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KoMMyTupytomme MHOT OXLIeHbI

B. O. Byraenxo

Hanm pyakuusaMu, Kak 0 HA T IUCAAMA, MOXKHO MPOU3BOINTL apudMeTHIe-
CKHe oTlepalnn — cjloXKeHue n ymMHOxKeHne. QTHAKO, KpoMe DTHX JABYX MpH-
BRIYHKIX OTlepalliii, Ha MHOXKeCTBe (PYHKIINI, B OTJINYNe OT MHOYKECTBa YHCE,
CyHIIeCTBYeT ellle Of[HA — omepalus Komno3unuu. HanmoMunM: Komnosunuen
IBYyX GyHKINN f W ¢ HazwIBaeTcs PyHKIHUA f 0 g Takas, 9TO

def

fog(e) = flg()).

Bygem npugep:knBaThes caeAyoImnx 0603HaAY€HI.
ToxmecTBennyio gpyuknnio 6ynem oboznadaTh id (ToxkTecTBeHHAS (DYHK-
unsi onpenensercs paBeHcTBoM id(z) = ). Onepaunio Bo3BejJeHNs B CTENEHb

6y,1[eM paccMaAaTpUBATHG OTHOCHTEJALHO OIlepallid KOMMIO3UIINHN, a He YMHOXKe-

n def
HHS, KaK DTO OOBIMHO fenaeTcs, uMenHo f* = fo---o f mis aoboro naTy-
RO —

n pas

paibHoro 4ncia n. Mol 6yjgem o6o3nadats f~! obpamuyo @ynryuio K Gynk-

nun f, T. e. Takyio, uTo f~lo f = fo f7! = id (ecam oma cymecTnyer).
EctectBenno, f~" def flo-wiof7t, 0 def id. BosBegenne dynkunu f(z)
.

n pas
B 1-10 CTeNeHb B OOBIYHOM CMBICIe MBI 6ynem o6o3HavaTh f(z)".

Omeparnns koMno3nunn objagaeT eCTeCTBEHHRIM CBONCTBOM acCONMATHB-
HOCTH, T. e. s JIoOLX pyHKuni f, g n h cipaBeinBo paBeHCTBO (fog)oh =
= fo(goh). OgHaKo TPNBEIYHOE CBONCTBO KOMMYTATHBHOCTH [JIsi KOMITO3M-
Inu B OOIIeM ciIydae He BHIMOJHAETCS; KOMIO3UNnu f o g u g o f, Kak mpa-
BILJIO, SIBASIOTCS pasandubiMu (pyakunsmu. Hampnwvep, ecim f(z) = 2+ 1, a

g(x) = 2%, 10 f(g(a) = 2+ 1, a g(f(2)) = a® + 22 + 1.

Jlisi HeKOTOPHIX Map PYHKIHE paBeHCTBO

fog=gof (1)

BRIIOMTHSETCA. B TakoMm caydae pyHKIUE f U ¢ HA3KIBAIOT KOMMYMUPYIOUUMLU.
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OdeBniHo, PYHKIUN f U ¢ ABJAAIOTCS KOMMYTHPYIOMIMMI B KayKIOM W3
CACYIONINX CAYIaeB:

a) f(z) = g(z);

6) f(z) =z 4+ a, g(z) =z + b mus npousBoALHKEIX Uncen a n b;

B) f(z) = az, g(z) = bz n1s MPOM3BOJBHEIX 4ncen a n b;

r) f(z) = 2%, g(z) = 2° p1a Mpom3BOALEEIX uncen a u 3;

n) f(z) = h™(z), g(z) = h™(z) nas HekoTOpON PyHKIHN h 1 neaLX (ecan
dynkuns h HeoGpaTHMa, TO MOJOKNTEABHBIX) THCET M U N.

BriBaeT Tak, 9TO 3aMeTHTh KOMMYTHpOBaHHe JABYX (PYHKIHH 6e3 Hemo-
CPe/ACTBEHHON NPOBepKH HenpocTo. [IpuMepoM TakuX (GYHKIHN SBAAOTCH
MHOTOWIeHH 22 — 2 m z° — 3z.

SIBjeHNe KOMMYTHPOBAHUSA BCTPEYaeTCs TOCTATOYHO PeJKO, W €CTeCTBeH-
HBIM AIBJAAETCS BONPOC ONMCAHUSA BCEX TaKUX CAydaeB, XOTS OBl I MHOTO-
4JIeHOB. DTa 3ajada 6blaa chopMyaupOBaHa ellie B Havaje BeKa i MOJHOCTbIO
pemrena /[:k. Puttom [1]. [lozanee mosBuioch MHOXKecTBO pabot [2, 3, 4],
rje npeaiaraiuch pa3JudHble JoKa3zaTelbCTBa >ToH Kiaaccudukannn. OgHa-
KO BCe OHN HedjaeMeHTapHbl. Tak, ncxoqHoe foKazaTeabcTBO PuTTa nenoabso-
BaJiO TONOJOTHYeCKHe CBONCTBAa PUMaHOBBIX MOBepXHOCTel, a pabota /lopes
u Yoimica [2] ocHOBaHA Ha TeOPHN HOPMHUPOBAHUI MOJEH.

DJeMeHTapHOe [TOKa3aTelhCTBO KIACCH(PUKANNE KOMMYTHPYIOUINX MHO-
TOYJIeHOB He W3BECTHO M0 cux mop. B 1977 roxy mkoabHAKAM — y9acTHUKAM
X1 BcecorozHoll oMnMIna bl 10 MaTeMaTuke — OBLIO MPeII0KeHO pa3obpaTh
HECKOBKO YaCTHBIX CAydaeB 3TOH Kiaccudukanunu. BoT kak (opMyanpoBa-
Jach 3ajava, MpeIIoKennas yIacTHNKAM OJUMIINA TH.

Muvi 6ydem paccmampueams MHO20UAEHBL OM 00HO20 NEPEMEHHO-
20 x co cmapuium Koadpuyuenmom 1. Bydem 2o6opums, umo deéa ma-
kuz muozoutena P u Q xommymupyiom, ecau muozoutenst P(Q(z)) u
Q(P(z)) moxcdecmeenno pacuvl (M. €. NOCAE packpvimus ckobox u
npueedenus k cmandapmuomny 6udy 6ce KoOIPGPuyUeHmMbl IMUT MHO20-
u1en06 cosnadaom).

a) Jas wancdozo uucaa o naiidume 6ce muozousenvt () cmenenu He

6bIULE MPET, KOMMYyMuUpYlOwuUe ¢ mHozowienom P(z) = z? — a.

6) llycmv P — mnozcounen cmenenu 2, k — namypaavrnoe wucao. /o-
KaJcume, 4mo Cyuecmeyem ne 6o4ee 0dH020 MHO20UAEHG cmenent k,
Kommymupyowezo ¢ P.

6) Haiidume muozoutenvt cmeneneti 4 u 8, Kommymupyiowue ¢ danuslmu
MHO2O0UAEHOM CTNENEHY 2.
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2) Muozouaenvt Q u R xommymupyiom ¢ odnum u Mem HCE MHO20-
ugenom P emenenu 2. Joxancume, umo onu KoMMymupyiom mencdy
coboi.

d) Jdoxaxcume, umo cywecmeyem 6eCKOHEUNAS NOCAEJO6AMEABHOCTD
muo2ouaenoe Py, Ps, Py, ..., Py, ..., 2de P, — mnozouaen cmenenu k,

6 Komopoti .0bbie dea muozouiena Kommymupyom u Py(z) = 2% — 2.

B 1979 roxy B :xypuage «<KBaHT» 6Bl1a onyoankoBaHa ctaThd U. fIHTapo-
Ba (mceBgonnm U. H. Bepumteiina) [5]. B Hell pemanack moHOCTHIO 3aKada
Bcecotosnolt omuMnua b, W Mpeliarajioch HECKOJIBKO BOIMPOCOB, DIeMeHTap-
HbIe OTBETH HA KOTOPHIE OBLIN Hem3BeCTHLI. QOMHAM U3 TAKWX BONPOCOB OBLI:
NP KaKWX 3HAYeHUAX « CYUIECTBYET MHOTOUJIEH HEYeTHON CTemeHn (BhIlie
nepBoii), KOMMYTHDPYIOUNINN ¢ MHOTOYIeHOM z2 — a? dakTuveckn, >TOT Bo-
MpOC paBHOCHJEH KIacCH(pUKANNHA BCeX Map KOMMYTHPYIOIINX MHOTOYJIEHOB,
OJIMH W3 KOTOPHIX HMeeT CTeleHb 2.

