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B. M. Tuxomuposn

Jexuns, mpounTanHasa ydacTHukam LVI MockoBckolt Topoackoi
omuMmnuansl 27 mapta 1993 rona.

1. HECKOJIBKO CJ0OB OB UCTOPUU 'EOMETPUU U OJUMIIUA ]

Kaxk BB fymMaeTe, 4TO BO3HIKJIO paHbIllle — MaTeMaTHKa WIH OJHMINA !

Kazanoch 651, MaTeMaTuka, n60 apudMeTnIecKue 3a,Ja9l U TeoMeTpuie-
ckre GpOPMYJBI MOXKHO BCTPETHTDL, HAIPAMep, B eTUMNeTCKAX Manupycax, Ha-
OUCAHHLIX 330JT0 M0 TOTO, KaK POANIACh BelnKasd aHTHIHAS TNBUAN3ATIAL.
Ho B »Tux cTapuHHBIX TeKCTax He OBLIO CAMOW CYIIECTBEHHOW KOMIOHEHTHI,
KoTopasd, KaK MPAHATO CINTATh, OTANYaeT MAaTeMAaTHKy OT APYTUX HAYK —
He 6B1I0 dokazamedbeme. A 6e3 TOKazaTeILCTB — pa3Be DTO MaTeMaTnka?

A Korpga mosiBHJINCH MepBHE JOKa3aTenbcTBa? DTO OBLIO TOXKE TaK JaB-
HO, YTO UCTHHA PaCMJLIBaeTCA B TyMaHe BpeMmeH. U Bce e Jerenjga ymopHO
OPUTHCKEIBAET Y€CTh 6BITH NEPBLIM «IOKAa3aTeIbHEIMY MATEeMAaTHKOM 3HaMEHN-
Tomy mygperny Padecy. [Ipu 5ToM ¢ MOpa3uTesbHON TOYHOCTHIO HA3KIBAIOT
TaThl ero )usuu: 625-527 10 Haien 5pel (TOrJa KaK BpeMs JKU3HH, CKaXKeM,
[Indaropa min EBkanjga gatupyercs odeHb MpuOGIA3ATENHHO).

A nepsrie Qaumnua bl — Tpa3fHECTBa B 4eCTh 3eBca, KOTJa MpeKpacHkIe
IOHOIIN COCTA3AMNCH B CIIOPTE W HCKYCCTBAaX, BOBHUKJAN IYTh PaHbIIe POXKIe-
s Pageca: neppas OQanmnuaga, Kak CIHTaeTCs, COCTOATACh B 776 TOy M0
Halllel 5phl (M CHOBAa — TO4HAsA jgaTal).
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Tenmepb yMecTHO 3aJaThCsi BOIPOCOM O TOM, KOT/la K€ BO3HUKJH MepBHIE
mamemamuueckue Qanvmnuagnsl. [lepBoil MaTeMaTHYIeCKNH KOHKYPC IS BBI-
OyCKHUKOB JaunieeB 6uln mpoBened B Pyumuramm B 1889 romy, a cob6cTBenno
OMMMINHACKOE MaTeMaTHIecKoe IBHMKEHHEe POAMIOCh B BygamemTe 9yTh m03-
ke, B 1894 rony, kKorja Benrepckoe pusznko—MaTeMaTHIecKoe 06IIeCTBO MTPH-
HSJO pelleHne 06 OpraHW3alny COCTI3aHUH [Ad BBHIMYCKHAKOB FEMHA3UH, N
DTH COCTA3AHUA CTAIH Tpagnnnen. Ha 5TuX cocTA3annaX OTINIMINCH MHEOTHE
FOHOIIH, BIIOCAEICTBAN CTABIINE 3aMedaTeThbHEIMI MaTeMaTHKaMH HAIlero Be-
Ka.

B CCCP nepBasg MaTeMaTn¥eckas OJHMIONALA COCTOSLIACh B JleHnHr pa e
B 1934 rony (Tak 4TO Ha 6y,1[y1111/11?11) roJ MOXKHO OyleT OTIpa3THOBATH Ille-
CTHeCATHIeTHE HAIIEr O «ONUMINHCKOTO [BIKEHUSY), a MepBas MOCKOBCKAS
ropo/ckas oMTuMNHaa 6bl1a opraru3oBana B 1935 roxy. HelHelHAsS oanMmn-
ajga umena vomep LVI (B 1942 u 43 rogax oquMnua bl He MTPOBOIUINCE, OBLIO
e 10 Hnx)?),

C 1961 roma mavama npoBoanThcsi Bcecotosnas ommmnuana. (Mexgyna-
POJHEIe MaTeMaTHYIeCKNe ONUMINA TH TPOXoaaT ¢ 1959 rona.)

TakoBa nctopust omumnuag. OcTalochk CKa3aTh ellle HECKOILKO CJIOB 00
NCTOPUH TeoMeTpHn, W60 MaTeMaTHKa (TakK YK BHIILIO) HAYalach MMEHHO
¢ reomeTpun. B HadanbHBIN HepHOJ TeOMETpPHS BBIIBHHYJAA MHOTUX CBOUX
TBOPIIOB, HO GOJBIIE BCErO CKIOHSIOT OOBITHO TPH (yKe Ha3BAaHHBIX) MMEHMH:
Panec, [udparop n EBkan.

Bruto ckazano, uto dajecy mpUNHCHIBAIOT NepBhe JoKasaTenbcTBa. OH
MoKa3aJg, HalpuMep, ITO BepTHKATLHBIE YTJAH PABHLI, YTO B paBHOGEIPEHHOM
TPeyTONbHIKe YTJBI IPH OCHOBAHWY PAaBHBI, YTO YT OJ, ONUPAOIINNCS Ha AHa-
MeTp, — MPSAMOU U ellle — H3BECTHYI0, CBA3BIBAEMYIO C €r0 HMEHEM MOYTH BO
BCEX yIeOHUKAX, — TeOopeMy O Mono6um.

CuauTtaetcst, 4to [ludarop 61 mepBBIM CO3MaTejleM HAYYHOU IIKOJIBI. B
5TOl 1IKoJe ObLTa OTKPBITA TeopeMa, U3BecTHas HEIHe BceM Kak Teopema [lu-
¢daropa.

EBkaug Hanucas nepBeiit yieGHUK MO TeOMeTPHH, T/le OH Pa3BHJI TO, 9TO
HBIHE HA3BIBACTCS AKCUOMAMUUECKUM MEMOAOM, KOTJA BCE MCXOINT C M3HA-
YaJbHBIX, HEOTPeIeJieMbIX MOHATHH, 3aTéM HX CBOUCTBA OMHUCHIBAIOTCH aKCH-
OMaMH, a OCTAJTbHOE CTPOTO BEIBOAUTCA YHCTO JOTHIECKHM TYTEM.

A moToM mIar 3a IaroM MaTeMaTHKa [TOCTHTJIA TeX BEpPIINHH, KOTOPHIE
COCTABJAAIOT YKpallleHne Bcell obiedenoBeveckKon KyabTyphl. Ho ocHoBaHus,

1
)HaHOMHHM, 9TO JeKInA O6blia mpounTada B 1993 roay mocie OKOHYAHWA OJUMITAA [HI.

2
JA oJMMITAA ia HBIHeIHer o, 1997 roga nmena somep LX — mectbgecat!
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samoxkennwle B TBopennsx dageca, I[Indaropa, EBkinga u Apyrax pogoHa-
YaJbHUKOB Halllel HayKW, COXPAHWIN CBOe 3HAYeHHWe W B Hallum JHHU. B gacT-
HOCTH, NX TEOPEMBI (eC/H NX 3HATh I YMETh NMH MOJAb30BATHCS) TOMOTIH GBI
MHOTTM PeIluTh reoMeTpuieckne 3aga4dn LVI ornmnuaaei. Ho B marme Bpems
reoMeTpuieckoe ob6pa3oBaHue TTepeXNBaeT TPYAHEIe BpeMeHa. Hampumep, na
BTON OJUMIHAAe OBLIO MONYYEHO OYeHb MaJo pelleHuil reoMeTPHYeCKHX 3a-
mad. Ho mpexk e, YeM KacaThCAd ONMMINA THBIX TeOMeTPHUIECKIX 33a,1aT DTOTO
roja, crenaeM Jukb6e3 — 0030p HEKOTOPHIX HavYalbHBIX U HamboJee (HyHTa-
MEHTAJbHEIX TE€OMETPHYECKHX TEOPEM JPEBHOCTH W CJAEJICTBUU M3 HUX.

2. TEOPEMBI DPAJECA, [IN®ATOPA U EBKINUITA

JTaBafiTe OKaXKeM BCe STH TEOPeMBI: OHH Be[b OUeHb MPOCTHL (HO I Kpa-
CUBHI!).

TEOPEMA 1. (Pasec — cm. «Hauarar, wn.1, npedaoxncenue 53)) B pas-
HOOEIPEHHOM MPEY20AbHUKE Y2abl NPU OCHO6AHUU PA6HBL.

llokaxxem Ty Teopemy mo Jlpioncy Kopomany, 3aMedaTeabHOMY BBHITYM-
MINKY W CKa309HUKY, UMS KOTOPOTO W3BECTHO KaXKIOMY M3-3a ero «AJHCH B
cTpane 1yaecy. (Ho mano komy m3BecTHO, 9TO OH GBI MATEMATHKOM. )

/TOKABATEJABLCTBO Kopouta mpoBoanTcs ¢ moMOMIbo . .. HoXHAI. [IycTh
naH paBHOGenpenHb Tpeyroabiuk ABC, npuiem AB = BC.

