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F (x)
?A;

(−∞,+∞) Z7J;@VM;JI2[Y76\
lim

x→−∞
F (x) = 0, ] �_^

lim
x→+∞

F (x) = 1, ]a` ^
bdcfefg@h�gNi�gkjflfgnmAo

X
?A;J:pG HN;@B8765qI,5srA4M[A;@tC?C\6t,H6BsruXC[CXC?C\6t Z BE5sruXvBJwBxFA;@5EDCFCBy=zBs{ruBE?CXCB�H6BEFC\<IY76?C\65876BEt

P
{
X < x

} \6DCFCBy=zBsrAICB8765qI|SU4M?CVCWCXCBEt
F (x) }

P
{
X < x

}
= F (x) ]�~ ^��4p=zBE��5E[CXY7J;J769KDC\n\6DCFCBy=zBsruBE?CXCO Z [Y76\nH6BEFC\<IY76?C\658769TVM;J�R=z\6�E\�:p?A;<[CBE?CXYIFA;@H6?A;d?Y4<ruO } P{X = a} = 0 Z ∀a ∈ R �bdcfefg@h�gNi�gkjflfgK��o � rA4M[A;@tC?A;JI|H6BsruXC[CXC?A;
X
?A;J:pG HN;@B8765qI�;@L65E\JruOQ76?C\,?CBEDCFCBs{FCG H6?C\6t Z BE5sruX2584kP�BE5876H@46B87�?CBE\@76FCXCWA;J76Bsru96?A;JI|SU4M?CVCWCXYI f(x)

7J;@VM;JI Z [Y76\
F (x) =

∫ x

−∞
f(t) dt. ]�� ^

��4M?CVCWCXYI
f
?A;J:pG HN;@B8765qI|DMru\@76?C\6587696O�5srA4M[A;@tC?C\6t2H6BsruXC[CXC?CG

X ����u�u���6�C�u�nc�i��u�Cjf�z�6�Cl
� gk�uefgk�U�mAo����k�8�R�

X  ¢¡@£ �E¤q¥u¦ �R§u¤¨§u©8ª@«z©¬«u�®J§ ¡<¯ �°¥u�N± ¡@² § ¡<¯ ®@©°¥u³A±M³A§ ¡N´µ ¤_¶y· ¡
f(x) ≥ 0, ]a¸ ^∫ ∞

−∞
f(x) dx = 1, ]�¹ ^

f(x) = F ′(x). ]aº ^» ¤<¼ ¡_½J¡ �d©°¥u�k�8�d®@¤ ´ ��\6FC�¾4<rz; ]a¸ ^ ICHJrAICB8765qI2[A;@587696O¿\6DCFCBy=zBsruBE?CXYI2DMru\@76?C\65876X
5srA4M[A;@tC?C\6tÀH6BsruXC[CXC?CGÁX�DC\6H@76\6FCBE?A;TXY:8{Â:<;ÃBJwB2HN;J�,?C\65876X � � \6\@76?C\@Ä�BE?CXCB ]�¹ ^?CBEDC\65EFCBy=z5876H6BE?C?C\�5sruBy=u46B87�XY: ]�� ^ X ]a` ^ �@Å ;@Vk\6?CBEW ZC]aº ^ DC\JrA4M[A;@B8765qIdXY: ]�� ^ =zXCS�{S�BEFCBE?CWCXCFC\6HN;@?CXCBE��DC\vDCBEFCBE��BE?C?C\6t

x �� gk�uefgk�U����o����k�8�R� ¡@£ �E¤q¥u¦ �R§u¤�§u©8ª@«z©¬«u�®J§ ¡<¯ �°¥u�N± ¡@² § ¡<¯ ®@©°¥u³A±M³A§ ¡ X ³MÆ�©8Ç©8�ÁÈ��N§A¼NÉA³A¦Ê« ¡ �8ª@«z©8·J©°¥z©8§A³ ¯ F (x)
³�ªk¥z¤<�R§u¤_�8�R�

f(x) ´ µ ¤_¶y· ¡
P
{
X ∈ [a, b]

}
= F (b)− F (a) ]�Ë ^³

P
{
X ∈ [a, b]

