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BBenenne

OTHU 3aMeTKU SIBJISIIOTCS dJIeMEeHTaPHBIM BBeJleHneM B Teopuio [asya, co3manuyo (ppaHIy3cKum
maTemaTrnkoMm DBapuctom lamya (1811-1832). TtaBubiii BOnpoc, KOTOPHIi pertaer Teopusi [a-
Jiya, MOXKHO ¢OpMYJIHPOBATH CjaeayomuM obpaszoM. Ilycrs 3aman MHOrOWIeH [ cTemeHH n C
pannuoHAIbHBIMI KO3(hduUnneHTaMm

f(@) = anz™ + ap_12" ...+ ao.

MoxkHo Jiu pemuTh ypasaerue f(z) = 0, mocaeg0BaTeNbHO Pellias TOJbBKO BCIOMOTATeIbHbIE
yPaBHEHMsI HEKOTOPOro crienuasibuoro Buga? Hanpumep, To1bKo KBajpaTHble ypaBHeHust (1/iu
yPaBHEHUs CTeTleHN He BHIIEe M < 1), WIu TOAbKO ypasHenns suga z* —a = 0?7 B nocme-
HeM cjlydae pedb uJer o paspemmumoctu ypasHenus f(x) = 0 B pajgukasnax. [Ipum srom Ko-
3 dUIIenTs KayKI0T0 MOCTEIYIONIEer0 BCIIOMOTaTeIbHOTO YPABHEHUST HAXOMATCH U3 PelleHnsd
TIPEeJLIAYIIAX YPABHEHU, U yKe He 00d3aHbl ObITh PAIMOHATHLHBIMA.

Pacemorpum HecKO/IbKO puMepoB, KOTOpble Oy/1yT 10JPOOHO pa300paHbl B HOC/IE/LYIONUX
pazenax. UToObl penmmTh KBaIPaTHOE YPaBHEHNE, JOCTATOTHO YMETh U3B/IEKATH TOJBKO KBAJI-
paTtabie KOpHU. [Ipu permerHnn mMpon3BOILHOTO KyOUYeCKOTO yPABHEHUST KBAIPATHBIMEA KOPHSI-
MH yzKe He 00OHTHCDH (3TO MBI JIOKazKeM BO BTOPOM pasjene). A Bor ypashennda z° — 1 = 0 u
2" — 1 = 0 MOXKHO PenuTh, HCIOIL3Yd TOJLKO KBaIpaTHbIe KOPHH.

Boobie, ypaBHeHUS KOTOpPBIE MOYKHO PEIUTDb, U3BJIEKAsd TOTBKO KBaJIPATHBIE KOPHU, €CTe-
CTBEHHO BO3HUKAIOT IPU M€OMETPUYECKHUX MMOCTPOCHUSIX NMUPKyJIeM u JuHeiikoit. [losromy mbr
HAIHEM 3HAKOMCTBO ¢ Teopueil [aya ¢ 00CyKieHnst HEKOTOPBIX 3a/1a49 Ha mocTpoeHne. B gact-
HOCTH, MBI JIOKayKeM Hepa3pelmIuMOCTb KJIACCHYeCKUX 3aJad JAPEBHOCTH O TPUCEKINHU YIJIa U
yaBoeHnn KyOa. Mbl TakyKe BBISICHUM, KaKWe NMPAaBUJIbHbIE MHOTOYTOJLHUKH MOYKHO MOCTPO-
UTH MUPKYJIEM U JUHEHKOH. DTy 3a/1a9y MepBuIM perriT Hemerkuit Matematuk Kapa @punpux
Taycce (1777-1855). Pemenue cymecTBeHHO UCHOIb3yeT apudMeTHIecKe CBOHCTBA BBIYETOB 110
MOJLYJIIO YucJia n. B TperhbeM u 9eTBEPTOM pasjiesiax Mbl MOJAPOOHO pa3depéMm perienue [aycca,
B 9aCTHOCTH, JIOKA3aTEIbCTBO TOTO, YTO MOYKHO MOCTPOUTH MPABUJIBHBI 17-yrobHUK.

[TocTpoenune npaBuIbHOTO 17-yroabHUKA OBLIO TEPBBIM KPYIMHBIM MaTeMaTHIeCKAM OTKPbI-
trem [aycca (caeJaHHBIM, KOTJIa eMy ObLTO 18 JieT), a TakyKe MepBbIM HOBBIM PE3YJIBTATOM O
HOCTPOMMOCTH MTPABHJILHBIX MHOTOYTOJIBHUKOB 34 JBA C JIMIIHUM ThiCsiuesieTusi (Bce H3BeCTHbIE
1o Faycca pesynbrarsl npusaie:kar maremarukam pesneii ['pennn). Viecropust 310ro oTkphi-
THsI yBJIEKATEILHO OMHCAHA B CTaThe O Laycce m3 kuurn [2].



Mur Takzke nzydanm OoJiee obmuit pesyabrar ['aycca, kacatomnuiicss perienusi ypaBHeHW BU-
ma " — 1 = 0. Hampumep, B 4eTBEpTOM pa3jiesie Mbl JIOKaxkeM MeTojgamMu laycca, 9To /i
pemenud ypasHeHnusd 72 — 1 = (0 10CTATOYHO YMeTh PeIaTh TOABKO KBaIpaTHBIE I KyOMUecKne
yPaBHEHHU, U HAAEM STH ypaBHEHUs SIBHO.

B nociieinem pasjesie, mbl cHadaJgia chopmyaupyem pedysbrar [aycca i ypaBHeHUit BUa
" — 1 = 0 na a3pike Teopun lasnya. [Ias takux ypasuenwuit ['aycc paspaboras Teopuio ['aya
(koHeuHO, He moj TakuM HasBanueM) 3a 30 ser g0 lasya. 3arem Mbl mocTponM Teopuio Latya
g Kyondeckux ypasuennii. Hu [aycce, au [asiya He HCIIOIb30BaIN MOHITHS 1044, PACULUDEHUSA,
noas u cmenenu pacwuperus. OTHAKO, TPH U3T0KEHUHT UX MEeTOI0B YI00HO HCIOIb30BaTh ITH
noustus. [losToMy BTOPOit M 9acTUYHO TpETHil Pa3/esibl MOCBIIIEHBI ONPEIEJIEHUIO U 00CY 2K-
JIEHUIO 9TUX W HEKOTOPHIX JAPYTUX MOHATHUIl, TAKUX KAK K8AIPAMUYHBLE U KPY206bLE NOAA.

Emg oxna mesb 9THX 3aMETOK — pekJiaMa 3aMedaresbHoil kauru [aycca “Apudmerndeckue
uccaenoanus’ [1]. B 3aMeTkax 4acTHYHO Tepem3soKeHa ceabMas (HOCTeTHsIs) YacTh STOil
KHHTH, TOCSIIEHHAsA YpaBHEHUAM Jeennda Kpyra. Kuura [aycca comepKuT MHOTO APYTUX HH-
TepecHbIX U rIyOOKuX pe3ysibraroB. [Ipum 9TOM n3/I0KEeHNE OYeHb HMOHSITHOE W HE UCIOJIB3YeT
HUKAKHAX CBEJIEHWIl, BBIXOSIINX 38 PAMKH ITKOJIbHON MPOrPaMMBbI.

3aMeTKN pacCUYUTaHbl Ha IMKOJbHUKOB CTApIINX KJACCOB U HA BCEX, HHTEPECYIONUXCA Teo-
pueii I'anya nim Teopueit qucesn. Iloie3no HeKOTOpoe 3HAKOMCTBO € KOMILIEKCHBIMU YHCJIAMH,
XOTSI BCe HEOOXOJIMMBbIe CBEJIeHUS O HHUX IPUBOISITCS B mepBoM pasjesie. Ilome3Ho TakzKe 3Ha-
KOMCTBO € BBIYETAMH [0 MOJLYJIIO MPOCTOTO YUC/IA.

Muorue yrBepzkiaenus chopmy/jMpoBaHbl B Bujie ylpazkHenuii. Perenue OoJIbITUHCTBA
yIpaskKHEeHUH CyIMIeCTBEHHO /i1 MTOHUMAHWS JTAJbHEHIIero MaTepuaia. DT YIIPaKeHEHUsT 0~
CTaTOYHO HPOCTHI, ¥ YACTO CHAOXKEHBI YKA3AHUSIMHU, KOTOPbIe HYZKHO CAMOCTOSTETHHO ITPO/IY-
MaTh, 9TOOBI MOJYYUTH TOJHOE permrenune. Menee obs3aTebHbIE JJIsI MOHUMAHHSA OCHOBHOIO
TEKCTA yTBEPK/ICHUsI PUBOJISITCS B BUJE 3a/1a4.

1 TIlocTpoenus UpKYyJgaeM U JUHENKOI

B stom paszzesie 00CyzKIa0TCI TOCTPOEHUS MPABUIHHBIX MHOTOYTOJBHUKOB U JPYTHE MOCTPO-
€HUs IUPKYJIEeM M JIMHEHKOI, KOTOpble Oblin npujyManbl Maremarukamu /Ipesuneii ['penuu. B
OCHOBHOM, Pa3jesl COCTOUT u3 3aad. J[jas Toro, 94Tobbl WX pemuTh, MOJIe3HO MOMHUTH, KaK
CTPOUTH OMCCEKTPUCY YTJIA, JIEJUTH OTPE30K MOMOJaM U OMYCKATh MEPIEeHIUKYJISIP ¢ TIOMOIIIHIO
MupKyJd u Juaeilku. O6cyKIaI0Tcsa TaKzKe KOMIIJIEKCHbIE YHCIa U TeOMeTpuiecKas HHTepIpe-
TaIys UX CJOXKEHUS U YMHOYKEHUSI.

3/tech U Jiajiee, TOYKH ILJIOCKOCTU Mbl OY/J€M OTOXKJIECTBJIATH € KOMILIEKCHBIMU YUC/IAMU
TakuM 00pa30M: TOYKE C BElIeCTBEHHBIMU KoOpjuHaTamu (a,b) COOTBETCTBYET KOMILJIEKCHOE
qucao a + bi, vae i — muumas edunuya. Hanpumep, Touku (0,0) u (1,0) oroxmecrBiasirorcs ¢
0 u 1, coorBercTBenHo, a Touka (0,1) — ¢ qucsaoM i.

IIpaBmia mosib30BaHUSA IUPKYJIEM U JUHEHKOI.

OnpeneanM, 9TO 3HAYUT IMOCTPOUTHL TOYKY C MOMOIIBIO MUPKYId u jauHeiiku. [lycTts Ha
IJIOCKOCTH OTMEYEHO HECKOJIBKO TOYEK — 3TO 6a3a NOCTPOeHus (B JajibHeiIieM, ecin 00 3ToM
HUYero He CKa3aHO, TO B KadecTBe Gas3bl OepyTcst Toukn 0 m 1). MHOrokparHoe moBropenune
CJIEJIYIOIIUX TPEX JIEIiCTBHI TT03BOJIAET CTPOUTH HOBbIE TOUKH U3 Y2Ke MOCTPOEHHBIX (K KOTOPBIM
OTHeCEM U TOYKH, JAHHBIE B KauecTBe Ga3bl).



1. MoxkHo nposecTu npsAMyIo 4epe3 JIoOble JIBe paHee MOCTPOCHHBIE TOUKH.

2. MozKHO TPOBECTU OKPYZKHOCTH C IEHTPOM B OJIHOI M3 paHee MOCTPOEHHBIX TOYEK, MTPOXO-
JAIYIO 4epe3 OPYrylo yzKe MOCTPOCHHYIO TOUKY.

3. MoKHO IOCTPOUTH TOUYKHU IepecedeHns JABYX HPSAMBIX, IPAMOil 1 OKPYKHOCTH HJIH JIBYX
OKPYZKHOCTeI, IOJy9eHHbIX B pe3y/ibTare JeiicTBuil 1 n 2.

[TocTpoenne nupKyaeM u JuHEHKO# — 3T0 Jitobas MOoc/e/10BaTeIbHOCTD AeficTBuit 1, 2 u 3.
HoBble TOUKH TOSIBISIOTCS TOJIBKO B pe3yabrare AefcTBus 3 (KOHETHO, OHH MOTYT COBIACTD C
YK€ MOCTPOCHHBIMH).

Yupaxkaenue 1. [locTpoiiTe ¢ TOMOIIBIO TUPKY/Id U JTHHERKH

(a) paBHOCTOPOHHUII TPEYTOJbHUK,

(b) kBajpar,

(c) mpaBUIIBbHBII MIECTHYTOIBHUK,

(d) npaBuIBHBINE MATHYTOJIBHAK,

Yrkaszanue: Pacemompum pasrobedpennvii mpeyzoasvhur ABC ¢ ocnosanuem AC u ¢ yerom
npu sepwune B 6 36° = 1/5 (yeav, npu ocnosanuu moeda paswo, 72° = 21 /5). Iycmo AD —
buccexkmpuca yeaa A. Tozda mpeyzorvrnuru ABC u CAD nodobww! Ilpu smom mpeyzorvhuk
BDA mooice pasnobedpernoit, noomomy AC = AD = BD. Omcioda moosicno watimu, 4mo
OMHOWeEHUE ONUH ﬁ—g PasHO @ C dpyeoti cmopori, Af‘—g = 2cos(27/5).

(e) npaBusibHBIH 2"-yTOJBHUEK,

(f) npaBuabHbI 15-yroibHUK.

Puc. 1: Bnecs 0C; = 0Cy = 1, u yroa C501 — npsmoii. Touka C3 — cepenuna orpeska C70.
Touka C} nmexxur Ha orpe3ke 01, u npu s3tom C3C,; = C3C,. Touka Cy J€KUT HA €IHHUIHOIN
okpyzkHOCTH, U pu 3toM CoCy = CyC5.

B sTnx 3amavax mHTEpecHO TakK:Ke HANTH MUHHMAaJIbHOEe YHuCI0 jgeiicTBuit 1 m 2, KOTOpbIe
HEeOOXOIUMBI /I TmocTpoennd. s ompeaenéHHOCTH mOTpedyeM YTOOBI MPAaBUIbHBIH MHOTO-
YIOJIbHUK ObLJI BIUCAH B €JIMHUYHYIO OKPYKHOCTH C HEeHTPOM B HyJje. [Ipu 3ToM mnpaBu/ibHbIi



N-yTroOJIbHUK CHUTaAETCA TOCTPOEHHBIM, €CJIN ITOCTPOEHBI ABE €TI0 COCeAHNEe BEPIIMHUHDI. ,Z[J’Iﬂ PaBHO-
CTOPOHHEr0 TPEeyroJbHUKA, OU€BHIHO, HEOOXOIUMO BCEro JIBa JeHCTBUS: HYKHO IOCTPOUTH JIBE
OKPYKHOCTH €IHHIUIHOr0 paguyca ¢ meHTpamMu B 0 1 1 U B34Th UX TOYKH HepecedeHnss — 3TO
u Oy/LyT JiBe BEPIIMHbI PABHOCTOPOHHEI'O TpeyroJibHuKa. st KBajipara JOCTATOYHO [IPO/Ie/IaTh
ATh JIeHCTBU, HO JIOKA3aTh, 9TO HEJIb3s 000N THCHh MEHBITMM YUCJIOM, yiKe He Tak npocto. Ha
puc. 1 mpuBeJIeHO TOCTPOEHUE TTPABUIHHOTO MATHYTOJbHUKA, JIJIsi KOTOPOTO TPeOyeTcs: JeBAThH
neiicrBuil (06 3ToM mocTpoeHnu aBTOpy pacckasan A.JI.Tasponckuii). Inuna orpeska CyCy
paBHA JJIMHE CTOPOHBI MPABUJILHOIO MATHYTOJIbLHUKA, BIUCAHHOIO B OKPYKHOCTH €JIHHUIHOIO
pajnyca (nokaxure!). TTostomy Co u C5 — cocejiiie BEPUIMHBI PABIIBHOTO TSATHYTOJbLHUKA,
BIIUCAHHOT'O B € JUHUYIHYIO OKPY2KHOCTb.

Yupaxkuenne 2. [lycts m HaTypaabHOE YUCTO0, TAKOE YTO TPABUJIBHBIN M-yTOJBHUK MOYKHO
LOCTPOUTH IUPKYJeM U JimHeiikoii. Jlokaxkure, 4T0 ¢ HOMOIIBIO HUPKYJ/ISd U JIMHEHKA MOXKHO
MMOCTPOUTH W MPABUJIBHBIN 2"M-yTrO/IbHUK.

Vupaxkuenue 3. (a) [Iyctb n u m — B3aMMHO NPOCTbIe HATYPAJbHBIE UYHCIA, TAKHE UTO
HIpaBUJIbHbIEC T-YI'OJIBHUK WU 1M-YI'OJIbHUK MO2KHO IOCTPOUTH C IIOMOIIBIO IMUPKYJIAd U JIMHENKMU.
Jlokarkure, 9TO NPABUJIbHBIA MN-yTrOJbBHUK TOYXKE MOYKHO TIOCTPOUTH NUPKYJIEM U JIMHEHKOI.
Ocranerca U yTBepzKIeHNe 33190 BePHBIM, €CJIH 1M U 1 He B3aUMHO MPOCTHI!

