIUH
BO3BEIECHHS B CTEIEHb JJIs MOIHOCTei (ecam a1 < a2, To ab < ab). Ipo-
BEPbTE 9TO M AHAJIOIMYHBIE CBOMCTBA JyIs APYIUX onepanuii (BIpodeM, OYTH
OYEBUIHBIE).

70. YcTaHOBUTE IBHOE COOTBETCTBUE MEXKLY TOCIIEIOBATETLHOCTSIMA HATY-
PAbHBIX YHCEJI U UPPAIMOHAIBHBIME ducjgamu Ha orpeske (0, 1), ucnosnb3ys
HenHble 1pobu, To ecTb xpobu Buga 1/(no + 1/(n1 + 1/(n2 +...))).

71. Ilposeppre, uto ¢ = Nj = 2°. (Hanomunm, aro no Teopeme Kanropa
9Ta MOIIHOCTH GOJIbIE MOUTHOCTH KOHTHHYYMA. )

72. KakoBa MONIHOCTH MHOXKECTBA BCEX HENPEPBIBHbIX (QyHKIUA C jeii-
CTBUTEILHBIME apryMeHTaMu U 3HadeHusMu? CyImecTBeHHA JIM 371eCh HETpe-
PBIBHOCTB?

73. KakoBa MOIIIHOCTH MHO>KECTBa BCEX MOHOTOHHBIX (DYHKIIWIA C TeHCTBH-
TEJHLHBIMEA APTYMEHTAMY U 3HATMEHUSIMUA 7

74. MozeT Jin ceMeHCTBO TTOJIMHOYKECTB HATYPAJIBLHOIO PsiJia ObITh HECYET-
HBIM, €CJIU JIFO0BIE JIBa €r0 3JIEMEHTA UMEIOT KOHEUHOe TepecevdeHne? KOHEUHY IO
CUMMETPUYIECKYIO PA3HOCTD !

BuocsieictBum Mbl yBUIUM, 9TO JJIsi OECKOHEYHBIX MOIIHOCTEN Jieli-
CTBYIOT TIPOCTBIE IpaBmwia a X b = a + b = max(a,b), HO TOKa 3TOTO
MBI JIOKa3aTh He MoxkeM. [loaTomy B 3ajavuax 47, 48 HaM NPUIILIOCH BOC-
[IOJIL30BATHCA OOXOAHBIM MaHEBPOM, 4TOOBI JOKA3aTh, UTO U3 a + b = ¢
crenyer a = ¢ wan b = ¢. Cuexyromee yTBepzKIeHne 0000MAeT STOT
IIPUEM:

Teopema 10. Eciiu mHO)KecTBO A X Ag X ... X A, pa3buro Ha Hele-
pecekaormecss 9actu Bi,...,B,, TO HalJéTcss Takoe %, IPU KOTOPOM
MOIIHOCTH BB; He MeHbIe MouHoCTH Aj;.

< B camoMm zene, paccMOTpUM IPOEKIUI0 MHOXKecTBa B; C A1 X ...
...X A, "Ha A;. Eciiu xoTs1 ObI IpU OIHOM ¢ OH& IIOKPBIBaeT A; IOJIHOCTBIO,
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TO BCE Jl0Ka3aHo. Kcn Her, BbIOepeM Jjisi KaXKJI0T0 § HEMOKPBITYIO TOU-
Ky x;. Habop (z1,...,z,) He BXOAUT HU B OJIHO U3 MHOXKeCTB B;, 4ro
[IPOTUBOPEYUT MIPEIIIOJIOKEHUIO. [>

Bamernm, 9T0 B (hOPMYIUPOBKE 3TOrO yTBEPKJIEHUsST (KOTOPOE MHO-
/I3 Ha3bIBAIOT TeopeMoil Kénura) roBopurcst 0 JeKapTOBOM IIPOU3BEIE-
HUU KOHEYHOIO YHCJIa MHOXKECTB, KOTOPOE MOYKHO ONPEIE/IUTh WHIIYK-
tuBHO (ckaxkeM, A X B x C 6yuer cocTosaTh u3 TpoeK (a, b, ¢), KOTOpbIE
cytb napet ((a,b),c)). dekaproBo npousBejieHHe CIETHOIO UUCJIA MHO-
JKECTB y2Ke TaK He OIpeJIeJIb. Borxon Takoit: AgX A1 X As X. .. (cuérHoe
YHCIIO COMHOYKUTEIEH) MOKHO OIIPEJIEIUTh KaK MHOMKECTBO BCEX TI0CTIe-
JIOBATEJILHOCTEI g, a1, a2, - . ., Y KOTOPBIX a; € A;, TO €CTh KAK MHOXKECT-
BO BceX (DYHKIHUI a, ompeneséHHbIX HA N cO 3HaYeHUsAMEU B O00beInHE-
uun Beex A;, npuuéM a(i) € A; upu Beex i. Ilocie Takoro onpenesnenust
rTeopeMa 10 JIErKO IE€PEHOCHTCS U Ha CYETHBIE (a TakyKe U Ha JI0ObIe)
[IPOU3BEICHNUS.

ITepexons k orpurianusmM, Teopemy Kénura MoxKHO chOPMyIUPOBATH
Tak: ecau upu Beex ¢ = 0,1,2,... mys MOIHOCTER G; U b; BBIMOTHEHO
HEPABEHCTBO b; < a;, TO

bo+b1+by+...<agXay Xag X ...

VuurbiBasi, 9T0 ¢ X ¢ X ... (CY6THOE MpOM3BEJIeHne) PaBHO ¢\°, TO
€CTh ¢, MO2KHO chOPMYJIMPOBATh TAKOe CJiecTBre TeopeMbl Kénura: eciiu
KOHTUHYYM Pa3bUT Ha CYETHOE YUCJIO MOIMHOXKECTB, TO OJHO W3 HUX
uMeeT MOITHOCTb KOHTHUHYYMA.

75. JlokarkuTe 1oIpOOHO ITO YTBEPIK/ICHHUE.

76. Ilycts ao, a1, asz, ... — MOIIHOCTHU, HPUYIEM a; > 2 Jyid BeeX 4. [lokaxxn-
Te, 9TO

ap+ar+azs+...<apXar Xaz X...
77. Ilycte mo < m1 < ma < ... — BO3pacTaloIias MMOCJIeJI0BATEIHLHOCTh

MomtHocTeil. Jokaxkure, 4To cymMmMa mo + mi + ma + ... He OpeJCTaBUMa B
Buge a0 HE IS KAKOH MOIIHOCTH d.



2. YnopsgoyeHHble MHOXeCTBa

2.1. OTHOWeEHMNS1 5KBMBANIEHTHOCTM U MOpPsiAKa

HamomumM, 9To 6MHAPHBIM OTHOIIIEHHEM Ha MHOYKeCTBE X Ha3bIBaeT-
cst mopmuoKecTBO R C X X X; BMecro (X1, x2) € R wacto nuinyT 1 Rxs.

Bunapmoe ormomenune R #a MHOKeCTBE X Ha3LIBACTCI OMHOULEHUEM
IKBUBANEHMHOCTU, €CJIV BBITIOJTHEHBI CJIEIYIOIINEe CBOMCTBA!

o (peduiekcuBrOCTh) TRX 1uist Beex x € X
e (cummerpuuHOCTh) Ry = yRx nuist Beex x,y € X
e (rpamsuruBHOCTL) TRy u yRz = xRz s Beex x,y, 2 € X.

Nmeer MecTo creyromiee 09eBUIHOE, HO BayKHOE YTBEPKICHUE:

Teopema 11. (a) Ecin muoxkectBo X pa3buro B 00belJUHEHUE HEle-
PECEKAIOIIMXCSI TIOAMHOXKECTB, TO OTHOIIEHNE «JIEXKATH B OJTHOM ITOJIMHO-
JKECTBE» SIBJISIETCs] OTHOIIEHNEM KBUBAJEHTHOCTH.

(6) Besikoe OTHOIIEHVE SKBUBAJEHTHOCTH IIOJIYyYAETCA OIMMCAHHBIM
CITI0COOOM M3 HEKOTOPOTO Pa30UeHUsI.

< IlepBoe yTBep:KeHME COBCEM OYEBUJIHO; MblI MPUBEIEM JTOKA3a-
TEJBCTBO BTOPOrO, YTOOBI OBLIO BUJIHO, IJI€ UCHOJB3YIOTCS BCE ITYHKTHI
olpe/ies/IeHnd 9KBUBaJIEHTHOCTHU. I/ITBJK7 IIyCTb R — OTHOIIIEHUE dKBUBa~
seatHoCcTH. JIjtst Kaxk1oro ajeMenTa © € X PACCMOTPUM €0 KAACC K-
BUBANEHMHOCTIU, — MHOXKECTBO BceX Yy € X, JIsi KOTOPBIX BEPHO TRY.

JlokarkeM, 9TO JJIsl IBYX Pa3JIMIHBIX X1, To TAKHE MHOXKECTBa JIUOO
HE TepeceKaroTcst, Jubo coBnaaoT. IlycTh OHU MepeceKaroTcsi, TO eCTh
umeroT obuwii ssement z. Torma x1 Rz u 9 Rz, orkyna zRxo (cummer-
puaHOCTH) U 1Ry (TpaHsuTuBHOCTH), a Takxke TaRry (cummerpmd-
HocThb). [losTomy gyis jmoboro z u3 xRz cnenyer xoRz (Tpamsurus-
HOCTb) U HAOBOPOT.

OcTaioch 3aMeTUTD, YTO B CHJITY PEMDIEKCUBHOCTH KAXKIBIH 9JIEMEHT &
MPUHAJJIEXKAT 38/[aBAEMOMY UM KJIACCY, TO €CTh JIECTBUTEIHLHO BCE MHO-
xkecTBO X pa3buTo HA HElepeceKaroecs: KiIaccol. >

78. Ilokazkure, 9T0 TPEOOBAHUS CUMMETPUIHOCTH ¥ TPDAH3UTUBHOCTH MOK-
HO 3aMeHuTb oxHuM: xRz n yRz = xRy (upm coxpanenun tpeboBaHusl pe-
drexcuBHOCTH).

79. CKOJIBKO Da3JIMYHBIX OTHOIIEHWH SKBHUBAJIEHTHOCTH CYIIECTBYET Ha
muoxkectse {1,2,3,4,5}7

80. Ha MHOZKeCTBe M 3a/laHbl JIBa OTHOIIIEHHA IKBUBaAJIECHTHOCTH, O603Ha—
JaeMbl€ ~1 U ~~2, HMEIOIIUE N1 U N2 KJIaCCOB SKBUBAJIECHTHOCTHA COOTBETCTBEH-
Ho. Byzer s ux nepecedenne ¢ ~ y < [(z ~1 y) u (r ~2 y)] oTHOIEHHEM
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sxBUBaJIEHTHOCTH ! CKOJIBKO ¥ HErO MOXKET OBITH KIaccoB! UTO MOXKHO CKa3aThb
1po 00'beINHEHNE OTHOIIEHUA T

81. (Teopema Pamces:) MHO)ecTBO Bcex k-3J1eMEHTHBIX MOJAMHOXKECTB Oec-
KOHeUHOro MHoxkecrBa A pasburo Ha | kinaccos (k, | — HaTypaJbHbBIe 9uCA).
Hoxkazkure, 9TO HaimEéTCsa GECKOHEYHOE MHOXKECTBO B C A, Bee k-3/1eMeHTHEIE
[IOJIMHOXKECTBa KOTOPOT'O MPUHAJIEXKAT OJHOMY KJIACCy.

(ITpu k = 1 370 04YeBHIHO: ecau GECKOHEYHOE MHOXKECTBO Pa3buTo Ha KO-
HEYHOE YHCJIO KJIACCOB, TO OJIMH U3 KJjaccoB OeckonedeH. llpy k =2 u |l = 2
YTBEp2K/IeHIEe MOXKHO CPOPMYIHPOBATH TaK: N3 OECKOHEYHOTO MHOYKECTBA JIIO-
Jeil MOXKHO BbIOpaTh JIMOO OGECKOHEYHO MHOTO IOITapHO 3HAKOMBIX, JU00 Gec-
KOHEYHO MHOT'O IOIIAPDHO HE3HAKOMBIX. KKOHEUHBI BApUAHT TOrO yTBEPXKIe-
HOSI — O TOM, YITO CPeay JIOOBIX IIEeCTH JIIOEH eCTh JHOO0 TPHU IIOMapHO 3HAKO-
MBIX, JIA6O TPU IIONAPHO HE3HAKOMBIX, — M3BECTHAS 381244 JJIsl IIKOJIHHUKOB. )

MHOKeCTBO KJIACCOB IKBUBAJIEHTHOCTH HA3BIBAIOT (PAKIMOD-MHOMCE-
cmeom MHOKecTBa X 110 oTHOIIeHuto skBuBasieaTaocTu R. (Eciau orHo-
IIeHNE COTJIACOBAHO C JOMOJHUTEJIbHBIME CTPYKTypamMu Ha X, TOJIyda-
1oTcst bakTOP-rpyIITbl, GAKTOP-KOJIBIA U T. 1. )

OTHoIIIEeHNST SKBUBAJEHTHOCTH HAM HE Pa3 eIé BCTPETATCsI, HO ceifaac
HAaIlla OCHOBHASI TeMa — OTHOIIEHUSI TOPSIKA.

Bunapmoe orHomenne < Ha MHOKECTBE X HA3BIBACTCS OMHOULEHUCM
YaACmMuYHo20 NopAJdKa, €CIU BBHIIOJHEHb TaKUEe CBOMCTBA:

o (pedekcusaocTh) T < x Jyis Beex x € X;

e (AHTHCUMMETPUYIHOCTD) T S YUY S T =T =Y
st Beex T,y € X;

e (TpaH3UTHBHOCTB) * S Yy U Yy < 2 = & < 2 JyIsd BCex ,y, z € X.

(Crenyst Tpajuium, Mbl UCHOJIB3yeM CUMBOJI < (a He OyKBY) Kak 3HAK
OTHOIIEHHS MTOPAIKA. ) MHOKECTBO ¢ 3aaHHBIM Ha HEM OTHOIICHHEM Ya-
CTUYHOTO TIOPSJIKA HAZBIBAIOT YACMUYHO YNOPAJOUEHHDIM.

loBopsT, 9T0 1Ba 971€eMeHTa X,y JACTUIHO YIIOPSIOYCHHOIO MHOXKE-
CTBa CPasHuUMbL, ecIu & < Yy Wid Yy < T. 3aMETUM, 9TO OIPEJIeIeHNe da-
CTUYTHOTO TIOPSA/IKa He TpedyeT, ITOObI JTI00bIE IBa JIEMEHTA MHOXKECTBA,
oL cpaBHUMBL. Jl06aBUB 9TO TpeboBaHUEe, MBI MTOJYIUM OIPEIeICHUE
Aunetinozo nopadka (AUHETHO YNROPAOOUEHHO20 MHOICECTNEA).

[IpuBeném HECKOJIBKO PUMEPOB YACTHUYHBIX HOPSIKOB:

e "ucioBble MHOXKECTBA ¢ OOBIYHBIM OTHOIIEHHEM IOPsiKa (31eCh
HOPSIZIOK OyIeT JTMHEHHBIM ).
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Ha mmoxectBe R X R Bcex map meHCTBUTENHLHBIX YUCET MOXKHO
BBECTH YACTUYHBIN [OPSIIOK, cauTas, 910 (X1, T2) < (y1,y2), ecau
21 S Y1 1 T < Yz. DTOT HMOPSIJIOK yIKe He OyJeT JIMHEHHBIM: apbl
(0,1) u (1,0) HE cpaBHUMBI.

Ha mHOkecTBe DyHKIWMI ¢ IeHCTBUTENBHBIMA aPTyMEHTAMI U 3Ha-
YEHUsIMUA MOXKHO BBECTH YACTUIHBIN HOPSIOK, cuauTast, 910 f < g,
ecan f(x) < g(x) npu Beex x € R. Dror HOpsI0K He Oy/er JImHeH-
HBIM.

Ha MHO>XKeCTBe MEJIbIX MOJIOKUATEIBHBIX YUCET MOXKHO OIPEIETUTh
MOPSIIOK, CAUTAsT, 9TO & < Y, €CJIA T JEJIUT Y. DTOT HMOPSJIOK TOXKE
He OyIeT JIMHEHHBIM.

OrHotrerne «JI000M IPOCTON AEIUTEb YUCIIa, T ABJISETCS TaKKe 1
JIeJIUTesIeM YUCTIa Y» He OyIeT OTHOIIEHUEM OPSIIKa Ha MHOXKECTBE
LEJIBIX TIOJIOKUTEJIbHBIX Yrcesl (OHO PedIeKCUBHO U TPAH3UTUBHO,
HO HE AHTHCUMMETPUIHO).

ITycrs U — npoussosbHoe MuOKecTBO. Torma na muoxecrse P(U)
BCEX HOJIMHOXKECTB MHOXKecTBa U OTHOIIeHHE BKJIOYeHHst C OyJer
JACTHUIHBIM TTOPSIIKOM.

Ha 6ykBax pycckoro ajdabnura Tpajuius olpeaesseT HeKOTOPBIit
mopsiziok (a < 6 < B < ... € 4). DTOT HOPSAJOK JIMHEEH — IIPO
Juobble e GYKBbI MOXKHO CKa3aTh, KaKasd U3 HUX paHbine (npu
HEeOOXOIMMOCTH 3aTJISTHYB B CJIOBAPh ).

Ha cioBax pycckoro asiaBuTa ONIpelesiéH sekcukozpadurueckul
HOpsAIOK (Kak B ciroBape). PopMaIbHO OLPEIEIUTE IO MOKHO TaK:
€CJIM CJIOBO T sIBJISICTCS HAUAJIOM CJIOBa ¥y, T0 = < Yy (HampuMep,
KaHT < KaHTOp). Ec/m HI 0/1HO U3 CJIOB HE SIBJISIETCsI HAYAIIOM JIPY-
roro, MOCMOTPHUM Ha IIEPBYIO II0 HOPAIKY OYKBY, B KOTOPOIl CI0Ba
OTJIMYAIOTCSI: TO CJIOBO, Ijie 3Ta OyKBa MeHbIle B aji(paBUTHOM IIO-
psziKe, U OyJIeT MeHbIIe. DTOT IOPsIO0K TaKIKe JINHeeH (HMHAade 9TO
OBl JleJIaJl COCTABUTEIH CJIOBApeii?).

Ornomenne pasercrsa ((z < y) < (z = y)) TakKe sIBIACTCS OT-
HOIIEHUEM YACTHIHOIO HOPsi/iKa, JUlst KOTOPOrO HUKAKUE JBa Pa3-
JIMYHBIX 9JIEMEHTa HE CPABHUMBIL.

[IpuBeném Temepn ObITOBOIT mpuMmep. IlycTh ecTth MHOX)KeCcTBO X
KapPTOHHBIX KOPOOOK. BBeéM Ha HEM MOPSIOK, CAUTasd, ITO * < Y,
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ecJi1 KOpOOKa T IEJIMKOM [OMEAeTcsl BHYTPb KOPOOKHU y (1iu ec-
JU T U Yy — OJHA U Ta ¥Ke Kopobka). B 3aBucumoctu ot nabopa
KOPODOK 3TOT MOPSIOK MOYKET OBITH WJIU He OBITH JTUHEHHDBIM.

[Iycts 2,y — 97€MEHTHI YaCTHYHO YIOPSIOUYEHHOIO MHOXKecTBa X .
ToBopsr, uto < y, ecmn & < y U ¢ # y. JjIs 9TOro OTHOIIEHUsT BBITIOJI-
HEHBbI TaKUe CBOWCTBA:

T £ x;

z<yun(y<z = xz<z

(HepBoe OYE€BU/IHO, IIPOBEPUM BTOpPOE: eciil £ < Yy U Yy < Zz, TO €CTb
<y, #y, y< 2 yF 2z T0xr < 20 TPAH3UTUBHOCTHU; €CJIA ObI
0Ka3aJI0Ch, 9TO & = 2, TO MbI Obl UMeJIn & < Y < & U IIOTOMY T = Y 1O
AHTUCUMMETPUIHOCTH, YTO IPOTHUBOPEUUT [IPEIIOJIOKEHHUIO. )

TepmunoIOrIYecKOe 3aMevaHne: Mbl YUTAEM 3HAK < KaK <«MEHbIIe
WIN PABHO», a 3HAK < — KAaK «MEHBIIIe», HEeSIBHO IO/IpAa3yMeBasi, 4TO
x < y TOrjla M TOJBKO TOTJa, Korja ¢ < y wim ¢ = y. K cuacTsio,
9TO JeHCTBUTEIbHO Tak. EIIE 0HO 3aMedanue: BhpaskeHue r > y («x
GoJiblie y») O3HAYAET, 9TO Yy < T, a BbIpaxkenue T > y («x GOJIbIIE WK
PABHO Y») O3HAYAET, 4TO Y < .

82. OGbsicHUTE, TIOUEMY HE CTOUT YUTATh T < Y KaK «T He GOJIbIIe Y».

B HEKOTOpBIX KHUYKKAX OTHOIIEHUE YACTUIHOTO TIOPSIIIKA OMPeIeIsi-
€TCsT KaK OTHOIEHNE <, YOBJIETBOPSIOIIEE JTBYM YKA3AHHBIM CBOHCTBAM.
B stom ciaydae otHommenne ¢ < y < [(z < y) wm (z = y)| aBasgercs or-
HOIIIEHNEM YACTUIHOTO TOPSIJIKA B CMBICJIE HAIIETO OIPE/IeICHUSI.

83. IIposepbTe 3TO.

Bo usbexkaHme myTaHUIBI OTHOIIEHNE < HHOTIA HA3BIBAIOT OTHOIIE-
HHEM CMPo2020 NOPAJKAG, & OTHOIIEHWE < — OTHOIIEHUEM HECPO2020
nopsadka. OJHO U TO Ke YACTUIHO YIOPSIOYEHHOE MHOXKECTBO MOXKHO
33JIaBATH [I0-PA3HOMY: MOYKHO CHAYAJIA OIPEJIEUTh OTHOIIEHIE HECTPO-
roro nopsiika < (pedJiekcnBHOE, AHTHCUMMETPUIHOE U TPAH3UTUBHOE)
U 3aT€M W3 HEro MOJIyYUTh OTHOIIEHHE CTPOrOro MOPSIKa <, & MOXKHO
JIeiiCTBOBATH U HA0DOPOT.

84. Omyckasi TpebOBaHNE AHTHUCUMMETPUYIHOCTH B OIPEIEJICHUM HaCTUY-
HOrO TIOPsiJIKa, TOJIyYaeM OIpejeseHne npednopadra. Jlokazxkure, 94ro jir060it
OPEeAnopAaO0K YCTPOEH TaK: MHOXKECTBO JIEJINTCA Ha HEIlepeCeKarolmecd Kiac-
CBI, IIPU 3TOM & < ¥ JJIsl JIIOOBIX JIBYX 3JIEMEHTOB I, Yy W3 OIHOIO KJacca, a
Ha d)aKTOp-MHO)KeCTBe 3aJlaH JaCTUIHBIN IIOPAJI0K, KOTOpBIﬁ u omnpenaessier
pe3yabTaT CpaBHEHUSA NBYX JIEMEHTOB U3 PA3HBIX KJIACCOB.

Bor HEeCKOIBKO KOHCTPYKIWIA, TO3BOJISIIONIAX CTPOUTH OJIHU YIOPS-
JIOYEHHBIE MHOYKECTBA, U3 JIPYTHX.
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e Ilyctp Y — moaMHOXKECTBO YACTUYIHO YHOPSIOYEHHOIO MHOYKECT-

Ba (X, ). Torma na mMuOKecTBe Y BO3HHMKAET €CTECTBEHHBIH da-
CTUYHBIN HOPSIIOK, uHdyyuposartbsiti u3 X . @opMajbHO TOBOPS,

(Sy) = ()N (Y xY).

Ecin mopsiok Ha X OBbLI JIMHEHHBIM, TO U WH/YITUPOBAHHBIN 110~
PsIOK Ha Y, OYeBUIHO, OYIeT JIMHEHHBIM.

IIycte X u Y — ;gBa HelepeceKaronmxcs YaCTUIHO YIIOPsIOIeH-
HBIX MHOYXKECTBa. 10r7a Ha MX O0bEINHEHUN MOXKHO OIIPEIe/INTH
FACTUIHBIN MOPSIOK TAaK: BHYTPH KaXKJIOI'0 MHOYKECTBA JIEMEHTHI
CPaBHMBAIOTCS KaK paHbIlle, a JII0OOi 3JeMeHT MHOXKecTBa X II0
OTIPEJIETIEHNIO MEHbBIIE JII0H0ro 31eMeHTa Y. DTO MHOXKECTBO eCTe-
crBenno obozuauntb X + Y. (Ilopsamok Oyer JuHEHAHBIM, ec/id OH
ObLJI TAKOBBIM Ha KAXKJIOM M3 MHOXKECTB. )

D710 ke 0603HAYECHUE [IPUMEHSIOT U JJIsl IIepeceKkaomuxcs (1 na-
JKe COBIIQJIAIOIIUX MHOXKeCTB). Hanpumep, roBopst 06 ynopsaoues-
moMm mHOKecTBe N + N, MbI 6epéM J1Be HemepeceKaromunecs: KOMHu
narypasbaoro paga {0,1,2,...} u {0,1,2,...} u paccmarpusaem
muozkectso {0,1,2,...,0,1,2,...}, npuuém k < [ npu Beex k u [,
a BHYTPH KaXKJION KOIWU MTOPSIOK OOBIIHBII.

IIyers (X, <x) u (Y,<y) — JBa yHOPSJOYECHHBIX MHOXKECTBA.
MOKHO OIIpeesInTh MOPAMOK Ha IpoM3BeneHnn X X Y HeCKOJb-
kuMu crocobamu. MoxKuO cuurarb, 9ro (r1,y1) < (Ta,y2), ecan
1 <x T2 1 Y1 <y Y2 (IOKOOpIMHATHOE CPaBHEHME). DTOT HODsI-
JIOK, OJHAKO, He OyJeT JUHeHHBIM, J1azkKe ec/Id MCXOAHbIE HOPAIKH
7 ObUIM JIMHEHHBIMU: €CJIM TepBas KOOPJAUHATA GOJIbINe Yy OIHOM
Haphl, a BTOPas y APYyroil, KaK uX cpaBHATH? I TOObI MOy YUTh JIU-
HEHHBIA TOPAJIOK, JOTOBOPUMCS, KaKas KOOPIUHATA OYACT <«IJIaB-
HOl» m GyJIeM CHavYaja CpDABHUBATHL IO Hell, a motom (B ciydae
paBeHcTBa) — 1O apyroil. Ecsim riaBHO# cumrtath X-KoOpauHa-
Ty, TO (1,91) < (T2,y2), ecin x1 <x To WIK €CIU T1 = T2, &
y1 <y %2. OIHAKO IO TEXHMYECKHM NPUYUHAM YIOOHO CUHUTATH
IVIABHOI BTOPYIO KOOpAUHATY. [0BOPA O IPOU3BEACHUH JIBYX JIU-
HEWHO yIOPSAJ0IeHHBIX MHOXKECTB KaK O JJMHEHHO YIIOPAI0IeHHOM
MHOXKECTBE, Mbl B JAJbHEANIEM MOJpPa3yMeBAeM HMMEHHO TAKOM
HOPSIIOK (CHAYAJIa CPABHUBAEM 110 BTOPOI KOOD/IMHATE).

85. JlokaxkuTe, 9TO B 9aCTUIHO ynopsmodernnoMm muoxkectse N X N (mo-

PAJIOK OKOOPJMHATHBIH) HET GECKOHEYHOIO MOAMHOXKECTBA, JIIOObE /1Ba dJe-
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MEHTa KOTOPOTO ObLIM ObI HECPABHUMBI. BEpHO /i aHAJIOTUYHOE yTBEPXKICHUE
s 7 X 7.7

86. /lokaskuTe amajormaHoe yTBeprKieHne mis N¥ (mopsimox mokoopiu-
HATHBIH).

87. Ilycte U — KOHEYHOE MHOXKECTBO M3 M 3JIEMEHTOB. PaccMoTpuM MHO-
xkectBo P(U) Bcex MOIMHOXKECTB MHOKeCTBa, U, yIIOPSAIOYEHHOE 10 BKJIIOYe-
mmo. KakoBa MakCHMaJIbHO BO3MOXKHasl MomiHocTb MHOxkectBa S C P(U),
€CJIM MHYITUPOBAHHBIN HA S TOPSIIOK JIMHEEH? eC/I HUKAKWE JBa, 9JIEMEHTa S
He cpaBHuUMBI! (YKazaHue: cM. 3ajady 14.)

88. CKOJIBKO CyIIECTBYET PA3JUIHBIX JIMHEHHBIX OPSIKOB Ha MHOXKECTBE
U3 N 9JIEMEHTOB?

89. JlokakuTe, YTO BCAKMI YACTUIHBINA MOPSIIOK HA KOHEYHOM MHOXKECTBE
MOKHO ITPOJIOJIZKHTD JI0 JIAHEHHOTO (<«IIPOIOJIZKATD» O3HAYAET, ITO €CIIA T < Y
B MCXOJHOM IIODSIJIKE, TO ¥ B HOBOM 9TO OCTAHETCS TaK).

90. /Tano 6eCKOHEYHOE YACTUIHO yHOpsioueHHOoe MHOXKeCcTBO X . JloKasku-
Te, 9TO B HEM BCErja HaWgAETCs JIMOO OECKOHEYHOE IOAMHOMXKECTBO ITOIAPHO
HECPABHUMBbIX JIEMEHTOB, JIM00 GECKOHEUHOE MOMHOKECTBO, HA KOTOPOM WMH-
JYLIAPOBAHHBIIN ITOPSIJIOK JINHEEH.

91. (Koneunsblit BapuanT npeapLayeii 3aa4du.) JJanbl [eible MOJI0KUTE b
HbIe gucaa m u n. Jlokaxkure, 9T0 BO BCIKOM YaCTUYIHO yIIOPSITIOYEHHOM MHO-
2KeCTBE MOIIHOCTH Mmn + 1 MOXKHO yKa3aTh Jinbo m + 1 nmomapHo HeCPABHUMBIX
3JIEMEHTOB, 160 1 + 1 monmapHO CpaBHUMBIX.

92. B cTpouky HamucaHbl mn+1 pa3nndabix guces. JlJokaxkure, 9TO MOKHO
YacTh U3 HUX BBIYEPKHYTH TaK, 9TOOBI OCTAJIACH JINOO BO3PACTAIOIIAs TTOCTIe-
J0BaTEJILHOCTD JJIUHBL m + 1, qub0 yObIBaOIasi MOCIeI0BaATEILHOCTD JIJIU-
el 1+ 1. (YKa3aHMe: MOXKHO BOCIIOJIb30BAThCS IIPEIBLAYINEH 3agadeil.)

93. PaccmoTpuM ceMeiicTBO BCEX MOJIMHOYXKECTB HATYPAJIbHOIO psifia, YIo-
panoueHHoe 10 BKoYeHno. CylecTByer Jin y Hero JIMHEHHO yIopsiI0ueHHOe
(B MHIYIMPOBAHHOM HOPsZKE) IOJCEMEHCTBO MOIIHOCTH KOHTHHYYM? Cyime-
CTBYeT JI Y HEro MOJCEMENCTBO MOIITHOCTH KOHTUHYYM, JIIOOBIE JIBa 3JIEMEHTA
KOTOPOI'0 HECPABHUMBI !

DJIEeMEHT YaCTUIHO YIOPSTOIEHHOTO MHOXKECTBA HA3BIBAIOT HAUOOAD-
WUM, €CITH OH OOJIbIIE JIFOOOTO JPYTOTO 3JEMEHTa, U MAKCUMAALHBIM,
€Cc/Ii He CYIIECTBYeT OOJIBITIETO djIeMeHTa. KCIn MHOXKECTBO He sIBJISIETCS
JIMHEHTHO yTIOPSIOYEHHBIM, TO 9TO HE OJHO W TO K€: HAMOOJBINN 3JIe-
MEHT aBTOMATHYECKH SIBJISIETCS MAKCUMAJbHBIM, HO He Haobopor. (OmHo
J1eJI0 KOpoOKa, B KOTOPYIO TIOMEIAeTCst Jitobast ipyrasi, Ipyroe — Kopoo-
Ka, KOTOpas HUKYZa OOoJIbIle He MOMEaeTcs. )

Jlerko moHSATH, YTO HAUOOJIBINUI SJEMEHT B JAHHOM YACTUIHO YIIO-
PSIOIEHHOM MHOYKECTBE MOYKET OBITH TOJIBKO OJINH, B TO BPEMS KaK MaK-
CAMAJILHBIX 3JIEMEHTOB MOYKET OBITH MHOTO.

Anajiornano OIIPEeAEJIAI0OT HAUMEHDWUE T MUHUMAADHDLE DJTIEMEHTDI.
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94. JlokakuTe, 4TO JIOObIE [Ba MAKCAMAJIBHBIX 3JIEMEHTA HE CPABHUMBL.
JlokazknTe, 4TO B KOHEYHOM YACTUYHO YIOPSIOYEHHOM MHOXKecTBe X I
JII060r0 dJIEMEHTa T HANAETCs MaKCUMAJILHBINA 9JIEMEHT Y, OOJIBIINIA Mk paB-
HBIA .

2.2. Nzomopdunamei

JlBa 9aCcTUYHO YIOPSJIOYEHHBIX MHOXKECTBA HA3BIBAIOTCS U30MODPH-
HbLMU, €CJIA MEXKJY HUMHU CYIIECTBYET U30MOPHU3M, TO €CTh B3AUMHO
OJIHO3HAYHOE COOTBETCTBUE, coxpaHsiomee nopsaok. (Ecrecrsenno, uaro
B 9TOM CJIy4ae OHU PABHOMOIIHBI KAK MHOYKeCTBa.) MOXKHO CKa3aTh Tak:
oueknus f: A — B HazbBaeTcss n30MOPQMU3MOM YaCTUYHO YIIOPSI0YEH-
HBIX MHOXKeCTB A u B, ecim

a1 <az & flar) < f(az)

JUIst JTIIOOBIX JIEMEHTOB a1, az € A (cieBa 3HaK < 0003HAYAET HOPSIJIOK B
MHOXKeCTBe A, crpaBa — B MHOXKeCTBe B).

OueBnjHO, UTO OTHOIIEHNE M30MOPMHOCTH PedIIeKCUBHO (KaxKI0e
MHOXKECTBO u30MOpGhHO caMoMy cebe), cummMerpudno (ecau X uzomopd-
HO Y, TO ¥ HA06OPOT) U TPAH3UTUBHO (JBa MHOXKECTBA, U30MODMHbIE
TperbeMy, n30MOpdHBI MexKLy coboii). Takum ofpasoM, Bce 4acCTUIHO
VIIOPsi/IOYEHHbIE MHOYXKECTBA PA30MBAIOTCS HA KJIACCHI N30MOPMHBIX, KO-
TOpBIE HA3BIBAIOT Nopadkosvmu munamu. (IIpaBna, Kak u ¢ MOIIHOCTS-
MH, TYT HEOOXOIUMa, OCTOPOXKHOCTH — M30MOP(MHBIX MHOXKECTB CJIAIITKOM
MHOT'O, U IOTOMY TOBOPHUTH O TOPSIKOBBIX THUIIAX KAK MHOYKECTBAX HEJIb-
341.)

Teopema 12. KoHeuHbIe JIMHEHHO YIIOPsiIOYEHHBIE MHOYKECTBA, U3 OJIU-
HAKOBOT'O YHCJIA JIEMEHTOB U30MOPQHBI.

