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IIN®ATOPOBEI TPOMKHN

JJis IpAMOYTOJbHOTO TPeyroJibHHUKa ¢ KareramMu X U Y U THUIIOTe-
Hy30# Z BBITIOJIHAETCA TeopeMa IImdaropa: cymma KBaaApaTOB KaTeTOB
paBHA KBaapaTy THIOTEHY3HI, T. €.
BEPHO PaBEHCTBO

X2+Y2%2=2% (1)
E1é B riry00OKO# ApeBHOCTU OBIJI 13-
BECTEH IIpuMep Iejabix yncen X, Y,
Z, YyIOBJETBOPSIOIINX 3TOMY ypaB- Puc. 1
Heunio: X =3,Y =4, Z = 5. Coor-
BETCTBYIOIINI TPEYTOJbLHUK HA3BIBAETCA eTUIETCKUM. Ero MOXKHO CTpO-
HUTHh TaK: BEPEBOYHOE KOJIBIO C Y3eJIKAMU, JeJAINUME ero Ha 12 paBHBIX
yacTeil, pacTATUBaeM Ha TPEX KOJIBIMIKAX, BOTKHYTBHIX B 3€MJIIO, TAK UTO-
ObI 00pa3oBajiCAd TPEYyroJbHUK CO cTOpoHamu 3, 4 u 5 (puc. 1). 310 —
CIIoco0 CTPOUTH Ha 3eMJIe IPSIMOM YTOoJI.

OmuitieM Bce nugazopos8v. MpoiKuU, T. €. TPOUKU IeJbIX UNCEeJ
(X,Y,Z), naa KOTOpHIX BBHIINOJHAETCA COOTHOIMeHWe X> + Y2 = Z2,
IIpexxae Bcero saameTum, 4TO €CJIM HaWjeHa TaKasd TPOWKa, TO, YMHOYKUB
BC€ TPU YMCJIA HA HEKOTOPOE IeJI0e YKCJIO, BHOBD IOJYUYUM IMHAPAropoBy
TpoiiKy. IloaTomMy mOCTATOUHO HAWTHU JIHIIHL TPOMKMN B3aMMHO ITPOCTBIX
yucesa. bBoJjiee TOro, I0CTATOYHO HAWMTH TPONKMU MOIApPpHO B3AMMHO IIPO-
CTBIX UMCEJI: ecJii KaKWe-TO IBa M3 UUCeJ
X, Y, Z pensaAtcsa HA HEKOTOpPOe MPOCTOe
YMCJIO P, TO M TPEThE UMCJIO0 00A3aTEJHHO A(0,1)
JIeJIATCS Ha P.

3amMeTuM, UTO eAUHCTBEHHOE PeIIeHune ¢
Z =0ers X =Y =7 = 0, u B JanbHen-
IIIeM paccMaTpuBaTh ero He Oyaem. s Bcex
OCTAJbHBIX pellleHni ypaBHeHus X2 + Y2 =
= Z2 yucyno Z oTIUYHO OT HyJId. Pasnenus Ha
ero KBajaparT, MOJyIYUM HOBOE YpaBHEHUE

y

x4yt =1, 2)
_X ,_Y Puc. 2
rhe X = %, § = 7 — PalUOHATbHBIE YHCIA.

Ypasuenue (2) 3amaéT OKPYyKHOCTD S paguyca 1 ¢ IeHTpoM B HaUase
koopauuat (puc. 2). Mcxommas samaua cBejach K CIeAYIOIEH: mepeun-
CJIUTH BCe PAIIMOHAILHEIe TouKul) 5T0# oKpykHOCTH. OKa3BIBAETCSA, UTO

1) PamuoHampHAs TOYKA — TOYKA C PAMOHAIBHBIMI KOODANHATAMM.



WX B HEKOTOPOM CMBICJI€ CTOJILKO 7K€, CKOJIbKO PAIMOHAJIBHBIX TOUEK HA
YucJoBOM npsamMori. HeKoTopble m3 pannoOHAJIbHBIX TOUYEK JIEIKO HAWTH:
(+1,0), (0,+1). Beibepem oauy u3 Hux, ckaxxkem A = (0, 1). IIposeném ue-
pe3 TOuKy A BCEBO3MOXKHBIE MIPAMBIe (KpoMe ropu3oHTaabHOI). Kaxknasa
TaKasd npsimas [ mepeceuéT OKPYIKHOCTH eIlé B O4HOM Touke B = (x,y) n
och abcmuce B HeKoTopoi Touke C = (¢, 0).

1. IIpoBepsTe, uTO, comocTaBaAsa Touke B Touxky C, MBI IIOJIy4aem
B3aMMHO OJHO3HAYHOE COOTBETCTBHE MEXKIY TOUKAMH OKPYKHOCTH S
(xkpome A) u Toukamu npamoin y = 0.

TakoBa reomerpud. A Kak xe ¢ apupmeruroii? OxaspIBaeTCA, YTO
9TO COOTBETCTBUE COXPAHAET PAIMOHAIBHOCTH TOUKH.

Mokaxkem, 4To Touka B mMeeT panuoHAIbHBIE KOOPAUHATEI TOTAA U
TOJILKO TOT/]a, KOT1a PAIMOHAJIbHO YKCJIo ¢. [Ipsimasi, mpoxoaAaInas uepes
Touku A u C, ompejeiserca ypaBHeHueM X = ¢ — cy. lloacraBum ero B
ypaBHeHHe OKpysKHOCTH. [losyunm, 4TO

(c—cyy’ +y* =1,
T.e. (2+1)y? —2c%y+c2-1=0,

2 _
oTKyza y = 1 (4To cooTBETCTBYET TOUKE A) Min y = %, IpH 3TOM X =
C
=c—cy = 22j 1 Ecam unciio ¢ pamuoHAJIbHO, TO X U Y TOXKE paiuo-
C
HaJbHBI.

ObpaTHOE cpaldy BBITEKAET U3 CAEAYIONINX NBYX YTBEP:KIeHU (KOTO-
pbIMU MBI 0y/[eM 0JIb30BATHCS MIOCTOSHHO).

2. Ecau xoopauHATHI ABYX TOUEK PAIlMOHAJNLHLI, TO YPaBHEHUE CO-
eNUHSAIONe! X MPAMOM MOYKHO 3aII1CATEH TaK, YTOOBI OHO MMEJIO Palin-
OHaJBbHBIE KO3(hDUIIMEeHTHI.

Ecau gBe npsiMmbie 3aja10TCA YPABHEHUSIMHU C PAI[MOHAJIBHBIMU KO-
dumeHTaMu, TO TOUKA UX MepeceueHns (ecau OHa CYIIeCTBYET) UMeeT
pannoHaIbHbIE KOOPAUHATEI.

Takum 00pa3oM, KasKJoe pallMOHAJIbHOE pellleHuWe ypaBHeHU:A (2),
kpome x = 0, y = 1, mosyuaercs, eciu B (hOPMYJIBI

_ _2c y=c271
c2+1’ c?+1

IIOACTaBUThb BMECTO ¢ HEKOTOPO€ paluOHAJIbHOE YHCJIO.

IIBymMs uepTamMu cjieBa BBIJEJEHBI TEKCTHI 3a4aY [JIsi CAMOCTOSTEJIBHOIO DEIeHUs .
3aauu MOBBILIEHHOH CJI0KHOCTH OTMEYEHBI 3HAKOM *.
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IIpeacTaBuM YMCIIO ¢ B BUJE HECOKPATUMOM Jpo0u % (m u n — nenanie
uqmucnaa). Torga

_ 2¢ _ 2mn y=cz—1=m2—n2
c2+1 m?2+n?

c2+1 m2+n?’
(3ametum, uto mpu n = 0, m # 0 MBI oJyUYaeM «IIOTEPAHHOE» OBIIO
pemtenue x = 0, y = 1),
Hamomuum, uTo Ham TpeOyeTcss HAMTHU BCe IleJIbie PellieHns ypaBHe-
Hud (1). Umeem:
X _ 2mn_ Y - m’—n®

Z m:+n? Z m?+n?
(rme m2+n? # 0). [Ipobu, CTOAIIME B JIEBBIX YACTAX TUX PABEHCTB, HECO-
KpaTuMbl, TOCKOJIbKY uncja X, Y, Z momapHo B3auMHO TpocThl. Eciin 661
MBI 3HAJIU, YTO APOOU, CTOAIME B MIPABLIX YACTAX PABEHCTB, TOKE HECO-
KPATHMBI, MBI MOTJIHN GBI MOIOKUTE X = 2mn, Y = m2 —n?%, Z = m? + n?,
HO, HaTIpUMep, mpu m = 5, n = 3 06e aTu [pobu cokpaTuMbl. OTHAKO OHU
MOTYT OBITH COKPATUMBI TOJMBKO HA 2. J[eficTBUTEIHHO, PACCMOTPUM TIEP-
BYIO APOOb: IIYCTh IIPOCTOE YMCJIO p (p # 2) mejauT 2mn; ecjau p OeJuT m,
TO YKCJIO 71 HEe MOXKET JeJUThCA Ha P, TOCKOJbKY APO0H % HEeCOKpaTmma.

—2mn__ yiosger
m®+n

OBITH COKpAII[eHa TOJbKO HA 2, B CIydYae eCIU m W n HedsTHHI. PaccMo-
TPUM Tellepb BTOPYIO APOOb: €CJIM IPOCTOe UUCIO p Aenut u m? — n?, n
m? + n?, 10 p genur 2m? u 2n%. Y m u n o6mux genutesneil Her, 3HAUNT,
pP=2,amunHeUYETHHI.

Hrak, B3BaUMHO IPOCTHIE I[eJIbIE TOJIOMKUTENAbHbIe perterus (1) cyTh

X =mn, Y=7m22_n2, Z=7m2;n2 3)

CreposarenbHo, m? + n? e nenurca Ha p. [TosTomy ApoOb

IIpY B3aMHO IIPOCTHIX HEUETHBIX M U n, m > n > 0, a Takxe
X=2mn, Y=m?2-—n2, Z=m?+n? 4)
IIPY B3aWMMHO MPOCTBIX M u n, m > n > 0, ogao ud Koropeix uéruo. (He-
TPYAHO IIPOBEPUTH, 4TO JobOasa Takas tpouka (X,Y,Z) gelficTBuTebHO
sABJsIeTCs perteHmeM.) JIr0ObIe Iiesible MOJIOKUTENIbHbBIe PEIIeHUs MOy~
yaoTca yMHOKeHueM (3) unu (4) Ha HaTypaIbHOE YMCIIO.
3ametum, uto dhopmyisl (3) u (4) Ha camoMm fene coBmanaoT. Hcian
2 2 2 4 g2
X=pq,Y=p 2(1 ,Z=p 2(]
nam (3) (umcsa p u ¢ 06a HeUETHBI ¥ B3BAMMHO IPOCTHI), TO 3TO JKe PellleHre
_Ptgq

2
M W n B3AMMHO IIPOCTHI ¥ POBHO OJHO M3 3TUX YKCEJ YETHO), npasaa X u

— pellleHue, BBIYUCIEHHOE IO (hOopMYy-

mosyuaercs 1o popmyaam (4) mpu m , n = I% (mpoBepbTE, YTO
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Y npu 5TOM MEHSIOTCSA MecTaMu. AHaJIOTUYHO, J00oe perieHue Buaa (4)

MOXKHO 3amnucaTh B Bue (3). MoKHO CKa3aTh, UTO BCE IeJIbIe ITOJIOKUTEb-

uble pemenus (1) onuceiBatorces: popmysiamu (4) ¢ TOUHOCTHIO [0 IEPECTa-

HOBKM X u Y n ymHOKeHuss X, Y 1 Z HA HEKOTOPOe HATypPaJIbHOE UUCJIO.
Bor emié oguu crmocob 3anucath BCe pernreHus ypasuenus (1):

X=2mnr, Y=m?2—-n?r, Z=@m?+n?r, (3-4")

Te m W n — IIPOU3BOJIbHBIE I[eJIbIe YNCIA, a I' — MOAXOMSINee PaliOHAIb-
HOe YHCJIO, T. €. TaKoe, uTo X, Y, Z — 1ejble.

IIpoBepbTe, uTO M3BEeCTHLIE HAM perrenus (3, 4, 5) u (4, 3, 5) moayua-
IOTCs1, COOTBETCTBEHHO, 13 opmy (3) mpu m = 3, n = 1 u us popmy. (4)
npu m = 2, n = 1. 9Tu perieHnss MOKHO y
TaKIKe nonlquTb us (3'-4') mpu m = 3, 2+yt=1

n=1,r=§1/1np1/1m=2,n=1,r=1.

3. Boernuiniure Bce mudaropoBbl TPOii-
ku (a, b, ¢), takme uto 0 <a <b<¢<100.

4. Yro mosryunmTcsi, €cad B KadecTBe
Touku A B3ATH (1,0) m paccmarpuBaTh
TOUKH IIE€PECEeUEeHU IPAMBIX, ITPOXOMISI- / N
mux uyepe3 A, He ¢ 0ChbI0 abCITCC, a C MPs-
moit y = —1 (puc. 3)? Pwuc. 3

HEMHOIro UCTOPUH

I peBHUE TPEKM Y3HAJU PO TPEYroJbLHUK CO cTopoHamMu 3, 4, 5 or
eTUITSIH ¥ HA3BaJIU €T0 eTUIeTCKuM. MBI Ha3bIBaeM IIPAMOYTOJbHBIE TPe-
YTOJBHUKY C MeJbIMU cTOpOHamMu nudaropoBbiMu. Ho HEU eruntsaHe, HU
ITudarop He ObLIN HEPBBIMH. Y Ke B apXUTEKTYpe JPEBHEMECOIIOTaAMCKUX
Haarpobuii (mpumepno 5000 jeT ToMy Ha3aj) BCTpeUaeTcs paBHOOEPEH-
HBI!l TPEYTOJLHUK, COCTABJICHHBIN 13 ABYX MPAMOYTOJbHBIX CO CTOPOHA-
mu 9, 12 u 15 nokreit. A nupamunsl papaona Caodppy (XXVII B. 10 H. 5.)
IIOCTPOEHBI C MCI0JIB30BAHNEM ITPSAMOYTOJbHOTO TPEYTOJbHUKA CO CTOPO-
Hamu 20, 21 u 29 gecsATKOB eruIeTcKuX JIOKTEH U APYTroro NpPsaMOyTroJib-
HOTO TpeyToJbHUKA co cTopoHamu 18, 24 u 30 1ecATKOB eTUIIETCKUX JOK-
reit. B rmuuanoi Tabauuke Plimpton 322 (XIX-XVII BB. A0 H. 3.) ume-
eTcs MATHANIATH CTPOK, COTEPIKAINX 3HAaUeHua Y, Z u Z%/X? (cc. 7, 8).
O6paTuTe BHUMaHUe Ha TO, YTO IPUBOAMMBIE TAM YHCJA JOBOJbHO BEJIH-
Ku. EcTecTBEHHO IPEAIIOJ0KNUTD, UYTO BABUJIOHSIHE 3HAJIHU OOIIUHA METOJ
MOMCKAa pelleHnii.
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I'nuaaHaa Tabauuka 322 us [InumnToHOBCKOI 6ubanoreku Komym-
6uiickoro yEuBepcuTeTa B Hbio- OpKe — JpEBHEBaBMJIOHCKUH KJINHOIUCHBII TEKCT
(XIX-X II BB. o H. 5.). Haiinena B 1920-x rogax [I»x. [InumnTorOM.

B Tabnnuke mepeuncIeHO HECKOJBKO IPSAMOYTOJIbHEIX TPEYTOJILHIKOB C IIeJIBI-
mMu cropoHamu , u . CieBa HECKOJBKO CTOJOIOB oTsiomaHo. IIepBbIii coxpa-

HuBMHUiica croaber (I) cogepsKuT oTHOIIEHN A , KOTOpHIE IJIaBHO YOBIBAIOT OT 2 710

2
BeJIMUUHBI, IyTh GosbIneit —. JIBa caenyroomux croabdna (II u III) nator «mupuay»
u «AuaroHanb» . Ilocaexuuii cronber (I ) COREPIKUT TONBKO PAJ CAELYIOIIUX PYT
3a gpyrom umces ot 1 zo 15.
WpWHA U ANArOHAJb Y[OBJIETBOPSIOT YPABHEHUIO
2 2 2

s

B KOTODOM «BBICOTa»  — I[eJI0€ YWCJIO, IPUY M IPOCTBIE AEJUTEJN  — TOJBKO
2,3ub. Bll-fiu15-ificTpouKax yncia , ¥ HMEIOT OOLIUil e IuTeNb, 60abmuii 1.
Bo Bcex OCTANIBHBIX CAYyYaAX 9TU YUCJIa B3BAUMHO IIPOCTHI.

Pacmmndposka rabiuuku 322 npuseneHa Ha c. 9 (CHauaJia yucsia 3anu-
caHBI B IECTUAeCATUPUYHON’ CUCTEMe CUNCIeHUA, IPUHATON B BaBuione, Hampumep,
Hama sanuck 1,22 5,14 o6o3HavyaeT 4nuciao

1600 2260 560! 14 60 2

3aTeM 4ucJia 3anucCaHbl B I[eCHTH‘{HOﬁ CI/ICTEME).




Cienyer OTMETHUTB, YTO 3aIKCh YKces B BaBuioHe Oblia HeomHo3HAauHOM. Ha-
npuwmep, sanucu 1,22 5,14, 1,22,5 14 u 1,22,5,14 (cooTBeTCTBYIOIe PA3HBIM Y-
cjlaM) HAKAK He PasjnYaich U IMOHATH, KAKOe MMEHHO M3 STUX YHCEJ IIOAPas3yMe-
BaJIOCh, MOJKHO OBLTIO TOJIBKO M3 KOHTEKCTa, He PasJnyaich U, HaIpuMep, 3anucu
5,14 1 u 5,0,14 1, B cBA3U C OTCyTCTBHEM 3HAKa AJs HyJs. [IpumBogmmas paciium-
GpoBKa CHenaHa B MPEAIOJIOMKEHUN, YTO BCE UMCJA, 3aMMCAaHHBIe B KoaoHKax II u
III TaGauyKy, SIBJASAIOTCA LEeJbIMU (TOUHee, M3 BO3MOYKHBIX 3HAUEHUI BBIOUPAJIOCH
HauMeHbIIee HAaTyPaIbHOEe).

2/ 2 Homep
1 59,0,15 2,0 1,59 2,49 1
1 56,56,58,14,50,6,15 5 ,36 56, 1,20,251) 2
155, ,41,15,33,45 1,20,0 1,16,41 1,50,49 3
1 53,10,29,32,52,16 3,45,0 3,31,49 ,9,1 4
1 48,54,1,40 1,12 1,5 1,3 5
14 ,6,41,40 6,0 5,19 8,1 6
1 43,11,56,28,26,40 45,0 38,11 59,1
1 41,33,45,14,3,45 16,0 13,19 20,49 8
1 38,33,36,36 10,0 8,12) 12,49 9
1 35,10,2,28,2 ,24,26 1,48,0 1,22,41 2,16,1 10
1 33,45 1,0 45 1,15 11
1 29,21,54,2,15 40,0 2,59 48,49 12
12,0,3,45 4,0 2,41 ) 4,49 13
1 25,48,51,35,6,40 45,0 29,31 53,49 14
1 23,13,46,40 1,30 56 1,46 ) 15
I II III I
npumepHo 1,98340 120 119 169 1
— — 1,94916 3456 336 4825 2
— — 1,91880 4800 4601 6649 3
— — 1,88625 13500 12 09 18541 4
— — 1,81501 2 65 9 5
— — 1, 8519 360 319 481 6
— — 1, 1998 2 00 2291 3541
— — 1,692 1 960 99 1249 8
— — 11,6426 600 481 69 9
— — 1,58612 6480 4961 8161 10
1,5625 60 45 5 11
npumepro 1,48942 2400 16 9 2929 12
— — 1,45002 240 161 289 13
— — 1,43024 2 00 11 3229 14
— — 1,38 16 90 56 106 15

IIpu pacmudpoBKe TA6IMYKH CAeIaHEl e yIONe YeThIpe NCIPaBIeHna:
1y uncno 3,12,1 (3anucarHoe B TaGInuKe 322) zsameneno Ha 1,20,25
2) yueno 9,1 sameneno Ha 8,1
) uuciao ,12,1 sameneno Ha 2,41
) umcao 53 sameneno Ha 1,46.




peuecknii marematuk duodant (III B. H. 3.) ymMeJ pemiaTh B IEJbIX
yucaax He TOJMbKO ypaBHeHme (1), HO u Apyrue KBaApaTHbIe YPaBHEHUS,
HEKOTOPBIE CUCTEMBI U3 IBYX KBaJPATHBIX YPABHEHUU OT TPEX MEPEMEH-
HBIX, a8 TAK}Ke HEKOTOpble KyOnUuecKue YPaBHEHUSA OT ABYX IEPEeMEeHHBIX
(cm. npuaoxkenue 4). CKopee BCero, OH OMMUPAJICA HA PAOOTHI MHOTHMX
CBOUX TIPEJIIeCTBEHHUKOB. Teopusa umces HOBOTO BpeMeHHU HavaJach
Cc 3aMeTOK epMma Ha moaax KHuru [[modanta. OCHOBBI HAIIIETO TeoMe-
TPUUECKOTO MOAX0/ja K YPAaBHEHUAM B ITeJbIX UMCIaX 3aI0KuaI HbIOTOH,
TMOHABIIINHA, YTO CJOYKHBIE 3aMEHBbI IIepeMEeHHbBIX, HCIIOoJb3yembie [uo-
daHTOM, 3a4ACTYIO CBOJATCA K IIPOBEIEHUIO CEKYIIUX 1 KACATEIbHBIX.

