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�®àæ¨ï 1: ¯®áâà®¥¨ï ¨ ���.

1.1. �®çª  A ä¨ªá¨à®¢  ,   â®çª  B ¤¢¨¦¥âáï ¯® ä¨ªá¨à®¢ ®© ¯àï¬®© l. � ©¤¨â¥ ��� á¥à¥¤¨
®âà¥§ª®¢ AB.

1.2. �®çª¨ A ¨ B ä¨ªá¨à®¢ ë,   â®çª  C ¤¢¨¦¥âáï ¯® ä¨ªá¨à®¢ ®© ®ªàã¦®áâ¨ ω. � ©¤¨â¥
��� â®ç¥ª ¯¥à¥á¥ç¥¨ï ¬¥¤¨  âà¥ã£®«ì¨ª®¢ ABC.

1.3. �   â®çª  A, «¥¦ é ï ¢¥ ®ªàã¦®áâ¨ ω. �®áâà®©â¥ ¯àï¬ãî, ¯à®å®¤ïéãî ç¥à¥§ A ¨ ¯¥à¥-
á¥ª îéãî ω ¢ â®çª å B ¨ C â ª, çâ® AB = BC. (�ª®«ìª® à¥è¥¨© ¬®¦¥â ¡ëâì ã § ¤ ç¨?)

1.4. �®áâà®©â¥ ®ªàã¦®áâì, ¢¯¨á ãî ¢ ¤ ë© ã£®« ¨ ¯à®å®¤ïéãî ç¥à¥§ ¤ ãî â®çªã ¢ãâà¨
íâ®£® ã£« . (�ª®«ìª® à¥è¥¨© ¬®¦¥â ¡ëâì ã § ¤ ç¨?)

�®àæ¨ï 2: £®¬®â¥â¨çë¥ âà¥ã£®«ì¨ª¨.

�«ï ¯à®¨§¢®«ì®£® âà¥ã£®«ì¨ª  ABC ¯à¨¬¥¬ ®¡®§ ç¥¨ï: H | ®àâ®æ¥âà, O | æ¥âà
®¯¨á ®© ®ªàã¦®áâ¨, I | æ¥âà ¢¯¨á ®© ®ªàã¦®áâ¨, G | â®çª  ¯¥à¥á¥ç¥¨ï ¬¥¤¨ .

2.1.  ) �®ª ¦¨â¥ (¢ ª®â®àë© à §!), çâ® ¬¥¤¨ ë âà¥ã£®«ì¨ª  ¯¥à¥á¥ª îâáï ¢ ®¤®© â®çª¥.
¡) �®ª ¦¨â¥, çâ® ¤«ï ¯à®¨§¢®«ì®£® âà¥ã£®«ì¨ª  ABC â®çª¨ H, O ¨ G «¥¦ â   ®¤®©
¯àï¬®© (¯àï¬ ï �©«¥à ), ¯à¨ç¥¬ HG/OG = 2.

2.2. �ãáâì A′, B′, C ′ | á¥à¥¤¨ë á®®â¢¥âáâ¢¥® ¤ã£ BC, CA, AB ®¯¨á ®© ®ªàã¦®áâ¨ âà¥ã-
£®«ì¨ª  ABC. �ãáâì ¢¯¨á  ï ®ªàã¦®áâì âà¥ã£®«ì¨ª  ABC ª á ¥âáï ¥£® áâ®à® BC, CA,
AB á®®â¢¥âáâ¢¥® ¢ â®çª å A1, B1, C1.
 ) �®ª ¦¨â¥, çâ® ¯àï¬ë¥ A′A1, B′B1, C ′C1 ¯¥à¥á¥ª îâáï ¢ ®¤®© â®çª¥.
¡) �®ª ¦¨â¥, çâ® ®àâ®æ¥âà âà¥ã£®«ì¨ª  A′B′C ′ á®¢¯ ¤ ¥â á I.
¢) �®ª ¦¨â¥, çâ® ¯àï¬ ï OI ¯à®å®¤¨â ç¥à¥§ ®àâ®æ¥âà âà¥ã£®«ì¨ª  A1B1C1.

�®àæ¨ï 3: £®¬®â¥â¨çë¥ ®ªàã¦®áâ¨.