<1 KoneuHoe JIMHEHO yIIOPSII0YeHHOEe MHOXKECTBO BCEr/Ia UMEET Hau-
MeHbIIH 3/1eMeHT (BO3bMEM JIIO6GOH 3JIEMEHT; eCIM OH He HAUMEHBINHUii,
BO3bMEM MEHBINNIA, €CJIM U OH HE HAMMEHBIINH, emé MEHBbIUN — U Tak
Jrajee; MOJYyYNM YOBIBAIONIYIO MOCJIEIOBATEIBHOCTD & > Y > 2 > ...,
KOTOpasi PAHO WJIU [O3IHO JOoJIKHA obopsarbes). IIpucBonM HaummeHb-
memy 3jieMenTy HoMmep 1. VI3 ocTaBiIuxcsi CHOBa BhIOEPEM HAUMEHbIINM
9JIEMEHT U IIPUCBOUM €My HOMeEp 2 U Tak jaJee. JIerko moHsATh, 94TO MO-
PSIOK MEXKIY dJeMEHTaMH COOTBETCTBYET MOPSIKY MEXKIY HOMEpPaMu,
TO €CTh YTO HAIlEe MHOXKeCTBO uzoMopduo muoxkecrsy {1,2,...,n}. >

95. /lokazkuTe, 9TO MHOMKECTBO BCEX IEJIBIX TOJOXKUTEIbHBIX ETUTEeH
qncsa 30 ¢ oTHOIIEHNEM «OBbITh JIeJINTeIeM» B KadeCTBE OTHOIIEHUS OPSIKA
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n30MOpGhHO MHOXKECTBY BCEX MOJIMHOXKECTB MHOXKeCTBa {a, b, ¢}, yrnopsimouen-
HOMY TI0 BKJIFOUEHHIO.

96. Byiem paccMaTpuBaTh (DMHUTHBIE TIOCJIEI0BATEIHLHOCTH HATYPAJIBHBIX
YHUCEeJI, TO €CTh MOC/IEIOBATEILHOCTH, ¥ KOTOPBIX BCE WJIEHBI, KPOME KOHEYHO-
ro uncia, pasubl 0. Ha MHOXecTBe TaKuX HocCjeIoBaTeIbHOCTeH BBEISM IO-
KOMIIOHEHTHBI! MOpsiiok: (ao,at,...) < (bo,b1,...), ecan a; < b; 1pu Beex .
JIoKazKuTe, 9TO 9TO MHOKECTBO U30MOP(MHO MHOYKECTBY BCEX TIOJOKUTETHLHBIX
LEeJIBIX YUCeJ C OTHOIIeHUEeM <«OBLITh JeIuTeeM» B KadecTBe MopsIKa.

Bsanmuo omHO3HAMHOE OTOOpazKEHHME YACTHIHO YIODPSAJTOIEHHOTO
mHOKeCTBA A B cebs, saBnsomeecs n30MOpMU3MOM, HA3BIBAIOT AGMO-
MOPHUIMOM FTACTUIHO yIOpsmodeHHOoro MHOXKecTBa A. Toxnecrsennoe
OTOOPAYKEHHUE BCEryla SABJISETCS aBTOMOD(MU3MOM, HO JIs HEKOTOPBIX
MHOXKECTB CYIIECTBYIOT M Jpyrue asroMopdusmbl. Hanpumep, orobpa-
kenue npubasienns eaquaunpl (z — T + 1) aBagercs aBroMopdbu3MoM
YACTHIHO YIIOPSIOUEHHOrO MHOZKECTBA, Z TIEJIBIX 9UCes (C eCTECTBEHHBIM
nopsaakoMm). Jljis MHOMKECTBA HATYPAJIBbHBIX 9IHCes Ta ke GopMmysa He
naér aproMopdusMa (HeT B3aUMHOM OTHO3HATHOCTH).

97. IlokazkuTe, 9TO HE CYIIECTBYET aBTOMOP(MU3Ma YIOPSIIOIEHHOTO MHO-
KectBa N HaTypaJIbHbIX YUCEJI, OTJIMYHOI'O OT TO2KIECTBEHHOT'O.

98. PaccmorpumM MHOXKecTBO P(A) BCeX MOAMHOMXKECTB HEKOTOPOro k-sJie-
MEHTHOI'O MHOXKeCTBa A, YaCTUYIHO yHOPAJOYEHHOE IO BKJ/IIOYEHUIO. Haﬁ,ILI/ITe
YHUCJIO ABTOMOP(MU3MOB 3TOI'O MHOXKECTBA.

99. HOKa)KI/ITe, YITO MHO2KECTBO I€JIbIX IIOJIO?KUTEJIbHBIX YHCeJI, JaCTHU4-
HO YIOPAJOYCHHOE OTHOIICHUEM <« OEJIUT Y», UMeEeT KOHTUHYYM Pa3JIMIHbIX
aBTOMOP(U3MOB.

BoT HECKOIBKO IPEMEPOB PABHOMOIIHBIX, HO HE H30MOPQHBIX JIUHEH-
HO YIIOPAJOYEHHBIX MHO2KECTB (B CHJ1y TeopeMbl 12 OHU JIOJIZKHDBI 6bIT])
GECKOHEYHBIMH ).

e Orpesok [0,1] (¢ OOBIYHBIM OTHOIIEHUEM MOPSIKA) HEe H30MOPdeH
MHOXKeCTBY R, Tak Kak y HepBOrO eCTh HAMOOJIBIIHUI 3JIEMEHT, a
y Broporo Her. (IIpu m3omopdusme HAMGOIBIIMI JIEMEHT, ecTe-
CTBEHHO, JIOJIZKEH COOTBETCTBOBATH HAUOOJIBIIEMY. )

e MuoxkecTBo Z (uesible 9ucia ¢ OObIYHBIM IIOPSJIKOM) HE U30MOPdh-
HO MHOXKecTBy Q (pammonasnbHble wmesna). B camom gene, mycThb
«a: Z — Q sBasiercsas uzoMopduszMoM. Bo3bMEM 1Ba COCEIHUX Iie-
JILIX 9ucia, ckaxkeM, 2 n 3. Ilpu nzomopdusMe o UM JTOJKHBL CO-
OTBETCTBOBATH KAaKHe-TO JIBA PAIMOHAJBHBIX uncia «(2) u a(3),
npraéM a(2) < «(3), rak kak 2 < 3. Ho rorja panmnoHagbHbIM
qucsaM MexX Ty a2) n «a(3) JOoIKHBI COOTBETCTBOBATD IEJIBIE THC-
Jla MeXKy 2 U 3, KOTOPBIX HET.
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e Bosee cioxxublit npumep — MHOKecTBa Z U Z+ 7. Bozbmém B Z+7
JiBe KOIuU HyJist (U3 TON U APYroil KOMIIOHEHTHI); Mbl 0003HAYAIIM
ux 0 u 0. IIpu arom 0 < 0. ITpu uzomopdusMe UM JOIAKHBI COOT-
BETCTBOBATh JIBa MEJbIX Yucia a U b, ajst Koropeix a < b. Torma
BeceM asteMenTam Mexky 0 u 0 (ux 6eckonedno muoro: 1, 2, 3, ...,
—3, —2, —1) JIOJBKHBI COOTBETCTBOBATL YUCJIA MEXKJLYy a U b — HO
WX JIUIIb KOHETHOE 9HCJIO.

DTOT NMpUMep IPUHIUIMUAIBHO OTJINIAETCA OT MPEIbIAYIIAX TeM,
9TO 3/1eCh PA3HUILY MEXK]Iy CBOMCTBAMU MHOYKECTB HEJIb3sI 3alld-
catb dhopmysoit. Kak roBopsr, yropsijoueHHble MHOYXKEeCTBa Z u Z+
+ Z «3JIeMEHTapHO SKBUBAJIEHTHBI» .

100. [loxaxkuTe, 9YTO JIUHEHHO yIOPAIOYEHHbIE MHOXKeCTBa Z X N u Z X 7Z
(c onmcanHbIM BBIMIE HA C. 46 TOPSAKOM) HE H30MODPQHBL.

101. Byxayt u n3oMopdHBI JIMHEHHO yHOpsigovYeHHble MHOXKecTBa N X 7Z
uZ x 77

102. ByayTt s m3oMOpdHBI JIWHEHHO yHOpsiTodeHHble MHOXKecTBa Q X Z
n Q x N7

Orobpaenne & — /2 ocyliecTBisieT n30MOPMU3M MeXKJLy HHTED-
sasamu (0, 1) u (0,v/2). Ho y»xe He Tak mpocTo MOCTPOuTh H30Mophusm
MEXKJy MHOYKECTBAMHU PAIMOHAJILHBIX TOYEK ITUX UHTEPBAJIOB (TO €CTh
mezxry QN(0,1) m QN(0,1/2)), IOCKOIBKY yMHOXKEHHE Ha /2 HePEeBOIHT
paIoHAJIbHbIE YNCJIa B UppAIoHabHble. TeM He MeHee M30MOPMOU3IM
IIOCTPOUTH MOXKHO. Ijisi 9TOr0 Ha/I0 B3ATh BO3PACTAIOIINE IIOCJIEI0BA~
TEJIBHOCTH PAIMOHAJIBHBIX uncel 0 < 17 < 22 < ... 1 0 < y; < Y2 <
< ..., CXOJSIIIIECs] COOTBETCTBEHHO K 1 1 /2, 1 mocTponTs KYCOYHO-JIU-
HeitHyto DYHKIUIO f, KOTOpasi MEPEBOIUT T; B ¥Y; U JUHEHHA Ha KaXKIOM
U3 OTPE3KOB [Z;, T;+1] (puc. 5). Jlerko moHATH, Y10 OHA OGYJIET UCKOMBIM
M30MOPQPU3MOM.

103. ITokakuTe, YTO MHOXKECTBO PAIMOHAJIBHBIX Yuces uHTepBasa (0,1) u
muOKeCTBO Q m3omopdubl. (YKazanme: 37€Ch TOXKE MOXKHO ITOCTPOUTH JIOMAa-
HYIO; BIIPOYeM, MOXKHO JIefiCTBOBATh HHAYE U HAYATH C TOTO, YTO (DYHKIUA T —>
— 1/ mepeBOAUT panMOHAJBHBIE YUC/IA B DAlOHAJBHBIE. )

Bosee ciioxuast KOHCTPYKIMs TpebyeTcsd B cieylomeil 3anade (Bu-
JIMMO, HUYEro TPOIE, YeM COC/IaThCsi Ha OOIMyio Teopemy 13, TyT He
UPUYMAEIIb).

104. JTokaskuTe, 9TO MHOYKECTBO JBOMYHO-PALMOHAJIBHBIX YUCEJI HHTEpPBa-
ma (0,1) msomopduo muoxkectBy Q. (Umemo cumraercss 060uUMHO-PAUUOHAND-
HbLM, €CITTM OHO MMeeT BHJ m /2™, rjie m — [eJsioe 9ucio, a n — HATYPAJIbHOE. )

JBa sjmemenTa x, y JTUHEHHO YIIOPAIOYEHHOI'O MHOXKECTBA HA3BIBAIOT
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0 21 X2 Vl

Puc. 5. Jlomanas ocymiecTBiisieT B30MOP(MUIM.

cocedHuMU, eciin T < Y U He CYIECTBYET JIEMEHTA MKy HUMU, TO €CTh
Takoro z, 4ro r < z < y. JIuneiino ynopsimoueHHOE MHOXKECTBO Ha3bI-
BAIOT NA0TNHbLM, €CJIA B HEM HET COCEIHUX IJIEMEHTOB (TO €CTh MEXKILy
JHOOBIME JBYMS €CTh TPETHIA).

Teopema 13. JTioObIe ABa CIETHBIX IVIOTHBIX JIMTHEWHO YIOPSITOIEHHBIX
MHOKeCTBa 6e3 HaubOJIBINEro U HANMEHBIITEr0 3JIEMEHTOB N30MOP(MHBI.

< IlIyecre X m Y — namHble HaM MHOXKeCTBa. 1pebyeMblit H30MOp-
busM MeX) Ty HUMU CTPOUTCs 110 maram. 1lociie n maroB y Hac eCcTh 1Ba
N-3JIeMEeHTHBIX IonMHOXKecTBa X, C X n Y, C Y, 3j1leMeHTbl KOTOPBIX
MbI Oy/IeM HA3BIBATH «OXBAYEHHBIMU», I B3AUMHO OJITHO3HAYHOE COOTBET-
CTBUE MeXKJy HUMH, COXPaHsdolee mopsanok. Ha odepennom mare Mbl
GepéM KaKoM-TO HEOXBAUEHHBII 3JIEMEHT OJIHOTO U3 MHOXKECTB (CKaXKeM,
MHOXKeCcTBa X ) U CPABHUBAEM €r0 CO BCEMH OXBAYCHHBIMU IJIEMEHTa-
v X. OH MOXKeT OKaz3aThCd JMOO MEHbBINE BCeX, MO0 OoJibie, Jbo
[IONACTh MEXK/Iy KaKUMHU-TO JABYyMs. B KaxKIOM U3 CIy9aeB MBI MOXKEM
HaWTH HEOXBAYEHHBIN 3JIeMEHT B Y, HAXOIAIIUNCI B TOM K€ ITOJIOYKEHUH
(GostbIle BCexX, MeXKJLy NEPBBIM M BTOPBIM OXBAYEHHBIM CBEDXY, MEXKILY
BTODPBIM M TPETHUM OXBAYEHHBIM CBEPXY U T.1II.). IIpU 9TOM MBI II0JIb3Y-
eMCsl TéM, 9TO B Y HET HANMEHBIIIErO 3JIEMEHTa, HEeT HAMOOJIBIIEro U HET
COCEJTHUX DJIEMEHTOB, — B 3aBHCHUMOCTH OT TOT'O, KAKOI M3 TPEX CIIyIacB
nmeeT MecTo. IToce aToro Mur qobaBssieM BLIOpAHHBIE JIEMEHTHI K X,
u Y, cunrasi UX COOTBETCTBYIOIIMMU JIPYT JAPYTY.

Yrobbl B mpeiesie MOIyInTh M30MOPMU3IM MEXKIy MHOXKecTBaMu X
u Y, MBI JOJIKHBI 1103a00TUTHCS O TOM, ITOOBI BCE 3JIEMEHTHI 000MX MHO-
JKeCTB OBbLIM PAHO WJIH MTO3/THO OXBAYEHBI. DTO MOXKHO CJIEJIATH TaK: I10-
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CKOJIbKY KarKJ0e€ W3 MHOXKECTB CUYETHO, ITPOHYMEPYEeM €ro 3JeMEeHTHI U
OyJieM BbIOMpATh HEOXBAYCHHBIA 2JIEMEHT ¢ HAMMEHBIIMM HOMEpPOM (Ha
HEYETHBIX marax — u3 X, Ha 9€THBIX — U3 Y). DT0 coobpakeHne 3a-
BEPINAET J0KA3aTEJIbCTBO. [>

105. CKOJIBKO CyLIECTBYEeT HEN30MOP(MHBIX CUETHLIX IUIOTHBIX JIMHEHHO
YIOPSIIOUEHHBIX MHOKECTB (IIPO HAMMEHBIINH ¥ HANOOJIBIININ SJIEMEHTHI HU-
vero He n3pectHO)? (OtBer: 4.)

106. IIpuBenure mpuMep HEM3OMOPGMHBIX JIMHEWHO YIOPSIOYEHHBIX MHO-
2KECTB MOIIHOCTH ¢ 6€3 HAMMEHBIIErO U HAUOOJIBIIErO HJIeMEHTOB. (YKasaHue:
Bo3bMuTe MHOXKecTBa Q + R u R + Q.)

Teopema 14. Besikoe cuérHOE JIMHEHHO YIIOPSIIOYEHHOE MHOXKECTBO
n30MOPGHO HEKOTOPOMY IMTOJIMHOXKECTBY MHOXKecTBa Q.

< 3aMeTuM Cpasy ¥Ke, 9TO BMeCTO MHOKeCTBa (Q MOXKHO OBbLIO B3ATH
JTII060€ TIJIOTHOE CIETHOE BCIOY TLIOTHOE MHOXKECTBO 0€3 MepBOTO U TO-
CJIEJTHETO JIEMEHTOB, TaK KaK OHU BCE M30MOP(MHDI.

Jlokaz3aTeabCTBO TOTO yTBEPKJICHUST ITPOUCXOJIUT TaK Ke, KaK U B
TeopeMe 13 — ¢ TOi pasHuIeil, 9T0 HOBbIE HEOOPAOOTAHHBIE 3JIEMEHTHI
GepyTCst TOJILKO € OJIHOIN CTOPOHBI (M3 JIAHHOTO HAM MHOXKECTBA), a IIAPLI
K HAM TIOAOWPAIOTCS B MHOXKECTBE PAITMOHAIBHBIX THCes. [>

107. /laiiTe apyroe moKa3aTe/IbCTBO TeOpeMbI 14, 3aMeTHB, 9TO JII060e MHO-
2KecTBO X M30MOPGHO MOAMHOXKeCTBY MHOXKecTBa (Q X X.

2.3. ®yHaMpoBaHHblE MHOXECTBA

IIpuaIn MaTeMaTHYECKOH MHYKIINHI B OHON U3 BO3MOXKHBIX (POPM
3BYyYUT TaK:

Iycre A(n) — mexoropoe cpoiicrBo HarypaJbHoro umucia n. Ilycrs
HaM yzaJjock jokasarb A(n) B npeamnosoxenun, 4ro A(m) BepHO iis
Bcex m, MeHbInux n. Torya cBoitctBo A(n) BEpHO JIsT BCEX HATYDAJIb-
HBIX 9HCEJ N.
(3amernm, 410 1O ycsroBHIO HoKa3aTeabcTBO A(0) Bo3MOXKHO Ge3 Bes-
KHX TIPEJIIOJOXKEHN, TIOCKOIbKY MEHBIINX YHCes HET.)
Jnsi KaKNX 9acTUYHO YIOPsIOYEHHBIX MHOXKECTB BEPEH aHAJIOTHY-
wbiit mpuaun?! OTBeT Jaércs CIeayoIeil TpoCToil TeOpeMOii:
Teopema 15. Cremyrormue Tpu CBOICTBa YaCTHYHO YIOPSIOUEHHOTO
MHOKeCTBa, X PABHOCHJIBHBL:
(a) sr06oe HelryCTOE TOIMHOYKECTBO X UMeET MUHUMAJIBHBIH 3IeMEeHT;
(6) He cymecTByeT GECKOHEUHOM CTPOro YOBIBAOIIEH IIOCIIEI0BATE b
HOCTH Zg > T1 > T2 > ... DJIIEMEHTOB MHOXKECTBa X;
(B) mist MEHOXKecTBa X BEpEH HPUHITUI HHIYKIMA B CJIeyolei dhop-
Me: ecan (mpu KaxkaoM x € X) u3 ucruHHocTH A(y) Juis Beex y < X
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caepyer ucruaaocts A(zx), To coiictBo A(x) BepHO 1pu Beex x. Pop-
MAaJILHO 3TO 3aIUCHIBAIOT TaK:

Vo (Vy ((y < ) = Ay)) = A(z)) = Va A(x).

< Cravasia Jj0KarxkeM 9KBHBAJEHTHOCTH II€PBBIX JBYX CBoHcTB. Ecin
To > L1 > To > ... — OECKOHEUHAs yOBIBAIOIIAS MOCIEI0BATEILHOCTD,
TO, OYEBUIHO, MHOXKECTBO €6 3HAUCHUI He NMEET MUHUMAJILHOIO 9JIEMEH-
Ta, (JJIs KasKJI0r0 3JIeMeHTa cyleayomuii emé Menbie). [Tosromy u3 (a)
cienyer (6). Hanporus, ecim B — HemycToe MHOXKECTBO, HE MMEIOIIEe
MHUHUMAJILHOT'O 9JIEMEHTA, TO GECKOHEUHYIO YOBIBAIOILYIO OCJIEI0BATE b
HOCTH MOXKHO IIOCTPOUTDH TakK. Bo3bMEM IPOU3BOJIbHBIN 3j1eMeHT by € B.
Tlo tpeAnoMOKEHUIO OH HE SBJIAETCS MUHUMAJBHBIM, TAK YTO MOXKHO
naiitu by € B, misa koroporo by > by. Ilo Tem ke mpuyunmHaM MOKHO
Haiitu by € B, mis Koroporo by > by u T. 1. Ilomyaaerca 6eckomevdHast
yOBIBAIOIIAsT [IOCJIEI0BATEIHLHOCTD.

Tenepnb BbIBEJEM NPUHIMI UHYKIMA U3 CYIIECTBOBAHUSA MUHUMAIb-
HOI'O 3JjieMeHTa B JiioboM noamuoxkectse. Ilycrs A(x) — npousBosibHOe
CBOJCTBO 3JIEMEHTOB MHOXKeCTBa X, BEPHOE HE [IJIsl BCEX JIEMEHTOB .
PaccMmoTpum HerycToe MHOYKECTBO B Tex 3/1eMeHTOB, JiJisl KOTOPBIX CBOIi-
crBo A Hesepuo. Ilycrh & — MUHUMAJILHBIA 3JIEMEHT MHOXKeCTBa B.
Tlo yc0BHMIO MEHBIIUX 3JIEMEHTOB B MHOXKECTBE B Her, mosToMmy mjis
Bcex y < x cpoitcrBo A(y) BeimosHeHo. Ho Torja 1mo mpejosioKeHuro
JIOTIZKHO OBITH BBITOJIHEHO U A(Z) — mpoTuBOpedne.

Ocrasnoch J0Ka3aTh CyIIeCTBOBAHIE MUHUMAJIBHOIO JIEMEHTa B JIIO-
GOM HEITyCTOM MOJMHOXKECTBE, UCXO/d W3 IPUHIUIA WHIyKIud. 1LycTh
B — noaMHOXKeCTBO 663 MUHMMAJILHBIX 3/1eMEHTOB. JIoKaXKeM 10 MHIyK-
uu, 9To B 1ycro; apyrumu cioBamu, B KadectBe A(r) Bo3bMEM CBOM-
crBo © ¢ B. B camom gee, ecam A(y) BepHO yist Beex y < &, TO HUKAKOIA
3JIEMEHT, MEeHbINit x, He JexKuT B B. Ecan 6b1 x nexkan B B, To oH OBLT
Obl TAM MUHUMAJIBHBIM, & TAKUX HET. [>

MuoxkectBa, obaagaomue cBoiictsamu (&) — (B), Ha3bIBAIOTCA ByHOU-
posanmvimu. Kakue ectb npumepsl GyHaupoBanabix MaokecTB? [Ipex-
Jle BCero, Halll UCXOJHBIH IIPUMEP — MHOXKECTBO HATYDPAJIbHBIX YHCEII.

Hpyroit npumep — MuHOKecTBO N X N m1ap HaTYypasibHbIX uncest (MeHb-
1Ie Ta mapa, y KOTOPOil BTOPO 4jIeH MEHbIIE; B CJIydae PABEHCTBA CPAB-
HuBaeM 1epsbie). B camom geste, iposepum yesosue (6). Ham Gyzaer yuo6-
HO cHOPMYJIMPOBATH €r0 TaK: BCAKAg IIOCIEIOBATEILHOCTD Uy > Ul =
> ug > ... 2JIEMEHTOB MHOYKECTBA PAHO WJIHM MO3JHO CTaOHIM3UPYeTCst
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(Bce wieHbl, HAYUHASL C HEKOTOPOI'O, PABHBI); OYEBUJIHO, YTO ITO IKBUBA-
JIeHTHAas (POPMYTHTPOBKA.
IIycTs mama mpom3BOIbHAS [TOCJIEIOBATEILHOCTD AP

(o, y0) = (x1,y1) = (T2,y2) = ...

ITo onpenenennio nopsigka (CHaYa 8 CPABHUBAIOTCSA BTOPBIE YWICHDI) Yo 2
Z Y1 2 Y2 2 ... d HOTOMY IIOCJICJOBATEIbHOCTD HATYPAJIbHBIX YUCEJ Y; C
KaKOr0-TO MecTa He MeHsieTcs. [lociie 3Toro yke x; J0JI2KHBI yObIBATH —
7 TOXKe cTabmn3upyiorcs. UTo u TpeboBaIoCh.
To xe camoe paccyxkenne IPUTOAHO U B boJtee 00IIeil curyammm.
Teopema 16. [Iycts A u B — nBa byHIUPOBAHHBIX YACTUIHO YIOPSI-
JIoUeHHBIX MHOXKecTBa. Torya nx npoussesieane A X B, B KOTOpOM

<a17b1> < <CL2,b2> ~ [(bl < bg) nJjan (bl =byua; < ag)},

SABJIIeTCsl (PYHIUPOBAHHBIM.

< B nocnenoparenbHocTH {ag,bo) > (a1,b1) > ... crabunmsupyrorcs
CHavYaJia BTOpBIE, & 3aTE€M U MEPBbIE WJICHBI. [>

Orciona BoITeKaeT anajornanoe yreepzxaenne st N x N x N, s NF
I BOOOIIIE [IJIs1 IPOU3BENeHNT KOHEUHOIO YUCIa (PYHINPOBAHHBIX MHO-
KECTB.

Ewmé npome mokasars, yro cymMma A+ B aByX (pyHANPOBAHHBIX MHO-
xkecTB A u B dyHIupoBaHa: MOCIEI0BATEILHOCTD Lo = T1 = T9 = ...
Jb0 TEJIMKOM cofiepKurcst B B (n Mbl ccbliaemcest Ha (ByHAMPOBaH-
HocTh B), mubo comepxkut smement u3 A. B nociennem ciaydae Bee cie-
JLYIOIIME 3JIEMEHTHI TaKKe MpUHaIeKaT A, u Mbl ucnojbdyeM byHIu-
POBAHHOCTDH A.

YacTo B mporpaMMupoBaHuM (WM B OJMMIIMAJHBIX 3a7a9aX) HAM
HY?KHO JIOKa3aTh, YTO HEKOTOPBIiT POIECC HE MOXKET IIPOJIOIKATHCS Oec-
KOHEYHO 10Jir0. Hampumep, HAIIMCAB IUKJI, MBI JIOJI?KHBI YOEIUTHCsI, 9TO
PaHO WJIA MO3JQHO W3 HEro BBIIEM. DTO MOXKHO CIIEJATh TaK: BBECTHU
KaKOI-TO HATyPAJILHBIM mapaMeTp U yOeIUThCH, ITO HA KAaXKJIOM Iare
[IMKJIA 9TOT I1apaMeTp yMeHbIaeTcsd. Torna, ecyn cefiyac TOT HapameTp
paBen N, TO MOYKHO TapaHTUPOBATh, UYTO HE TMO32Ke 1ueM 1depe3 [N I1aros
IIUKJI 3aKOHYUTCS.

Opnako OBIBAIOT CUTYyalldd, B KOTOPBIX YHCJIO IIANOB 3apaHee Olle-
HUTH HEJIb3s, HO TeM He MeHee TapaHTHPOBATh 3aBEPIIEHNE ITNKJIa MOXK-
HO, TIOCKOJIbKY €CTh HapaMeTp, MPUHUMAIONNI 3HAYeHUs B (DYHIUPO-
BAHHOM MHOXKECTBE U yOBIBAIOIIMIT HA KAXKJIOM IIIare IUKJIA.
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Bor npumep osmmMnmaHON 3a1a4u, T/I€ 110 CYIIECTBY TAKOE PacCy K-
JIEHUE U WCIIOJIb3YeTCsl.

Busnecmen 3aKI109MI ¢ YEPTOM CHAETKY: KayK/IbIi T€Hb OH JAET IEPTY
OJTHY MOHETY, ¥ B OOMEH IOJIydIaeT JII000H HabOp MOHET 110 CBOEMY BBIOO-
DY, HO BCE 9TH MOHETHI MEHBIIETO JIOCTOUHCTBA (BUIOB MOHET KOHEUHOE
qucio). Menars (M 10JIydarh) AeHbIU B APYroM MecTe OU3HeCMeH He
moxker. Korja MoHeT 60Jiblite HE OCTAHETCsl, OM3HECMEH TPOUTPBIBAET.
JokazkuTe, 9TO PAHO WX IMO3IHO UEPT BBIUI'PAET, KAKOB ObI HU OBLT
HaYAJILHBIN HAOOp MOHET y Om3HEeCMeHa.

Pemienne: nycrs umeercs: k BujgoB MOHET. VICKOMBII TTapaMeTp olpe-
JIeJINM TaK: MOCYUTAEM, CKOJIBKO MOHET KaXK0I'0 BUJIa €CTh y OM3HECMEHA
(n1 — YKCIIO MOHET MUHUMAJILHOIO JIOCTOMHCTBA, Mg — YHUCJO CJIEILyTO-
KX, U TaK Jajiee JI0 N ). 3aMeTuM, 9T0 B Pe3yJIbTaTe BCTPeYH ¢ 46PTOM
Habop (nq,...,nk) yMeHbIIaeTcs (B CMbICIe BBEJIEHHOIO HAMU IIODSIJIKA,
KOI/Ia MBI CDABHUBAEM CHAYAJIA, TOCJIEHIE YIEHBI, 3aTeM IIPE/IIOCTIEHIEe
u 1. 71.). ITockonbKy MHO)KeCcTBO N k dYHAUPOBAHO, STOT MPOIECC JTOJIKEH
060pBaTHCSI.

108. Vmeercss KOHEYHaAsE IMOCIEIOBATEILHOCTh HYJIEH W eQuHUIl. 3a OIWH
mIar pa3penraeTcs CAeJaTh TaKoe NeiicTBre: HaiiTu B Heil rpyniy 01 u 3aMeHUTH
ma 100...00 (mpu 3TOM MOXKHO HAITUCATH CKOJILKO YTOmHO Hysei). J[lokaxnre,
9TO TaKHUe IIard HeJIb3s BBIIOJIHSATH OECKOHEIHO MHOI'O Pa3.

109. PaccMOTpUM MHOXKECTBO BCEX CJIOB PYCCKOro ajidpasuTa (TOUHEE, BCEX
KOHEYIHBIX ITOCJIEIOBATEBHOCTEH PYyCCKUX OyKB, HE3ABUCHMO OT CMBIC/IA) C
Jiekcukorpaduaeckum mopsaakom (cm. c. 44). Bymer s 9T0 MHOXKecTBO hyH-
JUPOBAHO?

110. PaccMoTpuM MHO>KECTBO HEBO3PACTAIOIIUX IOCJIEIOBATEILHOCTEN Ha-
TYPaJIBHBIX YHCEJT, B KOTOPBIX BCE WIEHBI, HAUNHAS C HEKOTOPOTO, PABHBI HYJIIO.
Bseniém B HEM IOPSAZOK TakK: CHAYasIa CPABHUBAEM II€PBbIE YJIEHBI, DU PaBEH-
CTBe IIEPBBLIX BTOpBIE U T.A. Jlokaxkure, 910 910 (IMHEHHO) yIOpsiIOYeHHOe
MHOKECTBO (pyHINPOBAHO.

111. PaccMOTpUM MHOXKECTBO BCEX MHOT'OYJIEHOB OT OJIHOH II€PEMEHHOM X,
KO3 PUIMEHTHI KOTOPBIX — HATYPaJbHBIE UUCIA. Y IOPSIOYNM €ro TaK: MHO-
rowien P Gosbiie MHOrOwieHa @, ecau P(x) > Q(x) ayist Bcex JOCTATOYHO
6ospmux x. [lokaxkuTe, YTO 3TO OIpenesieHNe 33MaET JIMHEWHBIA MOPSAIOK U
9TO IOJIYYAalOIIeecs YIOPsI09eHHOEe MHOXKECTBO (DyHIMPOBAHO.

2.4. BnonHe ynopsioyeHHble MHOXECTBA

QOyHIUPOBAHHBIE JIMTHEITHO YIIOPSAIOYEHHBIE MHOXKECTBA, HA3BIBAIOTCS
B8NOAHE YNOPAJOUEHHDIMU, & COOTBETCTBYIOIINE OPSIIKU — NOAHDIMU.
11 TMHERHBIX TOPSIKOB IOHATHA HANMEHDIIEr0o M MUHUMAJIBHOTO dJIe-
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MEHTa COBIIAJIAIOT, TAK YTO BO BIIOJIHE YIOPSIOYEHHOM MHOYKECTBE BCS-
KO€ HEIYCTOE TIOJIMHOYKECTBO MMEET HANMEHBIIIH IJIEMEHT.

3aMeTuM, 9T0 YACTUIHO YIOPSIIOY€HHOE MHOXKECTBO, B KOTOPOM BCSI-
KO€ HEeITyCTOe TOJMHOXKECTBO UMEET HANMEHBIIH JIEMEHT, AaBTOMATHIe-
CKU SIBJISIETCS JINHEHHO YHOPSIJIOUEeHHBIM (B CAMOM Jiejie, BCSIKOe JIBYX-
3JIEMEHTHOE MHOXKECTBO MMeeT HAMMEHBIIUI JIEMEHT, [T0O3TOMY JIHOObIe
JIB& JIEMEHTa CPABHUMBI).

IIpumepsl BrosiHe yopsigoueHnbix Muoxkects: Ny, N4k (3nece k 060-
3HAYAET KOHEYHOE JIMHEHHO YIOPsiIOY€HHOe MHOXKECTBO U3 k 3JjieMeH-
toB), N+ N, N x N.

Haima 1116 — MoOHSTH, KAK MOT'YT OBITH YCTPOEHBI BIIOJIHE YIIOPSIIO-
JeHHbIe MHOXKeCTBa. HaduHEM ¢ HECKOJIBKUX ITPOCTHIX 3aMEUAHMUIA.

e BrosHe ymopsimodeHHOe MHOYKECTBO MMEET HAMMEHDIIHI 3IeMEHT.
(HemocpencTBeHHOE CII€JICTBHE OPEJIEJIEHNS. )

o Jljisi KaKJOrO JIEMEHTA X BIIOJIHE YIIOPSAIOYEHHOI'O MHOXKECTBA
(kpomMe HamBOJIBINEr0) eCTh HEMOCPECTBEHHO CJIEIYIOMUi 3a HUM
371eMeHT y (9TO O3HAYAET, YTO Yy > T, HO He CYIIECTBYET Z, JJIs
KOTOpOro y > z > x). B caMoM Jiejie, ecim MHOXKECTBO BCEX 3Jie-
MEHTOB, OOJIBIIINX T, HEIYCTO, TO B HEM €CTh MUHMMAJIbHBIA 3J1e-
MEHT Y, KOTOPBIH U OyIeT MCKOMBIM. TaKoi 9/IeMEHT OOBITHO 000-
3HAYAIOT & + 1, CJIeIyonuii 3a HUM — & + 2 1 T. JI.

e Hexoropnie 371eMeHTBI BIOJIHE YIIOPSATOIEHHONO MHOYKECTBA MOTYT
HE MMEThb HEIOCPEICTBEHHO IIpeblayIlnero. HanpuMep, B MHOKe-
crBe N 4+ N ectb aBa 3/IeMeHTa, HE UMEIONINX HEIMOCPEICTBEHHO
[pebIIyIero (HAMMEHBIIMH JIEMEHT, a TaKyKe HAMMEHBIIHH dJ1e-
MEHT BTOPOH KOIIMU HATYPAJIbHOrO psaja). Takue 3/eMeHThl Ha3bl-
BAIOT NPedesbHbLMU.

o Bcakuit s71eMeHT yopsI0ueHHOTO MHOXKECTBA, UMeET BUJT Z+ 1N, TJIe
z — TpeJesIbHBIN, a n — HaTypajbHoe duciao (0bo3HavYeHue 2z + n
[IOHMMAETCsl B OIIMCAHHOM BBIIIE CMBICJIE). B caMoM Jieste, eciiu z He
IIpeJIeJIbHbBIN, BO3bMEM TIPEIbIIYINNI, €CJIM U OH HEIPeIeIbHbIN —
TO €ro TPeBIAYIIHIA U T. /1., TIOKa He JOHIEM 0 pejiebHOro (Gec-
KOHEYHO ITPOJO0JIZKaThCsI 3TO He MOXKeT, TaK KaK MHOKECTBO BIIOJIHE
yuopsodeno). OdueBnmHO, TAKOE NPEJCTABICHUE OIHOZHAYHO (y
JIEMEHTA MOXKET OBITH TOJBKO OJIMH HEIOCPEICTBEHHO IIPEIIbIITY-
i)
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e Jl060e orpaHUYIEHHOE CBEPXY MHOYKECTBO 3JI€MEHTOB BIIOJIHE YIIO-
PSIOYMEHHOr0 MHOYKECTBA HMEET TOYHYIO BepxHIO rpanb. (Kak
OBBIYHO, MOAMHOXKECTBO X HACTUYHO YNODPSOUEHHOIO MHOXKe-
cTBa A Ha3BIBACTCA 02PAHUMEHHBIM CEEPTY, €CIIM OHO UMEET 6epT-
HI010 epanuyy, T.€. dJIeMEHT a € A, s xoroporo r < a mpu
Beex * € X. Ecam cpeju Bcex BEpXHUX TDaHMUIL JAHHOTO TIOJMHO-
JKECTBA €CTh HAMMEHBIIAsl, TO OHA HA3BIBAETCA MO4HOl 6eprHel
2panvio.)