(b) ITycrb m — HATYpATBHOE YHCIIO, TAKOE UTO IPABUJIBLHBIN 1M-yTOJBHUK HeJTb3si HOCTPOUTh
MUPKYyJIeM U JuHeilKoi. /lokaKuTe, 9TO TOrIa HETb3s TOCTPOUTH U MPABUIBHBIN MN-YTOJIbHUK
JUIsE JIFOOOTO HATYPAJILHOI'O M.

Yxe marematuku /Ipesueit ['perun Oblim yOekKaeHBI, YTO TPUCEKIHS YIJIa C TOMOIIHIO
MUPKYJIS ¥ THHEHKN B 00IeM ciaydae HeBo3MozKHa. OTHAKO JOKA3aHO 3TO OBLIO TOJIHKO B ITEPBOit
nojioune XIX crosierusi. Mbl jiokazkeM 310 B pazjese 2. Tem He MeHee, Jijisi HEKOTOPBIX yIJIOB
TPUCEKIUS BBIOJTHUMA.

Saga4a 4 (Tpucekius yria). Pazgesure yros B 27° Ha Tpu PaBHBIX yIvIa € HOMOIIBIO IIUPKYJIst
U JINHEHKU.

3amaua 5. Pazgenure yron B 19° Ha 19 paBHBIX yIJIOB ¢ TOMOIIBIO TUPKYJIS U JTHHEHKH.

IToctpoumsie gmcia. llycTh Ha KOMIIEKCHOM T0cKOCTH oTMedeHbl TOUKN 0 u 1. Vcmonb-
3ysl 9TH JIBE TOYKHM KAk 0a3y, Kakue emg TOYKH MOYKHO IIOCTPOUTDH IUPKYJIeM U JUHEHKOi?
HazoBéM TOUKY M COOTBeTCTBYIOIIEE €if KOMIJIEKCHOE YHCIIO NOCMPOUMBLMU, €CITH UX MOXKHO
TaK MOCTPOUTD.

Yupaxkuenne 6. /lokaxure, 4T0 BCe TOYKU C PAIUMOHAJBLHBIMU KOOP/IMHATAMU HOCTPOUMBI.

Yupaxkaeuue 7. J[okaxkuTe, 9TO €CJW MOYKHO TIOCTPOUTDH TUPKYJeM U JUHEHKOH OTpe30K
JAJIMHbL @ U OTPE30K JIJIMHbI b, TO MO2KHO IIOCTPOUTDL U OTPE3KU JIJIMHbI

(a) abu a/b,

Vrazanue: Bocnoavdylimecy meopemoti Paneca.

(b) Va,

Yrasanue: Bocnoavsylimeco mem, 4mo 6 npamoyz0ioHoM MpPey2oibHuke K8aopam 6bicombl,
ONYWEHHOT U3 NPAMO20 Y2.Aa, PABEH NPOU3BEIEHUN0 NPOEKUUL KAMEMOE HaA 2UNOMEHY3Y.



HanoMHnM, 9TO €CJI OTOKIECTBUTH KayK/0€ KOMILTEKCHOE THCI0 2 ¢ BEKTOPOM C HAYAJIOM
B Touke () U KOHIIOM B TOYKE Z, TO CJIOZKEHHE KOMILIEKCHBIX UUCEJ COOTBETCTBYET CJIOKEHHIO
BEKTOPOB HA IJIOCKOCTU. YMHOJKEHHE TOKE MOXKHO OIHCATH PeOMETPHIECKH TAKAM OOPA30M.
JInst Kazkj10r0 KOMILIEKCHOIO YMC/IAa 2 MOZKHO ONPEJIEJUTh €ro MOAY/Ib |z| n apryment arg(z).
Mogmysib — 3T0 JjIMHA BEKTOPA Z, & APIYMEHT — YIOJ MEXK/Ly 9THM BEKTOPOM U OCbI0 abCIuce,
M3MEPEHHBI TIPOTHE 9aCOBOH CTPEIKH (MPU 9TOM, KAK W B TPUTOHOMETPHH, BEJIMYMHA YT/Ia
OllpeJieJieHa ¢ TOYHOCTBIO 10 27k, riae k — moboe nenoe uncsio). Takum o6pasom, MOIY/Ib
— byHKIHUS OHO3HAYHAS, & APIYMEHT — MHOTO3HAaUYHAadA. [Ipu yMHOKEHUH JBYX KOMILIEKCHBIX
THCeJT UX MOJLY/TH MEePEeMHOKAIOTCS, & ApTYMEHTBI CKIaAbBatoTcs. [locieinee cieyer oHIMATS
TaK: ecjau ¢ — Joboe u3 3nauenuii arg(z), a — 1 06oe u3 3Hadenuii arg(w), To ¥ + 1 — 0aHO
u3 3HadeHuii arg(zw).

D1a reomMeTpuyecKas UHTEPIPETAIHs 0JIe3Ha IPU PENIeHuH CJIeY IOl 3a,1aum.

Yupaxkuenne 8. /lokaxure, 4T0 €C/i KOMILJIEKCHbIE YUCJ/IA 2 U W HOCTPOUMBI, TO TTOCTPOUMbI
n 9uCJIa

(a) z+wmu z—w,

(b) zw u z/w, tae w # 0,

() vz

CriokeHne n yMHOXKEeHIE KOMILTEKCHBIX IHCeJT MOXKHO OIPEIETUTh U aJIre0pandecKu, HCXOIs
I3 TOro, 4T0 i° = —1. A WMeHHO, OHpeseJMM CyMMY W NPOHW3BeJCHHE KOMILTEKCHBIX THCe
z=a-+bi uw=u+vi popmysamu

z4+w = (a+u)+ (b+v)i, zw = (au — bv) + (av + bu)i.

3amaua 9. /lokaxkure, YTO reOMETPUIECKOE ONpEIeTeHIe CJ0KEHNUS U YMHOKEHHS KOMILTEeKC-
HbBIX YHUCEJI YKBUBAJIEHTHO ajrebpandeckomy.

13 reomeTpudecKoii MHTEPHIpETAIIIN YMHOKEHUST KOMILTEKCHBIX YUCET TaKKe JIETKO BhIBe-
CTHU, 4TO KOMILJIEKCHbIE KOPDHHU N~-0il cTeleHu u3 €JMHUIbI COBLIA/Jal0T C BEPIIMHaAMKU HEKOTOPOI'O
MPABUJIBHOTO N-yTOJbHUKA, BIUCAHHOTO B €IMHUIHYIO OKPYKHOCTH. DTO JIAET CJAeAYIOIMHA CII0-
CO6 AJOKa3aTeJIbCTBa IMOCTPOUMOCTH IMPaBUJIBHOTIO NATHUYTOJIBHUKA.

Haiizém Bee kopuu ypasaenns z° — 1 = 0. Ilocte gerenns na x — 1, ypaBHeHHe CBOIUTCH K
so3epammomy ypasaernio x* + 23 + 22 +x +1 = 0. YpaBHeHne 96THO} cTemeHn 2n Ha3bIBAeTCH
6036pamuviM, ecad Koaddumments mpu 2"~ u npn x' coBmazaior a1d Beex ¢ = 0,1...,n.
Bossparnoe ypaBHeHue MOXKHO CBECTH K YPABHEHUIO CTEIEHU 71, MOJIEJIUB ero Ha X" U cJiesiaB
nofctanosky ¢ = x + x~ L. IIpogesas 9To B HalIeM Caydae, IOAy4nM ypasnenue £+t — 1 = 0.
Ero xkopuu crposrcs nupKy/aeM u JUHEeHKo# 1o ynpazkuenuio 8. Tenepb, 4T0ObI HAlTH T, HYKHO
IIOCTPOHTDL KOPHU KBaJApaTHOro ypasHenns 2 — tx + 1 = 0, 94To cHOBa BBHIIOJIHEMO MUPKYJIEM
U JINHEHKOM.

2 Pacmumpenus moJieii

YVTBep:K/IeHHS O TOCTPOUMOCTH MUPKY/IEeM U JIMHEIHKOI U3 Mpe/IblIyIIero pas/ie/ia ObLII XOPOIIOo
n3BecTHH yke MaremMatukam /Ipesneit ['perun. Ceiivac MBI epenpbiTHEM Ha JIBE THICSIYH JIET
BIEepE 1, BO BpeMena [‘aycca, u JloKazkeMm, 4TO HEKOTOPbI€ IOCTPOEHUS BBIIOJHUTH ITUPKYJIEM U



JIMHEITKoi HeBo3MOKHO. Hanpumep, HeIb3sT TOCTPOUTH MTPABUIBHBIN ceMuyroibHuK. st 3Toro
MBI OT FeOMeTpHH IepeiiéM K ajrebpe, U MU3yUYUM TaKuhe IOHATUsS KaK pacIIdpeHue Mo H
CcTeleHb PACIIUPEHUs.

Pacmmpenusa moaeit. 113 pesynprata ynpaxkaenus 8 ciaeayeT, YTO MHOYKECTBO BCEX MOCTPO-
HMBIX KOMILTEKCHBIX YHCE/ 3aMKHYTO OTHOCHTE/IBHO ONepaIuii CJI0KeHUsI, BBIYUTAHUs, YMHO-
KeHnd 1 AeJICHUAD. B TaKOM CJlydae I'oBopdT, 4TO MHO2KECTBO ABJIAE€TCA NOAEM. :[_IaHpI/IMep7
MHOKECTBa BCEX PallMOHAJIBHBIX W BCEX KOMIIJIEKCHBIX YHCEJI ABJIAIOTCA IOJIAMMU. O603Ha‘lI/IM
stu noist uepe3 Q u C coorsercrrenno. Ilodnosem nonst K wazerBaercst JT1000€ MOJIMHOKECTBO
nosisg K 3aMKHYTOE OTHOCHTEJBHO OIepalldii CJI0KEHUsI, BLIYUTAHUA, YMHOXKEHUSA U JICJICHU.
B nanpmeitmem, Mbl Oy/1eM paccMaTpHBATh TOJIBKO TOJIA, ABISIONIAECS TOIIOISIME MO KOM-
IIJICKCHBIX 4YuCeJI.

VYupaxkuenue 10. Jlokaxkure, 94T0 JTI0060€ TMOJIMHOXKECTBO 10 K, 3aMKHYTOE€ OTHOCHUTE/IHHO
BBIYUTAHUS U JIeJTeHUS, SIBASETCS TOJIOTEM.

Kak onucarp moJie Bcex mocTpouMbiX duces? JIs KaxK0ro KOHKPETHOI'O YHCia, HallpUMep,
711 /2, KAK Y3HATH, HOCTPOMMO OHO IJIH HeT?

Y100BI OTBETUTH Ha MEPBBIl BOIPOC, MOYKHO PACCMOTPETH MOAIMOJS B IMOJE BCEX MOCTPO-
UMBIX 9HCeJI, COCTOSIINE TOJBKO U3 YHCeJ, IOCTPOEHHBIX B pe3yJibrare (pUKCHPOBAHHOIO YUCJIA
neiictBuit 3. B kauecTBe 6a3bl mpu 3TOM OEpyTCs BCe paloHaj bHbIe yncia. Hampumep, Kakue
HOBBIe (MPPAIMOHAJBHBIE) YHCIA MOKHO HOCTPOUTH OJHOKPATHBIM IPHMEHEeHueM JeiicTBus 3,
HCIIOJIb3Ysl paldoHaIbHbIe Yucaa Kak 6a3y? Ilpu aTtom jeiictBusg 1 m 2 paspelieHbl B JI0OOM
KOJTHIECTBe.

VYupaxkuenue 11. (a) Jlokaxkure, 9T0 €c/i B KadecTBe 6a3bl B3ATh BCe PAINOHAIbHBIE THCIIA,
TO IIPHMeHss JeiicTBUe 3 OMUH Pa3, MOXKHO HOCTPOMTL JI00Oe YHCIO BHIA P + /¢, Tae p U ¢
panuoHaJ/ibubl, npudéMm ¢ < 0, u Hudero O0JIbIIE.

(b) Haiiure Bce dnciia, KOTOpble MOKHO OCTPOUTD, IPUMEHSIsI JIefiCTBHE 3 OJIMH pa3, ec/Iu
B KavecTBe 0a3bl B3sITh BCe KOMILJIEKCHBIE UNCJIA C PAIMOHAJILHBIMIA KOOPIUHATAMMA.

Yrasanue: Imobv, nwatimu mouky nepecevernus 06YL NPAMBLE, HYHCHO PEWUMD CUCTNEMY
AUHETHBLT YpasHeHut. Imobvl Hatimu mouky nepecevenus NPAMoT i OKPYHCHOCTIU U 08YL
OKpYAHCHOCTNET, HYHCHO PEWUMD KEAOPAMHOE YPAGHEHUE.

[TocTponM ¢ MOMOIIBIO IUPKYJIS i JIMHEHKH OJ[HY HOBYIO (MPPAIMOHATIBHYIO) TOUKY, CKAZKEM,
« = /T, TIe T pamoOHAILHOE YHCIO. MBI MOXKEM TaKzKe IIOCTPOMTH BCe TOYKH BHIA D + qa,
rjie P U ¢ panuoHa/bHbL. Bee Takue yuciia Toxke 00pa3yroT MOIIO/E MO/ KOMILJIEKCHBIX THCEI.
OHO Ha3BIBAETCS KBAOPAMUYHBLM PACULUPEHUCM TIOIST PANMOHAJBHBIX YUCET U 0003HAYAETCS
gepe3 Q(«). Hanpumep, 6asoii B ynpaxkuennn 11(b) 6p110 KBagparnanoe pactupenne Q(i).
AHAIOrHIHO MOZXKHO ONpeJeUTh KBaparudnoe pacuupenne K («) moboro nognons K C C.
A umenno: nycts o € C — unciio, Takoe 9ro o He JiexkutT B K, a o nexut. Torga K (o) cocront
u3 Bcex guces Buja a + ba, riue a u b jexar B nose K.

Vupaxkuenue 12. JIokaxKuTe, 9TO ITO ONpeE/IEJEHIe KOPPEKTHO, TO ecTh K () 3aMKHYTO OT-
HOCHUTETHHO CTOXKEHUSI, BRIYUTAHUSA, YMHOXKEHUSI U JIeJTeHUS.



Vupaxkuenue 13. Jlokaxknure, 9T0 KOMILIEKCHOE YHCI0 (¢ TIOCTPOUMO TOTIA W TOJHKO TOTIA,
Korja cymecTByer menodka moseir Q = Ky C Ky C ... C K, Takag 410 Ka:kmoe moie K;
SIBJIIETCS KBaJIPATHIHBIM PACIIHpeHHeM MIPeIbIIyInero mois K; 1, u o comepkurcs B K.

Pacmupenust mo/ist pannoHaIbHBIX UHCE], KOTOPBIE MOy Ial0TCs OMNCAHHBIM B YIIPaKHeHIH
13 cnocobom, Ha3bIBAIOTCA noaukeadpamuyHumu. Takum odpa3om, JIF0H60e MOCTPOUMOE HUUCIO0
COZEPKUTCSA B HEKOTOPOM IMOJTHKBAJIPATHIHOM PACIIHPEHNH.

Korga nmocrpoenune mupkyJjieM u JUHEHKON HEBBIMOJMHNMO. HanmoMHWM, 9TO MHOTOYIEH
¢ paruoHAJIbHBIMEA KO DUIMEHTAMHI HAZBIBACTCA HENPUBOOUMDBLM ECTTH €r0 HeTb3s1 Pa3I0KUTh
B IIPOU3BE/IEHNE MHOI'OYJIEHOB MEHbIIIeH CTelneHu ¢ paruoHajibubiMu Kodddunuenramu. Hapu-
Mep, KyOudecKuii MHOTOYJIeH HEIPUBOJIUM TOTJIa U TOJBKO TOTJA, KOTJA OH HE MMEET Pallio-
HAJIbHBIX KOPHEI.

VYupaxkuaenue 14. [lycth KOMIUIEKCHOE YHCJIO (v SBJISETCS KOPHEM HENPHBOIUMOIO KyOute-
CKOI'0 MHOT'OYJICHA, ¢ PalMOHAILHBIMI KO3pdunpmenTamu. JJokaxKuTe, 9T0 v HeJIb3sl TOCTPOUTD
C TIOMOINBIO MUPKYJIA U JTHHEHKH.

Yrazanue: Moocro paccyscdams om npomuenozo. Paccmompum noasukeadpamusnoe nose
K, codeporcawee o, dra komopozo dauna n uenourku Q = Ko C Ky C ... C K, = K xsad-
PAMUYHBLE PACUWUPEHUT, MUHUMAALHA (90, 68 YACTIHOCTU, 03HAYNAEM, YMO (X HE AEHCUM 6
K,_1). Tozda o = a+ bf3, 20e a, b u % sesrcam 6 K,,_1, a § — nem. Ecau (a +b3) — xopenv
Kybumecko20 muozouaena T2+ pr? + qr +r ¢ payuonasvhvmu Kosfduyuermamu, mo (a — bj3)
— Kopens amoezo sice mrozourera! Ilo meopeme Buema, mpemudi kopens pasen (—p — 2a), mo
ecmb aescum 6 K, _q.

