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KMLFNPOQNSRUTUV A�B uG�Gg�mGkle

Ω
}lb,n]}leTmG�3} �T�1fKfKuGh&��%��65{�Xn9e"fKe"sUm,c |lslg����"uG�Gg�mGklh\J

Ω = E1 + E2 + . . .
�

X d A G�|lk��G|luG�=c slklk^�\b �7��|]c,�Tn9klilslg���fKuGsleTmVwl|luG�TmG|]c sl�TmGbGu^�Xn9e"fKe"sUm,c |lslg��t�"uG�Gg�mGklh��"uG�TmGuGkUm^kU�
ileTmGg�|l«X�^mGuGile"��zG�$u mGuG|lg�e�uG�Gu �=s]c%ilklfJH HKz H�
Rz�
 H�k
�
�� i c,dV�\uGh°mGuGil�$e�e"�TmGe"�TmGbGe"slslu°wl|lklwlkl�=c,mGo
u"�\sU�¡k�m �^dVeQbGe"|lu%}UmGsluG�TmGol� i c �U�1yMCFº�c h$�\kUmGeFbGe"|lu%}UmGsluG�TmGo�mGuGv"ulz1iUmGu�s]cF�\b �7��fKuGsleTm,c;��bGg�w]c;n
�7u m%} �Gg·u"�\klstv"e"|l�l�
XfeFA rtuGsleTm �®�G|luG�"k1n9k��\b7c,dV�\g�� B �TmGklf �"�$�"wle"|lklfKe"sUmGuGf��"b }U�%c slg��\b7c |]c,�Tn9klilslg��{wl|luG�TmG|]c s1�
�TmGb7c��Xn9e"fKe"sUm,c |lslg��t�"uG�Gg�mGklh��
G�e"|lbGuGeF�"uG�TmGuGkUm^kU��ileTmGg�|l«X��mGuGile"�\J H HKz H�
�z�
 Hxk�
�
�� i c,dV�\uGh
mGuGil�$e�e"�TmGe"�TmGbGe"slslutwl|lklwlkl�=c,mGo�u"�\sU� k m �tdVe�bGe"|lu%}UmGsluG�TmGol� i c �U�1y ¦§�"|]c bGslkUmGe��°wl|le)�\g��9�$��klf
bGuGwl|luG�"uGf�©~C���mGuG|luGe�wl|luG�TmG|]c sl�TmGbGu��Xn9e"fKe"sUm,c |lslg�� �"uG�Gg�mGklh��"uG�TmGuGkUm�kU��mG|l«X��mGuGile"�\J

E1
� bGg��

w]c%�\e"slkleV�\b �7��v"e"|l�GuGblz
E2

� bGg�w]c%�\e"slkle^�\b �7��|leT¬�e"�®k
E3

� bGg�w]c%�\e"slkle�|]c,�Tn9klilslg��®�TmGuG|luGs
fKuGsleTmGg�� i c �lkle�bGe"|lu%}UmGsluG�TmGk��Xn9e)�9�GeTm�wl|lklwlkl�=c,mGo��TmGklfJ�Xn9e"fKe"sUm,c |lslg�f~�"uG�Gg�mGkU}lf)C
XfgFA ²�uG�1c,d�kUmGe ] uG|lfq�%n]� P{A + B} = P{A}+ P{B} �]n]} sle"�"uGbGfKe"�TmGslg����"uG�Gg�mGklh��"uG�Gg�mGklh

Ak
B
�

[¿hWA ²�uG�1c,d�kUmGe ] uG|lfq�%n]� P{A+B} = P{A}+ P{B}− P{AB} �]n]}�wl|luGkU�=bGu,n9oGslg����"uG�Gg�mGklh
Ak

B
�

[U@
A G�u,n9o �"� }l�"o��"bGuGhl�TmGb7c fKkVbGe"|lu%}UmGsluG�TmGk�z,�\uG�1c,d�kUmGe ] uG|lfq�%n]� P{A+B+C} ≤ P{A}+P{B}+
P{C}[ZEFA ²�uG�1c,d�kUmGe ] uG|lfq�%n]�

P{A1 + . . .+ An} = P{A1}+ . . .+ P{An}
¦ � ©

�]n]}tsle"�"uGbGfKe"�TmGslg�� �"uG�Gg�mGklh �"uG�Gg�mGklh
A1

z
. . .