}
=

∫ b

a

f(x) dx ]�Ì ^
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» ¤<¼ ¡_½J¡ �d©°¥u�k�8�d®@¤ ´QÍ :�S�\6FC�¾4<ruG ]�� ^ 5sruBy=u46B87 Z [Y76\
5E\6\@76?C\@Ä�BE?CXYI ]�Ë ^ X ]�Ì ^Î VCH6XCHN;_ruBE?Y76?CG � 3U\ Î 76\6�¾4¨=z\6587J;J76\6[C?C\¨46587J;@?C\6H6XY769*S�\6FC�¾4<rA4 ]�Ë ^ ��Ï [CBEH6Xk=z?C\ Z[Y76\

[a, b] = (−∞, b] \ (−∞, a) � � ruBy=z\6HN;J76Bsru96?C\ Z
P
{
X ∈ [a, b]

}
= P

{
X ∈ (−∞, b]

}
− P

{
X ∈ (−∞, a)

}
+ P

{
X = b

}
.

3U\65sruBy=z?CBEB,5srz;@�s;@BE��\6B,FA;@H6?C\*?Y4<ruO Z ;*DCBEFCH6G B�=zHN;¨Ð F (b)
X
F (a)

5E\6\@76H6B87J{5876H6BE?C?C\ �Ñ ¡ Æ�©8± ¡ §A³u© ´�Ò ;@V|VM;@VnH6BEFC\<IY76?C\658769*VM;J�R=z\6t|76\6[CVCXÃFA;@H6?A;Ó?Y4<ruO Z 76\�H,ruBEH6\6t[A;@5876XdS�\6FC�¾4<r ]�Ë ^ X ]�Ì ^ \@76FCB8:p\6VR��\<�,?C\�:<;@��BE?CXY769U?A;�XC?Y76BEFCHN;_rvXMruXRDC\JrA4MXC?M{76BEFCHN;_r ��Ô FC\6��B�76\6�E\ Z \6[CBEH6Xk=z?C\ Z [Y76\ÓS�\6FC�¾4<ruG ]�Ë ^ X ]�Ì ^ XC��BEOQ7�5E��G 5srÃDCFCX
a
XMruX

b Z FA;@H6?C\6�ÕL6BE5EVk\6?CBE[C?C\65876X �
Ö eflf�Ugke�o Ö �u×��YØk�C�CgNi�Ùujf�ug|ef�A�6cfefg@h�gNi�gkjflfguo

Ú�;@5E5E��\@76FCXC�À�EBE\6��B876FCXC[CBE5EVk\6B�FA;@5EDCFCBy=zBsruBE?CXCB
T δ 2δ 3δ · · ·
P pδ pδq pδq

2 · · ·�Û=zB
pδ
Ð Î 76\�H6BEFC\<IY76?C\658769�465EDCBsÜk;�H¨\E=z?C\6�ÝXC5EDCG�7J;@?CXCXÃ5ÞÜNBE��Gß�0BEFC?Y4<rCruX Z ;

q = 1 − pδ � 3�4658769
5srA4M[A;@tC?A;JI�H6BsruXC[CXC?A; T \6L6\@:p?A;<[A;@B87
H6FCBE�¾I�\<�,Xk=>;@?CXYI
465EDCBsÜk; �uà 5EDCBsÜ*��\<�RB87vDCFC\6XY:p\6tY76X2Hv��\6��BE?Y76GáH6FCBE��BE?CX δ Z 2δ Z��E�E�E�uÒ \6�Û=>;

P
{
T > nδ

}
= (1− pδ)n

X â
T =

δ

pδ
.

3UBEFCBEtk=�wBE�á\@7Ó=zXC5EVCFCB876?C\6tT��\E=zBsruXÃVn?CBEDCFCBEFCG H6?C\6t �>ã rAI Î 76\6�E\*465876FCBE��XC� δV
0 Z n V ∞ X

pδ
V

0
7J;@V Z [Y76\�5EFCBy=z?CBEB�:p?A;<[CBE?CXCBd5srA4M[A;@tC?C\6tnH6BsruXC[CXC?CG T

X:p?A;<[CBE?CXCB
nδ
?CB���BE?YICOQ765qI ��Ï L6\@:p?A;<[CXC�

t = nδ, α =
pδ
δ
.