Huke MBI 10KazKeM JIPYTHEMHU METOJAMU, YTO €CJH CTeleHb HEeNPHBOIUMOrO MHOTOUJIEHA
“MeeT HeUETHBIN TeTUTE b, TO HU OJUH U3 €TI0 KOpHeil HeJIb34 IOCTPOUTh. VIHTepecHo, MOXKHO 1
MPUAYMATh JJIEMEHTAPHOE JI0KA3aTEJbCTBO 3TOI0 YTBEPKIEHU A, ITOX0XKEE HA, JI0KA3ATEIbCTBO B
cjiydae KyOudeckoro MHorodieHa. Hanpumep, /jisi MHOIOYJI€HOB CTEIeHU D, WK JII000# JIpyToii
HEYETHON CcTeneHn.

VYupaxxkuenue 15. (a) [Ipuseaure npumep yria, jjist KOTOPOrO TPHCEKIUsT HEBO3MOKHA.

(b) Jokazkure, 9T0 HeJIb3s1 YABOUTH € IMHUIHBINA KYO (TO €cTh TOCTPOUTH Pebpo Kyba, 06béM
KOTOPOTO PaBeH JBYM) C HOMOIIBIO IMUPKYJIsl U JTHHEHKH.

(c) Jokazkure, 9T0O ¢ HOMOIILIO MUPKYJIsl U JHHEHKH HEJb3sl HOCTPOUTH TPABIIbHBIN CeMu-
YTOMBHUK W IPABUILHBIA JeBATHYTOTHHUK.

Yxasanue: Ceedume ypasnenue v° — 1 = 0 x wybuueckomy.

JIist KazK10ro KOMILIEKCHOTO YHCJIA (¢ MOXKHO onpeieuTh noje Q(a) Kak MHOKECTBO BCex
ancen suga (po+pratt +. .. ppat®) /(qo+qradt +. .. qadt), rae po,. .., Dk, Gos- - - I — PALKOHAb-
HbBI€, & 11,. - ., bk, J1,- - - , J1 — HATypaJbHble uncjia. [Ipu 3T0M 3HamMenarTe/ib, KOHEUYHO, HE JI0JI?KEeH
OBITH paBeH HYJIO. Takoe TMOJIe HA3BIBAETCS PACULUPEHUEM TIOJIST PANMOHATBHBIX YHUCE, MOJIY-
YEeHHBIM HPUCOEeIUHEHUEM Yucaa «. BakKHyIo po/ib B BOIpOcax HEpPa3PEeIIMMOCTU ITOCTPOCHHUI
MUPKYJIeM U JIMHEH KON UrpaeT MOHATHE CMmeneHy TaKoro pacimupenus. Cmenens pacuiupeHus
Q(«) — 310 HATYPATBHOE YUCIO 1, TAKOE YTO JIFOOOMH SJTEMEHT MOJIsI PEeICTABISIETCS OUHCMEEH-
HolM 00pa30M B BUjie po+pra+. . .—|—pn_1a”_1, TIe Po, P, - -5 Pn_1 PANMOHAJIBHBI. Ecjin TaKOTO



YHCJIa HE CYIIEeCTBYET, TO PACITUPEHNE HA3BIBAETCS MPaHcyeHdeHmubim. ECan cymecTByeT, TO
pacimpeHne Ha3bIBAETC GA2e0PAUYECKUM.

Te, KTO 3HAKOM € MOHATHSIMU BEKMOPHO20 NPOCMPAHCMEA, 0G3UCEL T PA3MEPHOCTU, MOTYT
HPOBEPUTH, 4TO cTenenb pacmupenus Q(a) — 910 ero pazsmMepHOCTh KAK BEKTOPHOTO HPOCTPAH-
CTBa HaJI TIOJIEM PAIlMOHAJbHBIX YHCEJI.

VYupaxkaernue 16. (a) Jlokaxure, 4T0 CTeneHb JOOGOr0 KBAJPATHIHOTO PACIIMPEHHs PABHA
JIBYM.

(b) Haiijure cremens pacuupenus Q(+/2).

(c) Hoxazkure, aro pacmupenne Q(a) siBasiercst aarebpandecKnM, €Can U TOJIbKO €CIH &
— KOPEeHb MHOTOUJICHA ¢ PAIHOHATBLHBIME KO3 duipenTamu.

B obmiem ciryuae, crenenb pacmupenns Q(a) paBHa CTeNeHUn MUHUMAALHO20 MHOZOUAEHT
Ut . MHOrowneHn f ¢ parnuoHAIbHBIME KO3(MDMUIUEHTAMI HA3BIBAETCS MUHUMAAOHOLM MHO-
20MNEHOM JIJIS (v, €CJIA (v IBJISETCI KOPHEM MHOrOWIeHa f, HO He SBIsSeTCsS KOpHEeM HHKAKOrO
HEHYJIeBOTO MHOTO'/IEHA MEHbIIel CTeleHH ¢ PAIMOHAIbHBIMU KO3 MUITHEeHTAM.

Yupaxxuenne 17. Ilycrs f — MHOrowIeH ¢ panmuoHAJIbHEIMI KO3 MUIMEHTAMI 1 KOPHEM (.
Jlokaxkure, 910 f — MHUHMMAIbHBIA MHOTOYIEH JIJI (v, €CJIH U TOJBKO €CIU [ HEeIPUBOIMM.

IIpeanoxkenune 1. Ecau o asasemes KopHem HENPUB0OUMO20 MHO20UAEHA cmenetu d ¢ pa-
YuoHaAbHuLMU Koddduuenmamu, mo cmenens pacuupenud Q(a) pasna d.

okxazameavcmeo. OO03HAYMM MUHUMAJILHBIA MHOTOWIEH I « depe3 f. Jlokaykem, 9To JIto-
Goit snement noss Q(a) mpejcraBiageTcs Kak MHOTOYIEH OT (v C PANUOHAIBHBIME KO3(Dbu-
IHIEeHTAMHI M CTEMeHH MeHbIne, deM d. Bo-mepBhIX, 3HAUYEHHEe B v JIIOOOr0 MHOTOWIEHA PABHO
3HAYEHUIO B (v €r0 ocTaTka npu jejnenun Ha f. Bo-Bropwix, uncio Buga 1/g(«), rue g — MHuO-
rO4IeH ¢ paruoHaJbHbIMU KO3(hduimenTamu, Takoii uro g(a) # 0, ToKe IPeJICTaB/IAeTCs] KaK
MHOTOWJIeH OT «v. [leiicTBUTEIbHO, MOCKOJBKY f HEmpuBOAWUM, TO ¢ JaUOO geguTcs Ha f, Ju-
60 B3aumuo npoct ¢ f. Ilepspiii ciydaii HeBo3MoxkeH, Tak-Kak g(«) # 0. Bo Bropom ciyuae,
mo ajaropurMmy EBkiamma, Haiiayrcs mHOrowieHsl hy u hy takme, uro hyf + heg = 1. Torma
ha(a)g(a) = 1, o ects 1/g(a) = hy(ar). Takum obpazom, moboe unciao suga h(a)/g(a), vie
h m g — MHOrO4IeHBI ¢ panuoHa bHbIMu KO3 dunnentamu, u g(a) # 0, npeacraBasgeTca Kaxk
MHOTOYJIEH OT (v CTEeIIeHN MeHbIe d C PalMOHATBLHBIMI KO3 duimenramu.

Tenepn s Kaxkaoro snementa [ € Q(a) moKazkeM eJIMHCTBEHHOCTH €r0 IIPEJICTAB/IEHUs
B Buje 3 = po + pra+ ... —i—pd,lad_l, e po, Pis ..., Pd—1 pammoHanbHbl. Ecam 6 = qo +
Qo+ ...+ gg_1a®! — BTOpOe Takoe IpeJCTABIEHNE, TO B3IB UX PA3HOCTDb, MBI HOMydInM 0 =
(Po—qo) + (p1 — @)+ ...+ (Pa—1 — qa—1)a® L. Tak kax a He MOXKeT GbITH KOPHEM HEHY/IeBOIO
MHOTOYJIEHA CTENeHU MeHbIIe d, OTCIOA CJIEIYeT, UYTO P; = ;. O

B onpenenennn cremneHn MbI UCIIOJIL30BAIN YHUCTIO (¢ € Q(a). Ha camom mene, onpenenenue
3aBUCHUT TOJIKO OT caMoro nojd K = Q(a), HO He OT BbIOOpa 4yucja «. Ha s3bike JjimHeitHOi
ajiredbphl, 3TO YTBEPkKIEHHE O TOM, 9TO BCE 0G3UCHL B GEKMOPHOM MPOCMPAHCMEE COCTOSAT U3
OJIMHAKOBOTO YHCJIA 3J1eMeHTOB. [IJIs1 ero JoKa3arebCTBa MOJIe3HO YMEeTh HCKII0YaTh HEN3BECT-
Hble U3 CACTEM JIMHEHHBIX ypaBHECHUI.



Yupaxkuenune 18. Ilycrs § — 11060ii ssement nosst Q(«v). Tokaxkure, 94To ecu o sIBISIETCSI
KOPHEM HeNpUBOIMMOIO MHOTOYJIEHA CTeHeHH d ¢ panuoHaabHbIMEH Kodddunmenramu, to [
ABISETCS KOPHEM MHOTOYICHA CTeIeHH He BhIe d ¢ paldoHAILHBIME KO3(MDMUIITEHTAMH.

Yxazanue: IIpedcmasum wascdyro us cmeneneti 3, 32,...,3% xax cymmy wucen 1, o, o?,...,

ot ezamux ¢ payuonasvrvimu Koapduyuernmamu. Hoaywum d ypasnenuti. Hanpumep, npu
d=2:
B = pio + puic
2 _
B = pao + parcv.
Hocaedosamenvno uckaouaq o, o2,..., a®™ uz smux ypasHenut, Mol NOAYYUM, 4MO OAA HEKO-

MOPULT PAUUOHAALHILT YUCEA 1,2, - - ,qd, HE PAGHLLT 00HOEPEMEHHO HYMO, YUCA0 @13 + qo 3% +
..+ qaB? payuonasvho.

B gacraoctn, ecim Q(a) = Q(B) (rak Gymer, nanpumep, ecan f = a — 1), 7o creneHu
pacmupenns K, n3MepeHHbIe ¢ IOMOIIBIO (v U C IIOMOIIBIO (3, COBIAIAIOT. TOTHO TaK Ke MOXKHO
JIOKa3aTh W Takoe Dojee obIee yTBepxKaeHne. Eciu Habop ducen oy, ao,..., o 13 K obragaer
¢BOTICTBOM, 4TO JTI000# d/1eMeHT 110J1s1 K 3aluChIBAETCS €IMHCTBEHHBIM 00Pa30M B BHJIE D1y +
Povs + ... + PrQy, TIE P1, ..., P PaIMOHAJBHBI, TO Obsi3arebro k = d. Ilosromy, 4TOOBI
HallTH cTeleHb PACITUPEHNs, JOCTATOYHO HalTH 11000t HAbOP ¢ TAaKWUM CBOWCTBOM M MOCYNUTATH,
CKOJIBKO B HEM 3JIEMEHTOB. JTO U OYJET CTEleHb.

B onpenenenun moHsSTHIT paclImpeHUs] W €ro CTeleHd MOKHO 3aMEHHUTDH IOJe PaInOHAIb-
HBIX YHCeJ Ha npon3BosbHoe noanone K C C (mpocTo Be3ae BMECTO CI0Ba “PAIMOHATLHbIIH
Hanuniem “npunajiexamuii noawo K7 ). Bygem o6o3nadars crenenb nosst L = K (), pacemar-
puBaeMoro Kaxk pacmupenne noas K, wepes [L : K].

B nanbHeiimeM, ecim 9TO He OrOBapPUBAETCsl, MOJI, CTEIEHBIO MO/ IIOPa3yMeBaeTCs CTEIeHb
9TOrO MOJIsI KaK PACHIUPEHHS MOJIsI PAIMOHAIBHBIX UHUCET.

Vupaxkuenue 19. (a) Iposepsre, aro Q(v/2) comepmures B Q(v/2 + /3), n naiitn [Q(v/2 +
V3) : Q(v2)].
(b) Iycrs K = Q(v/2). Haiigure [K(3/2) : Q] u [K(V/2) : K].

Vupaxuenue 20. [Iycrs K = Q(«), L = Q(5) u npu stom L conepxur K. Jlokaxure, 4To
[L:Q]=I[L: K] -[K:Q].

Vrasanue: Obosnavum [K : Q| uepes m, a [L : K| — uepes n. Jokascume, wmo o060t
anemenm noas L npedcmasaaemces eduncmeennvm obpa3om 6 6ude cymmos

2de WUCAa Pij PAYUOHANDIHDL.

Taxum o6pasom, ecau noe K comepzxkurcsa B nose L, to crenens [K : Q| gemur crenenn
[L : Q]. TTosy4aem Takoe CjegcTBue:

Teopema 1. [lycmv KOMNAECKCHOE YUCAO O ABAACMCA KOPHEM HENPUBOOUMO20 MHO20UNEHA
cmenenu d ¢ payuoHarorvmu Kosppuyuenmamu. Ecau d we asasemes cmenenvro deotiku, mo
QO HEAB3A NOCMPOUMD € NOMOULLIO YUPKYAA U NUHETKU.



JleficTBUTE/ILHO, CTENEHb JII0OOOTO TMOJUKBAIpATHIHOrO 1ot paBHa 2. Ecim « jgexur B
nommkBaApaTuanoM nose L, to nose Q(«) comepzxkurcsa B L. ITosromy uuciao d, KoTopoe paBHO
crenenu noas Q(«), pemur 27,

ObparHoe He Bcerga BepHO. MOKHO HPHBECTH IPUMEDP MHOIOYJIEHA 4YeTBEPTONH CTENEHH,
KOPHH KOTOPOTO HEJIb3sl TIOCTPOUTH MUPKYJieM u juHeikoit. OHaKo BEpHO CJieIyIolee:

Teopema 2. [lycmv KomnaexcHnoe “UCAO O ABAAENCA KOPHEM HENPUBOOUMOZ0 MHO20UNEHE
cmenenu 2" ¢ patuoHasbHuLMU Koapduyuenmamu. Ecau ece ocmasvrbie KOPHU IMO20 MHO20-
wnena aescam 6 Q(a), mo a moscno nocmpoums yupkysem u AUHETKOT.

JToKa3aTeIbCTBO 3TOTO YTBeP:KACHHA HCIOJAb3yeT TeOPHIo L aaya W TEOPUIO ITPYIIN U COIep-
JKUTCsI, HATIpUMED, B [4].

3 KpyroBsie noJis

B stoMm m cienyromem pasgaenax Mbl BCaea 3a ['ayccoMm BBISICHUM, KaKue HTPaBUJIbHBIE MHOTO-
YTOJIbHUKH IIOCTPOUMbI IIUPKYJIEM U JIMHEUKOiT, a Kakue HeT. J[jist 9T0oro Mbl u3y4uM yCTPORCTBO
KpYy208uT noset.

KomriutekcHoe 9ucyio 7 Ha3bIBACTCS NEP8oodbpadHviM KOPHEM CTEIEeHH 1 U3 €JUHUIIBI, eCJIu
n" =1, o n* # 1 ana moboro HarypasbHoro k < n. Hampumep, cpean KopHeil 4-oif cTemenn
U3 eJMHUIG! JiBa (i U —i) — mepBooOpasubie, a aBa (1 u —1) — uer.

Yupaxkuenne 21. /lokaxkurte, 4TO BCe KOPHU CTEIEHU N U3 €JIMHUIBI SBJSIOTCSH CTEHEHSIMU
epBOOOPA3HOTO KOPHSI.

[TycTh 77 — HEKOTOPBIiT epBOOOPA3HbIil KOPEHDb cTeneHn n u3 eqununbl. Pacmupenue Q(1n)
HA3bIBACTCS KPY208blM NoAeM, W nosem desenus kpyea. CBOHCTBA KPYTrOBLIX MOJIEH TECHO
CBSI3aHbI C MOCTPOMMOCTBIO ITPABUJIBHBIX MHOIOYTOJIbHUKOB, TaK KaK MOCTPOUTH IepBOOOpa3-
HBI KOPEHb CTeTNeH! N W3 eJIMHUIBI W BCe er0 CTENMeHW — 3TO BCE PABHO, YTO TMOJEJUTH JIYTY
OKPY?KHOCTH HA 1 PaBHBIX YaCTeil, TO eCTh HOCTPOUTDH IMPABUJIbHBII 1-YTOJIbHUK.

Vupaxuenue 22. Haiigure crenenn xkpyrosoro nouas Q(n), rae n nepsoobpasublii KOpeHb
CTEIeHU N U3 eJIMHUIDI, JIJIsi

(a) n =3,
(b) n =4,
(c) n=5.
(d) n =6,

Yr00bI HAWTH CTENEeHb KPYTOBOIO MOJIS JJIsi TTPOU3BOJIBLHOIO 7, JIOCTATOYHO HANTH MWHU-
MaJIbHBIII MHOTOYJIEH IS 1), TO €CTh HeIPUBOAUMBII MHOT'OUYJIEH, KOpDHEM KOTOPOTO SBJISETCS
7). Takoit MHOTOUJIEH Ha3BIBAETCS Kpy206viM. Kak MBI yBUIUM HUZKe, KPYTOBOW MHOTOYJIEH 3a-
BHUCHT TOJILKO OT 7, HO He OT BBIOOpa mepBooOpa3noro Kopud 7. [lo mpegnoxkenuto 1, crenenn
KPYI'OBOI'O MHOI'OYJIEHA U €CTh CTeleHb KPyroBoro nosis. [lIonsaTHO, 4TO KPyroBoil MHOrO4JIeH
JIEJIUT MHOTOUIEH 2" —1, MO3TOMY MOZKHO TOIPOOOBATH HAMTH ero, nojie/inB £ — 1 Ha ocTa/IbHbIe
HEeIPUBO/IUMbIE JTeJTUTEJIH.

