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Abstract

We give an Oseledec type theorem concerning Lyapunov spectrum for linear stochas-
tic differential equations with infinite memory and apply this result to the Stochastic
Navier—Stokes system on 2D-torus as well as to a couple of simple examples.
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1 Introduction and main result

In this note we give an Oseledec type theorem concerning Lyapunov expo-
nents for linear stochastic differential equations with memory (SDEM). Os-
eledec proved his multiplicative ergodic theorem for linear cocycles in finite-
dimensional spaces in his seminal work [7]. Infinite-dimensional versions of
this result can be found in [9], [10] and [11].

Lyapunov spectrum for SDEMs was studied e.g. in [3], [4], [5], [6] under very
general assumptions on the coefficients.

The novelty of the main result of this paper compared to those mentioned
above is infiniteness of memory: the drift coefficient in the equation under
consideration will be a functional of the history of the solution up to —oo. Lya-
punov spectrum for deterministic equations with infinite memory was studied
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in [8], [2]. We introduce the necessary definitions and notation in Section 1
and prove the main theorem in Section 2. Two simple examples are given
in Section 3. In Section 4 we consider a linear SDEM related to Stochastic
Navier-Stokes system on 2D torus and show that our result is applicable.

Consider the equation

ax(t) _
— = Ay(m X). (1)

The projection and shift 7 is a map from the space C' of R%valued continuous
functions defined on R to the space C'~ of continuous functions defined on
R_ = (—00,0]:

mX(s)=X(s+1t), seR_.
This map gives the past of a continuous process up to time ¢t € R.

The coefficient A; is a stationary random process taking values in the space
of linear continuous operators from X, to R?, the space X, (7 > 0) consists of
continuous functions z : R_ — R? such that lim,_, . |z(s)|e”* = 0. Here | - |
means the Euclidean norm in R%. The space X, is a separable Banach space
if equipped with the norm

[z]l, = sup [z(s)[e™. (2)
seER_

We will assume that our probability space (€2, F,P) is the space of continuous
paths in the space of bounded linear operators from X, to R? equipped with
locally uniform topology defined by the metric

SUP¢e[—N,N] |A— B[ A1
2N ’

d(A, B) = i

N=1

where || - || denotes the operator norm, and F is the completion of the Borel
o-field corresponding to this topology with respect to probability measure P.

We will also require that

E sup ||Aif] <oo forall T >0. (3)
t€[0,T]

By solution to Cauchy problem for equation (1) with initial value z € &, on
an interval [T}, T5] C R we mean a continuous R%valued random process X
adapted to the natural filtration generated by A such that 7, X = z and
equation (1) is satisfied on [T}, T»]. We say that equation (1) possesses the
property of pathwise uniquness if there exists a functional ® such that if X is
a solution to Cauchy problem on [T7, T,] subject to initial value x then

X = CI)(Z', A[Tl,TQ]) (4>

(T3,T%]



with probability 1.
The following theorem can be proved using a fixed point argument.

Theorem 1 Under the above assumptions for all x € X, there exists a solu-
tion to Cauchy problem on [0, 4+00) subject to initial value x. This solution is
unique. With probability 1 the following cocycle property for the functional ®
given in (4) is true for any Ty < Ty < Tj:

CD(.I’, A[Tl,Ts}) = (IL‘, A[Tl,Tg}) ) (l’:@(l’, A[Tl,Tg])a A[Tg,Tg}) (5)

where the semicolon means concatenation. The evolution operator ® is linear
and continuous in x.

For our purposes it is more convenient to work with operators

U(z,t,A) = mP(x, Ajpg),
(0°A)s = (Arys).

The evolution defined by ¥ takes place in &, and with the group of time shift
operators 6 defines a linear cocycle in X,.

Now we can state the main result of this note.

Theorem 2 Under the conditions stated above almost all realizations of A are
reqular in the following sense. There exists a set KK(A), a family of 6-invariant
functions (Ag(A))kex and two families (Fip(A))kex, (Ex(A))rex of subspaces
of X, with the following properties.

(1) The set K is one of the following: {1,...,n} for somen € N or N or
NU {co}.

(2) If m > k then A, < Ag; infy A\ = —7.

(3) For any A\ > —~ inequality A\p(A) > X is true for finitely many values of
k.

(4) If x € F.(A) \ Fx1(A) for some k € KC then

1
fim —log[¥(z,t, Al = Ax.
If A\, = —v for some k € K and x € Fy(A) then
tli}r&%log |W(x,t, A, = —.
(5) W(Fi(A),t, A) C F(0"A).
(6) W(EW(A),t, A) C Ep(6°A).