z
An

�
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[ZXFA G�|luG�TmG|]c sl�TmGbGu��Xn9e"fKe"sUm,c |lslg�� �"uG�Gg�mGklh uGwl|le)�\eXn]}leTmG�3}�|]c,�=fKeT��e"slkle"f
2
|]c,�Tn9klilslg���¬Vc |luGb

b
3
|]c,�Tn9klilslg���}U��kl�1cU�l���"e"f{�Xn9e"fKe"sUm,c |lslg�f��"uG�Gg�mGkU}lf'wl|lklwlkl�=c slg~|]c bGslg�eQbGe"|lu%}UmGsluG�TmGk�� B u,�

�Gg�mGkle
Si

�"uG�TmGuGkUm�b�mGuGf�z]iUmGu^b�}U��kl�$e�wlu"��sluGfKe"|luGf
i
s]c;�7u"�\kUmG�3}

1
¬Vc |��
G�|luGbGe"|lo%mGe ] uG|lfq�%n]�

P
{
S1 + S2

}
= P

{
S1

}
+ P

{
S2

}
− P

{
S1S2

}
.

[f[DA �R|luGe��\|U�$�=e"h{�=c%�9}UmG�3}{b��Xn9e"�UmG|lklil�U�Gzq�"uG�TmGu%}U�°�1y kU��bGuG�"oGfKk®b7c v"uGsluGbl� i c,dV�\g�h�ileXn9uGbGe"�
bGg��Gkl|]c eTm{b7c v"uGsJs]c=�1vXc%�³¦§��|]c bGsluGh�bGe"|lu%}UmGsluG�TmGoGy�©X�R´FwlkU¬�kUmGexwl|luG�TmG|]c sl�TmGbGu'�Xn9e"fKe"sUm,c |lslg��
�"uG�Gg�mGklh��9¶F���"�$u,n9oG�lk�mGuGile"�tuGsluV�"uG�TmGuGkUmDC i c �U�1yµbGe"|lu%}UmGsluG�TmGo¡�Xn9e)�9�GeTm�wl|lklwlkl�=c,mGo¡�1c,dV�\uGfq�
�Xn9e"fKe"sUm,c |lsluGfq���"uG�Gg�mGklyMC GF�G�TmGo��"uG�Gg�mGkle

A
�%c �1n9yQi]c eTmG�3}xb¡mGuGf�z9iUmGu�mG|luGe��\|U�$�=e"hxwluGe)�9�$m�b

|]c,�=slg���b7c v"uGs]c;�Z�0¶F�^�"�$u,n9oG�lk1���Xn9e"fKe"sUm,c |lslg��®�"uG�Gg�mGklh��"uG�TmGuGkUm �"uG�Gg�mGkle
A
C¡º�c h$�\kUmGe^bGe"|lu,�

}UmGsluG�TmGo��"uG�Gg�mGkU}
A
�

[Z^FA�� n9k ] m 6
� �Tm,c,d�sluGv"u��\uGf	c�bGu ¬�n9k

4
w]c �"�=c,d�kl|]cU� i c,dV�\g�h�sleT�%c bGkl�"klfKutu m��\|U�1v"k1���^u"�\k1�

s]c �$uGbGuGh{bGe"|lu%}UmGsluG�TmGoGy fKu%dVeTm�bGg�hUmGk's]ctn9yQ�GuGf ¦§s]c%ilkls]c,}{�"uxb mGuG|luGv"u$©��Tm,c,dVe �	´Fwl|le)�\eXn9kUmGo
bGe"|lu%}UmGsluG�TmGo¡mGuGv"ulz9iUmGu¡bG�"e�bGg�h$�9�$m�s]c^u"�\sluGf�k�mGuGf�dVe��Tm,c,dVe �
[ZcFA º�c h$�\kUmGeQbGe"|lu%}UmGsluG�TmGo°mGuGv"ulz1iUmGu�wl|lk��G|luG�=c slklk¡mG|ZYeX��klv"|]c;n9oGslg����$uG�TmGe"h��T�1fKf	c°bGg�w]c b ¬�k1�
ilkl�"eXnxuG�1c,dVeTmG�3} |]c bGsluGh