A WO A bl KPHUBBI

PasoOpauHbIil TPUEM C TPOBEJIEHNEM CEKYIIUX ABJIAETCA BechMa 00-
M. Permmum ¢ ero moMoIbIo CAeAYIONIYIO 3a/]aUy: OMUCATH TAKWe TPOW-
KU IIeJIBIX UMCeJ, UTO KBaAPAT OJHOTO ILJIIOC YABOSHHBIN KBaApaT APYTO-
TO PaBeH YTPOEHHOMY KBaJPATy TPETHETO, T. €. PEIIINM B IEJIBIX YUCIAX
ypaBHeHUe

X2 +2Y? = 372. (5)
Kak u panbirie, 3amMeTuM, 4TO €IUHCTBEHHBLIM pereHueM ¢ Z = ( aBiusa-
erca pemenue X = Y = Z = (0, koTOpOe fajnee pacCMATPUBATH He OyneM.
Pasmenum obe uacTu paBeHCTBA Ha Z2,
IIOJTyYUM HOBOE YPaBHEHUE ©5 )

x2 + 2y2 =3, (6) A(1,1)
~1,1)

y

rnex =X/Z,y=Y/Z — panuoHajibHbIe
ymena.

YpaBHeHUe (6) OMMCHIBAET JJLIUIC ,0)
c moJyocaMu 3 u 3 6 u IeHTpOM B
Havasie Koopauuar (puc. 4). Herpyauo (x, )
HAWTH PAIMOHAJBHYI0 TOYKY HA 3TOM x=ct(1—cy

SJLIINIICE: TAKOBOM, HAIIPUMED, ABJISETCA

touka A(1,1). Tak ke, KaK B 3ajade O Puc. 4
nu(aropoBhIX TPOMKAX, YCTAHOBUM B3aMMHO OJHO3HAUHOE COOTBETCTBUE
Mesk Iy Toukamu ajuunca (Kpome (—1, 1)) u roukamu npsamoit y = 0. (Pa-
IIMOHAJIBHBIX TOYEK HA BJIJIUIICE OMATH CTOJIBKO K€, CKOJIHKO HA IPAMOI. )
YpaBHeHue mpaMoii, mpoxondAiei uepes Touku A(1, 1) u (¢, 0), MOKHO
3ammcaTsh B Buze x = ¢ + (1 — ¢)y. OpauHaTa BTOPOH TOUKHU IIepeceueHns
MIPSIMOIA C BJIJIUIICOM YAOBJIETBOPSIET YPABHEHUIO

(c+(1—c)y)?+2y2=3.



OauH KOpeHb 9TOT0 KBAJ[PATHOTO YPaBHEHUA HaM M3BECTEH, OH paBeH 1.
Teneps, ucmonb3ys Teopemy Buera, HECJI0KHO HAWUTH BTOPOI €TI0 KOPEeHb:

_ - T _ _ %2+ c—
=_¢ -  Tormax=c+(1—-cy==-"1T¢c—_
y c?—2c+ aa ( )y c?—2c+

¢ = 3 moayuaem x = 1, y = 1, T. e. 9TO He BTOpasA TOYKA IIEPECEUEHUS, a

TOuKa KacaHus. B To ke Bpems Touka (—1, 1) Ham He BCTPETHUTCS.)
ITonba3ysich yTBEP:KAEHUAMU 3aauu 2, MbI IIOJIy4YaeM, YTO BCe paImu-

OHAJbHBIE PellleHus ypaBHeHUu (6) omuchIiBaoTes hopMyaaMu

. (BameTum, uTO IIPHU

X = -2+ c— y= c?—
c2—2c+ c2—2c+ ’
Tle ¢ — panmumoHAaJIbHOe Ymceyo (KpoMme pemienus x = —1, y = 1, KoTo-

poe COOTBETCTBYET rOPU3OHTAILHOM IIPAMOIL), a IeJIble PellleHns ypaBHe-
Hus (5) — dopmynaamu

X=(-m?2+6mn—-3n%r, Y=(m?-3n?r, Z=(m?-2mn+3n?r,
TZie m U 1 — IeJible YnCia, I — IOAXO0AIee PAlMOHAIbHOe ),

. OnumiuTe Bece 1ieJible PelieHn s ypaBHeHn
a) X2 -15Y2 =22, 6)X2-YZ=9Z2%, B)X?+3Y2=5Z%.

ITycts Teneps kpuBas 3anaérca ypapuenuem (x,y) = 0, npuuém MHO-
rousieH (Xx,Y) He pasjiaraercs B IPOU3BEJEHNE MHOTOUWIEHOB CTEIIEHY BhI-
1I1e HyJIEBO, JarKe eCJIM JOMyCKaTh KOMILIEKCHbIEe K03()(hUIneHTh (TaKkue
KPHUBBIE HA3LIBAIOTCA A 0 m 0 npueo u v u)?). Ecau, Kak B paso-
OpaHHBIX HAMU IPUMepax, CyIeCTBYIOT MHOTOWIeHb (¢), (c)m (¢)c
pannoHAIBLHBIMYA K03 (PUIIMeHTAMM, TaKHe UTO XOTA OBI OJHA U3 PYHK-

C C C
c n e HEIIOCTOAHHA U IIPDU IIOJACTAHOBKE X = ¢’ y= c

(x, y) MBI IOJIyYaeM TOKEeCTBeHHBIN HYJIb, TO HAIlIa KPMUBAA HA3HIBAETCA
pa uo a  oii (IIOCKOJIBbKY OTHOIIEHME ABYX MHOIOUJIECHOB HA3LIBAETCS
panmoHaabHON QyHKI[ME).

%871 B

. IIycrp  (x,Yy) — MHOrO4JIEH BTOPOIl CTENEHU C PAIlMOHAJBHBIMU
Koo pumuenramu, npuuém Kpusasa (x,y) = 0 abCOMIOTHO HEIPUBO-
auma. J[okaskuTe, UTO €CJM HA dTON KPUBOM HAUAETCA XOTs ObI OHA
pamuoHaIbHAs TOYKA, TO 9TA KPUBAA PAIMOHAJIBHA.

1) Bamernm, YTO mpH APYroM BHIGODE TOUKHM  HA DIUIMICE OKOHYATENbHBIE (DOPMYJIBI
MOI'yT OKa3aThCs APYIUMU, HO, PA3yMeeTCsi, OIUCHIBAEMOE MU MHOKECTBO DeLIeHui ocTa-
HeTCs MIPeXHUM (cp. ¢ 3azaudeii 4)

22) Brumanwme: Kpusas 2

( 1y 1)

0 aGCoIIOTHO HEIPUBOAWMON He SBJSETCS, TaK Kak

10



EOPEMA E AHJIPA

Paccmorpum Takyio 3agauy. IlyceTs a, b, ¢ — MOJIOKUTEIbHBIE IIeJIbIe

yncsna. Kak ucKaTh peleHnsa B PAIMOHAJbHBIX YNCIAX YPABHeHUS
ax?+by?=c?

Bei, HaBepHOe, AOTaJaaNCh: HAL0 MOCTYIATh TaK JKe, KaK M PaHbIle, HO
cIepBa HAJO0 HAWTH XOTs ObI OJHY PAIlMOHAJLHYIO TOUKY Ha KPHUBOMH, 3a-
IaHHOI ypaBHeHHeM ax? + by? = c.

Taxum 06pa3oM, BOSHHKAET BOIPOC: KOTAa ypaBHeHue ax? + by? = ¢
uMeeT panuoHanbHoe pemeHre? OTBETUTh HA HEro He TaK IIPOCTO, KAK
MOJKeT IMoKasaThbcsi. Hampumep, npu a = b = 1 BOBHMKAaeT Takas 3ajaua:

. Korga mono:xuTreabHOe I[eJI0e YHMCJIO0 ¢ ABJIAeTCI CYMMOI KBaapa-
TOB JIBYX PAIMOHAJBHBIX YHCEJI?

dra 3amaua oueHb ciaoyKkHasA. CoBeTyeM BaM IMOBPEMEHUTH C €€ perrre-
HUEeM 1 O3HAKOMUTHCS CHAUYAJIa C IOHATUEM K8A PAMU 020 6bl Ma.
PaccmoTpum Temneps o0Iuii cayuaii. MbI MOXKEeM CUNTATE, UTO UHCIIA
a, b, ¢ B3aUMHO TPOCTHI (MHAUE PA3AEJUM WX HA OOIIUHA HeJTUTeh) U
80 0 bLOM K8a pamos, T. €. He NeJIATCA HAa KBAAPATHI IEJbIX YHUCE
(eciiu, cKaxkeM, a JeIUTCA HA m2, clesiaeM 3aMeHy IIePeMeHHBIX X' = mx).
8 . Ilycte a, b, ¢ — B3aMMHO IIPOCTHIE IIEJIbIE YMCIa, CBOOOJHEIE OT
kBagparoB. Eciu ypasHenme ax? + by? = ¢ uMeeT pellleHHe B palll-
OHAJILHBIX YMCJIaX, TO CYIIECTBYIOT IieJible Ymcja m, n, , TaKue 4TO
m2 + ab genurca Ha ¢, n2 — ac genurca Ha bu 2 — be menuTcs Ha a.
Wraxk, ocraTkm ot nenennd unucen (—ab) Hac, a Hab, bc Ha a He MOTYT
OBITH IPOM3BOJbHBIMIU.

. OcraTkm, KOTOpBIE MOJIYUYAIOTCA IPHU Je-

JIEHNW KBaJPATOB IE€JIBIX YKCeJl HA HEeKOTOpOe YMCIIO , Ha3bIBAIOTCA
Kea pamu . U 6bl ma u no o , 4 OCTaJIbHBbIE€ OCTATKH HAa-
3bIBAIOTCA K8a pamu bl U 6b., ma u no o . HaanMep,

2 ABAseTCA KBaJAPATHUYHBIM BBIUETOM IIO MOAYJIIO 7, a 3 sABJAeTCA KBa-
JIPaTUYHBIM HEBBIUETOM IT0 MOAYJIIO 7 (HokaskuTe 9T0 ). Takike roBopAr,
YTO I[EJIOe YKUCJIO  SBJISETCA KBAAPATHUHBLIM BbIUeTOM (HEBBHIUETOM) IIO
MOJYJII0 , €CJIM OCTATOK OT AeJeHHUs Ha  SBJISETCS COOTBETCTBEH-
HO KBaJpPaTUYHBIM BHIUETOM (HEBBIUETOM) IO MOIYJIIO . Hampuwmep,
8 — KBaApaTUYHBINA BbIUET IO MOAYJIIO 7, a 10 — HeBBIUET IO MOAYJIIO 7.

. HaﬁﬂHTe BCe KBaApaTHU4YHBbI€ BbIYETHI 1 HEBBIYETHI II0 MOAYJIAM
a) 7, 6) 17, B) 24, 1) 30.

11



10. ITycts p — HeuéTHOe mpocToe umeao. [[oraskure, YTO M3 p BO3-

+1
MOJMHBIX OCTATKOB IIPDU JIeJIEHU Y Ha P POBHO pr2 ABJIAITCA KBagpaTu4i-

2
-1
HBIMHY BbIY€TaMU 1 DPOBHO pT ABJIAOTCA KBaJIPATUYHBIMU HEBbIUETAMU.

11 . ITycts =p; .. p — TpouU3BeJeHHE PA3IUUHBIX MPOCTHIX
comHoxkuTenerr. Haimre uncao KBAAPATUUHBIX BHIUYETOB U HEBBIUETOB
0o MOAYJI .

12 . IIycTe p — HeuérHOe mpocrtoe uncao. OcraTok p — 1 sBiasiercs
KBaJAPATUYHBIM BBIUYETOM II0 MOAYJIO P TOTAA W TOJLKO TOTJA, KOTAa p
npu geseHun Ha 4 gaét octaTok 1.

Wrax, nma Toro uTo0BI ypaBHernue ax? + by? = ¢, rge a, b, ¢ — Baa-
VMHO IIPOCThI€ HATYPAJIbHBIE UMCJIA, CBOOOAHBIE OT KBAAPATOB, HMMEJIO
parmoHaJIbHOE peIlieHre, He o0 X 01U MO0, YTOOBI HncJio (—ab) ObLIO0 KBa-
JPATUYHBIM BBIYETOM II0 MOAYJIIO C, YMCJIO AC ObLIO KBAAPATUYHLIM BbIUE-
TOM II0 MOAYJIIO b 11 uncjio b ObII0 KBaAPATHYHBIM BBIUETOM II0 MOAYJIIO d.
OKasbIBaeTCs, UYTO MIEPEUNCIEHHBIE YCJIOBUA A OCTAaTO Y H bI:

. Vpasuenue ax? + by? = ¢, rae a, b, c — menbie
[IOJIOKMTEJIbHBIE YKCIIA, UMEET PAIMOHATILHOE PEIIEHNE TOT/A U TOJBKO
TOr/a, KOTAa 4ncio (—ab) ABIgeTCA KBAaAPATHIHBIM BBIUETOM II0 MOZY-
JIIO C, YHCJIO AC — KBaJPATHYHBIM BHIYETOM II0 MOAYJIIO b, a uncio bc —
KBaJPATUYHBIM BHIYETOM IO MOIYJIIO G.

13. PagpenruMsl i B PAIIHOHAMLHEIX YMCIAX YPABHEHHS
a)3x2+5y2="7; 6)5x%2+Ty?=23?

n T™] K1 KPHUBBI

PaccmoTpum cienyromiue 3afgaumn:
. HaviTu Bce mapbl HaTypaJIbHBIX YHMCEJI M U N, TAKWE UTO CyMMa
TIEPBBIX M HATYPAJbHBIX YHMCEJ PAaBHA CyMMe KBaJpPaTOB IIEPBBIX 71 HATY-
PAJIbHBIX YUCEJ:

1+2+3+..+m=12+22+32+ ... +n2.

IIpu Kakux n cymMMa KBaJpaTOB IMEPBBIX 71 HATYPAJTbHBIX YKCEJ
ABJAETCS KBAAPATOM HEKOTOPOTO HATYPAJIBHOTO YKCIa?

Kakwue HaTypasbHBIE YKCJIA ABJIAIOTCA OJHOBPEMEHHO IIPOU3BeEIe-
HHUEM JBYX IIOCJEJOBATEJNbHBIX HATYPAJbHBIX YHCEJ W IIPOU3BEIEHUEM
TPEX IMOCJIeOBATEIbHBIX HATYPAJIbHBIX YNCE?

12



(BemKkasaA TeopemMa epMa AJA MoKasareas Tpu). IlokasaTh, UTO
ypaBueHue X +Y = Z He mMeeT pelleHNI B HATYPAJbHLIX UHCJIAX.
Korpga cymma kBaapara pamuoOHAJLHOIO YMCJIA U KyDa TOro ke
€aMOro 4YucJja ABJsieTcAa KyOoM parnuoHAJIbHOr0 Yucaa?
Korga cymma KBajpaTa palioHaJbHOIO 4YMcja M Kyba TOro ke
€aMOT0 YUCJjIa ABJAETCA KBaAPaTOM PAIlMOHAJIBHOTO uucyaa?
Bce ot 3amaum 06 enMHAET TO, UTO OHU CBOAATCA K M3YUEHUIO pe-
IIeHW# B IEJBIX UMW PAIlMOHAJLHBIX YWCJIAX K U KU YPaBHEHUI C
IBYMSA ITIePeMEeHHBIMU.

14. Tokaskure, 4TO

142+ +m=T2m41 oy q2y92y  yue_nntl 2ndl
dra 3asaua SKBUBAJEHTHA DPEIIEHWI0O B HATYPAJIbHBIX UMCIAX

mm+1 _nn+l1 2n+1

ypaBHEHUA 5 .
A sTa 3amauva 9KBUBaJIEHTHA PENIeHUI0 B HATYPaJbHBIX UMCIAX
nn+1 2n+1 2
ypaBHEHUA —————————— = m”~.

31ech HYMKHO DPEMIUTb B HATYPAJbHBIX YHCJIAX YypaBHEHUE
m(m+1)=(n— Dn(n +1).
X

3aMeHO TIePEMEHHBIX X = Zuy =z Y sapaua cBoguTes K pellleHno

B IOJIOJKUTEJNBHBIX DA M OHAJDbHBIX UYKUCIAX ypaBHeHuUA X +y = 1.
B bproit 3amaue TpebyeTcA pPEMIUTHL B PAIMOHAJIBHBIX YHCJIAX
ypaBHeHme X2+ x =y .
A B oToit — ypaBHennme x2 + x = y2.

VYpaBHeHUe OT JBYX IEPEMEHHBIX 3aJaET HEKOTOPYIO KPUBYIO HA ILJIOC-
koctu. Tak KaK HalllM KPUBBIE 3a1aI0TCA YPABHEHUAMY TPEThell CTeleHu,
OHU SIBJIAIOTCS IDMMEPAMU KPUBbL MP M 20N0p KAWINLK U KU
Kpuswvl (puc. b).

Bungno, uTO KpUBBIE U3 3aa4 U  CYIIECTBEHHO OTJIMYAIOTCA OT
OCTaJIbHBIX KPUBBIX: y MEPBOl M3 HUX MMeeTcA Mo Ka 60 epama, a 'y
BTOpPOIi — MmO Ka a on p u . OTU TOUKU ABJIAIOTCA IpUMepaMu
0 0 b. mo k') KpuBoil; KpUBbIe, UMEIOIME XOTA GBI OLHY 0COBYIO TOU-
Ky, TOJKe HAa3bIBAIOTCA 0 0 bl U. Kpusbie, HEe mmeroIne 0COObIX TOYEK,
HA3bIBAIOTCA O O bl UWJINZ G KU U — TAKOBBI KPUBbIE U3 3aAad — .

afuM TOYHOe ompezesieHue: Touka ( , Ha KPUBOU , Ha3BIBAETCS H,
1 0 eoco
0 , ecqn Uepe3 He IPOXOAUT XOTs OBI OJHA mpsAMas , TaKas 4To
0 — KopeHb ypaBHeHUA ( , ) OkparHOocTH 1, a HE Gonbme B IIPOTUBHOM
caydae Touka ( , ) Ha3bIBaeTCsi 0CO O .
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0

+1  +1 2 +1 9 +1 2 +1
2 y=———

yy+1)=(x—1)x(x+1) x +y =1

8

2+x =y 2+x =y

Puc. 5
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1 . Kakoe HanboJbliiee KOHEUHOE YNCJIO OCOOBIX TOUEK MOYKET UMETh
KpHUBAas BTOPOTO HopaaKa? TpeThero mopsaaka? deTBEPToro mopsaaxa?