Ò \6�Û=>;
P
{
T > nδ

}
= (1− δα)

t
δ .3UBEFCBsÜN\E=uI2V*DCFCBy=zBsrA4 Z DC\JrA4M[CXC� Z [Y76\

P
{
T > t

}
=

(
1 +

1

− 1
δα

)−1
δα

(−δα) t
δ

−→ e−αt.

� ruBy=z\6HN;J76Bsru96?C\ Z
P
{
T ≤ t

}
=

{
1− e−αt, BE5sruX

t > 0

0,
HdDCFC\@76XCH6?C\6�Ê5srA4M[A;@B �
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3U\Ó\6DCFCBy=zBsruBE?CXCO � SU4M?CVCWCXYI�FA;@5EDCFCBy=zBsruBE?CXYI

F (t)
5srA4M[A;@tC?C\6t�H6BsruXC[CXC?CG

T:<;<=>;MwB8765qI|FA;@H6BE?C5876H6\6�
F (t) = P{T < t} � 3U\ Î 76\6�¾4

F (t) =

{
1− e−αt, BE5sruX

t > 0

0,
HdDCFC\@76XCH6?C\6�Ê5srA4M[A;@B �

ã XCS�S�BEFCBE?CWCXCFY4@I,DC\JrA4M[CBE?C?C\6BxH6G FA;J�RBE?CXCB�=ArAI F (t) Z 5E\6�Þrz;@5E?C\�\6DCFCBy=zBsruBE?CXCO`MZ XC��BEBE�ÊS�\6FC�¾4<rA4v=ArAI*DMru\@76?C\65876X f(t)
5srA4M[A;@tC?C\6t2H6BsruXC[CXC?CG

T }
f(t) =

{
αe−αt,

BE5sruX
t > 0

0,
HdDCFC\@76XCH6?C\6�Ê5srA4M[A;@B � ] �<äN^

bdcfefg@h�gNi�gkjflfgÝå�o�� rA4M[A;@tC?A;JI
H6BsruXC[CXC?A;
T Z XC��BEOQPR;JIæDMru\@76?C\658769nFA;@5EDCFCBs{=zBsruBE?CXYI ] �<äN^ Z ?A;J:pG HN;@B8765qI*DC\6VM;J:<;J76Bsru96?C\dFA;@5EDCFCBy=zBsrçwBE?C?C\6t25srA4M[A;@tC?C\6t�H6BsruXM{[CXC?C\6t �

èêé�ë�ìçí2é�ëfî�ï�ìçðzñ ò�ìóòçôõî ö�é�÷�î�ìÝîøö�î�ðzù�ì�ú�ðzîQû�ü
bdcfefg@h�gNi�gkjflfgý�o�þ ;J76BE��;J76XC[CBE5EVCXC�ÿ\<�,Xk=>;@?CXCBE�õâ

X
;@L65E\JruOQ76?C\K?CBEDCFCBs{

FCG H6?C\6t*5srA4M[A;@tC?C\6t2H6BsruXC[CXC?CG
X Z XC��BEOQP�BEt2DMru\@76?C\658769 f(x) Z ?A;J:pG HN;@B8765qI

â
X =

∫ +∞

−∞
xf(x) dx, ] �6�_^

BE5sruXóXC?Y76BE�EFA;_r¿5ÞÜN\E=zXY765qI�;@L65E\JruOQ76?C\ ��� 5sruXá5srA4M[A;@tC?A;JIóH6BsruXC[CXC?A; X DCFCXM{?CXC��;@B87T76\Jru96Vk\K?CBE\@76FCXCWA;J76Bsru96?CG B|:p?A;<[CBE?CXYI�XÊXC?Y76BE�EFA;_r ] �6�_^ FA;@5ÞÜN\E=zXY765qI Z76\R�E\6H6\6FNIY7 Z [Y76\d��;J76BE��;J76XC[CBE5EVk\6B�\<�,Xk=>;@?CXCB�5srA4M[A;@tC?C\6t¨H6BsruXC[CXC?CG X
FA;@H6?C\

