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[IpuBeneHHbIe HIKE 3AMUCKH 3aHSTHE TAHHOTO Kypca CJelyeT paccMaTpH-
BaTh KaK MPaKTHUECKOE PYKOBOJCTBO JUIsi paGOThl C OCHOBHBIMH MOHSITHSIMH
JuddepeHuanbHoR reomeTpun — JuddepeHiuaibHbIMU GOpMaMu, paccyio-
€HHSIMH, METPHKAMH, CBSI3HOCTSIMH U T.M. Mbl MbITanich pa3paboTaThb sI3bIK,
KOTOPBIH He TpeOyeT HCIMOJb30BAHHS CJO0KHBIX (DOPMYJ C MHOTOSTAXKHBIMU
MHJEKCAMH, CTOJb OOBIUHBIX Il JaHHOTO mpeamera. B pesysbraTe 3naun-
TeJILHO YIPOIIAIOTCS U CTAHOBSITCS 00Jiee TOHSITHBIMH BCE BBIUMC/IEHHSI.

LlnppeperymansHeie popmei

WMuBapuanTHoe onpenenenvie dughghepenyuarvrnol k-gpopmol B o6aactn
UCR" (nm Ha MHOTOOGpA3¥H) COCTOUT B TOM, UTO 3TO MPOU3BOJILHAS MOJH-
JIMHelHast (Mo OTHOIIEHHIO K YMHOXEHHI0 Ha (DYHKIHHM) KOCOCHMMETpPHUHAS
¢dyHkums otT HaGopa k BEKTOPHBIX moseil. Il mpakTHUecKHX Hy»XJ BIIOJ-
He JI0CTaTOUHO KOOPAMHATHOTO OMpee/eHHs], COTJIaCHO KOTOPOMY MpOCTpaH-
ctBo QU muddepenimaibibix k-hopm 06pazoBaHo BbIPaXKEHUSIMH BHA

w= Z a,-l___,,‘k(xl,...,x,l)dx,-l/\.../\dx,-k. (l)

1< <y

Takum oGpasom, k-dopma 3anaercsi Ha6opom u3 C* dyHkumit — cBoux
K03t buImeHToB. Bolparkenne dx; MOXHO BOCIPUHMMATb KaK €JHHBIH CHM-
BOJI (€r0 MCTHUHHBIH CMbIcsl OyjieT 0OCYXKIAThCs HUKE). 3HAK BHEULHe2O
YMHONCEHUSL «A\» TOBOPUT O TOM, UTO TO YMHOXKEHHE KOCOKOMMYMAMUE-
HO, dx; Ndx; = —dx; A dx;. Moxuo ckasatb, uto anrebpa Q*U = @ QU
nuddepenmansieix popm — cB0OOAHAST KOCOKOMMYTATHBHAsI ajare6pa Haj
KOJIbIOM (DYHKIIMH OT MepeMeHHbIX X, ..., X, C 00pa3youwmu dxy, .. ., dx,.
Onepauus BHellHero yMHoXKeHHs1 (o, 3) — ot A3 OUIMHEHA MO OTHOLLIEHHIO
K YMHOXKEHHIO Ha (DyHKLHH U rpajynpOBaHHO AaHTHKOMMYTATHBHA!

aAB=(—D"BAae U, aeQU, BeQU.

[ToMuMo BHeIIHEro YMHOXKEHHSI, UMeeTcs1 ornepalusi d sHeuLHe2o oughge-
peHyuposarus, MOBLIIAONIAS cTereHb (hopMbl Ha 1,

QULQAUL .. L.

Ecin f— 0-dopma, To ecth dyHkums, T0 df = %a’x; — MOJIHbINA JH]-
hepeHumal 1ol dyHkuuu. B obuiem ciyuae audpqaepefmuan dew dopwmbl (1)
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HMEeT BUJL
d(z Qi ..., ir dxil /\.../\dxik) ZZda,'l _____ ,‘h/\dxil /\.../\dx,'k. (2)

Onepatsi BHelHero JAuddepeHUHpoBaHUs YAOBAETBOPSIET CJIEIYIOLIUM
CBOMCTBAM, KOTOPbI€ MOXKHO HCMOJIb30BATh B KAUECTBE €€ aKCHOMATHUECKOTO
onpe/e/IeHHsT:

1) sra onepauus R-sunelina;

2) st O-popmbt [ (1. e. byukumn) df — nosubiil ee puddepenuman;

3) npasuiio Jleitonuua: d(a AB) = da AR+ (—1)*a A dB, rue a € Q*U,

4) dod=0.

SIcHO, UTO eIMHCTBEHHOCTh TaKOM OTepallvi, |, B UaCTHOCTH, opmyJa (2)
BBITEKAIOT U3 9THX CBOWCTB. [IpoBepKa CylleCTBOBaHHS HECKOJLKO TpyJIHEE:
Hy>KHO y6enuTbesi, uto auddepenimanbiast popma (2) He 3aBUCHUT OT Bbl-
6opa KoopauHat. MHoi cnoco6 nokasatesbeTBa KOPPEKTHOCTH OTMpeeseH s
JrddepeHmana COCTOUT B TOM, UTOObI BOCMO/NL30BATHCS €r0 HHBAPHAHTHBIM
onpejiesieHueM, GOPMYJIUPYEMbIM Ha si3blKe (PYHKIHHA OT BEKTOPHBIX MOJEH,
KOTOPO€E Mbl 371€Ch HE TIPUBOJIHM.