1 . MoseT i KpUBas 4YeTBEPTOro MOPALKA MUMETh POBHO IISITH 0CO-
OBIX TOUEK?

ITompoOyeM MpUMEHUTH K HAIITUM KPUBBIM METO/T CeKYIIUX N3 Ipeabl-
ayuumx naparpagoB. Ha Kamkmonn us HaImx KPUBBIX OUEHB JIETKO HANTH
TOYKH C IeJbIMu KoopamHatamu. Ho, K cokajieHuIo, IPOBEeJleHNe CeKYy-
WX B 9TOM CJIy4ae HUYEro He JaéT: TUIUYHASA IPAMAasA IepeceKaeT Hallry
KPHUBYIO B TPEX TOUKAaxX (a He B IBYX, KaK PAHbINE) U PACCYKACHUS IS
KPHUBBIX BTOPOTO MOPAAKA IIepecTaloT pabotars. Tem He MeHee, BCE MOK-
HO CIIaCTH B CJIy4Yae 0COOBIX KPUBBIX.

1 . Jokakure, 4TO IPsAMAasi, IPOXOLAIAA yepe3 0CO0YI0 TOUKY, MO-
JKeT IepeceKaTh KPUBYIO elllé He 0oJiee UeM B OJJHOI TOUKE:

a) IJa KPUBBLIX IPUMEPOB U

0) IJisi MPOM3BOJIBLHOI A0COJIOTHO HEIPUBOAMMOM 0C000# KyOmue-
CKOU KPUBOH.

Tem camMbIM, IIPOBOZAS CEKYIIME Ueped O0COOYI0 TOUKY W IPUMEHSISA
TE JKe PACCYIKIEHMsI, UYTO 1 B CJIyUae KPUBBIX BTOPOTO MOPAIKA, MOMKHO pe-
IIATH B PAI[MOHAJBbHBIX YHMCJIAaX KyOHMdYecKoe ypaBHEeHNe C PAIMOHAIbHbI-
Mu KoadGuiineHTaMu, 3azaiiinee 0codyio KPUBY0. 3aMeTHM, UTO 3[eCh
nMeeTcA TOHKWI MOMEHT: IJIs MeTOJa CeKYIUX Heo0X0oauMo, YTOoObI Ha-
yaJibHAA TOUKA (B HAIlleM ciyuae — ocobas TOUKa) nMeJia parnoHaJIbLHbIe
KOODPJAMHATHI.

18. IlycTs Ha abCOJIIOTHO HEMPUBOAUMOM 0C000# KyOmuecKoi Kpu-
BOI, 3aJJaHHOM yPABHEHMEM C PAITMOHATBHBIMY KO3(DPUIIUEHTAMY,, TME-
eTcst X0Ts Obl OHA PAIIMOHANLHAA TOUKA. TOTrJa KOOPAMHATHI 0CO00M
TOYKM TOKE PAIMOHAIBbHBI.

1 . IlpuBepmre mpuMep KyOMUECKOro YPABHEHUS C PAIIMOHAILHBI-
MH KoaddHUIIMeHTaAMY, 3aJaI0IIEero 0co0y0 KPUBYIO, BCe 0COObIE TOUKHU
KOTOPO# UMEIOT UppalnoHaIbHble KOOPAUHATHI,

20. Pemmre 3amaun u . JJoKa’XkmTe, UTO COOTBETCTBYIOIHE KPU-
BBI€ PAI[MOHAJBHBI.

K coskanenuio, HeocoOass KyOnuecKasa KpuBas HUKOTA He SBIAETCA
pammonanbpHO#. Kak ke moctymarth ¢ TakumMu KpuBbiMu? IlepBoe, uTO
MOXKHO CIIeJlaTh, — IIPUBECTU UX K Oojiee mpocTomy Buay. IJia aToro Oy-
JIeM UCIIONIB30BaTh NP0 KMUE bl a bl KOOp U am, T.e.3aMeHbI BUa

+ 5 + + 5 +
R 1 2 A 1 2 2 2 2
x=1 =< = 2 + 5+ “=0.
1 P 7 y 1 P 7 ! 2
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Taxkue 3aMeHBbI OUeHb yAOOHBI, HO Y HUX €CTh HEJOCTATOK: OHU He BCIO-
Iy oIpejesieHbl (ueMy, HANPUMED, PABHBI X' W Yy [JsA TOUEK HPSIMOM

1xt oy+ = 07?). 3amerum, ogHaKO, uTO IpaAMasg X+ y+ =0
mepecekaeTcs ¢ KyOMuecKoW KpuBOU He 0oJiee ueM B TPEX TOUKAaX; €CJIU
HAaIIeH MeJIbI0 ABJISIETCS PerleHne KyonuecKoro ypaBHeHU A B PAI[UOHAI b~
HBIX (I[EJIBIX, HATYPAJbHBIX) YMCJIAX, MBI MOXKEM CHAUYAJIA PACCMOTPETH
BCE TOUKU IIE€PEeCeueHusi C 3TOM MPAMOI, a 3aTeM HeJIaTh IPOCKTUBHYIO
3aMeHy KOOPAMHAT.

21. a) IIpu xakom ycaoBuu Ha Kosppumuenter , , , =1,2,3,
IIPOEKTHBHAs 3aMeHa 00paTumMa, T. . IEPeBOAUT pasHbie TOUKH (X, Y) B
pasubie Touru (x', y')?

6) IIycTr mpoekTuBHaAA 3aMeHa KoopAauHAT obpaTtuma. Torma obpar-
Has 3amena (T. e. 3amMeHa, BhIpaKawoIad X u y uepes x' u y') ToKe
SABJISIETCS TPOEKTUBHOM 3aMEeHO KOODPAMHAT.

B) IlociemoBaresibHOE MPUMEHEHME ABYX 00PATUMBIX MPOEKTUBHBIX
3aMeH 9KBUBAJIEHTHO HEKOTOPOM OJHOM TaKOM 3aMeHe.

B nanpHeiinem MBI OyeM pacCMaTPUBATH JHUIIL OOPATUMBIE IIPOEK-
THBHBIE 3aMeHbI KOODAWHAT.
Kyb6uueckas KpuBas Ha ILJIOCKOCTH (X, i) HA3BIBAETCS KPUBOLL 6 (hop
ii p mpa a,ecau oHA 3a7aéTCA ypaBHeHUeM Buga y2 =x +ax+b.

22, Kpwusasa B hopme BeiiepiiTpacca ABjseTcsa 0co00i TOTja 1 TOJIbKO
Torna, korna 4a + 27b% = 0.

Yucao = 4a + 27b% HaseIBaeTca U Kpu U a4 MO KyOWdYecKOH
KpUBOU, aTaKkiKke U Kpu U a mo KyOMYeCKOTo MHOroujJeHax +ax+b.
(duckpuMUHAHT MHOTOYJIEHA OOpAII[aeTcsa B HYJIb TOT/[|a M TOJHKO TOT/A,
KOT/]Ja MHOT'OUJIEH UMeeT KPATHBIN KOPeHb.)

23. Korpga saBisiercs 0coboit KpuBasi, 3alaHHAST YPAaBHEHUEM
y?=x +ax®+bx+c?

H . Il 0601 Heoco60i KyOnuecKoi KpuBOM cyIIfe-

CTBYeT IMIPOEKTUBHAA 3aMeHa KOOPAMHAT, IPUBOAAIIAs €€ B hopmy Beii-

epmitTpacca. BoJjiee Toro, ecau Koa(PUIIMEHTH YPABHEHUSA MUCXOIHOM

KPMBOM panMoHaJbHBI M HA KPUBOM MMeeTCA XOTsA ObI OJJHA PAIMOHAJIb-

Hasdg TOYKA, TO MOKHO HAWTU MPOEKTUBHYIO 3aMEeHY C PAIMOHATILHBIMHU

, » (=1,2,3), npeobpas3ynoIIyo NCXOIHYIO KPUBYIO B KPUBYIO B
¢opme BeiiepiuTpacca ¢ panuoHaAJIbHBIMY a U b.

Mg He 6yaeM JOKA3bIBaTh 3Ty TEOPEMY, HO IIPOUJIIIOCTPUPYEM €€ Ha
mpuMepe 3aga4y  — .
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Iocie 3aMeHBI M = %, n = —— MmoJiyuaeM ypaBHeHUe

y?=x —9x+8l.

BameHa m = —5, N = — 5~ IPUBOJUT yPABHEHHE K BHAY
y? =x — 36x.
Bamenam =y — %, n = X IPUBOJMT yPaBHEHHUE K BULY

yP=x —x+1

Kpuaa epmax +y = 1— camblil uHTepeCHEII ciryuaii (puc. 6).

Cpenaem cHauasia 3aMeHY X = — , Yy = : IOJYYUTCA ypaBHEHUE
-3 (—)=1.
Teneps 3amMeHOlT = 1, = _+1 ypaBHEeHMEe IPUBOINTCA K BUAY
2 __1
T
Heocobasi kpuBas TpeThero MOpAJKA HA3HIBAETCS unmu  Koil

kpueoit. Teopema HpioTOHA yTBEp:KJaeT, UTO BCAKAA SJIUIITHUECKAS
KpHuBas IIPUA ITOMOIIM HEKOTOPOH MPOEKTUBHOM 3aMeHbI KOOPAMWHAT IIPHU-
BoauTcA K (popme BeiiepmiTpacca.

24. Eciau guckpumuaanT = 4a + 27b% kpuBoit y? = x +ax+b
paBeH HYJIIO, TO 5TA KPUBAA PAIMOHAIBHA.

Bepromobparroe: eciim # 0, ToKpuBad y2> = x +ax+bHe aBiagerca
paIMoOHAIBHOM, HO 3TO yIKe CI0KHAA TeopeMa.

2 . Korga mosKHO ITepeBecTy KPUBYIO C yPaABHEHUEM y2 =x ta;x+
+ b; B KPUBYIO C yDABHEHUEM Y=x + asx + by TPOEKTUBHOI 3aMeHON
KoopauHAT?

B panpHelnemM moj 9JIIUNTHUUYECKON KPUBON MBI OyAeM IIOHMMATH
HeocoO0yI0 KPUBYIO TPETheTO MOPAIKAa, 3aJaHHYIO YPpaBHEHUEM C pad Uo0
a v uxodhdumuenTaMmu (0OBIYHO TAKME KPUBBIE HA3BIBAIOT AJIIUII-
TUYECKUMU KPUBBIMU HAJ TOJIEM PAI[UOHAILHBIX Unces). Eciiu Ha TaKoh
KPHUBOU MMeeTCsa XOTA ObI OJJHA PAIMOHATIbHAA TOUKA, TO KPUBYIO MOYKHO
npuBecTu K (popme BeiiepinTpacca mMpoeKTHBHOI 3aMeHOII KOOPAMHAT C
paumonaiapHeiMH , , ( =1,2,3).
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Puc. 6. IIpoekTuBHBIE 3aMeHELI IIEPEeMEHHbBIX , IIPUBOAAINE KPUBYIO
x +y =1k dopme BeiiepmiTpacca.

a) Kpusasa 1. ) 3ameHBI , — mapaJuiesbHas IIPOeKIIUs
IJIOCKOCTH Ha 0JocKocTh . 8) KpuBas 32 3 2 1. )BameHs l,
S IeHTpaJbHasA OPOEKINA IJIOCKOCTH  Ha IIocKocTh . 0) Kpusas

% (B dopme Beitepmrpacca).
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JIO EHHE TOYEK JIJIHIITHYECKO KPHBO

Urak, 3agaum — SKBUBAJEHTHBI HAXOXKJIEHNIO BCEX TOUEK C I[eJIbI-

MU KOOPAWHATAMY HA SJIJINIITUUYECKNX KPUBBIX, B TO BpeMs KaK B 3azjaue
Tpebyercsa HAWTKU BCe TOUKW C pa UO 4@ bl U KOODAWHATAMW HA JJI-

JUNTUYECKON KPUBOM.

OxkasbIBaeTcs, YTO OJIA MTPOMU3BOJIbHOM JIIUNITHUYECKON KPUBOi 3a1a-
Ua HaXOMKIeHUS PalliOHAIbHBIX TOUEK B HEKOTOPOM CMBICJIE TIPOIIe, UeM
3a7jaua HAXOKJEeHUA IeJbBIX TOUeK Ha 3Tol ke KpuBoi [leso B ToM, UTO
METOJ CeKYIIUX IT03BOJISIET BBECTH HA MHOYKECTBE PAIMOHAJIBHBIX TOUEK
SJIIUNTUYECKON KPUBOM HEKOTOPYIO CTPYKTYPY .
A uMeHHO, panMoHAJbHBIE TOUKK HA JJIJIUIITHU-
YeCKO KPMBOM MOYKHO «Pa3MHOKATD» .

I];OHyCTI/IM, YTO MBI HaAIllJIV HA 3JIJILIITUUYEC-
KoM KpuBoii y? = x + ax+ b IBe panuoHaILHEIE
rouku (x ,y )u (x ,y )(puc. 7). IIpoBeném,
KaK ¥ PaHbIIle, MPAMYIO ¥ BBIYUCJIUM KOOD-
IOUHATHI TPETHEH TOUKM IIepeceueHusd MPAMOH C
Hameil KpuBoiil). DTH KOOPAUHATHI YAOBIETBO-
+ PSIOT cUCTEMe YyPaBHeHUI

Y

/

Puc. 7

Y =x +ax+b,
G-y )N —x)=(x—x )y —y).

Echoux #x uy #y , TO, BLIDA3UB U3 BTOPOTO YPABHEHUA X uepes Y,
IIOJICTABUM IIOJIy4YeHHOEe BBIDAa’KeHUe B IIepBOe ypaBHeHUe. B pesyiabrare
MBI IPUXOAUM K KyOMUECKOMY yPaBHEHWIO HA I C PAIMOHAIBHBIMHU KO-
adpdunmenramu. IIockoaIbKy ABa KOPHA 3TOT0 YPABHEHUA PAIlVIOHATbHBI
(oHU paBHBI Y U Y ), a CyMMa BCeX TPEX KOPHEeHN — pamuoHaJbHOE YMCJIO
(o Teopeme Buera), 3HAUUT, TPETHH KOPeHb ToKe panuonanen?), MTax,
IO JBYM PaIlMOHAJIBbHBIM TOUKAM, JIE}KAIIMM Ha dJINITUUYECKO KPUBOHA,
MbI TIOCTPOMJIN TPETHIO PAI[MOHAJBHYIO TOUKY. EIlé ogHa pamnoHajabHas
TOYKA II0JIYYAeTCsI U3 ITOCTPOEHHOM TOUK Y CHMMEeTPHUEH OTHOCUTEIBHO OCH

X. 9Ta CUMMEeTPUYHAS TOYKA HA3bIBAETCA oil Touek u u 000-
3Hauaercsa + (puc. 7).

1) Boo61mje roBops, He BCAKAasA IPAMAs IEPECEKAeT HAIY KPUBYIO POBHO B TP X TOYKAX.
B HeKOTOpHIX ciaydaax (puc. 12, a— ) npsamasd nepeceKaeT KPUBYIO MeHee YeM B TP X TOYKaX.
BopoThCsa ¢ 3TUMU CUTYyaAlUAMY HYKHO PA3HBIMHU CIIOCO6aMU — HO 00 5TOM 4yTh IIO33Ke.
2)  cam , , TO YPABHEHUE IPAMOH HMeeT BUL u, MOACTABUB
B I€PBOE ypaBHEHUE, MBI [IOJIyYNM KyOMUEeCKOe YPaBHEHUE Ha C PAIMOHAJIBHBIMU
Koo dumuenrTamu. Tak 4To B 9TOM CIydae TOXKe BC B IMOPALKE.
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3ameuaresbHO, UTO BBeIEHHOE HAMHU CJIOKEHMNE TOUEK BJIIUITHUYEC-
KOU KpHUBOIi 00JI1a7jaeT CBOMCTBAMMU CJI0KEHUS YKNCeJ, a UMEHHO:

a) KOMMYTATHUBHOCTBHIO (IJIA JIIOOBIX TOUEK W  SJIANTHYECKOH
KPUBOH JOJIYKHO BBIMIOJHATLCA TOMKIECTBO + = + );

0) mammumem HyJsd (Takoi Touku 0, uro +0= =0+ pgusaa60i
TOUKMW JJLIMITUYECKOI KPUBOM);

B) HaJWYUEM AJA JI000H TOUKHW SJIJIUNTHYECKON KPUBOI TPOTUBO-

MOJIOKHOM TOUKHY (TaKko¥ TOUKu — ,4to +(— )=0=(— )+ );
I') acconMaTUBHOCTHIO (A1 JIO0BIX TOYEK , ¥  BILUIMITUYECKON
KPHUBOM JOJIIKHO BBIMOJIHATHCA ToskgecTBo ( + )+ = +( + )).

IIpoBepum aTu cBoiicTBa. KomMmMyTaTuBHOCTbH. A BeIUumCe-
HUA TOYKM + MBI UCIIOJB3YEM Ty K€ CaMyI0 IPAMYIO, UTO U IJI BbI-
yucjaeHud -+ ,caemoBaTreabHO, + = + .

Hanvuue HyndA ¥ TPOTUBOMOJOMKHON TouKu. Ilycts HA
KpuBO# mana Touka (puc. 8). Mpsl xoTuM HaAWTHM TAKYIO TOYKY, UTO
€CcJI¥ IPOBECTHU MPAMYIO Uyepe3 Heé U TOYKy ,

mepeceusb 9Ty MPAMYIO C KPUBOiIl, a IIOTOM OT- ! v
pPasuTh TOUKY IepeceueHrs OTHOCUTEIBHO OCH ;

X, TO BHOBB nosryuntcsa . O0o3HauUMM uepes '
TOYKY, CAMMETPUYHYI0 OTHOCHUTEJIHHO OCU X. (\ o x
W3 ckasaHHOTO BHITEKAET, UTO MIPAMAaA JOJKHA ;
MMPOXOAUTH Uepe3 TOUKK ©W , T. €. OBITH Bep- L
TukanabHO#. CiemoBaTesbHO, TouKa (0 mokHA !
JIe)KaTh U Ha KPUBOW, M Ha JII000H BEPTUKAJB- :
HOM IPAMOM, mepeceKamIeil KpuByio. '

Tako# TouKu B 1mIockoctu Her. Ho oHa Puc. 8
HaAM OYeHb HYKHA, IIO3TOMY MBI HOOABUM €€ K
ILJIOCKOCTH, HA30BEM KO o a 0il mo Koii 1 0003HAUYNM CHM-
BOJIOM . Bymem cumTaTh, YTO  €CTh TOUKA MEpeceueHuss BCe X Bep-
tukasieii. Tem cambim, x0T TouKy 0 = ™Mbl fo6aBuIM (hOPMAIBLHO, MBI
3HAEM, UTO MIPSAMAs, MPOXOAAIIAL Yepe3 M JIO0YIO TOUKY — 9TO BEPTH-
KaJbHAd IpAMasd, MPOXoAAmasd ueped o). IIpaBuibHO cuuTaTh TOUKY 0
panoHaIbLHOM.
BepTukanabHaA mpAMAas, TPOXOAAIIAA Uepes3 TOUKY , MMPOXOAUT U

yepes 0 = . IlosTomMy , TOUKA IEepECEUYEHUsI STOM IPAMOM C SJIJIUIITH-
YeCKOM KPUBOI1, YAOBJIETBOPAET cooTHOIIeHnio + =0, T. e. ABIAETCA

1) Temeps MBI y2Ke 3HAeM, KAK DOCTYIATh B CHTYAI[MI, IOKASAHHOH Ha puc. 12, a. Bep-
THKAJIbHAA IPAMAasi NMeeT ¢ KPUBOM Tpu o0miume To4Ku: , ,
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IIPOTUBOIIOJIOMKHON K . S3HAUWT, JIIO0AA TOUKA HMEEeT IIPOTUBOIIOJIOMK-

HYIO TOUKY = — , CHMMETPHUUYHYIO OTHOCHUTEJbHO ocu X (CM. puc. 8).
3ameTum, 4TO AJIA TOUEK , JesKal[ux Ha ocu abciuce, — = .