17
�

[ d A º�c h$�\kUmGeRbGe"|lu%}UmGsluG�TmGo�mGuGv"ulz7iUmGu�wl|lk¡�G|luG�=c slklkVmG|ZYeX�¡fKuGsleTm�bGg�w]c%�\eTm°iZYeTmGsluGeEilkl�Xn9u�v"e"|l�GuGbl�
[ZeFA 
Oc �"�"f	c,mG|lklb7c yEmG�3}¤ileTmGg�|ZYeX�1�=s]c%ilslg�e�ilkl�Xn\cUz��"uG�Tm,c b,n9e"slslg�e�kU�x¥lk ] | 1

z
2

k
3
��º�c h$�\kUmGe

bGe"|lu%}UmGsluG�TmGo¡mGuGv"ulz9iUmGu¡b^s]c=�1vXc%��bGg��G|]c slsluGf�ilkl�Xn9e�bG�"e�¥lk ] |lg£u"�\kls]c �$uGbGg�e �
[ZgFA 
�e"�G«"sluG��s]c=�1vXc%���"uG�Tm,c b,n]}Um°�Xn9uGbGu�kU�Q� �1�lb�� f��)z�� f��)z��¨c��)z��¨c���¦§kl�"wlu,n9o �"� }¡bG�"eRileTmGg�|leQ� �1�lbGgE©X�
B �1c �$uGhtbGe"|lu%}UmGsluG�TmGoGy���sle"v"u¡wlu,n]�1ilkUmG�3} �Xn9uGbGu	� f	c f	c��PC
^
hWA
B |le)�\k�bGuG�"e"fKs]c%�\¥]c,mGk��\eTm,c;n9e"h°¬�e"�TmGoF�G|]c �$uGb7c slslg��Z��
��$�"wle"|lklfKe"sUm��%c �1n9yQi]c eTmG�3}�bRmGuGf�z;iUmGu
kU�E�TmGk1�V�\eTm,c;n9e"h�s]c=�1vXc%��u mG�Gkl|]c yEm°wU}UmGol�1´FwlkU¬�kUmGeQwl|luG�TmG|]c sl�TmGbGu��Xn9e"fKe"sUm,c |lslg����"uG�Gg�mGklh��1¶F�
�"�$u,n9oG�lk1��mGuGile"�®uGslu��"uG�TmGuGkUmDC�¢�e"fq��|]c bGs]c�bGe"|lu%}UmGsluG�TmGo��1c,dV�\uGv"ut�Xn9e"fKe"sUm,c |lsluGv"u��"uG�Gg�mGkU}�C
º�c h$�\kUmGe�bGe"|lu%}UmGsluG�TmGo¡mGuGv"ulz]iUmGu��"|le)�\k

5
s]c=�1vXc%�xu mGuG�G|]c slslg����\eTm,c;n9e"h

2
�G|]c �$uGb7c slslg�e �

.�/� �I���3�	�9�; � 	��F>�3���<U9�3��¿<��
º�c%ilsZYe"f �xwl|lklfKe"|]cU���¸�"e"fKoGe�mG|luGet�\eTmGe"h��R¶F�=bGe"�TmGslulz�iUmGu'wlu{�l|]c hlsle"h~fKe"|le�u"�\klsjkU� �\eTmGe"h
�\e"bGuGil�1cU�9º�c h$�\kUmGe�bGe"|lu%}UmGsluG�TmGo¡mGuGv"ulz]iUmGu�b^�"e"fKoGe�|luGbGslu°�\bGeQ�\e"bGuGil�lk��

��bGe)�DYe"f£uG�Gu �=s]c%ile"slkU}��=GF�G�TmGo �"uG�Gg�mGkle
A

�%c �1n9yQi]c eTmG�3}®b�mGuGf�z�iUmGu bt�"e"fKoGe¡|luGbGslu��\bGe��\eX�
bGuGil�lk�zUc��"uG�Gg�mGkle

B
»^wlu°�l|]c hlsle"h�fKe"|leQu"�\s]cF�\e"bGuGil�1cU�U¶F�=bGe"�TmGslulzUiUmGu��"uG�Gg�mGkle

B
wl|luGkU�=u ¬�n9ul�

B uG�Gg�mGkle
A

wl|lkt�G�Xn9uGbGklk�z\iUmGu��"uG�Gg�mGkle
B

wl|luGkU�=u ¬�n9ulz\uG�Gu �=s]c%i]c eTmG�3}
A|B �9�~�%c%�Zc%ile�mG|le"� �GeTm,�

�3}®s]c hUmGk®bGe"|lu%}UmGsluG�TmGo
P{A|B} �Z²�n]}��TmGuGh®bGe"|lu%}UmGsluG�TmGk{�T�$��e"�TmGb �GeTm�eT��Ye�u"�\slu uG�Gu �=s]c%ile"slkleZJ