3.1. �ªàã¦®áâì ω′ ª á ¥âáï ®ªàã¦®áâ¨ ω ¢ãâà¥¨¬ ®¡à §®¬ ¢ â®çª¥ P ¨ å®à¤ë AB ®ªàã¦®áâ¨
ω ¢ â®çª¥ Q. �®ª ¦¨â¥, çâ® ¯àï¬ ï PQ ¯à®å®¤¨â ç¥à¥§ á¥à¥¤¨ã ¤ã£¨ AB.

3.2. �ªàã¦®áâ¨ ω1 ¨ ω2 ¢¯¨á ë ¢ ã£«ë A ¨ C ¯ à ««¥«®£à ¬¬  ABCD ¨ ª á îâáï ¤àã£ ¤àã£ 
¢¥è¨¬ ®¡à §®¬ ¢ â®çª¥ T . �®ª ¦¨â¥, çâ® T «¥¦¨â   AC.

3.3. �ªàã¦®áâ¨ ω1 ¨ ω2 ª á îâáï ¯àï¬®© l á®®â¢¥âáâ¢¥® ¢ â®çª å A ¨ B, ¨ ®ªàã¦®áâ¨ ω
¢¥è¨¬ ®¡à §®¬ á®®â¢¥âáâ¢¥® ¢ â®çª å P ¨ Q. �®ª ¦¨â¥, çâ® â®çª  ¯¥à¥á¥ç¥¨ï ¯àï¬ëå
AP ¨ BQ «¥¦¨â   ω.

3.4. �¥è¨¥ ª á â¥«ìë¥ ª ®ªàã¦®áâï¬ ω1 ¨ ω2 ¯¥à¥á¥ª îâáï ¢ â®çª¥ O. �®çª¨ A,B ∈ ω1 ¨
C,D ∈ ω2 â ª®¢ë, çâ® ¯àï¬ë¥ AC ¨ BD ¯à®å®¤ïâ ç¥à¥§ O,   ®âà¥§ª¨ AC ¨ BD  å®¤ïâáï ¢¥
®ªàã¦®áâ¥© ω1 ¨ ω2. �®ª ¦¨â¥, çâ® â®çª¨ A, B, C, D «¥¦ â   ®¤®© ®ªàã¦®áâ¨.

3.5. �®ª ¦¨â¥, çâ® ¯àï¬ ï, ¯à®å®¤ïé ï ç¥à¥§ á¥à¥¤¨ã áâ®à®ë BC ¨ æ¥âà ¢¯¨á ®© ®ªàã¦-
®áâ¨ âà¥ã£®«ì¨ª  ABC, ¯¥à¥á¥ª ¥â ¢ëá®âã AD ¢ â ª®© â®çª¥ P , çâ® ®âà¥§®ª AP à ¢¥
à ¤¨ãáã ¢¯¨á ®© ®ªàã¦®áâ¨.

�ª § ¨ï ¨ ª®¬¬¥â à¨¨.

�®àæ¨ï 1.



1.1. �áª®¬®¥ ��� | ¯àï¬ ï, ï¢«ïîé ïáï ®¡à §®¬ l ¯à¨ £®¬®â¥â¨¨ á æ¥âà®¬ A ¨ ª®íää¨æ¨¥â®¬
1/2.

1.2. �áª®¬®¥ ��� | ®ªàã¦®áâì, ï¢«ïîé ïáï ®¡à §®¬ ω ¯à¨ £®¬®â¥â¨¨ á æ¥âà®¬ ¢ á¥à¥¤¨¥ AB
¨ ª®íää¨æ¨¥â®¬ 1/3 (§  ¢ëç¥â®¬ â®ç¥ª ¯àï¬®© AB).

1.3. �®çª  B «¥¦¨â   ®ªàã¦®áâ¨ ω′, £®¬®â¥â¨ç®© ω á æ¥âà®¬ A ¨ ª®íää¨æ¨¥â®¬ 1/2. �
§ ¢¨á¨¬®áâ¨ ®â ç¨á«  â®ç¥ª ¯¥à¥á¥ç¥¨ï ω ¨ ω′ áãé¥áâ¢ã¥â 0,1 ¨«¨ 2 ¨áª®¬ëå ¯àï¬ëå.