B B

Puc. 1.

JlonmycTuM, 9TO >TOT TPEYroJLHHK HapHCOBAaH Ha JHCTe 6yMmaru. Bripe-
;keM ero. [lepeBepreM m mompo6yeM 3aTKHYTh 00pPa30BaBIIyIOCS ILIPY. JTO
HaM yjpactes, He npaBga au? Ctopona BC moueT no «OwIBIel» cTopode AB,
n Toika C' coBmajgeT ¢ «OBIBIIEH» TOYKOH A, aHAaJOTHIHO TOYKa A Ha BBI-
Pe3aHHOM TpPeyroJbHHKe cOBIageT ¢ «OnBiiei» Toukon C'. Takum obpazowm,

S)HepeBOrZ[‘-II/IK Eskinposbix «Hagam mmmer (cM. cHocKy K mpegnoxernio 5): «CBoHCTBO

paBHOGEAPEHHOT 0 TPEYT OJbHUKA, JOKA3BIBAEMOE B MPEAJIOKEHNHN 5, 10 CBUAeTeIbCTBY [Ipo-
kJa, obuapyxua eme Panec.» 3aeck u ganee nutupyercs kaura: «Havana Eskmmaay, kauru
I-1V. IlepeBog c kommenTapusamu /I. /. Mopayxan-BoaTtosckoro. M.: OI'MI3 T'TTJI, 1948.
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BCE BEPIIUHBI OBIBIIETO W MEPEBEPHYTOTO TPEYTOIHHIKOB COBMAIYT, T. €. Te-
PEBEPHYTHIN TPEYyTroJIbHNK 3aTKHET-TaKn 0OPa30BaBIIYIOCS ALIPY, a 3HAYTAT,
yroa C 3aimet mecto yria A. Takum o6paszom, yroa C paBen yray A. Teo-
peMa Joka3zama.

A Temepp ToKaxeMm elre ofny QyHjaMeHTalbnyio Teopemy. Cumraercs,
4TO oHa 6blia m3BecTHa [lndaropy. (Ho sTo, pasyMeercs, He «Tay, 3HAMEHN-
Tasg TeopeMma).

TeEOPEMA 2. ([Tugacop — cu.«Hauaaar, xn.1, npedaoncenue 32) Cymma
Y2106 MPEY20AbHUKA PA6HA O6YM NPAMBLM.

W cooBa mokaxKkeM DTOT pe3yJAbTAT C TOMOINLIO HOXKHHUI, BOPOTUEM, HaM
elie NoTpedyeTcss NAPKYIb.

JTOKABATEJILCTBO. [lycTth Ham gau Tpeyroasauk ABC. [Ipogomkum oT-
pezok AB 3a Bepumny B, otpesok BC' 3a Bepuinny C u orpesok C'A 3a
Bepinuy A.

Puc. 2.

BasiB kakoii-TO pacTBOp HUPKYJsi, HAPHCYeM TPH CEKTOpa OKOJO BepIINH
A, B u (., Kak 3TO TOKa3aHO Ha HalleM pucyHke 2. BrIpeikeM 3TH CEKTOPHI.
W naduem mepemerniaTh CEKTOP € HEHTPOM B B, mepeHocs ero BJIOJb CTOPOHEI
AB Tak, 4To6s TOuKka B monaja B Touky A. 3aTeM TO Ke caMoe TpojeraemM
¢ cekTopoM ¢ neHTpoMm B C, mepenocsi ero Baoib C'A Tak, 9To6w Touka C
nonajsa 6B Tak:ke B ToUKy A. B cuiy sHaMeHNTON eBKJAWJOBOH aKCHOMEI O
mapayielbHBIX depe3 TOIKY A MOXKHO TPOBECTH TOJLKO OJHY TPAMYIO, Ta-
paanensayio BC, 3HaYNT, Bce Tpu ceKTOpa 6yIyT NPUMBIKATh APYT K APYTY,
o6pasys nenwit kpyr. Utak, Tpu BHemHux yria K yraam A, B u C B cymme
nafoT 4d (3meck d — BeamdmHA MPAMOTO yraa). A ecan NPHCOeINHATH K HAM
HCKOMYIO cyMMy camux yrioB A, B u €, TO NOJYy4UTCS CyMMa TPex pasBep-
HYTHIX yIJI0B, T. e. 6d. 3uaunt, LA+ 4B 4+ ZC = 2d, 9410 n Tpe6GoBajIOCh.
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CJIENCTBUE (TEOPEMA O BHEIIHEM YTJE). Betuuuna enewnezo yeaa
pacHa CYMMme 6€EAUYUHR d6y$ Y2406 MPEY2O0AbHUKA, HE CMENCHBIT C HUM.

Buemnuit yron k yray C B cymme ¢ camum yraom C paBen 2d u yroa C' B
cymme ¢ yriaamun A u B paBen 2d, T. e. ZA+ /B = BeiuinHe BHEIIHEr O yrJia

k C.

1N nmocaennss Teopema — oHa nMeeTcs B «Haganax» EBkanga. Mul TakKe
MOKaxKeM ee ¢ MOMOIILIO HOXKHHII.

TEOPEMA 3. (Eewaud — cu.«Hauaaar, xu.1, npedaoxcenue 4). Feau dee
CMOPOHbL 00HO20 MPEY20AbHUKA UMEIOM 0OUHAKO6BIE JAUNBL € D6 YMA CTMOPO-
HamMu OpYe020 MPEY20AbHUKA, U 6EAUNUNHDL Y2A06, CNALUEAEMBIT IMUMU CINO-
POHAMU, MAKNHCE 0OUHAKO6bI, MO MPEY20ALHUKY DAGHDL.

DTO U eCTh MPHU3HAK PABEHCTBA TPEYTONbHUKA MO [BYM CTOPOHAM U YTy
MeXTy HUMU.

JIOKA3BATEJIBCTBO 3/ech HampalmmBaeTca. Hajgo BwIpe3aTh OJHH Tpe-
yroapuuk A, By,Cq1 n ganee coBMectuTh Ay ¢ A, nyctuth A1 By o AB n
Torja (B cuy paBerctBa yriao) A;Cy noiiget no AC. B ntore Bce BepuInuer
COBMECTSITCS, 9TO 1 O3HaTaeT paBeHCTBO TPEyTroabHNKOB. TeopeMa Jokaszana.

Bce Tpu mpuBefeHHBIX HAMT TEOPEMBI JOKa3aHBI HE COBCEM MO YIeOHUKY,
n1a u cam EBkama paccyxman He coBceM Tak (XoTs moxoxe). OGBITHO BCe DTO
BBIBO/IAIT M3 aKCHOM, HO s TAKOTO aKKypaTHOTO BHIBOJIa HYKHA HeMaJas
mpeBapuTenbHas paboTa, 32a9aCTYI0 O9eHb HEMHTEepecHad W paccaabiasionias.
Mpur e amenanpoBain GakKTHIECKH HEMOCPeICTBEHHO K 3paBoOMy cMBICTy. U
MOJIYIAI0CH TOBOILHO y6eIuTelbHO, He mpaBga au? Ho BoT 4To mHTepecHo:
MBI KaK OB MAMOXOJOM 3abpaluch Ha TakKylo BHICOTY, 9TO TeNeph MOXKEM
IBHTAaTLCA OYeHL JaJeKO BIepe] yiKe 6e3 «HOKHUID, HCHOAL3YSA UL DTH Te-
OpeMBI I a6COMIOTHO TOTHRIE 3aKOHE JJOTUKN. U B HTOTEe MBI pelimM He TOTHKO
BCe HAIIN OJUMIHACKAE 33 a9N, HO PAaKTHIeCKH TOTOBBI PEIINTEH MOITH JI0-
6y10 TeOMeTPHYECKYI0 33 /a9y BOOObIIe, Ha [0 JHUIITh OCBOUTHCS ellle ¢ TOHATHEeM
noxobus. Ho chavasa, npex e deM mepexofuTh K «OMUMTHHCKONY TeOMeTPHH,
BbIBefleM (Tenephb yKe abCOMOTHO CTPOTO, HI OJHH JIOOUTENb CTPOTOCTH He
CKayKeT HaM HU CJOBA yNpeKa) HeCKOMBbKO CIeJCTBIH M3 TpeX MpHBeIeHHBIX
HaMW TEOPEM.

CneacTBUE 1. (@asec — cm. «Hauasar, xn.3, npedaoxncenue 31). Yaoa,
onupaowuiica na duamemp, — npamot.

/TOKABATEJBCTBO DTOTO CJIEICTBUS OMUPAETCA HA ABAa TOJABKO UTO JO-
Ka3aHHBIX (pakTa: TeopeMy 1 U cjeJcTBHEe U3 TEOPEeMHBI 2.
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[Iycts yroa C onmpaeTcs Ha gHaMeTp
AB, O — uentp okpy:xkuoctu. Coeuanm

OcC.
0 Torma £/C = LZACO+ ZO0CB. B cuany
A B Teopembl 1 LACO = LCAO, a LZOCB =

= ZCBO. Ilpu »ToM B CHJIy TeOpeMmhl 2
LACO+ LCAO = ZCOB, a ZOCB +
+/ZCBO = ZCOA. Ho yram COB u
C COA — cmexHBle, UX cyMMa paBHa 2d.
Suavynt, ZC' ecTh NMOJOBHHA 3TOrO yria,

Pwnc. 3. T. e d.