O6uiyto 3a1a4y MOXHO CPOPMYyIHPOBATh TaK.

SA,E[A‘{A KIACCUPUKAINN KOMMYTUPYIOIINX MHOTOYJEHOB. ﬂ(/lﬂ
dannozo muozousena P naiimu ece KOMMYMUpYowue ¢ Hum MHO204AENDL.

Mper (He genast cnennaibHEIX OrOBOPOK) GyeM paccMaTpHBATh JHIIb MHO-
FOYJEeHB HEHYJIEBOU CTeleHH.

ABToOp HacTOsIIEN CTATHU 3AHAJCH PellleHneM 3TOH 3a 1a4qu, 6y 1y 9u IMKOIb-
aukoM, nox pykoBoacTtBoM A. K. Toanwiro w U. H. Bepumteiina. B pesyin-
TaTe MOSABUJIOCH DIEMEHTapHOE pelllenne 33 a9l KIacCHPUKANUT IS MHOTO-
YJI€HOB BTOPOI cTenenu. KitodeBas ujges, 3aBeplinBIias 3Ty KJIacCHPUKANAIO,
npunamaexxuT V. H. Bepumrenny. Manoxenne 5Toro pesyibTaTa 0 ABIAETCS
OCHOBHOW mefibio HacTosIen crathu. KpoMe Toro, 3agada kiaccudukanmn
pelaeTcs Jas HEKOTOPOro JOCTATOYHO IUPOKOTO Kiaacca KyOGmIecKuX MHO-
TOMJIEHOB, a TaKXKe pacCMaTPUBAIOTCS H3BECTHHE MPUMEPLI KOMMY THPYIOIINX
MHOT OYJIEHOB W PAalHOHANBHBIX (PYHKINN. Pe3yibTaThl, W3J0KEeHHBE B Tapa-
rpadax 4, 6 u 7, npuHamJIeKaT aBTOPY, a HM3JOXKeHHble B maparpadge 8 —
U. H. Bepumiteiitny. Onn 6v1in noaydensl B 1979 rony, oHako nyOGanKy0TCSH
BIIePBHIE.

B mepBom maparpadge mokazano, KaK CBeCTH 33,1a9y KAacCHPUKANHT KOM-
MYTHPYIOMINX MHOTOTICHOB K HoJee Y3KOMY KJIacCy TaK Ha3BIBaeMLIX TPH-
Be/leHHBIX MHOTO4JIeHOB. [IpuBeeHHbIe MHOT OY/I€HBI BTOPOH CTENeHH HMEIT
B 22 — a; BClOy B JaibHeillieM, KpoMe naparpadon 7 u 9, 3a1ava KJIaccH-
pukannm 6ymeT paccMaTpuBATLCA TOABKO M TaKNX MHOTOYJICHOB.
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Bropoit naparpa¢ nocssiien 10Ka3aTelbCTBY eIHHCTBEHHOCTH MHOT O4JIe-
Ha (PUKCHPOBAHHOU CTENeHH C MaHHBIM CTApIINM KO3(PMOUIHEHTOM, KOMMYTH-
PYIOIIEro ¢ [aHHBIM MHOTOYJIE€HOM.

OCHOBHBEIM pe3yJabTaTOM TpeThero maparpada SBIASETCH NpeIoKeHHe:
cecau d6a MHO2OUAEHA KOMMYMUPYIOM ¢ HEKOMOPBIM MHO20UAEHOM 6MOPOT
CMENENU, MO OHU KoMMymupyiom mexncdy coboiiy W ero ciejcTBHE.

B derBepTOM maparpade gokaszmIBaeTCA, ITO MHOTOWIEH, KOMMYTHPYIO-
KT ¢ IPUBEJEHHBIM MHOTOYJEHOM BTOPOH CTENeHH ABAsSeTCs AubGO0 YeTHBIM,
an6o HedeTHHIM. Kak caefcTBre BEIBOIUTCA, 9TO IS HAXOXKICHUS BCEX MHO-
FOYJEeHOB, KOMMYTHPYVIOIINX ¢ JaHHBIM MHOTOYJIEHOM BTOPOU CTeNeHH, J0CTa-
TOYHO PACCMOTPETH JUIIh MHOTOWJIEHE HEIeTHON CTENeH .

[lsTe maparpad — caMblil «(KOHCTPYKTHBHBIIY. 3JeCh MPHBOAITCSA He-
TpUBHAJbHBIE TPUMEPH — IEeNOYKH MOMAPHO KOMMYTHPYIOUINX MHOT OYJI€HOB
BCEBOBMOKHBIX CTEMeHeH.

B mecToMm maparpade npuBOAUTCA TOCTATOTHO d>PPEKTUBHBIN METO] HC-
CleJJOBaHUS KOMMYTHPYIOIIHX MHOTOYJEHOB, HCHOJAB3YIONINN TOHATHE Hemo-
nBU:KHON Touku. C MOMOIIBI0 HEro pellaeTcs 3aqada KJIaCCUPUKANUU s
«GOMBIIMHCTBAY (B ONpeeeHHOM CMBICIe) MHOTOMIEHOB BTOPON CTETeH .

B cegnmom maparpade, nCnonb3ys MeTO, [ HeMOABMKHBIX TOYEK, pelaeTcs
3ajava KIacCU(pUKANUN 18 MHOTOTICHOB BHA T° + .

B BockMoM maparpade 3aada KaacCUPUKANUE s MHOTO4JIeHOB BTOPOI
CTETeHN PenraeTcs MOTHOCTRIO.

Pannonanbable QyHKINE — CJAeAYIOIIHI TOCJAe MHOT OYI€HOB KaIacc PyHK-
U, [Js KOTOPOTO eCTEeCTBEHHO MOCTAaBUTh BOMPOC O KAACCH(PUKATHE KOM-
MyTHPYIOUIHX PYHKIHH. EKcTh OCHOBaHNS CYNTaTh, 9TO /IS PANHOHATBHBIX
(QYHKINHT SBICHNE KOMMYTHPOBAHUA BCTpeTdaeTCsA «dalliey, deM s MHOTO-
yieHoB. OUH U3 CMOCOGOB MOCTPOEHUS MPUMEPOB KOMMYTHPYIOIINX Palno-
HaJbHBIX (DYHKIHH NPHBOAUTCSA B JAeBATOM Haparpade.

1. CONPAKEHHBIE MHOT O'LJIEHBI

Ecim H(z) = az + b (¢ # 0) — MHOTO4Y/JEH MepBON CTeNeHH, TO I

. 1
Hero cymectByeT obpaTuuiii Muorowien H'(z) = —z — —. (Herpyano 10-
a a

Ka3aTh, 9TO MHOTO4YJEHKl MEPBOU CTeNeHW — eNNHCTBEHHBbIe, IS KOTOPHIX
cyuiecTByeT obpaTHas QPYHKINSA, TakkKe ABIfOIIascsa MEOrodreHoM.) C Jio-
OBIM MHOTO4YJTeHOM H mMepBOW CTemeHH MOYKHO CBSi3aTh OTOOpa)KeHHe MHO-
JKecTBa BceX MHOTOYJIEHOB B cebs, MEUCTBYIOIee MO CJAeIyIoNeMy MPaBHIY.
Kas 1prit MAOTOUIeH P oTo6paxkaeTca B MAorownen Py = Ho Po H™'. Ta-
KOe 0TOOpakeHle Ha3bIBAeTCS CONPAHCEHUEM MHOTOWIeHa PP MHOT OYteHOM H .
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JIBa MHOTOJIeHA, OMUH U3 KOTOPHX MOXKET OLITH MOJYYeH U3 IPYTOT0 COMPS-
JKeHneM, Ha3bIBAIOTCA cONpAdsceUHblMU. JIeTKo 3aMeTHTh, ITO CONMPAXKEHHBIE
MHOT O4JeHbl HMEIOT OJMHAKOBYIO CTENEeHb.