Mpumep. B npoctpanctse R® 1-dhopmel A dx + Bdy + Cdz n 2-dbopmbl
Pdyndz+ QdzNdx+ Rdx ANdy 3anaioTesi, Kak U BEeKTOpHBIE 1M0JIs, HA60-
pamu U3 Tpex QyHKUMi, a 3-popmbl gdx Ady A dz — onHoil hyHKLHEH. ITO
BJI€UET 3a COOON HeCNpaBEIJIMBOE OTOXK/IECTBIECHHE PA3HBIX MOHATHH U MPO-
UCXOJIANLYI0 OT 3TOro myTaHuily. COOTBETCTBYIOIIME STHM OTOXKJIECTBJECHUSAM
ornepalyy Ha3bIBAIOTCS B KJIACCHUECKOM aHasude epadueHmom, pormopom
v dusepeeryiiell COOTBETCTBEHHO,

d d

QU ——= QU —— QU —— QU
| | || |
FU

d

grad N rot div

» FPU » FPU » FU.

3nech FU — npoctpanctBo dyHKumi, FoU — NpocTpancTBO «BEKTOPHBIX
noJieit», To ecTb HaGOPOB U3 TPeX (YHKIIHI.

3apaua. Hanuuure KoopiAMHATHbBIE BbIpAXKEHUS! JUIS TPaJMeHTa, poTopa
JIUBEPreHUMH Ha si3blKe (PYHKIMHA W BEKTOPHbIX MOJIEH.

[Ipencrapaenue (1) 3aBucut or BeiGopa koopanHat B o6sactu U. [1pu ne-
pexojie K KOOpAHHATAM Y, - - ., Y, KO(POHUIHEHTH (POPMBI MEHSIIOTCST CaIeTy-
IOIIMM 06pa3oM: HY:KHO B BeIpaxkennt (1) paccmartpuBaTh dx; He KaK He3aBH-
CHMble CHMBOJIbI, @ KaK MoJiHble jarddepeHinalibl KOOPAMHATHBIX QYHKUHH X;
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CTapOﬁ CUCTEMbI KOOpAHUHAT,
(3)6,‘ dX[
dx,—d—yldyl-i'-’- y”dyn.

[Tocsie 3TOro Hy»KHO MOJCTABUThL MOJyUeHHbIE BbIpaXKeHHusi B (1) U ympoCTHTD
BbIpaXKeHHE, BOCMOJb30BABIIMCH MOJUJIHHERHOCTBIO U KOCOCHMMETPHUHO-
ctbio. [IpuBenentoe mpaBuso ropasno 6oJee eCTeCTBEHHO W Jierye 3arnomMi-
HaeTcsi, YeM MPUBOJMMOE B yueOHMKAX 10 JuUddepeHlransbHOl reoMeTpun
NpaBuio MpeoOpa3oBaHusl KOBAPHAHTHBIX TEH30POB, KAKOBBIMH SIBJISIOTCS
JnddepeHmanbabie hopMbl.

[TpuBenenHoe MpaBUIO 3aMeHbl KOOPJIMHAT UMeeT cJeyloliee 060611eH1e.
[TycTs 3anano orobpaxenue f: V — U obsacTell eBKIMAOBBIX MPOCTPAHCTB
(nan MHOrooGpasuil), BO3MOXKHO, pas3jHuHblX pa3MepHocTei. Torma anaso-
TMUYHBIM 06pa3oM OMpesesieTcsl onepayus UHOYyuposaHiLs

QU — QY

JeficTByolIast «B 06paTHOM HarpasieHun». O6o01ieHeM HHBAPHAHTHOCTH
ornepalyi BHELIHEro yMHOXKEHHUs ¥ uddepeHirana siBastoTesl paBeHCTBA

["(@AB) =Fanfp, — [du=dfa

HecmoTpst Ha BCIO BasKHOCTh MPHUBEJEHHBIX BhIle CBOHCTB AH(depeHIHt-
aNbHBIX R-OpPM, CTOWT MPH3HATH, UTO OCHOBHOE WX Ha3HAueHHe — UHIMe-
epuposarue o kR-MepHbIM ToBepXHOCTSIM. BoT dopmanbHoe onpenenenue.
[Tycte M — rnankasi opuenmuposantas k-mepHasi MOBepXHOCTb. Beenem
Ha Hell JIOKAJbHble KOOPAHHATHI Y, - . ., Y, 3A/IAI0MIHE MOJOKUTEJIbHYIO OpH-
entaimio. Torna orpanuuenvie Ha M paHHOH R-hopMBI 4 TPUHHMAET BHJ
uly=gy) dy A...Ndy, v uarerpupoBanne GopMbl CBOAUTCS K 0GbIYHOMY
KpaTHOMY HHTErpaJjy

/u=/g(y)dy1/\---/\dyk=/g(y)dy1---dy/e,
M D D

rie D — cooTetcTyiomas M koopaunartiast o6nacts B Ré. Ecui Ha moepx-
HocTH M Hesb3sl BBECTH €IMHYIO CHCTEMY KOOPJAMHAT, TO MOXKHO pa3OUTh ee
Ha 006/1aCTH, U TOJIOKHUTb HHTErpas OT (DOPMBI £ PABHBIM CyMMe HHTErpasioB
MO OTAEJBHBIM 00J1aCTSIM.