Vopaskaenne 23. [IposepbTe, UTO €CIH THCIO0 d JEJUT YUCTIO N, TO MHOrowIeH 2% — 1 memut
MHOTO4wIeH ™ — 1.
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B wactHOCTH, M3 3TOrO ynpaxkuenus cjiemayer, 9To " — 1 jgeuTcs Ha KPYyroBOil MHOTOYJIEH
i d, ecaum d — JgeauTenb ducaa n. 1aK KaK Bce KPYTrOBble MHOTOYJIEHBI HEPUBOIUMBI, TO
" — 1 mgenuTca W HA TPOM3BE/IeHHE TAKWX KPYTOBBIX MHOTOYJIEHOB IO BCEM JIeJIUTETSIM 7.
OxkasbiBaercsi, 9T0 Apyrux jejmreseir y " — 1 mer.

IIpengioxkenue 2. Onpedesum mnozouwaen P, () pexyppenmmot gopmyrot

("~ 1)
Oy(x) =2 —1, O, (r) = ————.
e

Tozda P, () cosnadaem ¢ Kpy206vLM MHOZOUAECHOM OA V.
Hanpuwmep, npu n = 6:
®g(7) = (2° — 1)/[@3(2)22(2)®1(2)] = (2° = D/[(@” + z + V(@ + Dz — )] =2" —z + 1

Yupaxkuenne 24. J[okaxkute, 4TO KOpHAMU MHOTOWIeHA P, dBISIOTCS B TOYHOCTH BCE TEP-
BOOOpa3Hble KOPHU CTEIEeHU N M3 €TUHUIIHI.

YT06BI J0KA3aTh MPEJIOKEHNnE 2, HYKHO IPOBEPUTHL, uTo MuOrowien P, (x) menpusoanm.
MBI 9T0 ceaeM B ciIydae, Koraa n = pt aBigeTcs CTemeHbIo MPOCTOTO YHCIa P, W IPe/I07Ke-
HueM 2 Oy/eM MOJIb30BaThCd TOTBKO B 3TOM CIydae.

Jokasamenvcmeo. Jlokazare/bCTBO UCHOIB3YET Kpurepuii Dif3eHinreiina.

Banaua 25 (Kpurepmii diizenmreiina). Eciu f(r) = 2" + 2" ' + ... + a, — Muorousen
¢ nejabiMu KoddgdunuenramMmu, Takoi 4To aq,...,a, JAEJAATCS HA P, HO CBOOOJHBIN HIEH a, He
JeuTesa Ha p°, TO f HempUBOIUM.

Yrasanue: Iposepvme, wmo ecau f(x) = g(x)h(z) daa nexomopwzr mmozousenos g u h
¢ UeAvMU KodPPuyuenmamu, mo ece Koaphuyuenmor mHo20useH06 g U h, Kpome cmapwu,
mooice deasmes wa p. [anee dokasicume, wmo at0boe passoscenue mHoz2ouaena | 6 npousee-
denue MHO20UAEHOE C PAUUOHANLHBMY KOIPHUUUEHMAMYU MOAHCHO CEECMU K PA3AOAHCEHUIO 6
nPoOU36eIeHUE MHOZOUAEHOE C UEABLMU KOIPHULUEHMAMU.

HYCTI) CHa4vaJia 1 = p. TOF,ZL& HY2KHO JOKa3aTb HEIIPpUBOAUMOCTDL MHOI'OYJIEHA

Yro0bl npuMennTh Kpurepuit dizennireitna, cjiesnaem mojgcraioBky y =  — 1. [Hoayaum:

xP—1 +1)P -1 _ _ -1) _
R :yp1+pyp2+p—(p )yp3+...+p.
r—1 Yy 2!
Kosddunuent opu 4° nmeer BU Wm ang ¢ =20,..., p—1, To ecTb JeJIUTCI HA P JJIsd

Bcex 1 =10,...,p— 2.

Vupaxkaernne 26. JIoKazKuTe, 9TO 3TO PacCykKIeHHe paboTaeT U B caydae n = p*.
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Teneps Haiiném cremenb maorouiena ®,. Hamomunwm, aro gynkyus Jdsepa ¢ conocrapisier
HATYPAJBHOMY YHCIY 7 KOJXYECTBO HATYPAJbHBIX duces d, TakuX 4910 d < M U d B3aUMHO
LPOCTO C N.

VYupaxkuenue 27. (a) Jlokaxure, 4ro crenenb Muorowiena @, (z) pasua p(n).
(b) Hoxkazkure, aro p(p*) = p*~(p — 1), ectm p — mpocToe wuCIO.

Orciona 3akmiouaeM, uto npu k > 1 npaBuiababIil pF-yroJbHIK MOMKHO HOCTPOUTE, €CJIH
U TOJBKO ecyin p = 2. YT00bl TPABUIbHBIA P-yTOMBHUK MOYKHO OBLIO IMOCTPOUTDH IUPKYJIEM U
JINHEITKO# HeoOXOoauMO, IT00Bl p — 1 ABJIANIOCH CTeneHblo ABOMKH. Kak MBI BCKOpE YBHIUM,
9TO yCJIOBHE OJHOBPEMEHHO W JTOCTATOYHOE, TO €CTh MPABUIBHBI P-YTOJBHUK MOYKHO MOCTPO-
UTh IUPKYJeM M JIMHEfiKOH Toraa M ToJIbKo Torga, Korga p = 28 + 1. Taxue nmpocTble umcia
HasbiBatoTCs yucaamy Pepma. I1oaTomy OKOHUYATEIBHBIH OTBET TAKOI.

Teopema 3. IIpasusvHvili N-y20abHUK MOACHO NOCMPOUMD UUPKYAEM U AUHETKOT ecau U
moavko ecaun = 2"p1ps . .. Pg, 20€ P1, Da,-.., Pk — NONGPHO Pa3AUNHLE Npocmvie wucia Depma,
am — 41000 HEOMPUUAMENLHOE UELAOE YUCAO.

Vopaskaenne 28. Jlokaxure, uro ecin uuciao 28 + 1 upocroe, To k 06s13aTe/IbHO JOJIAKHO
OBITH CTEIEHBIO JBOWKU.

ITepuoas: ¢ marom 2. Hawm ocrasoch mokasarb, 9T0 ecan p — upocroe ducao Pepma, 1O
MPABUJIBHBIN P-YTOJIBHUK MOZKHO TIOCTPOUTH IUPKYJIEM U JIMHEHKOil. IT0 ObLIO BIEepBbIe JOKA-
3ano Layccom [1]. B mepeBoje Ha anreOpanveckuii s3bIK, HAM JTOCTATOYHO HOCTPOUTH MEHOYKY
pacmmmpernit Q = Ky C Ky C ... C Ky = Q(n), rakywo uro [K; : K;_1] = 2 mnga Bcex
1 =1,...,k. 31ech u B ganbHeiineM, 17 — HEKOTOPBIA MepBOOOpPA3HBIN KOpeHb CTEleHu p W3
€ INHHNIIDI.

B uacrHoCcTH, st ocTpoenus 1osist Ky Ham HykHO Haiitu B mosie Q(n) KBaapaTuuHyO
HpPAIMOHAJIBHOCTL. B ocTaBmeiics 9acTu 3TOro pasjesisa Mbl HalEM TaKyH KBaIPATHIHYIO
HPPAIMOHAJIBHOCTD B CIyYae, KOIAa p — MIPOU3BOJbHOE HEIETHOE IPOCTOe YUCT0. MBI JOKazKeM
CTIeIYIOIIee YTBEPKICHIHE.

IIpengyoxkenue 3. Kpyzosoe noie, nosywennoe npucoedureruem nepeoobpasno2o KopHa cme-
nenu p us edunuywl, codepaicum aubo \/p, Aubo \/—p.

Mpb1 mpuMeHEM MeTO/1, KOTOpbIil mpumayman Laycc.

CHauasa TpOWIIOCTPUPYEM 5TOT METOJ[ Ha TpuMepe p = 5 (MeTo[ MOXoxK Ha aaredpa-
HYecKuil MeTo/l MOCTPOeHUs TPABUILHOTO MATHYTONbHAKA). PaccMoTpuM umenaa x; = 1 + n'
u Ty = n? + 1. JJokaxKeM, 4TO OHH ABJILIOTCH KOPHSME KBaJIPATHOIO YPABHEHHUH C He/ILIMU
ko3 durmentamu. st aroro Hait1ém ux cymmy

T+ 2o :77+772+n3+774,
u HpOI/ISBe,ZLeHI/Ie

1z =+ Y+ 7)) =+t + 0t 0" =+ 0* + 0P + 0t
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371ech MBI BOCIOIB30BAJIICH TeM, uTo 7)° = 1, Tak uro n® = n u 7 = n%. Ocrasock BOCIOIL30-
BATLCA TeM, ITO

2 1 _nt—1

1l+n+n"+... 40" = ——

n—1
1o popMmyJie Jjis CYMMbI F€OMETPHIECKOIl MPOrpeccuu, MO3TOMY, €CJIH 1) — KOPEHb CTEIeHH N
I3 eIUHANLL, TO 1) +n? + ... 0" 1 = —1. IloaydaeM, 9T0 ) + Ty = X179 = —1, TO €CTHh X1 U T

— KODHHU YpaBHEHUS
24+r—1=0.

[Tosromy @9 = #5, u £v5 =11 — 29 € Q(n).

Kak 00001muTh 3T0 paccyKaeHne Ha CJIydail Mpou3BOJILHOTO mpoctoro p? Jlas Hadasia moii-
MéM, modeMy pasOuenne Kopreil Ha ase Tpynmer {1, 7%} n {n?, n®} okazamock ymaumsmv. Yewm,
Hanpumep, Xyze pasouenue na {n', 7} u {n* n*}? Tem, uro ono 3aBHUCUT OT BHIGOPA MEPBOOD-
Pa3HOrO KOPHA 1), ¥ pa3pyllaeTcda IPU BLIOOPE APYyroro KopHd. JleiicTBUTEILHO, eClIH BMECTO
7 HOJCTAaBUTL, HAIIPUMeD, € = 1%, TO IepBoe (yJauHoe) pasbueHue BLI:KHBaeT (rpynmbl {7, n}
u {n?,n®} mpocTo MeHsTCa MecTaMu), a BTOpoe pa3bueHue mepexouT B COBCEM JPYToe pas-
oumenne na {n? = e,n = &3} u {n* = %, 3 = &*}. Tem campiv, pasOuenne yIadHO, €CJIH OHO
COXpaHsIeTCsI IPU JIFO00H MOICTAaHOBKE MEPBOOOPA3HOro KOPHH (TO €CTh IPYIIIBI, U3 KOTOPBIX CO-
cTouT pasbuenne, WM MEHAIOTCA MECTAMHE, U COXPAHAIOTCA). Tenepb Mbl IOIBITAEMCA HARTH

Takoe paszdueHue st TPOU3BOTIHLHOTO P.

[Iyctn MbI pasoumu kopuu 7, n%,..., P71 Ha aBe pasupie rpymmbl {5, ..., n'e-D/2} n
{nr, ... Pe-1/2}, Jlerko BUgeTH, YTO NPHU MOJACTAHOBKE BMECTO 1) JIIOOOTO JIPYroro KOp-
HA € = nk, He PaBHOI'O eJUHUIEe, 3TU I'PYLNbl HepeiayT B I'PYIIIbI {77’““,...,77“(1’—1/@} u
{nFi, ... nMe-v/2}, TlomsaTHo, 4TO BMECTO MOKA3ATENeH i1, .. .,%(,—1)/2 MOKHO B3ATb TOJIBKO

UX OCTATKHU TPH JieJleHnn Ha p (Tak Kak 7 = 1), To ecTb ewuemu. no modyato p. Takum o6-
pa30M, HaM HYKHO pa30UTh BbIUETbI 110 MOJIYJIIO P HA JIBE I'PYIIbI, KOTOPbIE IIPU YMHOXKEHUU
Ha J1I000 HEHyJIeBOW BbIYET k WM MEHSIIOTCS MEeCTaMW, WM COXpaHsaroTcs. [ljas storo mam
MOHAIOOUTCS CJIeIYIONIHiT (DAKT U3 TEOPUU YUCET.

IIpengoxkenue 4. /lia kaotcdozo npocmozo p cyulecmeyem makoe HamypaivHhoe YUucio ¢ < p,
wmo 6ce wucaa 1, q, ¢2,..., qP72 UMM NONAPHO PasAUMHBLE OCTNAMKU NPU JeAeHuU Ha P (mem
CamMvM KaACOOT HEHYAEBOT OCTNATMOK 6CMPENAEMCA CPEIU IMUT “wucen poeHo 00un pa3). Taroe
YUCAO § HA3BIBAEMCA TTEPBOOOPA3HBIM BBIYETOM N0 MOJY.A10 D.

Dror dakT ObLT 3aMedeH n IoKa3aH Jiepom. IBa mokazarenbcrBa npuayman [ayce (em.
|1, Pasmen I11]).

Yupaxkuenne 29. Haiijiure nepBooOpa3HbIil BHIUET 110 MOJLYJTIO

(a) 5, (b)7, (c)13, (d)17.

Tenepn Jierko BujieThb, 4T0 pa3dMeHUne HEHYJIEBbIX BbIYETOB Ha CTEIIEHU {1,q2, .. ,qp_g} ¢
YETHBIMM MOKa3aTeJaMI U Ha crenenu {q, ¢, ..., q" 2} ¢ HeuéTHBIMU MOKa3aTeIAMI COXPaHSsi-
eTcst TIPH yMHOYKeHNH Ha J11000ii HeHy/1eBoil Bbruer k. B camom sente, ecomn k = ¢, 1o kq' = ¢,
1 YMHOXKeHHe Ha k IpOCTO CABHraer mokaszarenu cremneneii Ha [. [losTtomy, eciu | gérHO, TO
46THBIE IIOKA3aTe/H IePeXoadT B UETHLIE, a HeUETHBbIE B HEYETHLIE, a €Cau [ He4ETHO, TO JéT-
HBIe CTAHOBATCS HEUSTHBIMH, W HA060POT. IIpH 3TOM MBI HCHOMB3yeM, uTo ¢P~! = 1 mo Mamoii
teopeme Pepma.
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Bepuémcs k nokazareabeTBy npejnoxkenus 3. [IycTh r — mpou3BoJIbHBI OCTATOK 110 MOJLYJTIO
p. Hazosém nepuodom (2,1) cymmy

nre) 4 oplrd) 4 qpraTh),

-1
Cymma cogepKuT pT wieHoB. Hampumep, npu p = 5 3T0 yKe 3HAKOMbIE HAM BbIPAKEHUSI:

nepuos (2,0) = 2, nepuox (2,1) = n +n*, a nepuox (2,2) = n* + 7.
[TepeunciuM HEKOTOPHIC MOJE3HbIe CBOMCTBA HePUOJIOB.

CsoiictBo 1. Ilepnon (2,7) ast mo6oro r # 0 cosmamaer 60 ¢ mepuogom (2,1) (ecam r
paBHO ¢ B 4YETHON cTemnenu), ubo ¢ nepuogom (2,q) (ecaum r paBHO ¢ B HEUETHON CTENEeHN).
Iepnox (2,0) = 1.

CsoiictBo 2. IIpoussenenune aByX nepuojaos (2,71) u (2,r2) paBHO CyMMe HepHOI0B
(2,r1+72) + (2,r1+ Pr2) + (2, r + ¢'ra) o (2,1 + ¢ ).
YHCI0 IepruosoB B CyMMe PABHO ’%1.

DTO MPOIIe BCEro MPOBEPHUTDH, BOCIOJIH30BABIINCH TAKOH KapTHHKONE. BO3bMEM MpaBUIbHBI
(p — 1)—y1“_0J1bHI/IK C TIOCJIEJIOBATEJILHO 3aHYMEPOBAHHBIMA BEPIIAHAMHU W MMOMECTAM KazKIAbIN
KOpEeHb 77‘11 B €r0 i-TYIO BepIIuHY (3aMeTHM, Y4TO 9TO HE COOTBETCTBYET PACIIOJIOKEHUIO KOPHEil
Ha KOMILTEKCHOH maockoctn). Torma KOpHH, BXOAgmue B mepuo (2,7;), JeKar B BepITHHAX
PaBUJIbHOIO p%l—yroanHKa.

fs nl

Puc. 2: p=17, ¢ = 3.