L6BE5EVk\6?CBE[C?C\65876X ��� 5sruX,5srA4M[A;@tC?A;JI,H6BsruXC[CXC?A; X DCFCXC?CXC��;@B87�VM;@VvDC\Jru\<�,XY76Bsru9J{?CG B Z 7J;@VRXR\@76FCXCWA;J76Bsru96?CG Bx:p?A;<[CBE?CXYIRXRXC?Y76BE�EFA;_r ] �6�_^ ?CB�5ÞÜN\E=zXY765qIÓ;@L65E\JruOQ7J{?C\ Z 76\���;J76BE��;J76XC[CBE5EVk\6�E\�\<�,Xk=>;@?CXYIR5srA4M[A;@tC?C\6tdH6BsruXC[CXC?CG X ?CB 584kP�BE5876H@46B87 �
� ª@« ¡�� §u©8§A³u© ´�ã \6VM;J�,XY76B Z [Y76\�5srA4M[A;@tC?A;JI�H6BsruXC[CXC?A; Z \6DCFCBy=zBsrAICBE��;JI�SU4M?CVM{WCXCBEt2FA;@5EDCFCBy=zBsruBE?CXYI

F (x) =

{
x
x+1

,
BE5sruX

x > 0

0,
HdDCFC\@76XCH6?C\6�Ê5srA4M[A;@B �

XC��BEB87ÓL6BE5EVk\6?CBE[C?C\6B���;J76BE��;J76XC[CBE5EVk\6B�\<�,Xk=>;@?CXCB �
Ö eflf�Ugke�o�� ;@��B876XC� Z [Y76\d��;J76BE��;J76XC[CBE5EVk\6B�\<�,Xk=>;@?CXCB δ/pδ = α−1 �EBE\6��B876FCXM{[CBE5EVCXMÜÓFA;@5EDCFCBy=zBsruBE?CXCt¨H�FA;@5E5E��\@76FCBE?C?C\6�æDCFCXC��BEFCB�DC\65876\<IC?C?C\ Z DC\ Î 76\6�¾4,\6?C\?CB���BE?YICB8765qIÝX DCFCX DCBEFCBsÜN\E=zBnV DCFCBy=zBsrA4 �xÍ 7J;@V Z 46587J;@?C\6HJruBE?A;æ5sruBy=u4MOQPR;JI76BE\6FCBE��; }



���������������
	����
����������������
��	�������������� �
� gk�uefgk�U��å�o	� ¡ �d©ÛÆ ¡ �R³A±Y©E�8¼k¤_©v¤ � ³A· ¡ §A³u©dªu¤<¼ ¡_½J¡ �d©°¥u�N§u¤�« ¡ �8ª@«z©8·J©°¥�
©8§A§u¤ ²�°¥u�N± ¡@² §u¤ ² ®@©°¥u³A±M³A§A��³MÆ�©8¦��d© ² ªk¥z¤<�R§u¤_�8�R������������« ¡ ®J§u¤ α−1 ´bdcfefg@h�gNi�gkjflfg���o ã XC5EDCBEFC5EXCBEt��

X
;@L65E\JruOQ76?C\
?CBEDCFCBEFCG H6?C\6t 5srA4M[A;@tC?C\6tH6BsruXC[CXC?CG

X Z XC��BEOQP�BEt2DMru\@76?C\658769,FA;@5EDCFCBy=zBsruBE?CXYI f(x) Z ?A;J:pG HN;@B8765qI
�
X =

â
(X − â X).

� gk�U�U�
mAo » ³u�8ªu©¬«z�8³ ¯ � X ¡@£ �E¤q¥u¦ �R§u¤�§u©8ª@«z©¬«u�®J§u¤ ² �°¥u�N± ¡@² §u¤ ² ®@©°¥u³A±M³A§A
X
®J�±M³u�°¥ ¯ ©8�d� ¯ ªu¤dÈ�¤Þ«kÆU�_¥z©

�
X =

â
X2 − (

â
X)2.