OcHOBHOIT TeopeMo¥i TEOPHH HHTErPUPOBAHHUS sIBAsiETCS opmyra Cmok-
ca. [lyetb M — k-mepHasi OpueHTHPOBAHHAS MTOBEPXHOCTb (MHOrooGpasue)
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¢ kpaem dM. Opuenrtauus M HHIYUUPYET €CTECTBEHHYIO OpPHEHTALMIO Ha
kpato'. Torza st Besikoit (k — 1)-chopmbl © umeer mecto popmysa Crokca:

/dcoz/ .
M oM

PazsmunbiMy BapuaHtamu 310l hopMyJibl siBjstioTest popmysibl HeloToHa—
JleiiGuuuia, [puna, laycca—OcTtporpajckoro, CTokca, H3yuatouyecs B Kjac-
CHYECKOM aHaJiu3e.

CesizHocTb B S'-paccnoernn

B sekumsix A. A. Bosm6pyxa? HEOTHOKPATHO MOIUEPKHBATOCH, UTO CBSI3-
HOCTb B BEKTOPHOM PAaCCJIOEHHH — 3TO BO3MOXKHOCTb KOBAPHUAHTHOTO JH(-
(hepeHUMpOBaHUs €ro ceueHui. Mbl 371eCh H3J102KUM HHOM, FeéOMETPHUECKHUI
MOJXO/I K TIOHSITHIO CBSI3HOCTH. [IJIs1 MPOCTOTHI MBI OrpaHHUUMCST pacCcMoTpe-
HHEM CJlyuasi, KOIJla CJI0€M PACCJ/IOEHHS SIBJISIETCS OKPYKHOCTb.

Onpeneaenne. S'-paccroenuem Has3biBaeTCsi TafKoe OTOGpaXKeHHE
W 5 M, takoe, uto ISl KaXJI0# JOCTaTOUHO MaJioil okpectHoctd U C M
BCSIKOF TOUKK 3anaH uzomopdusm n='(U) =2 U x S', nepeBojsimii cJIou
npoekiwn © B cyion mpoekimn U X S' — U Ha nepsblii COMHOXKHTENb. Tako#
130MOP(HU3M HA3bIBACTCS] mMpusuaiusayuerl paccaoenus Hajx obaactsio U.
Ecsn 3anana apyrast TpuBHasnsaliist (Hampumep, Hajl nepeceyeHneM OKpecT-
Hocrelt), To nepexon K neit U x S — U x S! sanaercs ¢hynkyueil nepexoda g
Ha U, mpuHumalollelt 3nauennst B rpynme auddeoMophruaMoB 0KPyKHOCTH.
[TorpeGyem st S'-paceJioenuii, utoGbl Bee 3TH uddheoMopdhu3Mbl sIB/ISIUCH
TIOBOPOTAMH OKPY?KHOCTH, TO €CTh UTOOKI BCe (pyHKIIMH Mepexosia MPUHUMAJH
3HaueHHst B rpymie S' MoBOpPOTOB OKPYKHOCTH.

Ha xaxnom cnoe W, =7~ (x) =2S! paccsioenus onpenesnen yryioBoi napa-
Metp @ € R/(2nZ) ¢ TOUHOCTBIO 10 IPUGABJIEHUs] KOHCTAHTBI (TO €CTh BhIGOpa
Havajla orcuera). BoiGop TpuBHa/M3alMK paBHOCHJIEH BblIOOPY JIOKAJILHOIO
CeueHHsl, TO ecTh Hauaja OTCUeTa Ha KayKIAOM CJIoe HaJ 3aaHHOH OKPECTHO-
cTbio 6asbl M.

! Ipanuua opueHTHpyeTcs Mo TPABHAY: BHEWIHIO HOpPMalb — B Hauado. Lo
&1, &9, ..., & — MOJIOKHUTENbHBIN KacaTe/bHbINH perep rnoBepxHocTH M B TOuKe CBOEro Kpas,
npuueM &y, ..., &, KacawoTcs Kpasi, a BEKTOp &) TpaHcBepcaseH Kpar U HarpaBJieH HapyxkKy, TO
&9, + .+, & — MOJIOXKUTEJIBHBIA KacaTesbHbI periep Kpast oM.

2 A. A. BosmGpyx. YpasHenuss Makcsessia v auddepenumanbabie gopmb. M.: MIITHMO,
2002.



Xotsi Bee caon W, = S' uzomopdubl MexIy co6oi, 3TOT H30MOpdH3M
HeoiHo3HAueH. CBA3HOCTD M03BOJISIET YUACTUUHO COKPATUTb 3Ty HEOJHO3HAU-
HOCTb.

Onpene.nelme. C8s3HOCMbIO B S‘—paccnoeﬂnn Ha3bIBaeTCs I10JIe Kaca-
TEJIbHBIX FHHGpH.}IOCKOCTeﬁ B MPOCTPAaHCTBE PACCJ/IOCHHUs], TpaHCBepCaJlbHOE
CJI0SIM U MHBAPHUAHTHOE OTHOCHUTEJBHO JIEACTBUS rpymrbl MOBOPOTOB S'.

Jl1s1 Besikoro rmiafikoro myTtd y Ha Gase M, BeIyllero U3 TOUKH Xo B X| H
BCSIKOH Haua/lbHOH TOUKM wy € W, cyllecTByeT eJMHCTBEHHOE [OAHSITHE Y
B IIPOCTPAHCTBO paccJioenusi, takoe, uto nn(y) =¥, ¥(0) = w, u Takoe, uto
MyTh Y KacaeTcsi MJIO0CKOCTel CBsI3HOCTH B Kaxio# touke (puc. 1). Coro-
CTaBJIsIsl TOUKE Wy KOHEUHYIO TOUKY W@, Haj X; MyTH ¥, Mbl MOJyddeM OTO-
Opaxenue cqoes IL,: W, — W, . [ToctpoeHHoe oToOpaskeHHe Ha3blBaeTCsl
NApasLesb ol NePeHOCOM BIOMb TYTH Y.