1.4. �®áâà®©â¥ á ç «  ª àâ¨ªã, £®¬®â¥â¨çãî ¨áª®¬®©.

�®àæ¨ï 2.

�á«¨ âà¥ã£®«ì¨ª¨ ABC ¨ A′B′C ′ ¨¬¥îâ ¯ à ««¥«ìë¥ á®®â¢¥âáâ¢ãîé¨¥ áâ®à®ë, â® ®¨
«¨¡® £®¬®â¥â¨çë, «¨¡® á®¢¬¥é îâáï ¯ à ««¥«ìë¬ ¯¥à¥®á®¬. � ¯¥à¢®¬ á«ãç ¥ ¢á¥ ¯àï¬ë¥
XX ′, £¤¥ X ¨ X ′ | á®®â¢¥âáâ¢ãîé¨¥ â®çª¨ âà¥ã£®«ì¨ª®¢, ¯à®å®¤ïâ ç¥à¥§ æ¥âà £®¬®â¥â¨¨.
(�®ª ¦¨â¥ ¯à¨¢¥¤¥®¥ ãâ¢¥à¦¤¥¨¥!)
�â® ãâ¢¥à¦¤¥¨¥ ¡ë¢ ¥â ¯®«¥§® ¯à¨ ¤®ª § â¥«ìáâ¢¥ ä ªâ  ¯¥à¥á¥ç¥¨ï ¯àï¬ëå ¢ ®¤®© â®çª¥
¨«¨ ä ªâ  ¯à¨ ¤«¥¦®áâ¨ â®ç¥ª ®¤®© ¯àï¬®©.

2.1. �à¥ã£®«ì¨ª á ¢¥àè¨ ¬¨ ¢ á¥à¥¤¨ å áâ®à® âà¥ã£®«ì¨ª  ABC £®¬®â¥â¨ç¥ ¥¬ã á ª®íää¨-
æ¨¥â®¬ −1/2.

2.2. �â®à®ë âà¥ã£®«ì¨ª  A′B′C ′ ¯¥à¯¥¤¨ªã«ïàë ¡¨áá¥ªâà¨á ¬ AA′, BB′, CC ′, ¨ á«¥¤®¢ -
â¥«ì®, ¯ à ««¥«ìë áâ®à® ¬ âà¥ã£®«ì¨ª  A1B1C1. �à¨ £®¬®â¥â¨¨, ¯¥à¥¢®¤ïé¥© 4A′B′C ′

¢ 4A1B1C1, O ¯¥à¥å®¤¨â ¢ I,   I | ¢ ®àâ®æ¥âà âà¥ã£®«ì¨ª  A1B1C1.

�®àæ¨ï 3.

3.1. �à¨ £®¬®â¥â¨¨ á æ¥âà®¬ P , ¯¥à¥¢®¤ïé¥© ω′ ¢ ω, AB ¯¥à¥©¤¥â ¢ ª á â¥«ìãî ª ω, ¯à®å®¤ïéãî
ç¥à¥§ á¥à¥¤¨ã ¤ã£¨ AB.

3.2. �á¯®«ì§ã©â¥ £®¬®â¥â¨î á æ¥âà®¬ T , ¯¥à¥¢®¤ïéãî ω1 ¢ ω2.

3.3. �àï¬ë¥ AP ¨ BQ ¯à®å®¤ïâ ç¥à¥§ â®çªã   ω, ª á â¥«ì ï ¢ ª®â®à®© ¯ à ««¥«ì  AB.

3.4. �ãáâì ¯àï¬ë¥ AC ¨ BD ¯¥à¥á¥ª îâ ω1 ¢â®à®© à § ¢ â®çª å C ′ ¨ D′. �§ à áá¬®âà¥¨ï £®¬®â¥â¨¨
á æ¥âà®¬ O, ¯¥à¥¢®¤ïé¥© ω1 ¢ ω2, á«¥¤ã¥â ¯ à ««¥«ì®áâì CD ‖ C ′D′.

3.5. � áá¬®âà¨â¥ £®¬®â¥â¨î á æ¥âà®¬ A, ¯¥à¥¢®¤ïéãî ¢¯¨á ãî ®ªàã¦®áâì ¢® ¢¥¢¯¨á ãî.