B caMoM Jies1e, MHOXKECTBO BCEX BEPXHHMX IDAHMIL HEILYCTO U IIOTO-
My HMeeT HAauMeHbnii sjeMenT. (3aMeTuM B CKOBKaX, 4TO BOLPOC
0 TOYHOIN HUKHEl IPaHu JIJIsl BIIOJIHE YIODSIOYEHHOIO MHOYKECTBA
TPHUBHAJIEH, TAK KaK BCSAKOE MHOXKECTBO MMeeT HAMMEHBIINIl 3J1e-
MEHT. )

[Iycts A — IPOM3BOIBLHOE BIIOJIHE YIIOPSIOY€HHOE MHOXKECTBO. Ero
HaMMEHBIHiT dsieMeHT 0603Ha4nM 1depe3 0. Cremyromuii 3a HUM 3JIEMEHT
obosnaunm depe3 1, ciaemgyrommit 3a 1 — wepe3 2 u 1. 1. Ecan mHOXKeCT-
BO KOHEYHO, IIPOIECC 3TOT 000pBércs. Eciam GeckoHeYHO, OCMOTPHUM,
WCYepIiay JIU MbI Bee 3jieMeHThl MHOKecTBa A. Eciu met, Bo3pMéM Mu-
HUMAJIbHBIHN 3J1eMeHT u3 ocTasiuxcs. Obozuadnm ero w. Cremyrommuit 3a
HUM 3JIeMeHT (€C/IM OH ecThb) 0003HauMM w + 1, 3aTreM w+2 u T. 1. Ecom u
Ha 9TOM MHOXKECTBO HE MCUEPIIACTCsI, TO BO3bMEM HAMMEHBIITHI 9JIEMEHT
U3 OCTABIIUXCS, HA30BEM €r0 W - 2, U MOBTOPUM BCIO TPOIELYPY. 3aTeM
OynyT w- 3, w-4 u T Ecin u Ha 95TOM MHOXKECTBO HE KOHUUTCSI, MUHH-
MaJILHBIH U3 OCTABIIMXCS 3JIEMEHTOB Ha30BEM w?. 3areM moimyT w? + 1,
W42, Wt w, Wi w2, w2 w3, W,
(MBI He TIOsICHsIEM ceffuac oAPOGHO 0BO3HAUEHNS).

Yto, cOGCTBEHHO TOBOPSI, JOKA3BIBAET 9T0 paccyxkaeaue? I[Tombrraem-
Cs1 BBIJIJINTH HEKOTOPbIE yTBEpXKieHus. [Ipr 3ToM moJie3HO Takoe orpe-
JIeJICHNE: eCJIU JIMHEHHO YIopsiJoueHHoe MHOXKecTBO A pa3buro Ha JiBe
(nenepecekatornuecst) yactu B u C, npuuéM Jiro6oi 1eMeHT B MeHbIle
go6oro ssemenTta C, To B Ha3bIBAIOT HAYAALHLIM OMPE3KOM MHOZKE-
crBa A. Jlpyrumu cjioBaMu, MOJMHOYKECTBO B JIMHEHHO yIOPsII0UeHHOrO
MHOXKeCTBa A SIBJISI€TCS HAYAJIBHBIM OTPE3KOM, €CJIH JII00Ooi astement B
MmenbIie jioboro asementa A\ B. Emgé onna nepedopmysuposka: B C A
sIBJISIETCs] Ha9aJIbHBIM OTPE3KOM, ecyit u3 a,b € A, b € B u a < b ciexy-
er a € B. 3aMernM, 9TO HAYAJBHBII OTPE30K MOXKET OBITH ILyCTHIM WJIU
COBITQIATH CO BCEM MHOXKECTBOM.

OrMeruMm cpasy Ke HECKOJBKO MPOCTHIX CBOWCTB HAYAJIBHBIX OTPE3-
KOB:
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e HauasibHblil 0TPE30K BHOJIHE YIOPSIJOYEHHOIO MHOXKECTBa (Kak,
BIIPOYEM, U JIIOOOE [IOJAMHOXKECTBO) SIBJISIETCS BIIOJIHE YIIOPAIOIEH-
HBIM MHO>KECTBOM.

o HagajpHblil OTPE30K HAYATIHLHOIO OTPE3KA €CTh HAYAJIbHBINA OTpe-
30K HCXO/IHOT'O MHOKECTBA.

O6benunenue Ja0060ro ceMeiicTBa HAYAJIBHBIX OTPE3KOB (B OIHOM
U TOM YK€ YIIOPsIZIOUeHHOM MHOKECTBE) eCTh HAYaJbHBIH OTPe30K
TOTO K€ MHOXKECTBA.

e Eciu r — nponsBoJILHBINA 3JIEMEHT BIIOJIHE YIOPSI0YEHHOI0 MHO-
xkectBa A, 1o MHOXKecTBa [0,2) (BCce 2sieMeHTHI MHOXKecTBa A,
Mmenbnme x) u [0, x] (3JeMeHTBl MHOXKeCTBa A, MEHBIIINE WIN PaB-
HbIE &) ABJIAIOTCH HAYAIBHBIMEA OTPE3KAMH.

e Begkuil HagaabHbI OTpe30K [ BIOJHE YHOPSIOYEHHOIO MHOMKE-
crBa A, He COBHAJAIONINN CO BCEM MHOXKECTBOM, umeer Buj [0, x)
nitst Hekoroporo « € A. (B camom neste, ecan I # A, Bo3bMEM Hau-
MeHbIHi sseMeHT 2 B MHOXKecTBe A \ I. Torma Bce MeHbInme 1€~
MEHTBI IpUHaIeXKaT I, cam - He npuHajieXuT I u Bee 66bIme &
9JIEMEHTBI He NMpUHaJIeXKaT I, nHadYe MoJIyIusIoch Obl IIPOTUBOPE-
qye ¢ OlpeJIeJIeHHeM HAYaIbHOIO OTPE3KA. )

o JloOnle JABa HaYaJIbHBIX OTPE3Ka BIIOJIHE YIIOPAJOYIECHHOTO MHOXKE-
CTBa CpaBHHMBI IIO BKJ/IIOYEHHUIO, T.€. OJNH €CTh IIOAMHO2KECTBO

npyroro. (Crelyer u3 mpeablIyIiero. )

e HauanbHble OTPE3KM BIOJHE YIOPSJ0YEHHOIO MHOXKECTBA, A, yIo-
PAJOYEHHDBIE 110 BKJIOYECHHUIO, O0PA3yIOT BIIOJHE YIIOPAI0YEHHOE
MHOKECTBO. DTO MHOYKECTBO COCTOUT M3 HAUOOJIBIIErO 3JIEMEHTA
(Bcé A) m ocraspHO uacTu, uzomopdHoi MHOXKecTBy A. (B ca-
MOM JIeJie, HAadaJlbHble OTPE3KU MHOXKeCTBa A, He COBIAJAIONINE
¢ A, umeror Bug [0, x), u coorsercrBue [0, ) <> x Oymer U30MOp-
dbuzmom. )

Bossparumest k HameMy paccyKIEHHIO C ITOC/IEI0OBATEIbHBIM BbIIe-
JIEHUEM PAa3JIUIHBIX JIEMEHTOB U3 BIIOJIHE YIIOPSIOI€HHOIO MHOYXKECTBA.
Ero niepByio 4acThb MOXKHO CUATATDH JOKA3ATEILCTBOM TAKOI'O Y TBEPKIE-
HUSsI: €CJIM BIIOJIHE YIIOPSIJOYE€HHOE MHOXKECTBO OECKOHEYHO, TO OHO UMEeT
HAYAJILHBIA 0Tpe30K, nzoMopdubiii w. (FoBOps 0 MHOXKECTBE HATYDAJIb-
HBIX YUCEJI BMECTE C MOPSIKOM, OOBIYHO yIIOTPEDJISAIOT 0003HAYEHUE W,

a me N.)
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Ho nma sTom mame paccyKaenmne He okaHumBaeTcd. Kro ciaemyrormast
9aCTh MOYKET CUHUTATHCS JTOKA3aTebCTBOM Takoro dakra: jubo A m3o-
MOP(HO HEKOTOPOMY HAYaJbHOMY OTPE3KY MHOXKecTBa w2, b0 OHO
MMeeT HauaJIbHbIH 0TpesoK, m3oMopdubii w?. (31ech w? — BHoIHE yIIO-
PsJIOYUEHHOE MHOXKECTBO TIap HATYPAJIBHBIX YUCEIT: CDABHUBAIOTCS CHAYA-
JIa BTOpPbIe KOMIIOHEHTHI [ap, a IPU UX PABEHCTBE — IEPBbIE. )

Boobrie BepHO Takoe yTBepKIeHUe: JJIsl JTFOObIX JIBYX BIIOJIHE YIIOPSi-
JOYEHHBIX MHOYKECTB OJIHO U30MOP(HO HAYAJIHLHOMY OTPE3KY JIPYroro, u
JOKA3aTeIbCTBO COCTOUT OoJiee WM MeHee B IOBTOPEHUU IIPOBEIECHHO-
ro paccyxjenusi. Ho 4To0bI ¢/1es1aTh 9TO aKKyPaTHO, HY2KHA HEKOTOPAast
IO/ITOTOBKA.

2.5. TpaHcuHUTHAR NHAYKLMS

TepMuHBI «MHIYKIWSA» U «PEKYPCUS» TACTO YHOTPEDJISIIOTCS BIiepe-
MexkKy. Hanpumep, onpenenenune dpaxropuaga n! =1-2-3-...-n Kak
dyuxuu f(n), must koropoit f(n) =n- f(n—1) npun >0wu f(0) =1,
HA3BIBAIOT W «MHJYKTUBHBIM», U «PEKypPCUBHBIM». MbI Oyjem craparh-
csl Pa3TPAHUYUBATDL ITH CJIOBA TaK: €CJIU PeYb HJET O JIOKA3aTEIhCTBE
9ero-to cHavaJja g n = 0, 3areM jyigd n = 1,2,..., IpUIEM KaxkKJ0€
YTBEPKJIEHUE OIUPAETCS HA TPEJBIIYINee, TO 3T0 uHdykyusA. Kean ke
MBI OIIpeJIeJIIeM YTO-TO cHadaJsa it n = 0, motoMm juran = 1,2, ..., npu-
9éM OmpeJIesIeHNe KarXKI0r0 HOBOTO 3HAYEHNUS MCIOIB3YET PaHee Ompe/ie-
JIEHHBIE, TO 3TO PEKYPCUS.

Hama nesib — HayIuThCs TPOBOJUTH MHLYKTUBHBIE JTOKA3ATEIHCTBA
U JIaBaTh PEKYPCUBHBIE OMPEJIEICHUs He TOJIBKO JJIs HATYPAJIBHBIX M-
ceJsl, HO ¥ JIJIsl IPYTUX BIIOJTHE YIOPSIIOUCHHBIX MHOYKECTB.

JlokazaTebCTBa [0 WHIIYKITUU MBI y2Ke 00CY2K/1a/I1, TOBOPsI O (DY H -
POBaHHBIX MHOXKeCTBaX (cM. pazfies 2.3), 1 cefiuac OrpaHUYUMCsT TOJBKO
OJIHUM TIPUMEPOM.

Teopema 17. Ilycts MHOXKeCTBO A BIOJIHE YHOPSIIOYEHO, & OTOOpa-
xkenne f: A — A Bospacraer (1o ectdb f(z) < f(y) upu z < y). Torma
f(z) = x nas Beex x € A.

< CorsacHo npuHIUIY nHyKnun (Teopema 15, ¢. 52) 10CTaToMHO J10-
Kas3aTh HEPaBeHCTBO f(x) > x, upeanosarasi, 4to f(y) = y Upu Beex y <
< z. Iycrs 70 He Ttak u f(x) < . Torpa o monoronnocru f(f(x)) <
< f(x). Ho, ¢ mpyroii croponsl, sjiemeHT y = f(x) MeHblIe Z, 1 IIOTOMY
1o npeosioxkenuto uuaykuu f(y) = y, o ecrs f(f(x)) = f(x).

Eciu yrogaso, MOXKHO B IBHOM BHUJIE BOCIIOJIH30BATHCS CYIIECTBOBAHI-
€M HAMMEHBIIET0 JIEMEHTa U U3JIOKUTD ITO JKe PAcCy K IeHue Tak. [lycTn
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YTBEDPZKJICHUE TEOPEMbI HEBEPHO. BO3bMEM HAMMEHBIIIEE T, JJIT KOTOPO-
ro f(z) < z. Ho torma f(f(x)) < f(z) 1m0 MOHOTOHHOCTH U TIOTOMY X He
ABJIFETCs HAUMEHBIIMM BOIIPEKHU IIPE/IIOJIOKEHHUIO.

Haxomer, 910 paccyKJeHue MOXKHO IepeckasaTb M Tak: ecid & >
> f(x), TO 10 MOHOTOHHOCTHU

x> f(x) > f(f(@) > [(f(f(@) > ...,

HO OECKOHETHBIX YOBIBAIOIINX MOC/IEI0BATEILHOCTEH B (DYyHIMPOBAHHOM
MHOYKECTBe OBITh He MOYKET. [>

Teneps nepeiiném kK pekypcun. B onpenesnennn dpakropuasa f(n) Bbl-
paxaJioch 4depe3 f(n — 1). B obmeli curyanuu 3Hadenne f(n) Moxer
MCIOIB30BATh He TOJBKO OJIHO HpeblIyllnee 3HadeHne (OYHKIUH, HO U
BCe 3HAYEHUs HA MEHBIUX apryMeHTax. Hampumep, MOXKHO ONPEIE/IUTh
dyukuuio f: N — N, ckazas, uro f(n) na egunuity 60Jbie CyMMBbI BCEX
npeaplIymux 3Hadennii, To ectb f(n) = f(0) 4+ f(1)+...+ f(n—1) +
+ 1; 9T0 BIIOJIHE 3aKOHHOE PEKYPCUBHOE ONpejiesieHne (Ha0 TOJIBKO T10-
SICHUTB, YTO IIyCTasi CyMMa CUATAETCs pAaBHON Hyuto, Tak uro f(0) = 1).

112. Kakyio dyuxknuio f 3amaér takoe onpezesenne?

Kak 06001muTh 3Ty cxemy Ha IPOM3BOJIBHBIE BIIOJIHE YIIOPsIOYEHHBIE
MHOKECTBa BMECTO HATypajbHOro psma? Ilycts A Bmosme ymopsimode-
HO. MBI XO0THM JaTh peKypcuBHOe oupeiesenue pyukiuu f: A — B
(rme B — HEKOTOpOe MHOXKECTBO). Takoe OIpesesIeHne JTOJKHO CBS3bI-
BaTh 3HaueHue f(x) HA HEKOTOPOM 3j1eMeHTe & € A co 3HaueHusMu f(y)
npu Bcex y < x. pyrumm cioBaMu, peKypCHBHOE OIpEJIeJIeHUe yKa-
3piBaeT f(x), npejosaras U3BeCTHBIM orpanundenne GpyHknuu f Ha Ha-
4asbHbll oTpe3ok [0, ). Bor Tounas dopmysnuposka:

Teopema 18. Ilycrs A — BHOJTHE yHOpsiToYeHHOE MHOXKECTBO. [lycTh
B — mpousBosibHOE MHOXKECTBO. 1lycTh mMeeTcst HEKOTOpOe PEKypPCUB-
HOe IIPaBUJIO, TO €CTh OTODOpakeHue F', KOTOpOoe CTABUT B COOTBETCTBUE
sseMeHTy ¢ € A n ynkiyn g: [0,2) — B HEKOTODPBIH 3JIEMEHT MHO-
xecrBa B. Torma cymecrsyer u equucrsenna dyukiusa f: A — B, s
KOTOPOIt

f(z) = F(z, fljo.2))

upu Beex © € A. (3nech f|)g ) 0bosHauaer orpanuyenne dynknun f Ha
HavaJbHBIA 0Tpe3oK [0,2) — Mbl oT6packiBaeM BCe 3HAYeHHs DYHKIUN
Ha 9JIEMEHTAX, OOJIBIINX WU PABHBIX I.)

<1 HedpopmasibHO MOKHO paccyKIaTh TaK: 3HAUEHNE [ Ha MIHIMAJIb-
HOM 3JIEMEHTE OIIPEJIEIEHO OJTHO3HAYHO, TaK KaK MPEIBIIYIIIX 3HATCHU
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ner (cyxenue f|j,0) mycro). Torma m na creyiomenm sjemenTe 3Hade-
Hue GyHKIEKM [ ONpENENeHo OJHO3HAMHO, TOCKOJIBKY Ha MPEIbIIyTIAX
(Tounee, eMHCTBEHHOM IpeblLayIneM) hyHkuus f yzxe 3aJaHa, ¥ T. .

Konmedno, 310 HaJ0 aKKypaTHO BHIpa3uTh (GopMaabHO. BOT Kak 310
nenaercst. JIokarKeM 110 WHIyKIINU TAKOe YTBEPXKJIEHNE O MPOU3BOJIBHOM
ajieMenTe a € A:

CYINECTBYeT U €JJMHCTBEHHO oTobpazkeHue | orpeska [0, a] B MHOXKeCT-
Bo B, /sl KOTOPOro peKkypcHBHOe orpejesienne (paBeHCTBO, ITPHBE-
JIEHHOE B YCJIOBHH) BBIIOJIHEHO IIpH Beex x € [0, a).

Bynem naswsiBaTh orobpaxkenue f: [0,a] — B, obaajaromniee yKa3aHHBIM
CBOWCTBOM, Koppexmioim. TakiM 06pa30M, MBI XOTHM JIOKA3aTh, 9TO JIJIsd
KaXKJIOro @ € A eCTb eJUHCTBEHHOE KOPPEKTHOE OTOOPaXKEHUE OTPE3-
ka [0,a| B B.

[TockoabKy MBI paccyzKiIaeM 10 WHAYKIIUU, MOXKHO ITPEJIIIoJiaraTh,
9TO ISt BCEX ¢ < @ 9TO YTBEPXKJEHUE BBLIMOJHEHO, TO €CTh CYIIECTBY-
€T ¥ eJIMHCTBEHHO KOppeKkTHoe orobpaxkenue f.: [0,c] — B. (Koppekr-
HOCTB f. O3Hadaer, 4ro upu Bcex d < c¢ 3Hauenue f.(d) coBuazgaer c
[PE/ITUCAHHBIM 110 PEKYPCUBHOMY TIPABILILY. )

Paccmorpum orobparkenust fo, u fe, JUIs JBYX Pa3jIMdIHBIX €1 U Ca.
Ilycts, HAIpuMED, ¢ < cg. OToOparkenue f., OUpeIeseHO Ha OOJIBIIEM
orpeske [0, cs]. Ecau orpannunts f., Ha MeHbInmit orpesok [0,c;], To
OHO COBIAJET C fc,, IOCKOJIbKY OI'DAHUYEHUE KOPPEKTHOI'O OTOOPaYKEeHIA
HA MEHBIIUI OTPE30K KOPPEKTHO (3TO OUEBHUJIHO), 8 Mbl IPEIIOJIAra/In
€JIMHCTBEHHOCTH Ha oTpe3ke [0, ¢1].

Takum ob6pazom, Bce oToOparkeHusi f, COIJIACOBAHBI JIPYT C JIPYIOM,
TO €CTh MPUHUMAIOT OJIMHAKOBOE 3HAYEHUE, €CJIM OMPEIEJIEHbI OJJHOBPE-
meHHO. O6beIMHUB UX, MBI TIOJIy9aeM HEKOTOPOE €JIMHOe OTODparkeHue h,
onpenenéanoe Ha [0, a). [IpumenuB K a u h peKypcHBHOE MPABUIIO, MO-
JiyauM HekoTopoe 3Hadenne b € B. Iloompenenum h B TOuKe a, IOJIO-
xkuB h(a) = b. Ionyunrest oroGpaxkenue h: [0,a] — B; Jlerko IOHSTS,
9TO OHO KOPPEKTHO.

Y0661 3aBEPIIATH WHIYKTUBHBIN TIEPEX0/], HAJI0 TPOBEPUTD, UTO Ha,
orpeske [0,a] KOppekTHOe OTOOparkeHHe €JIMHCTBEHHO. B camoM Jiedie,
ero orpaHudeHnsi Ha orpesku [0, ¢] npu ¢ < @ JOJKHBI COBIAIATH C fe,
[MOITOMY OCTAJIOCh TPOBEPUTDH OJITHO3HAYHOCTH B TOUKE @ — YTO TAPAHTH-
pPYeTcsl PEKYPCUBHBIM OLPeieieHIeM (BbIPAasKaIOIUM 3HAYEHUE B TOUKE G
4epe3 npexabiiynpe). Ha 9370M HHIYKTUBHOE J0KA3aTEJbCTBO 3aKaHIU-
BaeTCs.

OcraJioch JINIIh 3aMETUTD, 9TO JJIS PA3HBIX ¢ KOPPEKTHBIE 0TOGpa-
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sxkerust 0Tpe3koB [0, a] coryiacoBaHbl JAPYT ¢ APYroM (CyzKeHue KOPPEeKT-
HOr0 OTOOPasKeHN Ha MEHBIINI OTPE30K KOPPEKTHO, IIPUMEHSIEM €IH-
CTBEHHOCTD) U IIOTOMY BMeECTE 3a/ai0T HeKoTopyio dyHkuuo f: A — B,
VIIOBJIETBOPSIOILY IO PEKYPCUBHOMY OIIPEIEICHUIO.

CymecTBoBaHue JOKA3aHO; €IMHCTBEHHOCTb TOXKE IIOHATHA, TaK KaK
orpanudeHre 3ol PpyHKuuu Ha Jr060H orpe3ok [0, a] KOpPeKTHO u mo-
TOMY OJHO3HAYHO OIIPEIEJICHO, KAK MBI BUACIU. [>

IIpexkne 9eM NPUMEHHTHL 3Ty TEOpEeMy M [IO0Ka3aTh, 9TO U3 ABYX
BIIOJIHE YIIOPSAJOYEHHBIX MHOYKECTB OIHO SBJIETCS OTPE3KOM JIPYIOro,
HaM moTpeGyeTcss €€ HeMHOIO yCOBEpIIeHCTBOBaThb. Ham Hajo mpey-
CMOTPETh CUTYAIMIO, KOTJIa PEKYPCUBHOE IIPABUJIO HE BCIOJLY OIIPEJIEICHO.
IIycTh, HampuMep, MBI OINpeIeNIgeM IOCIeL0BATEIBHOCTD IeHCTBATEIb-
HBIX YUCEJI COOTHOIIECHUEM Ty, = tg T, _1 U HAYAJbHBIM YCJIOBUEM Lo = d.
IIpr HEKOTOPDLIX 3HAYEHUAX ( MOYXKET OKA3aThCHA, YTO IIOCTPOCHHE II0-
CJIEJIOBATEJIBHOCTH OOPBIBAETCs, IIOCKOJBKY TAHI'€HC HE OIPEIECJICH JJIsk
COOTBETCTBYIOIIErO apryMeHTA.

113. /TokazKuTe, 9TO MHOXKECTBO BCEX TAKUX <«MCKJIOIUTEIHHBIX> a (KOTZa
II10CJIeJ0BATEJIbHOCTDH KOHe'—IHa) CYETHO.

AHajiornvHasl cuTyalusi BOSMOXKHA ¥ JIJIsi ODIIEro Cjrydasi.

Teopema 19. Ilyctb orobpakenuwe F, 0 KOTOpPOM IILJIa Pedb B TEO-
peme 18, siBigercd J4aCTUYHBIM (JIJI HEKOTOPBIX JIEMEHTOB & U (DyHK-
uuii g: [0,2) — B oHO MOxkeT ObITh HE omnpeieseno). Torga cyecrByer
dyHkus f, Koropas

e b0 oTpeJiesieHa Ha BCEM A M COrIacoBaHa C PEKYPCUBHBIM OIPe-
TleJIEHUEM;

e b0 ompejiesieHa Ha HEKOTOPOM HauajbHOM orpeske [0,a) u Ha
HEM COIVIACOBAHA C PEKYPCUBHBIM OIIPE/IEIEHUEM, IPUUIEM JIJIs TOU-
KU a ¥ QyHKIuU f PeKypCUBHOE IIPABUIIO HEIPUMEHUMO (0ToGpa-
»kenue F' He oupejiesieHo).

< DTO yTBepXKieHUe sBjsieTcs OOOOINeHneM, HO OJHOBPEMEHHO WU
CJIEZICTBUEM TIPEIbIIyIeil Teopembl 18. B camom nese, mobaBum K MHO-
KecTBY B crnermasbubiit aneMenT L («HeonpeaeaéHHoCTby ) 1 Moaudu-
UPyeM PEKYPCUBHOE MTPABUJIO: HOBOE MTPABUJIO JAET 3HAUeHNe |, Korma
crapoe 66110 He onpeienero. (Ecau cpein sHaueHnit byHKINM HA IPEIBI-
JIyIIX apryMeHTaX y»Ke BCTPedYajioch |, HOBOE PEKYyPCHUBHOE IIPABUJIO
ToxKe jaér L.)

IIpumenus Teopemy 18 K MOAMMUIIMPOBAHHOMY IPABUILY, IOy IUM
Hekoropyto gyukiuio f'. Ecau ata dyHKINsS HUTE He IpUHUMAaeT 3Ha-
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JeHus |, TO peayiu3yeTcs mepBas U3 JIBYX BO3MOYKHOCTEH, YKA3aHHBIX B
reopeme (pu f = f'). Eciu ke dbyukuua f/ upuauMaer 3uadenue L B
KaKON-TO TOYKe, TO OHA UMEET TO Ke 3HadeHne | u BO BCeX OOJIBIIMX
TOYKaX. 3aMEHUB 3HAUYEHUE | Ha HEOIPEIeJIEHHOCTh, MBI TOJIyYaeM W3
dyurmun ' dynkmmo f. O6nacts onpenenenust GyHKIUU f €CTh HEKO-
TOpBIN HAYAbHBIH 0Tpe30K [0,a) U pealusyeTcs Bropas BO3MOXKHOCTD,
yKazaHHas B (hOPMYJIUPOBKE TEOPEMBI. [>

114. ChopmynupyiiTe U JOKaKUTE yTBEPXKAEHUE 00 OJHOZHATHOCTH (DYHK-
muun, 3aﬂaHHOfI YJaCTUYIHBIM PEKYPCHUBHBIM IIPAaBUJIOM.

Tenepb y HAC BCE TOTOBO JIJTsl JIOKA3ATEIbCTBA TEOPEMBI O CDABHEHUT
BIIOJTHE YIIOPSIIOYCHHBIX MHOXKECTB.

Teopema 20. Ilycte A u B — jiBa BIOJIHE YIODPSTOUYEHHBIX MHOXKE-
crBa. Torma mbo A n3oMopdHO HEKOTOPOMY HAYATIHLHOMY OTPE3KY MHO-
xecrBa B, mubo B n30MOpdHO HEKOTOPOMY HAYAJILHOMY OTPE3KY MHO-
xecrBa A.

< OTMeTHM TIpeXKJe BCEro, YTO HAYAJIBHBIA OTPE30K MOXKET COBIIa-
JIaTh CO BCEM MHOXKECTBOM, TaK UTO CJIydail m30MOP(MHBIX MHOXKECTB A
n B Tak»Ke MOKPBIBAETCS TON TEOPEMOii.

Omnpenenum orobpazkenne f u3z A B B TakuM peKypPCHBHBIM ITPABU-
JIOM: I JiIoboro a € A

f(a) ectb mHamMmenbInii 2/0eMeHT MHOXKECTBa B, KOTODDIiT HE BCTpeva-
ercs cpeau f(a') npu a’ < a.

DT0 UPABUIIO HE OIPEJETIEHO B TOM Cjydae, Korda 3uadenus f(a’)
npu ¢’ < a nokpsBaloT Bcé B. Ilpumenssa teopemy 19, MBI mosydaem
dyHKIMO f, CONIACOBAHHYIO C 9TUM MIPABUJIOM. Terepb pacCMOTPHUM JIBa
cIryJasi:

e Oynknua f ompenesneHa Ha BeéM A. 3aMeTHM, UTO peKypCHBHOE
ONpEJIEJIEHNe TapAHTUPYET MOHOTOHHOCTB, MOCKONBKY f(a) ompe-
JleJIIeTcsl KaK MUHUMAJILHBIA €IIE He MCIOJb30BAHHBIA 3JIEMEHT;
yeM GOJIbINE @, TeM MEHBIIIEe OCTASTCS HEeUCIIOJb30BAHHBIX 3JIeMEeH-
TOB M MOTOMY MUHHMAJBHBIA 3JEMEHT MOXKET TOJBKO BO3PACTU
(U3 OTpeesIeHnst CIEAYET TaKKe, ITO ONHAKOBLIX 3HAYEHUH ObITH
He MoxkeT). OcTaéTest UL TPOBEPUTH, ITO MHOYKECTBO 3HAMEHUI
dyukuun f, o ecrb f(A), OGymer HavasbHBIM OTPE3KOM. B camom
neste, myctb b < f(a) miast HekoToporo a € A; HAN0 NPOBEPUTH,
4TO b TaKKe sBjIdercs 3HadeHneM dyuknun f. JeficTBUTEILHO, Co-
[JIACHO PEKYPCUBHOMY OIpeesieHuio f(a) aBjsiercd HauMEeHbIIUM
HEHCIIOJIb30BAHHBIM 3HAYCHIEM, CICI0BATEILHO, b y2Ke HCIIOIb30-
BaHO, TO eCTh BeTpeuaercs cpean f(a’) npm a’ < a.
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e OyEkma f ompejesieHa JUIIb HA HEKOTOPOM HAYAJIBLHOM OTPE3-
ke [0,a). B aToM cirydae aror Hava bHbIE 0Tpe30K m3oMopden B,
u dyskius [ sBjseTcss KCKOMBIM u3oMopdu3MoM. B camowm jerte,
pa3 f(a) He onpesiesieHo, TO cpeau 3HaueHU GyHKIWMN f BCTpeda-
I0TCA BCe ajeMeHThl MHOKecTBa B. C npyroit ctoponsl, f coxpa-
HsIeT TOPSAJIOK B CHJIy PEKYPCUBHOTO OIPEIETICHUS.

Takum o6pa3om, B 000UX CIAyUasTX yTBEPKICHNUE TEOPEMbI BEPHO. [>

Mozker Jjiz ObITH Tak, YTo A m30MopdHO HavYaIbHOMY OTPe3Ky B, a
B uzomopdHo HavassHOMY 0Tpe3ky A7 Her — 3a nckitoueHueM TpuBU-
aJIBHOI'O CJIydasi, KOIjla HadaJbHble OTPE3KH IIPEJICTaBJISIOT COOOil caMu
MHO)KeCTBa A u B. DTO BBITEKAET U3 TAKOIO YTBEPIKICHUS:

Teopema 21. Hukakoe BIIOJIHE YIIOPSIOUEHHOE MHOXKECTBO HE U30-
MODPQHO CBOEMY HAYAJIBLHOMY OTpE3Ky (He COBIAJAONIEMY CO BCEM MHO-
JKECTBOM).

< IlycTh BIIOJIHE YIIOPSIIOYEHHOE MHOXKECTBO A M30MOPGHO CBOEMY
HaJaIbHOMY OTPE3KY, He COBIIAJIAIOIIEMY CO BceM MHOXKecTBOM. Kak MbI
BUJIeNIN Ha C. 58, 3TOT 0Tpe30oK mmeer BUJ [0,a) Jyist HEKOTOPOTO 3JIe-
menta a € A. Iycrs f: A — [0,a) — uzomopdusm. Torma f crporo
BO3pACTaeT, U 10 TeopeMe 17 mMmeer MecTo HepaBeHCTBO f(a) = a, 4ro
IPOTUBOPEYUT TOMY, YTO MHOXKECTBO 3HaueHuit dynknun f ects [0, a). >

Eciu muOX)ecTBO A m30MOpdhHO HAYATBHOMY OTPE3KY MHOXKeCTBa B,
a MHOYKeCTBO B m30MOp(hHO HATATILHOMY OTPE3Ky MHOXKecTBa A, TO KoM-
[TO3UIIMS ITUX U30MOPGPU3MOB JIAET U30MOPGU3M MEXK Iy MHOXKECTBOM A
U ero HavYaJbHBIM OTPE3KOM (HAYAJbHBIN OTPE30K HAYAJIBHOIO OTPe3Ka
eCTh HAYAJIbHBL OTPE30K). DTOT HAYAJIBHBIA OTPE30K 00si3aH COBIIAIATH
€O BCEM MHOYKECTBOM A, Tak 4TO 3TO BO3MOYKHO JIUIIL ecjin A u B u3o-
MOPQHBI.

CkazaHHOE TIO3BOJISIET CPABHUBATD BIIOJIHE yIOPSIOYEHHBIE MHOXKE-
crBa. Ecim A nzoMopdHO HAYAIBLHOMY OTPE3KY MHOXKeCTBa I, He COB-
MAIAONEMY CO BCeM B, TO TOBOPAT, UTO NOPAJKOSHId MUN MHOMNCE-
cmea A menvwe nopadkosozo muna muoscecmsa B. Ecian MmHOMXKECTBA
A u B uzoMopdHbI, TO TOBOPSIT, 9YTO ¥ HUX 00UHAKOBbLE TOPAJKOBBLE TU-
no. Hakonerr, eciiu B n3oMopdHO HaYaILHOMY OTPE3KY MHOXKecTBa A,
TO TOBOPAT, UTO NOPAJKOSHIT MUn MHodcecmaa A boavuie nopadkoeozo
muna mroocecmea B. Mbl TOJIBKO 9TO [JOKA3AJIM TAKOE yTBEPK/IEHUE:

Teopema 22. [Ijist JIOOBIX BITOJIHE YIOPSIIOYEHHBIX MHOXKeCTB A 1 B
“MeeT MECTO POBHO OJIMH U3 YKA3AHHBIX TPEX CIIyJaEB.

115. Ilycre A — BHOJIHE YIIOPSZOYEHHOE MHOXKECTBO, a B — ero mojMHO-
2KECTBO C MH/YIMPOBAHHBIM HOPSAKOM (K, TEM CaMBbIM, TOXKE BIIOJIHE yIIOPsi-
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J0UeHHoe MHOXKeCTBO). [lokaxkure, uro B m30MOpPGMHO HAYATBHOMY OTPE3KY
A. TlpuBeauTe mpuUMep, KOIJIa STOT HAYAJBHBIA OTPE30K COBHAIAET CO BCEM
MHOkecTBOM A, xorst B # A. (Ykasanue. Eciin A nsomopdHO cobGcTBEHHOMY
HAYAJILHOMY OTPE3Ky MHOXKecTBa B, mHapymaercs Teopema 17.)

