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Abstract: The Cauchy problem for the Navier—Stokes system for vorticity on
plane is considered. If the Fourier transform of the initial data decays as a power
at infinity, then at any positive time the Fourier transform of the solution decays
exponentially, i.e. the solution is analytic.

1. Introduction. Main Results

We consider the Cauchy problem for the Navier-Stokes system on R? in its
vorticity formulation:

% + ul(x,t)%zt) + ug(x,t)%;’t) =vAw(z,t) + f(z,t), (1)
_ Oug(w,t)  Ouy(x,t)

wz,t) = dxy  Oxg @)

‘zl‘igloo |u(z, )| =0, t=>=0, (3)

w(z,0) = wo(x). (4)

Here the spatial variable z belongs to the Euclidean space R? with the inner
product (-,-), w : R? xR} — R is the vorticity of the velocity field u : R2 xR, —
R? which is assumed to be divergence-free (i.e. (V,u) =0), f : RZ xR, — R
is the vorticity of the external forcing, v > 0 is the viscosity parameter and
wo : R? = R is the initial data.

The theory of existence and uniqueness of solutions for the 2-dimensional
Navier—Stokes system was developed by Leray and Ladyzhenskaya, see, e.g. the
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survey [6]. The following existence and uniqueness theorem for the vorticity
system (1) — (4) was proved in [8].

Theorem 1. Suppose wy € L*(R?) N L>=(R?) and all second derivatives of wo
are uniformly Hélder in R? with some exponent X > 0. Let T > 0 be such that
f €LY Qr)NL>®(Q71), where Qr = R? x [0,T] and f is locally Holder with the
same exponent A with respect to spatial variables for all t € [0,T]. Then there
exists a bounded classical solution w to the Cauchy problem (1)—(4) on [0,T].
All the derivatives of the solution arising in the statement of the Cauchy problem
are bounded and continuous on Q.

This solution is unique in the class of functions which are bounded for every
t>0,

sup [lw(, )l oo @2y + o)Ly @]
t€[0,T]

< [lwollp= ey + lwollLr@2) + Tl fle<(@r) + 1 fll22(@r)s
and for every t the following representation (the Biot-Savart law) holds true:
U(,t) :K*W(,t)7 (5)

1
ek vt = (—x9,m1) for x =

|z~z

where * means convolution and K(z) = 5

($1,x2) € R2.

This result allows to consider the uniquely determined global (i.e. defined on
R4 ) solution w.

The problem (1) — (4) was also studied in e.g. [1], [2], [4], [5] where some
existence-uniqueness theorems were obtained as well as some regularity proper-
ties of solutions.

In this note we are concerned with the study of regularity of solution w(z,t)
in terms of its Fourier transform under the conditions of Theorem 1.

Our results and techniques are parallel to those of [7] where the case of the
Navier-Stokes system on 2-dimensional torus (periodic case) was studied. The
results are stated in this section and their proofs are given in Section 2.

By Fourier transform of a function f with respect to the spatial variable we

mean the function
. 1 ,
f =5 [ e @
]R2

T or

For the properties of Fourier transform and its inverse see [10].
To state the main theorem we need the following notation for an arbitrary
function f : R% — R:

SN ol B
o = S0P A o e ami

|f|v = |f|7,07 v > 0.

az=0,v>0,

Thus, if |f|, is finite then f(k) decays as a power at infinity and if |f|,,q is
finite then f(k) decays exponentially.
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Theorem 2. Let the initial data wy and the forcing f satisfy the conditions of
Theorem 1. Suppose that |Dol, < co for some v > 0 and |f(-,t)|y.a < Cy for
some a > 0,Cf >0, all t > 0 and the same y. Then there exists nondecreasing
and positive for t > 0 functions B(t) and D(t) such that the solution w of the
Cauchy problem (1)—(4) satisfies inequality

@, D)l 0y < D).

There ezist positive constants B and T such that 5(t) = Bt for t € [0,T] and
B(t) = BT fort > T. The function D(t) may be chosen to be linear fort > T. If
the external forcing is absent then D(t) may be chosen to be constant fort > T.