HeTpyauo npoBepuTh cienyioliie cBONCTBA:

1. P = Pa;
2. Ecin @ = Py, o P = Qp-1;
3. Ecim Q = Pg,, a R=QHn,. T0 R = PH,oH, .

NupiMu croBaMu, COMPAXKEHHOCTH ABASETCS OTHOIICHNEM DKBUBAJEHTHO-
CTH Ha MHOXKECTBE MHOT OYJI€HOB. DTO MO3BOAAET PasbUTh MHOXKECTBO MHOTO-
YJEeHOB Ha KJaCChl COMPAKEHHOCTH TaK, YTO JioOble MBa COMPAKEHHBIX MHO-
rovjneHa nonamaioT B OJUH KJaacc, a Jiobble TBa MHOTOYJeHa, He ABAAIONInecs
CONPAKEHHBIMI, — B pa3Hble KJIACCHI.

Comnpsizkerrie 06/a/1aeT BaKHBIM CBOUCTBOM — J106YI0 Tapy KOMMYTHPY-
IOIINX MHOTOYJIEHOB OHO MePEBOANT B Mapy KOMMYTHPYIONINX MHOTOYJEHOB.

[TPEANTOXKEHUE 1. Feau muozouaenvt P u Q wommymupyom, a H —
NPOU360AbHBLT MHO20UAEH NEPEOT CMENEHY, MO MHO2oUAEHBL P 1 QQ Ff moarce
KOMMYMUpyom.

JTOKABATEJBCTBO.

(HoPoH No(HoQoH™') =
=HoPo(H'oH)oQoH '=HoPoQoH '=HoQoPoH =
=HoQo(H 'oH)oPoH '=(HoQoH 'Y o(HoPoH™").

s npennoKeHns 1 ciaenyeT, 9TO €CJu Mbl yMeeM HaXOMUThb BC€ MHOT'OYJe-
HBI, KOMMYTHpYIOIIIHe ¢ HEKOTOPbIM HTaHHBIM MHOT OYJ€HOM ]D7 TO MBI yMeeM
TaKKe HaXOIUThb U BCe MHOI'OYJ€HbI, KOMMYTHUDPYIOIINEe C JI00BIM ConpszKeH-
HBIM ¢ P Mmuorowienom. Uabivn CJIOBaMMH, 3adav1y HaXOXKIeHHsA BCeX MHOIO-
9J€HOB, KOMMYTHUDPYOUINX C TaHHBIM, TOCTATOYHO PEIINTH AJas OTHOTO IIpen-
CTaBUTeEJNd KazKI0T'O KJacCCa CONPAKEHHOCTH.

EcTtecTBenno BBIAACHUTHL, HACKOJBKO MOXKHO YIPOCTHUTH o6 BT MHO-
rovjeHa ¢ TOMOUIbBIO CONPAKEHU.

JIEMMA 1. /Jas 1106020 MHO2OUAEHA CMENEHU N 2 2 CYUECMEYEM CONPA-
ACENHBLT EMY MHO20UAEN CO cMapuium KoIPduyuenmom eunuya U HYAE6bIM
koagduyuenmom npu (n — 1)-i cmenenu.
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JTOKA3ATEILCTBO. Conpsi:keM MHOTO4/IeH
P(z) = Az" + B4,

rje MHOTOTOYHE O3HAaYaeT WICHB CTeleHn HUxKe 1 — 1, JUHeHHBIM JBY LICHOM
H(z) = az + b. Umeem

1 b\" 1 b\t
a A(—$——> —}—B(—ac——) +...]+b=
a a a a

A nAb B\ ,_,
= '+ | - + =]z +...

an—l an—l an—

Pr(z)

[IpupaBHuBas cTapiinit KOO3GPHUIHEHT TONYIEHHOT 0 MHOTO4JIeHa eIHHHIIe, TTO-
JydaeMm ypaBHenue a”~' = A, oTkyJa naxoaum a. /lajsee, npupaBHuBas caey-
O KO3(pPUIHeHT HYA0, TOyYaeM JuHEHOe YpaBHEeHHE Ha b, 13 KOTOPOT O

b— aB

HaxXoauM b = "
3AMEYAHUE. MpI npeamonaraeM, 9T0 KOd(PUIHEHTH pacCMaTpPHBaeMBIX
MHOT O'JICHOB — KOMILICKCHELIe 4uciaa. Ecim paccMaTpuBaTh MHOTOWICHEL C

TENCTBATEILHBIMI KOX(PPUIHEHTAMH, TO TpeIIoKeHne 0CTaeTCsA CIpaBeIan-
BBIM JIUIIB JJAS YeTHBIX 1; TPH HEYeTHHRIX N BEPHO HECKOJbKO Gojee caaboe
yTBep:KIeHne OTHOCHTENBHO CTapIIero Kodp@uiunenTa — CONpIKEeHneM ero
MOXKHO ¢efaTh paBABM | mam —1.

CAEACTBUE. Jho6oi muocouten ax?+bx+c 6MOpOt CMENEHU CONPAICEN

3 1
MHO20UAENY T2 — o, 20e o = sz — §b — ac.

2. EAMHCTBEHHOCTHh KOMMYTUPYIOIIETIO MHOI'OYJEHA TAHHON
CTEIIEHU

[TPEANOXKEHNE 2. Jaf dannozo 4ea020 noiodicumetbHo20 YUCAG CYUjE-
cmeyem ne Ooaee 00H020 MHO20UAEHA () CMENEHU N, KOMMYMUPYIOUELO C
dannvim muozoudenom P cmenenu 2.

JIOKABATEJLCTBO. CoraachHo mpearoxkennio 1 u jemme 1, JOCTaTOYHO

NPUBECTH [TO0Ka3aTelbCTBO MAas caydas P(z) = z? — a. [lycTs

Qz) = apz™ + ayz™ ' + -+ an_1z + a,, rae ag #£ 0.

Torga kommosnunu MHEOTO4IEHOB PP 1 () (B OJHOM W IPYyroM MOpSKe) CyTh
MHOT OYJeHBI CTEeNeHn 2n

Po Q($) = b0$2n + b1$2n_1 + b2$2n_2 + -4 an_l.r + an,
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Qo P(z) = cor® 4+ c12? 4 epx® 2 - cgp12 + Cop,

X KO(DPUIHEHTH b; U ¢; ABIAIOTCA PYHKIUAMEA OT KOOPPHIHEHTOB & U ¢;
MuOTO4TeHOB P u (). Bygem nmpupaBHEBATH KOX(PMUIHEHTH 3THX MHOT OdIe-
HOB Ha4YWHasg CO cTapiiero wiexHa. HeTpyaHo HaliTH siBHbIe BBIDaXKeHUS s
cTapuinx kodpunueHTon: by = a%, cg = ag. loryvaem a% = ag, OTKyJa
ag = 1. Takum obpasom, cTapinnit Kod3pUIHEHT MHOTO4YIeHA () oTlpereneH
onuozHa4vHO. [Ipumenum MeTon maTematndeckon wHaykuuu. [Ipennosoxmnm,
YTO BCe KODPOUUUEHTH a; ¢ HoMepamu ¢ < k mis HekoToporo 0 < k < n yxe
ompenenensl. /lokaxkeM, 9TO KOD(PPUIHEHT af ONpeaenseTcs TP DTOM OJTHO-
sHa4vHO. Bripaxkenue mis kosdpduunenta by umeer Bujg by = apag 4+ ..., rige
MHOIOTOYNeE 3aMeHsAeT BBIPakeHNe, 3aBHUCAIIee TOABKO OT KOX(p(hUINEHTOB @,
¢ nomepamn 1 < k. Koop@duuuenT Ke c¢p 3aBUHCHT TOJBKO OT KOd(PHIMEH-
TOB @; ¢ HoMepamn i < [k/2] (Tem cambiM, i < k) u, 66ITH MOXKeT, OT . Tem
caMBIM, ypaBHeHHe by = cj npefcTaBiasgeT cobGOW JUHEHHOe COOTHOIIeHHe Ha
ak, N3 KOTOPOTO 3TOT KO(P(PUINEHT OTHO3HAYHO BhIpakaeTcCd 9epe3 & N yiKe
BEIpaKeHHBIe KoddduunenTrl a; (i < k).