Ecin BpemenHo 3a0bITh 0 mpobiieMax OCHOBAHUN TEOPUU MHOXKECTB
¥ OIIPEJESIUTH MOPSIKOBBINA THUIT YIIOPSIOYEHHOTO MHOXKECTBa KaK KJIACC
U30MOPGHBIX €MY YIOPSIIOUEHHBIX MHOXKECTB, TO MOYKHO CKa3aTh, ITO
MbI OIIPEJIEITNIIN JIMHENHBIN MOPSI0OK Ha MOPSIKOBBIX TUIIAX BIIOJIHE YIIO-
PAJOYEHHBIX MHOXKECTB (Ha 0pdunaasar, KaK TOBOPAT). DTOT IOPAIOK
O6yner mosibiM. Mbl mepedopMyIupyeM 3TO yTBEPXKIEHUE TaK, ITOOBI
n3berarh YyIOMUHAHUS KJIACCOB.

Teopema 23. Bcskoe HemrycToe CeMeWCTBO BIIOJHE YIIOPSITOYEHHBIX
MHOYKECTB MMeeT «HAUMEHBITUH 3JIEMEHT» — MHOXKEeCTBO, M30MOpdHOe
Ha4vaJIbHBIM OTPE3KaM BCEX OCTAJIbHBIX MHOYXKECTB.

< BospMmém Kakoe-TO MHO2KecTBO X cemeficTBa. Kcaum oHo HamMeHb-
1mee, TO BCE JOoKa3aHo. Eciii HeT, pacCMOTPUM BCe MHOYKECTBA CeMeHCTBa,
KOTOPBIE MEHBIIIE €r0, TO €CTh N30MOPQHBI €r0 HAUaJILHBIM OTPE3KaM BU-
na [0, z). Cpeau Bcex TaKMX 9JIEMEHTOB & BbiOepeM HamMeHbmuii. Toraa
COOTBETCTBYIOIEE eMy MHOKECTBO U OyIeT HANMEHBIITUM. [>

116. ITokaxkure, 9TO JyIst JIFOOGOTO BIIOJIHE YIIOPSIIOYEHHOIO MHOYXKeCTBa A
CyILIeCTBYEeT paBHOMOIIHOE €My BIIOJIHE YIIOPAAOYE€HHOE MHO?KECTBO B C TaAKUM
cBOCTBOM: 060 HavaJIbHBINA OTPe30K B (KpoMme Bcero B) mMMeeT MEeHDILYIO
MOIIIHOCTb, Y€M B. (MHO)KQCTB& C 9 TUM CBOMCTBOM — TOYHEE, UX ITOPAJTKOBBIE
TUIIBI — HA3bIBAIOT napdunaﬂamu.)

W3 Teopembr 22 ciemyer, 9TO JIIOOBIE JIBA BIIOJIHE YIIOPSITOYEHHBIX
MHOXKECTBA CPABHUMBI 110 MOIIHOCTH (OHO PABHOMOIITHO [IOJMHOYKECTBY
npyroro). Ceiiuac Mbl yBUAMM, YTO BCSIKOE MHOXKECTBO MOXKET ObITh
BrosiHe ymopsiiodeHo (Teopema Ilepmeno), u, cienoBaTenbHO, JIHOOBIE
JIBa MHO>KECTBa CPABHUMBI 110 MOIITHOCTH.

2.6. Teopema Llepmeno

Teopema 24 (Llepmeno). Begroe MHOXKECTBO MOXKET GBITH BIIOJIHE YIIO-
PSZIOUEHO.

< JToka3aTeabCTBO 9TOH TEOPEMbI CYIIECTBEHHO HCIIOJIb3YeT aKCUO-
My BBIOODA U BBISBIBAJIO 0OJIBIINE HADEKAHUSI CBOEH HEKOHCTPYKTUBHO-
crhio. Ha CUETHBIX MHOXKECTBAX IOJHBINA MOPSJIOK yKa3aTh JErKo (e-
pereca ¢ N). Ho yxke Ha MHOMXKeCTBE JEHCTBUTEILHBIX YHUCE] HUKAKOIO
KOHKDETHOTI'O ITOJTHOT'O MOPSJIKA YKAa3aTh He YIaETCs, U JIOKa3aB (€ oMo~
MIBI0 AKCHOMBI BBIOOPA) €ro CyIMeCTBOBAHWE, MBI TAK W HE MOXKeM cebe
3TOT TOPSTIOK TPEIICTABUTD.
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O06bsicHuM, B Kakoil hopmMe UCIOJb3yeTcs akcuoMa BbiOopa. [lycTb
A — naHHOE HAM MHOXKECTBO. MBI IPHHUMAEM, 9TO CYIIeCTBYeT (hyHK-
IUsl p, OLpeNesIEHHAsT HA BCEX IOJMHOXKECTBAX MHOXKeCTBa A, Kpome
camoré A, Koropasi yKa3blBaeT OJUH U3 JIEMEHTOB BHE 3TOIO IIOJIMHO-
2KEeCTBa:

XCA=p(X)eA\X.

IMocne Toro Kak Takas GyHKIUs (HUKCHPOBAHA, MOXKHO HOCTPOUTH
HOJIHBIHA HOPsIZIOK Ha A, M B 9TOM IIOCTPOEHUM Yy Ke HET HUKAKON HEOIHO-
3HaYHOCTH. BOT Kak 3TO JesraeTcs.

HauMeHBbIIIM 3JIEMEHTOM MHOXKECTBA, A MBI 0ObABAM 3JIEMEHT Gy =
= ¢(2). 3a uuM naér suement a; = p({ag}); MO MOCTPOEHUIO OH OTJIH-
qaercst OT ag. Jasee cienyer anement as = ¢({ag, a1}). Ecan maOXKeCT-
BO A GECKOHEYHO, TO TAKO#l IIPOIECC MOXKHO IIPOJOJIKATH U HOJIYIUThH
HOCJIEIOBATEHHOCTD {ap, a1, . .. } smemenToB muoxkecrsa A. Eciu niocsie
3TOTO OCTAIOTCH €INE He HCIOJIb30BAHHBIC 3JI€MEHTHI MHOKeCTBa A, pac-
cMoTpuM asieMeHT a,, = ¢({ap,a1,as,...}) U TaK OYJEM NPOIOJKATD,
HnoKa BCE A He KOHYHTCS; KOIJa OHO KOHYUTCH, HMOPSJIOK BBIGOpa 3JIe-
MEHTOB ¥ OyJIeT MOJIHBIM TOPSAKOM Ha A.

Koneuno, nocnemass (hppasa HyKIA€TCI B YTOYHEHUN — YTO 3HAUUT
«Tak OyIeM IpoIoKaTh»? Bo3HHKaeT KeJlaHue IIPUMEHUTH TEOPEMY O
TparchUHUTHON pekypcnu (y HAC OUEHB MOXOXKAS CHTYAITHS: CJIEIYIO-
MU 3JIEMEHT ONPEJIE/ISIeTC PEKYPCUBHO, €CJIM M3BECTHBI BCE MPEIBIITY-
mue). VI 970 MOXKHO C/Ie/iaTh, €CJM ¥ HAC €CTh JIPYTro€e BIIOJIHE YIIOPSII0-
YEHHOE MHOXKECTBO B, U HOJIy4nTh B3AUMHO OJHO3HAYHOE COOTBETCTBUE
6o Mexjy A u dacreio B, mubo mexiay B u wacteio A. B nepsom
cJIydae BCE XOPOINO, HO JJIS 3TOrO HAJIO0 UMETh BIOJHE YIOPSIOYEHHOE
MHOXKeCTBO B 10 KpaiiHeil Mepe Toii »Ke MOIIHOCTH, 94TO U A, Tak 4To
II0JIy4aeTCd HEeKUil IIOPOYHbBINA KPYT.

Tem He MeHee U3 HEro MOXKHO BBIATH. MBI ¢IeIaeM 9TO TaK: PacCMOT-
PHUM BCE IOTEHIMAIbHBIE KYCOUKHU OyIyIIero mopsaKa 1 yoe uMest, 9To
X MOXKHO CKJICHTb.

Iycrs (S, <s) — HEKOTOPOE IIOJIMHOXKECTBO MHOXKeCTBa A U 3a1aH-
HBI HA HEM NOPsIOK. Bygem rooputs, uto (5, <g) sBasgercs xoppexm-
HOLM PPA2MEHMOM, €CITA OHO ABJISETCA BIIOJIHE YIIOPAI0YEHHBIM MHOKE-
crBoM, nipuuéM s = ¢([0, 8)) juist sroboro s € S. 3xeck [0, ) — HaUATB-
HBII OTPE30K MHOXKECTBA, S, COCTOSIIMN U3 BCEX IJIEMEHTOB, MEHBINUX §
C TOYKH 3pEeHHs 3aJaHHOrO Ha S MOpAIKa.

Hanpumep, muoxecrso {¢(@)} aBisiercst KoppeKTHbIM (dparmMes-
ToM (MODPAJIOK 371Ch MOXKHO He YKA3bIBATH, TAK KAK 3JJIEMEHT BCETO
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oauH). MuoxkectBo {p(@), o({¢(@)})} (mepBblil M3 BBINHCAHHBIX 3J€-
MEHTOB CYATAETCs MEHBIIMM BTOPOIO) TAaKXKe SBJISETCS KOPPEKTHBIM
dparmMeHTOM. DTO MOCTPOECHUE MOYKHO MPOJOJIKATH U JIAJIbIIe, HO HAM
HaJI0 KAKUM-TO O0pPA30M <«IIEPeCKOUYNTh» vepe3 OGeCKOHeIHoe (U OYeHb
GOJILIIOE B CMBICJIE MOIIHOCTH) YHCJIO IIAIOB 9TOH KOHCTPYKIUH.

[Lran Takoil: MbI JJOKayKeM, 9TO JIIOObIE /IBa KOPPEKTHLIX (hparmenTa
B OIPEJIEIEHHOM CMBICJIE COTJIACOBAHBI, TIOCJIE Yer0 PACCMOTPETH 00be 1~
HEHHe BCeX KOPPEKTHBIX (hpparmMenToB. OHO Oy/ieT KOPPEeKTHBIM U Oy/1eT
COBIIAJIATH CO BCEM MHOXKECTBOM A (B IPOTHBHOM CJIy4ae ero MOXKHO Obl-
J10 OBl PACIIUPUTH U HOJIYIATh KOPPEKTHBIN (DparMeHT, He BOIIE/ I B
o0beIHEHNE).

Nemma 1. Ilycrs (S, <g) u (T, <r) — JABa KOPPEKTHBIX (bparMeHTa.
Tora o/inH U3 HUX SIBJISIETCS HAYAIHLHBIM OTPE3KOM JIPYTOTO, IPUIEM IO~
PSAJIKY COIJIacOBaHBI (JBa OOIIUX dJ1eMEHTa BCE DABHO KAK CPABHUBATH —
B CMbIC/IE < g UJIK B CMBbICJIE <T).

Samerum, uTo 110 TeopeMe 20 onuH u3 HparMeHToB H30MOPGEH Ha-
JaJibHOMY OTpe3Ky Jpyroro. Ilycrs S uzomopden HaYaaIbHOMY OTpE3-
Ky T'u h: S — T — ux uzomopdusM. Jlemma yTBEpKIAET, ITO U30MOP-
dbusm h ABISETCA TOXKIECTBEHHBIM, TO €CTh 4TO h(x) = x UpHU BCEX T €
€ S. TokarkeM 3TO HHIYKIMel 110 & € S (9TO 3aKOHHO, TaK Kak S BIOJIHE
YIOPSIJIOYEHO T10 OIIPEIeIEHUI0 KOPPEKTHOrO (pparmenTa). VHIyKTHBHOE
[PEIIIOJIOKEeHUE TapanTupyer, 4ro h(y) = y s Beex y < x. Mbl xo-
TUM JIOKa3aTb, 910 h(x) = x. Paccmorpum HavanbHble orpes3ku [0, ) g
u [0, h(z))r (c TOUKY 3peHust MOPANKOB < g U <7 COOTBETCTBEHHO). OHI
COOTBETCTBYIOT JIPYT JAPYTY mpu u3oMopdusmMe h, MOITOMY IO IPEJIITo-
JIO?KEHUIO WHJIYKITMH COBIAJAIOT Kak MHOXKecTBa. Ho 10 ompeieseHnio
koppektHoctn & = ¢([0,2)) u h(x) = ([0, h(x))), Tak uro x = h(z).
Jlemma 1 mokazama.

Paccmorpum ofbeiuienne Bcex KOPPEKTHBIX (PPArMeHTOB (KaK MHO-
»kecTB). Ha 9TOM 00beMHEHNN €CTEeCTBEHHO ONPEJIEeJIEH JINHEHHBIHA 110-
PSLIOK: JJIsl BCSIKHX JIBYX 3JIEMEHTOB HaIETCst (hparMent, KOTOpOMY OHU
06a npuHamIekar (KasKIblil IPUHAIEKUT CBOEMY, BO3HBMEM GOJIBLIIHUIL
u3 bparMeHToB), TaK YTO UX MOKHO CpaBHUTH. 110 jemme 1 mOpsizioK He
3aBHUCHUT OT TOTO, KAKO#W (pparMeHT OyaeT BHIOpAH JJIsT CPABHEHMUSI.

JNlemma 2. D10 obbeguHeHnE OYIeT KOPPEKTHBIM (DPArMEHTOM.

Y1065l I0KA3aTh JIEMMY 2, 3aMETHUM, YTO Ha 3TOM O0'beIMHEHUN OIIpe-
JeJiéH JuHeltHbIi mopsiiok. O 6yaer nosabiM. [t pasHoobpas3us 00b-
SICHUM 3TO B T€PMHUHAX yOBIBAIOIIUX (HEBO3PACTAIONINX ) MOC/IEI0BATE b
nocreit. Ilycts g > x1 > .. .; BO3bMEM KOPPEKTHBIH dpparmenT F', KoTo-
pOMY TPHHAJJIEXKUT Xg. 13 ieMMbl 1 citeftyer, 9T0 Bee &; TaKKe IPUHAI-
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Jiexkar sroMy dbparmenTy (mockoibKy dbparment F Oyner HadaIbHBIM
OTpE3KOM B JiroboM GouibiiieM dbparmente), a F' BIosiHe ylIOpsI0UeH 110
OIIPEJIEJIEHUIO, TAK YTO IIOCJIEI0BATEILHOCTD cTabuan3upyercs. Jlemma 2
JIOKa3aHa.

VTBepKIeHNe JIeMMbl 2 MOXKHO epedOpMy/IUpPOBATH TaKUM 00pa-
30M: CyIIEeCTBYeT HambOJIbIMii KOppeKTHbIN (parment. Ocraioch J10-
Ka3aTh, 4To 10T (parmMenT (06o3HaYMM ero S) BKio4Yaer B cebs BCE
muOKecTBO A. Ecim S # A, Bo3bMéM ssiemenT a = ¢(S), He npuHaje-
»Kamuyii S, u 7obaBuM ero K S, CUnTasl, YTO OH OOJIBIIE BCEX 3JIEMEHTOB S.
IMonyyennoe ynopsgpodentoe Muaoxkectso S’ (cymma S u 0fHOIIEMEHT-
HOrO MHOXKECTBA) Oy/eT, OUeBHIHO, BIOJIHE yHopsigodeno. Kpome Toro,
YCJIOBHE KOPPEKTHOCTU TAKKE BBIIOJIHEHO (IJI G — IO MOCTPOEHHUIO,
JUUIS OCTAJIbHBIX 3JIEMEHTOB — IIOCKOJIbKY OHO OBLIO BBIIOJIHEHO B S).
Takum 06pa3zoM, MbI TTOCTPOUJIN OOBINMHII KOPPEKTHBIM (PparMeHT, ITO
[IPOTUBOPEYUT MAKCUMAJIBLHOCTH S. DTO PacCyKeHre 3aBepIIaeT J0Ka-
3aTebCcTBO Teopembl Ilepmerto. >

Kaxk MbrI y2ke ToBopmn, 3 TeopeMsl Llepmesno n Teopemsr 20 o cpas-
HEHUU BIIOJIHE YIIOPHAIOYEHHBIX MHOXKECTB HEMEJJIEHHO BBITEKAET TaKOe
YTBEDPK/IeHUE:

Teopema 25. U3 j1100bIX JABYX MHOXKECTB OHO PABHOMOIIHO IIOIMHO-
2KECTBY JIPYTOro.

117. Tokaxkure Teopemy Kanropa—Bepnmreitna (Teopema 6), ucnonbayst
reopeMmy Ilepmeno u reopemy 20. (Ykazauue. JJocTaTouHO JOKA3aTh, YTO €CJIH
A C B C C u A pasaomornruo C, TO BCe TPY MHOYKECTBA PABHOMOIIHBI. MOXKHO
cunutarhb, uTo C BIOJIHE YIOPSIOYEHO U sBJISETCS KapAuHaJoM. 3ajada 115
MO3BOJISIET CUUTATL B HavaIbHBIM OTPE3KOM C, a A — HaYaJIbHbBIM OTPE3KOM
B, u Torga o6a 3TUX OTPE3Ka JIOJKHBI COBIACTD co Beem C'.)

IlonsTne BmonHe ymopsimodeHnHoro MHoXKectBa BBEn Kanrtop B pabore
1883 roza; B ero urorosoit pabore 1895 — 1897 romoB IpUBOAUTCS JOKA3aTE/b-
CTBO TOro, 4ro JIIO0BIE JBa BIIOJIHE YIIOPAJOYEHHBIX MHOX>KECTBa CpaBHHMDbI
(oHO M30MOP(MHO HAYAIBHOMY OTPE3KY JPYIOro).

yTBep)K,Z[eHI/ISI O BOBMO2KHOCTH IIOJIHOT'O YIIOPAJIOYICHUA J'IIO6OI‘O MHOZKeCTBa
U O CpaBHEHMHU MOLIHOCTEH (TeopeMbl 24 u 25) HEOAHOKPATHO BCTPEYAIOTCH B
paborax KanTopa, HO HUKAKOrO BHSITHOTO JIOKA3aTETbCTBA OH HE TPEJIOKII,
7 oHO ObLTO maHo Jiniib B 1904 romy HemernkuMm matemarukoMm 9. Ilepmeto.

2.7. TpaHcuHuTHas nHaykums u 6asuc Mamens

Bronme ynopsimouennsle MHOXKecTBa 1 Teopema Llepmeso mo3BossioT
UPOJIOJIZKATH WHJYKTUBHbIE [IOCTPOEHUS B TPAHCHUHUTHYIO 006/1acThb (ec-
JIU BBIPAXKaThCsl TOPKeCTBEHHO). [TosicHuM 9T0 Ha HpUMepe U3 JUHEeHHOH
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aJredphI.

Beskoe snHeiiHO He3aBUCHMOE MHOXKECTBO BEKTOPOB B KOHEYHOMED-
HOM IIPOCTPAHCTBE MOXKET OBITH JOMOJIHEHO J10 6a3uca. Kak 910 JoKa3bl-
Baetcs? Ilycts S — qaHHOE HaM JIMHEIHO HE3aBUCHMOE MHOXKeCTBO. Ecin
OHO HE SBJIETCH DA3UCOM, TO HEKOTOPBII BEKTOD T( I€PE3 HErO HE BhIPa-
xaercs. JJobaBum ero K S, TOIydUM JIMHEHHO HE3aBUCHMOE MHOXKECTBO
S U{xo}. Ecin u oHO He saBasercst 6a3uCOM, TO HEKOTOPBIl BEKTOD 1
yepes Hero He BhIpayKaercs, U T.J. JImbo Ha KaKOM-TO Iare MbI ITOJIy-
quM Oaszuc, aubo Mporecc He OOOPBETCS W MBI MOJIyYUM OECKOHEYHYIO
[IOCJIEI0BATEILHOCTD JINHEHO HE3ABUCUMBIX BEKTOPOB, UTO IIPOTHUBOPE-
9UT KOHEIHOMEPHOCTH.

Tenepb ¢ OMOIIBIO TPaHCHUHUTHONR MHIYKIMU (TOYHEE, DEKYPCHN)
MbI u30aBUMCS OT TPeOOBaHNMS KOHEIHOMEPHOCTH.

IIycts mamo mpom3BOILHOE BEKTOPHOE MPOCTPAHCTBO. ['OBOPAT, ITO
MHOXKECTBO (BO3MOXKHO, GECKOHETHOE) BEKTOPOB AUHETHO HE3A8UCUMO,
€CJIN HUKaKasi HeTPUBHAJIbHAS JIMHEHAsT KOMOWHAIMST KOHEYHOTO YUCTIa
BEKTOPOB U3 3TOM0 MHOXKECTBA He PaBHA HyJIO. (3aMeTuM B CKOOKaX, 4TO
TOBOPUTH O OECKOHEYHBIX JIMHEWHBIX KOMOMHAIIUASIX B IIPUHIIAIIE MOYKHO
JINIIIb €CJIU B HPOCTPAHCTBE OIPE/eJIeHa CXOAMMOCTh, 9ero MbI cefidac
He TIpejosaraeM.) JIMHEHHO HE3aBUCHMOE MHOXKECTBO BEKTOPOB HA3bl-
Baercs 6asucom Iamens (AU IPOCTO 6a3UCOM) JAHHOTO IIPOCTPAHCTBA,
ecJii JTI000H BEKTOp IMPEJCTaBUM B BHUIE KOHEUHON JIMHEHHON KoMOMHA-
AW 3JIEMEHTOB 3TOr0 MHOXKECTBA.

Kak u B KoHe4YHOI cuTyanuu, MaKCHMaJIbHOE JIMHEIHO HE3aBUCUMOE
MHOKECTBO (KOTOPOE€ CTAHOBUTCS JIMHEHHO 3aBUCUMBIM IIPU JOOABJICHUN
JIOBOTO HOBOTO JIEMEHTA) SIBJIAETCS, OUEBUJIHO, GAZUCOM.

Teopema 26. Bestkoe iHEHO HE3aBUCHMOE MHOYKECTBO BEKTOPOB MO-
2KeT OBITh pacIiupeno jo 6azuca [amers.

< Iycte S — nuHEHO HE3ABUCUMOE TTOIMHO2KECTBO BEKTOPHOTO IIPO-
crpamcTsa V. Paccmorpum Brosiie ynopsijoaennoe MHOXKeCTBO I focra-
TOYHO GOJIBIION MoIHOCTH (GOJIbIIEH, YeM MOIHOCTD HpocTpaHcTBa V).
Oupenenum yarmuio f u3 I B V ¢ mOMOIIBIO TpaHC(OUHUTHON pPeKyp-
cun:

f (@) = ssrement npocrpancrba V', He BbIpAXKafOUIUIICS JIMHEHHO Yepe3
ssiementsl S u 3uaqenus f(j) upu j < i.

3aMeTuM, 4TO 3TO PEKYPCUBHOE IIPABUJIO ocTaBjgeT f(i) HeompemescH-
HBIM, €CJIM TAKOI'O HEBBIPA3UMOI0 djieMeHTa He cymectyer. (Kpome Toro,
MOXKHO OTMETHUTb, YTO MbI CHOBA WCIIOJIb3yeM aKCHOMY BbIOOpa. Bosee
MoAPOOHO CJIeI0BaI0 ObI CKa3aTh TaK: IO aKCHOME BBIOOpA CYIECTBYET
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HeKoTOpas (PYHKIUsI, KOTOpas MO KaxKIOMY ITOIMHOXKECTBY IIPOCTpPaH-
crBa V, gepe3 Kotopoe He Bcé V' BhIparkaeTcs, yKa3bIBAeT OINH U3 HEBbI-
Pa3HMBIX JIEMEHTOB. 3aTeM 3Ta (PYHKIUs UCIIOJIb3YETCA B PEKYPCUBHOM
ompejiesiennd. Bripodem, akcnoma BeIOOpa U TakK yrKe UCIOJIb30BaHA JIJIst
JI0Ka3aTeIbeTBa TeopeMbl Llepmerno.)

DTOo ompejiesieHne TapaHTUPYeT, 9T0 f sIBJIsieTCsl UHbEKImeil; boJee
TOr0 MOXKHO yTBEPKJIaTh, YTO BCe 3HAUEHUs [ BMECTe C MHOXKECTBOM S
00pa3yIoT JIMHEHO HE3aBUCHMOE MHOXKECTBO. B camoMm jieste, mycTh JIu-
HeliHas KOMOMHAIUs HEKOTOPBIX 3HaYeHuil (PyHKIMH [ U 3JIEMEHTOB MHO-
»kecTBa S paBHA HYJIO. MOXKHO CYUTATH, 9TO BCe KOI(MDUIMEHTHI B 3TOM
KOMOMHAIIMU OTJIMYHBI OT HyJis (OTOPOCHUB HYJIEBBIE CJaraeMble). Bxoms-
mue B KoMOuHarmio 3uadenus dbysximun f umeror Bug f(i) upu pas-
JUYHBIX . [JocMOTpUM Ha TOT M3 HUX, KOTOPBIIT MMeeT HambOJbIIee 7;
IO TIOCTPOEHUIO OH JOJI?KEH ObITH JIMHEHHO HE3aBUCUM OT OCTAJILHBIX —
IIPOTHBOPEYINE.

TlockobKY MBI TPEIITOJIOKUIIN, 9TO MHOXKECTBO I mMeeT OOJIBITYIO
MOIITHOCTD, YeM V, peKypCUBHOE OIpejeseHne 3aJaéT PyHKIWIO He Ha
BCéM I, a TOJBKO HA HEKOTOPOM HAuaabHOM oTpeske [0,1), a B TOUKe § pe-
KyPCHUBHOE IIPABUJIO He ompeesieHo (Teopema 19). Do o3nagaer, 4To Bee
BEKTOPBI IIPOCTPAHCTBA V' BBIPAYKAIOTCS U€Pe3 JIEMEHTHI MHOXKECTBaA, S
u 3uavenus Gyuknun f Ha npomexyrke [0,4). Kpome Toro, kak Mbl Bu-
JIeJTH, BCE 9TU BEKTOPHI HE3ABUCHUMBI. TakuM 00pa30M, UCKOMBIN 6a3uc
HaiijieH. >

Ha camom meme MoKHO 060#THCH 6€3 MHOXKECTBA OOJIBIIEH MOIITHO-
cTH, yrnopsioumB caMo mpoctparcTBo V. Ilpu 3ToM Ha KaXjoM Iiare
peKypcHuu HaJI0 JInOO J0OABIATH OUEPETHON JIEMEHT K Oy ryrnemy 6a3u-
cy (ecim OH He BBIPAXKAETC Yepe3 IPEIbLILYIIHe), JIUb0 OCTABIIATh 6a3UC
0e3 3MeHeHuil.

118. IIpoBesuTe 3TO paccyKaeHue MOIPOOHO.

Basuc T'amens moxkeT OBITH MCHOJB30BAH IS TOCTPOCHUS PA3HBIX
9K30THIECKUX IIPUMEPOB. BOT HEKOTOPBIE U3 HUX:

Teopema 27. CymiecrByer (Bciomy onpejenénnas) dyukmus f: R —
— R, mia xoropoit f(x +y) = f(z) + f(y) upu Bcex x u y, HO KOTOpasi
He ecTb yMHOKeHHUE Ha KOHCTaHTY.

<1 Paccmorpum R kax BekTOopHOe npocTpancTio Hag nojem Q. B uém
ectb 6asuc Famens. Ilycth o — oaun U3 BeKTOpOB Gasuca. PaccMorpum
dyuknumio f, KoTopasi ¢ KazKIbIM YUCIOM & (PACCMATPUBAEMBIM KaK BEK-
Top B npocrpancTBe R Hag mosem Q) corocraBiisier ero a-KOOPAMHATY
(koadbdunpenT Upu @ B €MHCTBEHHOM BBIDAYKEHUU T Y€Pe3 BEKTODDI
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Gasuca). dra dyuxus guneina Hag Q, mosromy f(x+y) = f(z) + f(v)
mias Beex z,y € R. Ona ormuna or myns (f(a) = 1) u upunuMaer
JIAIIb PAIMOHAJIbHBIE 3HAYEHUSI, [I09TOMY HE MOXKET OBITh yMHOKEHUEM
Ha KOHCTaHTY. >

119. ITokaxkure, 9TO BCsiKasi (DYHKIHUsI, OOIaJa0Mas YKA3AHHBIMIA B T€O-
peme 27 cBoificTBaMU, HE OTPDAHMYEHA HU HA KAKOM OTpE3Ke u, Oojiee TOro, eé
rpaduk Bciogy mioreH B R2.

Teopema 28. Ayinrusubie rpynnsl R u R @ R uzomopdHbI.

<1 Paccmorpum R kak BekTOpHOE mpocTpancTBo Haja Q u Bbibepem
6asnc B 3ToM mpocrpancTse. OueBuaHo, oH 6eckoHedeH. basuc B R @ R
MOXKET OBITh COCTABJIEH U3 JIBYX JYaCTE, KaXKIasi U3 KOTOPBIX IIPEICTAB-
JIIeT coboit 6a3mc B oaHOM m3 3K3eMiuisgpoB R. Kak Mbl yBugmMm 9yTh
nozxke (cM. pasgen 2.9), mys m060ro 6eCKOHETHOTO MHOYKECTBa B yiBo-
€HHAsl MOIIHOCTH B (MOIIHOCTH 00bEIUHEHUS JBYX HEIEPECeKAIOIIUXC ST
MHOXKECTB, PaBHOMOIIHBLIX B) pasua momuoctu B. Hakomern, ocranoch
3aMeTUTh, 9TO IPOCTPAHCTBA HAJL OJHUM U TEM 2K€ IIOJIEM C PABHOMOIII-
HBIMU Oa3ncamMu 30MOPGHBI KaK BEKTOPHBIE TTPOCTPAHCTBA U TeM Oojiee
KaK I'pDynmbl. >

120. /Tokaxkure, uTo J1r060#1 6asuc B npocrpancTee R Ha mojgem Q mmeer
MomuOCTh KoHTHHYyMa. (IIpn moKasaTesbCcTBe IPUTOIATCS PE3yJIbTAThl pas3-
zesa 2.9.)

Mpb1 Bujesu, 9T0 TpaHC(OUHUTHAST WHIYKIUs II03BOJISET JI0Ka3aTh
CyIecTBOBaHUe Oa3mca B JIIOOOM BEKTOPHOM IpocTpaHcTBe. lIpomos-
JKasl ATY JIMHUIO, MOYKHO JI0Ka3aTh, UTO JIIOObIe J[Ba 6a3rca BEKTOPHOIO
npocrpascTBa papHoMmoInHbl. (Takum 06pasoM, MOHATHE PA3SMEPHOCTH
KaK MOIIHOCTH 0a3uca KOPPEKTHO OIPEJIETIEHO U It OECKOHETHOMED-
HBIX BEKTOPHBIX IIPOCTPAHCTB.) MbI BEpHEMCsT K 9TOMY MO3Ke, Ha €. 83
(reopema 36).

OrmeruM, 4TO cyIlmecTBOBaHne H6asnca ['amesrst MOXKHO HCIIOJIB30BATH
U «B MUPHBIX IEJISIX», & HE TOJIBKO JIJIsI TOCTPOEHUS IKZ0TUIECKHUX ITPH-
MepoB. M3Becthas «Tperbs mpobsema ['mabbepray cocrosia B J0oKa3a-
TEJILCTBE TOrO, YTO MHOTOIDAHHUKH PABHOTO 0ObEMa MOTYT HE OBIThH
PABHOCOCTABJIEHBL. (DTO 3HAYAT, UTO OJMH U3 HAX HEJb3sl PA3PE3aTh HA
MEHBIIIe MHOIOTPAHHUKH M CJIOXKHUTh M3 HHUX JPYrO#l MHOTOIDAHHUK.)
JIJ1si MHOTOYTOJIBHUKOB Ha, TJIOCKOCTU CUTYAaIlUsi MHAsI: €CJIM JIBA MHOTO-
YTOJIbHUKA PABHOBEJUKHU (MMEOT PABHYIO IUIOMIAJIb), TO OHU PaBHOCO-
CTaBJIEHBI.

Teopema 29. Ky06 Hesib3s pa3pe3ars Ha MHOTOIDAHHBIE YACTH, U3 KO-
TOPBIX MOXKHO OBLIO OBl COCTABUTH TPABUILHBII TETPasIp.
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<l BBeném nonsitme ncesdoobséma mHOrOrpaHHUKa. Kak m 00béM,
ceBI000bEM OyleT aIauTuBeH (ecju MHOTOIDAHHUK Pa3bUT Ha YacTH,
CyMMa UX ICeBI000BEMOB PaBHA MCEBI000BEMY HCXOIHOTO MHOTOTDAH-
HIKA); TICeBJ000bEMBI PABHBIX MHOTOIDAHHUKOB Oy/yT pasabl. OTcroma
CJIeJLyeT, UTO ICEeBI000BEMBI PABHOCOCTABICHHBIX MHOIOIDAHHUKOB Oy-
nyT paBHBL. MbI mogbepém nceBa000bEM Tak, ITOOBI y KyOa OH PABHSIICH
HYJTIO, & y TeTpa3jipa HeT — U J0KA3aTeJILCTBO OYIeT 3aBEPIIEHO.

ITceBmo06bEM MHOTOTPDAHHUKA MBI OTIPEIESTMM Kak cyMmmy » . lip(a;),
rJe cyMmma 6epéTcs 1Mo BceM pébpaM MHOTOT'PAHHUKA, [; — JJIMHA $-T'0 ped-
pa, a; — JABYTPaHHBIA yroJI P 3TOM pedpe, a ¢ — HEeKoTOpasi (PYHKIIHSI.
Takoe onpenenenre aBTOMATHIECKH MAPAHTHPYET, YTO PaBHbIE MHOIO-
TPAHHUKH UMEIOT PABHBIE MCEBIO00BEMBI. UTO HYKHO OT (DYHKIMH (0,
4TOOBI IICEBI00OBEM ObL1 amauruBeH? IIpeacraBum cebe, 4TO MHOIO-
IPAHHUK pPa3pe3aeTcsl MJIOCKOCTHIO Ha JIBE YACTH, W IJIOCKOCTH TPOXO-
JIUT 4Yepe3 yzke uMeroreecs pedbpo jumubl [. Torma JByrpaHHblil yro o
pu 3TOM pebpe pazbuBaercda Ha ;e dactu $ u 7. Ilosromy B BbIpa-
JKEHUHU JIJIs [ICEBI00OBEMA BMECTO CJIAraeMoro l¢(q) HOsABJISIOTCS CJia-
raembie lo(B3) + lp(7), n (o) pomxkno pasusatscs ¢(5) + ¢(v). Kpome
TOTO, pa3pesarolas MIOCKOCTh MOXKeT 00pa3oBaTh HOBOE Pebpo, Imepe-
CEeKNINCh ¢ KaKoil-To rpanbio. O6o3naunM gy aToro pebpa 3a l’. Torma
B IIceB000ObEMe mosBsATCs caaraeMble ' p(a)+1p(r—a) (aBa o6pasosas-
[IUXCsl JIBYTPAHHBIX YIJIA JOMOJHUTEIbHBI), KOTOPbIE B CyMMe JIOJI2KHBI
PABHATHCST HYJTIO.

Tenepn sicHO, KAKUME CBOWCTBAMH JIO/KHA 00J1a1aTh (DYyHKIHUS ©.
Hyzxmno, arobnr ¢(8 + ) = ¢(B) + ¢(vy) u arodnr ¢(r) = 0. Torma
IICEBI000BEM OYyIIeT U BIPSMb aJINTHUBEH. AKKypaTHasi IpOBEPKa Tpe-
OyeT TOYHOIO OIPEJIEJICHNsl IOHATHsI MHOIOTPAHHUKA (9TO HE TaK U IIPO-
CTO), U MBI €é IPOBOAUTH He OyneM. HarisgaaHo alquTuBHOCTh KaXKeTCs
OYEBUJIHON, OCODEHHO €CJIN YIeCTh, ITO BCE Pa3pe3bl MOXKHO [IPOBOJIUTH
IUIOCKOCTSIMU (IIPU 3TOM MOTYT MOJIYIUThCsT GOJIee MEJIKHE IacTh, HO 9TO
He CTPAIIHO).