—1)2
(p 1 ) 9JIEHOB

Tenepb, ecim pacKpbITh CKOOKU B npoussejaenun (2,71) - (2,7r2), To momydnm
Buga "4 2% e i m j mpoGeraioT Bce YSTHBIE YHCIA OT 2 10 p— 1. VIX MOYKHO CrpyIIIpOBaThH
B (p—1)/2 rpynm o (p—1)/2 4neHoB B KazK 10, 00beUHSAS B OMHY TPYIILY IPOU3BEJIEHNS TeX
kopHeit ™9 u ™% | 1718 KOTOPLIX PACCTOSHHUE MEXK/y COOTBETCTBYIONINMHI BEPIIMHAMHI OTHO U
TO 7Ke (MHBIMH CJIOBaMH, PA3HOCTH (i — j), paccMarpuBaeMast 110 MOAyJ0 (p — 1), mocrosiHHa).
Torga cymMa KOpHelt B KasK/10ii Takoii rpymie gact nepuos (2,71 + ¢ Iry).
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13 cBoiicTBa 2 ciemyer, 9To €Can 7| U Ty YMHOKUTH Ha OJHO W TO YK€ YUCJIO0 7', TO
(2,771) - (2,779) = (2,7(r1 +72)) + (2,7(r1 + ¢*r2)) + (2, 7(r1 + ¢*r2)) + ...+ (2,7(r1 + ¢ 1ro))

3ameTnM, UTO yzKe U3 CBOHCTBA 2 CJiejlyeT, 4T0 MHOXKecTBO [ Beex umcen Buga pi(2,1) +
p2(2,q), T p1 U py PAIMOHATBHBI, 06pa3yeT KBaJIpaTHIHOe DACITHPEHUEe MOJIS PAIMOHATHHBIX
uucesi. Mbl 7K€ XOTUM Tenepb J0Ka3aThb, 4To 310 paciupenue cosuagaer ¢ Q(y/Ep). dus sroro
MBI HallI8M cymmy u npoussegenue nepuogaos (2,1) u (2,¢), n rem cambim o Teopeve Buera
HaliIéM KBaJpaTHOE ypaBHEHUE, KOPHAMEI KOTOPOTO OHM SIBJISIFOTCS.

CsoiictBo 3. B npoussenennn
(2,1)-(2,0) = 2,1+ + 2,1+ ) +... +(2,1+¢"7)
ques1o nepuogos (2,1) B npaBoil wacTu paBHO YUCTY MepuoaoB (2, q).

B stom MoxKHO y6eaurhes, pasous Bordersl (1 + q), (1 + ¢%),..., (1 + ¢P~2) na nmapsot {(1 +
q),(1+¢ )}, {(1+¢?), (14+4¢73)} u T.0. Brech MBI HenoIb3yeM, 4To ¢P~! = 1, Tax uTo ¢!

g~ = ¢"~* u .. Ipu srom, ecin E5+ neudrno, To oaun sbruetr, a umenno (1+¢P~1/2) ocranercs

6e3 mapoi. Ho sToT BHIYeT paBen Hyio, Tak Kak ¢P /2 = —1.

— qp_2

Vupakuernue 30. Toxazkure, uro ¢P~ /2 = —1,

Kax1as neynopsjiovennas napa nepuogos {(2,¢%), (2,7} {(2,1+¢%), (2,1+¢ %)} u 1.1.,
KaK JIeTKO BHJIeTh, coBlagaer ¢ mapoit {(2,1), (2, ¢)}. Haupumep, eciu (2,1 + ¢ ') = (2,1), o
(2,1+¢q) = (2,9(1 +q¢7")) = (2,9), u nHao6opor.

Taycc moKa3biBaJI 9TO HHaYe (ero JOKa3aTeJbCTBO OUeHb MOX0XKe HA OCHOBHBIE PACCY K ICHUST
B reopun [asnya). On 3amerns, 4ro no cBoiicrBam 1 u 2

(2,1)-(2,9) = A(2,1) + B(2,9) + C(2,0),
riae A, B u C — nejble HeoTpunarebuble ducaa. [lpu arom

a TaK KakK JieBble 4acTH 00OMX PaBEHCTB COBIAJIAIOT, TO OTCIOJA MOXKHO BhIBeCTH, 4T0 A = B.
B camom pmene, BerunTag BTOpOe paBeHCTBO U3 MEPBOTO MBI MOJTYIUM, ITO

(A—B)(2,1)+ (B —A)(2,q9) =0.

Vupaxuenue 31. [Jokaxkure, uro ecau $(2,1) + t(2,q) = 0, rue s u t panuoHANBHBI, TO
s=1t=0.

HanomuuM, 4T0O BLIYET T HAa3BIBACTCA K6aADPATNUMHBLM 6blvemom, ecid 7 = z2 (mod p) ag

HEKOTOPOTro BbIUeTa x. Kcm Takoro x He CyIecTByeT, TO 7 HA3BIBAETCS K8a0PAMUYHHLM HEEbl-
wemom. Ilposepore, uto ¢2,..., ¢°~! — KBajpaTudnble BHIYETHL, & ¢, ¢°,..., P2 — HEBLIUETEL.
JlokasbiBast CBOWCTBO 3, Mbl HOILYTHO IOJIYYU/IM UHTEPECHBIN Pe3y/IbTaT U3 TEOPUU YUCEI.

IIpenioxxenune 5. Ecau r — amobotli keadpamurnvlli 6biMem, a 11, Ty,..., T(p—1)/2 — 6C€ K6a0-
PAMUNHBIE HEGDLMENBL, O CPEOU YUCEA T +T1, T+ T2,..., T+ T(p—1)/2 HEHYACEBLT KEAPAMULHDLT
BLIUEMOB CMONDKO MHCE, CKOALKO U HEBHLIUEMOB.
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Tenepb Hecs10:KHO HaiiTn mpousseaenue (2,1) - (2, ). Mbl yKe BBISICHUIN, 9TO
(2,1)-(2,9) = A2, 1) + B(2,9) + C,

-1 .
rie A, B u C — neswie uncia, u npu stom A = B. Kpome Toro, A+ B + C' = 5= no caoiictsy
2. 3amerum, 4To C' MOXKeT OBITH PABHO TOJIHBKO HYJIO WK eauHuie. /leficTBUTEIbHO, TaK KaK

BerueTsl 1 +¢, 1 +¢°, ..., 1 + ¢’ momapHO pa3JMYHBEL, TO TOJBKO OJMH U3 HUX MOXKeET OBITD

paBen Hymi0. [lockonbky p%l — C' = 2A — gérnoe umcno, nmonydaeMm, uro C' = 1, ecin p%l
. 1 .. .
neuétno, u C' = 0, ecn %5~ uérno. IlomyTHOo MBI JOKa3a/am TaKoil pe3y/IbTar.

IMpennoxkenue 6. Yucio —1 — xeadpamuunoll eviuem no modyao p mozda u moivko mozda,
koeda (p — 1)/2 uémmno.

Teneps waxoaum A, u mosydaem, 9To

1— _
~F, ecmp=4k+1

(2,1)-(2,9) = { %, ecam p = 4k + 3.
CsoiictBo 4. Cymwma nepuoyos (2,1) + (2, q) pasna —1.

Jloka3pIBaeTCs 3TO TakK e, KaK U B caydae p = D.
Taxum 06paszom, nepuoabt (2,1) u (2,¢) — KOpHE KBAIPATHOTO yPABHEHUS:

[y

{xQ—a:—pTl:(), ecom p = 4k + 1
P

2 —x+ 5= =0, ecaup=4k+3,

10 ecTh (2,1) u (2,¢) COBIAIAIOT ¢ YHUCTAME

1+ Z‘(pfl)/2\/13
— s

[IpaBaa, Mbl He BBISCHHIM KAKOI M3 KOpHEll ypaBHEHUs KAKOMY Hepuojay paseH (00 3ToM emré
OyJeT ckazaHo UyTh Jajbliie). Ho B 06oM ciiydae, KBagpaT pasnocTi nepuogos ((2,1)—(2,q))?
pasen (—1)®=Y/2p  nosromy nose Q(n) comeprur /p, ecan p = 4k + 1, nim /=p, ecau p =
4k + 3.

Pasnocrs nepuogos G(p) = ((2,1) — (2,q)) masbiBaercst 2ayccosoti cymmot. Ipyroe eé
onpeseenue (yxKe J/ig MPOU3BOIBHOIO, HE 00A3aTeNbHO IPOCTOrO N) TAKOe:

rjie 17 — IMepBOOOPA3HbBI KOPEHb CTEIeHH 1 U3 €IMHUIbI.
VYupaxkuenue 32. [Iposepbre, 4TO /151 MPOCTOTO N, 3TH ONPEJIEJIEHNS IKBUBAJIEHTHHI.

[FayccoBbl cyMMbl UTPAlOT BaXKHYIO POJib B Teopuu uucesi. Hamnpumep, Mbl JloKa3ajau, 4To
G(p) = ﬂ:i(p’l)/Q\/g_?, HO TOYHOE OIpe/ie/IeHNe 3HaKa — COBCeM He MmpocTast mpobJieMa (mompooy ii-
Te HaJ[ Heil moxyMaTh!). laycey mocie MHOTOIeTHIX PAa3MBIIILICHH YIaJ0Ch T0Ka3aTh, ITO 3HAK
MOJIOZKHUTENICH, M MOJTYyYATh KaK CJIEJCTBUE EIIé OTHO JOKA3ATENbCTBO K6AJPAMUYHO20 34KOHA
saaumnocmu [1|. TIoHATHOE W3TOXKEHHe TOTO 3aKOHA € JOKA3ATEJIbCTBOM (IPaBJA, JPYIUM)
JaHO B [2].
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4 Ilepuoabl ¢ TPOU3BOJBHBIM IITarom

[IycTh p — mpocToe uncio, a d — TpOU3BOIbHBIM AeauTe b uncaa p— 1. Tak ke Kak u B caydae
d = 2, moxHO 10 geauretio d nocrpouth nepuodv. (d,r) craemyrommm obpasom. Ilycts r —
HPOU3BOJILHBIN 0cTaTOK 110 MO0 p. Hazosém nepuodom (d,r) cymmy

77(7“‘1‘1) + n(TCIQd) + ...+ n(qu—l).

. . -1
Yucio d nasosém wazom nepuoda (d,r), a Beraer v — 6asot. Cymma cogepxur f = P== uje-

HOB. Ec/i BOCII0/Ib30BaThCsl KAPTHHKOM, aHAJIOTUIHON pUCYHKY 2, To nepuos (d,r) npu r # 0
eCTh CyMMa BCeX KOpHel, CTOAINX B BePIINHAX HPABUILHOIO f-yIOJbHUAKA, BIMCAHHOIO B IIPa-
BUJIbHBIH (p — 1)-yrombuuk. Beero MoKHO BIucaTh d pasauYHBIX TMPABUIBHBIX f-YTOJbHUKOB.
[osyuaem d pasmuunbix nepuonos (d, 1), (d, q),..., (d,¢? ). Touno Tak e, Kak B cayuae d = 2,
MOYKHO JI0Ka3aTh, uTo nepuoant (d, 1), (d, q),..., (d,q* ') conepxarca B pacmmpennu crenenn d
HOJI PAIMOHAJIBHBIX YUCEJT.

B camom Jieste, mpousBeieHue 00X IBYX MeproaoB (d,r1) u (d,r3) paBHO CyMMe MepuoioB
C TeM Ke IIaroM:

(d,r1) - (d,re) = (d,r1 +79) + (d, 1 + ¢%r2) + (d, 71 + %) + ...+ (d, 1 + q(f_l)dﬁ)- (1)

Vupaxkuenue 33. /lokaxute papenctso (1). [IpoBepbre TakzKe, 9T0 paBeHCTBO (1) ocTanercs
BEPHBIM, ec/in 0a3y BO BCEX yUaCTBYIOIIUX B HEM [1EPUO/IAX YMHOKHUTH HAa POU3BOJIbHBIIN BbIYET
T.

Torna npoussepenue J0O0r0 IUCIA IEPHOIOB C IAroM d TOXKe IIPeJICTABILETCI KAK CyMMa
nepuonos (d, 1), (d,q), ..., (d,q¢*') ¢ menpivm koapdummenTavm. Tem caMbBIM, MHOKECTBO
ances suga py(d,1) + pa(d,q) + ... + pa(d,q?~"), vue pi,pa,...,Ppd PAMOHAJIBHDL, SABJIACTCS
nosiem. Obo3naunM 310 1oJe depes Fy.

Jlerko y6eanThest, aro crenens [Fy : Q] 9TOro mosst Kak paciupenus moJis PannoHaIbHBIX
qyucen pasHa d. leiicTBurenbno, a000i saeMenT Fy e IMHCTBEHHBIM 00pa30M 3aIllChIBACTCH KaK
cymma mepuosios (d, 1),..., (d,¢? 1) ¢ pammonambabivm Kosdbdumuentamu. VHatde MBI TOTYIHIT
661, ato p1(d, 1) +pa(d,q) + ...+ pa(d, ¢®1) = 0 279 HEKOTOPELIX He PABHBIX OJHOBPEMEHHO Hy-
JIFO PAIMOHAIBHBIX D1, P2, - - - , Pdy & 9TO O3HAYAET (€C/M PACHMCATH KazK/blil ePHOJ] KAK CYMMY
crerneHeil KOpHsI 1)), 9TO 7) — KOPeHb HeHyJeBoro MHorodiena ¢(z) crenenn < p — 1 ¢ pammo-
HAJIbHBIME KOY(DUIueHTaMu U HyJIeBBIM CBOOOJIHBIM WieHOM. IlojgesuB MHOrOwIeH () Ha x,
HOJIyYIM MHOTOYICH CTeleHn < p — 2, KOpHeM KOTOPOro OInaTh aBsgercd 7). Ho MbI 3HaeM, 910
MUHUMAJTBHBI MHOTOUIEH [T 1) — 9TO KPyToBoil MEOrOUaeH 2P~ 1 + 2P~ 24+ .. . 41 = 0, cTemenn
KoToporo pasua p — 1 > p — 2. [Iporusopeuune.

Tem caMbIM IOKA3aHO TAKOE yTBEPIKICHHE.

IIpepnoxkeuune 7. Ilycmv p — npocmoe wucao, a d — deaumennv wucaa p — 1. Kpyeosoe
NOAE, NOAYUEHHOE NPUCOCOUHEHUEM NEPBOODOPA3HO20 KOPHA CMENEHU P U3 eOUHUYDL, COJepIHCUM
nodnoae cmenenu d.

Yupaxkuenune 34. /lokaxkure, ato ecqim F' — cuMMerpudeckuii MHOTOYIEH OT d EPEMEHHBIX,
To mpu moxctanoske B F mepuomos (d, 1), (d,q),...,(d,q*"t) momryuanTca menoe umncao. Bosee
TOYHO,

F((d,1),(d,q),...,(d,¢"") = A((d,1) + (d,q) + ...+ (d, ¢ ")) + Bf = —A+ B,
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e A u B — nesible HeOTpULIATEIHHBIE THCJIA.
Yxazanue: socnoavayimeco memodom laycca, kKomopwvid mow 0bcyscdanu 6 npedv.dyuiem
pasdese ors d = 2 u ynpasrceneruem 33.

13 ynpaxknenns cieayer, uro nepuoast (d, 1), (d, q),...,(d, ¢*~1) — kopan ypasnenus crenenu
d ¢ panuoHasbHBEIME KO3humuenTamu. MoxkHO Takke HAiTH sIBHYIO HOPMYJTY st KOIDu-
IIUEHTOB TOr0 ypaBHeHHs (TakK Ke, KAK Mbl 9TO CIeJatu B caydae d = 2) u B caydae d = 3.
910 TOXKe caenan ayce. 3aj1ada HAX0XKIeHUA KOIMMHUIIMEHTOB TECHO CBI3aHa CO CBOWCTBaMHU
mpoCTOro uucaa p. Hampumep, Kak MBI BUJAETH, TPU d = 2 OTBET 3aBUCUT OT TOTO, SIBJIAETCS JIX
—1 mosHBIM KBaJIpaTOM IO MOJLYJIIO P.

Bamernm, uro ecam d — apyroii menawrens ducaa p — 1, w npu srom d geant d, To Fy
comepxut Fy. Oto cnemyer uz toro, uro ecmu d = d' - f, 1o (d',r) = (d,r) + (d,rq’) + ... +
(d,rg/ D).

ITocTpoumMocTh MPABUJIBHBIX P-yrOJBHUKOB. [IpOmozKuM mOCTpoeHne MpaBUJIBHOIO P-
YIOJBHUKA B caydae Korma p = 2F + 1 — mpocroe uncao @epma. Brime Mbl yoeauiInch, 9To
B KauecTBe mepsoro moas K; B nemouke Ko = Q C Ky C ... C Ky = Q(n) MoxXKHO B34ThH
KBaJIPAaTHIHOE PaCITUPeHne Q(z% V/P)- Meroj, ¢ oMomipI0 KOTOPOro Mbi Hamuim K, rogurcs
JUUTsT HAXOXK/TeHUsI U BCEeX OCTaJbHBIX moJieit. /g xkaxkmoro ¢ or 1 1o k pacemorpum moste Foi,
1o/TydeHHOe IIPUCOeMHeHIeM Beex mepuoos Bua (2¢,7).