Remark 1. If v > 4 in this theorem then the conditions of Theorem 1 are satisfied
automatically. This remark is also applicable to the auxiliary Theorems 3—5
below.

Remark 2. Theorem 2 means that if the Fourier transform of the initial data
decays as a negative power when |k| — oo, then for any positive time the Fourier
transform of the solution decays exponentially at infinity, i.e. the solution is
analytic.

Remark 3. In the case of unforced system analyticity of the solution for ¢ > 0
was proved in [9]. For unforced system with nondecaying initial velocity C°-
smoothness of solutions has been obtained, see [3] and references therein.

The proof of Theorem 2 is based on the study of the following system de-
scribing the evolution of the Fourier transform of vorticity:

o (k, t) (k, 1)

— L = _ykPo(k, t) + % /@(z, ok —1, t) I

o dl+ f(k,t). (6)

R2

The proof will be conducted in several steps. First, we shall obtain the fol-
lowing result (the demonstration is given in Section 2) on invariance of the set
of functions decaying as a negative power at infinity.

Theorem 3. Let the initial data wg and forcing f satisfy the conditions of The-
orem 1. Suppose that |To|, < oo for some v > 0 and |f(-,t)|, < C} for some
constant Cy > 0 and all t > 0. Then there exists a function D(t) such that
the solution w of the Cauchy problem (1)—(4) satisfies |W(-,t)|y < D(t) for all
t > 0. The function D(t) may be chosen to grow linearly and if the forcing is
absent then D(t) may be chosen to be constant.

Then, using the same method and appropriate changes of variables we shall
prove Theorems 4 and 5 which immediately imply Theorem 2. Sketches of the
proofs are given in Section 2.

Theorem 4. Let the initial data wg and forcing f satisfy the conditions of The-
orem 1. Suppose that |Doly.a < 0o for some v,a > 0 and |f(-,t)]y.a < Cy for
some constant C'y >0, all t > 0 and the same 7, o

Then there exists a function D(t) such that the solution w of the Cauchy
problem (1)—(4) satisfies |@(-,t)|y,a < D(t) for all t > 0. The function D(t)
may be chosen to grow linearly and if the forcing is absent then D(t) may be
chosen to be constant.
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Theorem 5. Let the initial data wo and forcing f satisfy the conditions of The-
orem 1. Suppose that |Wg|ly < oo for some v > 0 and |f(-,t)|y,a < Cf for some
constant C¢ > 0, allt > 0, the same v and some oo > 0. Then there exist a time
T > 0 and a nondecreasing function D(t) such that for t € [0,T] the solution w
of the Cauchy problem (1)—(4) satisfies |W(-,t)|,ta < D(2).

Acknowledgement. The authors wish to thank Ya. G. Sinai for suggesting the topic and his
interest to this work. They also wish to thank A. Mahalov for letting them know [3]. The second
author is grateful for partial support by Russian Science Support Foundation and grant MK-
2475.2004.1 of the President of Russian Federation. The third author is grateful to RFBR,
project 02-01-00158 for partial support of this research.

2. Proofs

The following estimate of the nonlinear term in (6) plays the key role in the
proof of Theorems 3—5.

Lemma 1. Let D, = |v]y V |[v||z2 for a function v : R? — R and v > 0. There
exists a constant Q@ = Q(~) such that

1 (k. 1) QD, Dy [k|*7\/T+In K], k| > 1
JR— —_ < vHw I =
5 /11&2 v(lw(k —1) e dl‘ < {QDva, Ik < 1. (7)

Proof. We shall prove

1 (k,1%) QD Dy k' \/T+n k], k| > 2
- _ < < , >
zw/Rz“(”“’(k D dl‘\{QDva, K<z, ©

with some Q which will immediately imply (7).
First, consider the case |k| > 2. Denote J the integral we are interested in
and split the domain of integration into four parts:

J=J1+J2+J3+J4=/ +/ +/ +/ . (9)
[l|<1 1<lI<(k]/2 [kl/2<|l|<2|k| 2| k[ <]

In the first term |k — 1] > |k| — 1 and |w(k — )| < Dy (|k| — 1)~ for |k| > 2.
Using inequality