AcconmumatTuBHOCTbH. OTMETUM HA BJJIUNTAYECKON KPUBOU TOUKH

, > (pumc.9). Iloctpoum TOUKM — — W — — TEPECeYEeHUS MPAMBIX

u C KPUBOH, a TaKiKe TOUKH

=+ u + . UYTo0BI JOKaA3aTh

paseuctBo( + )+ = +( + ),

IOCTATOYHO IIOKA3aTb, YTO TOYKA

Puc. 9 Puc. 10

nmepeceueHus MPSAMOM, MPOXOAAIIEeN yepes TOUKu + U, C IPSAMOI,
MPOXOnAIIel uepeda U + , JEXKUT HA KPUBOW.
BosHukmiaa KoH(QuUrypanusa mectu NPAMBIX Uy, Iy, |, my, my, m

(IpoxoAAIIUX, COOTBETCTBEHHO, Yepe3 TOYUKu ®um , — — u + ,

u + , mw ,— — mw + , mW + )cxemMaTHYHO M30OpaKeHa Ha
puc. 10. Kaxxknasa us mepeuncyeHHbIX IPAMbBIX ITPOXOUT YePe3 TPU TOUKU
(mpsimble, MpoxoAsAIe uepes — — W+ ,— — U + , TPOXOJAT
uepes Touky 0 = ), Bcero meBsaATh ToueK. Ham M3BECTHO, 4YTO BOCEMb U3
9THUX JAEBATH TOYEK JIEJKAT HA SJJIMITUYECKON KPUBOW  C ypaBHEHUEM

(x,y) = 0. A 1OKa3bpIBa€M MBI, UTO U JI€BATAA TOUKA A  JIEXKUT HA 9TOU
kpusoii. IlycTs ypaBHEeHUA OPAMBIX Uy, Iy, L , my, my, m CYTH

1(x,y) =0, 2(x,y) =0, (x,y)=0,
1(x,y) =0, o(x,y) =0, (x,y)=0.

ITokaskem, uTo
(x’ y)= 1(JC, y) 2(x’y) (x’ y)+ 1(x’ y) Z(x’ y) (x,y),
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rme u — HEKOTOpHIe umcya. PaccMoTpuM pasHOCTh

—C 12t 12 ) (7)

9Ta pasHOCTh ABJIAETCA MHOTOUJIEHOM OT X W Y CTEIEHUW He BBIIIe TPEX.
ITOT MHOTOUYJIEH PABEH HYJIIO BTOUYKaxX ,— — u . Boibepem Ha mpaMoOi
m; emé onHy TouKy S = ( ;, 3), OTJIMUHYIOOT ,— — u . TouraSHe
JIEKUT HU Ha OAHOM U3 IpaAMBIX [, Iy, | u, cmegoBarensHo, ( 1, 9) # 0,

9( 1, 2)#0, (41, 9)#0,a (4, 9) =0. INogcraBuM KOOPAUHATHI
TOUKHU S B pa3HOCTD (7) 1 HAWIAEM W3 YPaBHEHUS

(1’ 2)_ 1( 1 2) 2( 1> 2) (1’ 2)=0-

IIpu Takom BbIGOpe pPa3HOCTH (7) obpariaeTcsa B HyJIb B UeTHIPEX TOUKAX
» »— — umSnupamou my.

2 . Ilycts MmHOrOUNEeH (X, Yy) CTeIleHU He BBIIIE TPEX obpalaerca B
HYJb B UeTHIPEX TOUKAX HEKOTOPOH nmpamoit  (x,y) = 0. Torga mHOTO-
WIeH  AeJUTCA Ha MHOTOUJIEH

Nrak, Mb1 BEIOpaIy MapaMeTp Tak, YTo pasHocTh (7) fesuTcsaHA .
PaccmoTpeB Touku ,— — U TIPAMOI /;, aHAJOTUUHO oAGEpEM Ia-
paMeTp TAakK, YTO PasHOCTH (7) fesuTcsa Ha ;. Ilomyuaem, UTO pasHOCTH
(7) npencraBnsaerca B Buge 4(x,y) 1(x,y) (x,y), rme (x,y) — MHOTO-
YJIeH CTEeIIeHU! He BbIIIe €JNHUIbI. ECJII/I 9Ta CTeIIeHb PaBHA €eJuHUIe, TO
ypaBuenue (x,y) = 0 3agaér HEKOTOPYIO IPAMYIO 1.

Hraxk, —( ; o + 1 2 )= 1 1 . llomcraBum B aTO pa-
BEHCTBO KOOPAWHATELI TOUKU + . BeBoi wacTu mosyumnrces Hyab. Ecan
HU ,,HHU ;BHYJbHeobOpamairca, To = 0,asTo03HaUYaeT, YTO TOYKA

+ JIeKWT Ha NpAMOUM n. AHAJOTUYHO 3aKJIOUYaeM, UTO TOYKa  +
Jexut Ha n. Ecam ObI Obljia OOBIYHOII TOYKOI, TO MBI TOYHO TaK Ke
IMOJTyYWJIN OBI, UTO OHA JIEIKUT HA M.

2 . Ilycrs mpsamsle [; 1 m, He ABIAIOTCA BePTUKAIBHLIMHA. JloKaxKn-
Te, 4TO TOT/JA IPAMAS 71 BePTHKAJIbHA.

OueBugHO, YTO B O0IEM cilydyae M3 TOrO, UTO IpAMBIe [; U m, He
BEPTUKAJBHBI, HE CJENyeT, YTO mpAMasd, IPOXONAIIAA Yepe3 TOUYKU
+ wm + , BepruKajbHa. Il0PTOMY MHOTOYJIEH  KMEET CTEIeHb
HYJIb, T. €. ABJAAETCS KOHCTaHTON. Ho MHOTOUJIEH oOpaiiaercsa B HYJIb
B TOUKe + , CJIeZOoBaTEeJbHO, OH TOXKAECTBEHHO paBeH Hy 0. Takum
oGpasowm,

(x’ y)= 1(35,.1/) 2(x’y) (x’ y)+ 1(x’ y) Z(x’ y) (x,y),
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M TOYKa A , KOODAWHATHI KOTOPOI OMPENeasioTCs U3 CUCTeMBI ypaB-

HeHUH
{ (xa y) =0,
(x9 y) =0,
Jexxutr Ha KpuBo# (x,y) = 0.

Tem cambIiM, MBI JOKA3aJu aCCOIMATUBHOCTD CJIOKEHUSA TOUYEK IIPU
HEKOTOPBIX OOIIOJIHUTEJIbHBIX IIPEAIIOJIOMKEeHUAX: HHMKaKue TOUYKH Ha
puc. 10 He coBnmagaroT; npAMsIe [ 1 M, He IPO-
XOAAT Uuepe3 TOUKY + ; IpaMasd, IPOXOAaIasa
Jyepe3 TOUKH + U + , a Takske IpAMBIe g
U m; He BepTUKAIbHbI. KaK bl 13 OCTaBIINX-
cA caydaeB MOXKHO PacCMOTPETh OTJeJIbHO, HO

MOXKHO IIOCTYIUTh MHAUE: 3aMETHUM, YTO KOODP-

K/ auHaTel Touek( + )+ m +( + )3aBuCATOT

KOOPAWHATTOYEK , , HeTmpepBIBHO. MbI

mokaszanu,uro( + )+ = +( + )xaasBcex

JocTaTouyHO 001ux HabopoB TOUueK , , . Or-

Puc. 11 CIOZA II0 HeIIPEPBIBHOCTH IIOJIy4aeM, 4TO 3TO pa-

BEHCTBO BBITIOJIHEHO Beerga (pasymeercs, 4TO0bI

cIesaTh MOocjemHee PAcCysKeHre CTPOTHM, MbI JOJIPKHBI TOUHO OIIpeje-

JIUTH BCE UCIIOJb3yeMbIe B HEM MMOHATUSA: « HETIPEPBIBHOCTh» , «JOCTATOUHO
0011117€ HAabOPHI» , HO MBI IPUBEJH 3/1€Ch JIUIIIb UIeI0 TOKA3aTeIhCTBA).

y

Kak Bprumcauth Touky + = 2 ? Korga Touku OBLIN PA3INUHBI,
MBI IPOBOIVJIN YePe3 HUX MPAMYIO U T. . Pa3 OHU CAMJINCh, TOHATHO, UTO
HYJKHO IpoBecTHu KacareabHyio (puc. 11). A uro genarts, yrobbl HaiTu 3 ?
QOuensb npocTo, 6epém cymmy 2 u . ITogo6HO 3TOMY MOYKHO BBIUMCIUTH
4 =3 + ,5 =4 + wur.n.

28. IIycts = (x ,y ) — TouKa HA KpuBoii y2 = x + ax + b. Berun-
CINTE KOOPAUHATHI TOUKH 2 .

Hacrtano BpeMsi 06 SICHHUTB, UTO JeJATh B CUTYAIIUAX, MOKA3AHHBIX
Ha puc. 12, -2z (cMm. cHocku Ha cc. 20 u 21). B curyamuu 2, T. e. Korga
KacaHme MPOMCXOAUT B TOUKE Iepernda, Mbl CUNTAEM, UTO IpAMAas [ To-
JKe MMeeT TP TOYKH IIePEecedyeHnsi ¢ KPMBO, IIPOCTO 3TU TOUKM CJINJINCD.
B curyammuax ¢ «upocTeiM» Kacanuem ( , 8) TOUKA  yUYHTHIBAETCA JBA-
JKIbI, IIPY 5TOM B CUTYAIIUN 8 IIPsAMAas [ IPOXOANUT €I[é 1 uepe3 TOUKY .
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Tem caMbIM, JTI00ada MPsAMasi, MPOXOAAIIAS XOTs ObI uepes OAHY TOU-
Ky SJIIMOTHUYECKON KPUBOII, He PAaBHYIO , IIepeceKaeT KPHUBYIO B TPEX
Toukax. Cymma aTux Tpéx Touek Bcerga pasua 0 (mposepsnre ).

O .
N

a) ) 8) 2)
Puc. 12

C yuéToM 3THX 3aMeUYaHUil OIpe/ieJieHa CyMMa Ji 10 0 bI X JTBYX TOUEK
SJIIUTITUYECKOI KpuBoii. OCTaIoCh IPOBEPUTD, UTO U TEIePhb CHAOKEHUe
obJyiajaeT CBOMCTBAMMY a)—T) CIOXKeHUsd, cM. ¢. 20.

PYYEHUE U PAHT

IIycte — HeKOTOpad TOUKA Ha dJINNTHUYECKOM KpuBoil. Ilo mHeit
MOJKHO IIOCTPOUTH HOBbI€ TOUKH ..., -3 , —2 ,— , ,2 ,3 ,.. Ecim
TOYKA paI[MOHAJbHA, TO BCE 9TH TOUKHU TOXKE SBJISIOTCS PAIMOHATbHBI-
Mu. Bo3MOKHBI IBE « MOJIESIN IOBEIEHUA» TOUKU : JINOO BCe MOJIyUeHHbIEe
TOYKHU PA3JIMUHBI, JTU00 Cpeiu HUX eCTh COBIIafatoInue. B mocaemaem ciy-
yae mMyCTh, HAIpUMep, m =n , m > n. COrjacHO IPABUJIAM CJIOKEHUI
HeMeAJeHHO moydaem, uto (m —n) = 0, T. e. cylecTByeT HaTypaJIbHOE
4uCca0 1, Takoeudro ; =0.Ilycte — HauMeHbINEe TAKOE HATYPAJIbHOE
umcso. Yucao Ha3bIBAETCS NOP KO TOUKW ,a HA3bIBAETCA MO KOil
KD u (wnm mo Koii Ko 020 nop Ka). 3aMeTHM, UTO COTJIACHO
9TOMY ompefeneHuio Touka () ABIAeTCA TOUKON KpydueHUs mopanka 1.
B ciyuae mepBoO# «MOJe U MOBEAEHUS» TOBOPAT, UTO MOPAAOK TOUKU
paBeH 0ECKOHEUYHOCTH.

2 . Ilycrs — ToykKa mopaaka . JlokaxkuTe, UTO CpeAu TOUEK

ey, =3 ,—2 ,— ,0, ,2 ,3 ,..pOBHO Ppa3JIUUYHBIX.

30. TokaxkuTe, UTO CyMMa ABYX TOUEK KPYUEeHHS CHOBA SABJISIETCS

TOUYKOII KOHEUHOTO IIOPAIKA.

31. IIyctp — ToukKa mopsaxka . Yemy paBeH IOPANOK TOYKH 1L ,

rae n — IeJioe 4ucio?
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32. HaiiguTe BCce TOYKH MOPAAKA 2 HA DILIAITHYECKOH KPUBOH y2 =
= x +ax+b. B kakoMm ciydae sTH TOUKHU pamuoHanbubI? Haiigure
TOYKH IOPAAKA 2 HA 9JIIMIITUYECKUX KPUBLIX U3 3a7a4  — .

33. Haiigure BCce TOUKM MOPSALKA 3 HA SJIJIUNTAYECKUX KPUBBIX U3
3amauy — .

34 . KakuM reoMeTpuyecKUM CBOMCTBOM 0O0JIafAIOT TOUKU TOPSI-
Ka 3 suunTuueckou KpuBoi? Kakum MosKeT ObITH YMCJIO TOUEK TOPAL-
Ka 3 (me 006s13aTeIbHO PAIlMOHAJBbHBIX) Ha SJIJIUITUUECKON KPUBOI?

3ameuaTesabHO, UTO J100aA SJIUIITUUYECKAsI KPUBAs BCETJA COJEPIKUT
TOJIBKO KOHEUHOE UMCJIO PAIlMOHAJBHBIX TOUEK KpydueHUs (mompolyiiTe
9TO JOKAas3aTh — aBTOpPaM HEM3BECTHO IPOCToe peliieHme). BoJee Toro,
Kak qokasas Bappu Magyp, g umcjia palMOHAJBHBIX TOUEK KOHed-
HOTO IOPAAKA HA JJINNTAUYECKOH KPUBOM MMEIOTCHA JIWINE CJIEYIOIue
BO3MOKHOCTH: 1 10, =12naum = 16.

ITocmoTpuMm Teneps, Kak MOTyT ce0s BECTH IBE TOUKM U 0OeCKOHeY-
HOTO MOpAAKA. 3IeCh TOXKe BO3MOXKHBI IBE «MOJEJIV TIOBEIEHU» : JIN0O
BCe TOUKMU M +n , m, n , DasnuuHbI, JU00 HAWAYTCS COBIALAIO-
mue. B mepBoM ciyuae rOBOpPAT, UTO TOUKU U u o asu u ol
(a BO BTOPOM — 4TOOHM U i 0 A8U U bl). IDTO OLPeEAeJIeHre MOKHO
0000IINTE: CKAYKEM, UTO TOUKU 1, g, +e) JIMHENHO HEe3aBUCUMBI, €CJIN
BCE TOUKM M, {tMy ot+..tm (my, My, ...,m ) PasIuYHBI. 3aMme-
yaTesbHas Teopema Mopesia yTBepIKAAET, UTO AJIS J000 snaunruyec-
KOU KPUBOIL CYIIIECTBYET HEOTPUIIATEIHHOE I[eJI0e UNCIIO 11, TAKOE UTO JII0-
Oble nn + 1 panMOHAaJIBHBLIX TOUEK 9TOM KPUBOII JUHEIHO 3aBUCUMbBI. Han-
MeHbIIIee TAKOe YUCJIO 11 HABBIBAETCA PA 20 BILIUNTUYECKON KPUBO.

3 . OnaunruuecKas KpuBad MMeeT 0eCKOHEUHO MHOTO panmuoHaJIb-
HBIX TOUEK TOTJla U TOJILKO TOT/la, KOT/ia eé paHurn OoJsbIITe HYJA.

M . IIycrp — sanumnruueckas Kpupasi. Torma cy-
IIeCTBYeT Ha0Op PaIlMOHANBbHBIX TOUEK 1, g, .., , TAKOH UTO J100ad
palroHaJ bHAas TOUKA KPUBOH  IIPEACTAaBJIAETCA B BUIE

=a; 1tT..ta + .,

rge ay, ..., @ — IleJble YHUCJIA, ONHO3SHAYHO ONpeNeéHHbIe TOUKOR , a
— HEKOTOopad paluoHaJIbHAA TOUYKA KPYyYeHUs.

NuapivMu CJIOBaMH, BCe PAaIlTMOHAJIbHBIE TOUYKH Ha LN TUYECKOI Kpu-
BOM IIOJIYYaITCA N3 KOHEUYHOTI'O YMCJjia TAKNX TOYEK C IIOMOIIBIO IIPOBEgE-
HHuA CEKYIIMUX 1M KacaTeJIbHbIX.
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PaHr kpuBOii paBeH HAMMEHbIIEMY BO3MOKHOMY 3HAUEHUIO 7l U3
TeopeMbl MopaeJia.
ITocMOTPUM HA HAIIY IIPUMEPHI C TOUKY 3peHUA KPyUYeHnd U panral).
Kpupas y2 = x — 9x + 81 me umeer Kpyuenus (T. e. Touka 0 —
eIMHCTBEHHASA PAIMOHAJIbHASA TOUKA KPYUYeHU HA 3TOH KpuBoit). Eé paur
paBeH 2. B kauecTBe TOuek ¢, 4 U3 TeopeMbl Mopzeina MOKHO B3ATh
Touku (—3, 9) u (0, 9).
Kpusas y? = x — 36x uMeeT POBHO UeThIPe PAIMOHAILHEIE TOUKH
KpyueHusi: Touky 0 u emfé Tpu TOYKM BTOPOro mopsimka. Eé paur pasen 1,
U B KQUeCTBe ; MOJKHO B3ATb TOUKY (—2, 8).

Kpupas y2 = x —x+ 1 e umeer kpyuenusi. E€ paur paseH 1, B
KadecTBe ; MOJKHO B3ATH TOYKY (0, %)

Kpusas epma y? = x — 1 umeer POBHO TPU PAI[MOHAJIbHBIE

1
Touku Kpyuenusa: 0 u gBe TouKM mopagka 3, a eé paunr paseH 0. Pasy-

MeeTCs, 9TO yTBEPsKAeHue 9KBUBAJEHTHO BEJMKOH Teopeme epma AJjs
mokasaress 3.

Yro6bl IOKA3aTh UMUTATEJIO, HACKOJBKO TIYOOKO MBI IPOHUKJIV B
ne6pu TPYOHOM TEOPHM YMCesl, 3aMEeTHUM, UTO OTBETA HA CJIEYIOIUNA BO-
IIPOC YEJIOBEUYECTRO II¢ He 3HAET.

I . Mosker au paHr SJLIMNTUYECKONl KPUBOU OBITH
CKOJIb YTOJHO BEJINK?

Ceituac n3BecTHBI KpuBbie paura a0 24. O:Kujgaercs, 4TO OTBET II0JIO-

JKUTEJbHBIN,

EJIBIE TOYKHX HA JIJIMIITUYECKH KPHUBBI

Jake mpenmnoJiarasi M3BeCTHBIMHM Pe3yJIbTAThl MIPEABIAYIIIETO TTapa-
rpada, MBI BCE eIllé He MOJKEM CKasaTh, UTO PEIIWJIA Halllid MCXOJHBbIE
3agaum  — . B KaXKaoM m3 9THX CJIy4yaeB MBI HANLIM OECKOHEYHO MHO-
O PAIfMOHAJIbHBIX PEIIeHUH, HO B MCXOJAHBIX 3a/jauaX HaM HYKHBI ObLIU
meJble pemeHusa. Kak BpAeJUTH UX M3 0€CKOHEUYHOTO UMCJIA PAllyi-
OHANBbHBIX Touek? B Toit ke cTaThe, rae OblJa JOKa3aHa TeopeMa U3
mpenwigyIiero naparpada, Jiyuc H:xoam Mopaenn mokasas, uTo Jobas
QJIIUTITUYECKAA KPUBAS COAEPIKUT JUIh KOHEUHOE YHCJO IEJIBIX TOUEK.
OpHako ero TeopeMa He IOMOTAeT HAMW THU ITH TOUKHU.