Takum obpazom, u3 cucteMmbl ypaBHenuit b, = ¢; npu 0 < 7 < n MHB Of-
HO3HAYHO ONpeNeSnM YUCIa ag, @1, ..., Q. LCIW TOAYUeHHBIE THCAA OYIYT
VIOBIETBOPATH cCOOTHOeHusM b; = ¢; ipu n+1 < 72 < 2n, To oHN u 6y AYT KO-
sppunneHTaMu e[HHCTBEHHOT O MHOT O4/IeHa () CTeNmeHn n, KOMMYTHPYIOIIET 0
¢ P. B npoTuBHOM clIydae TaKOro MHOTOYJIEHA HE CYIIeCTBYeT.

CaeacTBuE 1. Ilyems P — muo2ounen cmenenu 2. Tozda das aob6o20
YEAO20 HEOMPUYAMEABHO20 UUCAC k cyuecmeyem eduncmMeENHbIT MHO20UAEN
emenenu 25, xommymupyowui ¢ P.

:

JTOKABATEJIBCTBO. Muorouren P* 6yret, oueBnino, o6rataTh TpeGye-
MBIMH CBOHCTBaMu. EIHHCTBEHHOCTD HEMOCPECTBEHHO BBHITEKAET U3 MPELIo-
JKeHus 2.

2

CHAENCTBUE 2. MH020ul€Hbl, KOMMYMUPYIOUUE € T°, — MO MHO2OUAE-

not " (n=1,2,...) u moavko onu.

JIOKABATEJBLCTBO. O4eBHIHO, ¥TO JI0OOH MHOTOWICH BHJa ' KOMMY-
tupyet ¢ z2. [TocKOJIBKY CTelenn TaKHX MHOTOYJIEHOB COCTABIAIOT BCe MHO-
JKeCTBO HATYpadbHBIX 9HCeN, OTCYTCTBIE IPYTHX KOMMYTHPYIONINX € 22 MHO-

TOYJeHOB caeayeT U3 IpelaoKeHnusd.

IIpuBemennoe MOKa3aTelAbCTBO Mpelaokenns 2 6e3 TpyAa MNepeHOCHTCS W
Ha cjaydai, eciu 7 — MHOTO4YJIEH CTeNeHH BHIIe BTOPOU, BCIOIY, KpOMe Of-
HO3HAYHOCTHU OMpeJieeHus cTapiiero koddgduiurnenta Maorodsena (). Todnee,
cpaBeNJIuBO Cjeylolliee YTBepK/IeHne.
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[TPEANOXKEHUE 3. Hycmbs P — muozousen cmenenu m > 2. Cywecmey-
em He 6oaee 0dno20 muo2ouaena () dannotli cmenenu n ¢ JAHHBLM CTAPULUM
koapduyuenmon a, xommymupyrowezo ¢ P. Cmapwui uten muozousena ¢
MONCEM NPUHUMAMb HE bosee wem m — 1 3nauenue.

JTOKA3ATEJABCTBO. IlycTh
P(z) = Agz™ + Ayz™ ' 4+ A gz Ay,

Q(z) = apx" + a1z ' 4+ - a,_1z +a,.

[IpupaBHuBas crapiine KO3pPUIHeHTH MHOTOYIeHOB Po() u Qo R, nonydaem
Apal’ = agAy, oTKyIa agz_l = Ag_l, clIeoBaTeabHO, dg MOXKET MPHHAMATh
He Gosee m — | pa3IMYHBIX 3HAYEHUN.

Kax st cregytomnin kosdpduuument ar (1 < k < n) muorodrena Q(z)
BBIPaKaeTcsl OHO3HATHO Yepe3 paHee onpejeneHubie KoadduunenTs a; (0 <
<t < k) n koapdunnenTsr A; MHOTOUIeHa () M3 cpaBHeHNs KOd(DUINEH-
ToB Tpu (mn — k)-it cTenenn MuOrOUIeHOB P o ) n Q o P. [leficTBuTeNBHO,
Koodumment npu ™" ~F Muorowrena Po@Q(r) 3aBUCHT OT ay Anneino (1 He
3aBUCAT OT a; C HOMepaMu i > k), a koodduuuent npu ™"~ * Muorodnena
Q) o P(z) ne 3aBucut ot a; upn 7 > k.

[IPENNOKEHUE 4. [Iyembs P — mnozouten ¢ deticmeumeabubluu (payu-

onaabubLuy) KosPduyuenmany, Q — Kommymupylowul ¢ HUM MHO2OUAEH.
ITycmp npu smom evinoaneno 0dno uz d6yz ycaosui:
a)deg P =2;

6) cmapwuii kosdduyuenm mro2outena ) A6asemes Jeticmeumenvuslm (pa-
YUOHAABHBLM) UUCAOM.
Tozda 6ce KoadPuyuenmor muozourena () deticmeumenvusl (PayUOHAALHBL).

/TOKABATEJBCTBO. DopMy.anl, BEIpaxKaiomine KodpGUuIueHTHE MHOTOIe-
Ha () B OKa3aTeJbCTBaX Mpe/IoKeHnt 2 1 3, He BBIBO/IAT 32 PAMKH JeHCTBH-
TeTbHBIX (PANMOHATBHEIX) THCE.

3. TPAH3UTUBHOCTb KOMMYTUPOBAHUA

Hagnewm c IIpoCTOro, HO O9€Hb BAXKHOI'O CBOI'/JIC’l'Ba7 MO3BOJAIOIIEro, nMesd
nNpuMepbl KOMMYTHUPYIOUINX MHOTOY/J€HOB, CTPOUTH HOBLIE.

[IPEANOXKEHNE 5. Fcau muozoutenvt ¢ u R xommymupyiom ¢ odnum u
mem gice muozouaenom P, mo xomnosuyusa ¢Q o R mooce xommymupyem c P.
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ﬂOKABATEJIbCTBO. ﬂ:OKa3aT€JIbCTBO cirenyeT U3 IEeNOYKH paBeHCTB

(QoR)o P =
=Qo(RoP)=Qo(PoR)=(QoP)oR=(Po@Q)oR=
=Po (QoR).

[TPEAJNOXKEHUE 6. Fcau mrozoutenst () u R xommymupyom ¢ MHO2OUAE-
nom P emopoti cmenenu, mo onu xommymupiyrom mencdy coboii.

/TOKABATEJBCTBO. U3 npennoxenus 5 caegyeT, 4TO MHOTO4IeHH (J o R
1 Ro() xommyTupyiotr ¢ P. [lockoabKy 5TH MHOTOY/IEHE NMEIOT OJNHAKOBYIO
CTeleHb, U3 MPeIJIoKeHus 2 caefyeT, YTO OHI PABHHI.