[(k, 1) _ |k
<= (10)
|12 ||
and the conditions of the lemma we obtain
1 1
Ji < =Dy D (k] 1)—7/ L il < 27Dy Dy |1 (11)
27 l11<1 |1]

For the second term in (9) we have |k — | > |k|/2 and |w(k — )] < 27D, /|k|".
The conditions of the lemma, inequality (10) and the Cauchy-Schwartz inequality
imply

1/2
9 I 9 dl
rewn, [ o< Do ([
2 1<tz 1 2 1<i<|kly2 |1

2

S “n /2,
< \/ﬂDvaWI (n(|k[/2)]"/2. (12)
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For the third term in (9) we have |v(l)| < 27D, |k|~7 and % < 2. The

Cauchy-Schwartz inequality gives

21+'Y
A< RMTW/ lw(k — 1)|dl
2w |k|/2<|1|<2|k|

1/2
21+V
< 2Dk o]l / dl
2 Ikl /2< 1] <2]k|

< 21+ 15
S o(2m)l/2 (8

1/2
) D,Dy k'™, (13)

The last term can be estimated by means of the Cauchy-Schwartz inequality
and (10):

1 lv())? v
v

Ji < —|k[|Jw / dl

1< oKl ||2<2M e )

1/2
<71 k D b d
= (2ﬂ)1/2| l[[wl]2Dy " rlt2y "

1 1
< (2m)1/2 27+1/21/2

|k['""D,D,,. (14)

Now (8) for |k| > 2 follows from (9) and (11)—(14).
In the case of |k| < 2 let us split the domain of integration in two parts:

J=L+b=/ +/ .
l<a  Ji>a

Jl < _Dva/ ﬂ = 4Dva7
21 i<a |1l

If |I| > 4 and |k| < 2 then |k — ] > |I|/2 and

1/2 12
| ()2 2 ~
< — < o7 D, —
2 27r|k|”w”2 </2k<l |12 o (2m)L/2 lwllo A r1+27dr

2 1
<
CORERICOE

Then

D,D,,.

These estimates for J; and Jo imply inequality (8) for |k| < 2. O

Proof (Theorem 3). First, let us prove the following local theorem of existence
and uniqueness of the solution with finite norm | - |,.

Lemma 2. Under the conditions of Theorem 3 there exist ¢c,7 > 0 depending
only on viscosity v and | - |y-norms of the initial data and the forcing such that
on the time interval [0, 7] the solution & of (6) satisfies |w(-,t)|y < ¢ and it is
continuous in time with respect to | - |,.
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Proof. Consider the integral form of (6):

I k, 1+
& (k,t) :e*V'letaj(/{,oH—/ e’”|k|2(t’s)/dz(l7 s)o(k —1, s)< 1) s
or J, R
]R2

t
+ / e VI (=) f(k s)ds  (15)

0

and the following approximation scheme. Let &1 (k,t) = @o(k) for all k € R2,t €
R4, and forn > 1

Gny1(k,t) = e M 100 (k)

1/t 2
+ 5o e VIkl <t—5>/an(l, $)am(k — 1, s)
™ Jo

(k, 1)

T dids

RQ
t
+/ eVIk =) f(k 5)ds.  (16)
0

Let |wn(k,s)| < Cn(1 A k|7Y) for s € [0,¢] some ¢ and all k& € R2. Then for
|k] < 1 Lemma 1 implies that

t t

(@1 (k)] < e g (k)| +QC2 / e (=R gy / e VI £k, t)ds
0 0

< Co+ QC2t 4 Cyt, (17)

where constants Q and C are defined in the statements of Lemma 1 and The-
orem 3 respectively and Cy = |-
If |k| > 1, then Lemma 1 implies

t

(@1 (B, )] < e o ()| + QC2 k|~ / e~ U=k ] /T4 Tn Rl ds
0
t
+/ e VB £k t)ds = I + I + Is. (18)
0

Clearly, I} < Colk|™7, I, < tC¢lk|™7, and I, may be estimated using the Holder
inequality:

' k2 % ¢ q qu(t—s k2 %
I < QCy k™ (/ Ikl”ep'(f)'ds) (/ (1 +ln|k|)7e(3>d8>
0 0
¢ 2 +
_rv(t=s)|k|” oy
8 (/ ¢ ’ ds) = QCL k| J1J2J3
0

for p,q,r > 1, % + % + % = 1. If we choose p > 2, then J; will be bounded by
some constant, independent of ¢. Under arbitrary choice of ¢ > 0 the same holds
for J5. In J3 a bounded function is integrated. Hence,

I, < KC2tYT
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for a constant K = K (v,r) > Q. Here r > 2 because of the imposed restrictions
on p and q.
Finally we have
|@nt1(k, O[K] < Co + KtY/7 + Cyt.
SO, |djn+l(kat)| < CnJrl(l A |k|77)7
Cri1 < Co + KC2tY™ 4 Cyt. (19)

Let us show that the sequence (C),) is bounded for sufficiently small ¢ > 0.
For small ¢ the quadratic equation

Kt'"2? — x4 Co + Cyt = 0.

has two real roots. It is easily verified that if

1—/1—4KtY/"(Co + Cyt)
2Kt/

C =

is the smallest root then the segment [0, ¢] is mapped into itself under the map
x +— Ktt/"22 4+ Cy + Cyt. Besides that, inequality \/1 +x < 1+ /2 which is
true for |x| < 1 implies that 0 < Cy < ¢. Hence, C,, < ¢ for all n.

Now let us estimate the difference between two successive approximations
obtained according to (16):

|@n+1(k t) - d)n(k t)|

1
_/ —v|k|* (= S)/|¢u L, s)||on(k =1, 8) — Wn_1(k — 1, 5)|%dld‘9

+% *V‘k‘ (t—s /|wnl S) Wiy 1([ S)Hwn 1( )||< |l|2 >|dld8

(20)

Let |@n11(k,t) — On(k,t)] < An(1 A|k|77). Then estimates involving Lemma 1
analogous to those derived above show that one may choose

App1 <2KtY7eA,.

So, for some 7 > 0 and t < 7 the series 220:1 A, is convergent. Hence w,

is a Cauchy sequence with respect to the norm |f(-,-)[, = supy, 1/\('2'% and

converges to some limiting function. Passing to the limit in (16), we have that
this limiting function is a solution of (6) and hence coincides with &. So, |&], <
limsup |&p|y < ¢ It is easy to verify along the same lines that the family of
functions (&) is equicontinuous on [0, 7] with respect to | - |. Consequently, the
limiting function @ is continuous with respect to this norm. Lemma 2 is proved.
O
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Coming back to the proof of Theorem 3, let us denote &) = R, &) = 3@
and rewrite the system (6) as

% |k|2 1)(1€, t)

+ % /[@U)(z, DDk —1, t) — oD, Y@ (k 1, 1)] <k|’l|l;>dl + F Ok, 1),
. (21)

w V|]€|2 2)(]€ t)

*‘i/(llt k=t t)+ ”Ut>@%—lwﬁ%f>ﬂ+fmww

(22)

Theorem 1 implies that there exists a nondecreasing linear function E(t) such
that

(2 8)l s < E(),t >0 (23)
()l < E(t),t >0 (24)
(ol < E(0), (25
Then
160, 8) 122 = - Dllze < VIO w0 Ol~ < Bt).  (26)
66, Dlle~ < o-llwlls < B@. (27

Results from [4] imply that if there is no forcing term then function E may
be chosen constant.

Denoting D(t) = D, (t) = E(t)K for Ky > 1, we get [w(k,t)| < Dk, (t)(1A
|[k|~7) for all ¢ > 0 and |k| < Kj

In order to show that this inequality is fulfilled also for all the other values of
k let us assume that, on the contrary, |(-,t)|y > Dk, (t) at some time ¢ € (0, 7].
Let ¢1 be the infimum of such times. Since |&(+,t)|, depends on ¢ continuously,
we have |@(-, )], < Dk, (t) when t € [0,4].