Wrak, 1151 3aBeplieHns: pacCy K I€HUsI JOCTATOTHO TOCTPOUTDH (DyHK-
mo ¢: R — R, ama koropoit

o o(B+7)=¢(B)+ @(y) nna seex B,y € R;

e p(m) = 0 (310 CBOICTBO BMECTE € IPEABIAYIIUM FAPDAHTUPYET al-
JUTUBHOCTD TICEBI000BEMA);

e p(n/2) = 0 (uceBrO0GBEM Kyba paBeH HYJIIO; 9TO CBOHCTBO, BIIPO-
“eM, JIETKO CJIEIyeT U3 JABYX MPEIbIIYIINX);
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e p(f) £0, rue § — nByrpanublii yros npu pebpe mpaBUILHOIO TeT-
paszpa.

Cy1iecTBeHHO 371eCh TO, UTO OoTHOIIeHKe § /1 upparponaisHo. [Ipose-
puM 3T0. BBICOTBI JIBYX COCEIHUX IpaHeil, OIyIeHHble Ha obiiee pebpo,
06pas3yoT paBHOGEIPEHHEI TPEYTOIBHIK CO CTOPOHAME /3, /3, 2; Ha0
J0Ka3aTh, 9TO YIVIbI 3TOMO TPEYTOJbHUKA HECOU3MEPHUMBI ¢ 7. YI00Hee
paccMoTpeThb He 6, a Ipyroii yroJ TpeyrojbHuKa (1Ba APYruX yria Tpe-
YTOJIbHUKA PABHBI); 0003HA4NM €ro . DTO yroJ [IpsiMOyrOJILHOIO TPe-
YTOJIBHUKA cO cropoHamu 1, v/2 1 /3, Tak 4ro

(cos B+ isinB) = (1++v/—2)/V3.

Ecjin 661 yros 6 611 cousmepum ¢ 7, TO U 3 ObLI ObI COU3MEDPUM, [TOITOMY
HEKOTOpas CTEIeHb 3TOr0 KOMILJIEKCHOI'O YKCJIa PABHSIJIACH Obl €JIMHHUIIE.
Mo>KHO TTPOBEPUTH, OIHAKO, YTO ITO HE TAK, MOCKOJbKY KOJIBIO UHCEJT
Buga m +ny/—2 (m,n € Z) eBKIUI0BO U Pa3JIOXKeHne Ha MHOKHUTETN B
HEM OJHO3HATHO.

HanbHeiiee mpocro: paccMoTpuM 4dncyaa 7 u . OHE He3aBUCHMBI
KaK 3JIEMEHTBI BEKTOPHOIrO mnpocrpancrsa R wan Q, momosHuM ux 10
baszuca u paccmorpuMm Q-nmuueitHbrit dyukmonag @: R — Q, paBHBI’
koaddunmenty npu B pasiiokenun mo sromy 6aszucy. OdueBuiHO, BCe
TpeOOBaHUs IPHU ITOM OY/IYT BBIIOJIHEHBI. >

121. TlokaxkuTe, 9YTO HEKOTOPOE YCJOXKHEHUE ITOTO PACCYKIAEHUS ITO3BO-
JsteT oboiTuch 6e3 H6a3uca ['amesiss: 10CTATOYHO ONpeeNIsATh ¢ He Ha BCeX Jeii-
CTBUTEJIbHBIX YUCJIaX, a TOJIBKO Ha JIMHEITHBIX KOM6I/IHaLH/IHX yIJ1I0B, BCTpeYa-
FOINUXCSI TIPU pa3pe3aHuu Kyba u TeTpasipa Ha IaCTH.

B kauecTBe OoTCTymIeHUsT TPUBEIEM €IE JIBA CTPAHHBIX IIPUMeEpA,
BO3HMKAIOMUX 61arojaps aKCUOMe BbIGOpa (B HUX jlazkKe TPaHChHUHUTHAST
UHJIYKIWs HE UCHOJIb3YeTCs).

PasHouBeTHble wnanel. IIpegcraBum cebe cHavasa IIEpEHTY W3 CTa
9eJIOBEK B YEPHBIX U OEJIbIX MLIAaX. KaxKaplii BUIUT I[BETA LA CTOSI-
UX [epej, HUM, HO He BUAUT CBOEI NMUISIIbI U MUISII T03a1 CTOSAIIUX, U
JOJIPKeH OTTaIaTh IIBET CBOel nuisiibl. MoryT in y9acTHUKN UTPBI IOTO-
BOPHUTBCS 3apaHee, KAK OHU JIOJKHBI JIefICTBOBATH, 9TOOLI C rapaHTHen
GOJIBIINHCTBO J10raioK Obuio npasuibabivMu?! (Urpoku He mpomsHOCAT
BCJIyX CBOU JIOTAJIKH, TAK UTO JPyTUe UTPOKU He MOTYT UX YIUTHIBATS.)

JIerko MOHSTBH, YTO CTOLAIIAs TIepe.l UTPOKAMU 331298 Hepa3pernMa.
Crostuit MepBbIM B IIIEPEHTe HE BUIUT HUKOTO, TAK YTO €0 JIOTAKa HU
OT Yero He 3aBUCHAT U 3apaHee npejonpeneinera. Hagenem emy sy
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JIPYTOTO I[BETA U CIEJAEM €ro J0rajKy omubdbogHoi. [lBer nuisinbl mepBo-
ro olpeJiesisieT JIOraJiKy Broporo (y KOTOporo Her MHON uHpOopManum),
U eMy TOXKe MOXKHO HaJeTh ILIAY aApyroro nsera. Ilocie sroro ompe-
JeJINTCS JOTaJIKa TpeThero, u Tak gajee. Takum obpaszom, st 1000
cTpaTeruu JefiCTBUIl UTPOKOB €CTh BAPUAHT, B KOTOPOM BCE OIIHOYTCS.

Curyanus yIuBUTEIbHBIM 00Pa30M MEHSIETCSI, €CJIA UIPOKH CTOSIT B
OGECKOHEUHOI IepeHre, y KOTOPOil eCTh IMOCJIEIHUN, HO HEeT IIepBOro, u
KaXKJIbI{l 13 UTPOKOB BUJIUT NLIAIBI Bepeau crodamux. Ipyruvmu ciroBa-
MU, UTPOKHU CTOAT B TouKax 0, 1,2, ... 9ucIoBO#l IpsIMO, TUISIS BIPABO,
U UTPOK B TOUKE ¢ 3HAET CBOIO KOODJIMHATY W IIBETA IIJIAI BCEX CJIEYIO-
mux urpokos (i+1,4+2,...). Ero crparerns, Takum 06pasoM, siBISETCS
dyHKIMEH, apryMEeHT KOTOPOH — II0CJIEI0BATEIbHOCTD 1IBETOB BUIUMBIX
UM IS, & 3HAYEHUEM — JIOTAJIKA O IIBeTe COOCTBEHHO MIISIIBI.

Kak Hz cTpanHO, CyIECTBYIOT CTPATETHH UTPOKOB, IMPU KOTOPBIX C
rapanTueil Bce JOTAJIKM, KPOME KOHEYHOI'O YHC/IA, OyIyT MpPaBUIbHBI-
Mu. YTOOBI JOKA3aTh CYIECTBOBAHNE TAKUX CTPATErHil, OyaeM HA3hIBATD
«pacKpacKoil» II0CJIeI0BaTENbHOCTD I[BETOB IIJISI BCEX UIPOKOB. IBe
packpacku Oy/ieM HA3bIBATH SKBUBAJEHTHBIMU, €CJU OHU PA3TAIAIOTCS
JIIIb B KOHEYHOM YHUCJIe TOYEK (JJIsi KOHEYHOI'O YUCJIa UIPOKOB). Bbibe-
PeM B KaXKJIOM KJIacCe SKBUBAJECHTHOCTH TI0 OJTHOU «KAHOHIMYIECKOW» pac-
kpacke. KaxkIbIii urpok JI0IKeH [IeiiCTBOBATH TaK: BHUJA BCEX MUTDOKOB
mepe; coboil, OH MOYKET OIIPENIEJINTH KJIACC IKBUBAJIEHTHOCTHA PACKPACKU
(Tak KaK M3MEHEHHe KOHEYHOI'O YHCJIa OCTAJIbHBIX UI'POKOB, BKJIIOYAs €r0
caMors, He MEHSIET 9TOT0 KJ1acca). 3aTeM B KA4eCTBE JIOTa KU OH yKA3bl-
BaeT I[BET CBOEH NMUIANBI B KAHOHMYECKOM ITPEJCTABUTEJIE ITOTO KJIACCa
9KBUBAJIEHTHOCTH.

KakoBa Ob1 Hu ObLIa peajibHasi pacKpacKa, OHA OTJIMIAETCs OT SKBU-
BaJICHTHOII el KAaHOHWYECKON PACKPACKHU JIUIIb B KOHEYHOM YHUCJIE MECT
(1o ompejiesieHUIO IKBUBAJIEHTHOCTH). 1109TOMY BCE UIDOKH, CTOSIIHE
JTAJIBIIIE 9TUX MECT, yIaJlaloT IIPABUJIBHO — Yy HUX CAMHUX TOT XKe IIBET, U
BHUJISIT OHU TO K€ CAMO€, UTO B KAHOHUIECKON pacKpacke.

122. TlokaxkuTe, 4TO MIPOKH MOLYT JIOOHTBHCS TOTO »Ke pe3yibrara (ra-
PAHTHPOBATH KOHETHOE YMCJIO HEBEPHBIX JIOTAJIOK) U B H0JIee CII0KHOM CUTya-
II1H, KOr'/Jla OHU HE S3HAIOT CBOEI'O ITOJIOZKEHUA. (HOJ’I63HO OTIOEJIbHO PaCCMOTPETH
KJIACChI, coAepzKalliyue IepuoJjundecKue paCKpaCKI/I.)

Hensmepumoe MHoxecTBo. Bysem cunTarh jIBe TOUKH OKPYKHOCTU
SKBUBAJEHTHBIMU, €CJIA JIyTa MEXKJIy HUMH COCTaBJISIET PAIMOHAJIBLHYIO
9aCTh OKPYKHOCTH (= U3MEpSIeTCsl PAIMOHAJILHBIM YUCIOM TPAJLYCOB).
OTO AefICTBUTEIHFHO OTHOIIIEHIE SKBUBAJICHTHOCTH, TAK KAK CYMMa, JIBYX
PaIMOHAJIBHBIX YUCEJI PAIIMOHAJIbHA (TPAH3UTUBHOCTS ). BoibepeM B Kaxk-
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JIOM KJIACCE SKBUBAJIEHTHOCTH 110 OHON TOYKE; IOJIyYeHHOE MHOYKECTBO
«mmpecTaBuTesaeiiy obosmaanm M.

Ecsin noBepuyTh MHOX)KeCTBO M Ha panuoHajbHBINA (B Ipajycax, TO
€CTb COM3MEPHUMBIil ¢ OKPY?KHOCTBIO) YIOJI (v, TO HOBEPHYTOE MHOXKECT-
BO M, He Oy/eT mepeceKaThCsl C MCXOIHBIM: MepecedeHne 03HAYAI0 ObI,
YTO €CTh JIBA [IPEJICTABUTEIs, OTJINIAOIIUXCS Ha (v, TO €CTh JIEXKAIIUX B
OJIHOM U TOM Ke KJIacCe.

C apyroii cTroponsl, B 00beuHeHnn MHOXKecTBa M, (IIpu Beex pary-
OHAJIBHBIX yTJIaX [OBOPOTA (v) JAI0T BCIO OKPYKHOCTH (KasKasd TOYKa
WMeeT IMIPEJICTABUTE/ISI B CBOEM KJjlacce, U MoBOPOT M Ha COOTBETCTBYIO-
Ml yroJ HOKpoeT €é).

[Monygaercs, 9T0 OKPYKHOCTH Pa30UTa HA CIETHOE IMCJIO KOHTDYIHT-
HBIX (COBMEIIAOIINXCS IOBOPOTOM ) MHOXKECTB. KaKyto e JI0J110 OKpy K-
Hoctu (110 Mepe) cocraBiisier Kaxkioe MHOXKecTBO? ITockobKy MHOXKe-
CTBa KOHI'PYHTHBI, TO ITH JIOJIM PABHBI; TOCKOJIBKY OHU BCE TIOMEIAI0TCST
B OKPY2KHOCTHU O€3 1epecedeHuii, TO J0Jisi He MOXKET OBITh II0JIOKUTE b
HOH, TO €CThb PaBHa HYJIIO.

Kak Hu crpanHO, B OObeJMHEHNN CYETHOE YUCJIO TAKUX <«HYJIEBBIX»
MHOXKECTB COCTaBJIIeT BCIO OKpyKHOCTH. ([oBopsi Gosiee dbopmanbHO,
He CYIIECTBYeT HEHYJIEBON CUETHO-a[INTUBHOI MepBI, OIPE/IeIEHHON Ha
BCeX IIOJMHOYXKECTBAX OKPYKHOCTH U WHBAPUAHTHONW OTHOCUTEJIHHO II0-
BOPOTOB.)

Emé ymusuresphnee mpOCTPAHCTBEHHBIN BapHAHT 3TOrO IIPUMeEpA:
MOXKHO Pa30WTh MIap Ha KOHEYHOE YUCJIO HEIIEPECEKAIOIIIXCs MHOYXKECTB,
U3 KOTOPBIX (CIBUHYB KAXKJIYI0 YaCTh B IIPOCTPAHCTBE) MOXKHO II0JIYIUTh
JIBa IIapa TOro 2Ke pa3Mepa. JTOT IIPUMEDP Ha3BbIBAIOT «IapajokcoMm ba-
naxa— Tapckoro». Ho 910 moctpoenne ciioxkuee u TpebyeT 3HAKOMCTBA C
anarebpoii (B OHOM U3 BAPHAHTOB UCIIOJbL3YETCs CBOOOAHAS IOAIPYIIIA
¢ aByMst obpasyromumu B rpymme SO(3)).

2.8. Jlemma LlopHa un €€ npumeHeHns

B coBpemeHHBIX yUeOHUKAX PEIKO BCTPEIAETCS TPAHCHUHUTHAST WH-
JYKIAST KaK TaKoBasl: OHA 3aMEHSIeTCsl CCBLJIKOW Ha TakK Ha3bIBAEMYIO
semMy Ilopaa. Ceituac MBI [MOKa)XeM, KaK 3TO JeJIAeTCsl, Ha IIpUMepe
TEOPEMBI O CYIIECTBOBAHUM 0a3UCa B JTUHEHHOM ITPOCTPAHCTBE.

Teopema 30 (nemma UopHa). Ilycts Z — 9acTHYHO yIOPSIAOUEHHOE
MHOXKECTBO, B KOTOPOM BCsiKasl ITellh UMEET BEpPXHIOI I'paHuity. lorma
B 9TOM MHOXKECTBE €CThb MAKCHMAJIbHBIN 3JI€MEHT, u, 0oJiee TOro, Jist
JII000T0 3JIEMEHTA @ € Z CYUIECTBYET IJEMEHT b > a, sIBJIAIONINNCT MaK-
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cuMaibibM B Z. (Ifenb — 9TO IOIMHOMKECTBO, JIOOBIE J(BA 3JIEMEHTA
KOTOPOT'O CPAaBHUMBI. BepxHsisl TpaHUIA el — 3JIEMEHT, OOJIBINNI 1t
PaBHBILT JI060I0 JIeMEeHTa LEIu. )

< IIpexkjie Bcero orMeTnM, 9TO Z JIUIIL YaCTUYHO YIIOPSI0YEHO, 110~
9TOMY HaJI0 Pa3/inuaTh MaKCHMaJibHble M HamboJsbiime djiemMeHTh. [lo
9TOIl YKe MPUYNHE Mbl BBIHYKIEHBI YIIOTPEOISATh IPAMMATHIECCKT HEKOP-
PEKTHYIO KOHCTPYKIUIO «O0JIbIIKI Uit paBHbI Jii06oro (aobomMy?)s, no-
CKOJIBKY CKa3aTh «He MEHbIIE JIIO0ro» (CTaHIAPTHBIN BBIXOJ, U3 [10JIO-
JKEHHUsI) O3HAYAJIO Obl M3MEHUTH CMBICIL.

JlokazaTeIbCTBO TOBTOPSIET PACCYZKJIEHUs IIPYU IIOCTPOEHNN basuca,
HO B Gosiee oOmieil curyanuu (Tenepb y HAC He JIMHEHHO He3aBUCUMbIE
ceMelicTBa, & IPOU3BOJILHBIE JIEMEHTHI Z ).

Ilyctsb man mpousBosIbHBIN djteMeHT a. [IpeamosmokuM, 910 He CyIe-
CTBYeT MaKCHUMAJBLHOTO JIEMEHTA, OOJIBIIEro WM PABHOTO @. DTO 3HA-
9UT, 9TO Jid Jiioboro b > a waiinérca ¢ > b. Torma ¢ > a um moromy
Haiiyiéres d > ¢ u . 7. [Ipomoszkast 9ToT IpoIece JOCTATOYHO JIO0JITO, MBI
UCYEPIIaeM BCe 9JIEMEHTHI Z U MPUJAEM K IPOTUBOPEUUIO.

IIpoBeném paccyxkienne akkypaTHO (IIOKa 4TO MBI JazKe He UCHOJIb-
30BaJIM yCJIOBHE JIEMMBbI, Kacaromieecs wereii). Bo3pMéM BriosHe yopsi-
JIOYEHHOEe MHOYKeCTBO I 710cTaTouHO GObInoil MormHOCTH (GOJIBIIEH, Tem
momHocTh Z). IToctpouMm crporo Bospacraworiyo dyekmmo f: 1 — Z
o TpaHCHUHUTHON pekypcun. K€ 3HaUeHne HA MUHUMAJIHLHOM SJIEMEH-
te I 6yner pasuo a. [Ipemmosmoxum, 910 MBI y2K€ 3HAEM BCE €€ 3HAYCHUST
HA BCEX 3JIEMEHTaX, MEHBITNX HEKOTOPOro i. B cuily MOHOTOHHOCTH 5TH
3HAYEHUs] TIOMAPHO CPABHUMBI. [103TOMY CyIecTByer ux BepXHsis TPAHM-
Ia s, KOTopasi, B YaCTHOCTH, OOJIbIlle WK PaBHA . BO3bMEM KaKOM-TO
ajieMeHT t > § U 1osioKuM f (i) = ¢; 1O MOCTPOEHUI0 MOHOTOHHOCTH CO-
xpanurcsa. Tem cambiM I pABHOMOIIHO 9acTH 7, 9YTO MPOTUBOPEYUT €r0
BBIOODY.

B sTom paccyxmenun, ¢hpopMasbHO TOBOPSI, €CTh MPOOET: MBI OTHO-
BPEMEHHO OIIpejiesisieM (DyHKIUIO 110 TPAHC(UHUTHON PEKYPCUU U JIOKa-
3bIBaeM €€ MOHOTOHHOCTh C IIOMOIIBIO TpaHCHUHUTHOM nHyKuu. Harrre
PEKYPCUBHOE OIPEJIEICHIE UMEET CMBICII, JIUIIh €CJIU YKe MOCTPOEHHAS
9aCcTh (DYHKIUH MOHOTOHHA. POPMAILHO TOBOPSI, HAJIO BOCIOJIB30BATH-
cst TeopeMoit 19, caurasi, 9TO CIIeAyIOIee 3HAUEHNE HE OIPEJIEICHO, eCJIN
y2Ke TIOCTPOEHHbIN yIaCTOK He MOHOTOHEH, U MOJIYUYNTh (PYHKIIAIO, OIIpe-
JIeJIEHHYIO Ha BCEM [ WJIM Ha HAYaJIbHOM OTpe3Ke. Fcym oHa ompeeieHa
HA HEKOTOPOM HAYAJBbHOM OTPE3Ke, TO OHA MOHOTOHHA HA HEM IO IIO-
CTPOEHUIO, MOITOMY CJIEIYIONIee 3HAYEHUE TOXKE OMPEJIEICHO — MPOTH-
BOpeyne. >
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Kak u npu nocrpoenun 6azuca Lamens (3amaga 118, c. 70), Moxk-
HO 00oiTHCh 663 MHOXKECTBa, OOJIbINEH MOITHOCTH. BIIojiHe ymopsamoanm
MHOXKECTBO Z C MOMOIIBIO Teopembl LlepmMesno. DToT mopsiiok HUKAK HE
CBI3aH C MCXOJIHBLIM HOPSAJIKOM Ha Z; MbI OysleM 0003HAaYaTh €ro CHM-
BosioM <. IlocTpouM ¢ mOMOIIBIO TpaHC(hUHUTHONR peKypcuu (PyHKIHIO
f+Z — Z c rakmmn cpoiictamun: (1) f(z) > a mua moboro z € Z
(2) f monoToHHA B cienyromeM cMmbicae: ecim & < y, 0 f(z) < f(y);
(3) f(z) me MOXKeT OBITH CTPOTO MeEHbIIE Z (B CMBICJIE HCXOIHOIO MOPSI-
Ka <) HU IIPU KAKOM Z.

Hemaercst aro Tak. 3uavenne f(zg) 1is <-HANMEHBIIIETO SJIEMEHTA Z(o
MBI TIOJIOXKMM DABHBIM JH00 a, Jmbo zg (HOCIeHee — eciu zyp > a).
Suauenue f(z) s OCTAIBHBIX 2 €CTh JIMOO BEpXHssl TPAHUIA 3HAYE-
uuit f(2') upu 2’ < z (110 UPEANOIOKEHNIO UHJLYKIIMUA MHOYKECTBO TAKUX
3HAYEHUil JTUHEHHO YIOPAI0IeHO U HOTOMY HMEET HEKOTOPYIO BEPXHIOIO
IpaHuIyy o), 6o caMo z (LOC/Ie/[Hee — eCu 2 > ().

B culy MOHOTOHHOCTH MHOYKECTBO 3HadeHuit GpyHKuuu [ JUHEHHO
YIIOPSAI0YEHO U UMEET BEPXHIOI rpaHully. dTa rpanuna (06o3nadum eé [3)
GoJiblle win paBHa a (KoTopoe ecTb f(2p)) U SBJISETCS NCKOMBIM MaKCH-
MaJIbHBIM 3JIEMEeHTOM: ecau 3 < z Jyist HeKoroporo z, to f(z) < 8 < z,
YTO POTUBOPEYUT CBOUCTBY (3).

123. IlpoBeauTre 3T0 paccyxKjaeHue MoApPOOHO.

Temepp OBTOPUM JOKA3aTEILCTBO TEOPEMBI O Oas3mce, MCIOb3YsT
aemmy [opna. Ilycts V' — mnpousBoJibHOE BEKTOPHOE MPOCTPAHCTBO.
PaccMoTpuM 9acTUYHO YIOPSIIOYEHHOE MHOXKECTBO 7, COCTOsIIIee U3
JINHEHO HEe3aBUCHUMBIX TOJIMHOXKeCTB mpocrpancTa V. Ilopsmaok na Z
3a0a8TCsI OTHOIIEHUEM «OBbITH ITOJAMHOMXKECTBOMY.

[IpoBepum, 4TO yCI0BHUS JeMMBI BBITIOJTHEHBI. [lycTh nMeercst HEKO-
TOpasi Ielb, TO €CTh CEMENUCTBO JIMHEITHO HE3aBUCUMBIX MHOYKECTB, IIPH-
9éM JII0OBIE IBA MHOXKECTBA 9TOTO ceMeiicTBa cpaBHUMbI. OObeIMHIM BCe
TH MHOYXKECTBA ¥ IIOKAXKEM, UTO II0JIyYEHHOE MHOXKECTBO OyIeT JIMHEITHO
HE3aBUCUMBIM (T€M CAMBIM OHO OYJIET BepXHeill IPaHUIEil JIEMEHTOB Tie-
mu). B camom ziesie, HeTpuBHaJbHAS JIMHEHAST KOMOUHAIMS BKJIIOYAET B
cebst KAKOe-TO KOHEYIHOE UUCJI0 BEKTOPOB, KAXK Bl U3 CBOETO MHOXKECTBA.
DTUX MHOXKECTB KOHETHOE YHCJIO, U TIOTOMY CPEJIA HUX €CTh HAubOJIbIIee
[0 BKJIIOUEHNIO (B KOHEYHOM JIMHEHHO yTIOPsIZIOUEeHHOM MHOYKECTBE €CTh
HAUOOJIBIINI 3JIEMEHT ). DTO HAUOGOJIbIIEEe MHOKECTBO COIEPKUT BCE BEK-
TOPBI HETPUBUAHHOM JIMHENHO KOMOMHAIINY, U JIMTHEWHO HE3ABUCUMO 10
[IPE/IITOIOXKEHNIO, TAK UTO HAIla HeTPUBHUAJIbHAS JTUHETHAsT KOMOMHAIINS
OTJIMYHA OT HYJIA.
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Takum 06pa3oM, MOXKHO IPUMEHUTH JeMMy LlopHa 1 3aK/II09ATh, YTO
JTI060€ JTMHEHHO HEe3aBUCUMOE MHOXKECTBO BEKTOPOB COMEPXKUTCS B MaK-
CAMAJILHOM JIMHEHHO HEe3aBUCHUMOM MHOXKECTBE BEeKTOpPOB. K Hemy yxke
HeJIb3s J00ABUTH HU OJIHOI'O BEKTOPA, HE CO3/aB JIUHEHHON 3aBUCUMOCTH,
1 OHO SIBJISIETCS MCKOMBIM 0Oa31COM.

AHayiorngHbIM  06pa30oM MOXKHO JIOKA3aTh CYIIECTBOBAHUE OPTOrO-
HAJIBHOrO 6a3uca B ITuiIbOEPTOBOM IIPOCTPAHCTBE (TaM oupejeienue 6a-
3Mca JIPyTroe: pa3peraiTcs OeCKOHETHbIE THHEHHbIE KOMOMHAIINY, TIOHHU-
MaeMble KaK CyMMBI DSIJIOB) WA CYIeCTBOBaHUE 0a3Mca TPAHCIIEHEHT-
HOCTH (MaKCHMAaJIbHasA aare0pandeckKu He3aBUCUMasl CACTEMa 3JIEMEHTOB
B PACIIUPEHUAN TOJIEH ).

Mpbr npuBenéM apyroit mpuMep npuMmenenns jgeMmbl Lopma, roe dpu-
TYPUPYIOT YK€ M3BECTHBIE HAM TTOHATHUSI.

Teopema 31. Beaknit 9aCTUYIHDBIN TOPSIIOK MOYKET OBITH MTPO/IOJIZKEH
JI0 JIMHEUHOTO.

< Iyers (X, <) — 9acTUYHO yIOpsiJIoueHHOe MHOXKecTBO. Teopema
YTBEPIKIAET, ITO CYMIECTBYET OTHOIEHnE opsaaka < Ha X, mpomosnKa-
I0IIee UCXOHOE (ITO 3HAYWT, UTO T < Yy = = <’ Y) W ABJIAIONIEECS OTHO-
nieHreM JHelHoro nopsiika. (Keraru, ormerunm, 4T0 €I0BO «JIMHEHHO-
ro» B (pOPMYJINPOBKE TEOPEMBI HEJIb3sl 3AMEHUTDb Ha, CJIOBO «IIOJTHOIO» —
HaIIpUMeD, €CJIM UCXOJIHBIA NMOPAJIOK JUHEUHBII, HO He HongIﬁ.)

ToroBsick ¥ mpumenenwto jemmbl [lopHa, paccMOTPUM 9aCTUIHO yIIO-
PSIOYEHHOE MHOXKECTBO Z, 9JIEMEHTAMH KOTOPOTrO OYIyT IaCTHIHbIE TT0-
paaku Ha X (TO ecrb momMmHOXKecTBa MHOXKecTBa X X X, obsamaio-
e cBoficTBaMu pedIeKCUBHOCTH, TPAH3UTUBHOCTU U AHTUCUMMETPUI-
HOCTH), YIIOPSIZIOUEHHBIE [0 BKJIIOUEHNIO: <1 CUUTAETCS MEHBINNM UJIN
paBHBIM <o, ecyin <o Hpomokaer <1 (U3 x <1 y cuemyer T <o y).

Jlerko mpoBepuTh, 9TO ycaoBHE JeMMbI 1[opHaA BBITOJIHEHO: €CIu y
HaC eCThb CeMefiCTBO YaCTUIHBIX MOPSIKOB, JTUHEHHO YIIOPSI0IEHHOE 0
BKJIIOUYEHHIO, TO O0bEIMHEHNE ITUX MOPSIIKOB SIBSETCS IACTUIHDIM 10~
PSIZIKOM, ¥ 9TOT HOPSIIOK OyzeT BepxHeil rpanunei cemeficrsa. (IIpose-
pUM, HAIIpUMep, 9To obbeanHenne obJiagaeT CBONCTBOM TPaH3UTHBHO-
cru. Iycrs & <1 ¥y B OfHOM U3 NOPsAKOB ceMeiicTBa (K1), a y <2 2 B
JIPYrOM; OJIMH U3 IIOPSJKOB (Hampumep, <i) IPOJOJIKAeT APYroi, To-
rma x <1 Yy <1 2 1 motoMy = < z B 00beaunenun. PedieKCHBHOCTD 1
AHTUCUMMETPUIHOCTD IIPOBEPSIFOTCSI CTOJIb K€ TPOCTO. )

CaenoBaresibHO, 110 Jemme [lopaa Ha MHO)KecTBe X CyIIeCTByeT MaK-
CUMAJIbHBIN YaCTUIHBIN TMOPSIIOK, MPOJOJIKAIINil ncxoaubiit. Obo3Ha-
9uM ero Kak < (IyTaHUIIbI ¢ UCXOJHBIM HOPSIJIKOM He BOBHUKHET, TaK KaK
UCXOZHBII HaMm GoJiblile He HyxkeH). Ham Ha0 10Ka3aTh, 9ro OH Oyler
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smueiiabiM. [lycts z,y € X — 1Ba HeCcpaBHUMBIX 3jieMeHTa. Pacmupum
HMOPAZOK J0 HOBOTO HMOpAAKa <, IIpu KOTOPoM x <’ y. DTOT HOBBIA IO-
psiiok ompegessiercst Tak: a <' b, ecom (1) a < bwm (2) a < x mwy < b.
Hecnoxxno nposeputs, uro <’ 6yeT YacTHUHLIM HOPAIKOM. Pediiekcus-
HOCTBb oueBuAHa. TpansurusnocTh: ecym a < bu b < ¢, To ecTb YeThIpe
Bo3mozkHOCTH. Ecm B 06oux ciaydasx umeer Mecto ciaydait (1), To a <
< b < ¢ u Beé oueBnHo. Ecim a <" b B ey (1), a b < ¢ B cuny (2), To
a<b<zuy<c tak ato a <' ¢ B cwny (2). AHAJOTMYIHO paccMaTph-
BAETCs U CUMMETPUYIHBIN cayuaii. Hakorer, qByKpaTHasi cChliKa Ha (2)
HEBO3MOXKHa, Tak Kak Torga (a < z), (y < b), (b < z) u (y < ¢), u no-
Jiygaercsi, 910 Yy < b < x, a MBI [IpeIoIarajin, 9TO & U Y He CPaBHUMBI.
AHTUCHMMETPUYHOCTD JOKA3BIBAETCS aHAJOTMYHO. TakuM oOpa3oM, OT-
nomenne <’ GyJeT YaCTUYHLIM MOPSJIKOM, CTPOrO COJAeprKalluM <, 4TO
MIPOTUBOPEYUT MAKCUMAaJbHOCTH. >

124. Ilokaxkutre, 9TO Jt060e GUHADHOE OTHOIIEHKE 6e3 IUKJIOB (IUKJ 06-
pasyercs, eciu xRz, mimm xRyRxz, v tRyRzRx n T.1.) MOXKeT ObITh TIPO-
JIOJIZKEHO 10 JIMHEHHOro nopsiika. (st KOHEYHBIX MHOXKECTB IIOUCK TaKOIO
IIPOJIOJIZKEHUsT OOBIYHO HA3BIBAIOT «TOHOJIOIMYECKON COPTUPOBKOM». )

125. MHO>KeCTBO Ha IIJIOCKOCTH HAa3BIBAETCH 6biNYK.AbLM, ECITH BMECTE C JIIO-
OBIMU JBYMsI TOYKAME OHO COJIEPYKUT COEJUHSIONINN UX OTpe30K. [lokaxkure,
qTo .HIO6BI€ JABa HEIepeCeKaroNNXCA BBIMYKJIBIX MHOXKECTBa MO2KHO Pa31e/IUTh
npaMoil (KazK0e MHOXKECTBO JIEXKUT T10 OJIHY CTOPOHY OT IIPSIMOM, BO3MOXKHO,
nepecekasich ¢ Heit). (Ykazanue. Vcnonb3ys semMy [opHa, MOXKHO pacIInpUTh
UCXOOHBbIC HEIlepeCEeKAaIUInecda MHOXKeCTBa A u B J0 B3aUMHO JOIIOJTHUTEJIb-
HBIX BBIIIYKJIBIX MHOXKECTB Al n B/. SaTeM MO2KHO y6e,ZLI/IT])CH, 9TO r'paHuna
mexy A’ u B’ npencrasnser coboit psiMyio. )

126. [TokarkuTe, 9TO BCe TMOIMHOXKECTBA HATYPAJbHOTO Ps/ia MOXKHO Pa3-
OuTh Ha «OOJIBINE» U «MAJIbIE» TAKUM 0OpPa30M, YTOOBI BBIIOJIHSJINACH CJIEJTY-
omue cBoiicTBa: (1) MHOXKeCTBO GOJIBIIOE TOTJA M TOJIBKO TOTJa, KOTZa €ro
JIONOJIHEeHHe Majio; (2) Jiro6oe MOJAMHOYXKECTBO MAJIOr0 MHOYKECTBA MAJIo, a JIHo-
60€e HAJIMHOXKECTBO GOJIBIIIOrO MHOXKECTBA — 00Jibiioe; (3) obbeuaenne 1Byx
MAJIBIX MHOYKECTB MaJIO, a [ePecedeHre JIByX OOJIBIINX MHOXKECTB — GOJIBIIOE;
(4) BC€ KOHEYHbIE MHOXKECTBa — MaJibl€, a BCE€ MHOXKeCTBa C KOHECYHBIMHU J0-
nosHeHusivu — Gosbinne. (Buagame Gynem TpeGoBarh ycoosuit (1)—(4), Ho
He HACTaWBATb HA TOM, YTO JII0OOE MHOYXKECTBO JIOJIKHO OBITH GOJIBIIUM UJIH
MaJIbIM. HaHpHMep, MOZKHO CYUTATh MaJIbIMU KOHEYHbBIC MHOXKECTBa, a 60.]]])—
IMUMHA — HUX JOIIOJTHEHUA. BaTeM MOZKHO ,Z[O6aBIIHTb MHO2KECTBa, OIIpenaesada
ux B GOJIbIIINE WJIN MaJIble, IPUMEHNB TPAHCHUHUTHYIO WHLYKIIUIO UJIHA JIEMMY
IopHa.)

IlocTpoennoe B 3Toi 3amade HeJeHIe MHOXKECTB Ha OOJLININE U Ma-
Jibie (To4YHee, KJIACC OOJIBIINX MHOKECTB) HA3BIBAIOT HE2AAGHIM YALTDA-
PusbMPOM; CTIOBO «YIBTPa» 311€CH COOTBETCTBYET TPEOOBAHUIO TOIO, 9TO
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BCSAKOE MHOKECTBO OOJIBIIIOE WK MaJIOe; CJIOBO «HETJIaBHBI» 0003HaIaeT
TpeboBanue (4).