CIEACTBUE 2 (TEOPEMA O BMUCAHHOM YTJIE). Iycms yeoa C onupa-
emea na dyay AB. Tozda €20 6equuuna 6060€ MENDULE 6EAUNUHDL YEHMPUAAD-
nozo yaaa AOB.

DTa TeopeMma [TOKA3LIBaeTCs MOYTH TaKkKe, KakK cjaeqcTBHe 1, m MBI JHITH
orpaHWYINMCS depTexom (puc. 4).

ZAOD = 2/ACD.
/ZBOD = 2/DCB, caedosameabno
LZACB =1/2/A0B.

Puc. 4.

[IpoaymaiiTe Teneps Takolt Bonpoc. [lycTh ganbr qBa Tpeyroabuanka ABC
n A'BC, y kotopuix ZA = /A’ Torga werwipe Toukn A, A", B n C nexart
Ha OJHON OKPYXKHOCTH. DTO YTBepXkK/AeHNe eCTeCTBEHHO Ha3BaTh 0Opamuoi
MEOPEMOT 0 6NUCAHHOM Y2AE.

Yepes KopoTkoe BpeMs MBI TPOJOJKHM HAMl DKCKYPC B TEOMETPHIO, a
noka y6euMcs B TOM, 9TO W NOJYYEeHHBIX HaMW 3HAHNN JOCTATOYHO, ITOOK
pemnTh reoMeTpudeckne 3agaqdn LVI orumnuager 3a 8-10 kracch.
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3. 'EOMETPUYECKHUE PEIIEHUA OJUMIINA IHBIX 3AJ0AY

B 8 knacce 6bina npemioxkena cienyioias 3aava (aBtop ee — U. P. Axy-
W)

Oxpyacrocms ¢ yewmpom D npoxodum uepez mouxu A, B u yenwmp O
6HeE6NUCAHHOT oxpydHcHocmu mpeyzoabruka ABC, kacawouleiics €20 cmopousl
BC' u npodoascenuti cmopon AB u AC. Joxascume, umo mouku A, B.C u
D aeaxcam na odnoti oxpyscnocmau.

PEmEHWE. O6osnaunm £D = ZADB. Nmeem (puc. 5): mo Teopeme o
BIIUCAHHOM yTJe

ZAOB =1/2/D, (i)

AQO — 6uccekTpuca, 3HAYUT,
ZBAO = 1/2/A; (ii)
o0 TeopeMe O CyMMe yTJoB Tpeyroabunka n n3 (i)—(ii)
LFBO = 1/2(4D + ZA); (iii)
BO 6uccekTpuca, 3Ha9uT,
ZFBO =1/2/FBC; (iv)
W, HaKOHell (TeopeMa O BHEIIHEM yrie)
LFBC =/ZA+ ZC, (v)

saaunt (m3 (iii)—(v)), LD = ZC, 1. e. 10 06paTHON TeopeMe O BINCAHHOM
yrie Touku A, B,C u D nexat Ha OJHOW OKPY:KHOCTH. 3aa4da pellena.

Puc. 5.
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A Bot 3ajaga 9 kaacca (aBrop U. d. Ulapeirnu):

Aan evinyxavii wemwvipexyzoavnux ABMC, ¢ xomopom AB = BC,
ZBAM = 30°, ZACM = 150°. Joxaxcume, umo AM — buccexkmpuca yz.aa
BMC.

PemEHUE. CuMMeTpudHO OTpa3uM To4ky B oTHocuTeabno AM.

B
|
|
|
A : M
|
B’ ¢
Puc. 6.
[lo mpusmaky paBencTBa TpeyroabuukoB |[AB| = |AB'| uw L/BAB' =

= 60°. 3maunT, Tpeyroabank ABB’ paBroctoponnuin m A, B', C nexat Ha
O/THOU OKPYKHOCTH C IIeHTPOM B Todke B. 3HA4HUT, MO TeopeMe O BIHCAHHOM
yrae ZACB' = 30°, 1. e. B', C'w M nexxaT Ha OJHON NPAMON, CHMMeTpHIHOM
M B otuaocutensio M A. 3uauut, M A — 6uccektpuca yraa BMC. 3anada
peliiena.

WU, maxownen, 3amava 10 xracca, koTopyio Takxke npuayman U. . [Mapwr-
CHH.

Ha cmopone AB mpeyzoavnura ABC eneuwnum o6paszom nocmpoen ke6a-
dpam ¢ yewmpom O. Touxu M u N — cepedunst cmopon AC' u BC' coomeem-
CMGEHNHO, A AAUNbL IMUL CMOPOH paeubl coomeememeenno b u a. Hatidume
maxcumym cymmot OM + ON, xo2da yeon AC'B mensemes.

PEWEHWE. 31ech HaM NPHAETCS BOCIOMNB30BATHCS €THHCTBEHHBIM HENO0-
Ka3aHHBIM paHee Pe3yJabTaTOM (HO OYeHb MPOCTHIM), a HMEHHO, MEOPEMOT O
cpedueti aunuu. Tlo sToit Teopeme OM = 1/2CB’', a ON = 1/2C A’ (cm. Ha
ce[yiomen cCTpaHnie puc. 7 a)).

IToctponm ma ctopomax C'B m AC Buemmne ksagpathi C'BB'"C” n
ACC" A", Coemnanm A ¢ B”, cm. puc. 7 6). [lo npusnaky paBeHCTBa Tpe-
yroabhnkoB (AB = BB'.CB = BB",ZABB" = ZCBB') tpeyroabunk
B'C' B pasen Tpeyroabunky ABB'. 3naunt, qanna C'B' MakcuMaiabHas, Ko-
rj1a MakcmMaabHa ginna B’ A, a oma MakcuMaabHa, pa3yMeeTcs, TOTa, KOT Ia
ZACB pasen 135°, cm. puc. 7 B). U npo C'A’ MBI OKaykeM TOYHO TaKOH XKe
pesyabpTaT, paccmaTpuBas Tpeyroabinku ABA” uw ACA’. Utak, MmakcuMmyMm

+ ﬂ(a—}— b).

nocturaercs npu LZACB = 135° u oka3bsiBaeTcsi paBHBIM
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MNZTN w

o B!
CII
Puc.7 a) 76) 7 B)

4. TITPOJOJNNKEHNE 3KCKYPCA-JUKBE3A U AHAJTUTUYECKUE
PEIMEHUA 3AJAY 9 1 10 KJACCOB

Mgur pemuaiu Bce 3agadn 2eomempuuecku. Pemienns 66T 0YeHb KOPOTKH-
MU (TpoaHAIM3NPYHTe: KAk /I0e COCTOANO He Goee, deM n3 cemn maros). Ho
Ha CAMOM Jlefie 3TH pellleHns odeHb HempocTo HauTu. [logTBepK 1eHneM TOMY
cayxkutT onelT LVI onumnua nei. 3agady 8 kiacca He pelruyg HE OJHH YeJOBeK.
3amady 9 kracca pelmmI TOABKO OMIH OHOIMA (HO He TaK, KaK OBIIO MOKa3aHo,
a AaHAJNTHYeCKW) W ellle OJNH [OHOIIA «IMOYTH» pelrna ee (06 DTOM MBI pac-
CKakeM 9yTh Tmo3xke). 3amady 10 kracca pemrmio menbire 10 mkonbaukoB. U
Cpejin peleHnil Julllb OTHO OBIIO TeOMeTPHIECKIM.

S xouy smech 06CYIUTH OMUH Ba)KHBIH Te3uc. Bce 2eomempuueckue 3a-
dauu mo2ym 6biMb PEUWEHBl YUCTNO AA2EOPAUUECKU, O3 uepmedNcel u AOnoa-
HUMEABHBITE NOcmMpoenut, max ckazams, cmandapmuo. Ipu smom npumepno
6 2/3 CAYUAAT AHAAUMUYECKUE PEUWEHUA CYUECTNEEHHO NPOUYE 2EOMEMPUUE-
CcKuz. ITOT TE3HUC 4 X049y NPOWMLIICTPHPOBATH CHOBA Ha MpHUMepe IBYX Tpe-
Tell HAIX 3aad, TodHee — Ha 3agadax 9 u 10 knaccoB. Ho cravana Mer
MOJKHEL ellle Koe-9eMy HayIHThCS.

Had4ueMm MBI, TOXKaNYH, ¢ CAMOW 3HAMEHUTON TeOPeMEl TeOMeTPHH: Teope-
Ml [Ingaropa.

TroPEMA 4. Keadpam 2unomenysvl pacen cymme K6adpamos Kamemos.

U cHoBa jlokaxeMm 3Ty TeOpeMy ¢ MOMOIIbI0 HOXKHHTII.