1) M= AOJIXKHBI IPDU3HATH, UTO HAXO0X/JeHNe TOUeK KPYy4YeHHUA 1 BBIUNCJIEHNEe paHra OJid
HaIlnX KPDUBBIX — 3aJa4M TPyAHbIE 1 HEe3JIeMeHTapHBbIE.
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KpuBas y> + y = x — x u3 3ajlaul  pAacIIafiaeTcs HA JBA KYCKAa:
oBasn u 6eckoHeunyio ayry (puc. 13). Touxka ; = (0,0) nexxur Ha oBa-
se. Bce mesnbie penieHns MOKHO HaWTH, PEIINB

3ajmauy 36. Y

3 . a) Haiigure Bce Iiesible TOUKH, JierKa- / x
mue Ha oOBaJe.

0) Jlokaskure, YTO TOYKU N ; IIPU HEUET-
HBIX N JieKaT Ha OBaJjie, a IPU YETHBIX N —
Ha gyre.

B) IIpoBeppTe, UTO €CIM IIPOCTOE UKCJIIO P
IeJUT 3HAMEHATEeNN 00erMX KOOPAMHAT TOUKHU Puc. 13
n 1, TO p AEeJIUT 3HAMEHATEJHU KOOPJUHAT TOU-

Ku 2n ; (mpejmosiaraeTrcs, 4YTO BCE KOODJWHATHI IIPEICTABJIEHEI B BUE
HEeCOKPATUMBIX APOOei).

r) HaiiguTe Bce Imesble TOUKY HA KPUBO# y2 +y = x — X.

3 . Haiigure Bce menmble TOYKN HA KPUBOi y?> = x — 36x um pemmure
s3amaay

Kak BugHO, HAM OYEHB IIOMOTIJIO TO 0OCTOSATEIHLCTBO, UTO KPUBAS CO-
CTOUT U3 ABYX KYCKOB. [lis KpuBO#M m3 3amaum  3TO HEBepHO. Tem He
MeHee, 3[1eCh MOJKHO ITOKa3aTh, YTO BCE I[eJIble TOUKU KPUBOH MMEIOT BUJ
a ;+b 5,roe a, b 13, u3arem pemuTh 3374349y C HIOMOIIBIO KOHEUYHOTO
mepebdopa (ZOCTYIMHOTO KOMIBIOTEPY, HO HeAOCTYITHOTO aBTopam). OTBer:
IeJible TOYKHU UMeroT abcmuceel —5, —3, 0, 3, 7, 9, 24, 33, 39, 513, 1099,
5112. A orcioga moxkHO Ha¥TH U Bce napsl (m, n): (1, 1), (10, 5), (13, 6),
(645, 85). IlepBbIe TPU U3 HUX MOKHO O0OHADPYKUTD, IBITASACH PEIIINTD HA-
11y 3aJa4y IPOCTHIM ImepebopoM; OZHAKO JOOpAaThCs A0 UeTBEPTOI IIapbl
0e3 IIOMOIIM KOMIILIOTePa — BPSIJ JIX JOCTYIIHOE YeJIOBEKY BHIUMCIICHUE.
Emié 6osiee sameuaTeibHBIM IPIMEPOM TAKOI'0 POJIA ABJISIETCSA KPUBASA

2

y x +24. HeMHOro IIOPa3MBbINLISAB, MOXKHO IPUAYMATh «HEOOJIbIIINE»
peleHust

1= (_2, 4), 42 = (_2) + 24,

5 =(1,5), 52=1 + 24,

= (10, 32), 322 =10 + 24.
Ha nmepssrit B3rnaz, apyrux pemrernuii (c y > 0) mver. OgHako ects emié

yeTBEPTOE pemieHue = ;+2 4, = (8158, 736844).

3ameTum, 4TO = | — o W YTO PaHT 9TOH KpMBOI paBeH 2; GoJee
TOrO, JTI00as PAIlMOHANBHASA TOYKA KpHUBOIH y2 = x + 24 MoXeT OBITDH
IpejAcTaBieHA BBUAe =a ;+b ,,rneaunb— mesnie ynucia.
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O TP T b U A

BepHémca kK camoMy IepBOMY IpUMepPy B KHU:KKe. IlycTh pammo-
HajbHbIe uncaa X, Y, Z — AJUHBL CTOPOH IIPSIMOYTOJbHOTO TPEYTOJbHU-
ka. Hecmorpsa Ha TO, uTo (popmy.isl (3'—4') OblIM BbIBEAEHLI HAMHU AJIS
I[eJIbIX pelieHuil ypaBHeHua X2 +Y?2 = Z2, OHU TOAATCA U [JI4 BCEX PAIl-
OHAJILHBIX PEIlleHN, HaJI0 TOJBKO UMCJIY 7 PA3PEIIUTh IPUHUMATD JIIOObIe
panoHAJIbHbIE 3HAUEHUS,

HasoBém panmoHaibHOE YUCJIO KO 2P M bl , €CJAU CYIIeCTBYET
MPAMOYTOJBHBIN TPEYTOJbHUK MJIOMIAAM C PAllMOHAJbHBIMU JJIUHAMU
CTOPOH.

BosHuKaeT eCTeCTBEHHBIN BOIIPOC: KAK BBIACHUTD, SIBJIAETCS JIN HAH-
HOE YKCJIO KOHI'PYSHTHBIM? 3amaua OIMMCAHUSA BCeX KOHTPYSHTHBIX UM CEJT
IIPUBOJUT K IJIYOOKHM M COIEPIKATEJIbHBIM T€OPEMAM U F'MIIOTE3aM aJjire-
Opamueckoii reomerpun. MbI Kak ObI yKe 3HaeM OTBET, HO eIlé He yMeeM
ero MOJIHOCTHIO 000CHOBBIBATh. OAHAKO PO HEKOTOPHIE UKCJIA U3BECT-
HO (¥ IOKA3aHO), YTO OHM KOHTPYIHTHBIE, 4 PO HEKOTOPHIE, UTO OHHU HE
KOHTPYSHTHBIE.

Hampumep, MmJIOIIAAL €rHIETCKOTO TPEYrOJbHUKA (CO CTOPOHAMM
3, 4, b) paBHa

1 =
534 6,

Tak 4To 6 — KOHTPYIHTHOE YKUCJI0. UyTh CIOKHEe IOKAa3aTh, UTO YUCJIO
ABJSAETCS KOHIPYSHTHBIM. IIpoBephTe, UTO ILJIOLIAAb MPAMOYTOJIHLHOTO
TPEyroJbHUKA CO CTOPOHAMU 4 , 2 1 paBHa 5.

H 38 (Qitnep). Mokaykure, UTO YMCIO 7 TOXKE SABJISAETCSI KOHI'DYIHT-
HBIM.

3aMeTHUM Teleph, UTO eCJIM UACJI0 KOHTPYSHTHOE, TO M YUCI0 [2 KOH-
TPYSHTHOE IIPH JIOOOM PaIllMOHAJILHOM [, IIOCKOJBbKY TPEYTrOJbHUK ILJIO0-
mazau [2 mosyuaeTcsa M3 TPEYroJIbHUKA IIOMAAM yBeJIHMUYEeHHEeM BCeX
cropoH B [ pa3d. Tak kak % =mn #, B JaJbHEHNIIIeM HAaM AOCTATOYHO

paccmaTpuBarTh 1eJibie uncia. 1o Toii ske mpuunHe OyeM paccMaTpUBaTh
TOJILKO YMCJIa, CBOOOJHBIE OT KBaJPATOB.

. Hucio 1 He KOHTPYIHTHO.

HoxasdaTteabcTBo. JlomycTuM, 4TO 4ncao 1 KOHTPYSHTHO. ITO
03HAYAET, YTO CYII[ECTBYET IPAMOYTOJbHBII TPEYTOJbHUK C I[EJIBIMU AJIH-
HaMu CTOPOH @, b, x (X — HJWHA r'MIIOTEHY3HbI), ILJIOIA1b KOTOPOrO PaBHA
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%ab = yz, Y — IeJioe YuCcJio (ACHO, YTO MOYKHO BBIOPATh @ 1 b Tak, YTOOHI

TOJIKO OHO u3 HuX 06110 uéTHBIM). [Ipeobpasyem Beipaskenue x — 16y :
x — 16y = (x% — 4y?)(x? + 4y?) = (2% — 2ab)(x? + 2ab) =
= (a® +b? — 2ab)(a® + b® + 2ab) = (a — b)?*(a + b)?.

Urak, eciz 1 — KOHTPYSHTHOE YHCJO, TO ypaBHeHHme x — (2y) = 2

MMeeT PeIlleHre B IeJbIX IMOJOMKHUTEJIbHBIX YMCIaX (YHUCI0  HEYETHO).
Bribepem cpenu BceX HEHYJIEBBIX PEIIEHU C HEUETHBIM TaKoOe PellleHune
(x ,y , ), AIA KOTOPOTO MuUHUMaJbHO., Ymcna x , y u momnap-
HO B3aWMMHO TPOCTHI: ecjin Obl KaKue-HuOyIb 1Ba M3 HUX MMEJU OOIIUM
IIPOCTOM AEJUTENb P, TO U TPEThE YMCJIO JeJUJI0Ch Obl HA p (Mpuuém yuc-

JIO  Jenmioch ObI faske HA p2), a IJIA PeIIeHns <7, R —2> 3HAUEeHHe
D

MeHbIIIe.
IIpumensia dopmynsl (4) K paBeHCTBY X = (2y ) + 2, momyuaem
x2 = m?+n2, 2y )? = 2mn (B HameM cayuae uncaa x2, (2y )® u
HOIIAPHO B3AMMHO IpocThl 1 (2y )2 4éTHO), TJie M U 1 — B3aWMHO IIPOCTHIE
Ymcsia, O4HO U3 KOTOphIX (0ygeM cuuraTh, 4TO 1) 4éTHO. U3 paBeHCTBa

(2y )? = 2mn cnenyer, uto m = m2, n = 2n?. s pasencrsa x% = m? + n?

cienyer, uTo x = m3 +n3, n = 2myn, = 2n3, m = m3 — n3 = m%, rae my
U ny, — TaK’Ke B3AUMHO IPOCTBIE YKCJIA, OSHO U3 KOTOPBIX YETHO, IPUIEM

W3 TIOCJIEZIHETO PABEHCTBA ACHO, UTO N, 4éTHO. Ilomyuaem: my, = m2, ny, =
. n

=n?um —n = mj W rak Kak n uéTHO, (m , §,m1> — pelleHHe

ypaBHeH:Ha X — (2y) = 2 B IeJBIX YMCIAX CO 3HAUEHHEM  MEHBIIUM

yeM

=m?2-—n? 2m-1=2m?-1 u m, T+1<

npu > 1. Cnyuaii = 1 TpuBHAaJeH.
Teopema goxasaHa.
IIpumenEHHBIN METO JOKa3aTeJlhCTBA HA3BIBAETCA MO O KO
020 N K@ Y TIOMOTAEeT PeIlUTh MHOTHE 3aJaU TeOPUU YKCEJ.
3 (BenmKasa TeopeMa epMa IJid IIOKAa3aTessd UeThipe). ¥ paBHEHUEe
H X +y = He HUMeeT PEIIeHUN B IEJBIX ITOJOKUTEILHBIX YNCIAX.

OHI'PY HTHBIE YHCJA 1 JJUIITUYECKUE KPUBBIE

3amMeuaTesbHO, YTO 3a/laUa O KOHIPYSHTHBIX UMCJIAaX SKBUBAJEHTHA
BOIIPOCY O PaHTe HEKOTOPBIX JIMITUYECKUX KpuBbIX. IIlycTh — KOH-
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IPYSHTHOE YWCJIO, T. €. — ILIOLALH IPAMOYIOJIBHOTO TPEYrOJIbHUKA C
paIlMOHAIBHBIMU KaTeTaMu a U b U TUIIOTeHy30i , ¢2 = a? + b2, = %ab

(cumraem [EJBIM YKUCJIOM, CBOOOAHBIM OT KBaaparos). ComocraBum yu-
CJy SJJIUNTUYECKYIO KDUBYIO , 3aIaHHYIO yPaBHEHUEM

Y=x — %x=(x— )x(x+ ).

= (5 -2) () (5 +2) -
-es (5 s (GIGT)

Taxkum obpazom,

y
2
— — (4 — (4 +
= x = _ —_— _ [ —
=5+ § +)
— panuoHaJbHAA TOYKA.
Takoxe Ha KpUBOI JIeKAT TOUKH ;| = ;A -
=(-,0), 5,=1(0,0), =( ,0). 9Ttu Tpu TOU-
KU CyTh TOYKHU MOPSAJKA 2, TaK KaK KacaTejb-
HbI€ K RpI/IBOfI B 9TUX TOYKaX BEPTUKAJIbHBI
(puc. 14).
OxkasbIBaeTCs, BEPHA CJaeayIoIas Puc. 14
. Ha xpwusoit WMeeTCsI POBHO UYeThIpe palMoHAJIbHBIE
TOYKU KOHEUHOTO MOopsaAKa: Touka 0 u Tpu TOUuKu nmopsagka 2.

Jra TeopeMa BechMa CIOKHA. B eé mokasaTesibCTBe, IPUBEAEHHOM
B NPUJOKeHun 1, MBI HUCIOJb3yeM apu(GMeTHKy OCTATKOB II0 MOZYJIIO
P ¥ BaXXHYIO TeopeMy upuxje o0 IMPOCTHIX YUCJIAX B apudMeTHUECKOMn
IIpOTpeccuu, KOTOPYIO MEI He JOKAa3bIBaeM.

3amMeTuM, UTO KpUBas COBIIQJIaeT C KPUBOM W3 3afaum . Tak 4To
320/THO MbI BBIUMCJINJIN KPyUYeHUe U HA 9TOA KPUBOM.

W3 Tteopemsl I cienyer, uTo HalileHHaA HAMU TOYKA WMeeT 6ecKo-
HEYHBIN TTOPSAA0K. Bojiee Toro, BepHa

. Unuciao KOHIPYSHTHO TOTAA M TOJBKO TOTZAa, KOrma Ha
KPUBOM  MMeeTCs palMoOHaJIbHAS TOUKa 0€CKOHEeUHOr0 IIOPAAKA.
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JoraszaTenbcTBO. MBI yoKe 3BHAEM, UTO €CIM KOHI'DYIHTHO, TO
KpuBas COZEPIKUT PAIMOHAJIBHYIO TOUKY  OECKOHEUHOTO MOPSIAKA.
OpHAKO 5Ta TOUKA BEChMAa CHeIMaIbHA: €€ KOOpAMHATA X ABJIAETCA KBa-
JpaToM pamuoOHAJILHOTO uncaa. Tak uTo [Jis JoKasaTesbcTBa TeopeMsl 11
MBI JOJI’)KHBI HAYUUTCA IO MPOM3BOJHhHON TOYKe OECKOHEUHOTO IO~
PAIKA CTPOUTH MPAMOYTOJNbHBIN TPEYTOJbLHUK C IToIanabio . CHauasga
OymeM IeHCcTBOBATL «B OOPATHYIO CTOPOHY»: IMOCTPOUM IIO IMPAMOYTOJb-
HOMY TPEYTOJbHUKY C KaTeTaMu @, b, TUTIOTEHY30H ¢ U MJIOIIAAbI0  erné

OIHY TOUKY Ha KpuBoil . Kak MBI mokasayu paHee, CyIeCTByeT PAI[i0-
HAJbHOE YKCJIO , TAKOE 4TO

_=_2 _=1-

c 1+ % c 1+ 2
Tak xak = 5

1— 2
R A
CiegoBaTenbHO,
2 1+ 2 \2 2
(——)= a-3= (- x+)
21+ 2 .

¥ pamoOHAJLHAS TOUYKA = (f , f) JeKuT Ha KpuBoii . Ilo

Teopeme I aTa Touka nmMeeT OECKOHEUHBIN MOPAIOK, TaK KaK eé opamnHaTa
He PaBHA HYJIO.

Hao6opot, mycts = (x,y) — panuoOHAIbHAA TOUYKA 6ECKOHEYHOTO
nopanka. Torgma y # 0 (uHaue — omHA M3 TOUEK IOpPAAKA 2), OTKyZAa
x#0, x#+ . Ilonoxkum

21+ 2 9
=——, c=|———|, a= , b= .
1+ 2 ’1 + 2 ’

40. TTocTpoeHHBIE UMCIIA a, b, c nonomnfrenbnm, panMOHANIBHBI 1
VIOBJIETBOPAIOT ypaBHeHUAM a’ + b? = ¢2, ab =

Teopema Il gokasana.

WMHTEpecHO BHIACHUTD, KaK CBsA3aHbl TOUKU u . OTBer gaér ciaeny-
I0IIasa 3a1a4a.

|| 41. Doramure, atro 2 =— .,

3ameTum, uTo U3 TeopeMsl Il 1 TeopemMbl epma, JOKA3aHHOM B IIpe-
JeiayiieM naparpade, cienyer, 4TO paHT KPUBOK ¢ (3aJaHHOI ypaBHe-
HueM y2 = x — x) paBes 0.
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OHI'PY HTHBIE YHCJIA OTBET

3asaua 0 KOHT'PYSHTHBIX YKCJIaX ObljIa U3BECTHA €Ilé APEeBHUM I'pe-
KaM, OTHAKO OTBET Ha Heé yJajioch c(hopMyJUPOBATH JIUIIh B XX BEKeE.
A mMeHHO, TPpUMEPHO ABAAIATEL JeT Hasald ObLI HaWeH YAUBUTEIbHBIH
KpUTEpHUil IJisd BBIACHEHUWS BOIPOCA O KOHI'PYIHTHOCTH ITPOU3BOJILHOTO
qucaa.

HeuérHoe HaTypajsbHOE UHCJIO 11, CBOOOIHOE
OT KBaZpaToB, KOHIPYSHTHO TOT/A U TOJBHKO TOr[a, KOrZa KOJUYECTBO
pelleHuil B eJIbIX YNCIaX YPaBHEHUA

n=2x2+y>+32 2
PaBHO IOJIOBHHE KOJNYECTBA PEIIeHN B IIeJIbIX YNCIaX YPABHEHU
n=2x%+y?+8 2,

YeéTHoe HaTypaJbHOE YHCJO 17, CBOOOIHOE OT KBaJPpaTOB, KOHI'DYIHT-
HO TOTJia U TOJIBKO TOT/Ia, KOrJa KOJINYECTBO PEIIEHUH B IEJIbIX YUCIaX
yPaBHEHU:A

%=4x2+y2+32 2
PaBHO MOJIOBHHE KOJNYECTBA PEIIeHN B I[eJIbIX YNCIAX YPABHEHUA

%=4x2+y2+8 2,

3amMeTuM, UTO AJIA 3aJaHHOTO N UMCJIO PEIIeHUWH KaXKIOTO M3 dTUX
YPaBHEHHI HaXOJUTCS OUEHb IIPOCTO, HAIIPpUMepP I1epedopoMm.

PaccmoTpuMm HeckoJbKO mpumepoB. Ilpm n = 1 o6Ga cooTBeTCTBY-
OIUX ypaBHeHUA mmeroT 1o aea pemenus (0, +1,0). CiemoaresnbHO,
uncyo 1 He ABasgeTcss KOHrpysHTHBIM. IIpu n = 2 06a cOOTBETCTBYIOIINX
YpaBHEHUS TOYKEe MMEIOT II0 IBA PeIlleHuA, 3HAUUT, 1 YUCJI0 2 He ABIAET-
csA KOHrpysHTHBIM. Umcyao n = 34 Benér cebsa mo-Apyromy. Y paBHEHUE
17 = 4x? + y? + 32 ? umeer uernIpe pemenus (+2, +1,0), a ypaBEeHHE
17 = 4x% + y2 + 8 2 — Bocems pemenuii (0, +3, +1) u (+2, +1, 0). B sTom
cayuae kpurepuii TanHe 1a yTBEPKIACT, UTO IPAMOYTOJIbHBIN TPEYT0JIb-
HUK ¢ IIomaabio 34 cymecrsyer. W 3TO MeliCTBUTENIBHO BEPHO: AJIUHBI

CTOPOH OJTHOTO U3 TAKUX TPEYTOJbHUKOB PABHBI 11—, 17 u—.