127. (IIpomosizkenue.) JIBa arpeccopa UrpaioT B TAKYIO UPY: CHAYAJA II€P-
BbIlf 3aXBATBIBAET HAYAJbHBLIA OTPE30K HATYPAJBHOIO psijia IIPOU3BOJBHOIO
pasmepa (ot 0 mo xakoro-to k), 3aTeM BTOPOIl 3aXBATHIBAET ITPUMBIKAIOMINI
orpesok (or k+1 70 Kakoro-To [, 3aTeM IepBBIil 3aXBATHIBACT CIIELYIOmuil (0T
141 mo xakoro-to m), u T. 1. Urpa 6eckoHeqHa; nobeguresemM B GECKOHETHON
[MAPTUHU CUUTAETCH TOT UTPOK, KOTOPBIH 3aXBATHII OOJIBITIOE MHOXKECTBO. [Toka-
2KWTE, YTO B TON UI'PE HU OJIMH U3 UI'POKOB HE UMEET BBLIUT'PBIIIHON CTPATErUH.
(BBIUIPBIIIHYO CTPATErUO ISl OJHOIO MOT OBl MCIIOJIB30BATH U JIPYIOH, I10-
CKOJIbKY KOHEYHBI! HAYAJBHBIA y9IACTOK HE BJUSET HA MCXOJ WIDHI. )

2.9. CeoiicTBa onepauuii Hag MOLLHOCTSMM

Tenepsb MBI MOXKEM JIOKA3aTH HECKOJBKO YTBEPZKJIEHMN O MOIITHOCTSIX.

Teopema 32. Eciin A 6eckonedno, To MHO)KecTBO A X N paBHOMOIII-
o A.

<0 Brosne ynopsimounm muoxkectso A. Mbr yke 3uaem (cM. c. 56),
YTO BCSIKHN 9JIEMEHT MHOXKeCTBa A OJHO3HAYHO IPEJICTABJISAETCS B BU-
Je z+n, rje 2 — IPeJleJIbHbIA 3JIEMEHT (He UMEIOIINIA HEeIlOCpeICTBEHHO
UPEBIAYINErO), & N — HATYPAJbHOE YUCI0. DTO O3HAYaeT, uTo A pas-
HomotHo B X N| e B — MHOXKeCTBO NpejiesbHbIX dj1eMeHToB. (Tyr
ecTh HeOOJIbIIAs TPYAHOCTD — IOCJEHsST TPYIIA JEeMEHTOB KOHEYHA,
€C/I B MHOXKECTBE €CTh Hambosbinuil 3jemenT. Ho MbI y2Ke 3HaeM, 9TO
J00aBJIEHNEe KOHEIHOIO UJIA CIETHOTO MHOXKECTBA HE MEHSET MOUTHOCTH,
TaK 9TO ITUM MOXKHO IIpeHEOPEdb. )

Tenepsb yTBepKaenue TeopeMbl odeBuauo: A X N pasaomomntao (B X
x N) x N, 10 ectb B x (N x N) u rem campiv B X N (npoussejieHue
CYETHBIX MHOXKECTB CYETHO), TO ecTh A. [>

IIo Teopeme KanTopa—Bepamreiina oTcio/ia CjieIyeT, ITO MPOMEXKY-
TouHbIe MOIIHOCTU (B YacTHOCTH, |A| 4 |A], a Takxke Jsr060e npousBee-
Hre A M KOHEUHOTO MHOXKeCTBa) coBmaant ¢ |A|. Emé onHo ciencreue
HOJIE3HO BBIJIEJIUTD:

Teopema 33. Cymma JaByX OECKOHEYHBIX MOIIHOCTEl paBHA MX MaK-
CUMYyMY.

< Tlpexkze Bcero HAIIOMHUM, 9TO JIOObIE JBE MOIHOCTH CPABHUMbI
(reopema 25, c. 68). ITycrb, ckaxewm, |A| < |B|. Torna |B| < |A| 4+ |B| <
< |B| + |B| € |B| x Xg = |B| (mocsiesHee HepaBEeHCTBO — YTBEDPXKICHUE
upezpiaymeii Teopembl). Ocraérest Bocmosib3oBaThest TeopeMoii Kanro-
pa—Bepnmreiina n sakmounts, uto |B| = |A 4+ B|. >

Temepb MOXKHO JTOKa3aTh OoOJiee CUILHOE YTBEPXKICHUE.
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Teopema 34. Eciin A 6eckonedno, To A X A pasrHomomHO A.

< 3amerum, UTO Jyisi CUETHOIO MHOXKECTBa (KaK, BIIPOUEM, U sl
KOHTHHYyMa — HO 9TO ceiiuac He BayKHO) Mbl 3TO yxKe 3HaeM. 1loaromy
B A €CTh MOJAMHOMKECTBO, PABHOMOIIHOE CBOEMY KBAJPATY.

PacecmorpuM ceMeficTBO BCeX TaKUX TOIAMHOXKECTB BMECTE C COOT-
BETCTBYIONAMH OUEKITUSIMHU. DJIEMEHTAMHU JTOrO ceMeiicTBa OyIayT mma-
pot (B, f), tne B — nogmuoxkectso A, a f: B — B x B — B3aumno
OJITHO3HAYHOE COOTBETCTBUE. BBEJIEM Ha 9TOM CeMeiicTBe YaCTUYHBIH 110-
psgok: (B, f1) < (Ba, f2), ecim By C By u orpanndeHne oTobpake-
nua fo na By cosmagaer ¢ fi (puc. 6).

Bo

By

By

Puc. 6. Orobpaxkenue f; — B3aMMHO OJJHOZHAYHOE COOTBETCTBHE MEXKJLY
MaJIbIM KBa/JIpaTOM U €r0o CTOpOHOﬁ; f2 ﬂO6aBJIH€T K HEMY B3aMMHO O/THO-
3HAYHOE COOTBETCTBHE MeXKy Bo\ By u «yroskom» (Bg X B)\ (B X By).

Teneps npumennm jiemmy [opra. [ljist 37010 HYKHO yOEAUTHCS, ITO
Jo60e JIMHEHHO yHOpsiIo4eHHoe (B CMBICJIE OIMUCAHHOIO HOPSI/IKA) MHO-
JKECTBO TIAp YKAa3aHHOTO BUJA MMEeT BEPXHIO IpaHuIly. B camom nere,
00bEIMHIM BCE MepBble KOMIIOHEHTHI 9TUX Tap; MycTh B — ux obbean-
HeHre. Kak 0OBIYHO, COIIACOBAHHOCTH OTOOpaXkKeHWil (rapaHTHpyeMmast
OIIpEJICJICHUEM HOPSIJIKA) IIO3BOJIAET COCAMHUTH OTOOPAXKEHUS B OJHO.
D10 orobpakenue (Ha30BéM ero f) orobpaxkaer B B B X B. Ouo Gyzer
nabeknmeil: suavenus f(b') u f(b") npm pasmuranbix V' un b pazamanb
(BO3BMEM GOJIBINIEE U3 MHOXKECTB, KOTOPBIM TpuHasgexar b u b”; Ha
HéM [ aBigercs MHbEKIMed 1o npeanosokennio). C apyroi CTOPOHBI,
f sBnstercst cropbeximeii: s oboit mapsr (b, 0’) € B x B BO3bMEM
MHOKECTBA, U3 KOTOPBIX nmpousonum b’ u b, Boibepem n3 HuX Gosbinee
7 BCIIOMHHUM, 9TO MBI MMEJTA B3aUMHO OJTHOZHATHOE COOTBETCTBHE MEXKLY
HUM U €r0 KBaJIPATOM.

ITo memme IlopHa B HamEM 9YACTHYIHO YIOPSIIOYEHHOM MHOXKECTBE
CYIIECTBYeT MaKCUMaJbHbI ss1eMeHT. [lycrs sToT 37ement ectb (B, f).
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Mbpb1 3H8€M, 9TO f €CTh B3aMMHO OJHO3HAYHOE COOTBETCTBHE MexKiy B
u B x B u noromy |B| = |B| x |B|. Teuepp ecrb jiBe BO3MOKHOCTH.
Eciu B pasaomomto A, To B X B paBHomomiHo A X A u Bcé mokasa-
HO. OCTanI0Ch PACcCMOTPETH CIydai, Korja B He paBHOMOIIHO A, TO ecTh
UMeeT MEHBIIIYO MOIIHOCTD (BOJIbIell OHO MMETh He MOXKeT, Oy Ly Iu 110/
muOokecTBOM ). Ilycrs C' — ocraBmasica gactb A, o ectb A \ B. Torma
|Al = |B| + |C| = max(|B|,|C]), crenoBarensHo, C' paBHOMOIIHO A 1
oosbime B 1o mommuoctr. Bosemém B C' gacts C’) paBHOMOIIHyIo B, u
nosnoxkum B’ = B + C' (puc. 7). O6e gactn mHOX)ecTBa B’ paBHOMOII-

A

C/

B c’

Puc. 7. IIpomoizkenue coorsercreus ¢ B na B’ = B + C'.

uol B. ITostomy B’ x B’ pasbusaercs Ha 4 9acTh, KaxKJasl U3 KOTOPBIX
pasHOMomHA B X B, U, ¢1eJ0BaTe/IbHO, PABHOMOIIHA B (HamoMHuM, 4T0
y HAC €CTh B3aUMHO OJIHO3Ha4YHOE coorBercTBHe [ Mexiay B u B X B).
CoorBercTBHE [ MOXKHO HPOJOJKUTEL J0O coOTBeTcTBUA [ Mexay B’
u B’ x B’, nononuus ero coorsercreueMm mexay C' u (B’ x B')\ (B x B)
(3Ta Pa3sHOCTH COCTOUT M3 TPEX MHOMKECTB, PABHOMOINHBIX B, Tak 4ToO
pasaomontaa B). B urore mbl mosyuaem 66sbiryio napy (B’ f'), uro
MPOTUBOPEYNT yTBepKAeHUI0 teMMbl LlopHa o MakcnmanbrocTH. Taknm
0bpa3oM, ITOT cIydail HeBO3MOXKEH. [>

BriBesiem Teneph HEKOTOPBIE CJIEJICTBUS U3 JIOKA3AHHOTO YTBEPIKIe-
HUS.

Teopema 35. (a) IIpoussenenue qByX GECKOHEUHBIX MOIIHOCTEH PaB-
HO GoutbIeit n3 Hux. (6) Ecin MHOXKecTBO A GECKOHEYHO, TO MHOYKECTBO
A™ Bcex TOCIeOBATEILHOCTEH MIHHBL 12 > (), COCTABIICHHBIX U3 JJIEMEH-
toB A, pasaomontao A. (B) Eciu muOXKecTBO A GECKOHEUHO, TO MHO-
JKECTBO BCEX KOHEYHBIX MOCJIEJOBATENBLHOCTEN, COCTABIEHHBIX U3 JJIe-
MEHTOB A, PaBHOMOIIIHO A.

< Tlepsoe yTBepkKjeHne mokasbiBaercsa mnpocro: eciu Al < |B|, To
|BI < |A| % |B| < |B| x |B| = |B.

Bropoe yTBep:kieHne Jerko JOKa3bIBAETCH MHIYKIAEH 110 M: €CJu
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|A"] = |A], To |A™| = |A7] x |A| = |A] x |A| = |A].

Tperbe TOXKE TPOCTO: MHOKECTBO KOHEYHBIX IIOCJIEI0BATETHLHOCTEN
ectb 1+ A+ A% + A3 + .. ; kaxas u3 "acreit (KpoMe MepBoif, KOTOPOit
MOXKHO IpeHeOpeus) paBHOMONHA A (110 JOKA3aHHOMY), U OTOMY BCE
BMecTe ecThb |A| x Ry = |A]. >

SaMeTnM, 9TO U3 MOCJIEIHETO YTBEPKICHUS TEOPEMbI BBITEKAET, ITO
CeMeRCTBO BCEX KOHEYHBIX MOJMHOYXKECTB OECKOHEYHOTO MHOXKecTBa A
UMeeT TY K€ MOIIHOCTb, 4T0 U A (IOZAMHOXKECTB He OJIbIIe, YeM KOHEU-
HBIX [IOCJIEIOBATEJILHOCTEH U He MEHBIIe, 9eM OJ[HOIJIEMEHTHBIX IO/ IMHO-
JKECTB).

128. Iycrb A Geckoneuno. Joxaxure, uro |A%| = [24].

129. PaccMoTpEM MOmMHOCTB o = Ng + 280 + 9(2%0) + ... (cuérHas cymma).
[Tokazkure, 9YTO @ — MUHHUMAJIbHAST MOIIHOCTDH, KOTOPas OOJIbIIE MOIIHOCTEH
muokects N, P(N), P(P(N)), ... TTokaxure, ato a™® = 2% > a.

Tenepsb MBI MOXKEM JIOKA3aTh YIIOMUHABIIIEECS] PAHEE YTBEPKIEHUE O
PaBHOMOIITHOCTH OA3UCOB.

Teopema 36. JlioObie nBa Oasnmca B OECKOHEYHOMEDPHOM BEKTOPHOM
[IPOCTPAHCTBE UMEIOT OJINHAKOBYIO MOIIHOCTD.

< Ilyctp manb! 1Ba 6asuca — nepBblil 1 BTOPOit. [l KazK/10ro Bek-
TOpa U3 mepBoro 6a3uca puUKCUpyeM Kakou-imO0 Crocod BBHIPA3UTH €ro
gepe3 BeKTOPbI BTOPOro 6asuca. B 3ToM BhIpaykeHNN yIacTByeT KOHETHOE
MHOYKECTBO BEKTOPOB BTOporo 6asuca. Takum o6pa3zoM, eCcTb HEKOTOPast
dyHKIMS, KOTOpasi KaXKJIOMy BEKTOPY IE€pPBOro 6a3uca CTaBUT B COOT-
BETCTBHE HEKOTOPOE KOHEYHOE MHOXKECTBO BEKTOPOB BTOporo. Kak Mbl
TOJILKO 9TO BHUJEJN, BO3MOXKHBIX 3HAUEHUN 3TONH (DYHKIINU CTOJHKO XKe,
CKOJIBKO 3JIEMEHTOB BO BTOpOM Oaszuce. Kpome Toro, nmpoobpas KaxKioro
3HAYEHUsI COCTOUT M3 BEKTOPOB IIEPBOr0 0a3mCa, BHIPAYKAIOIINXCST depe3
JaHHbI (KOHEYHbIN) HAGOP BEKTOPOB BTOPOIO, U OTOMY KOHEeUYeH. Bbi-
XOJIUT, 9TO MEPBBIi 6a3uc pazdbUT Ha TPYIIILI, KaXK1as TPYIIa KOHEIHA,
a BCero rpymm He 0oJbIlle, YeM BEKTOPOB BO BTOpoM Oasmce. [losTomy
MOIIIHOCTb MEPBOT0 0a3uca He MPEBOCXOJIUT MOIIHOCTU BTOPOIO, YMHO-
JKeHHON Ha No (0T 9ero, Kak Mbl 3HAEM, MOIIHOCTH OECKOHEIHOIO MHO-
JKecTBa He MeHgeTcs ). OCTajaoch IPOBECTH CUMMETPUIHOE PACCY 2K ICHUE
u cocaarbesd Ha reopemy Kamropa— Bepumreitna. >

2.10. OppauHansl

Kak Mbl y2Ke TOBOPHIH, 0POUHAAOM HA3BIBAETCS MOPSIIKOBBIA THIL
BIIOJIHE YIIOPSIIOYEHHOIO MHOXKECTBA, TO €CTh KJIACC BCEX M30MOPQHBIX
€My yIOPsiTOUeHHbBIX MHOXKECTB (€CTeCTBEHHO, OHU OY/IyT BIIOJHE yIIOPsi-
JIOYEHHBIMH).
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Ha opnunanax ecTecTBEeHHO OINpeIesieTCs JTUHEHHBIH MOPSI0K. dTo-
OBl CPABHUTH J[Ba OPJIMHAJA (v U (3, BO3bMEM X mpencrapuresu A u B.
ITpumenum Teopemy 22 u OCMOTPUM, Kakoii u3z Tpéx ciydaes (A uzo-
MOP(QHO HAYAJIBLHOMY OTPe3Ky B, OTJImYHOMYy OT Bcero B; MmHOXKecTBa A
u B uzomopdHbl; B n30M0OpdHO HAYAJIBHOMY OTPe3KY A, oTimaHOMYy OT
Bcero A) umeer mecro. B mepsBom ciayguae o < 3, Bo BropoMm o = (3, B
TpeTbeM a > 3.

Mps1 oTBIIEKAEMCS OT TPYIHOCTEH, CBA3AHHBIX C OCHOBAHUSIMU TEOPUU
MHOXKecTB (eM. paszzen 1.6); kKak HOpMATIbHO MOXKHO ONPABIATH HAIIN
paccykenusi, Mbl emé obcyaum. [loka 9T0 OTMETHM HEKOTOpBIE CBOMi-
CTBa OPJAMHAJIOB.

e Mpr onpenennin Ha OpAMHAJIAX JHHEHHBIH HOPSJIOK. DTOT [OPsi-
JIOK GyZIeT TIOMHBIM: JII000E HEIlyCTOe CeMEICTBO ODJIMHAIIOB NMEET
HAMMEHBIIHI 3/1eMeHT (TeopeMa 23; pa3HUIA JIHIIb B TOM, 9TO MbI
He yHOTPeO/IsAIn TaM CJIOBa «OPJAMHAJ», & TOBOPUJIA O LIPEJICTABH-
TeJISIX ).

e Ilycte o — HeKOTOpBIH OpauHAan. PaccMOTpuM HAYaIBHBIA OTpe-
30K [0,@) B Kyacce opAnMHAIOB (0OPA30BAHHBIN BCEMU OpMHAJIA-
MM, MEHBIIUMU (¢ B CMBICJIE YKA3aHHOTO MOPSAIKA). DTOT OTPE30K
YIOPsiIoUeH 1o TUly & (TO ecTh N30MOPQEH MPeICTABUTENSIM Op-
nuHasia o). B camom zeste, mycth A — OJIMH U3 1pecTaBuTeIe Op-
nmHana . OpIuHAIb, MEHBIIAE (v, COOTBETCTBYIOT COOCTBEHHBIM
(me coBmagaromuM ¢ A) HaTaIbHBIM OTpe3kaM MHOKecTBa A. Ta-
K1e 0Tpe3Ku uMeroT Bu/ [0, a) U TeM caMbIM HAXOISATCS BO B3AUMHO
OJIHO3HAYHOM COOTBETCTBHMU C 3djieMeHTamMu MHOXKecTBa A. (Jlerko
[IPOBEPUTH, YTO ITO COOTBETCTBUE COXPAHSET MOPSIOK. )

CkazaHHOE MOXKHO 1epedOpPMYyJINPOBATh TaK: KAXKJIBI OPIUHAJ
YIOPSJIOYeH KaK MHOYKECTBO MeHbIuX opaunauos. (B ogaom u3
dopMaTBHBIX IOCTPOEHUII TEOPUU OPAMHAJIOB KaKJIbIH OPIMHAJI
DABEH MHOXKECTBY BCEX MEHBIINX OPJIMHAJIOB. )

o OpauHAI HA3BIBAETCS HENPEIEALHBIM, €CTTU CYIIECTBYET HEIIOCPEI-
CTBEHHO IIPEJIIECTBYIONMI eMy (B CMBICJIE YKA3AHHOIO HOPSIJIKA)
opauHaJl. Kcim Takoro Her, OpJIMHAJ HA3BIBAIOT NPEJCAbHbLM.

e Jlioboe orpaHUYEHHOE CEMENHCTBO OP/UHAJIOB UMEET TOUHYIO BEPX-
HIOIO rpaHb (HaMMEHbIIHI OpauHaJ, GOJNBIINA UM PABHBIA BCeM
opauHasiaM ceMmelicTBa). B camoMm Jesie, BO3bMEM KAKOW-TO OpJu-
Haj 3, sBidomuiicss Bepxueil rpauuneii. Torga Bce opauHAJIBL ce-
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MeicTBAa M30MOP(MHBI HAYAIBHBIM OTPE3KaM MHOXKeCTBa B, mpe-
crasJsioniero opauaal 8. Eciu cpeau sTux orpe3kos ecTh camo B,
1o [ 6yzer TOYHOI BepxHeil IpaHbio (M HAUOOJIBIIMM 3JIEMEHTOM
cemeiicrsa). Econ Het, TO 5111 0Tpe3ku umeror Buj [0,b) mist pasz-
JINYHBIX 3jieMeHTOB b € B. PaccMoTpuM MHOXKECTBO S BCeX TaKMX
asemenToB b. Eciu S He orpanndeno B B, To 8 6ymer TO9HOI Bepx-
meit rpaubio. KEcau S orpaHn<deHo, ToO OHO UMEET TOYHYIO BEPXHIOK
rpasb §, u [0, s) Gy/ieT TOUHO BepXHell rPaHbI0 CeMelCTBa.

MoxkHO CKa3aTbh, ITO CeMefCTBO OPJMHAIOB — 3TO KaK Obl YHUBED-
caJIbHOE BIIOJIHE YIIOPSIJOYEHHOE CeMEeNCTBO; JIF0DOe BIIOJIHE YIIOPST0YEH-
HOE MHOXKECTBO U30MOP(HO HEKOTOPOMY HAYAJIbHOMY OTPE3KY ITOT'O Ce-
meiictBa. [loaToMy MBI HEMEJIEHHO TPUIEM K IPOTUBOPEIUIO, €CJIN 3aX0-
TUM PacCMOTPETh MHOXKECTBO BCEX OPIUHAJIOB (BEb JIJIsl BCSIKOIO BIIOJIHE
YIOPSITOYEHHOT'O MHOYKECTBA €CTh ellé OoJiblliee — 106aBUM K HEMY HO-
BBIH 9JIeMeHT, GOJIBIIHNI BCEX MPEIbLIYIINX ). DTOT HaPaIOKC HA3BIBAETCS
napadoxcom Bypanu-Dopmu.

130. JokaxkuTe, YTO TOYHAsI BEPXHASA I'PAHb CYETHOTO YUCJIA CUETHBIX OP-
IUHAJIOB CIETHA.

Kak ke paccyxars 00 opauHaax, He BIajas B IpoTuBopednsi! B
[IPUHIIAIIE MOYKHO 3aMEHATH YTBEPXKIeHUsI 00 OPINHAJIAX Y TBEPKICHUSI-
MM O UX IPEJCTABUTENSAX U BOCIPUHAMATH YIIOMUHAHUS OP/INHAJIOB KaK
«BOJIBHOCTB peum». JIpyroit momxon (npeyoxennsiii dhon Heiimanom)
[IPUMEHSIETCsI [IPU aKCHOMATUIECKOM TIOCTPOEHUM TEOPUH MHOXKECTB, U
COCTOUT OH IPUMEPHO B CJIEYIOMIEM: MbI OObSIBJIsIEM KaXKIbIIl OpIITHAIT
paBHBIM MHOXKECTBY BCEX MEHBIMUX OPIUHAJIOB. 10rma MUHUMAIbLHBIN
opaunas 0 (HOPSAKOBBI TUI [IyCTOr0 MHOXKECTBA) OYIET IyCTBIM MHO-
JKECTBOM &, CJIe/lyIoIuii 3a HuM opauHas 1 (IopsiIKOBbI THII OJ{HO3JIe-
MmeHTHOrO MHOXKecTBa) Oyzer {0} = {@}, sarem 2 = {0,1} = {9, {T}},
3={0,1,2} = {9,{9},{9,{2}}}, 4 ={0,1,2,3} u r. 1. 3a HUMH cJie-
JlyeT OpAuHa]d w (HOPSIKOBBIA THII MHOXKECTBA HATYDAJIbHBIX UHCE),
pasubiit {0,1,2,3,...}, norom w+1=1{0,1,2,3,...,w}, norom w+ 2 =
={0,1,2,3,...,w,w+1} u 1.

Mpgr He 6ymeM rOBOPUTH MOAPOOHO 00 aKCHOMATHIECKOH TEOPUU MHO-
xkectB Llepmeno— Ppenkesisi, HO 1Ba OOCTOSATE/HLCTBA CJIEIYET UMETh B
BH1y. Bo-11epBBIX, B Hell HET HUKAKUX 00'bEKTOB, KpDOME MHOXKECTB, U €CTh
aKcuoma xcmencuorasvrocmy (WM 00sEMHOCTIU), KOTOPasi TOBOPHT,
9T0 ABa 00BEKTA, COIAEPKAINNE OIHU U Te YKe dJIeMeHThI, paBHbI. [1o3To-
My CyLIECTBYET JIAIIb OJUH O0BEKT, He cojepzKalnuii 31eMeHToB (IycToe
MHOXKeCTBO). Bo-BTopbIX, B Hell ecTb axcuoma Pynduposarus, KoTopast
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TOBOPUT, YTO OTHOIIEHNE € (DyHINPOBAHO: BO BCIKOM MHOXKeCTBE X €CThb
SJIEMEHT, ABJISIONINIICT €-MUHAMAJIBHBIM, TO €CTh 3JeMeHT & € X, JJist
koroporo X Nz = @. Orciona cieyer, 9T0O HUKAKOE MHOYKECTBO X HE
MOXKET OBITH CBOMM 3JIEMEHTOM (HHAYE JJIsl MHOXKeCTBa {2} HapyIazach
Obl akcuoMa HYHMPOBAHUS).

131. BeiBeure 3 akCmoMbl DYHINPOBAHNUS, YTO HE CYIIIECTBYET MHOYKECTB
T, Y, 2, JIJIsd KOTOPBIX £ € Yy € 2 € T.

PutocodCckr HACTPOEHHBIM MATEMATUK 000CHOBAJ ObI aKCUOMY (DyH-
JUPOBaHUS TaK: MHOYKECTBA CTPOSATCS U3 PaHee IOCTPOEHHBIX MHOXKECTB,
Ha4YWHAs C IIyCTOIO, W II09TOMY BO3MOXKHA WMHJIYKIIUsI 10 IIOCTPOEHUIO
(1oKa3bIBasg Kakoe-1ubo CBOMCTBO MHOXKECTB, MOYKHO PaCCyKIATh WH-
JlYKTUBHO U IIPEJIIOJIAraTh, 9TO OHO BEPHO JJI BCEX €0 JIEMEHTOB).

Temepb MOXKHO OIIPEIEUTH OPAWHAIBI TaK. ByneM TOBOPUTH, UTO
MHO2KECTBO T MPAH3UMUBHO, €CIIN BCAKAN IJIEMEHT MHOXKECTBA & SABJIS-
€TCsl IIOJIMHOXKECTBOM MHOXKECTBa X, TO €CTbhb €CJIM U3 2 € Yy € X CcJje-
ayer z € x. Ha3oBéM 0pduHa.iom TpaH3UTUBHOE MHOXKECTBO, BCAKUIA
3JIEMEHT KOTOPOTO TPAH3WTUBEH. DTO TpeOOBaHNME rapaHTHUPYyeT, YTO Ha
9JIEMEHTAaX JIIOOOr0 OPAUHAJIA OTHOIIEHUE € ABJIsIeTCd (CTPOrUM) YacTHd-
HBIM TOPSITIKOM.

Akcroma byHIUPOBAHUS TAPAHTUPYET, 9TO YACTUYHBIN MOPSJIOK €
Ha, JTI000M OpuHaJe ABJsteTcs pyHupoBaHHbIM. [ocite 3Toro mo mHIyK-
[IMM MOXKHO JIOKA3aTh, YTO OH sIBJISIETCsI JIMHEHHBIM (U, CJIe/I0BATEIHHO,
HOJIHBIM).

132. (a) Ucnonb3yst omnpemeeHne OpAMHAIA KAK TPAH3UTHBHOIO MHOKE-
CTBa C TPAH3UTUBHBIMH 3JIEMEHTAMHU, JOKAYKUTE, UTO JIEMEHT OPJNHAJIA €CTh
opausain. (6) Ilycte o — opiauHasn (B CMBIC/IE JAHHOTO HAMHU OIPEIEJIEHHS).
JlokazkuTe, 9TO OTHOIEHNE € HA HEM SIBJISETCS YACTHIHBIM TOpAIKoM. (B) Jlo-
KasKHUTe, 9TO JYIs JIIOObIX 3JIEMEHTOB a,b € o BEPHO POBHO OJIHO U3 TPEX CO-
OTHOMLIeHUH: Jmbo a € b, mmbo a = b, 6o b € a. (YkasaHue: ucnosbayiire
JBOMHYIO WHIYKIHIO 10 (BYHIUPOBAHHOMY OTHOIIEHUIO € Ha (v, a TAK¥Ke aK-
cuoMy dKcTeHcnoHasbHocTH.) (r) JIoKakure, 9TO OAMH OpAuHAJ H30MOpPdhEH
COBCTBEHHOMY HAYAJBHOMY OTPE3KY JPYTOTO TOTIA U TOJBKO TOT/A, KOTJA siB-
ssercsa ero snemenToM. (Takmm obpasom, oTHOmEHHE < Ha OPAMHAIAX KAK
YIOPSIIOUEHHBIX MHOXKECTBAX COBIAJAET C OTHOIIEHUEM I[PHHAJJIEKHOCTH. )
Jlokaxknure, 9YTO KarXKJbIA OPIUHAJ SIBJISIETCS MHOXKECTBOM BCEX MEHBIIUX €ro
OPIMHAJIOB.

3aMeTnM emé, 9TO eCaM KaXKIbI OpAMHAJ €CTh MHOXKECTBO BCEX
MEHBINMNX €r0 OPJANHAJOB, TO TOUHAS BEPXHsI TPAHb MHOYKECTBA OpJIH-
HaJIOB €CTh X 00beInHeHneE.
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Mpr He OymeM TOAPOGHO Pa3BUBATH ITOT TOJAXOM U IO-MPEKHEMY
Oy/ieM HAWBHO TPEJICTABJISATH cebe OpJIUHAILI KAK TOPSIKOBBIE THIIBI
BIIOJTHE YIIOPSIJIOUCHHBIX MHOXKECTB.

[Ipex e yeM mepeiiTi K CJ0KEHUIO U YMHOXKEHUIO OPJMHAJIOB, OTMe-
TUM TakKoe CBOHCTBO (yzKe yrnmoMsHyToe B 3ajade 115):

Teopema 37. Ilyctb A — MOAMHOXKECTBO BIIOJIHE YTIOPSIIOUEHHOTO
muoxkectBa B. Torma nmopsakoBbiil Tun MHOXKeCTBA A HE MPEBOCXOIUT
MTOPSIZTKOBOTO TUIA MHOXKECTBa B.

<1 OTMeTuM cpa3y ke, YTO PABEHCTBO BO3MOXKHO, jaxe ecan A sib-
JisieTcst CODCTBEHHBIM TOIMHOYXKeCTBOM B. Hanpumep, 9éTHbIE HATYPAJIb-
HBIE YUCJIa UMEIOT TOT YK€ TOPSIKOBBIN TUI W, 9TO U BCE HATYpPAJbHBIE
qUCIIA.

Paccyxast o TpOTUBHOTO, MPEANOJIOXKUM, YTO MOPSIKOBBIA THII
muoxkectBa A 6osbite. Torma B u30MOpdHO HEKOTOPOMY HAYAILHOMY
oTpe3Ky MHOxkecTBa A, He coBuaaromeMmy co BceM A. ITycrs ag — Bepx-
Hss rpanuna (B A) aroro orpeska, a f: B — A — COOTBETCTBYIOIIMIT 130~
mopdusm. Torza f crporo Bospacraer u oromy f(b) > b nyist Bcex b € B
(reopema 17). B wactaoct, f(ag) > ag, HO IO IPEJIIOTIOKEHUIO JTHOG0E
suavenue f(b) Menblie ay — nporuBopedune. >

2.11. ApudpmeTuka opanHaios

MBI ompejenin CyMMy W IIPOU3BEJIEHUe JIMHEHHO YIIOPSIIOYeHHBIX
muoxkecTB B pasuese 2.1. (Hamomuum, uro B A + B asiements A npej-
eCTBYIOT 3jieMenTaM B, a B A X B MbI cHadaJja CpaBHUBaeM B-KOMITO-
HEHTBI 11ap, a B CJIydae UX PaBeHCTBa — A-KOMIIOHEHTHI. )

Jlerko poOBEPUTH CIIEAYIOMUEe CBOMCTBA CIIOYKEHIS:

o Croxenne accorparusao: o + (8 +v) = (a+ 5) + 7.

Crioxkenne He KOMMYTATUBHO: Hampumep, 1 +w = w, Ho w+ 1 # w.
e OueBnyno, a+0=04+a = a.

e CymMma BO3pacraer Ipu pocTe BTOPOro aprymenta: ecau 1 < fa,
To a + f1 < a+ P2 (B camom gene, mycrtb 1 nsoMopdHO Ha-
YAJILHOMY OTPE3KY B B2, OTJIUIHOMY OT Bcero (3. Jlobasum K 3T0-
My U30MOpPGU3MY TOXKIECTBEHHOE OTOODAYKEHUE HA (v U TIOJIYIHM
n30MOpGU3M MEXKIY « + [f; U HAYAJIBHBIM OTPE3KOM B « + o,
OTJIMYHBIM OT & + [33.)
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e CymMma HeyObIBaeT IpH POCTE MEPBOIO apryMeHTa: eciu v < (g,
0 a1 + B < ag + 8. (B camom nesne, a + S uzomopdHO moz-
MHOKECTBY B (g + (3. DTO MOJIMHOKECTBO He SIBJISIETCS HAYAJBHBIM
OTPE3KOM, HO MBI MOYKEM BOCIIOJIB30BAThHCsI TeopeMoii 37.)

o Ormpe/ernenne CyMMBI COITIACOBAHO ¢ 0003HAYEHHEM o + 1 J1s cite-
JLYIOIero 3a « opAuHasa. (31ech 1 — MOPSIKOBBIA THIT OJHOJIE-
MeHTHOrO MHOXKecTBa.) Cremyromunm 3a o + 1 opaunasoMm Oyaer
opmunan (¢+1)+1=a+(1+1)=a+2ura

e Eciim v > 3, TO CcyIIecTByeT eIUHCTBEHHBINA OPINHAI Y, JJId KOTO-
poro 8+~ = «. (B camom mene, S n30MOpP(MHHO HAYAIHHOMY OT-
PE3KY B (v; OCTABINAsICS YaCTh (v U OYIET UCKOMBIM OPJIUHAJIOM .
EauHCTBEHHOCTD CjIeIyeT U3 MOHOTOHHOCTHU CJIOYKEHMS 110 BTOPOMY
apryMeHTy.) 3aMeTuM, YTO 3Ty OLEPAIMIO MOKHO HA3bIBATH «BbI-
qUTaHUEM CJIEBA».

o «Brrunranue cripaBay, HAIPOTUB, BO3MOXKHO He Beera. [lycrs o —
HekoTopbiil opaunas. Torga ypasuenue S+ 1 = « (orHocuresb-
Ho () mMeer pellleHHe TOTJA U TOJBKO TOTJA, KOLJA (v — HEIIpe-
JIeJIbHBINA OpAuHAJL, (T.€e. KOTJa v UMeeT HaUOOJIBIIUIL JIEMEHT).

Onpenesienre CyMMBI JBYX ODPIWHAJIOB B CHUJIY ACCOIUATHUBHOCTH
MOKHO PACIIPOCTPAHUTD Ha, JII0O0E KOHEYHOE YUCI0 OPAUHAIOB. MoKHO
OIIPEJICJIUTD U CYMMY (v + (vg + ... CIETHOI TIOCJIEIOBATEILHOCTH OP/IH-
HAJIOB (3JIEMEHTHI (v; IPEAIIECTBYIOT dJIeMEHTaM (; HpH ¢ < j; BHYTPH
KasKJIOro (v; TOPSAIOK pexkHnii). Kak jierko mpoBepuTh, 310 MHOXKECT-
BO JE€ACTBUTENLHO OyJeT BIIOJHE YIOPSI0YEHHBIM: YTOOBI HANTH MH-
HUMAJIBHBIA 3JIEMEHT B €0 IOJMHOXKECTBE, PACCMOTPHUM KOMIIOHEHTHI,
KOTOPBIE 3TO IIOJIMHOXKECTEO 3471€BAET, BHIOEPEM M3 HUX KOMIIOHEHTY C
HAUMEHBIITIM HOMEPOM U BOCIIOJIB3yEMCsl €6 TIOJIHON YIIOPSI0YEHHOCTDIO.