» ¤<¼ ¡_½J¡ �d©°¥u�k�8�d®@¤ ´ à 76H6BEFN�R=zBE?CXCB�ruBE����G46587J;@?A;@HJruXCHN;@B8765qIT;@?A;_ru\6�EXC[C?C\d=z\J{
VM;J:<;J76Bsru965876H@4�5E\6\@76H6B8765876H@4MOQP�BEt�ruBE����G�=ArAIv=zXC5EVCFCB876?CG0Ü�5srA4M[A;@tC?CG0Ü�H6BsruXM{[CXC? �
Ö eflf�Ugke�o����C�ujf�u�Ugkefjf�Kef�A�6cfefg@h�gNi �gkjfjf�"! �@i$#&%f�C�fjf�"!À�ugNi�l$%flfjf��o

bdcfefg@h�gNi�gkjflfg('�o�� rA4M[A;@tC?A;JI H6BsruXC[CXC?A;
X
FA;@5EDCFCBy=zBsruBE?A;ÕFA;@H6?C\6��BEFC?C\
HXC?Y76BEFCHN;_ruB

(a, b) Z BE5sruXÓBJwB�DMru\@76?C\658769RDC\65876\<IC?C?A;�?A;�XC?Y76BEFCHN;_ruB (a, b)
XÓFA;@H6?A;

(b− a)−1 ?A; Î 76\6�ÊXC?Y76BEFCHN;_ruB �*) ?CB�XC?Y76BEFCHN;_rz; (a, b)
DMru\@76?C\658769,FA;@H6?A;

0 �
Ï FA;@H6?C\6��BEFC?C\�FA;@5EDCFCBy=zBsrçwBE?C?C\6tÓ5srA4M[A;@tC?C\6tÓH6BsruXC[CXC?CBQ[A;@5876\��E\6H6\6FNIY7,+¬76\6[CVM;
X Z H6G L6FA;@?C?A;JI�?A;p4p=>;<[Y4.- �� gk�uefgk�U�øý�o0/��N§A¼NÉA³ ¯ « ¡ �8ª@«z©8·J©°¥z©8§A³ ¯ F (x)

« ¡ ®J§u¤yÆ�©¬«u§u¤Ã« ¡ �8ª@«z©8·J©°¥�
©8§A§u¤ ²�°¥u�N± ¡@² §u¤ ² ®@©°¥u³A±M³A§A�§ ¡ ¤<��«z© ½ ¼k© (a, b)
« ¡ ®J§ ¡

F (x) =





0, x ≤ a 1
x−a
b−a ,

©E�°¥u³
x ∈ (a, b) 1

1, x ≥ b ´
� ¡ �d©ÛÆ ¡ �R³A±Y©E�8¼k¤_©Ã¤ � ³A· ¡ §A³u© â X = (a + b)/2

�d·_³u�8ªu©¬«z�8³ ¯ � X = (b −
a)2/12 ´» ¤<¼ ¡_½J¡ �d©°¥u�k�8�d®@¤ ´ ��\6FC�¾4<rz;�=ArAI¨SU4M?CVCWCXCX F (x) Z 5E\6�Þrz;@5E?C\ ]�� ^ Z DC\JrA4M[A;@B8765qIXC?Y76BE�EFCXCFC\6HN;@?CXCBE� DMru\@76?C\65876XæFA;@H6?C\6��BEFC?C\�FA;@5EDCFCBy=zBsrçwBE?C?C\6tæ5srA4M[A;@tC?C\6tæH6Bs{
ruXC[CXC?CG �Yã ;_ruBEB Z
â
X =

∫ +∞

−∞
f(x) dx =

∫ b

a

x

b− a dx =

=
x2

2(b− a)

∣∣∣∣
b

a

=
b2 − a2

2(b− a)
=
a+ b

2
. ] � ` ^
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2�76\6L6GóH6G [CXC5sruXY769d=zXC5EDCBEFC5EXCO Z ?Y4k�,?C\v?A;@tY76X*XC?Y76BE�EFA;_r

â
X2 =

∫ b

a

x2

b− a dx =
x3

3(b− a)

∣∣∣∣
b

a

=
(b− a)2

12
.