Wo

=

Wy

X0 Y X1

Puc. 1. MapannensHbiif nepeHoc cnoes
BAONb nyTu Ha 6ase

Takum 06pa3oM, MOXKHO YTBEPKAATb, UTO CB3HOCTb — ITO HH(HUHUTE3U-
MaJsibHbIA MapaJsiebHbIA MepeHoc, To ecTh Cnocod 0TOKAECTBUTh GeCKOoHeU -
HO OJIM3KHE CJIOH.

[ToJsie runepnaocKocTell CBA3HOCTH MOXKHO 3ajaTh Kak [10Jie siiep HEeKO-
Topoii 1-popmbl o B npoctpaHcTBe paccsoenusi. Popma o omnpejesnena ¢
TOUHOCTBIO JI0 YMHOXKEHHS1 Ha HeHyJeBylo dyHkuuio. Hopmupyem o yesoBu-
eM TOro, UTO ee 3HaueHHe Ha eIMHUYHOM KacaTelbHOM BEKTOpe K cJioto 0/ 0
paBHo | (¢-yryoBoit mapametp Ha cjoe). Ecav BbIGpaTh HEKOTOPYIO TPHBHA-
JIM3ALHMIO, TO U3 S'-HHBAPMAHTHOCTH MOJISI CBA3HOCTH BhITEKaeT, uTo opma o
UMeeT BUJL

a=dep—n"6,

rae 1-copma B 3amana Ha Gase paccjoenus (TouHee, B Toi o6JsacTH 6asbl,
Hajl KOTopoil BblOpana TpuBHamusauwsl). @Popma 6 naseBaercst 1-gpopmolii
cgagnocmu. dta Gopma 3aBUCHT OT BbibOpa TpuBHaiu3aund. Ecou 3anana
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Jpyrasi TPUBHAJM3AlIHs C yrJI0BOH KoopauHatoh ¢’ = ¢ + g(x), x € M, 1o u3
paBeHCTBa

a=do—n"8=dy — ¢

MbI TTOJIy4aeM

0 =0+dg, (3)

TO €CTb MpU USMEHeHuu mpusuaiudayuu K gopme cgasznocmu doba-
sasemes duggepenyuar ynkyuu nepexoda. st Toro, utobbl 3a1aTh
cBs3HocTh B S'-paccsioenunu, nocratouno 3azath ee 1-hopmy Ha Kaxao#
o6JiacTH, HAJl KOTOPO# 3a/aHa TPHUBHAIM3ALMS, TaK, YTOOBI Ha MepeceueHyn
obsacteil 3TH 1-popMbl GbIIM COTIACOBAHbBI YCJOBHEM (3).

Ecav nyTh nenmkom JiexknT B 06J1aCTH, HaJl KOTOPOH 3a1aHa TpUBHAJN3a-
1Msi, TO MOJHSITHE ¥, 3a/al0lllee MapaUIeJbHbIA EPEHOC BIOJb Y, 331AeTCsi
paBeHCTBOM (d(p—e)(if) =0, To ecTb M3MeHeHHE YrJOBOH KOOPJAMHATLI
ynoByeTBopsieT ypasHenuio ¢ = 0(y). [Tostomy yroJ, Ha KoTopbli noBopauu-
BaeTCst CJIOH TIPH MapaslielbHOM MepeHoce, paBeH

A(p:/e.
Y

Kak 3aBucHT napaJiieJibHbIE MepeHoC OT MyTH Y, BEIYIIEro U3 TOUKH Xo B
TOuKy Xx;? UToObl MOHATH OTBET Ha 3TOT BOMPOC, PACCMOTPUM GJIM3KHI BO-
Mpoc: ueMy paBeH MapasuleJbHbIHA MepeHoc BI0Jb 3aMKHyToro mytu? (CBs3b
C TPeJbIIYIIMM BOMPOCOM BO3HHUKAET K3 PACCMOTPEHHs] 3aMKHYTOTO MyTH
Yy 'Y1, TI€ ¥| M Yo — 1BA PasJIMUHbIX MyTH U3 Xy B X;.) [IycTh Y — 3aMKHy-
Tasi CTArMBaeMas meris, To ecThb Y = 0D siBJseTcsl TpaHUlell HEKOTOPOro
nBymepHoro aucka D. Torna no gopmyse CTokca

Acp:/ 6:/@, rae o = df.
dJD D

Huddepenumnansuas 2-dopma w = db HasbiBaeTcsi opmoi kpususHol 3a-
JlaHHOH cBsA3HoCcTH. OHA MHBAPUAHTHO OIpejie/ieHa, TO €CTb He 3aBUCHT OT
BbIGOpa TpUBHAU3alMK. JleHCTBUTENLHO, JITIS IPYroro BbiGopa TpUBHAJIM3a-
1uK Mbl nMeeMm o' = db’ = d6+ ddg = db = .