PB{A}
�

�R|ZYe"f¤�\eTm%}lfµ�"uGu mGbGeTmG�TmGb �GeTm�bGe"|lu%}UmGsluG�TmGsluGe�wl|luG�TmG|]c sl�TmGbGulzq�"uG�TmGu%}U��e"e�kU��bGuG�"oGfKk��Xn9e"fKe"s1�
m,c |lslg�� �"uG�Gg�mGklh\J

r�r�r�z\r�r�²�zZr�²^r�z\r�²�²�z$²^r�r�zU²^r�²�z$²�²^r�z1²�²�²
,

v¨�\e�� �1�lbGgµr k�² uG�Gu �=s]c%i]c yEm¡f	c;n9oXilkl�1c^k��\e"bGuGil�U���"uGu mGbGeTmG�TmGbGe"slslul�
�qc ���1c �V�"uG�Gg�mGkle

B
wl|luGkU�=u ¬�n9ulz mGu�kU��bGuG�"oGfKk��Xn9e"fKe"sUm,c |lslg��¡�"uG�Gg�mGklh^�Xn9e)�9�GeTm�kl�"�1n9yQilkUmGo

r�r�r��7´F�Tm,c b ¬�kle"�3}��"e"fKo��Xn9e"fKe"sUm,c |lslg����"uG�Gg�mGklh^klfKe"yEm�|]c bGsU�1yjbGe"|lu%}UmGsluG�TmGol�$��mG|ZYeX�VkU�Rslk1�
klfKe"eTm�fKe"�TmGu��"uG�Gg�mGkle

A
�\±Zs]c%ilkUm;z

P{A|B} = 3/7
�9±�c%�Zc%i]cV|leT¬�e"s]cU�

¢FmGuG�Gg¤uG�GuG� ��kUmGoV�TmGuV|leT¬�e"slkle�s]c��Gu,n9e"eF�Xn9u%d�slg�eF�Xn]�1i]c k�zU�%c wlkU¬�e"f�wluG�Xn9e)�\sle"e�|]c bGe"sl�TmGbGu
b^bGk$�\eZJ

P{A|B} =
3/8

7/8
=

P{AB}
P{B} .

¦ � ©
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G�u%}lbGklb ¬�e"e"�3}�ilkl�Xn9u
8
u �=s]c%i]c eTm��$u,n9klile"�TmGbGu��Xn9e"fKe"sUm,c |lslg��x�"uG�Gg�mGklh��]²�e"hl�TmGbGkUmGeXn9oGslulz]�\|luG�Go

3/8
b^ilkl�Xn9kUmGeXn9e°|]c bGs]c��T�1fKf	c |lsluGhtbGe"|lu%}UmGsluG�TmGktmG|ZYeX�t�Xn9e"fKe"sUm,c |lslg�� �"uG�Gg�mGklh{¦ r�²�²�z$²^r�²�z

²�²^r�©XzKwl|lk��$u mGuG|lg���s]c �Tm �1w]c yEm®�1c �
A
zqm,c ��k

B
��²Vc;n9e"e z��\|luG�Go

7/8
b��=s]c fKe"s]c,mGeXn9et|]c bGs]c

bGe"|lu%}UmGsluG�TmGk��"uG�Gg�mGkU}
B
�

���Gu,n9e"e¡mG|U�=�\slg��{�Xn]�1i]c,}1�{sle¡�=�ZclYeTmG�3}'uGwlkl�=c,mGoxwl|luG�TmG|]c sl�TmGbGu��Xn9e"fKe"sUm,c |lslg��'�"uG�Gg�mGklh'k
wl|lklbGe"�TmGk��TmGu,n9o��\eTm,c;n9oGslg�h{c s]c;n9kU�G�DG�uG�TmGuGfq� ] uG|lfq�%n]��¦ � ©Qwl|luG�TmGutwlu,n\c vXc yEm uGwl|le)�\eXn9e"slkle"f
�G�Xn9uGbGsluGh bGe"|lu%}UmGsluG�TmGk\J