3AMEYAHUE. Ecau cTenmenb MHOTO4Y/IeHA BBIIIE B'I‘OpOI;'I7 TO IpegIoKeHnne

nepecTaeT OBITH ClIpaBeIJUBBIM. TaK, MHOTI'OYJIeHbI $2 n —Z KOMMYTHDPYIOT C

23, HO He KOMMYTHPYIOT MexK 1y co6oii. O IHaKo, ec/u JONOJHATEILHO TPeJIo-
JOXHUTh, 9TO Bce Tpu MHOTOUYIeHA P, () 1 R ynumapwuel, T. e. UMEIOT CTaPIIHH
KO>((DUINEHT efWHUINA, TO MPeJIoKeHne OCTaHeT s B CHJe IS MHOTO4YJeHa

P 110600 cTeneHn BBIIIE TEPBOM.

4. YETHBIE U HEYETHBIE MHOI' O4JEHBI

Hamomunwm, ato gyukuns f(z) HaswIBaeTCs wemmuot, ecan Iis J0O60TO T
BBITIOJIHSI€TCA paBeHCTBO f(—z) = f(z) W neuemnot, ecan BBHIIOIHAETCS pa-
BeHcTBO f(—2) = —f(2). HeTpyauo mokasaTh, 9TO /s MHOTOUIEHA YCIOBHE
YeTHOCTH PaBHOCHALHO TOMY, YTO BCe KOD(PMUIUEHTH NPH HeYeTHHIX CTele-
HAX paBHBI HYJIO, @ YCIOBHE HEYEeTHOCTH TOMY, YTO BCe KOd((PUINEHTHl MPH
YeTHBIX CTENMeHAX PaBHBI HYJI0. DTO O3HAYaeT, 9TO J0OOW YeTHHIH MHOTO-

WIeH MOXKeT OBITH MpecTaBien B Bujge ()(z?), rae () — HEKOTOPHI MHOTO-
4leH. AHAJIOrMYHO, HEYeTHEI MHOTOWIEH MOXKeT OBITh IPeJCTaBIeH B BH[E
2

Hanmomuum Tak:ke OITHO MPOCTOE, HO OY9€Hb BaiKHOE€ CBOUCTBO MHOrOYJe-
HOB, KOTOpOe€ 6y,z[e'r NCIOJb30BaATHCA HaMMU HEOTHOKPATHO.

JIEMMA 2. Feau 3nauenus d6ys MHO20UAEN06 CO6NAAAIOM NPU HECKOHEU-
HO MHO2UL 3HAYEHUAT AP2YMEHMA, O IMU MHO20UAEHDT MOICIECTEEHHO PAG-
Hbl.

ﬂOKASATE.HbCTBO. PasnocTtn pacCMaTpUBaeMbIX MHOTOYJE€HOB HMMeeT
0eCKOHEeYHO MHOI'O KOpHefI. Tak kak HeHyJIeBOfI MHOI'o4/JieH MOXKeT HMeTb
Pa3sam9IHBIX KOpHel‘;I He 60.71]:;1He7 9eM ero cTenenb, TO 5Ta Pa3HOCTL ABISAET-
CA HYJ€BBIM MHOI'OYJE€HOM. 3Ha‘II/IT7 pacCMaTpHuBaeMble MHOT OY/J€HBI PaBHBI.
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[IPEANTOXKEHNE 7. Jhoboi mnozouren QQ(z), wommymupyowui ¢ muozo-

waenom P(z) = 2% — a, g6asemea aubo wemmvim, 4ubo MeUEMHUBLM.

/TOKABATEJIBCTBO. [lockoabky MHOTOWIEH P(2) SBASETCS Y€ THBIM, NMe-
em

P(Q(-z)) =PoQ(-z) =Qo P(-z) =Qo P(z) = PoQ(z) = P(Q(z)).

PagenctBo P(z1) = P(7,) o3navaeT 2?2 — a = 23 — a, OTKy/a clefyet x; =
= +x9. Basgs 21 = Q(—2), z2 = Q(z), noaysaem Q(—z) = +Q(z). Hocren-
Hee PaBEHCTBO CNPAaBeNIUBO /s JIOOOTO . 3HAYHUT, M 6ECKOHEYHO MHOTHX
3HAYEHNN T MMeeT MecTO Janbo paBeHCTBO (QQ(—z) = ((z), 1mbo paBeHCTBO
Q(—z) = —Q(z). CornacHo remMe 2, eclii MepBOe W3 DTHX PABEHCTB BHI-
noJHseTCs 1S GeCKOHeTHO MHOTHX 3HadYeHud z, To Q(—z) = Q(z), 3HaunT
MHOTOUIeH () (2) 4eTHBIH, a ecau BTOpoe, TO0 Q(—z) = —Q(z), 1 MHOrO4UIeH
Q(z) HedeTHHIN.

[TPEANOXKEHUE 8. ycmb () — MHO20UAEH cMENEHU 2N, KOMMYMUPYIO-
wui ¢ mnozowaenom P(z) = 2% — a. Tozda mnozouwien Q moxcrno npedcma-
6umb 6 6ude Q = Q"o P, 2de Q' — mmo20uaen cmenenu n, KOMMYMupyOwju

c P.

/IOKABATEJIBCTBO. U3 mpegnoxenns 7 cieayeT, 9T0 MHOTOYIeH ()
MOYKeT GEITh TpeJcTaBIeH Kak MHOrodleH oT z2. CjlenaB IHHEHHYIO 3aMeHy

nepeMeHHBIX, noxydaem Q(z) = Q'(P(z)), roe ) — MHOTOWIEH CcTeneHu n.
Mokaxem, 9To MHorodaedn Q'(z) kommytupyer ¢ P(z). Ilycts y = P(z).
Torga

PoQ'(y)=PoQ oP(z)=PoQ(z)=QoP(z) =Q oPoP(z) =Q o P(y).

3uadenns muorodiaenoB P o Q' n ' o P coBnagaioT nNpu Bcex 3HaYEHUAX ap-
ryMeHTa U3 06JacTH 3HAYeHNH MHOTOYIeHa P(z), 3HAYNT, COTTacHO JeMMe 2,
OHH TOXKTeCTBEHHO PaBHHI.

Takum o6pazoM, 1as pelIenns 3a /a1 KJIacCH(PUKATAT MHOT OICHOB, KOM-
MYTHPYIOUINX C JaHHBIM MHOTOYJIEHOM BTOPOW CTeleHH, MOCTATOYHO HAUTH
BCe KOMMYTHPYIOIIHEe ¢ HIM MHOTOYJe€Hbl HEYeTHON CTeleHH.



150 B. O. Byraenko

5. IENMOYKN KOMMYTUPYIOMNUX MHOTOYJIEHOB.
MHOTOYJEHBI YEBBIIIEBA

[TPEANTOXKEHUE 9. Jasa a06020 namypaibno2o wucia m CYuecCmeyem
mnozouaen P, (x) cmenenu n maxot, umo cnpasediu6o moxicdecmeo

P,(t+t ) =t" 7"
Mnozouaennr P,(z) (n=1,2,...) nonapno xommymupyom.

JIOKA3ATENBCTBO. CyliecTBOBaHMe TaKWX MHOT OYJE€HOB Oy,1eM JOKa3bl-
BaTh WHAYKIWEH 1o n. HeTpyaHo npoBepnTh, 9TO Mpu 7 = 1 W 2 MHOT OUIeHb
Pi(z) = 2 u Py(x) = 22 — 2 gBasiorcs uckoMeiMn. [Ipenonoxnm, 9To Mbl
Hamn Takue Muorowrensl P,(z) mis Bcex n < k. Torga, Bocnoap3oBasumcn
TOXK TeCTBOM

PR = (T R R - (@ D),

noxydaem, 9To MHOTOWIeH Pyi(z) = 2 Py(2) — Py—1(2) 6y1eT nckoMeiM mpn
n=%k+1.

JlokaxkeM Temepb, 9TO MHOTOWIEHH P, momapuHo KoMMmyTupyioT. IlycTh
r=t+t1 Torga

ProPy(z)=P,(t" +t™") =t"" 4+t = P,(t" +t"") = P, o P ().

[TockobKY 4mcel, TpeJcTaBUMBIX B BIIe {41!, 6eCKOHETHO MHOTO, COTJIACHO
JeMMe 2, MHOTOYIeHH P, o P, m P, o P, paBHHI.