M3 npuBe/ieHHbIX PACCYXKICHUI Mbl [TOJyYaeM CJeIyIolHi BbIBOL: napa-
AEAbHbLI NePEHOC He MEHACMCA NPU 2OMOMONUU NYMU 8 NPOCMPAHCMEE
KpU8blX ¢ (huKCUPOBAHHBIMU KOHYAMU, eCAL U MOAbKO ecau hopma Kpu-
BUBHbL CBAZHOCMU MONOeCmBeHHO obpaujaemcs 8 Hyab. CBSIBHOCTb C
HYJIEBOH (DOPMO KPUBH3HbI Ha3blBaeTcs 140CKOL. 1-opma MIIocKoil ¢BsA3-
HOCTH, 3a/laHHast B HEKOTOPOH OMHOCBSI3HOH o6sacTh 6a3bl, 3aMKHYTa U Bbl-
6OpOM TPUBHAJIM3ALMK €€ MOXKHO NPEBPATUTL B HYJIEBYIO (hOpMY.
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L[lnppepeHymansHas reoMeTpusi MOBEPXHOCTEN

[TokaxkeM B KauecTBe MPUMepa, Kak sI3bIK CBs3HOCTeH B S'-paccioeruu
TM03BOJISIET CYLIECTBEHHO YMPOCTHTh BCE BBIUNCIEHHS B IH(depeHIralbHOM
F€OMETPHH MOBEPXHOCTEH.

Onpeneaenue. Mempukoil, Wi pumanosoll cmpykmypotl Ha MoBepX-
HOCTH Ha3bIBAETCSl HEBBIPOXKIEHHOE CKaJIipHOE MPOU3BEEHUE B KAXKIOH ee
KacaTeJIbHOU MJIOCKOCTH.

Eciu M C R® — n10BepXHOCTb B TPEXMEPHOM €BKJIMIOBOM TIPOCTPAHCTBE,
TO OrpaHMueHHe eBKJIMAOBOH CTPYKTYphl HA MOBEPXHOCTh 3a/aeT Ha Hell pH-
MaHOBY CTPYKTYpY.

Paccmorpum npoctpaHcTBo W KacartesibHbIX BEKTOPOB €MHHUUHON /K-
HBl. D10 MpocTpancTBo obpasyer S'-paccioenne n: W — M. Caoem 3toro
PacCJIOEHHST CIYIKHT OKPY?KHOCTh KacaTeJIbHbIX BEKTOPOB eIMHUUHOMN JITTHHBI,
TPUJIOKEHHBIX K TaHHOH TOuKe MOoBepxHOCTH. TpHUBHAH3alis 3TOTO paccyio-
€HHUsl 3a/1aeTCsl MoJ1eM OPTOHOPMHPOBAHHBIX KacaTeJbHbIX penepoB (e, es)
(moJito ey COOTBETCTBYET 3HAueHHe YIJI0oBOro mnapamerpa ¢ = 0, mojwo e,
COOTBETCTBYeT 3HayeHHe @ = 7/2). Tlyets (€%, e}) — nBoiicTBeHHbI Gasuc
1-copwm. Tornma 2-opma o = e} A e}, 3anaiomast a1emenm niowaou, ne 3a-
BHCHT OT BBIOOpA TPUBHAMH3ALIMH (C TOUHOCTBIO /10 3HAKA, KOTOPBIE MEHSIETCS!
npu o6pallleHMd OPUEHTALIMH [TOBEPXHOCTH).

Teopema. Paccaoenue n obradaem ecmecms8enHoOl C8A3HOCMbIO, HA-
sol8aemoli pumanosoli. B mpusuaiusayuu, 3adasaemoti noiem (e, ez)
OPMOHOPMUPOBAHHOLY KACAMEAbHbLX penepos, l-chopma pumanosoi
c8A3HOCMU Umeem 8ud

0 =oaye] +oge;,

ede Koagppuyuenmeot o, oy Pa3r0NHceHU no basucy ey, ey onpedeasom-
ca paseHcmsami
de} = —aj0, de;=—wo0.

YcqoBue, 3anaioliiee GopMy CBSIBHOCTH O, paBHOCHIBHO paBeHCTBAM
* * * *
dey =—0A¢;, de;=0ANe].

HoxasaTeabcTBo. [lns noKasate/bCTBA TEOPEMBI HYXKHO yOEIHThH-
cs1, UTO MPH U3MeHEeHWH TPUBHAJIN3AIMH 3aaHHast STUMH (opmysamu popma
CBSI3HOCTH MpeobpasyeTcst MpaBHIbHBIM 00pa3om. [oJse penepos (e}, €), co-
OTBETCTBYIOLIIEE APYroll TPHBHANM3ALMNH, TI0ydaeTCs U3 moJsi (ey, ep) MoBo-
pOTOM Ha yroJ g(x) B OTPULIATE/IbLHOM HarpaB/eHul. AHaj0rHuHbIM 06pa3om
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npeobpasyeTcs U IBOMCTBeHHbIN Gasuc 1-chopwm,
e =cosge; —singe;, ey =singe}+cosge;.
Huddepenimpysi 6azuctble Ghopmbl, 110Jyyaem

I x
de;

cosgde; —singdey; +dg N (—singel —cosges) =
—(cos@)bAe; —(sing)bAe; —dghey =
=—0Aey —dgney =—0B+dg)ney,

dey =singde; +cosgde; +dg AN (cosge; —singey) =
—(sing)0Ae; +(cosg)bAe; +dghel =

OAe +dgnel =(0+dg)Nel.

Ortciona 6" =6+ dg, uro cornacyeres ¢ (3). Teopema jokazana. (]

dopma KpUBM3HBI PUMAHOBOH CBSI3HOCTH HMeeT BUI » = Ko. DyHk-
uus K TOuKM MOBEPXHOCTH Ha3bIBAETCS 2ayccosoll Kpususwot. B cuyuae,
korma M — noBepxtocth B R®, rayccoBa KpHBM3HA paBHA MPOM3BEIEHHIO
rJ1aBHBIX KpUBU3H K = AAg. FIMeHHO, BbiGepeM opToroHasbHble KOOPAUHATDI
B R® rtak, utoObl miockocTh Oxy Kacajach MOBEPXHOCTH B HAYaje KOOp-
nunat. Torna noBepxHoCTh 3axaercst Kak rpaduk dyukimu 2 = f(x, y). [lpu
yKaszaHHOM BbiGope KoopauHat pasioxkerue Teitsiopa dyHkund [ HaurHaercs
C KBAJIPATHUHBIX UNEHOB,

= %(ax2+2bxy+cy2)+...