Jlokakem, 4TO ecaum B KadecTBe K; B34Th paciupenue Fyi, To mome K; OymaeT KBaj-
paTUYHBIM paciiupenueM nojs K; 1. DTo nupsamMo ciaeayer u3 ynpaxkaenuns 20, 1Mo KOTOPOI
K : K; 1] - [K;—1 : Q] = [K; : Q], u Toro, uro [Fy : Q] = 2°. Oanako MO¥KHO 3TO J0Ka3aTh U
HEIIOCPEeICTBEHHO, IOJIYINB IIPH TOM KOHKDPETHBIH aJrOpUTM IIOCTPOEHHS, a He TOJBKO JOKa-
3aTeIbCTBO €ro cylecTBoBamus. Hanpumep, MOKHO OKa3aTh (Tak 2Ke, KAK MBI 9TO HPO/eIan
npu i = 1), uTo cymma u npomssesenue nepuonos (2,1) u (2¢,¢% ) nexar B K;_y. Mbl 910
cJieJlaeM Ha TIpUMepe MPaBUIbHOTO 17-yrojbHUKA.

ITpumep 1 (p = 17). [ocrponm mupKyJieM u JUHEHKoi TpaBuibHbli 17-yroabauk. s 3Toro
noce0BaTeIbHO Hailaém nepuoast (2,1), (4,1), (8,1) u (16,1) = 1. B kauecTBe nepsooGpas-
. 27-‘- . . 271-
HOTO KOPHA 7) BO3bMEM KOPEHb COS 17 + i sin 7.
Cuauajia mpoBepuM, 9T0 3 — 1epBOOOpa3HBIN BhYeT 1m0 Moy 17. [eificrBurenbHo, B
caenytormeii Tabauie (rae B i-TOM CTOJIOIE 3alMCaHbl MOKa3aTe b { U OCTATOK 4YuCIa 3' Mpu

Jejennn Ha 17) Berpedatorcst Bee octaTku ot 1 10 16.

1121314 1(5]6]7 |89 |10[11]|12]|13|14 15|16
319110113 5|15 |11 1614 8 | 7 (4 (1212 |6 |1

9Ta Ta6ﬂﬂﬂa MpUTOAUTCA HaM B BHIYHUCJIEHUAX.
[lepuompt (2,1) u (2,3) — kopuu ypasuenus 2 +1r—4 = 0 (cM. BLIYHC/TCHHEE U3 TIPe/IbILYEero
paszzena). [Ipu 5ToM, JIETKO TPOBEPUTD, IJIsijisl HA PUCYHOK 3, uTo (2,1) > (2, 3), mosTomy

14 VT 1T

(27 1) = 9 ) (27 3) = 9 )

a He HaobopoT. Ha pucyHke 3 m300pazKeHbl BCe TepBOOOpa3HbIe KOPHU 17-0if cTelmeHn U3 eIu-
HUIbI TaK, KaK OHU PACIIOJIO?KEHbI Ha KOMILJIEKCHOH IJIOCKOCTH.
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Puc. 3: Kopeub ¢ HoMepoMm ¢ paBen ngi.

2

Haiiiém ypapHenue, KOpHAME KOTOPOTo ABJsoTca epuoant (4,1) u (4, 3?). IlonarHo, uTo
(4,1) + (4,3%) = (2, 1).
[To dpopmyte st npou3BejieHusT IEPUOIOB,
(4,1)-(4,3%) = (4,1 +3%) + (4,1 +3° + (4,1 + 3'%) + (4,1 + 3.

[Ipu 5TOM Mepuojpl B mpapoil yactn pasbusatorcs Ha mapsl {(4,1+3%),(4,1+372)} u {(4,1+
39), (4,14 375)}, rak 4T0 CyMMa mepuoIOB B KazKJOH Iape pasHa Iepuoiy ¢ marom 2. Taxum

obpazom,
(4,1)- (4,3%) = (2,1 +3%) + (2,14 3°).

Bocmonb3oBaBmuch Tabaumei, moryaem
(2,1+3%) =(2,10) = (2,3*) = (2, 3); (2,1+3% =(2,16) = (2,3%) = (2,1).

[Tonyqaercsa, 910
(4,1)-(4,3%) = (2,1) + (2,3) = —1,

u nepuoabt (4,1) u (4,3%) — xopuu ypasnenns 2 — (2,1)z — 1 = 0. Touno Tax e MOWKHO
1nokazarh, uro nepuoin (4,3) u (4,3?) — kopuu ypasnenns 2 — (2,3) — 1 = 0.

Jlnga nepuosos (8,1) u (8,3%) nmoyuaem, uro
(8,1) + (83" = (4,1)
(8,1)-(83") = (8, 1+3") +(8,1+3%) = (4,1+3") = (4,14) = (4,3") = (4,3),

II05TOMY OHH YJIOBJIeTBOPAT ypaHennto z2 — (4, 1)z + (4,3) = 0. Hakonern, nepsooGpasuble
KopHu 17-0it cremenn us eaununs 7 = (16,1) u = = (16,3%) yaosrerBopaioT ypaBHeHHIO
2?2 — (8,1)xr + 1 = 0. Takum 06pa3oM, 4TOOL HAKHTH 7), HY’KHO HOCJIEIO0BATEILHO PEIIuTh b
KBa IpaTHBIX ypaBHeHuii. [Ipu 3roM Ha10 KazK bl pa3 ompeae/aTh, KaKoil 13 KOpHeil ypaBHeHUs
KaKOMY IEPUOJY PaBeH, HO 9TO B JAHHOM CJIydae HEeCJOKHO (HY?KHO OISITH BOCIOJb30BATHCS

PHCYHKOM 3).
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OcHoBHasg TeopemMa Teopuu l'amya /jiss KpyroBbix moJjeit. Tenepb yzke BHJIHO, 9TO TeMU
JKe MeTOJIaMU MOKHO JIOKa3aTh Oosiee obiiee yreepzKaenue. [lycts p — mpousBosibHOE TPOCTOE
qucyio. Hamomumm, daTo depe3 Fj; Mbl 0003HAYUIN TOJI€, TOJYIEHHOE MPUCOETHHEHUEM BCEX
nepuoos ¢ marom d. Torpa J1060My paz/iokenuio Ha Maoxkurean ducaa (p — 1) = didy . .. dy
MOKHO COLOCTaBUTH Ienouky pacumpennit Q C Fy C Fgqg, C ... C F,oqy = Q(n). Ilpn
9TOM CTeleHb (-TOTO PACITUPEHUsT HAJI TpeabIynuM Oyrer paBHa d;. YToOB MUHUMU3UPOBATH
STH CTerneHu (M TeM CaMbIM YIIPOCTHTH HAXOXKJIEHUE KODHs 1)), PA3yMHO B3STh PA3/IOKeHue Ha
MPOCTHIE JIeTUTETH.

Teopema 4. (Taycc [1]) Iyemv p — npocmoe wucao. Jlas moeo, wmobve nocmpoums npa-
GUNLHBLL P-Y2000HUK, 00CTNAMOYHO YMEMb CIMPOUNL TMOALKO KOPHU MET YpasHenuli, cmenenu
KOMOPHLT PAGHDL NPOCTLLM 0CAUMEAAM “ucaa p — 1.

OTa TeopeMma 3akJodaeT B cebe Teopuio [asya s KpyroBoro moJid, MOJIYYEeHHOTO IPH-
COeJIMHEHNEM TIePBOOOPA3HOTO KOPHSI CTEleHN P W3 eMHUIbI, U Oblia jokasaHa [ayccom (eii
MOCBSIIIeHA celbMas 9acTh ero “Apudmerndeckux uccaeposanuii’ [1]) 3a 30 ger n0 co3manus
obmeit reopun [asiya. Boiie Mbl oBTOpm/in 1y Th, KOTOPbIi 1pojesas Layce jijis jokasareib-
cTBa 3TOi Teopembl. ['ajya BHuMaresbHO u3yuns pabory laycca u moHsI, 9TO OCHOBHOM ITPUH-
U, CTOATINII 3a paccyKIeHudaMmu laycca, padboTaer He TOJTBKO JJid KPYTrOBOIO MHOTOYJIEHA,
HO W I TOpa3o Oosee o0Imero KJjacca MHOTO4WIeHOB. Hiyke Mbl pa30epém 3TOT TPUHIAN Ha
mpuMepe KPYTOBBIX MOJeH U NnoAA Pa3fodcerus KyOuaeckKoro MHOTOUIEHA.

Cuterytomuit o mpocrtore caydait mocse npoctbix duces Pepma — 9T0 TPOCTHIE YHUC/IA BUJIA
p = 2¥3! + 1. B srom caydae, 9TOOB MOCTPOUTH HPABHIBHBIH P-yIOJLHUK, JOCTATOYHO YMETh
CTPOUTH KOPHU BceX Kybmdueckux ypaBHenuil. Fcim Kk mupky/o u JnHelike 100aBUTH Tpudop,
MO3BOJILIONIAI CTPOUTH KOPHH KYOM4YeCcKUX ypaBHeHU, KO3MDMUIHEHTH KOTOPBIX YZKe MOCTPO-
eHBI, TO MOYKHO OYJIeT HOCTPOUTH HPABUIBHEIC P-YTOMBHUKH s BCeX MpocTHX p = 283! 4 1.
Haupumep, MOKHO HOCTPOUTH HPABU/IbHbIE T-yTrOJBHUK, 13-yroJbHEK (CM. IPUMED B KOHIE 9TO-
ro paszjena) u 19-yrojabHuK.

ITocTpoenusi ¢ mOMOMIBIO JAPYruX MHCTPYMEHTOB. Ceiidac Mbl 00CY/ MM HOCTPOEHUS C
MIOMOIIIHIO JIONMOJHUTEILHBIX Mpuciocobiennii. Bee yrBepxienust OygayT chOpMyInpoBaHbl B
BH/Ie 33/71a1, HEKOTOPbIe U3 KOTOPBIX JOBOJIBHO CIOKHBIE. Pelenns yacTu 3a/1a4 MOXKHO HaiTh
B [3] u [5].

Maremaruku /IpeBreii ['peniuu mpuyMa n MHOKECTBO HHCTPYMEHTOB, C TOMOTITBIO KOTOPBIX
MOKHO IIPOBO/IUTH TPUCEKIUIO yIJIa, yiBOeHHe KyOa u pa3Hble JpyIrue HOCTPOeHMs, HEBbIIIOJIHU-
Mble MUPKYJeM U JinHeiikoil. VIHoria BMecTo JIONOJTHUTE/IbHBIX HHCTPYMEHTOB HCIOJ/Ib30BAJIACh
MJIOCKOCTh, HA KOTOPO# MOMUMO Oa3bl TOCTPOEHUsI ObljIa HAPUCOBaHA BCIIOMOTATEIbHAsT KPUBASI.

3agaga 35. Hasoém napaboasvhoti naockocmvio MJIOCKOCTh, HA KOTOPOW HapucoBaHA Iapa-
oosia. /lokaxkurte, 94T0 Ha NMAPadOJILHO MJIOCKOCTH MOYKHO TOCTPOUTH C MOMOIIBIO ITUPKYJIS U
JAHENKNA:

(a) och cummerpun napaboIbL;

Vrasanue: Cravana dokascume, 4mo ecau OKPYHCHOCMD Nepeceraem napabory 6 4emulpex
MOYKAT, MO UEHMP MAHCECTNU IMUT MOYEK AEHCUM HG 0CU NAPAOOADL.

(b) npaBUIBHBINE CEMUYTOJIBHUK;

(c) MpaBUIIBHBII JEBATHYTOJLHUK.
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(d) Onumnre Bee MpaBUIIbHBIE N-YTOJBHUKH, KOTOPbIE MOYKHO MOCTPOUTH Ha MapabOIbHOIT
ILJIOCKOCTH.

(e) dokaxkure, uTo J0OOH yroa Ha MapaboIHHON MIIOCKOCTH MOYKHO MOJIEIUTH HA TPH PAB-
HbIE YaCTH.

(f) dokaxkure, 9To Ha M1apabOJIBHON MIIOCKOCTH MOYKHO IOCTPOMTH KOPEHb JII060ro Kyoude-
CKOT'O MHOTOYJIEHA, €CJIH €r0 KOI(MMUIUEHTHI yKe TTOCTPOEHHI.

3amaua 36. Bo3bMéM IJIOCKOCTD, HA KOTOPOil HapuCcOBaHa OJIHA €IMHCTBEHHAsI OKPYZKHOCTH U
OTMEYeH TAKzKe IICHTD OKPYZKHOCTH.

(a) Jokaxkure, 9T0 HA TAKOW IJIOCKOCTH ¢ MOMOIILIO OJHON TOJBKO JIMHEHKH MOYKHO MO~
CTPOUTH JIIOOYIO TOYKY, IOCTPOUMYIO IIUPKYJIEM U JIMHEHKOI.

(b) Ocranercst in yTBePK/I€HUE TyHKTA (a) BEDPHBIM, €CJIU EHTD OKPYZKHOCTU HE OTMEYeH !

Crnmcok BO3MOYKHBIX MTOCTPOEHUH CUJIBHO PACIIMPUTCS, €CJAN BMECTO JIUHEH KN 6e3 mesieHnii
B34Th JUHEHKY ¢ AByMd JeneHudamu. /[yisg omnpenenéHHocTu OyaeM CYUTATh, YTO PACCTOSHUE
MeKy JIeJIeHusIMH paBHO eauHute. JIuneiika ¢ 1ByMsd JeneHuSIMU, B OTJIHYHE OT JIMHEUKH Oe3
JIeJIEHUIT, 1103BOJIseT IIPOBOJUTDL TaKKe cJiejiyollee nocrpoenue. Ilycrb Ha 110CcKOCTH yKe 110-
CTPOEHBI JBE MPSIMbIX, IPsSIMasi U OKPYKHOCTH WK JBe OKpyzKHOcTH. OD03HAYNM UX depe3 [ u
ly. Tlycrs Takzke 3amana Touka P. Torma ¢ moMOMbIO JUHEHKY ¢ IBYMST JIeJIEHUSIMUA MOYKHO TTPO-
BecTu Yepe3 TOUKy P npsamyio [, Tak 4To0bl KpuBbie [ U [y BbICEKAJN HA | OTPE30K eTMHUIHON
qrHbl. OHAKO, ¢ MPAKTUYeCKON TOYKH 3peHusd, JUHEHKOi ¢ ABYyMS JeTeHUIMHA MOTb30BATHCS
CJIOYKHO: HY’KHO CJETUTDh, YTOOBI OJTHO JIeJIeHUe CKOJIB3UIO 0 KPUBOil /1, BTOpoe — MO KPUBOi
ly, oKa JinHelka He npoiiaéT yepe3 TOUKy P.

3amaua 37. /lokaxKure, 4TO C NMOMOIILIO JUHEHKH C JBYMS JEJCHUSIMH U IUPKYJ/Isi, MOXKHO
paseanTh 000 yroJ Ha TPH PaBHBIE YacTH.

Takas Tpucekus yria Oblaa mpoBegeHa ApXuMeI0M.

ITpumep 2 (p = 13). [Mocrponm Ha mapaboOJBHON MIOCKOCTH MPABHJIBHBIH 13-yroJbHUK €
TTOMOTIBIO TTUPKYJIS W JTTHEHKH.
Cuadvajia mpoBepUM, 4TO 2 sIBJISETCS TIePBOOOPA3HBIM BBIYETOM 110 MO0 13.

112131456 |7 (89101112
4181316121195 ]10]| 7 |1

Tenepb nocsiegoBaresbHo Haiiaém nepuosnt (3,1), (6,1) u (12,1) = . Haiiném kosdbdunuenrot
ypaBHeHust, KopHsiMmu koroporo oyayr (3,1), (3,2) u (3,4). Bo-nepsbix,

(3,1)+(3,2) + (3,4) = —1
Bo-Bropbix, 110 yupazxueunuio 33
(3,1)-(3,2) +(3,2) - (3,4) +(3,1) - (3,4) = A(3,1) + B(3,2) + C(3,4) + D(3,0), (2)

rme A, B, C' u D — uensle HeoTpumaTeabHble uncaa. V3 ymnpaxkaenus 34 ciemyer, d9To
A = B = (. Cnenyiorniue MOSCHEHHS TPEIHAZHAYAIOTCS TIABHBIM 00pPA30M YHTATENIO, eIné
He pemmBiieMy ynpazxuenue 34. JleBas yacrb paBeHcTBa (2) He U3MEHHUTCs, el 6a3y BO BCeX
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neproJiax yMHOXKHUTH Ha 2. [Io9TOMYy M mpaBast 4acTh He W3MeHHUTCs, HO TIpu 3ToM (3,1) mepexo-
mur B (3,2), (3,2) — B (3,4), a (3,4) — B (3,1)). [Moyuaem, uro A(3,1) + B(3,2) + C(3,4) =
C(3,1) + A(3,2) + B(3,4). Orciona yxke jerko BeiBectu, uto A = B = C.

Kpome toro, A+ B+ C + D = 12, 10CKOJIbKY KazK/I0€ U3 IOLUAPHBIX IIPOU3BEJCHUI PABHO
cymme 9eThipéx nepuooB ¢ marom 3. [Tokaxkem, aro D = 0. C oanoit cTOpOHBI, 11000 mepuor
B npapoii wactn uMeer Bz (3,2° + 27), rae ¢ u j Aal0T pasuble ocTaTKu Tpu jgeaennn Ha 3. C
JpyToii cToponbl, paBenctso 2 + 29 =0 (mod 13) osznauaer, uro 27 = —1 (mod 13), To ecTb
1 — j cpaBHEMO ¢ 6 10 MOyI0 12, M TeM caMbIM JOJI2KHO JIeIUThca Ha 3. OTcroma moayJdaeM,
qyro D = 0. Torma 3A = 12, To ectp A = 4.