[lycTh kKaTeThl Hallero TpeyroibHuka paBHH @ n b. [locTpouM KBaapaT
ABCD co ctopoHott ¢+ b u HapucyeM B HeM YeThIpe TPeyroJdbHIKA, KaK 3TO
c/leJlano Ha puc. 8 a) Ha CJAeIyIOIell CTPAaHNIe.
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ITo npusnaky paBeHCTBa TpeyroJbHUKOB Tpeyroabuukn A'BB’', B'AC’,
C'DD', D'CA’ paBuBI HallleMy TpeyroJbHHKY M, 3HAYHT, MeXAy coboro. M3
TeopeMbl O CyMMe yIJIOB TpeyTrodbHHKa, KaK Jer' KO BIJeTh, BEITEKaeT, 9TO BCe
yrawl deTeipexyroabinka A'B'C'D’ paBnbr d. 3HavnT, 5TO KBajpaT, ero mio-
ma b paBHa ¢, IJe ¢ — JJINHA TUTMOTeHy3hl. BLpeskeM Temeph Hallll qeTHIpe
TpeyroabHUKa U NPUJIOKHM K KBajpaTaM CO CTOPOHaMHU @ 1 b, KaK MOKa3aHo
na puc. 8 6). I cpasy noaydaem toraa, uto a? + b* = 2. Teopema noxaszana.

b A’
“—C
a a
B/
b
b b
D/
a
A - D
Puc. 8 a) 86)

HamoMuwM TOMY, KTO 06 DTOM CJABIIIAT, H TYCTHh 3AaTIOMHAT TOT, KTO CJBI-
AT 06 3TOM BIIepBhIe, YTO 3TO OTHOIIEHNEe IPOTUBOJIEKAIIIEr 0 YIIY (¢ KaTeTa
K THTOTEeHy3€e Ha3hIBAETCS CHHYCOM YIia ¢ (sin ¢), a mpuiexanero — KOocu-
HyCOM yriaa ¢ (cos); mo onpegenennio, tg ¢ = sin ¢/ cos ¢.

TroPEMA 5. [lyems dan mpeyeoavnux ABC co cmoponamu a,b u c
(cam. puc. 9 na caedyoweti cmpanuye). Tozda umerom mecmo caedyrowue co-
OMHOUEHUA:

a b c ( )
= = MEOPEMA CUHYCO6E),

sinA  sinB  sinC P yeess;
¢* =a® +b* — 2abcos ¢ (meopema Kocunycos).

JTOKABATEJBCTBO. OnuitieM OKpPYKHOCThH BOKpYT Tpeyroabauka ABC|
nycth B’ — Tovka, cuMMeTpriHas B OTHOCHTEIbHO IeHTpa, cM. puc. 9. To-
rfa Mo TeopeMe O BIUCAHHOM YTJe U U3 ONpeJeJeHus CHHYca ToayTaeM, 9To
¢/sinC = 2R, 1. e. a/sin A = b/sin B = C/sinC = 2R, 9T0 n J0Ka3bIBaeT
TeopeMy CHHYCOB.

C npyroi cToporsl, onyctuM BeicoTy BD u3 toukn B wa AC (puc. 10).
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W3 Teopemnr [ludaropa, onpenesenns KOCHAYCa U CHAYCA W COOTHOIICHUS
sin? ¢ + cos? ¢ = 1 (caegylonero cpaszy onaTh-Takn w3 Teopembl [ludaropa),
noJfy4aeM TeopeMy KOCHHYCOB:

= (b—acos¢)’ + (asing)? = a?(sin® ¢ + cos® ¢) + b* — 2abcos ¢ =
=a’+ b - 2abcos ¢,

9TO n TpeGOBaJIOCL.

B

B/

Puc. 9. Pmnc. 10.
A Temepb gamuM anadumuueckue pemrenus 3agad 9 m 10 kraccos.

AHAJUTUYECKOE PEIIEHUE 3ATAYN 9 KIACCA. CM. pucyHok 11 Ha cae-
IYIOIIeH CTpaHuIe.
W3 TeopeMmul cunycoB ais Tpeyroabinka ABM mnoaydaew:

a b

sing  sin 30°
a U3 TOW JKe TeopeMbl s Tpeyroapuuka BMC moaydaem

b a

sin (90° 4 %)  sin (¢ + )

W3 »>Tux OBYX paBeHCTB CAeIyeT, ITO

2singcosy =sin (¢ + 1Y) => tge =tgy = ¢ = 1.
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(Mcnoab3oBanuch mpocThie COOTHOIICHNUS:
sin30° =1/2, sin(90° 4+ ¢) =cosy, ZLBCM = 90°+ ¢
1 BayKHOe COOTHOIIEeHNe, KOTOpOoe, BIPoYeM, HeTPYAHO J0Ka3aTh:

sin (¢ + ) = sin ¢ cos ¥ + cos ¢sin )

C

Puc. 11.

AHAJUTUYECKOE PEIIEHUE 3AAYM 10 KJIACCA. Cwm. puc. 12.

Nwmeem (Mo TeopeMe KOCHHYCOB): A B
|CB'|? = d* = a* + ¢* — 2accos(y + 90°) =
= a?® + ¢ + 2acsin Y, (i)

2 =a’®+b%— 2ab cos . (ii)

Ho mo Teopeme cumycon

b c A - B
—— = —— = csiny = bsin .
Snx ~ sno csin x sin ¢ (iii) A -
c
Sua+nt (u3 (i)-(iii)),
Puc. 12.

d?> =2a®> +b% + 2ab(sin ¢ — cos ¢).

Amnanorudno, d? =262 + a? + 2ab(sin ¢ — cos¢), rae d' = CA’.

O6a BLIpakeHHud JOCTHTAOT MaKCMMyMa B OJHOH Towke: ¢ = 135°, u60
sin ¢ — cos ¢ = V2 cos(135° — ¢),

a nocjefdHee BbIpaKeHne MaKCHMaJbHO MPpU ¢ — 135°. Tor,qa MaKCHMaJbHO€e
3Ha'1eHue

di+dy, = ((252+a2+2\/§ab)1/2—|—(2a2—|—b2—|—2'\/§ab))1/2:
= V2b+V2a+bta=(V2+1)(atb)=

_ V2HL oy

|OM|+ |ON 5
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3aada pelena.
He nmpaBjga am, anaanTnveckne u TeoMeTpHIeCKHe PEeIIeHns CHILHO OTIH-
qafoTCs (XOTsS 06a Ny TH BelyT K men)?

5. HEKOTOPBIE 3AKJAKYUTEJIBHBIE 3AMEYAHUA U KOMMEHTAPUU

O6cyXkTaeMbIMu TpeMs 3ajadaMyl He HCYePIBIBaeTCs TeOMeTpHuYecKas Te-
ma Ha LVI ornvnmnage. Tam 6bi1a mapbiruHCcKas («yTeUnTe bHANY) 3a1a9a B
9 kaacce. OHa mpolLIa XOPOIO, OBLIO TOCTATOYHO MHOTrO perterui. U Gbi-
Ja OYeHb MOHPABUBINAACA BCEM YYacTBYIOIIHM B oTGOpe 3a/ad ONfATh-TAKH
mapernHCKas («ocobo TpyaHasy) 3agava B 11 kracce:

Myxa aemaem enympu npasuibio2o mempasdpa ¢ pebpou a. Kaxoe nau-
MEHDULEE PACCTMOAHUE OHA MONCEM NPOAEMEMDb, UMobObl nobvi6ams Ha Ka-
ocdotl epanu U 6EPHYMbBCA 6 UCLOOHYIO MOUKY?

DTO — OYeHb cojiepiKaTelbHas U WHTepecHas 3aj1ad4a.

3ajlavyn ¢ TeoOMeTPUYeCKHME KOMIOHEHTAMHU OBLIN U MOMUMO Ha3BaHHBIX.
Ho Te 3amadu, koTopbie MBI pazbupadi, 0643 Jal0T OJTHON OCOGEHHOCTBIO: OHH
ABAAIOTCA cmandapmublmi, TaKUMHU, KOTOPHE COJep:KaTcA B CTaHJapTHRIX
y4YeOHIKaX, KaKne pelaioT B iikode. [lo ugee no6yo u3 HEX MOMKEH YMETh
pelaTh KaXK/bllil, KTo Jio6uT MaTemMaTuky. U To, 9TO Ha omummuase peiie-
HII OBLJIO COBCEM HEMHOI'O, CBHIETEIbLCTBYET: TeOMeTpiuYeckoe 06pasoBaHe
HaXONTCA B ymajgke. A yKaun!