Torna ryaBHble KPUBH3HBI Aj, Ay — COOCTBEHHbIe 3HAUEHHUS] KBaJIpaTHUHOH
dopmbl ax? + 2bxy + cy?, a rayccosa KpuBusHa K = Ay = b? —ac — ee
onpeaeuTesb. 3HaMeHuTasl «Oaucmamenoras» meopema laycca yreep-
JKJIAET, UTO B OTJIMYKE OT TVIABHBIX KPHBH3H TrayccoBa KPUBM3HA MOJHOCTHIO
orpeJiesisieTCsl METPUUECKUMH CBOMCTBAMH MOBEPXHOCTH, TO €CTh PUMAHOBOH
CTPYKTYPOH Ha HEH. DTO CBOHCTBO rayCCOBOH KPUBH3HbBI Mbl W B35JIM Bblllle
3a oripejesieHue.

3apaua. Bouncsuth rayccoBy KpuBH3Hy MeTpuku dx? + cos? x dy?.

P euenue. Koopaunatusle nosst d,, 0, OpTOroHasbHbl, HO He HOPMHPO-
BaHbl (BTOpOe HUMeeT JUIMHY cos x). [losToMy B KauecTBe OpTOHOPMHUPOBAH-
HOTO pernepa BO3bMeM M0JIsl

9y
cosx

ey =0, €9 =
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JBoticTBenHble 1-hOPMBI M 3J1€MEHT MJIOMIAN PABHBI, COOTBETCTBEHHO,
ey =dx, e;=cosxdy, o=efANe;,=cosxdxNdy.
Huddepenumpysi, Haxoaum Gopmy CBSI3HOCTH

de; =0, o, =0, dej=—sinxdxNdy=—1tgxo, oy=1gx,
= e] +ae; =tgxe; =sinxdy.

Otctosia noJiyuaeM OKOHUATEJBHO,
w=df=cosxdxNdy =o,
To ecTb K = 1. 3aMeTuM, UTO MpUBE/ICHHAS METPUKA €CTb CTaHAAPTHAS Me-

TPHUKA Ha eIMHUUHON cepe B chepruecKnX KOOpIHHATAX. (|

Banaua. J{okaxkute, uto MeTprka dx® + x’dy’® eBKIMIOBA W HalIUTE €B-
KIAI0BBI KoopauiaThl X, Y (B KoTophix MeTpuKka mpurumaet Bua dX? + dY?).

Pewenwune. IIQIU/ICTByﬂ, KakK B Hpeﬂblﬂymeﬁ 3ajjaue, HaXxoJ UM IocJsej10Ba-
Te€JIbHO
=0 — a-’/
€] = Oy, €y = 71

ey =dx, e;=xdy, o=xdxAdy.
de; =0, de;=dxndy= o,

6=Oe]‘—%e§ = —dy.

w=d8=—ddy=0, K=0.

Wrak, cBA3HOCTb IJI0CKasi, 3HAUMT, CyllecTByeT apyrod penep (£, Ey),
COCTOSILIMI U3 KOBAPUAHMHO NOCMOAHHbLX (KAaCAIOLIMXCS 110J151 CBA3HOCTH)
noJieil. Haiinem satu nosst. Besikoe ceyenne paccesoennst W nmeer Bua

u=-cos@e;+singey,

rJie yroJi ¢ siBJsieTcsl PyHKIMeHd Toukh 6a3bl. YcJoBHe KOBAPHAHTHOH MOCTO-
SIHHOCTH UMeeT BUJL

dp—6=0, T0ects do=-—dy, ¢=—y+const.

[Tonsi E,, E5 COOTBETCTBYIOT 3HAUEHUAM KOHCTAHTHI () 1 7/2 COOTBETCTBEH-
HO,
Ey=cosye —sinyey,, £Ey,=sinye; +cosyes.

11



Ham Hy»kHO HaWTH KOOPJAMHATHI, JJIS KOTOPBIX yKa3aHHbIE MOJS SIBASIOT-
Csl KOOPJMHATHBIMU. UTOObI HAUTH WX, 3aMETUM, UTO JAU(QepeHiHanbl ITUX
KOOpJMHAT 00pa3ytoT JBOHCTBEHHBIH 6a3uc:

dX=FE} =cosye; —sinye; =cosydx —x sinydy = d(x cosy),
dY =F; =sinye; +cosyel =sinydx+ xcosydy = d(x siny).