B-1tperbux, u3 tex xe coobpazkeHuii,

(3,1)-(3,2)-(3,4) = E[(3,1) + (3,2) + (3,4)] + F(3,0),

rie 3E+ F = 42, a F pasuo uncay takux nap (4, §), rae 0 < 4, j < 4, aus koropbix 14 2130 4
22130 = () (mod 13). TlepeGopom MOXKHO y6eANTHCHA, YTO TaKas Napa Beero ojiHa, orkyia F = 1,
E=5 a

(3,1)-(3,2)- (3,4) =5 (~1)+1-4=—1.

Taxum obpazom, (3,1), (3,2) u (3,4) — KOpHI KyOGHUECKOTO yPABHEHUS
242 —dr+1=0.

[To 3amade 35, MBI MOXKeM TOCTPOUTDH €r0 KOPHU.

3aMeTnM, 4TO U JJIA IPOM3BOJIBHOIO HPOCTOro p Bujaa 3k + 1 koadpdunnenrs: npu 22 u x B
ypasuenun na nepuojnt (3,1), (3,q) u (3, ¢?) naxoagarca rem xe crocobom. Onu pasubt 1 u —k,
coorBercTBenno. Haiitn mMoxkno u cBoboublit wien (cm. [1]), mpu 9TOM OTBET MOJydaeTcst W3
Ipe/icTaBIeHns ducia 4p B Buge cyMMel 22 + 27y%, Tae x u y mesasie. MBI 9TO ¢eraeM B KOHIE
CTIYIOTIEro pas3/iena, HeMHOTO nHade, yeM laycc.

VYupaxkuenue 38. [lokaxkure, 4to ecau N — cBOOOIHBII WieH B ypaBHEHUH HA mepuojbt (3, 1),
(3,q) u (3,¢?), To 27N — 1 nemurca Ha p.

Teneps naiigém ypasuenne na nepuogn (6,1) u (6,23). TTockobky,
(67 1) + (6’ 23) = (37 1)a

(6,1)-(6,2%) = (6,1 +2%) 4+ (6,1 4+2) = (3,1 +2°) = (3,4),

11epHojibl GyIyT KOpHAME KBaIpaTHoro ypasaenud x2 — (3, 1)z + (3,4) = 0.
Hakomnen, xopun 7 = (12,1) u n=! = (12,2°%) ynosaerBopsioT KBagpaTHOMY YypaBHEHHIO
2?2 —(6,1)z+1=0.

5 Teopusa I'axya
Temepb MBI cchopMyTEPYeM OCHOBHYIO UJI€I0, CTOSIIYIO 33 paccy:KaeHuamu laycca s Kpyro-

BOI'O 110JIsI, M HMOKAaYKeM, KakK 3Ta ke ujiesd paboTaer B CJIydae NoAfs Pa3N0AHCEHUA KYOUIeCKOoro
MHOT'O4YJI€HaA.

22



Kpyrosoe moJjie. JIis Ka)KJI0T0 MPOCTOTO HHCIAa P MBI pacCMaTpuBaeM KPyroBoe TMOJie
K = Q(n), nosyuenHoe IpUCOeJIUHEHEEM BCeX KOPHEH CTeleHd p W3 euHuIbl. Hammm mpespi-
JIyIie KOHCTPYKIIUU 3aBHCEJI OT BBIOOpA MEepBOOOPA3HOTO KOPHs, HO MBI CTapajuCh 3Ty 3a-
BHCHUMOCTb CBECTH K MUHUMYMY (HaHpI/IMep, KOTJia pa3buBa/iu KOPHU HA J[BE prnnbl). Ceituac
MBI cOPMYIIpPYeM 3TY Ke cTparernio bosee crporo. Ilyers n n ( = 0 — aBa HepBOOGPA3HBIX
kopHsi. Ompeesium orobparkenune g; moJst K B cedsi: 11st J1I000TO 3/1eMenTa 7o+ 111+ . . .—Hf*l,
LIe 79, 7'1,..., I'p—1 PANHOHAIBHBI, IIOJTOKIAM

gi(ro+rm+...+ rp_mp_l) =ro+nr(+...+ rp_lgp‘l.

Bmecto 1 mbl Bciogy mnojcraBuin (. JIerko mpoBepHTb, YTO OTOOpazKeHHe ¢; B3aUMHO-
OJIHO3HAYHO, U UTO JIJIsI JIFOOBIX JBYX 9J€MEHTOB T 1 Yy u3 K

gi(r +y) = gi(x) + 9:(y),
gi(zy) = gi(2)9:(y).

Besikoe B3aMMHO-0IHO3HAYHOE OTOOparKeHMs 110Jid B ce0s ¢ TAKUMU CBOWCTBAMU Ha3blBA€TCs
a8mMoMOPHU3MOM TIOJIS.

Vaopaxkuenue 39. (a) Jlokaxkure, 9T0 y 1M0JIsT PAIMOHATBHBIX YUCEJ €CTh TOJHKO TPUBHAJb-
HbIii aBTOMOPGU3M (TO ecTh aBTOMOPMhU3M, MEPeBOISIIIA KaZK bl 3J1eMeHT B cebs).

(b) dokaxure, uro aBroMopdu3M JO0T0 PACIIUPEHHsI TT0JIs PAIMOHATBHBIX THCET OCTAB-
JISeT BCe PalMOHATbHBIE YUCTa HA MECTE.

Vupaxuenue 40. Tokaxure, uro n1060ii aBromopdusm kpyrosoro noas K = Q(n) cosna-
JIaeT C g; JIJIs HEKOTOPOT'O IEeJIOTO ¢ B3aWMHO IIPOCTOTO C P, ¥ 9TO @; COBIAJIAET C §; €CJIN U
TOJIBKO €CJIM ¢ CPABHUMO C j TI0 MOy.II0 p. Takum 06pa3oM, CyIecTByeT BCero p — 1 pasjimaHbIx
aBTOMOP(U3MOB.

JIerko mpoBepuUTh, 9TO I KazK/I0I0 aBTOMOpdU3Ma 10/ 06paTHOe 0TOOpaXKeHHe TOXKe 0y-
JIeT aBTOMOP(MU3MOM, U IYTO KOMIIO3HUITUS ABYX aBTOMOP(MU3MOB — aBTOMOPhU3M. ITH CBOHCTBA,
03HAYAIOT, YTO BCe aBTOMOP(MU3MBI 110JIs 00PA3yIOT 2pynny OTHOCUTE/IHHO ONEPAIUA KOMIIO3H-
K. DTa TPYIIa Ha3biBaeTcsa 2pynnot I aiya mos.

Vnpaxkaenne 41. O6oznaanm depes k™1 Takoif BBIYET 110 MOIYJTIO p, A5 KoToporo kk—' =1
(mod p). Jlokazkure, 4T0 0TOOpayKeHHE KPYLOBOTO MOJsA B cebsi, 0OpaTHOE K ¢k, COBHAJIAET C
Jk-1, T 9TO KOMIO3UINS aBTOMOPGU3MOB ¢; U ¢; PaBHA ;.

Tem cambIM TPyIIa aBTOMOPMU3IMOB KPyroBoro nosist (o6o3naunm eé uepe3 Gal(K) B uecthb
Tanya) coBunajaer ¢ myavmuniukamuehol epynnot (Z/pZ)* HeHyJeBbIX BBIYETOB 110 MO/LYJIIO
p. Kommozumun aBroMopdu3MoB cOOTBETCTBYET TPOU3BeIeHNe BRIYeTOB. B vacTHOCTH, IpyIIa,
aBTOMOPMU3MOB TOKe IMUKJIMUecKas: ecm i = ¢~ I HeKOTOPOro TepBOOOPA3HOr0 BEIYETA (,
10 g; = (g,)*. Ec/tu nponymMepoBaTh KOPHH U3 €MHHUIbI BLIYETAME 10 MOJY/IIO P TaK, YTOObI
i-Thiit KOpennb ObL1 pasen 77, To aBroMopdusM g, GyJeT NPOCTO CJABATATH HyMepaIuio Ha OJIH
BIIEPE]I.

Bazkuyto posib B Teopun [asiya nurpaer noustue uHeapuaHmos aBToMopdu3ma. DJIeMeHT 0~
JIsT HA3bIBACTCHA UHBAPUAHIMOM ABTOMOP(MU3MA, eCJIH STOT aBTOMOPGHU3M IIEPEBOIUT JJIEMEHT B
cebst. JIerko mpoBepuTh, YTO MHOYKECTBO HHBAPUAHTOB (DHKCHPOBAHHOI'O aBTOMOP(MU3MA, ABJIA-
erca nononeM. Iiusg apromopdusma g nona K = Q(n) o6o3HAYUM MOAIOIE €r0 WHBAPHAHTOB
qepe3 K9.
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VYuopakuenne 42. (a) Jokaxkure, 94T0 HHBapHaHTaMn aBToMOpdU3Ma ¢, SBISIOTCS BCE Pa-
UIOHAILHBIE YUCJIa U HUYIero GOoJIbIIe.

(b) oxaxkute, uto eciu i = ¢*, To K% copnagaer ¢ noamosem Fy C K, mosydeHHbBIM
IPUCOEJIMHEHUEM ePUOJ0B Buja (2,7).

(c) Mycrs d — aenurens uncaa p — 1, u i = ¢%. JToxaskure, uro K% cosnajaer ¢ nojmnosem
F; C K, nojiyueHHbIM TIPUCOEMHEHNEM TIeproioB Buja (d, T).

(d) st mpousBoabHOro mesoro uuciaa d goxaxkure, aro ecam i = ¢, To K9 coBmamaer c
nognonem Fy C K, roe d = HOJ(d',p — 1).

I3 nyukTa (a) HEMeIJIEHHO CJeIyeT OYeHb TPOCTOE JOKA3ATETHCTBO TOTO, YTO MEPHOJBI
(d,1),...,(d,q*"') — KopHE HEKOTOPOr0 MHOrOY/IeHa CTemeHH d ¢ PalHOHATLHBEIME K03bdu-
nuenTaMu. JleficTBATeIBHO, 3MeMeHTapHbBIe cMMeTpideckne dbyakmun ot (d, 1),...,(d, ¢¢ 1) —
nHBapuaHThl aBroMopdusMa g,. Ilosromy, onn panmonasnbusl. Ilpasia, Takoe 1oKazaTeabCTBO
He JaéT HUKAKUX KOHKPETHBIX (hopmyJr /st KOdMUIMEHTOB ypaBHEHNs, BPOIEe TOM, KOTOPYIO
MBI BbIBes M Tipu d = 2 Bejes 3a [ayccom.

Ob6parHo, a1g Kazkaoro mognons F; C K MOXKHO pacCcMOTpPeTb MHOXKECTBO BCEX aBTOMOP-
GuU3MOB, KOTOPBIE OCTABIAIOT Ha MECTe BCe dJeMeHTHI moamnoisa Fy. Jlerko ydbeanTnbes, 9To 310
MHOZKECTBO siBJIsieTCst nodepynnot B rpyume [ajiya, TO ecTb OHO 3aMKHYTO OTHOCUTEJIHHO OIle-
panuii KOMIIO3UIIMKM U B3ATUsI OOPATHOTO.

VYupaxuenue 43. Jlokaxkure, 4To BCAKHIl aBTOMOpMU3M, COXpaHdOMuil moae Fy aBiasgeTcs

-1
CTeleHbIO ABTOMOP(U3MA yd, TO €CTh UMECT BUJ Jord, Tjie k = 1,... F==.

Taxum obpa3oM, rpymna aBToMOp(MU3MOB, OCTABSIONINX HA MeCTe BCe dJIeMEeHTHI moisa Fy,
COCTOWT U3 p%l sneMenToB. OCHOBHAs Teopema Teopun [amya Jiis KPYrOBBIX TOJIel (CM. TeopeMy

4 W3 IpesblIyIIero pasjesa) Ternepb MoKeT ObTh mepedopMyInpoBaHa Tax.

Teopema 5. Cywecmsyem 63aummo 00HO3HAUHOE COOMBEMEMEUE MEHCIY NOINOAAMY NOAS I
u nodepynnamu e20 2pynnov, Larya, ycmpoennoe caedyrowsum oopasom.

(1) Kaostcdomy nodnoato coomeememeyem 2pynna 6Cex a6mMomophusmos, nepesodsuur 6
cebs KarcovLli asemenm noodnoas.

(2) Kaostcdoti nodepynne coomeememeyem nodnose u3 mex ssemenmos noas K, xomopuie
ABAAIOMCA UHBAPUGHMAMUY OAL KAHCI020 INEMEHA TLOOZDYNILbL.

(3) Cmenenv [K : F] noas K nad nodnosem F pasna wucay sremenmos 6 nodepynne,
coomeemcmeyroweti F.

Hanpunmep, camomy moso K coorsercrByer noarpynmna {1} C Gal(K) u3 o1HOTO 3/1eMeHTa.
3amMeTum, 9YTO B TAKOM BHJIE TEOPEMa yIKe MOKeT ObITh ¢(hOpMy/InpPOBaHA U JIjIsl JIPYIHUX TOJIEi.
Kunacc noseit, st KoTopbix 3Ta Teopema BepHa, coctout us noaet laaya. I[loae I'arya — 310
moJie, TIOJIYIeHHOe TMPUCOeTMHEHNeM K TIOJII0 PAIMOHAIBHBIX YHCeT 8CeX KOpPHEil KaKoro-mbo
HEIPUBOJIMMOIO0 MHOTOYJIEHA C paluoOHAJIbHBIMU Kodddunumenrtamu. OHO Ha3BIBAETCS TAKIKe
NoAEM PA3NONHCEHUA SITOTO MHOTOUIeHA. Bce MOamoss KpyroBoro moJist TOXKe ABJSIOTCS TOJIIME
lasya, ojgHako B obiieM ciydae 310 coBceM He Tak. 10 ecth noJjie [ajiya moxker cojepzarb
HO/IIOJIsI, He sIBJISIoNecs moJisivu Lastya (B coreyrorem npumepe Mol 310 yBugaum). OrcyTerue
JIOCTATOYHOTO 9nC/Ia moanoeit [aaya B mose pa3ioykeHust MHOTOYM/IEHA YaCTO TPUBOIUT K TOMY,
YTO KOPHHU 9TOr0 MHOTOYJIEHA He BBIPAXKAIOTCS B PaIUKAIAX.
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MozkHO /IoKa3aTh TeOpemy, He HCIOJIb3YsT crenudUKI KPYTOBOTO MOJIsl, TAK 9TO JOKA3ATE b
cTBO OyzieT paboTaTh st Beex moJieit [amya. 9To g0Ka3aTe bCTBO MOKHO HANWTH, HAIPDUMED, B
[4].

Teopema 3HAYMTEIBHO 00JIEIYA€T JIOKA3ATEILCTBO CYHIECTBOBAHUS I1IEMI0YEK DPACHIUPEHU
QC K, C...C K, = K c3anauabivu crenersmu. J[0cTaTOIHO MOCTPOUTH MEMOYKY MOATPY I
Gal(K) D Gy D ... D G, = {1} ¢ 3ajaHHbIM YUCIOM JEMEHTOB B KazK/0il moarpymme. To
€CTb BMECTO TOTO, YTOOBI UCKATDH MOJIOJE CTeHeHn d B 1Mojie U3 ODECKOHEYHOTO YHC/IA JIeMEH-
TOB, HY’KHO BCEr0O JIMIIb HANTH TOATPYIIY H3 ’%1 9JIEeMEHTOB B I'DYIE W3 KOHEYHOTO UHC/IA
97eMeHTOB. Hampumep, 10Ka3aTebCcTBO MOCTPOMMOCTH TTPABUIBHOTO 17-yrOJbHAKA IUPKYIeM

U JIMHEUKOH 1POBOJUTCH B OJiHY CTPOUKYy. [lenouke mojarpyiii
(Z/1T2) ={¢":1<i<16}D{¢*:1<i<8 D{¢":1<i<4}>{¢®:i=1,2} D {1}

COOTBETCTBYET IenovKa MO/I0JeH, KaXK/10e U3 KOTOPbIX MMEET CTEeNeHb 2 Ha/l IMPEJIbILY M.
[Tpasia, Takoe 10Ka3aTEIBCTBO OMSTH YKe He JaéT HUKAKOT'0 KOHKPETHOTI'O PerernTa MoCTPOeHUs .

Ilosie pa3znaoxkeHnda KyoOmdeckKoro MHorodJjeHa. [lycrs Teneps rnojie K — 310 noae pasao-
2HCeHUSA HETTPUBOIUMOTO KyOn1IecKoro Muaorodiena f (x) =23+ px2 + gqxr + r ¢ pamuoHaJIbLHBIMA
K03 durmenTaMm, To eCTh moJie, moaydennoe u3 Q npucoenuHenneM Bcex KOpHEil MHOIOU/IEHA
f. Nnade roBops, 3T0O MHUHHMAILHOE IO BKJIIOYEHHUIO I0J€, B KOTOPOM [ pPaCK/IaIbIBAETCSI Ha,
JIMHEITHbIe MHOYKHATETH.