(7) Fi(A) = &,; if k <m then Fi,(A) D F,,(A). All the subspaces Fy(A) are
finite-codimensional.



(8) E1(A) = {0}; if k < m then Ex(A) C E,(A). All the subspaces Ej(A)
are finite-dimensional.
(9) Fp(A) @ E,(A) = &, for all k.
(10) Subspaces Fj,(A) and Ex(A) depend on A continuously (in Grassman
topology, see [11]) for all k.
(11) For anye >0 and k € N

1
lim n log C. (0" A) =0

t—o0

where

Cer(A) = sup e |lwg, on aymom )|
neZ

Remark: The values A\, defined in this theorem are usually called Lyapunov
exponents.

The following theorem is an obvious corollary of Theorem 2.

Theorem 3 If A\ > —~ then the space
1
F(A,)) = {x € X, ¢ limsup  log | ¥(x, t, A)(0)] = A}
t—00
has finite codimension with probability 1.

Remark: The parameter v plays a threshold role. Though generically there
may be a solution X for the equation (1) such that |X ()| < e for some
A < —v and all t > 0, nevertheless ||m(X)|, > ||m0(X)||,e™ " for ¢ > 0 and
the Lyapunov exponent corresponding to such a solution is —v.

2 Proof of the main result

PrOOF: To prove Theorem 2 we verify the conditions of the ergodic multi-
plicative theorem by Thieullen—Schaumléffel-Flandoli [11], [10]:

Time shifts 6" are homeomorphisms of Q.
Linear operator W( - ¢, A) is injective.

Operator ¥( - , ¢, A) depends continuously on A.
Integrability condition holds:

(1)
(2)
(3)
(4)

4

E sup log" [ ¥( - ¢, A), < oo
0<t<1

E sup log" | ¥(-,1—¢0"A)|, < oo

0<t<1



(5) The asymptotic logarithmic index of noncompactness s(A) for the linear
cocycle is equal to —v. Here

#(A) = Jim T log p(¥( - 1, A))

where p(L) denotes Kuratowski’s measure of noncompactness i.e. the
infimum of all reals ¢ > 0 such that the image of the unit ball under
linear operator L can be covered by a finite number of balls of radius €.

Condition 1 is obvious since if a sequence of trajectories in the operator space
converges uniformly in the operator norm on every compact subset of R then
the same holds for the shifts of these trajectories.

Condition 2 is obvious since if two trajectories in the past do not coincide
whatever trajectories in the future are glued to them the resulting trajectories
also do not coincide.

To prove condition 3 let’s fix some constant M > 0 and a path z € &,
with [|z||, < 1. Consider two realizations A, A® : R x X, — R? such that
SUDsel0,4 |AD| < M,i=1,2. Let X% be the solution to (1) subject to initial
data z and realization of coefficient A®, i = 1,2. Since norms of A® are
bounded by M a straightforward estimate implies

7 X, < Mol s € [0,1] (6)
Denote Y (s) = XM (s) — X@(s). Then
V(5) = AD(s) (m XO) AL (1, X D) = 4D (m,¥ )+ (AD — AD) (7, X).
Since Y (0) = 0, the last relation and (6) imply

ImYlly < M [l Y lhdr + sup 4D = A szl (7)
0

r€(0,s]
Now the Gronwall inequality implies

Y, < e sup [|AY — APl

rel0,s
which proves condition 3.
Condition 4 follows from the Gronwall inequality and (3).

Finally we will estimate »(A). Let’s denote B = {z : ||z|, < 1} the unit ball
in A,.



Lemma 1 With probability 1 the set

(I)[T1,T2](B) = {y € C[Tl,TQ] . there 1S T € X,y, CI)(Z',A[TLTQ})

(T4, T%] = y}

is precompact in C[Ty,Ts| (the space of continuous functions defined on the
segment [T1,T5]) equipped with uniform topology.