It < ty, [k > Ko, i € {1,2} |60 (k,t)| > Dr, (t)|k|~7/2, then 420¢0 _

—sgn w(l) (k,t). Indeed (for definiteness we suppose & (k,t) > 0 without loss of
generality), Lemma 1 and (26) imply

‘DKO (t)
2

do® (K, t
w (,)<

—ulk|2
p vkl

+2D%, () QK" "\/1 4+ In|k| + Cylk| 7,
i.e. the derivative is negative for sufficiently large K¢ and |k| > Ky. This con-

tradicts the assumption made, because for all ¢ in the time interval under con-
sideration |0 (k,t)| < D, (t)/v/2 and |&(:,t)], < D, (t) for t € [0, 7].
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Using Lemma 2 we always can continue the solution continuously in time on a
time interval of positive length. On this interval we can apply again the estimate
|w(-,t)]y < D(t). Iterating this procedure we obtain this estimate for all ¢t € R.
The theorem is proved. 0O

Proof (Theorem 4). Consider the function
ok, t) = @k, t)elF

It suffices to show that |v(-,%)|, < D(t). To this end we rewrite (6) as

do(k, t) 2
T = —V|k| U(k7 t)
1 1 .
+ — [ emelUFE=U=IDg (1 Yo (k — 1, t)Mdl + f(k,t)e Ik,
27 e
R2

Since |k| < |I| + |k — 1], we have e~@UlFk=U=IF) < 1 and Theorem 4 may be
proved by the literal repetition of the proof of Theorem 3. O

Proof (Theorem 5). Consider the function
ok, t) = &k, t)e

It suffices to show that |v(-, )|y < D(t). We rewrite (6) as

% = —v|k[*5(k, t) + talk|o(k, t)
J‘ A~
b om [emtetti 0o, ot -1, 05 i etels
27 1]
]R2

Since e~ t@(l+Ik=l=Ik) < 1 and for sufficiently small ¢ the term talk|o(k, t)
is small compared to v|k|?d(k, t) for |k| > Ko and sufficiently large Ky, the
proof of Theorem 5 may be obtained by an obvious modification of the proof of
Theorem 3. O

References

1. Matania Ben-Artzi. Global solutions of two-dimensional Navier-Stokes and Euler equa-
tions. Arch. Ration. Mech. Anal., 128(4):329-358, 1994.

2. Hebe A. Biagioni and Todor Gramchev. On the 2D Navier-Stokes equation with singular
initial data and forcing term. Mat. Contemp., 10:1-20, 1996.

3. Y. Giga, S. Matsui, and O. Sawada. Global existence of two-dimensional Navier-Stokes
flow with nondecaying initial velocity. J. Math. Fluid Mech., 3(3):302-315, 2001.

4. Yoshikazu Giga, Tetsuro Miyakawa, and Hirofumi Osada. T'wo-dimensional Navier-Stokes
flow with measures as initial vorticity. Arch. Ration. Mech. Anal., 104(3):223-250, 1988.

5. Tosio Kato. The Navier-Stokes equation for an incompressible fluid in R2? with a measure
as the initial vorticity. Differ. Integral Equ., 7(3-4):949-966, 1994.

6. O.A. Ladyzhenskaya. The sixth Millenium problem: Navier—Stokes equations, existence
and smoothness. Uspekhi Mat. Nauk, 58(2(350)):45-78, 2003.

7. J.C. Mattingly and Ya.G. Sinai. An elementary proof of the existence and uniqueness
theorem for the Navier-Stokes equations. Commun. Contemp. Math., 1(4):497-516, 1999.



10 Maxim Arnold, Yuri Bakhtin and Efim Dinaburg

8. F.J. McGrath. Nonstationary plane flow of viscous and ideal fluids. Arch. Ration. Mech.
Anal., 27:329-348, 1967.
9. Marcel Oliver and Edriss S. Titi. Remark on the rate of decay of higher order derivatives
for solutions to the Navier-Stokes equations in R™. J. Funct. Anal., 172(1):1-18, 2000.
10. Michael Reed and Barry Simon. Methods of modern mathematical physics. II: Fourier
analysis, self- adjointness. New York - San Francisco - London: Academic Press, a sub-
sidiary of Harcourt Brace Jovanovich, Publishers. XV, 361 p., 1975.

Communicated by Yakov Sinai