K coxxanenuio, kpurepuit TanHe1a He JOoKa3aH mosHOCThIO. Cero-
IHSI MBI 3HAEM JIMIIb, UTO €CJIN YHCJO N KOHTPDYSHTHO, TO BBIIOJHEHBI
COOTBETCTBYIOIIME YTBEP:KICHUA O KoJamuecTBax pemneHuii. O6paTHOe
yTBeps;KJeHle BhITeKaeT 13 HeKOTOPOU 00Ieil TuioTe3bl 00 3JLIAITHYE-
CKUX KPHUBBIX — rumore3sl Bépua m CBumHeptoH-Ilaiiepa. 9Tra rumo-
Te3a CBASBIBAET PAHT SJIJIHUIITHYECKON KPUBOM C KOJHMYECTBOM €€ TOUeK
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IO MOZYJIIO P IJIs BCEBO3MOJKHBIX IIPOCTHIX umces p. (Buiunciaenusa moka-
3prBaioT, uto eciu n - 10000 u ymoBieTBopsieT kpuTepuio TanHesna, To
OHO ¥ BUPAaBAY KOHTIPYSHTHO.) UTOOBI OIEHUTH CUJIYy TUIOTE3bI Bépua n
Csunepron-Iaiiepa (u caenyioneii 13 Heé HeLOKA3aHHON YaCTH KPUTEPUA
TauHeJ11a), PACCMOTPUM IPUMED.

|| 42. IIposepsTe, uto uncao 157 ynosaersopaer kpurepuio Tanuesa.

HWrak, Mbl MOKEM IIpeAIIoaraTh, 4To YMCJI0 157 KOHTPYSHTHO. OTO
IefiCTBUTENHHO TAK, OAHAKO AJIMHA TUIIOTEHY3bI CAMOTO IIPOCTOTO IIPSIMO-
YTOJIBHOTO TPEYTOJbHUKA C TAKOH MJIOIAIbI0 BEIPAYKAETCs IPOOBIO C COPO-
KAaBOCHMU3HAYHBIM UHUCIUTEIEM
(puc. 15)

43. JTokakuTe, 4TO BCE CBO-
0omHBIE OT KBaJpaTOB HATY-
paJIbHBIE YKCJIa, JAIOIIIe OCTA-
TKH 5, 6 miau 7 npu gejaeHuun
Ha 8, yIOBJIETBOPSIOT KPHUTe-
puio Tanuemna.

22 2 2
Hanporus, mokasaHo, dYTO 2 22 2 2

IIpOCThIe UMCJIa, AAIOIKe OCTAa- Puc. 15

TOK 3 IpH JejleHnH Ha 8, He

YIOBJIETBOPAIOT KpuTepuio TaHHeIa 1, CIeN0BATEILHO, KOHIPYIHTHEI-
Mu OBITH HE MOTYT.

44 . Paas6eiite uncia ot 1 7o 100 HA He yAOBIETOPAIOIIE KPAUTEPHUIO
Tauuesna (1, CliegOBATEIbHO, HE KOHI'PDYSHTHEIE) U YIOBJIETBOPSIOIINE
(T. e. TUMIOTETUYECKN KOHTPYSHTHBIE). J[lJId MOCIegHUX MOmpoOyHTe
HAWTU COOTBETCTBYIOIINE TPEYTOIbHUKH.

PUJO EHHUE 1. OKASATEJBCTBO TEOPEMBI

omycTuM, 4TO HA KPUBOM  HMMEIOTCA APYTHe PAlMOHAIbHBIE TOUKHT
KOHEUYHOro nmopanka, kpome 0, 4, 5, .

4 . Boaromcayuae Ha  HaHAETCsS AnOO PAIMOHAJLHAS TOUKA HEUET-
HOTO IIPOCTOTO MOPAJKA ', INO0 parmoHaJbHAA TOUKA MopAgKa 4.

4 . Touku mopanka 3 u 4 Ha KPUBBIX VMEIOT UppaluoHaJIbHbIe
KOODAMHATHI,

Wrak, MBI MOXKeM IPeJII0JaraTb, YTO Ha KPUBOK HNMeeTCsa TOYKa
HEUYETHOrO IIPOCTOTO MOPAAKA I # 3.
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Bribepem Temeph IIPOCTOE YMCIO P, TAKOE YTO 3HAMEHATEJIH KOOpP-
OIWHAT TOYKH ¥ YKWCJO He AeJNATCA Ha p. PaccMoTpuM KOHEUHOe

mHOMKecTBO  (p) map (x,Yy) OCTAaTKOB NpM [OEJ€HUM HA P, TAKUX UTO

2x pemurca Ha p. Job6aBuM K MHOMKecTBY (p) Touky O m

y?—x +
obosuauum (p) = - (p) O . Pemaromee Haba0AeHIe COCTOUT B TOM,
4YTO HA MHOKeCcTBe (p) TOXKe MMeeTcs onepaius caokeHud. [leno B Tom,
YTO OMEpAI[UsA CIOKEHUs PAIMOHAJIBHBIX TOUEK HA KPUBOU  3amaércs
HEKOTOPhIMU asrebpandecKuMu (GOPMYJIaMu, BBIPAMKAIOIINMYU KOODAU-
HaThI CYMMBI TOUEK Uepe3 KOODAWHATHI caaraemMbix. MbI aTu ()OPMYJIBI
He BBIMMCHIBAJIN, OHU JOBOJIBHO CJIOJKHBI; [IJI HAC ceiiuac BayKHO JIWIIb
TO, 4TO 3TU (POPMYJIBI CYIIECTBYIOT. OTHU Ke cambie ()OpPMYyJIbI UMEIOT
CMBICJ M IJIA apu(pMeTuKu OCTaTKOB IO MOAYJIIO P: B aToi apudmeTuKe
MBI TOKE yMeeM CKJIa[bIBATh, BBIUUTATH, YMHOXKATH U AeauTh CBoiicTBa
CJIOXKEHUSI — KOMMYTATUBHOCTH, ACCOI[MATUBHOCTH — CBOAATCS K He-
KOTOPBIM aare0panyecKuM TOXKJECTBAM U MOITOMY COXPAHSIIOTCS W I
CJIIOJKEHUs «TO4YeK II0 MOAyJo p». MTak, HAa MHOKecTBe (p) mmeercs
CJIOJKeHUe, KOTopoe o0JiaziaeT BCeMH CBOMICTBAMU OOBIYHOTO CJIOYKEHMA.
OTHOCHUTEJNILHO 3TOTO CJIOKEHUs BCE 9JI€MEHTHI  (p) ABJISIOTCS TOYKAMU
KPyYeHUs, TaK KaK caMO MHOKeCTBO (p) KOHeUHO. 3aMeTuM, UTO
9Ta KOHCTPYKIIUA He paboTaeTr B ciyuyae, KOTrjJa [IeJUTCA HA P, IO TOH
JKe IpUUYMHE, IO KOTOPOH HET CJIOYKEHUs Ha 0COOBIX KPUBBIX TPEThEN
creneHu: meraer «ocobas Trouka» (0, 0).

PaCCMOTpI/IM TOYKY «II0 MOHyJIIOp»: 3aMEeHVM YUCJINTEeJIN 1 3HaAMe-
HaTeJIu eé KOOPAWHAT UX OCTATKAMU 110 MOJYJIIO P M BHIMIOJHUM JeieHne
B apu(dMeTHKe OCTATKOB II0 MOAYJIO p. IlolyunM sjieMeHT MHOMKecTBa

(p). Bamerum, uto r = 0. ]leiicTBuTensHO, TOT daKT, uto r = 0
HA KPUBOM , BhIPAYKAETCA HEKOTOPHIM are0fpandyecKuM TOXKIECTBOM,
CBS3BIBAIOIIMM KOOPAWMHATHEL TOuKM . OuUeBHUAHO, TO JKe camoe TOXKie-
CTBO YZOBJIETBOPAETCSA IO MOAYJIIO P M KOOPAUHATAME TOUKK . A B CIITY
HAIIIeTo ONPe/ieIeHUsT CI0KEHUs HA MHOYKecTBe  (p) 3TO 1 03HAYAELT, UTO

r =0.
|l 4 . Hopamox roukn pasex r.

WTak, MBI IIOCTPOMJIN MHOKECTBO (p) ¢ omepamueii ciokenusal) u
MPUHAJIEeKAIYIO eMy TOuKy mopsgka r. Ciemyioiee BaykHOe HaGI0e-
HUE COCTOUT B TOM, UTO KOJIUUECTBO 9JIEMEHTOB MHOKeCTBa  (p) menurcs

1) MuoxectBo () ¢ omepamueil CIOKeHUA ABIASTCA MPUMEDPOM KOHEYHO G eNe60
P .A ene6o p 0 Ha3BIBAETCS MHOKECTBO C OIlepALuel CI0KEeHUs, YAOBIETBODS-
IOIeil CBOMCTBAM CJIOMKEHuUs a)-T), cM. c. 20.
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Ha r. JleficTBUTENHLHO, PA300LEM MHOKECTBO (p) Ha KJacchl S9KBHUBA-
JIEHTHOCTH CJIeLYIOIUM 00pasoM: CKasKeM, YTO TOYKH 1, o (p)
9KBUBAJIEHTHBI, €CJIU | — o =M JAJA HEKOTOPOrO IeJIOr0 Yuca m.

48. IIpoBepbTe, UTO €CJU | DKBHUBAJEHTHA o, & o 9KBUBaJIeHTHA

, TO | ODKBUBQJICHTHA H 5 9KBHUBAJEHTHA ;.

4 . Kaxaslil Kjiacc 9KBUBAJIEHTHOCTH COLEPIKUT POBHO 7" 3JIEMEHTOB

().

Ecim ¢ — KoJIM4ecTBO KJACCOB 3KBUBAJIEHTHOCTH, TO KOJAYECTBO
3JIEMEHTOB  (p) PABHO ¢r W, B YACTHOCTH, AeJUTCA HA r. UTOOBI IpUATH
K IPOTUBOPEUHUIO, JKEJIATEeJIbHO HAYUNTHCA BHIUMCIISTD YKMCJIO 3JIEMEHTOB

(p). OxasbIBaercs, OJs «IPUMEPHO TOJIOBUHBI» MPOCTHIX YUMCEJ 9TO
JIETKO C/1eJIaTh.

0 . Ilycrs p maér ocrarok 3 mpu menennu Ha 4. Torga KoamuecTBo
anemeHTOB B (p) paBHO p + 1.

Hrak, MBI MOKa3aJIu, YTO YMCJIO I JOJIIKHO AeJINTh Bce unucaa p+1, rae
p — upoctoe uuciio Buga 4 +3, He fessdlnee U 3HaMeHaTeJIed KOOPAUHAT
TOYKHU p. IATO ysKe MaJi0O MPaBAOIOA00HO, TaK KaK MMeeTcsa OECKOHEYHO
MHOTO IIPOCTBIX umces Buga 4 + 3 u Ob110 Obl YAUBUTEIBHO, €CJIH ObI
BCE DTH YMCJIa, KPOMe KOHEUHOTO YKCJIa, II0CJe IpubasiaeHnsa 1 Jeaninch
Ha OJHO ¥ TO 2Ke mpocToe uncao. OZHAKO AJIA TOTO0, YTOOBI JATh CTPOTOe
JOKAa3aTeJIbCTBO HEBO3MOYKHOCTH TAKOTO SIBJICHUS, HYKHO MCII0JIb30BATH
3aMeuaTebHyIo Teopemy JIupux.e.

. Kasxpaa apudmernueckass mporpeccus ¢ IeJIbl-
MU B3aMMHO IPOCTHIMU HAYAIbHBIM YJI€HOM ¥ PA3HOCTBIO COIEPIKUT Oec-
KOHEYHO MHOT'O IIPOCTBIX YHCEeJI.

1. Jlokaxure, YTO CYIIECTBYIOT 6ECKOHEUHO MHOTO ITPOCTHIX UNCEJT
Bugaa) 4 +3, 6)6 +5, B) 4 +1, r) 6 +1.
B uacTHOCTH, TTOCKOJBKY ' # 3, UMeeTcsi OECKOHEeUHOe UYKCJIO IPOo-
CTHIX umces Buga p = 4r +3, — menoe uuciao. Hop +1 = 4r +4,
OUEeBMIHO, HE JEJUTCS Ha . ITO MPOTUBOPEUNe JoKasbiBaeT Teopemy 1.

PHUJO EHHE 2.
BEJIMKASA TEOPEMA EPMA M IIPOBJIEMA  JIEPA

B mHauaje 9TOM KHMIKKHW MBI OIIVICAJIM BCE€ HATyPAJbHBIE DEIIEeHUS
ypaBHeHud X2+Y?2 = Z2, Dry 3azauy pelliiIy elé MaTeMaTUKH IJIy60Koi
npeBHocTtu. B XVII Beke IInep epma npeairoio:Kuj, 4TO y YPaAaBHEHUA

X +Y =27
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npu n 3 HaTypaJbHBIX pelnenuil Her!). Bosee Toro, eMy Kasajoch,
YTO OH YMEEeT 3TO JOKA3bIBaTh. B TeueHue Gojiee ueM TPEX BEKOB MHOI'HE
yUEHBIE IBITAJINCH JOKA3aTh 3TO YyTBEPIKJeHEe, HA3hbIBAeMOe BeJINKOI T€0-
pemoii epma. ITU MOTMBITKU OKA3aJINCh NCKJIIOUUTEIHHO TIJI0OTBOPHBI-
Mu, 61arogaps UM BO3HUKJIA O0JIBITIAs YACTh COBPEMEHHOI TEOPU Y UHMCeJl.
Ho Teopema epma mpojosskajia nepskaTh 060poHy. KpemocTs masna mon
IPYKHBIMHU yAapaMu MHOTHX 3aMeuaTeJbHbIX MaTeMaTHKOB BCETO MUPA.
CoBceM HeJTaBHO BeJIMKadA TeopeMa epMa ObLIa OKOHUATEJIhHO JOKasaHa
Iuapio Yaitncom. J[0Ka3aTeabCTBO MCIIOJb3YyET OUEHb-OUEeHb I'TYOOKYIO
TEOPHUIO TeX JKe BJLINITUYECKNX KPUBBIX.

Haunnaercsa oo npuMepHO Tak: nycthb A + B = C ; mocTpouM 5.J-
JIMITUYECKYIO KPUBYIO

v?»=x +(AB —AC —-BC)x+ABC.

Jajee nayuaioTca CBOMCTBA 9TOM KPUBOIl, 1 OHU OKA3BIBAIOTCA CTOJIB I10-
Pa3uTEeTbHBIMH, YTO TAKUX KPUBBIX HE CYII[€CTBYET.

Benukwuit marematuk XVIII Beka JleoHapa Odijiep mepBbIM J10Ka3a
OTCYTCTBHME HATYyDPaJbHBIX perreHuil y ypasuenuss X +Y = Z (3aga-
ya 0 Tpéx Kybax) W MPeamoJIOKUII, UTo ypaBHenus X +Y +7Z = |
X +Y +Z + = U T. I. TaK)Ke He UMeIOT HATyPAJbHBIX PEeIIeHun
(3amaum 0 YeTHIPEX UETBEPTHIX CTEEHAX, MATH MATHIX CTEIIEHAX U T. 1.).
9ra mpobJyiemMa CTONKO IPOTUBOCTOSJA YCUINAM MaTeMaTUKOB BILJIOThH [0
MMOABJIEHNUS BHIUKUCJUTEJIbHBIX MalIuH. Ha 3ape KOMIIbIOTEPHOM TeXHUKK
OBLII HaMIeH KOHTPIIPUMED [JIs IISIThIX CTEIeHeH:

27 +84 +110 +133 =144 .

3azaua 0 4eTBEPTHIX CTENEHIX OKasajach MHOTO TpyaHee. IloOema ObI-
JIa OJlePsKaHAa C MOMOIIBI0 YMEeJIO KOMOMHAIIMN METOIOB TEOPHUHU PAILHO-
HAJIILHBIX ¥ 3JUINITUYECKNX KPUBBIX C KOMIILIOTEPHBIMY BEIUMCICHUSIMUA.
Hoywm 9ikuc HaAIIé1 KOHTPIPUMED

2682440 +15365639 +18796760 =20615673 .

Bcekope Ha 6oJiee MOIITHBIX KOMIIBIOTEPAX OBLI HAWEH APYTroi, MeHbIIINHA
KOHTpPIIpUMED:

95800 +217519 +414560 =422481 .

1) Teopema @epma s moxasaress 3 6bLa cHOPMYIHNPOBAHA €1 apaGCKIM MATeMaTH-
KOM alb- yI:xauHAu B X Beke, BeKoM moaxe Omap afisiM oTMeuas, 4TO JOKa3aTh e He
yAa Tcs.
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Hpesa coCTOUT B TOM, YTOOBI 10 PACCMOTPEHUA IIOBEPXHOCTH  C yPaB-
HeHuWeM X +y + = 1 paccMmoTpeTs Gojee IPOCTYIO IIOBEPXHOCTL ':
x +y + 2=1. EcimHa uMeerca palloOHAJIbLHAA TOUKA (X,Y, ), TO HA

" ecTh panoHaIbHAA TOUKA (X, Y, ), rme = 2. IloBepxHocTp 'ynaérca
MIPEACTABUTH B BUjie 00 €JMHEeHUA PAMOHAIbHBIX KPUBBIX, T. €. ILIOCKUX
KPHUBBIX BTOPOTO HOpaAKa. [lejaeTcsa 9TO TaK: paCCMOTPUM IIOBEPXHOCTD

", BalaHHYI0 ypaBHEHNEM

(2+2)2=—32-8 +6) 2—-2(2-2) —2

IIpy PuKCMPOBAHHOM IIOJYyYAETCA PAIMOHANBHAA KpuBaa . 3amMeHa
x= + ,y= — , = (P+xy+yi+x+y)+1-—(x+y)? nepe-
BOJUT IIOBEPXHOCTL ' B moBepxHocTh . Teopema Jlesxamgpa (B cierka

M3MEeHEHHOM BU/le OHA BepHA U AJId 1100011 Heoco00#l pariuoHaJIbHON KpU-
BOIl BTOPOTO MOPSAAKA) JaéT HAM HEOOXOJMMOe W JOCTATOUHOE YCJIOBUE
CYIIECTBOBAHUS PAIlMOHAJIBHON TOUKM HA Kpueoit . BossMém Temephnh
kpusyio C', IMeIOIIYIO PaliOHAIbHYI0 TOuKy. [Ipoo6pas C kpusoii C' Ha
MOBEPXHOCTH  OKA3bIBAETCA IJIIUNTHUUECKON KpuBoii. Ha He#t m Hamo
nckath Touku. IIpoBepsem paspelinmMocTh ypaBHeHus: KpuBoi C B ocTaT-
Kax IIpU leJIeHNU HA He0OJIbIIIre IPOCThIe Yncia. Y TOIbKO eciiu 1Jid Bcex
TAKUX IPOCTHIX YWCEJ PEIeHUsA eCTh, UIEM PAllMOHAJIbHOE PellleHrne Ha
KOMIIbIOTEpE, JTO 3HAUUTEJIHHO YMEHbIIIaeT mepedop.

WHTeEpecHO, UTO HA CAMOM JeJie PAallOHAJIbHBIX DEIIeHNH ypaBHEHUA
x +y + = 1o4YeHb MHOTO: CKOJIb YI'OJHO GJIMBKO K JII000MY BEIIleCTBEH-
HOMY PELIeHUIO UMeeTCA KaKoe-TO PaImruoHaIbHOe.

PHUJO EHUE 3. U ATOPOB KHPIINY

3amauy o mudaropoBbIX TPEYTOJHLHUKAX MOKHO cHOPMYJIUPOBATH
yyTh uHaUe. Ha30BEM MPAMOYTOJbHUK NU@azopossv. , €Clu AJUHBI €T0
cropon X u Y, a Tak:Ke AJIMHA €T0 I1-
aroHasim Z — meJsble unciaa (puc. 16).
B Takoit popmyupoBKe 3aaua
HMeeT eCcTeCTBeHHOoe O00o0IeHue.