PRrROOF: First note that if X is a solution to Cauchy problem for (1) on [T, T5]
with initial data z € B then

lme X[y < sup | X()].

te [TlvTQ}

Let 7p = Th Ainf{t > T : |X(t)| > R}. Denote X*(t) = supyer, 4 X (s)]. If
t < tr then
X0 < IXE)I+ s 40 [ X
EIS T1 TQ]

and the Gronwall inequality implies

X* (t) < SUPse[Ty Ty] ||As||(t—T1)'

Since this estimate does not depend on R and 7 = T3 for large enough R
uniformly in € B with probability 1 it holds for all ¢ € [T}, T3]. So, | X (s)]
and ||m;X ||, are uniformly bounded on [T7, T3] by some constant /& depending
on realization of A on this interval. Then the equation (1) implies that

[X(t) = X(s)| < K sup [[A[[[t - s]

s€[Th,T7]

and
o(X,5) <K sup |A]6
s€[Th,Ts]
where a(f,0) = sup{|f(s)—f(t)| : t,s € [T1, T3], |t—s| < d} is the modulus of
continuity of a function f. The last inequality and the Arzela-Ascoli theorem
imply the conclusion of the theorem. O

PROOF OF CONDITION 5: Fix an r > 0. The previous lemma allows to find
a finite r-cover of V(B,t A)‘ g by balls {Buniform(zi,7), i = 1,...,n} in

uniform norm with x; € \II(B t A) i = 1,...,n. Consider a new family of
balls {B.(0(—co,—q:®;, 21),1 = 1,...,n}. They cover (B, t, A) if 2re’ > 2.
This implies p(¥( - ,¢, A)) < 2e 7" and »#(A) < —.

Suppose now that r < e™7/2. Then for every ball of radius r in X, one can
pick a trajectory x € U(B,t, A) with z(s) = x(—t)e??~IsD for s < —¢ which
does not belong to that ball. So, for any finite family of such balls one can
use segments of these trajectories to construct a trajectory which does not



belong to any ball of the family. This proves that p(¥( - ,¢, A)) > e /2 and
#(A) > —~. This finishes the proof of condition 5 and Theorem 2. O

Remark: Another simple way to prove relation s»(A) > —+ is to notice that
two distinct trajectories of our system in X, cannot approach each other faster
than with the rate e,

3 Two simple examples

In this section we give two simple examples where the situation described by
Theorem 2 is clearly seen.

In our first example d = 1 and A;(z) = a,x(0) where a; is an ergodic R-valued
stationary continuous process such that Esupg[as| < oo. For ¢t > 0 one
has .

X(t) = X(0)elo 2%,
If X(0) =0 then X (¢) =0 for t > 0. So, the subspace N = {z : 2(0) = 0} has
Lyapunov exponent —v and codimension 1 ( we say that a set B has Lyapunov

exponent A if limsup, ., 1 log||¥(z,t, A)||, = A for all nonzero elements z of
B)

The Birkhoff-Khinchin ergodic theorem implies that lim;_. 1log|X(t)| =
Eag. So, if —y < Eap then the set A, \ N has Lyapunov exponent equal to
Eag. If —y > Eag then the whole space X, has Lyapunov eponent —v.

Let now d = 1 and o
A(z) = at/ e”’x(s)ds
where v > v and a; is as in the previous example. Introduce a new variable

Y(t) = [*e"*X(s)ds and notice that X (t) and Y (t) solve the following
system of ordinary linear equations:

d —vt
%X(t) = ae” 'Y (t)
@Y (t) = e X (t).

This means that if X(0) = Y(0) = 0 then X (¢) = Y (¢) =0 for all £ > 0. So,
for every nonzero element x of the subspace

N = {x : /_OOO e”z(s)ds = 0,2(0) = 0}

its Lyapunov exponent in X, is equal to —y which means that codimension of
subspace corresponding to Lyapunov exponent —y does not exceed 2.



More detailed analysis can be done by studying equation

4 Stochastic Navier—Stokes in 2D

Consider incompressible Navier-Stokes system on 2-dimensional torus with
stochastic forcing:

g—?—l—(u-V)u:yAu—VP—i-f (8)

V-u=0.

This equation admits unique stationary solution with finite energy under suit-
able conditions on the stochastic forcing f (see [1]). Let u be a typical trajec-
tory of this stationary solution defined on R. Let us linearize the system (8)
along u:

% = vAv — Pyip(u - V)v — Py (v - V)u (9)

Here v is a linear perturbation of u and Py, is the L? orthogonal projector on
the subspace L2 of divergence-free vector fields.