CIEICTBUE. Bce Muo20uAenbl, KOMMYMUPYIOUUE C MHOZOUAENOM T2 — 2,

:

cymb muoz2ourensvt P, (x) uz npedaoxcenus 9.

JTOKABATEJIBCTBO. Cpenu MHOrO4YIeHOB P, nMeeTcs MO OJTHOMY MHOTO-
YIeHy KayK[IOW CTemeHH. 3HAYHUT, COTJACHO MPEIJIOKEHNI0 2, IPYTHX KOMMY-
THPYIOMHX ¢ 22 — 2 MHOTO1JICHOB HeT.

FEme ogny memovky momapHo KOMMYTHPYIOIINX MHOTOYJIEHOB MOYXKHO MOXY-
YUTh caefyioiinM obpazom. [Ipu 11060M HATYypadbHOM T CYIIECTBYeT TaKOH
MuOTOWIeH T),, ITO CIIpaBeInBO TOXKIECTBO

cosnz = T,(cosz). (2)

DTH MHOTOUIEHBl HA3BIBAIOT MHO20UAeHamu Tebbiuésa. U3 popmynsr (2) mer-
KO BBIBECTH, YTO DTH MHOTOYJIEHKl MOMAPHO KOMMYTHPYIOT. U3BecTHBIE TpPH-
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ronoMeTpuieckne (POPMYJILI Jaf0OT SIBHLIE BLIPAXKEHUS IS HECKOILKHX Hep-
BEIX MHOrO'JIeHOB YeOLIéna:

Ti(z) = =,
Ty(z) = 22% -1,
T3(z) = 32° —4a.
OjHako nemovkn MHOrowIeHOB P, u MHOrowienoB e6niniéBa pakTne-

CKH ABJAAIOTCA OTHAM IIPHMEPOM — OdHa MOJyTaeTCd U3 rE[pyI‘OI.;I C IMIOMOIIBIO
CONpsAXKEeHnsT MHOT'OYJeHOM 2. ,HOKaBaTL 9TO MOXKHO MHOTHUMU CHOCO6aMI/I7

CaMBIH MPOCTON U3 HHX, MOXKAJAYH, — BOCHOIL30BATHCA H3BECTHOH (POPMY.ION
eix _|_e—ix
cosx = ————
2

IIpn He9eTHHIX N, aHAJOTUYIHO TPUBEJeHHBIM BEINIIe MEOTO4IeHaMm P, u T,
MOXKHO MOCTPOUTEL MHOTOWIenbl P, u T) . onpejgenseMbie paBeHCTBaMu

Pt—tY)y=t"—t"

sinnz = T (sin z).

OHAKO, U 3TH CEepHH MHOTOYJIEHOB OTJIUYAIOTCH OT CBOUX «POJCTBEHHHKOBY
P, u T, s npuMeHenneM conpskenus. [IpaBga, B 9ToM ciyvae conpsaraTth
HyKXHO MHOTO4UIeHOM H(z) = iz ¢ xoMmmiekcHBIME Koddduunentavn. Tem
He MeHee [IJisi HEYeTHBIX N TOJYYEeHHBIN PH CONPSKEHNH MHOrO4JIeH OyreT
HMEeTh TOJBKO JeHCTBUTENbHBIE KOXDPUIHEHTHI.

DakTUIeCKN, He CYIIeCTBYeT NPUMEPOB KOMMYTHPYIOIINX MHOTOYJICHOB,
OTJAWYHBIX OT NpHUBeeHHBIX. OCHOBHON KIacCH(MUKANNOHHBIN pe3yabTat [1, 2,
3, 4] yTBepxkaeT, 9TO M06asg Mapa YHATAPHEX KOMMYTHPYOMIAX MHOTOYIe-
HOB CONpPsiKeHneM MpHBOANTCS Ju60 K Buay (P", P™) mis HEKOTOPOTO MHO-
rowiena P u melbX HEOTPHIATENBLHBIX 4Hcex n  m, anbo K Bugy (z”,z™)
Mg HEKOTOPBIX IeNbIX HeOTPHIATENbHBIX YHced n U m, Jubo K mape MHO-
rowienoB Yebwiména. /lag ciaydas, Korja CTeleHb OMHOTO W3 MHOTOWICHOB
paBHA ABYM, dIeMeHTapHOe MOKa3aTedbCTBO DTOTo (dakTa 6yaeT MpUBeIeHO
B nmaparpadge 8.

6. HENOABUYKHBIE TOYKU

B sToMm maparpadge msydaercs BaXKHBIM HHCTPYMEHT [Jsi UCCIETOBAHUS
KOMMYTHPYIONIAX MHOTOUJIEHOB — MeTOT HeNOABMKHKX TodeK. I XxoTs ¢op-
MaJbHO MOJAYYeHHbIe 3/1eCh Pe3yAbTaThl, Kacalollnecsd 3aa91 KiacCupuKanun
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IS MHOTOYJEHOB BTOPOH CTelleHH, MePeKPhIBAITCSA pPe3yJabTaTaMid BOCHMO-
ro naparpadga, n3yieHne HeNoIBUKHBIX TOYE€K MHOT O4/JeHOB MO3BOJSAET scHee
noHATE cuTyanunio. Kpome Toro, B caeyiomem naparpade dTOT MeTOT MpuMe-
HAETCA A pellleHns 3aa91 KJIACCU(PUKAIUl KOMMYTHPYIOUINX MHOTOY/IeHOB
A HEKOTOPOTro KJaacca KybudecKnX MHOTOYJEHOB.

Kopun ypaBuenus P(z) = & MBI Ha3bIBaeM HENOJ6 UNCHBLMU TNOUKAMU MHO-
rouiena P. CBsi3b HENOABUKHBIX TOYEK ¢ KOMMYTHPYIOIINME MHOTOYJeHAMH
BUIHA U3 CJIeIYIONIEro YTBEPK ICHN.

[TPEANOXKEHNE 10. [lycms A — wnenodsuscnas mouxa muo2ouwiena P,
mro2ouaen  kommymupyem ¢ P. Tozda Q(A\) — moawce nenodsusrcnas mou-
Ka MHoz2ousena P.

JTOKABATEALCTBO. P(Q(A)) = PoQ(A) = Qo P(A) = Q(P(N) =
=Q(N).

Yucao zg 6ygeM Ha3BIBATH NEPUoIUUECKUM OTHOCHTENBHO MHOTOWIEHA
P(z), ecim mocie10BaTeNBHOCTD, 3a/JaHHAS PEKYPPEHTHHIM COOTHOIIEHNEM

Tpp1 = Pz,) (n=1,2,...), (3)

nepuoanyecKas.
Mmuorotien 6ygeM Ha3bIBaTh NEPUOCUUECKUM, €CAN HYJIbH — MepHoIutde-
CKO€ OTHOCHUTEJNbHO HEro Yucio.

[MPEAMOKEHUE 11. IHyems P(z) = 2? — a — nenepuoduueckuti mmo-

2ouaen. He Cywecmeyem KOMMYmupyrowyur ¢ HUM MHOSOUAEHO6 HEUEMHOU
CMENEHU, KPOME mooicdecme ennozo.

/TOKABATEJBCTBO. [lycTth (Q(z) — MHOrO4/IEH HEYETHON CTENeHH, KOM-
myTtupyfotmit ¢ P(z). U3 npemroxkenns 7 crenyet, 910 (Q(z) ABIseTCS HeTeT-
HBIM MHOTOYJEHOM, 3HaYHT, €ro CBOOOIHBIN 4/eH PaBeH HYJII0, TOXTOMY HYJb
SIBJASETCS €ro HemoABU:KHOU To4kou. U3 mpemnoxenus 10 caexyeT, 9TO Jt0-
601 "ieH mocaefoBaTeAbHOCTH (3) nmpn ¢ = 0 ABIAETCS HENMOIBHKHON TOYKOH
MHOTOUIeHa () (2). DTO 03HATaeT, 9TO MHOTOWIeH () (Z) — & nMeeT 6eCKOHETHO
MHOT'O KOpHEH, 9TO BO3MOXKHO TOJIbKO mist Q(z) = z.