B 3TOM mOCTpOEHNM MOXKHO 3aMEHWTH HATYPAJbHbIE UHCJIa Ha dJe-
MEHTBI TPOU3BOJIBHOTO BIIOJIHE YIOPSIOYEHHOrO MHOXKecTBa [ U onpeie-
JIITH CyMMy Y A; cemelicTBa BIIOJIHE YIIODSIIOYEHHBIX MHOYKECTB A;, MH-
JIEKCUPOBAHHOTO dJIeMeHTaMU [, Kak MOPSIKOBBINA THUII MHOYKECTBa BCEX
nap Buza (a, 1), Jyig Koropbix a € A;. I[Ilpu cpaBHeHMU AP CPABHUBAIOTCS
BTOpBbIE KOMIIOHEHTBI, & B CJIydae PABEHCTBA U IepBble (B COOTBETCTBY-
romeM A;). Ecin Bce A; m30MOpGhHBL OHOMY 1 TOMY K€ MHOXKeCTBY A,
[OJIy9aeM y2Ke U3BECTHOE HaM OlpejesieHne npoussenenus A x I.

Teneps nepeiiiéM K yMHOXKEHUIO OP/INHAJIOB.
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e YMmuO)keHune acconuaTusHo: (af)y = a(fy). (B camom nese, B 060-
UX CJIydasx [0 CYIIECTBY HOJIYy9IAeTCs MHOMKECTBO TPOEK; TPOHKH
CPABHUBAIOTCS CIIPABA HAJIEBO, IIOKA HE OOHADYKUTCS Pa3JIndue. )

e YMHOXKEHHE He KOMMYTATHUBHO: HAIIPUMED, 2 - W = w, B TO BpeMs
KaK w - 2 # w.

e QueBnyiHo, a-0=0-a=0ua-1=1-a=a.

e Boimosmsercst ofHO U3 cBolicTB jgucTpubyTusHOCTH: (U + ) =
= af + ary (HemocpeicTBEHHO Cietyer u3 onpesenenus ). CuMmer-
pUYHOE CBOKWCTBO BbIoJaHeHO He Beerga: (1 +1) - w =w # w + w.

e [Ipoussesenue CcTporo BOZPACTAET IPHU YBEJIUYEHUNA BTOPOrO MHO-
Kuressd, ecau nepsblii He pasen 0. (s pasnoobpasust BbiBezeM
9TO U3 paHee JIOKA3aHHBIX CBOWCTB: ecyi Py > f1, TO B = 1 + 6,
Tak 910 affe = (B +9) = af1 + ad > af;.)

o IIpoussenenne He yObIBaeT NpPU BO3PACTAHUM IIEPBOTO MHOXKHTE-
ns. (B camom meste, ecn i < g, TO @13 m30MOPHO IOAMHONKE-
cTBY ap3. DTO IOIMHOXKECTBO He SIBJISIETCS HAYAIbHBIM OTPE3KOM,
HO MOXKHO COCJIATBCSI Ha TeopeMy 37.)

e Jlio6oit opawHAJI, MEHBIINA o, OJHO3HAYHO IPEICTABUM B BUIEC
af’'+d,tne f' < fua <a.
(B camom siesie, mycTh MHOXKeCTBa A U B yIODSIOYEHBI 110 TUIIAM
a u 8. Torma A x B ynopsinodeno o tuiy «f3. Beskuit opaunadt,
MEHBINH 3, eCTh HAYAJBHBIN OTPe30K B A X B, orpaHmveHHbIi
HEKOTOPBIM 3JieMeHTOM (a, b). Haganbusrit orpesok [0, (a, b)) cocto-
UT 13 1ap, Y KOTOPBIX BTOPOI 4jIeH MeHbIne b, a Tak»Ke U3 1ap, y
KOTOPBIX BTOPOil WieH paBeH b, a mepBblil Menbiie a. OTciona ciie-
JIYeT, UTO STOT HavYaJbHBIN oTpe3ok uzomopden A x [0,b) + [0, a),
Tak 4To ocraéresd nosoxkuth = [0,0) u o = [0, a). Teneps npo-
BepuM o/iHO3HauHOCTE. Ilyets af’ + o' = aff” +a”. Ecou 8/ = 37,
TO MOYKHO BOCIHOJIB30BATHCSA OJHO3HAYHOCTBIO JIEBOTO BBIYMTAHUSA
U IOJIy9uTh, 910 o = . Ocraéres nposeputh, 9to (' He MOXKeET
ObITb, cKazkeM, Menbine 3. B arom ciayuae 8”7 = B’ + 6, u cokpa-
mas af’ caesa, mosyanM, 9To o = ad + ', ITO HEBO3MOKHO, TaK
KaK JIeBasi 1aCTh MEHBIIE (v, & TPABasl 9aCTh OOJIBINE WM PABHA (. )

e AHAaJIOrMYHOE «JIEJICHUE C OCTATKOM» BO3MOXKHO U JIJTsl JIIOOBIX Op-
nuaasoB. [Iycts a > 0. Torma 1060it opArHAT Y MOXKHO Pa3IeIUTh
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C OCTaTKOM Ha (v, TO €CThb IIPEJCTaBUTh B BUJEe aT + p, r1e p < «,
¥ IPUTOM €JIMHCTBEHHBIM 00Pa30M.

(B camom Jieste, CyIecTBOBaHME CJIE/lyeT U3 IIPeBIIAYIIero yrBep-
KAEHUsI, HAIO0 TOJILKO B3SITh JOCTATOYHO 60jbinoe (3, 4To0bI 3
ObL10 OosIBIIIE Y, CKaxKeM, 5 = v + 1. EnquncrBerHOCTh MOKa3bIBA-
€TCsl TaK Ke, KaK U B IPEeJbILYIIEM IIyHKTE. )

e TloBropsisi jienienne ¢ ocraTkoOM Ha > (0, MOXKHO MOCTPOUTH I10-
SUIMUOHHYIO CUCTEMY CUUCJIEHUs JIJIsT OPJINHAJIOB: BCAKUN OpJMHAI,
menprmit o1 (31eck k — HaTypasibHOe 9HCI0), MOYKHO OJIHO3HAM-
HO IpeacTaBuTh B Buae offy + o 18,_1 + ...+ af + Bo, rae
«uudpei> B, ..., B1, Bo — OpAUHAJIBI, MEHBIINE (.

133. I xkakux opauHaJoB 1 + a = a?

134. Jlna kakux opauHajoB 2 - o = a?

135. Kakue opauHaJIbl IPEJICTaBUMbI B BUJIE W + 7

136. Jloxkaxkure, uro o + 3 = [ Torma m TOJBKO TOrja, Korga ow < [
(3mecp a u B — opauHAJLI).

137. Jlokaxkure, uto eciu o+ B = [ + a JJIsi HEKOTOPBIX OPIUHAJIOB
u [, To HARAETCA TaKO OpJMHAJ Y U TaKMe HATYpPaJbHbIE YUCIA M U N, 9TO
a=vymmu f ="yn.

138. OnpemesnM ornepanuio «3aMeHbl OCHOBaHusi» ¢ k > 1 ma [ > k. Yro-
Obl IPUMEHUTH 9Ty OIEPAIUIO K HATYPAJIHHOMY YHUCILY T, HAJO 3alUCATH N B
k-W9HOI CHCTeMe CUMCIIEHNSI, 8 3aTeM IPOYECTh TY 3aIIUCh B [-UIHON cucTeMe.
(OueBUAHO, IMCIIO IPU ITOM BO3PACTET, €CIIM OHO OBLIO GOJIbIE UMK paBHO k.)
BosbMéM nponsBosibHOE YMCIIO N U Oy/IeT BBIIOJIHATH HaJ, HUM TaKUe Ollepa-
[MM: 3aMEHA OCHOBAHUsSI C 2 HA 3 — BEIYUTAHUE €IMHUIBI — 3aMEHa, OCHOBAHMS
¢ 3 Ha 4 — BBIYNTAHUE €IUHUIIBI — 3aMeHa OCHOBaHUs C 4 Ha 5 — BbBIYUTAHUE
euHUIBL — . . . JloKaXkuTe, YTO paHO MJIU MIO3/(HO MbI IIOJIyYUM HYJIb ¥ BBIYECTH
enquauIly He ynacred. (YKasanue: 3aMEHUTE BCe OCHOBAHMsI Ha OPJAMHAJ W MO~
JIyquTCsl yOBIBAIOIIAS MTOCIEI0BATEILHOCTD OPMHAIIOB. )

2.12. NnpyKTUBHbIE ONpefeneHns n CTeNeHm

MpbI onipeiesinIn CI0KeHne U YMHOKEHIE OPIUHAJIOB C TIOMOIIBIO SIB-
HBIX KOHCTPYKIINI IOPSIIKa Ha COOTBETCTBYIOIINX MHOXKeCTBax. BmecTo
9TOI'0 MOYKHO OBLIO ObI UX OIPEIEJIMTh UHILYKTUBHO.

Teopema 38. CiioxkeHue opHAJIOB 00J18/1a€T CJIEIYIONUMU CBOWCTBA-
MU

a+0=q;
a+(B+1)=(a+B)+1;
a+v=sup{a+ |8 <~} mia upenenbuoro y # 0.
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DTu CBOMCTBA OMHO3HAYHO OIPEJIEJISIOT OIMEPAIIIO CJIOXKEHUS.

<1 /IBa mepBBIX CBOMCTBa OYEBUIHBL; TPOBEpUM Tperhe. Eciu [ < 7,
T0 @ + 8 < a + 7y, TaK 9TO « + 7y Oy/eT BepxHeil IPaHUIell BCeX CyMM
Busa a—+ 5 upu S < . Hajo nposeputs, uTo sTa rpanuna todras. [lycts
HEKOTOPLINl OpJIMHAJ T MEHbINe & + . YOeIuMCsl, ITO OH MEHbIIIE & +
+ 8 mis mekoroporo 8 < . Ecimm 7 < a, BCé oueBmmno. Ecioun 7 > «,
IIpEeJICTABUM €ro B Bujie T = a+ 0. Torma a+0 < a+v u noroMy o < 7.
[TockonbKy OpuHAaJ 7y IPeNebHbIA, 0 + 1 TakyKe MEHBIIE Y U OCTAETCs
MoJIOXKUThH 3 =0 + 1.

YKazaHHbIE CBOMCTBA OJTHO3HATHO OIPEIEISIOT ONIEPAITIIO CTIOZKEHNS,
TaK KakK IIPEeJICTABIILIOT cO00ii peKypCUBHOE ompe/iesienue 110 [ (ecsu ecrb
JIBE OIIEPAIINN CJIOYKEHST, 00JIa/TA0IIIe STHMHU CBOMCTBAME, BO3bMEM MU-
HUMAJIbHOE [3, ISl KOTOPOT'O OHM PA3JIMYAIOTC U T. JI.). >

AHaJIOrTYHO MOXKHO OIIpeIC/INTh U YMHOXKEHUE:

Teopema 39. YMHOXKEHNME OPANHAIOB 00 A€T CJIEIYIONIUMU CBOM-
CTBaMU:

al = 0;
a(f+1) =abf+a;
ay = sup{af | B < v} mius npeaenbroro v # 0.

DTu CBOMCTBA OIHO3HAYHO OIPEIEISIOT OMEPAINIO YMHOXKEHUS.

<1 JJokazaTe bCTBO aHAJOTUYIHO, Hy?KHO TOJLKO IPOBEPHUTH, YTO €CJIU
T < @y Ui TIPeJIeJIBHOTO ¥, To T < «af8 jisi Hekoroporo [ < 7. Kak
MBI BUJICH Ha c. 89, opauHan T uMeeT Buj T = oy’ + o’ npu v < 7;
JIOCTATOYHO MOJOXKUTEL 3 = ' + 1. >

Bosuukaer ecrecTBenHoe KejaHUE ONPEIEUTH OIEPAIUIO BO3BEIE-
HUAA B cTeneHb. MBI yKe II0 CYIIECTBY OIIPEJIE/ININ BO3BEIEHNE B Ile-
JIYIO TOJIOXKATENBHYIO CTelleHb (o eCTh NPOU3BEJIeHNe 7. COMHOXKHUTE-
Jielt, paBHbIX ). Jpyrumu ciaoBamu, eciu A yIOPAIOYEHO MO TUILY «,
TO MHOXKeCTBO A™ moc/ie[oBaTeIbHOCTEH JJIMHBL 1 ¢ 3jieMeHTaMu u3 A ¢
0BPATHBIM JIEKCUKOIPADUIECKUM HOPIKOM (CPaBHEHHE CIIPABa HAJICBO)
YIIOPSI0YEHO 110 TUIly .

Crenyromuit mar — ompeaesuts . IlepBas umest, npuxozsinas B
rojoBy — B3sTh MHOXKecTBO AV GeckoHeUHEBIX TOCIEIOBATEILHOCTEH 1
OIpeNe/INTh Ha HEM TOJHBIN MOpsaIoK. Ho Kak ero BBeCTH — HESICHO.
[Toaromy MOYXKHO TOMPOOOBATH OMPENIETUTh 8036edeHUE 6 CMENEHD WH-
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AyKTUBHO C TTOMOIIHIO CJIETYIONMNX COOTHOIIEHMIA:

Pt =af . q;
a” =sup{a” | B <~} ana npenesnbroro y # 0.

Teopema 18 (0 TpaHchUHUTHON pEeKypCHU) rapaHTUPYET, YTO ITU COOT-
HOIIIEHWsT OJTHO3HAYHO OIIPEJIESISIOT HEKOTOPYIO OIMEPAIMIO HAJI OPJIUHA~
JIaM¥, KOTOpasl U HA3bIBAETCSI BO3BEJIEHUEM B CTEIIEHbD.

3amedvanue. TyT omsiTh MBI MMOJXOMM K OIACHOW T'PAHUIE MAPaATIOK-
COB U BBIHYZK/IEHBI BbIpazkaTbcsl yKJaoH4InBO. Ha camom sesie Teopema
0 TpaHC(hUHUTHON peKypcuu roBopmya 00 ompeeseHnn (QYHKIAA HA
BIIOJTHE YTIOPSITOY€HHOM MHOYKECTBE, & OPJIMHAJBI HE 00Pa3yIOT MHOXKEe-
CTBa — WX CJIMIITKOM MHOTO. Kpome Toro, B Heil 11a pedsb 0 (DYHKIUIX CO
3HAYECHUSIMU B HEKOTOPOM 3a/JaHHOM MHOYKECTBE, KOTOPOI'O 37eCh TOXKe
ueT. [Tomo0HbIe NH/YKTHBHBIE ONPEJIEIEHUSI MOXKHO KOPPEKTHO 0DOCHO-
BaTh B TEOPUU MHOXKECTB C UCIOJb30BAHUEM TAK HA3BIBAEMOU aKCUOMbL
nodcmaHosky, Ho Mbl 00 9TOM T'OBOPUTbL He OyreM. BMecTo 3TOro Mbl
JIaJINM SIBHOE OIUCAHKE BO3BEJIEHUSI B CTEIEHb, CBODOIHOE OT ITHUX IIPO-
Os1eM.

YT00OBI MOHATH CMBICJ BO3BEJIEHUS B CTEIEHb, IOCMOTPUM, KAK BbI-
rsauT opauHa o (ayis mekoroporo «). Ilyers A — mMHOXKECTBO, yo-
psajgodentoe mo Tuiy «. OpauHaa o TO ONPEIESeHUI0 eCTh TOYHAs
BEpXHsIsI TPaHb " 1JIsi HATYPAJIBHBIX Nn. OpauHar a” ecTb TOPSIKOBIi
Tu MHOYKeCTBa A, yIIOpsIIOYeHHOTrO B 06PATHOM JIEKCHKOTPADUIECKOM
nopsiake. IToObl HAWTH TOYHYIO BEPXHIOIO T'DaHb, MPEICTABAM MHOMKE-
crBa A" Kak HauasIbHBIE OTPE3KH ApyT apyra. Hampumep, A2 cocronT n3
map (a, as) M OTOXKIECTBAAETCS ¢ HAYATBHBIM OTpe3koM B A3, coctos-
UM U3 TPOEK (a1, az, 0). (31ech 0 — Hammenbmit srement B A.) Tereps
BH/IHO, 9TO BCe MHOXKeCTBa A" MOXKHO pacCMaTpUBATH KaK HAYAJILHBIE
OTpe3Ku MHOXKecTBa A°°, cOCTOsAIIEro n3 6ECKOHEIHBIX HOCIIEI0BATEb-
HOCTEH g, a1, ..., IEMEHTHI KOTODPLIX MPHUHAJIEKAT A U B KOTOPBIX
JIUIIb KOHEYHOe YUC/I0 wieHoB orianduno ot Hyid. (Ilociennee Tpebosa-
HUE JIeJIAeT KOPPEKTHBIM OTIpe/iesieHne 0OPaTHOTO JIEKCUKOTPpahUIECKOro
MOPSIIKA — MBI HAXO/MM CAMYTO IPABYIO MMO3UINIO, B KOTOPOIl OCIIE0Ba~
TEJILHOCTH PA3JINIalOTCs, U CPDABHUBAEM WX 3HAUEHUS] B 9TOH MO3UIIAM. )
B obbenunennn 3TM HadaJbHBIE OTPE3KHU JAOT BCE A%, Tak 4TO 3TO
MHOKECTBO C OIMUCAHHBIM TOPSJIKOM UMeeT TUIT O“.

AnayorngHbIM 06Pa30M MOXKHO OMUCATH BO3BEJEHUE B MPOU3BOJIb-
HYIO CTEIeHb.
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IIycts A m B — BHOJHE yHOPSIIOYEHHBIE MHOXKECTBA, NMEIONIUE 0~
pankosble Tunbl « u B. Pacemorpum muoxkecrso [B — A], cocrosiiee u3
orobpaxkenuit B B A, UMEIOIIUX «KOHEYHBIN HOCUTEb> (PABHBIX MUHU-
MaJIbHOMY 9JIeMeHTy A BCIOLy, 38 NCKJIIOUEHNeM KOHETHOTO MHOYKECTBA).
Beeném Ha [B — A] nopsiiok: ecan fi # fo, BeiGepeM HauGOJBIIHH J1e-
MeHT b € B, mist kotoporo f1(b) # f2(b) n cpaaum f1(b) u f2(b).

Teopema 40. YkazanHoe MPABUJIO 33JAET IOJHBIN MTOPSAIOK HA MHO-
»xecTBe [B — A] U HOPSAIKOBBI# THII 9TOIO MHOXKECTBA €CTh .

<1 Ham Ha/10 IpOBEPUTH, 9TO YKA3AHHBIH MOPSIJIOK SIBJISETCS TIOJTHBIM
7 9TO BBIIOJHEHBI TPEOOBAHMA WHYKTHBHOIO OIPEEICHUs CTEIICHH.

HaszoséMm nocumenem snementa f € [B — A] mHOXKecTBO Tex b € B,
st kKoropeix f(b) > 0 (3mech 0 obo3HaYaeT HANMEHBIIUI JIEMEHT MHO-
xkecrBa A). Hazosém panzom dynkuuu f HaunbGOJIbIINI 2JeMEHT HOCUTE-
151 (110 ONPEJIEIEHUI0 HOCUTEh KOHEUeH, TaK UTO HAMOOJIBIIHN IEMEHT
cymecTByer). Panr onpezesnén st Becex dyHKIHMiL, KPOME TOXKIECTBEH-
HO HYJIEBOi, KOTOpasi sBISETCS MHHUMAJILHBIM 3JIEMEHTOM MHOMKECTBA
[B — A]. Yem Gousbiie padr dbyHKImMH, TeM GoJbline cama (DYHKIMUSA B
CMBICJIE BBEJIEHHOTO HAMU TOPSIIKA.

ITycrs nopsimok Ha [B — A] He gBagercs nomubM u fo > f1 >
> fo > ... — yObIBaOIas IIOCJIEJI0BATENFHOCTh JIeMEHTOB [B — A].
Bce amemenTsl f; ormuunbl or 0; pacCMOTpUM HX PaHCU. DTH PaHCU
006pa3yoT HEBO3PACTAIOIILYIO TIOCIEI0BATEIHHOCTD, TIOITOMY HAYUHHAS C
HEKOTOPOI0 MeCTa CTaDWIM3UPYIOTCA (MHOXKECTBO B BIIOJHE yIIODSIO-
4yeno). OT6pocuM HavYaJbHBIA OTPE30K U OY/eM CUMTATh, YTO C CAMOIO
HaYaJIa PAHIE BCEX 9JIEMEHTOB yOBIBAIOIIEH TI0C/IEI0BATEIBHOCTH OJMHA-
KOBBI ¥ PaBHBI HEKOTOPOMY b. B cOOTBETCTBHMU ¢ OlpejeieHreM, 3HadC-
uua fo(b), f1(b),... 0bOpazyioOT HEBO3PACTAIOILYIO MOCJIEI0BATEILHOCTD,
MIO9TOMY HAYWHAs C HEKOTOPOro MecTa cTtabuan3upyoorcsa. OTopocus Ha-
YAJIbHBIA OTPE3OK, OYIeM CIUTATD, 9TO BCE f; MMEIOT OJIMHAKOBBIN PAHT b
u onunakosoe 3uadenue f;(b). Torga snauenus f;(b) He BiMsIOT Ha CpaB-
HeHHMsl, U IOTOMY MX MOKHO 3aMeHuTb Ha 0. ITomyunm yGbIBaronLyio 1mo-
CJICIOBATEJILHOCTD 91eMeHTOB [B — A] ¢ pamramu menbire b. Yrobbr
3aBEPIIATL PACCYZKIEHUE, OCTASTCA COCJATHCS HA MPUHIUI WHIYKIAA
110 MHOXKECTBY B.

(Bostee bopmasibHO, paccMoTpuM Bee GECKOHEYHO yOBIBAIOIIHE TI0CTIe
JIOBATEILHOCTA. Y KaXKIOH U3 HUX PACCMOTPHUM PAHT IIEPBOTO JIEMEHTA.
PaccMOTpuM Te M3 HUX, Y KOTOPBIX 9TOT PAHI MUHUMAJILHO BO3MOXKHBII;
nycTh b — 3TO MUHUMAaJIbHOE 3HaveHue. B j11060#1 Takoil mocsenoBaTesrs-
HOCTH BCE 3JIEMEHTBI HMEIOT panT b. VI3 Beex TAKMX MOCIIE0BATEILHOCTEH
fo > f1 > ... BeiOepem Ty, y KOTOPOIi 3HaueHue fo(b) MUHMMAJIBLHO; BCe
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CJIEJIYIONIHe €€ WIEHBl UMEIOT TO e 3HadeHue B Touke b (T.e. f;i(b) =
= fo(b)). 3amenus 3nadenue B ToUKe b HYJEM, HOJIyIUM GECKOHEUHYIO
yOBIBAIOIILY IO MTOC/IEI0BATEILHOCTD U3 9JIEMEHTOB MEHBIIIEr0 PAHTa, UTO
IPOTUBOPEUAT TIPEIIIOJIOKEHHIO. )

Tereps MoKazkeM, UTO TAKOE SBHOE ONPEEJIEHHE CTEIEHU COTJIACO-
BAHO C MHJYKTHUBHBIM ONIpejeseHneM. [ KOHEUHBIX 1 3TO OYEBHJIHO.
ITycrs v = B+ 1. Kakoso (siBHOE) onpenenenne o7 Ilyers B ynopsiao-
yeHo 110 Tuity . Torma Mbl JOJKHBI 100aBUTH K B HOBBII HAUOOIbIITAI
ssieMeHT (0003HAYMM ero m) U paccMoTpeTh orobpakenuss BU{m} — A
¢ KOHEYHBIM HOCHTEJIEM. SICHO, 9TO Takoe 0TOOpaskeHue 3a0aéTcst apoi,
cocrodieil u3 ero cyxenus Ha B (KOTOpoe MOXKeT ObITH IPOU3BOJIbHBIM
sJ1eMeHTOM MHOXKecTBa [B — A]) n 3nadenus Ha m. [lpm onpenesennn
MOpSIZIKA MBI CHA4YaJIa CPABHUBAEM 3HAYEHUs Ha 1M, a [MOTOM CYKEHUsI
Ha B, TO eCTb 10JIy4eHHOE MHOXKeCTBO u30MopdHO [B — A] X A, uro n
TpebOBaJIOCh.

ITycTb Tenepb Y — HEHYJIEBOI TIPEIe/IbHBIH OpauHaI 1 MHOXKeCTBO C
ymopsizioueHo o tuny 7. Kak ycrpoeno muoxkectso [C' — A]? Diemen-
THI, PAHT KOTOPBIX MeHbIe ¢ € (', 06pa3yoT B HEM HAYAJIbHBIH OTpe-
30K, U 9TOT HAYaJIbHBIA oTpe3ok uzomopdedn [[0,¢) — A]. A camo mHo-
xkectBo [C — A] aBisiercd 00beJIMHEHHEM THX HAYAJBHBIX OTPE3KOB
(IIOCKOJIBKY KazKBIil 9JIEMEHT 9TOr0 MHOXKECTBA UMEET KOHEYHBIH HOCH-
TeJIb) ¥ OTOMY €T'0 TIOPSIKOBBIA THII sIBJISIETCsI TOYHON BepXHEH IPaHbio
UX MOPSIIKOBBIX TUIIOB, 9TO U TPeOOBAJIOCH. >

HenocpeicTBEHHBIM ~ CJIEZICTBUEM 3TOH TEOPEMbI  SIBJISIETCST  TAKOe
YTBEPKJIEHUE:

Teopema 41. Eciiu o u 3 — cuérnble opaunaisl, To o + 3, off u o
CYETHBI.

<Q [y cyMMBbI U TIPOM3BEJIEHUS yTBEPXKIeHue odeBuaHO. Jasa cre-
[IEHU: €CJW Mbl IIPOHYMEPOBAJIM BCE 3JIEMEHTHI BIIOJIHE YIIOPSAI0UEHHBIX
MHOXKecTB A u B, To sio6oit emenT MHOXKecTBa [B — A] MoxkeT GBITH
3aJ1aH KOHEYHBIM CIHCKOM HATYDAJbHBIX Yuces (HOCUTENb U 3HAUCHUS
Ha, 9JIEMEHTAX HOCHUTEJIs), & TAKUX CIUCKOB CUETHOE YUCJIO. [>

139. Jokazkure, uro o’ = of - o7 aByMs crocoGaMu: MO MHIYKIME U C

HCIOJIb30BAHUEM SBHOTO OIPEJIEJIEHUsI CTEIIECHU.

140. JTokazkure, uro (of)” = 7.

141. JTokaskure, 9ro ecan « > 2, o & > af.

142. Joxaxkwure, uro eciu w’ = a + B 1Jish HEKOTOPBIX OPAMHAJOB <, 1
v, To ymbo S = 0, ymbo f = w”.

143. Kakue opuHaJIbl HEJIL3s MPEJACTABATDH B BUJE CyMMbI JBYX MEHBIITUX
OPJAUHAJIOB?!
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144. Tokaxxure caéTHOCTD P

OIIpeJieJIEHNE CTEIICHU.

JJISI CIETHBIX (¢ U 3, NCIOJIBb3Y T HHIYKTHUBHOE

145. JTan HeKOTOPBIi opAauHa « > 1. YKaKuTe HauMeHbIIui opaunas 3 >
> 0, gua xoroporo af = (. (Ykazanue: 4ro OyIer, ecd yMHOXKHUTL & Ha
crenennoit psin 1+ x + 2 + 23 + .. .?7)

OrMernM BaskKHYIO DA3HUILy MEXKIY BO3BEIEHHEM ODJMHAJIOB B CTe-
[leHb U PaHee PACCMOTPEHHBIMU OIEPAIMSIMU CJIOYKEHUs] U YMHOMKEHUST
opauHanoB. Oupesiessis cyMMy U IIPOM3BEJIEHIE OPJIMHAJIOB, Mbl BBOJII-
JI HEKOTODBIH MOPSJIOK HA CyMMe U HPOU3BEJICHHH COOTBETCTBYIOIINX
MHOXKeCTB (B OOBIYHOM CMBICJIE), 3/IeCh YK€ CaMO MHOXKeCTBO [B — A
onpejiesisteres ¢ yuérom nopsiaka u orimano ot AB. (B wacrroetn, npn
cuérubix A u B muoxectso [B — A cuétno, a AP — mer.)

SBHOE onmcanne MHOXKeCTBa [B — A] 103BOJISET OHATH, KAK YCTPO-
€Hbl €r0 HAaYaJbHBIE OTPE3KH, TO €CTh KAaKOH BHJ[ MMEIOT ODJIMHAJIBL
MEHBbIIINEe O[B

Paccmorpum mekoropyio dyukiuio f € [B — A]. Ilycrs ona orimg-

Ha OT HyJsd B TOYKax by > by > ... > by u OpuUHUMAaET B 9TUX TOU-
Kax 3Ha4YeHWs a1, dg, - .., 4. Hac WHTEpecyoT Bce (PYHKIINN, MEHbIINE
dbyukun f.

Bce onn paBuBI Hy/TI0 B TOUKaX, bosbinux bi. B camoit Touke by oHun
MOTYT OBITH JTUOO MEHBIIIE a1, JTUO0 paBHbI a1. JI0bas dyHKIMS IepBOTO
THUIIA MeHbIe Jii60i dyHKIMM Broporo Tuia. @yHKIUU [I€PBOrO THUIIA
MOI'YT IPUHUMATH JTIFOObIE 3HAYEHNST B TOYKAX, MEHBINHUX by, a B TOUKe by
umeror 3uadenue u3 [0, aq). Tem caMbIM UX MOKHO OTOXKIECTBUTD C 1€~
menTamu MHOKecTBa [[0,b1) — A] X [0, a1), 1 IpA 9TOM OTOXKAECTBIICHAN
COXPAHAETCS TOPSJIOK.

@DyuKImu Broporo tuiia (PaBHbIE 1 B TOYKe bi) CHOBA pa3bHBAIOTCs
Ha JIB€ KATErOPUU: Te, KOTOPbIE B TOYKE by MEHBIIE Ao U T€, KOTOPBIE B by
paBHBI a2. OyHKIUN IEPBOI KATEIOPUU OTOXKIECTBIIAIOTCS C dJIEMEHTa-
mu MHOXKecTBa [[0,b2) — A] X [0, az). @yHKIMA BTOPOH KATErOPUM CHO-
Ba pa300bEM Ha YaCTU B 3aBHCHUMOCTH OT UX 3HAYEHUS B TOYKE by U T. II.
Taxum 06pazom, [0, f) KaK yropsii09eHHOe MHOXKECTBO H30MOP(HO MHO-
2KECTBY

[[0,b1) — A] % [0,a1) + [0, b2) — A]  [0,a2) + ...+
0,b,) — A] x [0, ax).

[Tepexonst K opauHagaM (HAYaJIbHBIE OTPE3KU — ITO MEHBIIUE OPJIUHA~
JIBL), LIOJIyYaeM TaKoe YTBEDIKJICHUE:
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Teopema 42. Besikuit opausast, MeHbImmii o | mpegcrasisercs B e
aﬂlal + 0/32042 + ...+ aﬁ’“ak,

roe 8> B1 > Po > ... > B, a ar,qa,...,ar < a. Takoe npeicrapie-
HIE€ OJTHO3HAYHO 1 JiI06ast CyMMa YKa3aHHOI'O BHJIA SIBJISIETCH OPAMHAJIOM,
MeHBITIM P .

<1 BO3MO2KHOCTB TAKOTO IPEJICTABIEHUS MBI y2Ke nokasanu. llocaen-
Hee yTBEPK/IeHNe CJIEAyeT U3 TOro, ITO Jobasl CyMMa TAKOTrO BHIA sIB-
JisleTcsl HAaYaJbHBIM OTpe3KoM B MHOxkectBe [B — A] (rme A u B ymo-
PSLIOYEHBL 110 TUIAM ¢ U [3) ¥ PA3HBIM CyMMaM COOTBETCTBYIOT Pa3HbIE
HavaJIbHbIE OTPE3KH. [>

Oro yrBep:KaeHne 0600IaeT onucaHHyo Hamu paree (c. 90) «nosu-
IIIOHHYIO CHCTEMY O0O3HAUEHU ¢ OCHOBAHUEM (v» JJIsI ODANHAJIOB, MEHb-
nmmx oF; Terepb BMecTo k MOYKHO MCTIOB30BATE JIIO60 OpIIHAL.

MozkHO 6bL10 GBI Cpasy CKa3aTh, 9TO 1eMeHTamu [B — A] sBastorces
dopmasbHbBIE CYMMBI BH/IA

a’Blal +a'82a2 +...—|—a’6kak

(me 8>01>...>0ruaq,...,ar < Q) C eCTECTBEHHBIM HOPSIIKOM Ha
HEX.
Tenepb y»Ke MOHATHO, KAK YCTPOEHBI OPAMHAJBI B MOCJIEI0BATEIBHO-
cTH
w, W@

[TepBoiit 3 HUX 00PA30BAH «OIHOITAKHBIMU» BBIPAYKEHUSIMU BUIA

wblal + wb2a2 + ...+ wbkak,

rae a; u b; — Harypasbuble uncaa (u by > ... > by). Ecim B kaue-
ctBe by, ...,br pa3penmuTh MucaTh JIOObIe «OIHOITAYKHDBIE» BBIPAXKEHMUST
YKa3aHHOI'O BUJIA, TO IIOJIyUYEHHBIE «JIBYXITAaXKHbIE» BBIPAYKEHUs YIIOPSI-
nouensl no Tuny w@”). Paspenms B mOKa3aTeNsAX JIBYXITAMKHBIC BbI-
parkeHusI, MBI TIOJIYIUM TPEXITaXKHbIE BBIPAYKEHNs, KOTOpPbIE 00pa3yioT
CITEIYTONMN OpAWHAT U T. . Ecan o0beMHUTh BCE 9TH MHOXKECTBA, TO
€CTh HE OTPAHMYUBATH UHCJIO 9TaxKel (KOTOpOe Jis KasKIOro BBIPAZKe-
HUsI TeM He MeHee KOHETHO), TO IOJIYIUTCsI MHOYKECTBO, YIIOPSI0UeHHOe
10 THILY
sup(w,ww,w(‘*’w), o)

DToT opAuHAT 0003HAYACTCS £ .
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146. Hokaxxure, 94TO
o =w+w’ +w) 4.

147. OnupenenuM [Jiss HATypPaJbHBIX YUCEJI OIEPAIUI0 «TOTAJbHON 3ame-
HBI OCHOBaHus k Ha l» (3mech k u | — HarypasbHbIE 4ncia, upuaém | > k)
CJIEIyOIUM 0O6pa30M: JAaHHOE YUCJIO N 3aIullleM B k-W9HOI cucTeMe, TO eCTb
Pa3JIOXKUM IO CTEleHsIM k, ITOKa3aTe/J M CTelleHeil CHOBa 3aIluIlleM B k-U9IHOMN
crcTeMe, HOBbIE TIOKA3aTe/IM TaKyKe PA3JIOKUM U T. JI. 3aTeM Ha BCeX YPOBHSIX
3aMEeHUM OCHOBaHHWE Kk HA OCHOBAHWE | M BBIYMC/INM 3HAYEHHE IOJIYIUBIIETO-
csi BeIpaxkeHusi. /lokarkure, 94To HaYaB C JIOOOIO M W BBIMOJIHSIST TIOCJIEI0Ba~
TEJILHOCTD OTepalliii «BBIYUTAHUE €IMHUIILI — TOTAJIbHAST 3aMEHA OCHOBAHUST 2
Ha 3 — BBIUATAHHE €IUHUILI — TOTAJbHAs 3aMeHa OCHOBaHUSA 3 Ha 4 — BBI-
YUTAHUE €JIMHUIBI — TOTAJbHAs 3aMeHa OCHOBaHUsI 4 Ha 5 —...», MBI PaHO
WIH TIO3HO 3aiiIEM B TYIUK, T.€. MOJYIUTCS HYJIb U BbIUECTh eIUHUILy Oy1er
menb3da. (YKaszanue: 3aMEHUM BCE OCHOBAHHUS CPA3y HA OPAMHAJI W; ITOJIYyIUTCS
yObIBaOIIAs 0CIIEJ0BATEILHOCTD OP/MHAJIOB, MEHBIIUX £0.)