P{A|B} =
P{AB}
P{B} ,

¦ � ©
e"�Xn9k

P{B} 6= 0
�]¼K�Xn9k

P{B} = 0
zUmGu^�G�Xn9uGbGs]c,}tbGe"|lu%}UmGsluG�TmGo

P{A|B} sle�uGwl|le)�\eXn]}leTmG�3}��
B uG�Gg�mGkU}

A
k
B

s]c,�=g�b7c yEmG�3}&������� ��!�% !$��� ��!]zle"�Xn9k

P{AB} = P{A}P{B}. ¦£a$©
�~�TmGuGf��Xn]�1i]c e

P{A|B} = P{A} �^W@
A�B uG�Gg�mGkU}
A

k
B

sleT�%c bGkl�"klfKg�� i c �t�"b }U�%c slg·fKeTdV�9���"uG�GuGh
P{B|A} k P{B} Cº�eT�%c bGkl�"klfKuG�TmGo��"uG�Gg�mGklh

A
k
B

klsUmGe"|lwl|leTmGkl|U�GeTmG�3}�m,c ��z�iUmGuts]c �Tm �1w1n9e"slkle��"uG�Gg�mGkU}
A

sle
b,n9kU}leTmQs]cRs]c �Tm �1w1n9e"slkle��"uG�Gg�mGkU}

B
k�s]c uG�GuG|lu m;�,´F�G|]c,mGkUmGe�bGslklf	c slkle z%iUmGuQb �%c klfKsluGe	sle"b,n9kU}lslkle

�"uG�Gg�mGklh°�\|U�1v�s]c��\|U�1vXcQ}lb,n]}leTmG�3}VklfKe"slslu�klsUmGe"|lwl|leTm,c ¥lkle"h�z1cQsle�uGwl|le)�\eXn9e"slkle"f��}G�|lkVwl|luGbGe"|l�$e
sleT�%c bGkl�"klfKuG�TmGk��"uG�Gg�mGklh sU�$d�slu^wlu,n9o �=uGb7c,mGoG�3}tuGwl|le)�\eXn9e"slkle"fjsleT�%c bGkl�"klfKuG�TmGk��
^fEFA ²�uG�1c,d�kUmGe z9iUmGu�kU��sleT�%c bGkl�"klfKuG�TmGk��"uG�Gg�mGklh

A
k
B

�Xn9e)�9�GeTm�sleT�%c bGkl�"klfKuG�TmGo��"uG�Gg�mGklh
A

k
B̄
z
Ā

k
B̄
�

^fXFADB uG�Gg�mGkU}
A

k
B̄

sleT�%c bGkl�"klfKg�z1�"uG�Gg�mGkU}
A

k
C̄

sleT�%c bGkl�"klfKg�z1�"uG�Gg�mGkU}
B

k
C

sle"�"uGbGfKe"�TmGslg��
²�uG�1c,d�kUmGe z]iUmGu¡�"uG�Gg�mGkU}

A
k
B + C

sleT�%c bGkl�"klfKg��
^S[DA�B uG�Gg�mGkle

A
�%c �1n9yQi]c eTmG�3}~b®mGuGf�z�iUmGu{wl|lkj�G|luG�=c slklkJmG|ZYeX�~fKuGsleTm{bGg�w]c;n9u��\b7c�v"e"|l�7cUz�c

�"uG�Gg�mGkle
B

bVmGuGf�z]iUmGu�wlu^�l|]c hlsle"h fKe"|le�u"�\klstv"e"|l�l�9¢FmGu¡�Gu,n9o ¬�e
P{A|B} k1n9k

P{A} C^f^FA G�|lklbGe)�\kUmGe�wl|lklfKe"|lg�z9�$uGv¨�Zc
P{A|B} > P{A} z P{A|B} = P{A} z P{A|B} < P{A} �^fcFA G�|lk��G|luG�=c slklk �\b �7�xu"�\kls]c �$uGbGg���klv"|]c;n9oGslg����$uG�TmGe"h�uG�1c,�%c;n9uG�"olz�iUmGu�u"�\slu�kU�^bGg�w]c b ¬�k1�

ilkl�"eXnt�\eXn9kUmG�3}�s]c�mG|lk��\º�c h$�\kUmGe�bGe"|lu%}UmGsluG�TmGo�mGuGv"ulz]iUmGu¡k��\|U�1v"uGe�ilkl�Xn9u��\eXn9kUmG�3} s]cVmG|lk��
B uG�Gg�mGkU}

H1
z
H2

z
. . .

z
Hn
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