MHe X0Tenoch MOKa3aTh CBOUM CJAyIIATEeNsiM, KAaK MaJo, B CYIIHOCTH, Ha-
[0 3HATh, 9TOOH HMETh BO3MOXKHOCTH PeIlaTh reoMeTpuiecKre 3a,/a4n Jaxe
TOU MOBHIIIIEHHONW TPYIHOCTH, KOTOpas XapakTepHa jus 3ajgad MockoBckoi
onuMnuabl. B Tedenne daca jJeKIuu MBI TPOILTH IYTh, KOTOPBIH TTPOJOXKIIN
nast nac Padgec, [ludarop, EBkaug u apyrue Haum gajgekue mpejiiecTBeHHE-
Ki, 1 106aBHJIN K TOMY ellle HeKOTOpPbIe CBe/[eHUs, CTaBIIne 0O1IeN3BeCTHRIMI
TonbKo B XIV Beke, Korjga 6vlia pa3BHTa TPUTOHOMETPHSI. A TOMHMO BCETO
5TOro (Ha MPOTSKEHHN OTHON TOJABKO JeKIHn!) MBI PEIINIH BCe TeoMeTpuye-
ckme (CTaH apTHBHIE, HO TPY/AHBIE) 3a1a9N OJUMINA B, TPHIEM [IBe U3 HUX —
aByMst ciocobamu. U (He 3HAI0, KaK MOUM CJIYIIATENSIM) MHE TPEICTaBISETCS,
YTO B PEIIeHUSX — W reoMeTPHYecKHX, I aHAIHTHYECKAX — OBLIO BCKPBITO
MHOTO KPacmBOr0, 3anoMuHawlerocs. Hudero takoro, o 1eM MOYXKHO OBLIO
OBl BOCKIUKHYTH: «Hy, Kak 10 »TOT0 MOXKHO J0rajfaThCaly, I BMECTe C TeM
BCe DTH 3a/[a9H COBEPIIEHHO HEeTPHUBHAJBHBI, OHU BEI3BIBAJIN GOJBIIOE «COMPO-
THBJIEHHUEY Jake Y TeX, KTO CYUTAJNCA TPH3HAHHBIM DKCIEPTOM MO DiIeMeH-
TapHOU reoMeTpuu. B 9acTHOCTH, HUKTO W3 HAC, OPraHM3aTOPOB, HE Hallen
TOTO MPOCTENIIero aHAMHTHIECKOTO pelllerus 3agaqn 9-To Kiacca, KOTOpoe
MBI TIPHBEJH.
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Ero «mouTwm» Hamren oguH MIKOABHUK, KOTOPBHI KPOMe 3TOH 3ajadqu
(pakTHYIECKN HUHYET O He C/efal, UMeN CIUIONIHbIE HyJu U ABa + (mo 3Ton
3a/1a4e U elre mo oaHoi). Takue paGoThl OGBIYHO He OYeHb BHUMATEIBHO
paccMaTpuBAKTCA MPU TOBTOpHOU mpoBepke. Ho 31ech mpomzotiea oco-
OBIN CcIy4dal: CTAPIINA MPOBEPSAIOMINN TOCTAPAJICH BHUKHYTh B CYTh jea
7 OGHAPY KW, 9TO OHOMA (PAKTHIECKH H00pacA N0 KOHIA (OH MOy <Iu
paBeHCTBO 2singcosy = sin(¢ + x), a 3aTeM ymen Ky1a-To B CTOPO-
Hy). A nanbine 6uIT0 06CY K JeHHE — CAEAYET AW OTMETUTh Ty paboTy
CTeNNATLHON TPEMUER 3a pellleHne OTIeAbHON 3agavn uian HeT. MuOruM
«TpoheCCHOHATBLHBIMY OJIUMITHAIIAM TO PEIIeHNEe Ka3aJ0Ch «HEOJUMITHI-
ckumy. Ho cmettmpemus Bce-Taku Gblia npucyxgeHa. O TOM, HaCKOJIbKO
«OJUMITNNCKOE MBIIIIEHNE» OTOPBAHO OT T€OMETPHUIECKOT O 00pa3oBaHus,
MOKAa3bIBAeT TAKOU (PaKT: ONUH U3 MoGeAuTelel- TeCATUKIACCHUKOB, He
PEIIMBIIAN TE€OMETPUIECKYIO 3a1a9y, BOCKJIUKHYJ, KOT a €My OBLIO TIPH-
Be/[EHO aHAANTUYIECKOE PEIeHne: «A pasBe KOr ga-HUOY b Ha OJMMIINA TaX
6BLIN 3a1avn, T e Ha 0 ObLIO TPUMEHUTH TEOPEMY KOCHHYCOBT»

Ko Bcemy mpodeMy MHe XOTeJIOChL JOHECTH IO cayliaTeneil ase mien. [lep-
Bas (MOBTOPIOCKH) TaKOBa: npumepro 2/3 seomempuueckur 2adau donycraiom
boaee npocmoe anadumuueckoe pewenue. Tax umo cmoum nommums o me-
opeme cunycoe u meopeme Kocunycos. W BTOpag: mpyduee 6cezo gopmani-
3ylomes U JONYCKAIOM AHAAUMUYECKOE PEWENUE 3A0AUU € OKPYICHOCTNAMU.
Ho Tam BakHeHIyio poib OpPH HX TeOMETPHYECKOM HCCAeJOBAHHH HIPaeT
3aMevaTelbHAA TeopeMa O BOIHCAHHOM yIJe, BOCXOAAIIAS K PoJoHaYalbHAKY
Halllell HayKW — MOHHICKOMY KYIIy U OJHOMY W3 CEMH MY/IPENOB IPEBHOCTH
— dainecy. OgHa U3 DEepPBLEIX TeopeM OKa3LIBaeTCHd He3aMeHHMO!

A B meJoM MHe XOTeaOoCh OBl BRIPa3uTh Hajgexkay, 9To LVI ormmmnnama
OLLIa NPa3 HUKOM U I8 TeX, KTO y4acTBOBaJd B Hell, U i TeX, KTO ee op-
FaHU30BLIBaI. A IMEHHO B DTOM H COCTOHNT Meab BCAKOH OJNHMINA B, HE TaK
au?
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JIOINOJHEHUE

Most nexmus mepen MKOJBPHAKAMI 3aKOHYHIACH CETOBAHMSIMH HA TPY/-
HOCTb aHATNTHYECKOT O PelleHns 3a/4a49 ¢ OKpyKHocTaMu. Ha camom ke mene
MHOT'Te I3 TaKNX 33,4 YCIEIHO PelIaloTCs € TOMOIIBIO KOMILIEKCHBIX THCEI.

B sTOM jJononHeHNH s X049y PACCKA3aTh O TOM, KaK MOMOTal0T KOMILIEKC-
Hble YHCJA pellaTh reoMeTpudeckne 3agadn. KoMmiekcHble qnciaa ceidac He
BXO/IAT B 06fA3aTENbHYIO [IKOIBHYIO MPOrPaMMy, MODTOMY CHadala CKayKeM
HECKOJIBKO CJIOB O CaMOM KOMILIEKCHOH MIOCKOCTH.

Komnaexeuvim wucaom Ha3biBalOT BbipakeHue Bujga a + bi, rpe a m b —
BellleCTBeHHBIe YHCIa, a § — CHMBOJ, y/IOBJICTBOPAIONINI COOTHOIICHNIO 12 =
= —1. Yncra @ u b HA3BLIBAIOT COOTBETCTBEHHO 6EUIECTNGEHHOT W MHUMOT
9aCcThI0 KOMILIEKCHOTO dncia z = a + bt ; o6osnavenns: a = Rez, b= Imz.

[TepeMHOKAIOT KOMILIEKCHbBIE 9HCA MO OOBIYHBIM MPaBUIAM PACKPHITHS
ck0GOK U TIpHBe/leHns N0 J0GHBIX WICHOB, 3aMeHss Kax /bl pas 2 Ha —1, T. e.
(a+bi)(c+di) = (ac—bd)+(ad+bc)i. KommiekcHble 9ncia MOXKHO Te1nTh (Kpo-
(ac+ bd) + (be — ad)i

c? + d? '

Yucno z = a — bi Ha3BLIBAIOT KOMNAEKCHO CONPANCEHHBIM K z = a + b1.

Me, pasyMmeeTcs, fnefeHus Ha Hyab): (a+b7) : (c+di) =

Yy Ecan BI6paTh qekapTOBY cCHCTeMY KOOPIH-
HaT, TO yCTaHaBJIWBaeTCAs B3aWMHO OJHO3HAY-
HO€ COOTBETCTBHE MEXKIY KOMIJEKCHBIMH 4YH-

B CIaMH I TOYKAMH ILIOCKOCTH : (a, b) — (a+ bi).
-
N [Ipn 5TOM yMHOXKeHNe Ha KOMILIEKCHOE YHCIO 2
o="°
) > npro6peTaeT TaKyl IeOMeTpPHYECKYIO HHTep-

npetaunnio. [lycTh r — paccTosinme oT z 10 Hy-
Jf, @ ¢ — YroJ, Ha KOTOPBIN Ha/l0 NOBEPHYTH
JyHd, COJepyKalIni MOJOKUTeNALHYIO BelllecTBeH-
Hyio noayoch {z | z = a4+ 0i,a > 0}, dTo-
OBl TOBEPHYTHIN Jyd Tpormen deped z (cM. puc. 13). YUnena r w ¢ Hasw-
BAlOTCA COOTBETCTBEHHO MOJyAeMm W apeymenmonm Hucia z (oGo3HAYEHUS:
r = |z|, ¢ = argz). 'eomeTpuveckyo NHTEPIPETANNIO YMHOKEHNS KOMIIEKC-
HBIX 9HCeN MOXKHO Tenepb cpOPpMyANpOBAThH TaK: NPU YMHONCEHUU KOMNAERKC-
HBIT WUCEA UL MOOYAU NEPEMHONCAIOMCA, A AP2YMEHMbBL — CKAADDI6 AIOMCA.
[Ipu >ToM B aHaim3e JOKA3BIBACTCA, UTO YHCIY 2 MOMXKHO NPHAATH TaKylo
dopmy: z = re'¥ = r(cos¢ + isin ¢).