B orsimaune ot kpyrosoro muorowiena, y f He o0si3aTesibHO CYIIECTBYET KOPEHb, Y€pe3 CTere-
HI KOTOPOTO MOYKHO BBIPA3WTh OCTaJIbHBbIe KOpHU. Hampumep, 1moJte pasioKeHns: MHOTOUIEHA
f(xz) = 2® — 2 MokKeT GLITH HOJYYCHO HPUCOEIMHEHHEM V/2 1 mepBOOGPA3HOro KyGUIecKoro
KOpHS w U3 eMHUILI. [109TOMYy ero crerneHb paBHA MIECTH, B TO BpeMs KaK CTEIEHb pacIIupe-
HUsI, TIOJYIYeHHOTO IIPHCOeIMHeHneM JTI000ro u3 Tpéx KopHeil MHOrowneHa [ pasua 3. Kcrarnm,
OTCIOJIa CJIEJIYeT, YTO IIO/II0JIe @(\3/5) C K camo ne spasiercs noJiem [asya. B obmem ciyudae,
BEPHO CJIE/yIOIIee YTBEPK/IeHHUE.

ITpennoxkenune 8. C'menens noas passodcerus HENPUBOIUMO20 KYOUUECK020 MHO20YAEHE PAG-
Ha Aub0 MPém, AUOO ULLCMU.

Jlokasamenvemeso. Tlycts oo — mo6oit u3 kopueii muorouwnena f. Torga K comepxut moe Q(«),
umemoiee crenenb 3. [Tosromy crenens K gesmres na 3. Ecsm upu stom K = Q(a), 1o 310
3HAYUT, YTO OCTA/IbHbIC JIBA KOPHH IIPEJICTABISAIOTCS B BUJE Po + Pra + poc® TiIe po, P U Py —
pannonasbubie unciaa. [lycrs reneps K # Q(ar). 910 o3nauaer, uro vay nostem Q(«) muorowsien
f packJiajbiBaeTCs B MPOU3BE/IeHUE JTUHEHHOrO MHOTOUIeHA & — (v U HenpuBogumoro Ha Q(a)
KBa/IPATHIHOTO MHOTOW/JIEHA, KOPHAME KOTOPOTO SIBJISIOTCS OCTATbHbBIE JBA KOPHS MHOTOWJIEHA
f. Hosromy K — xBajparuunoe pacumpenue nosast Q(a), o ecrs [K : Q(a)]=2. Orciona
(K : Q] =6. O

ITpumep 3. Tlpuseaém npumep, korga [K : Q]=3. Ilyctb 1) — nepBooGpasHblii KOPEHb CeIbMOi
CTeIeHU U3 eJIMHUIBL, & T = 1+1" 1, 29 = N> +n % n 3 = > +n~2 — nepuoaw ¢ marom 3. Kax
JIETKO TIPOBEPUTD, TIePHOJIbl — KopHu MHOrouwsiena f(r) = x®+ 2% —2x — 1 (koTopslii Bo3HUKaeT
IPU TOMBITKAX MOCTPOUTH NPABUIBHBINA CeMUYTOTbHUK). [109TOMY CTeneHb MoJisi pa3IoKeHus
MHOrowIeHa [ paBHa TPEM.
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Ocraércst Bompoc: Kak mo ko3 purmentam MHOTOUIeHA [ TOHSTH, KAKOIl W3 JIBYX CJIyYaeB
nMeeT Mecto? Ha 3T0T BOmpoc MBI OTBETHM YyTh MO32Ke, a MOKa HailaéMm rpyumy lamya mosis
K. Ilyctb 21, 9 u £3 — KOpHE MHOTOUJIEHA f.

VYunpaxkueuune 44. Jlokaxkute, 4ro J1000ii aBroMopdusm moss K mepeBoauT KOPHH MHOIO-
wieHa f Apyr B apyra.

Yupaxkuenune 45. Jokaxure, 9410 ecjau st aBroMopdu3mMoB g u h Bepuo, uro g(x;) = h(x;)
npu Bcex ¢ = 1,2, 3, To g = h.

Takum obpasom, Kazxbiii sjement rpynibl Lagya Gal(K) MOJIHOCTBIO ONPEIEISAeTcs TeM,
KaK OH TIepecTaBiIgeT KOpHH MHOrowieHa f. IlepecTaHOBOK TPEX 3JIEMEHTOB Bcero 6, W OHM
00pa3yioT rpyniy OTHOCHTEILHO ONEPAINd KOMIO3UIMH. DTa Ipylna obo3HadaeTcs depes Ss.
[TepecranoBku u3 S3 Mbl OyjeM ob6o3HavaTh Tak. [lycrs {7, j,k} = {1,2,3}. Torma e — Toxe-
CTBEHHAsl 1IePecTaHoBKa, (1 j) — lepecTaHOBKa, MEHSOIAs MecTaMu T; U T; (Takux lepecra-
HOBOK TPH, U OHU HA3BIBAIOTCS MPAHCNO3uyuamu), (i j k) — nepecraHoBka, ePeBOJdAIIAs T; B
Tj, Tj B Tp U T B T; (TAKUX NEPECTAHOBOK J(Be, N OHU HA3BIBAIOTCI YUKAGMU JJIAHBL 3).

Ml mokaszanu, uro rpymma Lanya Gal(K) — noarpynmna rpymimst Ss. [locMoTpuM, Kakue moji-
IPYIIBI OBIBAIOT Y TPYIIbL S3. Bo-TepBHIX, €CTh TPU MOATPYIILL U3 ABYX dj1eMeHToB: {e, (1 2)},
{e,(2 3)} u {e, (1 3)}. HeiicrBuresbHO, NOCKOJLKY KOMIO3UIMS TpaHcuosunuu (i j) ¢ ca-
MOii cob0iT paBHA TOXKJIECTBEHHON NMepecTaHOBKE, BCE 3TH MHOYXKECTBA 3aMKHYTHI OTHOCHUTEJIb-
HO KOMIIO3UIIMU U B3ATHA 0OpaTHOTO. BO-BTOPHIX, €CTh OIHA MOATPYIIA U3 TPEX 3JICMEHTOB
{e,(1 2 3),(1 32)}. O6o3naunm 31y moarpynmy udepe3s As. B-Tperbux, ecTb OUeBH/IHbBIE MOJI-
rpynmst S3 u {e}.

Vupaxkuenne 46. Tposepnsre, uro (12 3)2=(132)u (123)3 =e.

VYupaxkuenune 47. (a) Ilycts $1 u sy — aBe pasaudnble Tpancnosunun u3 Ss. [Iposepbre,
qT0 J100as NepecTaHoOBKa N3 S3 MPEICTABIAeTC KaK KOMIO3UINS HECKOJbBKAX TPAHCIIO3UINIA,
KazkK/1asl U3 KOTOPBIX COBIaJAaeT Jubo ¢ Si, 1100 C So.

(b) [Jokazkure TO Ke caMoe B CJIydae, eCJId §| — TPAHCIIO3UIUS, & S — IUKJI JTHHBI 3.

N3 sToro ynpazkHeHus CJIeyeT, 9TO APYTUX MoArpynn B S3 HET.

IMpumep 4. Ilycrs f(r) = 23 —2. Haitném rpynmy Lamya noss pasaoxkenus muorodaena f. Jo-
KakeM, 9TO JII00ast mepecTaHOBKa KOpHeil MHOTOU/IeHa, [ pean3yercs HEKOTOPHIM 3JIEMEHTOM
rpynmbl [anya. /leficTBuTe1bHO, MyCTh 1 = \3/5, Ty = V2w u x5 = V2w?. Torna aBTOMOPMhU3M
$1, TIepeBOIAMIIT V2 B cebs, a W — B w2, OCTAB/IAET L1 HA MECTE, & Ty U L3 MEHSIET MEeCTAMI.
ABTOMOPGBI3M 59, TTepeBOIAMIA V2 B v/2w, a w — B w?, MEHSET MeCTAMH T, U To. JleficTBH-
TeIBHO, S3(T) = 82(V/2w) = 85(V/2), s2(w) = V/2w? = x1. Tem cambim rpymma Tasya comeprxuT
JIBe PA3JIMIHBIX TPAHCIIO3WIIMH U COBMAIAET ¢ S3 M0 ynpaxKaeHuwo 47.

Yupaxkuenue 48. [Iposepbre, 4T0 3T0 paccyzxK/jeHue padoTaer JJis JI000ro KyOn4eckoro MHO-
roujieHa f, TAKOrO 9TO CTEIEHb ero MoJsl Pa3/IOKeHHsT paBHA IIECTH.

Takum obpa3oM, ecIu cTernenb mos K paBHa mectu, To ero rpynima [amya coBmaaer ¢ Ss.
Tenepsb naitjém rpynny lajya B ciiydae, Korja cremenb 1mojiss K pasua 3. B atom ciydae
rpynmna [aixya cocrout uz Tpéx 3jieMeHTOB. /lelicTBUTEIBHO, KOPDEHb £1 MOXKET HepeiTu Jimbo

26



B cebst, b0 B T9, OO B 3. 3amanne obpasa T MOJHOCTHIO ONpeIessieT aBTOMOPGU3M Ha
OCTAJILHBIX 3JIeMeHTaX MO (TaK Kak Jio0oil smement mojs K mpejcraBisercd B BHIE Py +
P17, + P23, TOe Po, P1 M Py — PalMOHANbHBIE uncaa). EauHcTBeHHas moarpynna B Sz U3 TPExX
seMeHToB — noiarpyima As. [Toaromy eciu crenenb noiss K pasia Tpém, 10 ero rpyima [aiya
coBnajaer ¢ As.

Bamernm, 9T0 B 000UX CJIydasix 3JeMeHTOB B rpyiie [ajya poBHO CTOJIBKO, KAKOBA CTEMEHD
nosisg K. 9To BepHO U J/Is TPOU3BOJIbHBIX moJeil [aya.

[Iycts crenens mons K pasra mectu. Vcemonb3yem rpymmy amya, 9ToObl HaiiTH KBagpa-
THYHOE PACIIHpeHHe MOJs PalnoOHAIBHBIX Yuces, comep:kamieecss B K. OcHOBHas mies Ta ke,
9TO W B CJAydae KPYyroBOIrO IOJisl: MOCTPOuTh nenouky pacmmpenuit Q C Ky C K, no 1e-
nouke noarpynn {e} C Az C Sz rpynusr Tanya. /Iag 3Toro HaiiigM WHBapUAHTHI TPYIIIbI
Ajz. IlockobKy BCe HeeMHUYIHBIE 3JIEMEHTDI IPYIIbI A3 IMUKJINYECKH IIePeCTaBIgI0T KOPHH T,
T, T3, TO OHU MUKJIUIECKU TEPECTABISIOT U PA3HOCTU T1 — T, To — T3, T3 — T1 (B OTJIHYUE
ot smementa (1 2), KOTOPBIH MeHSIET 3HAK Y PA3HOCTU T7 — T2). B YaCTHOCTH, POM3BEIEHUE
D(f) = (x1 — x2)(v2 — x3) (3 — x1) ABAAETCH MHBAPUAHTOM HOArPYIbl Aj.

Vupaxuenue 49. Jlokaxure, uro D(f)? aBigercsa MHOrOYIEHOM ¢ TeabIMI KodbdumuenTa-
MU OT P, ¢ U 7, U HaiiuTe ero Kodp UIUEHTb. DTOT MHOTOUIEH HABBIBACTCH QUCKDUMUHAHITOM
MHOro4IeHa f.

Vxaszanue: Bocnoavaytimecy mem, wmo D(f)? = 0 mozda u moavko mozda, ko20a dea kopra
mrozounena f cosnadarom. [lycmo cosnadarousue KOpHU PaABHBL A, G OCTNABUUTCA KOPEHD PAGEH
b. Ionayuaem napamempusavuio kosdduyuermos p = 2a + b, ¢ = a(a+2b) u r = a*b. Omcioda
MOHCHO HATMU NOAUHOMUANDHOE COOMHOWEHUE Mencdy P, q¢ u T. E2o0 npowe ecezo natimu npu
p = 0, ueeo mosicro dobumuca samenol y = x + £, max wax npu makol samene snavuenue
QUCKPUMUHAHMA HE USMEHUMCA.

Orcioja Mbl cpa3y 1OJydaeM OTBET Ha HOCTABJIECHHbIIl BBIIE BOIPOC: KAK HATH CTEleHb
noas K 1o ero kosddumuentam? Hyxno seraucauts D(f)? Ecian us nosydennoro paiuo-
HAJILHOTO YMCJIA HEJIb3sl U3BJIeYh PAMOHAJIBHBIN KBaApaTHbIili Koperb, 10 [K : Q] = 6, a ecu
MoxkHO, T0 [K : Q] = 3. [lelicTBUTeIBHO, B TIEPBOM Ciiydae K COMEpKUT KBaJpaTHIHOE MOJI-
nosie Q(D(f)), nonyuennoe npucoemunennem unciaa D(f), mosromy crenens mons K pomkHa
GbiTh 4éTHOl. Bo Bropom cayuae (korpa D(f) panuoHasibHO) Pa3HOCTh KOPHEH Tg — T3 JIEZKUT
B Q(z1), Tak Kak

D(f)

(21— @2) (21 — I3)’

T3 — Ty =

r
(z1 — 29)(z1 — 23) = 27 — (T2 + 23)71 + Tox3 = 27 + (p+ 21) 71 + g
1

31ech MBI BOCIIOJIB30BAJMCh TeopeMmoit Buera: 1 + x5 + ¥3 = —p u x12203 = 7. IlocKOIbKY
CcyMMa KOpHEii Ty + x3 = —p — x1 Toxke Jjexut B Q(z1), TO n caMm KOPHU Tam JIEXKAT.

VYpaBHeHne Ha mepuoAbl C miaroMm 3. 3aKOHYUM BBIBOJ (DOPMYJIBI J1sd KOIMDDHUINEHTOB
yPaBHEHHUS HA [EPUOJIBI C 1IArOM 3, KOTOPYIO Mbl Ha4aJ/Ill BbIBOJUTH B KOHIE pa3/iesia 4. [lycrb
p — npoctoe uucyao Buga 3k + 1. Mbr yrke BbIsICHUIN, 9YTO ypPABHEHHE HA MEPUO/IbI MMEeT BU/I:

23+ 2% —kx+ N. ()
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Hawm ocrasiocs naittu csoboanstii wien N. [Tpu sTrom Mbl 3naem, aro N — 1ejioe 9ucjio, u, Kpome
toro, 27N — 1 gemurca ua p (cMm. ynpaxkuaenue 38). Tak Kak 1oJsie pasjozkKeHus] ypaBHEHUs ()
coBmaaer ¢ I3, To ero crenenn paBHa 3. [103T0My TUCKPUMUHAHT yYpaBHEHUS SBJISETCS TOTHBIM
KBa/[PATOM.

Vupaxkuenune 50. J/lokaxkure, 9T0 AUCKPUMUHAHT ypaBHEHUs (*) PaBeH

1
§(4p3 — (3p+ 27N —1)?).

[TocKOIbKY MMCKPEMHHAHT — IIeJIoe YHCJI0, OTclofa ciaeyer, uto 4p® — (3p — 1)? genurca
Ha 27, 9TO BIIPOYEM JIETKO IIPOBEPUTH U HEIOCPEICTBeHHO. TakuM 00pa3oM, MbI IOJIyYaeM, 9To

27TM? = 4p® — (3p + 27N — 1)?

JUtst HeKoToporo tesioro ucyaa M. ITpu srom, mockonbky 27N —1 genmures wva p, to u M jgenurces
Ha P, HOSTOMY MOYKHO BCE ypaBHeHHe HoesuTh Ha p®. O6osznaunm 3 + (27N — 1)/p 4epes o,
a M/p qepes yo. Torna xo 1 Yo yAOBIETBOPSIOT YPABHEHUIO

dp = 2 4 27Ty2. ()

B wacrHOCTH, MBI JOKa3a/M, 4TO JIsi BCEX MPOCTHIX uucesn p Buja 3k + 1 ypasHenue ()
Pa3peIIMo B TEIbIX YHCTaxX!

Vupaxkuaenune 51. /[okazkure, 4To ypaBHEHHE (k%) HE MOKET UMETh JBYX PA3HBIX PENICHUil B
HATYDPAJIbHBIX YUC/IAX.

Yrasanue: Iposepvme, wmo ecau (s,t) u (s',t') — dsa pewenus, mo (st' + s't)(st' — s't) =
Ap(t"* —12). Tozda aubo (st'+s't), aubo (st' — s't) deaumea wa p. Ipu amom 06a wucaa mervuLe
p. B amom mootcho ybedumuvcea, 00ka3as makue paseHcmea:

(ss' £ 27t")? + 27(st’ F s't)? = 16p>.

O6o3naunm vepes (s,t) penrenne ypapaenust (#%) B HATYPAJIBHBIX 9uCIaX. Torma ro = =+,
IPUYEM 3HAK OMPEIENSIeTCsl OJHO3HAYHO U3 TOro, 910 p(xg — 3) + 1 = 27N neawurcsa na 27.
Hanpumep, pu p =7 umeem s =t =1, orkyna o = —1lu N = —1.
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