Puc. 16 Puc. 17

38



Haszosém nugazoposvr. Kupnu 0 TpAMOYTOJBHBIA IapasjeJieunes,
Takoi uto ero péopa X, Y, Z, amaromanau rpaHeir , , U TJIaBHAS
AuMaroHajab — mesabie unciaa (puc. 17). Ecin  He 06sA3aTenbHO 1IeJI0€,
CKa’Kkem, 4To0 9T0 ¢1abo nudaropor Kupmud.

Bor npumep ciabo nmugaropora kupnuua: X =44,Y =117, Z = 240,
IIpu 3TOM moJsyuyaercsa = 125, = 244, = 267.

CymectByer au xoTa O0b1 oguH nudaropo kupnuu? Kak ommcars
Bce ciabo mudaropoBsl Kupnuun? OTBeTHl YeJIOBEUECTBY HE M3BECTHBHI.

2. ChopmyaupyiitTe aTu 3ajayu Ha A3bIKe ypaBHenuii. Kakoi reo-
MeTpUUYEeCKHi 06 eKT COOTBETCTBYET 9TUM YPABHEHUSAM ?

3. OmnuinuTe Bce mapajieaenumnesl ¢ measiMu X, Y, Zu .

4 (9iinep). IIpoBepbTe, UTO AJIA JIOOOTO HATYPAJBHOTO I 2 KHp-
muu co croponamu X = n — 15n +15n2—-1,Y = 6n — 20n + 6n,
Z =8n — 8n cnabo nudaropos.

PHUJO EHHUE 4.
AK HO AHTPE AJI APH METHYECKHE 3ATAYH

MpbI IpUBBIKJIN PeIIaTh 3aJauy, UCIOJIb3ysd YPABHEHUSA, B KOTOPBIX
epeMeHHbIe 0003HAUYEHBI OyKBaMu, a apu(MeTnUeCcKe Onepanuy — 3Ha-
kamu. Hamo, oqHaKO, IOMHUTH, YTO COBPEMEHHbIE 0003HAYEHU S ITOABU-
Juch He TaK naBHO, B XVI-XVII Berkax. [[peBHUE K€ MaTEMATUKY UCIIOJIb-
30BaJIN TOJBKO cJI0Ba. BoT kak [[modaHT onmchIBaeT peleHne YypaBHeH U
x +ax? = y? (B IpaBOii KOJOHKE CKA3aHO TO e CAMOe C NCIIOJb30BAHIEM
yuces u 6YKB):

«Ha#iTu KyOmuecKkoe 4mciio, Takoe uTo, ecau K Haiitu (1iesnie) pe-
HeMy IPuOABUTH CKOJIBKO-TO Pa3 B3ATHIN KBAAPAT II€HUS YPABHEHUS
C ero CTOPOHOI, HOJYUYUTCS HEKOTOPOE KBaZpATHOE x +ax?=y2.
YHCJIO.

IIpeamoaokuM, YTO Ky0 MMEeT CTOPOHOM OJHY
Belllb, T. €. HMEeTCsI HEKOTOPLIA OqUH Ky0; IPeaIo-

JIO}KHM, UTO YMCJIO Pa3 eCTh IecATh, 1 npubaBum K BosbMéM, K mpuMe-
9TOMY KyOy IecATh pa3 KBaaApaT CTOPOHBI Ky0a, uto py a = 10.

€CThb HeKOTOPHIA KBAJpaT, T. €. MMeeTCA Ky0 ILII0C

JecsiTh KBaApaTOB, paBHBIN KBagpary. IIpeamo- YUtobwnix >0, HE06-
JIOXKKM, UTO BTOT KBAZ[PAT MMeeT CTOPOHOMH Bemb,  xoxumo y> > 10x2.
KBaJpaT KOTOPOIii 60JIbIlIe JeCATH KBaApaToB, UTO-

OBl ciesiaTh YMEHbIIIEHNE BO3BMOYKHBIM. [Ipenmoso- Bosbmém y = 4x,
SKIIM, UTO €T0 CTOPOHA eCTh UeThIpe Bellll, KBagpaT Torza y? = 16x2.
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eCcTh IIeCTHAAIATh KBaapaToB. Kyb6 mpubaBuTh
JIeCATh KBaJPATOB PABHO TOT/A IIECTHAMIIATH KBa-
aparam. OrTHEMEM fAecsiTh 0O0IMX KBAApaToB,
OCTaHeTCA IecTh KBAJPAaTOB, KOTOPhIe PABHBI Ky- Ilonyumm 6x2 = x .
0y. Ilomenmm sTO Ha KBaapaT, MOJYUYUM OJHY

Belllb, paBHYIO IlecTu eguuuiamMm. Ky6 ects iBectu  Haxomum x = 6.
IeCTHAAIATb, KBaJpaT €ro CTOPOHBI €CTh TPUA-

IIaTh IIeCTh; AECATh pPas 9TO IOcJenHee eCTh Tpu- JleficTBUTENBHO,
cra mectbaecAT. [lobaBasaa ux K KyOy, moaydaem 6 =216,
IIATHCOT CeMbIECAT IIeCTh, KBaapaT, CTOPOHA KO-

" 6% = 36,
TOPOTO PaBHA JBAIATH YETHLIPEM.
Takum 06pasoM, MBI HAIILIU KyOMUECKOe Um- 10 6% =360,
CJI0, TAKOe UTO, ecau K HeMmy A00aBuThL gecatb 6 + 10 62 =
pas3 KBaJpaT ero CTOPOHBI, IIOJIYyYUTCHA B Pe3yJibTa- =576 = 242,

Te CJIOKEHUS KBAaAPAaTHOE YKCJIO; 3TO €CTh ABECTHU
IIeCTHAAIATD, T. €. CTOPOHA ero eCTh MmIeCTb., UTO
¥ TpeboBaATIOCh HANTH » .

Temneps nompo6yemM BOCCTAHOBUTH OOIIIUI METO/T, KOTOPBHIM HOJIb3yeT-
cst [JnoanT 1 KOTOPOMY OH IBITAETCH O0YUUTH UM TATEJIA.

Ilosoxkum y = x, TAe — IeJioe YHCJO. ¥YpaBHeHUe IepelnuIlneTcs
rak: x +ax?= 2x%,r.e.x+a= 2,x= 2 -a,y= —a pnamoboro
(Ouodant morpe6osan 661 emé x > 0,y > 0, T.e. 2> a).

Hackoabko MbI 3HaeM, JluodauT He IOHUMAJ, YTO yPaBHEHHUE 3aJaéT
KPHUBYIO, Ha KOTOPOM HY:KHO HaWTH 1esibie Touku. I[asa aToro Tpebyercsa
MMOHSTHE KOOPAUHAT, mosiBuBIieecd Buepsbie y [lekapra B XVII Beke. Oxn-
HaKO MBI cpasy y3HaéM IpoBeJeHNre MPAMBIX uepe3 ocooyio Toukry (0, 0)
KpuBoii y2 = x + ax?.

TBTBI KA A U P n

OrBerT:

(3, 4, 5), (18, 24,30), (24, 45,51), (39, 52,65), (13, 84, 85),
(6, 8,10), (16,30, 34), (20, 48, 52), (32, 60, 68), (36, , 85),
(5,12, 13), (21, 28, 35), (28, 45, 53), (42, 56, 0), (40, 5, 85),
9,12, 15), (12, 35,3 ), (33,44, 55), (48,55, 3), (51, 68, 85),
8,15,1), (15,36,39), (40, 42,58), (24, 0, 4), (60, 63,8 ),
(12, 16, 20), (24, 32, 40), (36, 48, 60), (21, 2, 5), (39, 80, 89),
(,24,25),  (9,40,41), (11,60,61), (45,60, 5), (54, 2,90),
(15, 20, 25), (2 , 36,45), (16, 63, 65), (30, 2, 8), (35,84, 91),
(10, 24, 26), (14, 48, 50), (25, 60, 65), (48, 64, 80), (5 , 6, 95),
(20, 21, 29), (30, 40, 50), (33, 56, 65), (18, 80, 82), (65, 2,9 ).
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OTBerT: a) as 2 2, 2 , 15 2  2) p) 9 R
9(9 2 2y, 2  pmyEKTax a) M 6) ® — MeJble UMCIa, — IOAXOAAIINEe
panuoHanbHOe (3TH (POPMYIBI — TOJIBKO OAMH M3 BOBMOXKHBIX CIIOCOOOB 3ammcaTh BCe pe-
TIeHU ).
B) [OUHCTBEHHBIM DEIIeHUEM C 0 aBasieTcs 0. ITycts Temepsn 0.
Ipegmonoxum, uto ( , , )— pemmeHueypapHemua 2 3 2 5 2, mpwy muwmcma , ,
He UMEeIOT OOIUX IIPOCTBIX JesuTeseil. PaccMOTpUM ypaBHEHHUE «IIO MOAYJIIO 5»: UHUCIIO
2 pu menenny Ha 5 MosxeT gaBath octatku 0, 1 wm 4, a uncao 3 2 — ocrarku 0, 2 mwam 3.
CiieoBaTeIbHO, IOCKOJIBKY 2 3 2 penmrcaiHab, M , W gensATCA HA D, OTKyJa TOXe
menutes Ha 5. [losyuaeM mpoTuBOpeYNe C MPEAIOI0MKEHNEM, UYTO YUCiIa , , He UMEIT
00LIMX IPOCTHIX JEJIUTEJIeN.

Mycts ( , )— panuoHAIbHAS TOUYKA HA KDUBOH 2 2 0.
IIpoBes ™M uepes 9Ty TOUKY HPSAMYIO C YIJIOBBIM KO3(DOUIUEHTOM : ( ).
ITogcraBum B ypaBHeHue KpuBoii. Ilonydumresi ypaBHeHUe He 60j1€e 4eM BTOPOI CTEIeHn
() 2 () () 0, K03(pGUIMEHTH KOTOPOTO, KaK HETPYAHO BUAETH, — MHOTO-
WIeHBI OT IEPEMEHHOH C PANMOHAJNBHBIMU KoddduumeHTamMu (IOCKOIBKY
, , — panuoHaJbHBEIE UHCJa). 3aMeTHM, UYTO HU IOpM KakoM  umcia ( ) ( ) u
( ) He paBHBI HYJIIO OAZHOBPEMEHHO, IIOCKOJBKY 9TO O3HAYAJIO ObI, YTO IPU IOACTAHOBKE
( ) MHOTOUWIeH 2 2 CTaHOBHUTCS TOKIECTBEHHBIM
HyJ M. BBeg M HOBYIO cucTeMy KOOPAMHAT, B KOTOPOMH npsimas ( )saga T-
cfl ypaBHeHHEM 0. B aroii cucTeMe ypaBHeHUe Hamleil KpuBoit umeer Bug ( , ) O,
— MHOTOYJIEH CTeIIeHU He BbIle BTopoii mpu stom ( ,0) O, caiegoBarensuo, ( , )
meautciHa ,T.e. ( , ) (, ),rme ( , )— HekoTOpHIii MHOro4eH. BosBpaiia-
fICh B IPEKHIOIO CHCTEMY KOODAMHAT, IIOJYIaeM, UTO MHOTOUWIEH 2
[eJIUTCsl Ha MHOTOWIeH ( ), 9TO IPOTUBOPEUUT aGCOITIOTHON HEIPUBOLUMOCTH
HaIeil KPUBO.
can () 2 0, 1o ypaBHerne () 2 () () Ouwumeercremness 1,
HO TaKUX 3HAUeHWI He Gosee aByX. IIpym mpounx ypaBHeHUe KBaApaTHoe. ONUH KOPEHb

9TOr0 ypaBHEHUs PaBeH , 10 Teopeme Buera Apyroii KOpeHb paBeH  —— . Uraxk,

- ’ - ( )

— HCKOMBIe panVoOHAJbHBEIE (QYHKIUH C panMOHATLHBIME Kooddunumentamu. OcTanock
IIPOBEPUTE, YTO XOTA OBI OfHA M3 HUX HEIIOCTOSHHA.
IIpeAmIONIOKUM, YTO OHU 00€ TOKAECTBEHHO IIOCTOSTHHEI,

— 1 — 2 2+
Bmaumr, (; 2 ) gomkyma ; 2 , — 2 mw ()% () () ()2
2 () (). wucio — Bcerga KOpeHb 9TOr0 MHOIOYJIeHa, 3HAUuT, ( ) 2 ().
Ilycte — xopeub ypaBHenus () O (BosmoxkHO, KoMmLieKcHBIH). Torga () ()

( ) 0, uero, Kak IOKasaHO paHee, OBITH He MOsKeT. IIpoTuBOpeune.

OTBeT: TOrga U TOJIBKO TOrAA, KOrLa BCe HEY THBIE MPOCThIE YKCJIA, BXOAAIINE B
pasyiodKeHUe YKcJia Ha IPOCThle MHOMKUTENN B HeU THBIX CTEIEHSX, SAIOT OCTATOK 1 mpm
nesieHuu Ha 4.

B pereHun 9T0i 3aja4u UCIOJL3YIOTCA PedyabTaThl 3agad 8 u 10—12.

Mo2KHO cUuTaTh, YTO CBOOOZHO OT KBAAPATOB. CJIM 2 2 10 (cm. sagauy 8) uu-
cio 1 monkHO OGBITH KBALPATHYHEIM BEIUeTOM o MoAyaio . CiefoBaTesnbHO, BCe IPOCTHIE
IeJNTeJ U [OJIYKHBI UMETh Buf 4 1 (cm. 3agauy 12).

O6paTHO, IyCTh BCE IPOCTHIE AEIUTEIN OECKBAAPATHOIO YNCIa WMEIOT BUJ, 4 1
i 2 (cayuait 1 tpuBuasern). [TockosbKy 13 paBeHCTB 1 % % " g % 2
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crenyer 1 3 (12 12° (12 2 1)% AOCTaTOUHO TOKA3aThH, UTO JTHO6OE IPOCTOR
YUCIIO0 4 1 mpefcTaBUMO B BUJe CYMMBI ABYX KBaApPaTOB palMOHANBHEIX Yuces (A1sa
2umeem 2 12 12),

IoxkasaTesIbCTBO IPOBEeA M o MHAYKIUU. Hallle yTBep:kaeHIEe BEPHO A 5: ume-
em5 22 12 IOIIyCTUM, OHO BEPHO [JJIs BCEX MPOCTHIX 4 1, . Hokaskem ero
naa . CorsnacHo sagade 12 Hafiy TCs Takoe HAaTypalbHOE UMCIO ,9uTo 2 1 jgemmres Ha
Te. 2 1 . can 1, To Bc [qoKa3aHO. B mpOTHBHOM ciiyuae MBI MOXKEM CUUTATh,

uTO 3 (mast aTOrO CHAUAJa 3aMEHMM ~ €ro OCTATKOM OT JeJIeHHsA Ha , a 3aTeM, eCJn
moHazoOuTCA, Ha ) pasymeertcs, 1 3 Torgpa 3 . Bce mpocTrie genurenn
Buga 4 3 BXOAAT B (a 3HauwuT, © B ) B 4 THBIX CrTemeHsX. Ilycrs 2 rne
— OGeckBaapaTHOe umcio. Torza BCe HeU THBIE IIPOCThIE AeIUTeNn

qucia MEHbIIle U UMeT Bug 4 1. ITo upeAIOIOKEHNIO NHAYKIINI, OHU IIPEeACTa-
BHMEBI B BUle CYMMBI IBYX KBaJIPaTOB PAIlNOHAJIbLHBIX YKCeJl, CIeJOBATEIBHO, u  TOXe
upeacraBsumsbl. Ilycrb . Caegyroiee TOXKeCTBO 3aBePIIAET JOKA3aTeJ1bCTBO:

2 4 2 1 2 2 2 2 2 2

2 2 2 22 2 22 2 2 2 2 :

HeckosbKo 6oJiee TOHKNE PACCYKAEHUs IIOKa3bIBalOT, UTO B 9TOM CJIydYae SBJISETCSA
CyMMO¥ KBaZApaToB JBYX I €JI bl X YHCeJ.

HyCTB — IeJioe YucCJIo. OcraTok oT AeJIeHUu s 2 Ha 3aBHUCHUT JIUIIH OT OCTaTKa

oT mejeHUs Ha . Il0sTOMY, YTOOBI HAMTKU BCe KBaApPATUUYHBIE BEIUETHI, JOCTATOYHO HANTH
OCTATKH OT ACJICHHS HA UHCEeJ 2, Ife 0,1, , 1. Bamerum, uTo umcaa 2 u( )2
IaloT ONUH U TOT »Ke OCTATOK Ipu fejeHun Ha . Cpegumumcen0,1, , 1 MOXXHO BBIZENUTH
—— map ( , ), mpu aToM octa TcA uucyo 0. CiemoBaTesbHO, YNCIO KBAaJPATHYHBIX

2
1 2

BBIUETOB He 00JbIIe —5 C gpyroii CTOPOHBI, €CIN un 2 [aloT OAMH M TOT ’Ke OCTATOK

[pHU JeJeHNH HA , TO 2 2 ) ) menuTcs HA , T. €. W IeJINTCS
Ha . TO 3HAUYWT, YTO MO0 u , uGo u [aloT OOUHAKOBEIE OCTATKY IIPU JeJIEHUN

1
Ha . CHelIOBaTeJILHO, YNCJIO KBaAPaTUYHBIX BBIYETOB PaBHO 5
Pemenue aToit 3aJavy OCHOBBIBAeTCsA Ha CJAeAYIOINeM YTBEePXAeHUN.

K IIycts M — B3aWMHO IIPOCTHIe umcia. i
JIOOBIX YMCEJ U CyILecTBYeT YKWCJIO TaKOoe, YTO U [JAIOT OAWHAKOBBIE OCTATKU IIPH
NeJIeHUM HA ,a U JaioT OfWHAKOBBIE OCTATKU IDU JeJICHNU HA .

IIycrs ( ) — YMCIO OCTATKOB IO MOAYJIO , IBJISIOI[AXCS KBAAPATUYHBIMY BbIUETA-
MM II0 MOAYJIIO . JIOKasKeM, UTO eCIM | U 5 — B3AMMHO IPOCThIe UMCcaa, TO ( 1 3)
( 1) ( ). OnasT0ro mocTpouM B3aMMHO OZHOBHAYHOE OTOOParKeHHe, KOTOPOe mape

(XBaApaTUUHBII BBIYET IO MOAYJIIO 1, KBaJPATHYHBLINA BEIUET IO MOAYJIO 5)

coTocTaBIAeT KBaJPATUUHEIN BEIUET IO MOAYJIO 1 o (MBI ceifuac paccMaTpmBaeM TOJBKO

OCTaTKHU II0 KaxXaoMy us moayJieii). Ilycts 2( 1), 0 1 2( 2)s
0 9. Torga, mo Kuraiickoil Teopeme 00 ocraTKax, HailJ TCA TaKOe [[JO€ YUCIO0 ,
qTO ( 1) ( 9). ComocraBum mape ( , ) OCTATOK OT AeJleHUs Ha
1 2. TOT OCTATOK He 3aBUCHUT OT BEIOOpPa , TAK KaK JIIOObIE ABA YNCIa K , TAKKE 4TO

( u ( ), OTJIMYAIOTCH HA YUCJIO0, KDATHOE | 9. TOJETKO

clefyeT 13 B3aMHOM IPOCTOTBI | M 9. JlOKayKeM, YTO OCTATOK ABJIAETCH KBaJPATHIHBIM
BBIYETOM IIO MOAYJIIO | g. JlefiCTBUTENBHO, 10 KHTAMCKOI TeopeMe 06 ocTaTKax, HallA TCH

2
TaKoe YucJI0 , 4TO ( 1) ( 9). Torma ( 1)
( 9), & OTCIOZa, B CILJIy B3AMMHON IPOCTOTBI | U 9, HETPYAHO MOJIYYHUTh, ITO
24 1 2). ITokarkem, 4TO MOCTPOEHHOE HAME OTOOpPa’KeHUeE SBJISETCA B3AUMHO
OZHO3HAYHBIM.
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IelicTBUTEIBHO, TAK KaK II0 IIOCTPOEHUIO ( 1> ( ), PA3HBIM IIa-

pam BerueToB ( , ) GYAYT COOTBETCTBOBATH PA3HBIE BBIUETHI . CJIU )K€ — KBaJpPaTUUHBIH
BBIYET II0 MOAYJIO | g, Tomape( , ), TAe — OCTATOK OT [eJleHHsi Ha 1, — OCTaTOK
OT fleJIeHUsI Ha 9, KaK pas u 6yZeT cOOTBETCTBOBATH OCTATOK .