IMoay4naach, Kak TOBOPAT, MOJEAb €6KAUA0601 NAOCKOCNU, TAe TOTKH
— DTO KOMILIEKCHBIE 9HCIa Z, @ CaMa IJMOCKOCTh — DTO COBOKYIHOCTH BCEX
KOMILTEKCHBIX ducen (o6o3nadaemas C). YpaBHeHHe OKPYKHOCTH B CHCTEME
koopuHaT Oy UMeeT BHI:

Puc. 13.
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A($2+y2)+28$+20y+D: 0,

rme A, B,C u D — BelllecTBeHHBbIe YHCJAA. DTO ypaBHEHHE B KOMILIEKCHOU
dopme npmHIMaeT BT (z = z + 1y):

Azz+ (B—-1iC)z+ (B+1iC)z+ D = 0.

YpaBHeHIe NpsSMOll, mpoxo/daiiei depe3 Todkn ¢ u (' (oTy mpsamyio obo-
snadaeM (') MOXKHO 3aJaTh ypaBHEHHEM

¢ =2) = (C=2) +2(¢C- ) =0;

ypaBHeHHe OKPYKHOCTH C IeHTPOM B { U pajgnycoM r nmeeT Buf (z — ()(z—
—() = r?%; ypaBHenue npaMoii, mapaiielbHoll npaMoil @z + az = 3 u mpoxo-
adiei depes Touky ¢, uMeeT BuJ az 4 az = al + a.

Ecam BB 3abuiin Kakyo-Hnbyab TeopeMy Wian (GOPMYJIY dAeMeHTapHOH
reoMeTpuH, fie 06A3aTEThHO NCKATH ee B yIeOHNKe — ee 0OBITHO JeTKO BhIBe-
CTH, NCTOJIB3YS KOMIIEKCHBIE Yncia (HaAo JUIlb BOCTOIb30BATHCS OCHOBHBI-
MU (pOPMY.TaMH TPHTOHOMETPHH W (opMyroil Diitepa: €' = cos i + i sin ¢).
BoT npumepn ABYyX BayKHBIX (DOPMYJ €BKJAHJOBON TEOMETPHHN, KOTOPHIE MBI
BEIBEJ[eM TaKHM CIMOCO60M (paHee OHM GLLIN BHIBEJEHBl T€OMETPHYECKH).

TEOPEMA KOCUHYCOB. JTa TeopeMa, KaK Mbl MOMHUM, BEIPayKaeT [IHHY
CTOPOHBI TPEYTOALHUKA HYepe3 JUIHHBI JIBYX APYTUX CTOPOH W YyTOA MEXKIY
HIMT.

[lisi BEIBO/Ta COOTBETCTBYIOIIEH (POPMYJILI HOoMecTHM Tpeyroiabauk ABC
cO cTOpoHaMu a,b uW yriom ¢ Mexjay HuMH Tak, 4106wl C = 0, A =
= be'¥, a B = a. Toraa

|AB]? = ¢* = |a — be'?|? = (a — be'¥)(a — be™¥) =
a’ + b* — 2abcos ¢ = |AC|* + | BC|* — 2|AC||BC| cos ¢.

[Toay4ynan Teopemy kKocmuycoB. B gactHOCTH, ecin ¢ = 7/2, moaydaem
meopemy Hugpazopa: c* = a® + b2,

TEOPEMA CUHYCOB. OHa JaeT BO3MOXXHOCTH BHRIYHCIHTE [BE CTOPOHEK
TpeyToJbHIKa, 3HAs TPEThIO CTOPOHY W [ABa yria NpH >TouW cTopoHe. [las
BBIBO/[a (DOPMY.JIBI ONuileM BOKpYT Tpeyroabinka ABC OKpyKHOCTH (MyCTh
ee pajnyc R) u momMecTnM Hy.Jb B IeHTp okpyxkHocTH. Torga A = Re'¥1, B =
= Re'2, C' = Re'¥s u, crejoBaTerbHO,

|BC|2 — RQ|62’¢2 _ 6i¢3|2 — RQ(eW? _ ei¢3)(e—i¢2 _ e—ws) —

= 2R*(1 — cos(¢g — 3)) = 4R?sin? %
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Utak, |BC| = 2Rsin A, ananorugno |AC| = 2Rsin B, |AB| = 2RsinC, ot1-
Ky/Ja 1 cleIyeT TeopeMa CHHYCOB:
sinA _ sinB _ sinC
a b ¢

B gactHocTn, ecan a = b, nonydaem meopemny Paseca (cM. BbIlle Teope-
My 1): B paBHOGEIPEHHOM TPEYTONBLHUKE YT TPH OCHOBAHNUN PaBHHI.

Mepr npuobpedu eiiie OJIMH, «(KOMILIEKCHBINY, K04 pelleHus TeoMeTpuye-
ckux 3amad. Ho mpex e 1eM TpoaeMOHCTPUPOBATDH, KaK MOTL30BATHCA DTHMA
KJI09aMil — JeKapTOBBIM W KOMIJIEKCHBIM, — BBITIUIIIEM HECKOJBKO MOIE3HBIX
cooTHolleHnit. Mbl popMyaupyem ux B Buje HECKOIbKHX yTBepxkKjaeHui. [/lo-
Ka3aTeJlbCTBa UX COBEPIIEHHO DJeMeHTAPHBI U MPeNOCTABAAIOTCA YUTATENIO.

Ho cmavana nBa o6o3madenns. IlycTh 21, 29,23 — TPH KOMIIEKCHLIX YHCIA.
Bripakenmue
21 — 23
(Zh 29, 23) =
22 — 23

Ha3bIBaeTCsA NpocmbiM OMHOWEHUEM DTHX THCEJ. Ecan xe Z1: 22,23, %4 —
JeTBepKa pa3JuIHbBIX KOMIOJICKCHBIX IHUCeJJ, TO BhIpaKenune

21 —Z2Z3 21 — Z4

(ZI7Z27Z37Z4) = .
29 —Z3 22 — Z4

(T. e. OTHOIIEHNE MPOCTHIX OTHOWIEHUT (21, 22, 23) U (21, 22, 24)) Ha3bIBaeTCH
Jd6 0linbLM OMHOWEHUEM DTUX TUCE.

NwMeroT MecTo caeayoline COOTHOIIEHUA W POPMYTHI:

1. /las Toro 9TO6BI TOUKHN Z1, 29 H Z3 JEKAJAHW Ha OJHON MPIMOH HEOOXO-
AUMO W JOCTAaTOYHO, IYTOOH

(ZI7ZQ7Z3) = (21722723) (1)

(nHavYe TOBOPS, 9TOOKI MPOCTOE OTHOIIEHNE (21, 22, 23) OBLIO BEIIECTBEHHBIM ).

W eme onxna ¢popma Toro xe otnomtenus. [las z = z + iy, w = £ + in

obosnaunm det{zw} = an — £y. Touku zi, z9, 23 JeKAT HA OJHON TMPAMON
TOTIa U TOJBKO TOT A, KOT,1a

det{z122} + det{zo23} + det{z223} = 0. (2)

IDTOT (paKT BHITEKAeT M3 TEOMETPHIECKOrO OIpeeNeHHs TeTepMHHAHTA:
det{zw} ecTh He 9TO WHOE, KAK OPHEHTHPOBAHHAS IJIOIIA /(b A PAJLIeNOT paM-
Ma, HaTaHyToro Ha BeKTopul Oz n Qw. C y4eToM 5TOro 3aMevanns HaluCaH-
Has (popMyJaa O3HaIaeT, 9TO CYMMa OPHEHTHPOBAHHLIX ILIOIIAEH TPEYTOdb-
HukoB Oz 29, Oz9zz n Oz3z1 paBHA HYJIIO.
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2. /lasi Toro 9TO6K YeThIpe TOUKH {21, 29, 23, 24 } J€XKAIH HA OJHON NPSIMOT
WU OKPYXKHOCTH, HeOGXOANMO W JOCTATOYHO, YTOOLI [BOWHOE OTHOIIEHHEe
(21, 22, 23, z4) OBLIO BeIIECTBEHHBIM.

3. Ecam z — Todka mepecedenns KacaTedbHBIX B Toukax ( n (' euauanOm
OKPYKHOCTH, TO

L2
IRVIERVE

(nmadve: z ecTh cpeanee rapMmonndeckoe ¢ u ', kotopoe 6yjeM 0603HaYATH

7(¢:¢) (puc. 14)).

(3)

Puc. 14. Puc. 15.