CJIerIIyIOHlee IIPpOCTOE YTBepXKAeHne MOo3BOJsAeT BO MHOTHX CAy4YadX TOKa-
3bIBATh HENepunoInNIHOCTD.

JIEMMA 3. Feau nocaedosameabnocmp uMeeEmM cmpo2o MOHOMOUHYIO
nodnocaedo6ameabrocmy (6 YACTMHOCMU, €CAU OHA CAMA MOHOTMOHHA), MO
OHG HE MONCEM ObIMb NEPUOIUUECKOT.
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JIOKABATEJBLCTBO.  [ledcTBUTEALHO, NepHOANYecKas HOCIeIOBATENb-
HOCTHL MOYKET OPUHUMATE JHIIL KOHeYHOe YHCIO PA3IHYHBEIX 3HAYCHHH, a MO-
HOTOHHAA MOCJAeIOBATEILHOCTL IPHHAEMAeT GECKOHEYHOe YHCAO Pa3/iHIHLIX
3HaYCHU.

[IPEANTOKEHUE 12. Muozouten x*—a s6asemea nenepuoduueckum 6 xa-

Hedom U3 CAEIYIOWUT MPET CAYUAES (6 NYHKMAT a) u 6) o cuumaemca Jeti-

CTN6UMEABHBLM YUCAOM, A 6 NYHKME ) — KOMNAEKCHBIM):
a) a < 0;
5l 22 a2
6)0<a<l.
JIOKA3ATEJIBCTBO.  [[oKaxKeM HemepHoJHIHOCTh MOCAeI0BATEIBHOCTH

T,, 3ajannoil gopmyramu zg =0, ,41 = 22 — a. Byem noanzoBaThca mpu
5TOM YTBEPK/IeHHEeM JeMMBI 3.

a) [Mocie10BaTEIBHOCTD 2, MOHOTOHHO Bo3pacTaeT. leflcTBUTENbHO, T =
=0< —a==zy. Ecin 0 < 251 < T, TO HEPABEHCTBO T < Tp4y CAEIYET U3
MOHOTOHHOCTH MHOTOWIeHa T2 — @ Ha MHOKECTBe MOMOKUTENLHBEIX qHCel.

6) Ham gocTaTOYHO [OKa3aTh HENEPHOJAMYHOCTH MOCIENOBATENLHOCTH
||, mOCKOMBKY ecam mocae[oBATENLHOCTH MEPHOJNYHA, TO TMOCHe[OBATENb-
HOCTh MOJyJell ee 4IeHOB TOKe nepnojndna. [okaxeMm MO WHIYKINH, 9TO
10CJeI0BATENBHOCTD |Z,| CTPOro BO3pacTaer.

Baza nngykinun. Bocnoab3yeMcs HepaBeHCTBOM TPeyTrONbHIUKA I HePaBeH-
ctBoM o > 2. Umeem |a — 1] > |a] — 1 > 1. PaBencTBO B mepBOM caydae
BBINIOJHAETCS, €CIN & — TOJOKHTEIbHOE TeHCTBHTEIbHOe YHCIO, 3 BO BTO-
pom — ecan |a| = 2. [looToMy MBI HMeeM CTpOroe HepaBeHCTBO |a — 1| > 1.
YMHOKHUB ero Ha |a|, noaydaem |a? — a| > |a| wan || > |zq].

Hlar nagykmrn. V3 npegnosoxenus WHAYKIAN (Tp > Trp_1) HAM HYKHO
BOCIONB30BATLCA JUIIL TeM, 1To |2y > |al. Torga |z;x| —1 > 1. [lepemno:kus
Ba [OCJeJHIX PABEHCTBa, noxydaeM |zx|? — |zg| > |a| wan |2f| — |a| > |zl
[IpnMennB HepaBeHCTBO TpeyroJbHUKa, NMeeM |27 —a| > |zg|, 9To n ozmataer
|[Tha1| > |kl

B) [ocie0BaTeIBLHOCTD 2, pacuajaeTcs Ha JBe MOHOTOHHEIE ITO/[ITOCIe 0
BaTEIBLHOCTH — BO3PACTAOIIYIO MOANOCAEI0BATEIBHOCTE C HeYe THHIMH HOMe-
pamu u y6wIBalolyio ¢ deTHbIME. HepaBeHCTBA 5,49 < Z,, (IpH YeTHOM 1) U
Tpt2 > T, (IPH HEYETHOM 1) TOKA3BIBAIOTCA WHAYKIHEH MO 7 OTHOBPEMEHHO.

basza magyknmn (n = 0). HepaBenctBo 23 = a(a — 1) < 0 = ¢ cregyer
u3 Toro, 9To 0 < a < 1.

Mar wagykmmn. Tlockoabky x, < 0 A1 Bcex n, a Ha MHOXKECTBe HEOTPH-

IHaTeJbHbIX YHUCeJ MHOI'OYJ€H $2 — ¢ MOHOTOHHO beIBae'l'7 N3 HepaBEHCTBa
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Tkto > T clenyeT T4z < Tky1, U HaoOOpPOT, U3 HEPABEHCTBA Tptz < Tk
clnefyeT Tp4s > Thyl-

[TPEANOXKEHNE 13. Feau o — nepuoduueckoe payuonaibHoe Yucao, mo
OHO YEAOE.

/TOKABATEJBLCTBO. Ecanm 4mucao o panmoHantbHO, TO, OUEBUIHO, BCA TO-
CIeOBATENBLHOCTD Ty, OTNpefenennas mo gopMyram (3) npn zg = 0, cocTonT
3 pallMOHAJbHEIX YHCeN. JHAMEHAaTelb KaXKJI0ro 4ieHa MocjJe[0BaTelbHOCTH,
HaYWHAsA ¢ 1 (ecam MpeACcTaBATH ero B BHJe HECOKPATHMON Ipo6H), paBeH
KBa/paTy 3HaMeHaTeJs MPeIBIIYIIero 4ieHa. SHAYUT, €Clu & Helejoe, TO
MOCJAe[OBATENHHOCTh 3HAMEeHATEeNe!l CTPOTr0 BO3PACTAET, TOITOMY MOCJAe[0Ba-
TeTBHOCTH He MOXKeT OBITh NepHoInIecKON.

2

HepI/IO,Z[I/I‘{HOCTL MHOT O4YJI€eHa T~ — & ABAA€TCA JOCTATOYHBLIM, HO He HeoO-

XOJUMBIM, yCJOBHEM OTCYTCTBHA KOMMYTHDPYIOIIUX C HAM MHOI'OYJ€HOB He-
YeTHOH CTeIeHH (KpOMe TO)K,E[GCTBGHHOI‘O).

[TPEATOXKEHUE 14. He cyujecméyem MHO20UAEHO06 HEUEMHOU CMENENHU
6blULE NEP6OT, KoMmymupyowur ¢ 2 — 1.

JTOKABATEIBCTBO. [lycTh Q(2) — MHOTOWIEH HEYeTHON CTENEeHH BHIIIE
nepBoii, KommyTupytoumii ¢ P(z) = z? — 1. PaccmoTpum ypaBrenne

Q(z) = P(z) (4)

Q(P(A) = P(Q(A) = P(P(A))

crenyet, 9T0 P()\) — ToXe ero KopeHb. 3HAYHT, A — NEPHOTHIECKOE THCIO
OTHOCHTENbHO MHOTO4IeHa F2. OnnmeM Bce Takme qncia. O603HaINM ¢ 9 =

IREX

na P).
Ecan |zg| > ¢1, To nocaegoBaTenbnocTs (3) MonoTonno Bozpactaet. [lei-

— KOPpHH MHOI'OYJ€eHa $2 —z—1 (HeHOr[[BI/I)KHbIe TOYKH MHOI'OYJe-

CTBUTENBHO, Tpt1 = P(z,) > |z,|, Tak Kak
P(zy) — |on| = 2h — |an| = 1= (J2n] - e1)(|lzn] — ¢2) > 0.