Urak, ( 1 2) ( 1) ( 3). Orcioma ciemyer,ato () () ( ). M=u1 3HAEM

(cvm. sagauy 10), 4TO [Jisi HEY THBIX IPOCTHIX BBIIOJHEHO ( ) —5 3
yucJsa 2 Be 2 2 2 1 (6]

DHO TaKoe Ke paBeHCTBO (2) 5 , KOTOpOe JIerKo npoBeputsb. Ocranocs
BBIIKACATH OKOHUYATEIHHEBINA OTBET: KOJMYEeCTBO KBAAPATUYHBIX BEIUETOB II0 MOAYJII0  PaBHO

1. Hus

1 1 _ 1
() o . ,
OCTaJIbHBIE () OCTATKOB SIBIAIOTCH KBAJPATHYHBEIMI HEBEIYETAMU.

ITonpo6yiiTe pemuTh 3Ty 3a5a4y AJIsi IPOU3BOJIHHOIO [[EJIOr0 YUCIa .
Ilsisa pemeHusi 9TOM 3aa4m HaM mOoTpedyercs

M IIycts — mpocToe 4mcjio, — IPOM3BOJIBHOE IL[eJIOe YKCJIO,
He genameecs Ha . Torma ! 1 gemmtca Ha .

ITycte — Heu THOe mpocToe umcyao. 13 masnoii Treopemsl Depma ciaenyeT, YTO TOraa
12 1, 1u6o 12 1 nesmmresiHA .
cJM — HEHYJeBOI KBaJAPAaTUYHBIN BBIYET IO MOAYJIO , T. €. OCTATOK OT AEJIeHUS
Ha paBeH OCTATKY OT [eJeHHA 2 Ha , TO OCTATOK OT [eJIeHU 1 2 gg  pasen
ocraTky ot genenus ( 2) 2 lga ,1.e.pasen 1. BHaunr, 1 1 gesnurcsi HA .

I[pyl"I/IMI/I CJIOBaMU, HEHYJIeBble KBaJPaTUYHEBIE BBIUEThI ABJIAIOTCA KOPHAMU « YPAaBHEHUA I10

au6o

MOAYJIO » 1 2 1 0. Tax Kak Yncj0 HeHyJIeBEIX KBaAPATHUHEIX BEII€TOB PABHO s
HUKaKWUX JPYTUX KOPHeil y aToro ypaBHenus HeT. Cef0BaTeNbHO, €CIN  — KBaAPATUYHBIH
HEeBBIUET II0 MOAYJI , TO 1 2 1 gemurcs HA .

IIycrs Teneps 1. Torga

1, ecam 4 1
12 12 12 , s
(G ) 1, ecam 4 3.

11
2’2

Ilycts mpsAMas mepeceKaeT KPUBYIO BTOPOTO HOPAAKa B 0cO00OH TOUKe U eIl B
oHOI Touke. [[OKaXem, 4TO TOrLa yPaBHEHUE KPUBOU AEIUTCA Ha yPaBHEHUE IPAMOI.

IlycTs, K mpuMepy, OpsiMas 3afa TCS ypaBHEHHEM 0, a kpuBasi — ypaBHEHUEM

(, ) O.Muorouner ( ,0)oTmepeMeHHOII uMeeT KOPEHb KPATHOCTH 2 B 0COOO0I TOUKe
KPUBOH U eIl OAWH KopeHb. Ho 5T0 MHOrOUJIEH CTemeHN He BhImle AByX. CilemoBaTesIbHO,
(,0) Ompuscex u ( , )genurcsaHA .
U3 [oKA3aHHOrO BCIOMOTATEILHOIO YTBEPXKAEHHS I[IOJYYAeM, UTO €CJIM KpUBAs
( , ) OBroporo mopagka umeer ocodyio Toury, ™ ( , ) 1(, )go( , ),TmEe 1T 59—
JuHeWHbIe QYHKINN.

Wrak, KpuBas BTOPOr0 MOPALKA C 0COOO0IT TOUKOIL ABJIsSETCA 00 eJUHEeHNeM ABYX IIps-
MBIX, & 0co0as TOYKa — JTO TOYKA IEPECeYEHMs STHX IPAMBIX. lIoX0Kue pacCcyKIAeHus
IPUMEHNMBI K KDUBBIM TPETHETO ¥ YeTB PTOrO MOPSLKOB.

O TBeT: HAa KPUBOI BTOPOro HOPsjgKa He 00JibIle OAHON 0CO0OM TOYKM, Ha KPHUBOI
TPeThero MopsAAKa — He GOJIBbINe TP X, Ha KPUBOM YeTB PTOro MOPAAKA — He GOJIbIINe IIIecTH
(B mocsefHEM ciydae MOXKHO BOCIIOJIB30BATHCS TAKUM (haKTOM: Uepes JIIOObIe IATH TOYEK
IJIOCKOCTH IPOXOAUT KPUBAsi BTOPOro mopsinka). Bo Bcex caydasx KpuBasi ¢ HAHGOIBIIAM
UMCJIOM 0COOBIX TOUEK — 00 eJUHEeHUEe HECKOJbKUX MPAMBIX.

OrBerT: a)Her 0)ma, HAIPUMED, — pelreHue.

OrBeT: ga, moxxer. Hanpumep, 06 eguHEHNe YeTHIP X IPSAMBIX, B U3 KOTOPBIX
napaJiebHbl.
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Orser: 3 2 32 3 32 3 0.

IIpoBepbTe, YTO 3TO ypaBHEHUE 3aa T 00 eAVHEHNE TP X IPAMBIX, IPOXOLAIINX de-
pesTouku ( 1, 9),( 2, )u( , 1),THE 1, 9 — KOPHU MHOT'OYJIEHA 3 1 0
(ouu umppanmonanbasr). Oco0biMu TOYKaMU OTOH «KpUBOM» siBasores ( 1, 39), (9, )&
( ’ 1)'

a) Orsert mpu ; 2 1 12 1 2 21 21 O
IIycte ( , ) — ocobas rouka. Iyis BEPTHKAJBbHON IPAMOM , Kpar-
HOCTHb KODHS ypaBHeHUA 2 0 MOKeT paBHATHCA 2, TOJIBKO eciu

0. B srom ciyuae — KOpPEeHb ypaBHEHU 0. PaccmoTpum Temephb
OPSAMYIO s 0. YpaBHeHUe ( ) ( ) 0cyu Tom 0
EePEenNChIBAeTCH B BUAE 3 2 (32 ) 0. KparHocTb KOpHHA 0 goxHA OBITH
6osbmre 1, mosTOoMy 3 2, IoxcraBnas B ypaBHEHHE 32 0, moryuaem

2 . CnepmoBaresibHO, 4 2 2 0.

O6paTHO, IyCTH 0. Torga (9T0 MOKHO HOKasaTb, MCIOJBL3ysl Teopemy Buera)
ypaBHeHUe 0 ummeer KpaTHBI KopeHb . IlopcraBum B 9TO
ypaBHEHUe 0 sBJIsieTCsI KPATHBIM KOPDHEM, II09TOMY 3 2, rorga 2 . Iloxakewm,
uaro ( ,0) — ocobas TOUKA KPUBOH 2 3 2 2 | IoxcraBias B ypaBHEHMe KPUBOiL

, , monyuaem 22 3 22 , T. €. 0 — KOpeHBb KPaTHOCTHU He

MeHee 2.
2 2 2
OrBer: npu4 — 2 — 5 0.

1 2

1 21 23

BBeen M HOBYIO cucTeMy KOODAMHAT, B KoTopoii mpsimass  ( , ) O Oyzer ocbio
abcuuce u, CIefoBaTeabHO, OyAeT 3a4aBaThCd yPABHEHUEM 0. B HOBBIX IIEPEMEHHBIX
muorowrer 1( , )upumerBupg ( , )(CTemeHb MHOrOWJIEHa , OYE€BU/HO, TOKE HE BBIIIE
Tp x). Muorousmer ( ,0)cTemeHu He BBIIIE TP X UMeET UeThIPe PA3IUUHBIX KOPHSA U, 3HA-
YNT, TOXKIECTBEHHO paBeH HyJio. [Ipyrumu cioBamu, ( , )zmeaunTess Ha . BosBpamasich
B CTApyIO CUCTEMY KOODAMHAT, [I0JIy4aeM yTBEPIKAECHIE 3a4a4u.

O rBerT: TOrZAa U TOIBKO TOrAAa, KOrga

VYKas3aHUe: OTHOCUTEJIbHO IEPEMEHHOI pAas3HOCTE ( ) UMeeT CTeIleHb He BBIIe
IBYX.
VYcaoBue 3 0 paBHOCUJIBHO 2 . ITo ompegeneHno TOYKU 2 3TO O3HAUAET,
UTO TPEThs TOUKA [IePECeUeHusI KPUBOM ¢ KacaTeIbHOM, IPOBe/, HHOM B TOUKE , COBIAAaeT
¢ camoil Toukoit  (cm. puc. 12, ). Taxue TOYKU Ha3bIBAIOTCA
y mouranu epe u a. Touxku mepernGa KPUBOH 2 —aTo
B TOYHOCTH Te TOYKH, e 00paIiaeTcs B HyJIb BTOPAsS IPOU3BOSHAA
Gyrroun () .
anuntudecKas Kpusasi B ¢dopme BeliepiiTpacca Bcerga co-
[EePIKUT BOCEMB TOUEK Ieperunda ¢ KOMILJIEKCHBIMI KOOPAUHATAMH,
HO TOJIBKO JBe U3 HUX MOT'YT UMETh Bell[eCTBeHHEIE KOOPAUHATEI.
ITIycTs paHT KpUBOIL GosbIe Hyad. Torna Ha Heil ©MeeTCA
Puc. 18 panuoHANBHASA TOYKA OECKOHEUHOrO IMOPsAAKAa (JIMHENHO He3aBu-
cuMmas cama ¢ co0oit) 1, Cae0BaTeIbHO, UMEeTCs1 06CKOHEUHO MHOI'O
pamuoHaJbHBIX TOYEK , 3 , 2 , , »2 ,3 , [Ilycrs paur KpuBOIl paBeH HYJIO.
TO O3HaUaeT, YTO Ji00asi paruoHaIbLHAS TOYKA He SBJISETCS JUHEHHO He3aBUCHMOM, T. €.
ABJISETCA TOYKON KOHEUHOro nmopsagka. OQHAKO Ha 9JINITUYECKON KPUBOM NMeeTCs JINIITh
KOHEUYHOE YKCJIO PAUOHAIBHEIX TOYEK KPyIeHusI.

a) Orser: ; (0,0), , (0, 1),3 ; (1, 1), 3 ; ( 1,0),puc.18.
Vk azanue: oba ypaBHeHus us Kpurepusi TaHHe/11a He UMEIOT PELIeHn .
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B rabaue 1 Bosne kaxgoro us uucen ot 1 go 100, apasomerocs 6eCKBagpaTHBIM,
3amncaHbl Yepes THpe KOJNYecTBa PellleHul ypaBHeHni nu3 Kputepus: TadHe/ 14, BO3Je Yn-

cesl, He SIBJAIOINXCS OeCKBaJpaTHBIMU, IPUBEJEHbl NX OeCKBaJpaTHbIe YacTH.  HCJA,
Tabauma 1

1 2—2 0—0 16 — 32 0—0 81 cm. 1

2 2—2 0—0 42 0—8 0—0 82 8—8

3 4—4 0—0 43 | 12— 12 cM. 83 | 20 — 36

4 cm. 1 cM. 44 cm. 11 64 cm. 1 cMm.

0—0 25 cm. 1 cM. 16 — 32 0—0
0—0 26 4—12 0—0 66 4—16 0—0
0—0 2 cM. 3 0—0 6 4—12 0—0

8 cMm. 2 CcM. 48 cM. 3 68 cm. 1 cMm.

9 cm. 1 0—0 49 cm. 1 0—0 89 | 20 — 48
10 4—4 0—0 50 cMm. 2 0—0 90 cMm. 10
11 4—12 0—0 51| 16 —24 0—0 91 8 —24
12 cMm. 3 32 cM. 2 cM. 2 cm. 2 cM. 23

0—0 33| 12—16 0—0 3| 12—16 0—0
0—0 4—8 CcM. 4| 12—20 0—0
0—0 35 8—24 0—0 5 cm. 3 0—0
16 cm. 1 36 cm. 1 cM. 6 cm. 19 cMm.
1 4—16 0—0 5 12— 16 0—0 9 4—16
18 cMm. 2 0—0 58 4—4 0—0 98 cMm. 2
19 4—12 0—0 59 | 20 — 36 0—0 99 cm. 11
cMm. 40 cm. 10 cM. cM. 5 100 cm. 1

yzoBseTBopsifomue Kpurepuio TanHesnna, (runoreTnyecKy KOHIPYSHTHEIE) BBILEJIEHBI KyP-
cuBoM. B Tabunmne 2 [y HEKOTOPBIX U3 HUX IPUBEJEHBI AJINHBI CTOPOH COOTBETCTBYIOIINX

TPEYTOJbHUKOB.
TaGauma 2

CER 34 16,1, 0 15,2, —
Ll S s mal il e S mt w55
] g fa] e = tes i
15 1,41 41 2,1 8 45, 2,6
21 12, 5, 2 46 2 8, 85 S
22 s 1 = 53 12 2211221 ’ 211 21212 . || 86 211 61 ’ %
23 6’21 21161 5 622 61 |l g 12’1?2’226
29 2 4 2 1 55 111 , 1111 s 111 61 93 162 ST 2 2161
30 12,5,13 65 12,8, o4 L2, 86 1 2
31 6,%,216661 69 - ’612,6126 95 1 ’?6’2 621
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Haiin ™ Touku meperua Ha KpUBOHL 2 2 (9TM TOYKH W ABJIAIOTCH TOU-

Kamu nopsaka 3, cMm. 3agauy 34). Iisa aroro upoamddepeHnupyeM ABa pasa e ypaBHEHUE:

2 32 2 2( )2 2 6 .
(473 0,70( )> 3 .Umeem:
42() 3832 22 (Bo3BOAUM 2 3 2 2gxkeagpar),
4( 2)3 32 2 (moxcrapnsem 2 2,02 3),
12 1222 9 622

3 622 0.
JIUCKPUMMHAHT 5TOT0 OMKBaJpPATHOTO ypaBHEHHs paBeH 36 12 48 3(4 2)2.
ClleoBaTebHO, 2 ABIAETCA MPPAMMOHATBHBIM UHCIIOM.

Paccmorpum teneps Touku nopsiaka 4. Ilpegmonoxkum, 4o 1. Ham moagoburcs
dopmyna s yABOGHWS TOYKU HA KPUBOM . A MMEHHO, €CJIH IOJIOXKHUTH (, )m
2 (15 1)T0

2 2 4

1 2 .
CIM  — TOYKA YEeTB PTOrO IMOPsSigKa, TO 2 sABJseTCs TOuKoil mopsazaka 2. CiemoBaTenbHO,
e abcmucca | paBEaO, mIM ,aIOCKOJNBKY 1 IOJOXKHTEIbHA, 1 . I mp1 HEMEITIEHHO
oJIy4aeM IPOTHBOpPEUNEe C PAlMOHAJBHOCTBIO Touku ( , ). Coyuait 1 unuraTesio

mpegiiaraeTcsi pa3so6paTh CAMOCTOSITEIHHO.
VK azaHU e: JOKa)kKUTe CHAUAJA, YTO IIOPANOK TOUKH  JEJIHT YHCIO .

Vrkasaumwue: 1 aBiasgercs KBaApPaTUUHBIM HEBLIYETOM IO MOAYJIIO .

OrBer:
nJig nudaroposa Kupnuua nus caabo nmdaroposa Kupnuya
2 2 2
’ 2 2 2
2 2 2 >
? 2 2 2
2 2 2 >
’ 2 2 2
2 2 2 2
Pagpenus Bce mepeMeHHbIe HA OJHY U3 HUX, HallpUMep Ha , HOJYYUM CHCTEMY U3

4YeThIP X YPaBHEHWII C IIeCThIO IePeMeHHbIMU (COOTBETCTBEHHO, U3 TP X yPaBHEHUM C IIf-
ThIO TepeMeHHEIMI). COOTBETCTBYIOIE TeOMETPHYECKIEe 00 eKTHI ABJIAIOTCA Al € pauye
CKUMU O08epXHOCM Mu. TH IOBEPXHOCTH JIeXKAT B MHOTOMEPHBIX IIPOCTPAHCTBAX M NMEIOT
KOHEYHOE YHCJIO OCOOBIX TOUEK (IIOCUUTANUTE, CKOJIBKO).

Onucars Bce mapaJuiesienunennl ¢ mejslMa , , ©  — 3HAYAT OIMCATH BCe

meJible pelIeHus yPaBHEHU A
2 2 2 2

LUHCTBEHHBIM DeIlleHNEeM STOr0 yPaBHEHHU ¢ 0 sBisieTcA 0. Ona
BCEX OCTAJBHBIX PEIeHUHR 0 u ypaBHeHMe MOKHO pa3feauTs Ha 2, Taxum oGpaszoMm,
3ajiaya CBOAUTCH K OIICAHUIO BCEX PAIMOHAIBHBIX PeIleHUI yPaBHEeHNA

2 2 2 1
2

e — — —. TO ypaBHeHHe 3a7la T (pepy B TP XMEPHOM IIPOCTPAHCTBE
(pumc. 19). BmGepeM Ha Hell HEKOTOPYIO PalMOHAJIbHYIO TOUKY, Hanpumep, (0,0, 1). Jlerko
IIPOBEPHUTSH, UTO JIF00as mpamMasi ,rge ( , , )— em OAHA panuOHAJbHAA TOYKA Ha cde-
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pe, IIepeceKaeT MJIOCKOCTh B panuoHanbHOH Touke ( , ,0)wu, o6paTHO, TF06as HIpsiMasi
mepecekaeT cdepy B palHOHANbHON Touke . TakuMm o6pasoM, Ha chepe «CTOJBKO JKe»

Puc. 19
pamuoHaIbHBIX TOYEK, CKOJIbKO Ha IIJIOCKOCTH. HCJa , K BBIPAYKAIOTCA Yepe3 U Tak:
2 2 2 29
b ) .
2 2 1 2 2 1 2 2 1
Orcropa, moJsiaras -, —, [IOJIy4aeM OKOHYATEJBHBIH O T B e T:

2 2’ 22 R (22 2 2 22), (22 2 2 22)‘
3mec , , , — LEJbIE YNCJIa, — IOAXOASAIIEe PAMOHAIBHOE YNCJIO, T. €. TAK0e, YTO
uyucaa , , , SABIAIOTCA IEJBIMU.

IlokaskeM, 4TO MHOTOUJIEHBL 2 2, 2 2 2 2 gBIAIOTCA TOYHBIMI KBa-
ApaTamMu MHOT'OYJIEHOB C LesbiMu Kodddunuenramu. Tem camMbIM, IPHU JIIOOOM LeJIOM 3HA-
YyeHMM dYumcaa , , TOXKe OyayT meabimum. UTax,

2 2 (6 15 15 2 1)2 (6 20 6 )2
(12 301 255 452 6 255 30 2 1)
(86 1 240 426 240 36 2)
1 15 20 8 15 62 1 (% 3 32 1)2,
6 20 6 )2 (8 8 )2
36 1 240 426 240 36 2) (64! 128 6 64 2)
100 1 240 344 6 240 100 2 (10 12 10 )2,
2 2 (8 8)2 (6 15 15 2 1)2
64 1 128 6 64 2)
(12 301 255 452 6 255 30 2 1)

12 341 255 580 6 255 342 1 (6 1 1 2 1)2,

Orryza 6 3 32 1, 10 12 10 , 6 1 1 2 1.
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