4. Ecin Ha eIHHIYIHON OKPYKHOCTH |z| = 1 pacnosokeHbl 4eThIpe TOYKH
a, b, c, d, To ToUuKy € mepecedenus npsMuix ab u cd (cM. puc. 15) MOXKHO HalTH
mo popmyae
(a+b) — (¢+d)
ab—cd

(4)
5. YpaBHeHHe CpeInNHHOI'O nepHneH INKYyJasipa K OTPe3Ky [Zl7 ZQ] nMeeT BUI
2(22—21)+2(ZQ—21) = |ZQ|2—|21|2. (5)

6. lleHTp OKPY:KHOCTH, IPOXOAAIIEN Yepe3 TOUYKH 21, 22, 23 HAXOIUTCS U3
ypaBHEHHUN

2(Z—7)+2(22—21) = |2)* — |21, 2(23— 22) + 2(23 — 22) = |22 — [ 22|, (6)

2 2
Zl| Z9 — |ZQ| 21
[Ipu z3 monyvaem z = —————.
2221 — Z1%22
7. Ecain Ttouku A, B u D jexaT Ha eIWHUYHOU OKPYKHOCTH U a,b,d —

COOTBEeTCTBYKOIINEe MM KOMIJIEKCHBIE THCJIa, TO YHCJAO 2z, COOTBeTCTBYIOIlIee
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OCHOBAHUIO MEpHeH MUKYJAfpa, ONylIeHHOTo u3 Toukn ) Ha npamyto AB, onpe-
nenfgeTcs paBeHCTBOM:

z=(a+b+d— abd)/2. (7)

[lepen Tem, Kak mepexoquTh K PElIeHNIO 32 /1a4, BCIOMHUM OJHY 3a0aBHYIO
nctopuio. B 1960 rogy Buiten naTeiii ToM «MaTeMaTn1ecKOro NpoCBeIeHnsy,
mpe/iecTBeHHIKa HacTodAllero u3fanns. B sTom ToMe 6nlia onybankoBaHa
nporpaMMmuas ctaThd Hukoas Byp6akn «ApxuTekTypa MaTeMaTHKN», B KOTO-
poll MAaCTUTHIN yYeHbI (Ha caMom jgere Byp6aknm — 5To MCeBIOHNM TPYIITHT
(PaHIY3CKNX MATEMATHKOB) PACCyXkJaJ O TOM, KaK yCTPOeHa MaTeMaThKa
B neqom. [locaenuss gppasa cTaTbn B mepeBojie 3BYYUT TakK: «ITO [pedb ILra
06 aKCMOMAaTHYeCKOM MeTO/le] — MUTATeNbHBIN COK OpraHu3Ma B MOJHOM ero
Pa3BUTHH, MOJATJINBHEIN U MJIOJOTBOPHBIN HHCTPYMEHT HCCJAeJIOBaHUS, KOTO-
PBIll COBHATENBHO UCHOJB3YIOT B CBoell paboTe, HaumHas ¢ l'aycca, Bce Bedn-
KIe MBICAUTEeNn-MaTeMaTuKH, Bce Te, KTO caeays gopwmydae Jlexxena /upuxie
BCET/Ia CTPEMUINCH ,, €U 3aMEHUTH BLITHCICHUAME . )

CyXjeHue O BeJUYNH aKCHOMAaTHYeCKOr0 MeTO/Ma 3aMedaTelbHO XOTs Obl
yKe 10 TOW MPOCTON MPHYNHE, 9TO 3a MPOTHBONOIOKHYIO NTel0 (BBIPAKEH-
HYI0, CKaYKeM, B TaKO (popMe: «BCe BeJHKHe MBICANTEeNH-MaTeMaTHKH, HA9H-
Hat ¢ HboToHa, 3aHNMAaMNCh KOHKPETHBIME 3a/[a9aMi, a He aKCHOMaTH9eCKOn
IeTYXOM» ) MOYKHO TaKyKe YBEPEHHO JepKaThCs, KaK 3a 6e3yCAOBHYIO HCTHHY.
Ho B HamucaHHOM BBICKA3BIBAaHHH €CTh ellle OJNH MHKaHTHBIN HIoaHC: caM [lu-
pHUXJie BEICKA3aJd HEITO 6 MOUHOCTU NPOMUEONOAONCHOE: COTITACHO HEMY HA 10
(BLITUCJICHUS 3aMEHATEH UdeAMU»!

Ho mue xodeTcs (B mpuMeHeHHN K MOeH CKPOMHON MHeJn) MO[AepKaTh
MepeBOYNKa: MPH PEIIeHNH OrPOMHOTO YHC/Ia TeoOMeTpHYecKuX 3agad (Bo3-
MOYKHO, He BCeX, HO DTO, KaK TOBOPUTCS, He MOKA3aHO), HAPSALY C «ITeHHBIMY
pellleHneM, T'je TPHCYTCTBYeT BOOOpakeHne, TBIKeHNe, OTPAaKeHne U BesiKas
mpodas reoMeTpuYeckas KpacoTa, CylIeCTBYeT PYTHHHOE, Ge3hlIeHHOe, CKY Y-
HOe pellleHne, B KOTOPOM U el 3aMeHSAI0TCS TPOCTHIMHI BhYucaeHusMu. U 1o
TOXe TOJe3H0 UMeTh B BHy!

BoT BaM HeckobKO MpPHMEpPOB TAKNX pellleHnil 3a/ad, CBA3AHHBIX C U3-
BECTHBRIMH WJIW Jake BEJHKHMH HMEHAMH.

3A0A4YA HBIOTOHA. B onucanHom 0KOA0 OKPYICHOCIU UEMBIPELY20.4b-
HUKe cepedunbl QUazoHAIET KOAAUHEAPHDB (M. €. A€NHCAM HA 00HOT NPAMoT) ¢
yenmpom oxpyxcrocmu (puc. 16 na c. 43).

[IpAMAA DUAEPA. B 11060M MPEY20AbHUKE YEHMP MANCECTU MPEY20.0b-
HUKA, €20 OPMOYEHMP U YEHMP ONUCAHNO20 KPY2a A€dcam Ha odnot npamoti
(puc. 17 ma c. 43).



OunuMnua bl # TeOMeTPHS 43

C=0 B=a
Puc. 16. 3agaga HeroToHa. Puc. 17. Ilpamas Suiepa.
A
D
F
Puc. 18. Ilpavas CummcoHa. Puc. 19. Ilpamas I'aycca.

Puc. 20. Teopema Ilackaus.
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[TpamMasa CUMIOCOHA. lycmb u3 mouku, pacnoaoiceHnot Ha OKPYHICHO-
CMU, ONUCAHHOUT 0K0A0 MPEY20AbHUKA, ONYUEHDL NEPNEHIUKYAAPL HA €20
cmoponwvt. Toz2da ocnoeanus amur nepnenduKyaapos aexrcam na odnot nps-
moti (puc. 18 ma c. 43).

[Tpsamasa avceca. yems ABCD — 6epuiunbl npou36oabH020 YEMbBIPET-
yeoavuuka, 1 — mouxa nepecevenus npamvir AB u CD, I — mouka nepe-
ceuenus npamvlr BC uw AD, M — cepeduna AC, N — cepeduna BD, O —
cepeduna FF. Toz2da mouxu M, N, O aexcam na odnot npamoii (puc. 19 wa
c. 43).

TeEOPEMA IIACKAJNA. Touku nepeceuenus npAMbix, COOEPAHCAUUT NPO-
MU6 ONOAONHCHBIE CINOPOHBL 6NUCAHHOZ0 6 OKPYHCHOCTMD ULECTNUY20AbHUKA, A€E-
acam na odwoti npamot (puc. 20 na c. 43).

Kakoe 6aumcTaTenpHoe cO3Be3jie HMeH, Kakoe BeJHKOJeNHOe coOpaHme
reomeTpudecknx MiegeBpoB! [lonpo6yiiTe pemuTh >TH 3a1a¥n TeoMeTpHtIe-
CKU, 3aMeHfAsl BHIYHCJIeHUuS ujesiMu. Ecam BaM DTO ygacTcs, BBl ONYYHTE UC-
THHHOe HACJAaXKIeHne.

Ho Tex sHaHW#, KOTOPHIMU MKl OBJajell B TedeHHe CTOAb KOPOTKOTO
BpeMeHH, Tex (GPOpPMYJ, KOTOPhEIe yMEIIAITCAs Ha MOJOBHHE CTPAHUIBI, OKa-
BBIBAETCS MOCTATOYHO, YTOOHI Cpa3y MOHATH, KAK PeliaTh Bce DTH 3a,a4l, a
JTOBeleHne feja M0 KOHIA CTAHOBHTCS NMPEeIMeTOM HECJTOXKHOU TEeXHUKH.

B sagave HpioToHa ecTecTBEHHO BOCMOMB30BaTHCS popmyton (3):

G = 7(z1, 24): G2 = (21, 22): (3 = (22, 23): Ca = v(z3, 24)-

A nanee mas Touex (C1+(3)/2, 0, (2 + C4)/2 npumennts Gopmyay(1l). Ecan
XOTHTe, DTO (HJes», a Telepb — BLMACIeHnA. [IycTh ¢ — yroa Mexay 2z u
29, (3 — MEKJIY 29 W 23, ©3 — MEKIY 23 M z4. He orpanuyanB cebs B OBGIUIHOCTH,
cunTaem, 4To 21 = 1. Umeem:

G+¢  (1+ 6—i¢1)(e—i(¢1+¢2) + e_i(¢1+¢2+¢3))
G2+ Ca (14 e—i(¢1+¢2+¢3))(e—i¢1 T e—ilertea)
€os ¢1/2 cos ¢3/2
cos(¢1 + €2+ ¢3)/2cos gy /2

B zamade Dinepa pellleHne CHOBa HampaliuBaeTcs: nmomecTum Todky C
B Hadajgo KoopamHaT, ctopony AC mycTum mo BeliecTBeHHOU ocu. Torma
B = a, A = be'¥. Bes 0cobhIX ycuanil B HaljfeTe KOOPAUHATH W IMeHTpa

TSKECTH, U NEeHTPpa ONHCAHHON OKPYKHOCTH M OPTONEHTpa: MeHTP TAKECTH
bcos¢ + a+1bsing