Take an N € N and define subspaces of low and high modes as
L7 = span{ey, |k| < N}, L2 = span{eg, |[k| > N}.

where {e;} is the exponential basis in 2. Denote P, and P, orthogonal projec-
tors on these two spaces respectively. Let h = P,v, [ = Pv. Then the system
(9) can be written as

ol

a =vAl — Bl(u, l) — Bl(l,u) — Bl(u, h) — Bl(h, u) (10)
g—? = vAh — By(u,h) — By(h,u) — By(u,l) — By(l,u) (11)

where Bj(wy,ws) = B[(wy - V)ws] and By (wy, wp) = Pp[(wy - V)ws].
From now on |v| denotes L2-norm of v € L?. Let the linear space

X,(L?) = {v: R — L7 | lim *lo(s)] = 0]}



be equipped with the norm

vl = sup Jv(s)]e™.

scR_
Define also
X=X N {v: R — L,
Xon = XV(]LQ) N{v:R_ — Li}

Theorem 4 There exist positive constants C1,E such that if v,v > 0 and

N € N satisfy
2

Ci€
o ::yNQ—ﬁ—27>0 (12)
v
then every low-mode trajectory in X, ; defines uniquely corresponding high-

mode trajectory in X, More precisely, if (I, h1) and (I, hy) are both solutions
to (9) on (—00,0] and hy, he € X, ), then hy(0) = hy(0).

PROOF: Due to linearity of equation (9) it is sufficient to show that if (0, h)
solves (9) on (—oo, 0] with h € X, ;, then h(0) = 0. Let’s rewrite (11) as

% = vAh — By(u, h) — B(h,u).

Take the inner product (denoted by (-, -)) of both sides with 4 in L? to obtain

1d|h|?
L AR — (B ()

where A is the self-adjoint positive operator defined by A?u = — Py, Au. Here
we used the equality

<Bh(u7 h>7 h> = 0.
Inequality
v C?
[(Bi(hyu), i) < Cr|AB|[B][Au] < SAR + - |h[*|Auf?
v

implies the estimate

1d|h|? v C?
L < AR + =R B2 A
TR 2| |+2y|||“|

Since h(s) € Ly, for all s the Poincare inequality implies

dlh? LN
< | — —_— .
o _( vN* + 1/ |Aul” ) |h|
So, for t <0
c? o
IhO) < |h(t) exp {—mv?m ey |Au<s>|2ds}. (13)
1% t



Since the trajectory w is typical,

1 0 £
lim —/ A 2ds = —
i t |Au(s)|“ds 5y

t——oo

where & is the average energy supplied to the system by the exterior stochastic
force. Hence there exist positive T and ¢ € (0, dg) such that

2 o
—1/N2|t|—|——1/ | Au(s)[2ds + 2]t < —olt|
1% t

if |¢| > T This relation with the condition h € X, ; and inequality (13) implies
h(0) = 0. O

Our next step will be to define dynamics on low-mode trajectories.

Theorem 5 Suppose that

C2E
6 ;= vN? — 217 — 4y > 0. (14)

Fizl € X,; and let hy, be solution to (11) on the interval [—n,0] with initial
data h,(—n) = 0. Then there exist an L*-limit

(1) = lim hy(0). (15)

n—oo

The linear operator W : X, ;| — Ly, is continuous. Its norm is a locally bounded
function of w. If (I, h) is a solution to (9) on R_ then h(0) = ¥(I).

PrOOF: Note that condition (14) implies (12) since d; < . It also implies
that v < dp/2. Due to linearity of the system one can apply inequality (13)
with h = h,, — h,,1 on the interval [—n,0] because both of h; and hy are
subject to one and the same low-mode trajectory [ on this interval. Together
with inequality (4) it gives for § € (2, do)

i (0) = ha(0)] < (s (=) exp {_gn}

for n > T'(§). Thus to prove existence of the limit in (15) it is sufficient to
show that

> |hnga(—n)| exp {—gn} < 00.

n>T

To do that let’s estimate |h,1(—n)| with the help of the Gronwall inequality.

10



First take the inner product of (11) with A to obtain

%d@ = —v|AR|? — (By(h,u), h) — (By(l,u), h) — (Bp(u,l), h)

—v|Ah|? + Cy|h||Ah||Au| + Co|Aul|A%1|| A

N

< _51\12+C—12|Au(s)|2+l Ih|2 + C2|Au?|A%?
= 2 2 4 2

Since the trajectory w is typical and [ € X ; one can write

[Au(s)] < [JAulla(T +[s[%), € (0,1)

(here | flla = sup<o L42) and
AZ1(s)] < [ifl, N2
These estimates and the Gronwall inequality imply that