2.13. TlpnnoxxeHus opguHanos

B OGosibmmHCTBE CilyuaeB pacCy:KIeHUsi C HCIOJIb30BaHUEM TPAHC-
GUHUTHON MHAYKIINA W OPJIUHAJOB MOXKHO 3aMEHUTH CCBHLIKON Ha JIeM-
my IlopHa; mpu 3TOM pacCyKJIeHHe CTAHOBUTCS MeHee HATJISITHBIM, HO
dopmasibHO 60sTee MPOCTHIM. TeM He MeHee OBIBAIOT CUTYaIlnH, KOTJA
TakKas 3aMeHa 3aTPYyJHUTEIbHA. B 9TOM pa3zjiesie Mbl IPUBEIEM JIBA I10-
JIOOHBIX TIpUMepA.

ITepeblit u3 HUX Kacaercsi GopeseBCcKuX MHOXKeCTB. (st mpocToTht
MbI PACCMATPUBAEM HOAMHOXKECTBA, JeHCTBUTEIbHOM 1psamoit.) Cemeii-
CTBO TOJMHOXKECTB HA3BIBAECTCS 0-a.42€0p0Tl, €CJIU OHO 3aMKHYTO OTHO-
CUTEJTbHO KOHEYHBIX U CUETHBIX TepeceveHuil u 0ObeINHEHMIA, a TaKkKe
OTHOCUTEJIBHO TIEpexo/ia K JIOMOJHEHN. (JTO 03HAYAET, UTO BMECTE C
KaKJIbIM MHOXKeCTBOM A 9T0 cemeficTBO comepRut ero jonoaaenne R\ A,
U BMeCTe C JIIOObIMU MHOXKecTBaMu Ag, Ay, ... CeMEHCTBO COIEPIKUT UX
obbeaunenue AgU A U. .. u nepeceuenne AgNAiN...) [pumep: cemeii-
crBo P(R) BCex mOJMHOXKECTB IIPSMOIl, OUEBHIHO, SIBJISIETCH 0-aJIrebpoil.

Teopema 43. CyirecTByeT HanMeHbIIass o-ajrebpa, cofeprKalias Bee
oTpe3Ku [a, b] Ha IPSIMOI.

<1 @opMaJjIbHO MOXKHO PACCyK/1aTh TaK: PACCMOTPUM BCE BO3MOXKHbBIE
o-ayireOphl, cojiepzkariye orpe3ku. Ux nmepeceuenne 6yer o-anredbpoit, u
Toxke Oyuer cozmepxkarb Bee orpesku. (Boobie nepecedenue Jsiioboro ce-
MelicTBa o-aaredp OymeT o-aarebpoit — 9TO 0YEBUIHOE CJIEICTBUE OIpe-
nesiernst.) Dra o-anarebpa u Oyuer ucKoMoii. >
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MHuoxkecTBa, BXOAAIINE B 9Ty HAUMEHBIITYIO 0-aaredpy, Ha3bIBaioT 60-
DENEBCKUMU .

148. JlokakuTe, YTO BCSIKOE OTKPBITOE U BCSIKOE 3aMKHYTOE IOJIMHOXKE-
CTBO IPsIMOii siBisiercsi GopesieBckuM. (YKasaHWe: OTKPBITOE MHOXKECTBO €CTh
00 beIMHEHNE COMEPKAIUXCA B HEM OTPE3KOB C PAIMOHATHHBIMYA KOHITAM. )

149. [lokaxkure, 9TO mpPOOOPa3 JTIOO60ro GOPETEBCKONO MHOXKECTBA IIPH
HEIIPEPBIBHOM OTOOparKeHUH SABJISIETCS OOPEIEBCKUM MHOXKECTBOM.

150. IIycres fo, fi, ... — IOCJIEI0BATEILHOCTD HENPEPBIBHBIX (DYHKIMIA C
JeCTBUTEILHBIMU apTyMeHTaMU U 3HadeHusMu. JIoOKaXKuTe, 9TO MHOXKECTBO
TOYEK T, B KOTOPBIX MOCJIEI0BATEIbHOCTD fo(x), fi1(x), ... uMmeer nmpenes, saB-
JisieTcss GOPESIEBCKUM.

BopesteBckue MHOXKECTBa MrpaiOT BaXKHYIO POJIb B JeCKpPUNIMUGHOT
meopuy, MHocecms. Ho MBI XOTHM JIMIIB TTPOJEMOHCTPUPOBATE UCITOJIb-
30BaHKe TPAHCHUHUTHON MHIYKIUU (KOTOPYIO TPY/HO 3aMEHUTD Ha JIeM-
my IlopHa) Ha npuUMepe CIemyIONeil TeEOpeMBI:

Teopema 44. CewmeiicTBO Bcex OOpPEIEBCKUX MHOYKECTB HMEET MOIII-
HOCTh KOHTUHYYMaA.

< Knacc 6opeseBCcKIX MHOYXKECTB MOYKHO CTPOUTDH rocTernenro. Had-
HEM C OTPE3KOB U JOMOJIHEeHHH K oTpe3kaM. Ha ciesmyromem 1mare pac-
CMOTPHUM BCEBO3MOXKHbBIE CUETHBIE TIepeceueHNs U OObeIMHEHNS Y2Ke 110~
CTPOEHHBIX MHOXKECTB (OTPE3KOB U JOIOJHEHUH K HUM).

151. JTokaKkuTe, 9TO IPU ITOM HOJIyIaTcs (Cpeu IPOYero) BCe OTKPBITHIE
u BCE€ 3aMKHYTbIE IIOJMHO?KECTBa HpﬂMOﬁ.

Jlajiee MOXKHO PacCMOTPETh CYETHBIE OOBEINHEHUs] U II€PECeICHUS
y2Ke MMOCTPOEHHDBIX MHOXKECTB U T. JI.

Bosee bopmanbro, mycts By — ceMelicTBO MHOXKECTB, COCTOSAIIEE U3
BCEX OTPE3KOB W JonojHenwit Kk HuM. Omupegenum B; 1 10 WHIYKIAN
KaK CEMENCTBO MHOXKECTB, SBJISIONIUXCH CIETHBIMU O0'beINHEHUIMU NJIN
[IepecevIeHns MU MHOXKECTB u3 B;.

Bcee cemefictBa B; cocTosT n3 GOPEIEBCKUX MHOMXKECTB (IIOCKOJIBKY
cYETHOE 00'bE/INHEHNE NN TIepecedeHe OOPEIEBCKUX MHOYKECTB SIBJISIET-
cst GopesnieBckuM ). McaepnbiBaior jin OHU Bce BOPEJICBCKIE MHOXKECTBA?
Boobrrie roBopst, Her: ecu MBI BO3BMEM 10 OJTHOMY MHOXKECTBY M3 KarK-
Joro kiacca B; st Becex ¢ = 0,1,2,... 1 pacCMOTPUM UX CIETHOE II€pe-
ceveHne, TO OHO BITOJIHE MOYKET He IPUHA/JIEXKATH HU OJJTHOMY U3 KJIaCCOB.
[TosTomy MBI paccMoTpuM KJacce B, npeicTaBisionuii coboit oobeau-
HeHHe BceX B; 10 BceM HATYPaJbHBIM ¢, 3aTeM By11, Byio n T. 1. O0b-
eJINHEHNE STON MOCJIEIOBATEIbHOCTH KJIACCOB €CTECTBEHHO HA3BaTbh B2
U TPOJIOJIKUTDH HOCTPOEHUE.
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Hammm dopmasbHoe ornpeesieane By, st JiIod0ro OpuHaa, (. DTO
JeJIaeTcs ¢ IOMOINBI0 TpaHCUHUTHON pekypecuu. [Ipu o = 8 + 1 se-
MeHTaMu Kjacca B, OyIyT caéTHble 0ObeMHEHNS U [TepecevIeHns] MHO-
’KecTB U3 KJacca Bg. Ecim oo — mpenenbHbIi opuHas, oTandHsli ot 0,
To KJace B, npezacrapisaeT coboit oobenuaenne Beex Bg mo BeeMm 8 < a.
(Knacc By MBI y2Ke OIpesiesniin. )

W3 ompenenenus ciaexyet, uto B, C Bg mpum o < 3, Tak 9TO MBI
[OJIy9aeM BO3PACTAIOINLYIO Ielb KJIAcCcoB. KasKblil KIacec 3aMKHYT OT-
HOCUTEJILHO [1ePeX0o/a K JOIIOJHEHUIO ([l HAYaJIbHOIO KJacca MbI 06
9TOM 103abOTUIIUCD, Jajiee o UHAyKIun). Bee kaceol By, comep:karcs
B KJlacce OOPEIeBCKUX MHOXKECTB, TaK KaK Mbl IIPUMEHSIEM JIUIIb OIe-
panuu CYETHOTO OOBLEJIMHEHNS U MePeCcedeHns, OTHOCUTEIHHO KOTOPBIX
KJIACC DOPEJIEBCKUX MHOYKECTB 3aMKHYT.

Bosamkaer Bonmpoc: Kak IaJIieKo HYKHO MPOJIOJIZKATH 3TY KOHCTPYK-
nnio? OKasblBaeTcs, YTO JOCTATOYHO JIOMTHU JI0 IEPBOrO HECYETHOIO Op-
JIMHAJTIA.

ITycrs Ny — Hammenbinuil HecuéTHbI opaunad. (Jro — crangapT-
Hoe Jyis Hero obosuadenue.) Ipyrumu cioBaMu, N1 €CTh ceMeiicTBO BCex
CYETHBIX OPJMHAJIOB, YIOPSIOYEHHBIX OTHOIIEHIHEM < Ha OPJINHAJIAX.

Nemma. Kirace By, 3aMKHYT OTHOCHTEJILHO CUETHBIX O0beUHEHNT I
[epecevdeHnii U MOTOMY COJEPYKUT BCe DOPEJIEBCKHE MHOXKECTBA.

JokazareabcTBO JieMMBI. 1lycTh mMeeTcss CUETHAS TOCIEIO0BATEIb-
HOCTb MHOXKECTB By, By, . .., npunaanexamux By, . Opauaan Ny — mpe-
JEeTbHBIN, 1 Kiaace By, ABisercs oObeIuHeHneM MEeHbINUX Kaaccos. 1lo-
TOMY KaxKJ0€ U3 MHOXKECTB [, IPUHAIJIEIKUT KaKOMY-TO KJAcCy B,
rje «; — HEKOTOPBIN OpJAMHAJ, MEHbINNH Np, T.€. KOHEUHbBIH WJIM CUET-
melit oppunas. Ionoxum 8 = sup; o;. Opaunan S ecTb TOYHAA BEPXHSA
rpaHb CIETHOIO YUCJIA CIETHBIX OPJIMHAJIOB U MOTOMY CYETeH. B camom
Jiejie, PaCCMOTPHUM OPJMHAJBI (v KaK HAYAJIBHBIE OTPE3KH B KAKOM-TO
GosrbIrieM opuHATE (HampuMep, B N1 ); UX TOUHAS BEPXHssI TPaHb OyJIeT
00'beIMHEHNEM CUYETHOI'O YUC/Ia CIETHBIX HAYAJBHBIX OTPE3KOB U IIOTOMY
OyJeT CYETHBIM OPIMHAJIOM.

Teneps nepBoe yTBep2K/ICHIE JIEMMbI O4eBUIHO: Bee B; 1exar B Bg, a
HOTOMY UX O0benUHeHHe (WUIN Iepecetenne) JTeKuT B Bgi1 1 TeM Gomee
B By, (mockonsky 8+ 1 ecTb CU€THBIN OpauHa U MeHbIIe N ).

Takum ob6pasoM, Kaacc By, dABisercd o-ajareOpoit, comepkarieil oT-
PE3KH, U IIOTOMY COJIEPXKHUT Bce DOpesieBCKIe MHOXKecTBa. Jlemma moka-
3aHa.

Kak wmbr yxe ormeuanm, Bce KJaccbl B, COCTOAT m3 OOPEIEBCKUX
MHOKECTB, TaK 9TO KJacc By, COBIAIAET € KJIACCOM BCEX OOPETIEBCKUX
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MHOKECTB.

Yo MOXKHO CKa3aTh MPO MOIMHOCTH KiaccoB? Kimace By ummeer
MOIITHOCTh KOHTHHYyMa (OTPE3KH 3aJal0TCS CBOMMHU KOHIaMu). Ecm
Kj1acce B, MMeeT MOUTHOCTH KOHTUHYYMa, TO M cjeayromuil kiaace Beyi
UMeeT MOIIHOCTDh KOHTUHYYMa, (KasKIbIi ero 3JIeMeHT 3a0a6TCs CIETHOM
TIOCTTeIOBATEIBHOCTLIO 3JIEMEHTOB TIPE/IIIeCTBYIONEro Kaacca, a ¢\0 =
= ¢). Kaxupiii npeesbablil Kiace ecTb 00beArHeHne IPeIbLIyIIuX, U
[IOK& MBI HEe BBIXOMM 32 TIPEJIEIbl CIETHBIX OPIUHAJIOB, 00beIMHEHNE ITO
OyeT cuéTHO, & ¢Ng = ¢, TAK YTO MBI HE BBIXOJUM 38 IPEJIe/Ibl KOHTHHY-
yma. Hakowner, By, ecTb 06be[MHEHNE HECIETHOTO YUCIIA PEIbIILYIIIX
KJ1accoB (a MMEHHO, Ny KJIacCoB), HO Tak Kak Nj < ¢, To ¢Nj = ¢.

Taxkum obpazom, kiracc By,, OH Ke KJIacC BCeX OOPEJIEBCKUX MHO-
JKECTB, IMEET MOIIHOCTh KOHTHHYYM&. [>

O6b19HO TOCTpOEHNE GOPETEBCKUX MHOXKECTB HAYMHAETCS HEMHOTO
unave. VIMEHHO, Ha HUXKHEM yPOBHE PACCMATPHBAIOTCH JIBA KJIACCA: OT-
KPBITbIE U 3aMKHYTbIe MHOXKECTBa. Ha clieflyionemM ypoBHE HaXOISTCS
KJ1acchl Fy, (cuérHBIC OOBEMHEHNS 3aMKHYTHIX MHOXKeCTB) U G5 (CuéT-
HbIE IIePeCeYeHns] OTKPBITHIX MHOXKeCTB). EIIE Ha ypOBEHDb BBIIIE JIEKAT
CUYETHBIE TIEPECEUeHrs] MHOKECTB U3 F, U CYéTHbIE OObEIMHEHUS MHO-
xkectB u3 Gy, u 1. 1. Takoit moaxo gaBjsterTcs 6ojiee eCTECTBEHHBIM C
TOYKM 3PEHUs TONOJIOIUH, IIOCKOJIbKY OTPE3KHU Ha IPSIMON HUYEM HE 3a-
MeJaTeNbHbI. MOKHO IIPOBEPUTD, ITO PAZHUIA MEKTY TAKUM IIOIXO0I0M
M HAIMM ONPEJIETCHIEM HEBEJINKA.

152. Jlokaxkurte, 4TO IepecedeHue JABYX F,-MHOXKeCTB siBiasieTcs Fy-MHO-
xecTBOM (1 BoOOmE Kiaccel Fy, Gs, a TakXkKe KJIACCHI CJEMYIONMX yPOBHEH,
3aMKHYTBI OTHOCUTEJILHO KOHEUHBIX OO'bEMHEHNN U IIepecevIeH it ).

153. Jlokaxure, uro F,- u (Gs-MHOXKECTBa JiezKaT B KJiacce B2 B COOTBET-
CTBUU C HaIeidl KiaaccuduKaImeii.

154. JTokarkure, 9TO BCIKOE MHOXKECTBO Kjacca B2 OTiMvaeTcs: OT HEKOTO-
poro Fi,- min Gs-MHOXKecTBa He H6ojiee YeM Ha CIETHOE MHOXKECTBO.

155. /lokazkuTe, 9TO BCIKOE MHOYXKECTBO KJtacca [33 siBIsSeTCsT CIETHBIM TIe-
pecedenneM F,-MHOXXECTB WU CYETHBIM 0O0beuHeHHeM (F5-MHOXKECTB U UTO
aHAJIOTUYHOE YTBEP:K/IEHNE BEPHO JJIsi O0Jiee BHICOKUX YPOBHEN HAaIleil nepap-
XUH.

156. /lokaxuTe, 94TO CyIIECTBYET OTKPBITOE MHOXKECTBO Ha, ILJIOCKOCTH, Cpe-
IV BEPTUKAJIBHBIX CEYEHNII KOTOPOI'O BCTPEYAIOTCS BCE OTKPBITHIE IIOIMHOXKE-
crBa mpamoii. Jlokaxkunre, 9To cymectByeT (G5-MHOXKECTBO Ha ILIOCKOCTH, Cpe-
JIA CEYEeHU KOTOPOro BCTpedaroTcs Bce (5-TIoAMHOXKeCTBa IpsiMoii. JTokakure
aHAJIOTUYHBIE YTBEPXKEHUS JJIsI CJIETYIONINX YPOBHEM.

157. Ilokazkure, 9TO cymecTByeT (G5-MHOYXKECTBO, HE ABJSIONEeCs: Fy-MHO-
xkectBoM. [lokaxkure, uro cymecrByer cuérHoe obbenuuenue G s-MHOXKECTB,
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He SBJISIONIEEC CIETHBIM nepecedenueM Fy-muoxects u . 1. (Ykaszanue: Boc-
NOJIb3YHATECh IIPeAbLIyIei 3a;1aqel71.)

OpauHaJIbL 9aCTO MOSIBJISIIOTCS IIPU KJIACCUMUKAITUN JIEMEHTOB TOI'O
WM MHOTO MHOXKECTBA 110 «paHraMm». Hampumep, MOKHO KitaccuduIm-
pOBaTh IEMEHTHI (DYHIUPOBAHHOIO MHOXKECTBA.

Teopema 45. Ilycts X — dbynaupoBarHOe MHOXKeCTBO. Torma cyre-
CTBYeT U eJMHCTBeHHA (DyHKIus 1K, onpejenénnas Ha X U IPUHAMAIO-
masi 3HaYeHns B KJIACCe OP/IMHAJIOB, JIJIsi KOTOPOi

rk(z) = min{a | o > rk(y) ms moboro y < '}

(mpu Jiio6oMm x € X).

<1 OrmpesiesiuM MHOXKECTBO X, peKypcueil 1mo opausHaiay a: X, CO-
CTOWT W3 BCEX JIEMEHTOB & € X, JyIsi KOTOPBIX Bce MeHbime ux (B X)
3JIEMEHTBI IPIHAJIIeKAT X g ¢ MEHBIINMH HHJEKCAMH [3:

r€Xe & (Vy<wz)(IB<a)(yec Xp).

SameruM, 9T0 371eCh (KakK U B (GOPMYJIUPOBKE TEOPEMbI) 3HAK < UCIIOJIb-
3yeTcsi B IBYX Pa3HBbIX CMBICJIAX: KaK HOPSI0K HA X U KaK MOPSI0K Ha
Op/INHAJIAX.

O4eBuIHO, YTO ¢ POCTOM (v MHOXKECTBO X, pactér (Tounee, He yObI-
Baer). JIoKazkeM, 9TO MpH JOCTATOYHO GOJIBIIOM (¢ MHOXKECTBO X IO-
kpbiBaeT Beé X. Ecmm sto He Tak, To m3 B < 7y caemyer Xg C X,
(IpOU3BOJILHBI MUHAMAJBHBI 9JIEMEHT, He JeXamuii B X g, nmpuHa-
aexur X,). ITosromy orobpaxkenme a — X, Oyler HHbEKIHeH, 9TO
HEBO3MOXKHO (BO3bMEM OpJMHAJ, 10 MOIHOCTH Gosbimuii P(X); upes-
HIECTBYIONIUX €My ODJIUHAJIOB YK€ CJMIIKOM MHOTO).

Teneps onpegennm rk(z) KaK MUHEMAJIBHOE 3HAUEHUE (v, JJIS KOTO-
poro z € X,. Ecim rk(z) = a ny < x, 1o rk(y) < a. (B camom peie,
o onpegesennio X, u3 ¢ € X, u y < & ciemyet, uto y € Xg IPHU HEKO-
TopoM 3 < «.) HaoGopor, ecim jj1s1 HEKOTOPOTO OPJINHAJIA Y BBIIIOJHEHO
uepasencTBo rk(y) < v npu Beex y < z, To rk(z) < . B camom gee,
Torzma JTO00H 37TeMEeHT y < & HMPUHAJIEXKUT HeKoTopoMy Xg ¢ B < v
(momoxxmm (= rk(y)) u motomy x € X, u rk(z) < 7.

Wraxk, mocrpoennas Hamu GyHknus rk obgamgaer TpedyeMbIM CBOM-
CTBOM. EIMHCTBEHHOCTH JIOKA3aTh COBCEM JIETKO: €CJIM €CTh JBe TaKWe
dyHKIINY, PACCMOTPUM MUHUMAJBHYIO TOYKY B X, Ha KOTOPOW OHU pa3-
JINYAIOTCS, U CPa3y Ke MOJIydINM IpOoTUBOpedne. >

B wacrtHOCTH, CuéTHBIE OPAMHAJIBI MOYXKHO WCIIOJIB30BATH I KJIAC-
CcU(UKAITIN TePeBbeB, B KOTOPBIX HET OECKOHEUHLIX myTeit. Mol Oymem
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paccMaTpUBATE KOPHEGDIE 0EPEBLA C KOHEUHDIM UAU CHEMHLIM GETNEAE-
nuem (y KarKJIOH BepHIMHBI KOHEYHOE WJIM CUETHOE YUCJIO CHIHOBEl), B
KOTODBIX HeT GeCKOHe4YHOi BeTBU (II0CJIE/[0BATEIbHOCTH BEPINUH, B KO-
TOPBIX KaXK7asi €CTh ChIH IIPEJBIIYIIENH ).

PopMaIbHO TAKOE JIEPEBO MOXKHO OMPEJIETIUTD KaK MOJIMHOXKECTBO 1’
MHO2KeCTBa N* KOHEUHBIX IOCJIEI0BATEIBHOCTEN HATYDPAJbHBIX HUHCEJT,
3aMKHYTOE OTHOCUTEJIHHO B3dTHUs npedurca (ecu mocie10BaTebHOCTD
upunagyiexkut T, 10 110000 €€ HaYabHBIA OTPE30K HpHUHAIIEXRUT 1').
DJteMeHThI MHOYKeCTBa 1 MbI HA3bIBAEM GEPUUHAMY JIEPEBA; BEPIITHHA, Y
€CTh CbiH BEPIIUHBI X, €CJIN Y TIOJIyIAETCS U3 & TMPUMICHLIBAHUEM CIIpaBa
KaKOr'0o-TO OJHOrO YHcja. BepmuHa y SBIsSETCT NOMOMKOM BEPIIHHBL X,
€CJIN Y TOJTy9JaeTCs N0DAaBIEHNEM K T OTHOTO WJIM HECKOJBKHUX YUCEI.

Msr roBopuMm, uTo B fepeBe 1 wem beckoneunol 6emeu, eCau He Cy-
IIECTBYeT OECKOHEYHOU ITOCJIE/IOBATEIFHOCTH HATYPAJIbHBIX YHCEJI, BCE
HadvaJia KoTopoil mpunajexar 1. B aToM ciywuae oTHOIIEHUE TIOPSIIKA

Yy < T < Y eCTb IOTOMOK X

hyHIIPOBAHO U MOXKHO IIPHMEHHUTD HPEIBIIYILYI0 TEOPEMY, OLpPEEINB
paHru Beex BepimH jepesa 1. Panr ero xophsa (mocienoBaTeabHOCTH
Juinebl 0) u GyneM Ha3bIBaTh paHzom 0epesa.

Teopema 46. (a) Panr mo6oro jiepeBa (OMMCAHHOTO BHJA) SIBISETCS
CYETHBIM OPJIHHAJIOM.

(6) Beskuii CIETHBII OPAMHA SIBJIAETCS PAHIOM HEKOTOPOI'O JIePEBa.

< (a) ITycrb paHT HEKOTOPOTO JIEpEBa, TO €CTh PAHT ero KODHS, sB-
JISIETCST HECUETHBIM OpZAMHAJIOM. TOra paHr OJJHOIO M3 CHIHOBEIl KOpPHS
Tak:ke HecuéreH. (B camom zese, TouHas BepXHsis IPaHb CYETHOIO MHO-
JKECTBA CYETHBIX OP/IMHAJIOB SIBJISAETCH CIETHBIM OPJMHAJIOM; 9TO CTAHO-
BUTCSI SICHBIM, €CJIN PACCMATPUBATH STH OPJHHAJBI KAK HAYAJIbHBIE OT-
pe3KH GOJIBIIEr0 — TOT/IA TOYHAsI BEPXHsIsI TPaHb OyeT 00beMHEeHneM. )
Y 9TOro chlHa B CBOIO OUEpPEJib €CTh ChIH HECUETHOIO PAHIa M T.J. DTOT
[POIECC He MOXKET 000PBATHCs, U MBI I0Jy4YaeM GeCKOHEUYHYIO BETBb B
[IPOTHUBOPEYNH C IPEJIIIOTIOKECHIEM.

(6) Dro yTBEp:KAEHME JOKA3BIBACTCS HIJYKIHEH: MIyCTh (v — Hau-
MEeHBIIHI CYETHBIN OpJUHAJ, JIJI KOTOPOro Takoro Jepesa mer. Torma
JUTsl BCEX MEHbBIIMX OPJMHAJIOB JEPEBbsl €CTh. BO3bMEM 3TH JepeBbs U
¢JIeJ1aeM UX TIOJJIEPEBbSIMU € OOIIUM KOPHEM (MX KOPHH CTaHyT CHIHOBbs-
M 9TOro 0b1IIero KopHsi). HoBoe siepeBo Tak:ke nmeer CI6THOE BETBIICHHE
1 PaHT €ro KOPpHA paBeH . >

158. IlycTte mmeeTcss Ca€THOE IEepeBO, HE MMEIOIee OECKOHETHBIX BETBE.
IIpeanosnoxkum, 9TO B KaKJ0M €r0 JINCTE HAXOJUTCS OTPE30OK UJIN JIOIOTHEHIE
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JI0 OTPEe3Ka, a B KaXKJO¥ BHYTPEHHE! BepIINHE CTOUT 3HAK II€PEeCeUeHUs] WU
obbeuHeHNs. Kak cONOCTaBUTh TAKOMY JIEPEBY HEKOTOPOE BOPEIEBCKOE MHO-
)KeCTBO? (yKaBaHI/IeI IIOKa>KuUTe, 9TO B Ka}K,ELOfI BepluinHe MOXKHO €JIMHCTBEH-
HBIM 00pPa30M HAIUCATH HEKOTOPOE MHOYKECTBO, COMVIACOBAHHOE C IIOMETKAMMU. )
ITokazkuTe, 94TO BCE BOPEJIEBCKME MHOXKECTBA MOTYT OBITH TIOJIYYEHBI TAKUM
CI10COGOM.

JepeBbs ¢ mOMETKaMM, PACCMOTPEHHBIE B 9TOH 3aj1ade, MpeICTaBIsI-
0T coboit Kak Obl GecKoHedIHBbIEe (POPMYJIBI, COCTABIEHHBIE U3 OTPE3KOB
U JIONOJTHEHUT K HUM C TOMOIIBIO OIepalinii CI6THOTO OObEIMHEHUS U
nepecedeHust (KOHEUHBIE JIEPEBbsl COOTBETCTBOBAM Obl KOHEUHBIM hOp-
Mmysam). MOXKHO yCIOBHO CKa3aTh, 9TO OOPEJIEBCKUE MHOXKECTBA, — 3ITO
MHOKECTBA, BBIPAXKAIOIINECST C TTOMOIIBIO TAKUX (hOpMyII.

159. JlokaxkuTe, 9TO CeMeNCTBO HOPETIEBCKUX MHOXKECTB MMEET MOIIHOCTD
KOHTUHHYMA, UCIHOJIb3Ysl «DeCKOHEUHbIE (POPMYJIbI» — pa3MedeHHbIE JePEBb,
B KOTOPBIX HET GECKOHEYHBIX BeTBel. (DTO H0KA3aTEIbCTBO 06X0AUTCsI 6e3 Op-
JUHAJIOB, TPAHCOUHUTHOM MHIYKITUU U JaxKe ieMMbI [[opHa — XOTsT 1 MCITOJTB-
3yeT akCHOMY BBIGODA.)

B zaksrouenune npusenéMm ckopee 3aOaBHBIN, YeM BaKHBIH, IPUMED
WCITOJTb30BaHUsT TPAHC(HUHUTHON PEKYPCUH U OPINHAJIOB.

Teopema 47. CymiecTByeT MHOYKECTBO TOYEK HA IMIJIOCKOCTH, KOTOPOE
epeceKaeTcd ¢ KaxKJI0U IIPAMOI POBHO B JIByX TOYKaX.

JlBe mapaJuieibHbIEe MPSIMbIE TIOYTHA YTO YJIOBJIETBOPSIOT 3TOMY TpPe-
6oBaHUIO (MCKJIIOUEHUEM SIBJISIOTCS JIAIIb [APAJUICJIbHBIE UM [PIMbIE).
Ho n3baBurbhcs OT 9TOr0 UCKIIIOYEHNS] HE TAK IIPOCTO.

<1 TpeboBanmst K MHOXKECTBY MOXKHO C(POPMYJIUPOBATEH TaK: HUKAKNE
TPHU TOYKHU HE JIeXKAT Ha OJHON MPsIMOil, HO Jiro0asi MpsiMasi TIepeceKaeT
€ro He MeHee UYeM B IBYX TOUKAX.

Bynem crpoutb 310 MHOXKECTBO TpaHCHUHUTHON pekypcueit. [lycrs
Q. — MUHUMAJILHBIA OpJAMHAJ, MMEMUil MOIHOCTh KoHTuHyyMa. (Ec-
JI KOHTHHYYM-THIIOTE€3a BEPHA, TO OH COBIAJAET C Nj, HO 9TO HAM HE
BaxkHo.) Torja MHOXKECTBO BCEX MEHBIINX OPIMHAJIOB MOXKHO [IOCTABHUTD
BO B3aHMHO OJITHO3HAYHOE COOTBETCTBHE C MHOYKECTBOM BCEX IIPSIMBIX Ha
nockoctu. IlycTs [g — mpsimast, cooTBeTcTBYIOmMAst opauHary [ < a.

s kaxxgoro 8 < o HOCTPOMM MHOXKeCTBO Mg, B KOTOPOM HUKAKHeE
TPH TOYKHU HE JIeYKAT Ha OJIHON MPSIMOit, ciaemyromum obpaszom. O0beu-
HUM BCe IOCTPOEHHBIE paHee MHOXKecTBa M., mpu Bcex v < (. MoryT
JI1 B 9TOM MHOXKecTBe (0603HauMM ero T') Kakue-TO TPH TOYKH JIEKATh
Ha omHOil npsamoit? Ecimn ma, To 9T TouKmM 6epyTCs M3 KAKUX-TO MHO-
xKecTB M., , M,,, M,,; Bo3sbMEM HanOOIBIMIIT U3 OPAWHATIOB Y1, V2, V3;
B COOTBETCTBYIOIIEM MHOXKECTBE OYIAYT TPU TOYKH, JIEXKAIIAE HA OIHON
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PSMO#i, YTO MPOTUBOPEUUT MPEJTOTOKEHUIO UHIYKI[UH.

ITocMoTpuM, BO CKOJIBKHX TOYKaX II€PECEKAET LPSMast lg MHOXKECT-
Bo T'. Takux To4ek (110 JO0Ka3aHHOMY) He Gosiblie aByX. Eciu ux poBHo
JIBE, TO BCE XOPOIIIO ¥ MBI HOBBIX TOU€EK He J00aBIIsieM, cauTasi, uto Mg =
= T. Ecau ux MeHblIe, TO Mbl JOJDKHBI J00aBUTH HOBbIE TOYKH (10
JIBYX), HO TOJIBKO TakK, YTOOBI IPH ITOM He 06Pa30BAJIOCh TPEX TOYEK,
JIeYKAIUX Ha OHOM mpsMmoit. JIpyrumMu cioBaMu, HeIb3st J00aBJISTh TOY-
K, KOTODBIE JIEXKAT Ha IIepeceteHul |3 ¢ IPSIMBIMU, IPOXO/ISIITIMUI YepPe3
[apbl y?Ke UMEIOIUXCsT TOYEK.

CKOJIBKO TAKMX TPSMBIX (TO €CTh CKOJIBKO T1ap YK€ UMEFOIIUXCS TO-
qek)? ITo mOCTPOEHUIO BUIHO, YTO BCE YK€ UMEIOIIUECs TOYKH JIEKAT
IO ABe Ha KaxKaoii mpsmoit [, mpu v < 8. (Crporo rosops, 9To cilegyer
BKJIIOYUTh B MHJYKTHBHOE IIpeanosioxkenue.) Takum o6pasom, MHOKECT-
Bo T 1o momuocTH ecth 23 = 3, a map Todek me Gombme 32 = f < c.
ITosToMmy 3anpernéHHbIe TOYKH COCTABJISIOT JIUIIb MAJLYIO (I10 MOIIHOCTH )
9JacTh IPSMOH g, I MOXKHO BBIODATH JiBE PAa3PEINIEHHBIE TOUKH.

Tenepp ocTangoch OObEIUHUTL MHOXKeCTBa Mg Iyl BCEX OpAHUHA-
JoB B < « u nostyuuThb uckomoe MuoxectBo. (Ilo ycioBuio Tpu TOUKH
HA OJIHOM MPsIMON B HEM MOSIBUTHCA HE MOTYT, a BCSKas IpsiMast OyJeT
PAHO WJIM TO3/IHO PACCMOTPEHA W JBe TOYKHU Ha Heil OymayT obecrietde-

HBL.) >
160. Haiture omubKy B CIEIYIONIEM «OIPOBEPXKEHUH TUIIOTE3bI KOHTUHY-
yMay»: mycrb N1 = ¢. Yunopsgounm orpesok [0,1] no tumy N;. Paccmorpum

GyHKIMIO ByX TEPEMEHHBIX, PABHYIO €IWHHIE Ha mape (T,y), ecim T < y
(B cMBIC/IE 9TOrO TOPSA/KA), M HYJIIO B OCTAJIBHBIX Caydasx. Torma npu ¢dbuk-
cupoBaHHoM x byHKusg y — f(r,y) paBHa eauHHIE Be3le, KPOME CIETHOIO
MHOXKECTBa, U ToToMy uHTerpmpyema u [ f(z,y)dy = 1 mpu mobom z. C
npyroit croponst, dbyukiusa x — f(r,y) paBHA HYJIIO BCIOLY, KDOME CIETHOIO
MHOXKecTBa, Tak 4to [ f(z,y)dz = 0. IlomyuaeM mpoTHBOpeuHe ¢ TeOpeMOi
Dy6uHu, KOTOpask yTBEPKIAET, UTO

[ ([ seni)a= [ ([ se0a) w
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