Suauut, X = x cosy, Y = x siny. Mubimu csioBamu, X, y — 10JsipHble
KOOPJIMHATHl HA CTaHAAPTHOH €BKJHIOBOH MJIOCKOCTH C €BKJHMIOBBIMH KO-
opauHaramu X, Y. O

BolumcJienust, MpOBEIEHHBIE B MPEbIIYLIHX 33/1a4aX, CYIIECTBEHHO MPOILLE TeX, KO-
TOpbIE€ MPOBOJSTCS TIPH MOMOIIH CTAHAAPTHBIX METOA0B. OO BSICHUM MPUUUHY TAKOTO
ycriexa. OGbIYHO CBSIBHOCTh 3ajaeTrcs (B 6a3nce KOMMYMUpYroujux KoOpAHHATHBIX
noJieil) cBoeil marpuuei, cocrosiuieil U3 1-popm (cm. Jsiekio A. A. BosmGpyxa)

T},dx+Tydy Ty dx+Tdy
Tfidx+Tdy T3dx+T35dy

Jlaxe ¢ yuetom cummerpuii cumBosioB Kpucroddest ij = I‘fej CBSI3HOCTb 3a/1a-
ercst HabopoM u3 6 ¢yHkuuil. B Haumx e BbIUMC/EHUSIX CBSIBHOCTb ONPE/EJIIeTCsi
ABYMs1 Ko uLieHTaMi (opMbl 0, UTO MO3BOJISET YTBEPKAATh, YTO HALIK BbIUMCJIE-
HUsI B TPU pa3a Kopoue oObIUHbIX, HE TOBOPSI Y2K O TOM, 4TO GJIarofapst HHBapHaHTHOH
(hopme 3amucH He BO3HHKAET OMACHOCTh 3aIyTaThCsl B MHIEKCAX M 3HAKAX. BbIHrphiLi
JIOCTUTA€eTCS 3@ CUET TOTO, UTO B OPMOHOPMUPOBAHHOM Ga3uce cCUMBOJBI Kpuctod-
thesist umeroT GoJibLIe CUMMETPHIL: MATPHLA CBSI3HOCTH KOCOCHMMETPHUYHA M HMEET BUJL

-6

Popmyna aycca—bEonue

[Tycts M — 3amkHyTast OpHeHTHPOBaHHAsT AByMepHasi MoBepXHocTh. Pac-
cMotpuM HekoTopoe S'-paccioenne n: W — M u BBemeM B HeM MPOH3-
BOJIBHYIO CBS3HOCTB. Torna opma @ — opma KPUBHU3HBI 3TOH CBSI3HOCTH —
2-dopma, 1103TOMY €e MOXKHO 110 M [IPOUHTErPUPOBATS.

x(n)zi/Mw

12
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NPUHUMACM Yeable BHAYEHUS UL AB8ALCMCSL MONOAOUYECKUM UHBAPUAH-
MOM, Ha3bl8aembLm yuciom diviepa paccaoenus. B cayuae, koeda W —
paccioerue KacamenbHolx eOUHUYHbLY 8eKMOpPOs8, (1) cosnadaem c 3li-
aeposoil xapakmepucmuroti (M) =2 —2g canoii nosepxrnocmu M.

Kuaccuueckasi opmysia laycca—DBotiHe, siBsisitolasicst 4acTHbIM CJIyuaem
TOW TEOpEMbl, YTBEPKJAET, UTO ISl BCSIKOH OPUEHTUPOBAHHOH 3aMKHYTOH
nosepxrocth M C R® BhimosHseTest papeHCTBO

/MKG =2ny(M).

Ata 3ameuaresibHasi TEOPEMA SIBJISIETCST [IPOCTEHLIUM [1POSIBJIEHUEM TOTO,
Kak Tj100ajbHble TOMOJOTHUECKHE WHBAPHAHTBHI MOTYT H3ydaThbCsi MPH MO-
MOLIM TeX WJIM HHBIX JuddepeHlalbHO-reOMeTPHUECKHX CTPYKTYp. BoJee
COBPEMEHHBIMH TPOSIBJEHUAMH 9THX Hilel sBJstoTes Teopus UepHa—Beits,
unBapuanThl Jlonanbacona u 3aiibepra—BuTrena, romonorun ®@ioepa.

HokasarteabcTBo. [Ipexkae Bcero 3amerum, uTo €CJH 3a/aHbl JBe
CBSI3HOCTH, TO pa3Hula UX dopm cBs3HocTH N = 0, — 0, aBasieTcs ryobanb-
HO 3ajaHHON 1-chopmort Ha M, He 3aBHCsIIEH OT BbIOOPA TPUBHAIH3ALMNH.
JleficTBUTENbHO, MPH JIPYroM BbIOOpE TPUBHAJU3ALMH Mbl HMEEM

6 —6,=(0+dg) — (B +dg) =6, — 6.

Otctoia BbhITEKaeT, uTo hOPMbl KPUBHU3HBI 3THX CBS3HOCTEH CBsI3aHbl CO-
OTHOLLEHHEM & — &y = d1), 0TKyAa no dopmyJie CTokca,

/w.—/wgz/dn:O.
M M M

Takum o6paszom, uncio y(n) 1eHCTBUTENLHO SIBJASIETCS MHBAPHAHTOM. UTO-
Obl BbIUMCJUTL €ro, MOCTapaeMcsi MOCTPOHUTb Yy PACCJIO0EHHsT T I106ajibHOe
HernpepbiBHOE ceueHue s. Ecau Ham 3T0 ynacTesi, To paccyoeHne TpUBHAJIb-
HO, U CBSI3HOCTh, B KOTOPOKH S KOBAPHAHTHO MOCTOSIHHO, SIBJSIETCS MJIOCKOM.

HoaTomy o =0 B 1aHHOM cJiyuae. B o6iiem CJiyuae ryiobajibHOE ceueHue

MOCTPOUTD A:[emﬁﬂ. [TokaxkeMm, 0JIHAKO, UTO €ro BCeraa MOXKHO MOCTPOUTH B
JIOTIOJTHEHHH K HEKOTOPOMY KOHEUHOMY HaGopy TOUEK.