[rr (=n)[* SCINU Al 1> ™V (1 + (n + 1)) x

" " . OF 2, 1
x/ exp / —vN*+ —|Au(s)|* + = | ds ; dt
—n—1 t 14 2

<CHIAulA )23 ™ (L + [+ 1[2)
Ct 1
X exp{—1 sup |Au(s)|2—|——}
UV sg[-n—1,n] 2
<CINUAufZ 252D (1 + (n + 1))

C? N 1
X exp 7\|\Au\|\a(1 +(n+1)%)+ 3

So,

c2 oy, 1 N
| (—n)| < Coll Ao [1]], €7 DT Il OHOFDDTE (] 4 (1 4 1))

and inequality v < §/2 implies now that

o
5 (-l esp { =G < Calul bl

n>T

where C} is a locally bounded function. This proves the existence of the limit
U(l) and continuity of W( - ) with respect to || - ||,. Analogous estimates
imply the last assertion of the theorem. O

This theorem shows that equation (9) can be written as equation with memory.
Indeed, substitute hA(t) = W(ml) into (10) to obtain

% = vAl — By(u,l) — Bi(l,u) — By(u, Y (ml)) — Bi(¥(mil), ). (16)

11



Moreover this equation satisfies all the assumptions of Theorem 2 with one-to-
one correspondence between trajectories of ergodic process u and correspond-
ing operator-valued trajectories A;. Thus we obtain the following result.

Theorem 6 Under the conditions of Theorem 5 the linear cocycle defined by
the corresponding linear SDEM (16) satisfies the conclusions of Theorem 2.
In particular the space of low mode trajectories for which Lyapunov exponent
1s negative has finite codimension. Lyapunov exponents \; are constant a.s.

5 Acknowledgments

The author would like to thank Jonathan Mattingly and Yakov Sinai for their
input and comments. The author would also like to thank the hospitality
and support of the Institute for Advanced Study in Princeton and California
Institute of Technology in Pasadena where this work was undertaken. Support
from the NSF under grant DMS-9729992 is gratefully acknowledged.

References

[1] W. E, J. C. Mattingly, Y. Sinai, Gibbsian dynamics and ergodicity for the
stochastically forced Navier-Stokes equation, Comm. Math. Phys. 224 (1) (2001)
83—-106, dedicated to Joel L. Lebowitz.

[2] Y. Hino, S. Murakami, T. Naito, Functional differential equations with infinite
delay., Lecture Notes in Mathematics, 1473. Berlin etc.: Springer-Verlag. x, 317
p., 1991.

3] S. E. A. Mohammed, The Lyapunov spectrum and stable manifolds for
stochastic linear delay equations, Stochastics Stochastics Rep. 29 (1) (1990)
89-131.

[4] S. E. A. Mohammed, M. K. R. Scheutzow, Lyapunov exponents and stationary
solutions for affine stochastic delay equations, Stochastics Stochastics Rep.
29 (2) (1990) 259-283.

[5] S-E. A. Mohammed, M. K. R. Scheutzow, Lyapunov exponents of linear
stochastic functional differential equations driven by semimartingales. I. The
multiplicative ergodic theory, Ann. Inst. H. Poincaré Probab. Statist. 32 (1)
(1996) 69-105.

[6] S-E. A. Mohammed, M. K. R. Scheutzow, Lyapunov exponents of linear
stochastic functional-differential equations. II. Examples and case studies, Ann.
Probab. 25 (3) (1997) 1210-1240.

12



[7] V. I. Oseledec, A multiplicative ergodic theorem. Characteristic Ljapunov,
exponents of dynamical systems, Trudy Moskov. Mat. Obs¢. 19 (1968) 179
210.

8] M. Riedle, Lyapunov exponents for linear delay equations in arbitrar

y €q y

phase spaces, Discussion Paper No60, Sonderforschungsbereich 373, Humboldt-
University at Berlin.

[9] D. Ruelle, Characteristic exponents and invariant manifolds in Hilbert space,
Ann. of Math. (2) 115 (2) (1982) 243-290.

[10] K.-U. Schaumlédffel, F. Flandoli, A multiplicative ergodic theorem with
applications to a first order stochastic hyperbolic equation in a bounded domain,
Stochastics Stochastics Rep. 34 (3-4) (1991) 241-255.

[11] P. Thieullen, Fibrés dynamiques asymptotiquement compacts. Exposants de
Lyapounov. Entropie. Dimension, Ann. Inst. H. Poincaré Anal. Non Linéaire
4 (1) (1987) 49-97.

13