(3= 3 , opronenTp (1 = bcos¢g+i(a—bcos¢)ctgy, nentp
a b—acosg
OTMMCAaHHOTO KpyTa (o = 54—22-7. N ocTtaneTcss TONBKO MTPOBEPATH, ITO
sin ¢
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BCe OHH JeXKaT Ha Orl[HOﬁ HpﬁMOfI. Bes ocoboro Tpyda 9uTaTeNb JOKaxKeT, 9TO
G —Gs

=2.
G2 —Gs

B samade ['aycca mamo Tpuxkasr — mis Todek M, N, O — Bocnoab3o-

BaThCs POPMYJION (2) M MOTOM BOCTONB30BATHCS POPMYIOH (2) i deThIpex
TpPOeK TOYeK, JeXKallnX Ha OJTHOU MPAMON.
[Toxpo6ree: 3anucaB Berpaxkenne (2) mis todek M, N u O, noxydum

det{(A+C)/2 (B+ D)/2}+ det{(B+ D)/2 (F+ F)/2} +
b det{(E+ F)/2 (A +C)/2} = %(det{AB} + det{CB} +
+det{AD} 4+ det{CD} + det{ BE'} + det{ DE'} +
+det{ BF} + det{DF'} + det{ EA} + det{FA} + det{ EC'} + det{ F'C}),
a fajee HYKHO BOCIONB30BAThCS (POPMYJION (2) 11 Tpoek

{A,B,EY,{C,B,F},{A, D, F},{C, D, E},

KayK/1asg U3 KOTOPLIX NPHHAICKHT OJHON NMPAMOI.

Mg perenus 3agadn CHMICOHA HAIO0 TPHKABI BOCIOAB30BATHLCA (POPMY-
non (7) m 3aTem — opmyaon (1).

Hakowmen, aus jJokazaTeabcTBa TeopeMbl [lackanas Bocmoab3yeMcs popmy-
non (4):

B_a—l—b—(d—l—e) E_b—I—c—(e—l—f) __c+d—(f+a)
- ab—de N be—ef 9= cd— fa
CaeoBaTeqbHO,
h—k
— €R,
k—g

TaK Kak a = 1/0, nT. I. ,HJIH 3aBeplIeHns T0Ka3aTelbCTBa OCTaeTCsa IIpuMe-

HATH hopmyay (1).
W Begb Bce HamM XoABI a6CONIOTHO HAPalIMBAOTCA, He TaK Ju7

PosT scripTUM

He xoTen 651 CKPBIBATH YAOBIETBOPEHUA OT TOT O, YTO HaMMMCaHHOE MHOIO «/lomoa-
HEHHUe» BIOXHOBUJIO TaKOT O uncToro ['eomeTpa, kak Hukonan Bopucosu+ Bacuabes,
donoanums «/lononHeHNeY UBAMIHBIMA AHAAUMUUECKUMY PEIIEHAAME TBYX KPACHBBIX

reoMeTpUYecKuX 3aa4!
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Mger Bugenn, Kak MHOTHE TPYAHBIE KJACCHIeCKNe TeOpeMbl MIaHuMeTpun
BBIBOIATCA OoJiee WA MeHee aBTOMATHYeCKUMHI MaHUTYAATNAMA C KOMTLJIEKC-
HBIME 9uciaMu. Elle ecTecTBeHHee KOMILIEKCHBIE YHCTa NPUMEHAIOTCA B TeX
3a/lavyax, B TeOMeTPUIeCKUX PelleHlAX KOTOPbIX NOMOTaloT pa3jnvHble Teo-
MeTpudeckne nmpeobpa3oBaHud: Bellb 2 — 12 — DTO MOBOPOT HA MPAMOU YoM,
Z — az TNPHU BelIeCTBEHHOM ¢ — T'OMOTEeTHS ¢ KO3(P(PUINEHTOM ¢, TPH KOM-
NJIEKCHOM ¢ — KOMTO3WINS TOMOTeTnH n moBopoTa (¢ menTpom O), n Tak
nmamee. Ho BMecTo TOro 4To6LI pa3BUBAThH DTY TeMY, — OHA 3aCAYKNBAeT OT-
MeJBHOU CTAThU N JaKe KHIKKH, — MBI BaKOHYNM IpHMepaMu JIBYX 3ajad,
mpe/IaraBIInXcs Ha onuMIuafax Becaonn 1997 roma, ¢ KOTOPBIME CIPABHJIOCH
JUITh HECKOTBKO YYaCTHHKOB. Mex a1y TeM, juist J0GHTeNel BCe MpeBpallaTh
B BBIYHCAEHNUSA C KOMIJEKCHBIMU YUCJIAaMHU OHHM He COCTaBUJIU OB HHKAKOTO

Tpynaa.

1. (LX Mockosckas mamemamuueckas oaumnuada, 10 kaacc.) Kaxkigyio
CTOPOHY N-yTOJBHHKA B Ipoliecce 06X0/la MPOTHB YaCOBOU CTPEAKH PO IOJ-
kuan Ha ee manHy. OKazajgoch, 9TO KOHIBI MOCTPOEHHBIX OTPE3KOB CAYKAT
BepINHAME MPAaBHJIBHOTO N-yroJbHuKa. [JoKaXKuTe, 9TO HCXOMHBIN N-YTOJb-
HUK — TOXe TPaBUIbHBII.

Pettenne. MoKHO cY4UTaTh, 9TO BEPIIHHBI MOJYY€HHOTO N-YTOJbHHKA —

Toukn 1,¢,¢%, ...6""! Ha KOMIIeKCHON TMIOCKOCTH, T/le € — KOpeHb n-il cTe-
nenn w3 1 ¢ aprymentom 27 /n (wan —27/n ), T. e. € = >/ wim £ = ¢~ 27/",
[lycth 29, 21, .. .2,—1 — BEPIINHBI HCXOTHOTO MHOTOYT OJbHAKA, MPHTIEM Tep-

Bas BepIIHA HOBOTO MHOTOYTOJNBHMKA — TOYKa 21 + (21 — 2z9) = 1. Torga n3
YCJAOBHS MOJydaeM TAaKy «MHKJIHIeCKYIO» CHCTEMY ypaBHEHUI:

22’1—20:1,222—21 287223—22252,...,

..... 220 — 2, = ™71,

22y, — 2p1 = €°, 2241 — 21

YMHOXKWUB DTH ypaBHEHUS ITOCAeTOBATENLHO, HAaYWHAA € TEPBOrO, Ha THCTA
1,2,22,...2"7! u croxuB, moayanm zo(2" — 1) = 14+2e44e? 4. f2n-lgnl,
Ecan e yMHOXITH X Ha Te 3Ke YncJIa, HAYWHAS ¢ k-TO ypaBHeHUs (MO MUKy
— 3a n-M cIefyeT TmepBoe, Tak 9TO mocienunm 6yret (k — 1)-e), moxyaum —
VIATHEIBafg, 9T0 € =1

202" = 1) =" (14 2e + 42 4 - 527717,

Taxkum o6pazom, z; = ek 2o (ms k= 0,1,...,n — 1), oTKyja ciIeiyeT, 9TO
HCXOHBIIT MHOTOYTOJbHUK — TMPABUJIBHEKIN.

2. (I Copocoecrasn oaumnuada, emopoii (ounwiii) myp, 9 xaacc.) Buytpn
Tpeyroabianka ABD nexut Toika C. U3BecTHO, 9TO Tpeyroibiuk ABC —
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IpAMOYTOJBHBIN U paBHOGEIpeHHBII, ¢ TunoTeny3oi AB = 2, u uto CD = 1.
Ha nyd4e, mpoBegentom u3 Touku C, nepneHuKyaspHoM oTpe3ky AD u ero
nepecekaotiieM, oTaoxen orpe3ok C'K = AD. To4yno Tak ke, Ha Jy4e, TPOBe-
neHHoM u3 Touku C., mepneHuKyJaspHOM oTpe3ky BD u ero nepecekaroliem,
otnoxken orpesok CM = BD. Jlokaxkute, ato Toukn K, D, M nexat nHa
OJTHOM TIPSMOTH.

Petienne egBa num He kopode ycioBus. Bygem 0603Ha49aTh KOMILJIEKCHBIE
qmCaIa, COOTBETCTBYIOIINE TOYKAM, TeMn JKe (HO MajleHbKUME) 6ykBaMn. by-
JIeM c9uTaTh, 9To ¢ =0, a = —1 — i, b =1 — i w yurewm, uTo |d| = 1.

Torma

k—d=i(d—a)—d=d(i—-1)—a=(d+1)(i - 1),
m-—d=—i(d-1)—d=—-d(i+1)+bi=(1-d)(i+1),

1 JerkKo yBuaeTh, 9TO OTHOIIEHHEe OTUX NBYX YHCeJ BeIIeCTBEHHO, MOCKOJALKY

ecan |d| = 1 — 1. e. d nexuT Ha OKpYyXKHOCTH ¢ AnameTpom [—1,1], — To
otromenne (d+1)/(d—1) 9ucto MEHEMOE (BeIb YyToJ, O KOTOPHIM U3 TOYKH
d BUIeH ImaMeTp, — TpsAMOH. Bmpodem, KOHIOBKY TOKe JErKo MPOBEPHTH

BbBIMHUCJAeHnEeM, He IIpUBJAeKas I‘eOMeTpI/IIO.)