Peanuzyem paccaoenne W kak paccioeHne eMHAUHBIX OKPYXKHOCTEH B
HEKOTOPOM JIByMEpPHOM BeKTOPHOM paccsoenu E — M. BriGepem ceuenue
v: M — E 3TOro BeKTOPHOTO paccjoeHust (Ui TOrO y»Ke HUKAKHX TOMO-
Jorpueckux npensitctBuil He Oyner). Ilycts X C M — mHoxkecTBO Hyse#
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9TOro ceueHusi. B kaxjom cioe Haj jonosHeHnem M\ X Touky ceuenust v
MOKHO CIPOEKTHPOBATH BJIOJIb HAMPABJIEHHS PaJidyC-BEKTOpa Ha €IMHHY-
HYI0 OKPYXKHOCTb M MOJIyUdTb, T€M CaMbIM, HEIPEPbIBHOE CEeYeHHe HCXOJl-
Horo paccioenust T Hajg M\ X. Ocrajsoch 3ameTuTb, 4TO €C/n U — ceue-
HUe OOLIEro MOJI0YKEHHs], TO MHOXECTBO €ro HyJied COCTOMT U3 KOHEUHOro
upcJia ToueK (ctporoe 0o60CHOBAHHWE 3ITOTO MHTYMTHBHO TMOHSITHOTO yTBEp-
XKJIeHUst TpeGyeT NPUBJICUEHHS JOMOJHUTENbHBIX TEXHUUECKUX CPEJICTB, Ha-
npumMep, Teopembl Capna). Ecau, nanpumep, E — paccjioeHne KacaTesb-
HBIX BEKTOPOB, TO U — 3TO BEKTOpPHOE MoJie, U X — MHOXKECTBO €ro 0CoObIX
TOYEK.

Hrak, nycTh BRIOpaHO CeueHHe S pPacCyoeHust T, 3aJaHHO€e B JOTOJHEHUH
K Habopy Touek X ={xi, ..., x,} C M. Ilyctb U; — majieHbKasi 0KpECTHOCTh
Touku x;. Torja npu 06Xxojie BOKPYr TOUKKM X; B [10JIOXKUTEJbHOM HallpaBJie-
HUKM CeUEHHE S JIeJIaeT HEKOTOPOe KOJIMUECTBO 060pPOTOB B cjioe (B HEKOTOPOU
tpuBuanusauun Haja U;). KosmuectBo 3THX 060pPOTOB Mbl HA30BEM HHJIEKCOM
ceueHHst § B Touke X ¥ 00603HauuM uepes indg(x). Mbl XOTHM Jl0Ka3aTh pa-
BEHCTBO

X(m =" ind(x;) € Z. (4)

B ciyuae, xorza pacciioenue 06pa3oBaHo KacaTesbHbIMH BEKTOPaMH, CyM-
Ma (4) coBmajaeT ¢ CyMMOH HHIEKCOB 0COOBIX TOUeK OOGIIEro BEKTOPHOTO
noJist Ha MOBEPXHOCTH, OTKyJa H OyJIeT CJIel0BaTh Teopema.

Jlst nokasatesqbcTBa paBeHCTBA (4) pacCMOTPHM MJIOCKYK CBS3HOCTh B
M\ X, ju1si KOTOPOH ceueHWe S KOBApPHAHTHO MOCTOsIHHO. B TpuBHasn3almu
Haj (1poKoJIoTo#) okpecTHoCTbio U\ X; 9Ta cBA3HOCTDL 3anaeTcsi hopmoii B,
KoTopasi 3amkuyTa, df; = 0 u 115 KOTOPOH, MO MOCTPOEHHIO, HMEeT MeCTO
PaBEHCTBO

/ 6, = 2rind,(x;),
Yi

rJle Y; — MPOU3BOJIbHBIN MyTh B U;, 00XO/ASALIMHA TOUKY X; OJIMH Pa3 B MOJO-
JKUTEJILHOM HaMpaBJIeHHH.

PaccmoTpuM mpous3BoJibHYIO TIajkylo gopmy 6;, Kotopasi ornpeesieHa Ha
Beeit o6aactu U; u cosnanaer ¢ §; B6/usn rpanuiibl OU; (Hanpumep, MOXKHO
MoJIOXKUTL B; = p,-éi, rie (yHKUMsl p; paBHa eauHMle BOmM3W OU; u paBHa
HYJII0 B HEKOTOPOH MEHbILIEH OKPECTHOCTH TOUKH X;).

[TocTpoeHHbie (opmbl 6; CKJIEHBAlOTCS B CBSIBHOCTb HAIEro paccJioe-
HUSI, OMpeJie/ieHHYI0 yXKe Ha BceM M. DTa CBA3HOCTb 0oJblile He SIBJSETCS
MJIOCKOH, OIHAKO HOCHTEIb POPMbI KDHBH3HBI COCPEIOTOUEH B 0ObEHHEHHN
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obaacreit U;, mostomy

1 1 !
fo=X o [o=X 5 [ w-
1 1 5 i
=5 [ =Yg [ 6=,

UTO W J0Ka3bIBaeT PAaBEHCTRBO (4), a BMeCTe C HUM H TeopeMmy. O

Bapaua. Hatinure uucao Distepa paccaoenus Xonga S* — S?, conocra-
BJASIOLIEr0 TOuke eauHuunoil chepor S € C = R npoxoastiutyio uepes nee

KOMIWIEKCHYIO TTPSIMYIO, PACCMATPUBAEMYIO KAaK TOUKY MPOEKTHBHOH MPsIMOFi
CP!' =2 8%, (Otser: —1.)
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