[ToaToMy dmcaa, Godbinne ¢, He ABIAIOTCE TEPHOAUIECKUMH OTHOCHTEThb-
no P.
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[lycts Temeps |zo| < ¢1. Ecam zg < 0, To uaMeHuM ero 3Hak (mpu >TOM
OCTaJbHBIE YIEHBI TOCIEIOBATENHHOCTH He M3MEHSATCS ), MO3TOMY MOXKHO CUN-
TaTh, 9T0 0 < 29 < ¢1. Haunmnas ¢ nekoToporo HoMepa, MoCIe[0BaTEeILHOCTE
T, monajeT BHYTph oTpeska [—1, 0], MOCKOABKY ecan GBI BCe H9JIEeHBI TOCeI0-
BaTeAbHOCTH OLLIHN MOJOKATEAbHEI, TO OHa 6bLIa 6B MOHOTOHHO YOLIBAIOIIEH.
[lefictBuTensuo, z,41 = P(z,) < ,, Tak Kak ¢3 < T, < ¢1, U TOITOMY

P(afn)_xn:x?z_xn_l:($n_991)($n_992)<0-

Ho Torma mo Teopeme bBoabunamo—BeiiepinTpacca mocaegoBaTeqbHOCTh I,
nMena OBl Tpejen, NpHHAIex)amni noaynaTepsary [0, ¢1). Ograko mpeje-
JOM TIOCJIeTOBATENBLHOCTH, OTpeeeHHON PeKyPPeHTHRIM COOTHOIeHneM (3),
MOXKeT OBITh TOJNBKO KOpeHb ypaBHeHns P(z) = z, a ero Ha yKa3aHHOM TOJTY-
UHTepBaJe HeT.

Ecau 4nen z;, mocieqoBaTe bHOCTH, JeKalinil B naTepBade [—1, 0] He sBis-
eTcs ero KOHIIOM WJH He COBMaAaeT C g, TO MOCAeIOBATENbLHOCTD T, Hele-
puoMMYHA, TaK KaK ee NOANOCAeJOBATENbHOCTH ¢ YeTHBIME W HeYeTHBIMH HO-
Mepamn (HauuHasd ¢ k-ro) MoHOTOHHEL. [leficTBUTeNbHO, T,y = P%(z,). Tax
Kak

P (2) — 2 = (2 + 1)(z - ¢2)z(z — ¢1),

to PX(z) < z npu —1 < 2 < ¢y u P*(z) > 2 npu —1 < & < ¢y. [losTomy
ecau T, € [—1,¢3], TO 40 € [-1, 9] 1 2,49 < T,, a ecan z, € [¢2,0], TO
Tpto € [@2,0] U 210 > Ty

[TosTOMY [MelCTBATENbHBIME KOPHAMI YpaBHEHHS (4) MOTYT OBITH TOXBKO
Te YHcIa, KOTOpPLIe IPH MHOTOKPATHOM NpHMeHeHHH MHOrowlieHa P mepexo-
AT B ¢ WIH @y (dncaa, nepexogsamme B 0 wam —1, He MOAXOAAT, TaK Kak
0 He sBasercs kopueM (4)). IlycTh x,, — TNepPBHIl YIeH MOCJe[0BATENLHOCTH,

paBubiil ¢; (i = 1 wan 2). Torga z,_1 = —¢;, Tak kak P(z) = ¢ & ¢ = +¢.
Opunaxo pasenctBa P(¢;) = Q(¢;) 1 P(—¢;) = Q(—¢;) 0JHOBpEeMEHHO BBI-
NONHATLCS HEe MOTYT, MOCKOABKY PP — YeTHLIH MHOTOW/IEH, () — HEYeTHLIH,

a P(g;) #0. llosTomy ¢1 11 2 — eTUHCTBEHHBIE BO3MOYKHBIE KOPHHI (4).

[To mpemnokennio 4 ypaBuenne (4) nMeeT pannoHatbHbIe KOIPDUTINEHTH,
MOTOMY KOPHHI (1 U 2 TONKHBI NIMeTh OJMHAKOBYIO KpaTHOCTH. [locren-
Hee TMPOTHBOPEYNT TOMY, 9TO ypaBHEHNe HEYeTHOHW CTENeHH AOMKHO HMETh
HEYeTHOE KOJIMIeCTBO JeHCTBATEILHBIX KOPHEN.

B BochbMoMm maparpade 6yaeT 10KazaHo, ITO €IUHCTBEHHBIE TPABeIeHHLIE
MHOT OYJIeHBI BTOPOH CTemeHn, M5 KOTOPhIX CYHIECTBYIOT HETOX TeCTBeHHEIE
KOMMYTHPYIOIIIe MHOTOUICHE HeYeTHOH CTenenn, — >To z2 u 22 — 2.
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7. KYBUYECKUE MHOT OYJEHBI

B >ToMm maparpade MLl TepednciuM Bce MHOTOWJIEHB, KOMMYTHPYIOIIHE C
MHAOrotIenoM Bua 2°4a. (HamoMunm, 9To conpsKenneM 10601 Ky6uIecKmi
MHOTO'JIeH PABOANTCA K BUIY 2° + Bz + a.)

[IPEAIOKEHUE 15. ITyems P(z) = 2° 4+ a (o — nenyaesoe deticmeu-
meapnoe wucao). Bee xommymupyrowue ¢ P(z) mnozousenvt cymo P"(x).

JIOKA3BATEJIBCTBO. AHATOTHYIHO TPEIJIOKEHNIO 7 JOKayKeM, 9TO 0601
komMMmyTupyotmmit ¢ P(z) Muaorowien ()(z) comepXnT HeHyJeBbe KO H-
IHEHTH TOJBKO TPH CTENeHsSX ¥, MAONINX TMPH JeTeHNN Ha 3 OJNHAKOBHIE
octatku. Mupivu caosamn, Q(z) umeer ognn w3 BugoB Q'(z%), 2Q'(2>) nan
22Q'(z3). MycTh & — OTAMYHBIN OT eJUHUNBI (KOMILIEKCHBIH) KyGuuecKui
kopenb u3 eqnannsl. Torga P(€z) = P(z) mas mo6oro z. Umeem

P(Q(&x)) = Q(P(§x)) = Q(P(z)) = P(Q(x)),
otkya Q(€z)? = Q(z)3, smaunr,
0=Q(z)’ - Q(¢z)” = (Q(&2) — Q(2))(Q(¢z) - £Q(2)) (Q(Ex) — £2Q(x)).

TeMm caMbIM COpaBeIJNBO OTHO U3 PAaBeHCTB:

Q&) = Q(z), (5)
Q(Er) = £Q(x), (6)
Q(ér) = €Q(a). (7)

[TockoabKy O0MHO N3 DTUX PaBEHCTB CIIPaBeIIuBO a1 6eCKOHeYHO MHOT X 3Ha-
deHmil T, OHO ClpaBeIHBO npn Beex z. [Ipencrasum Q)(z) B Bue

Q(z) = Qo(z”) + 2Q1(z%) + 2°Q2(2”).

Torga
Q(&x) = Qo(2”) + €2Q1 (2°) + £22Qa(27).

Ecan cnpaBegnnBo paBenctBo Q(£z) = Q(z), To Q1 = Q2 = 0, w MHOTO-
qed ()(x) nMeeT HeHyJeBEIE KOSPMUINEHTH! UMb TPH CTENEHAX, TeIAIINXCS
ua 3. Ecam cnpaBeginBo paBenctBo Q(£2) = £Q(z), To Qo = Q2 = 0, u MHO-
rowien ((z) nMeeT HeHy/IeBbe KOXPPUIHEHTH! AL PN CTEMEeHAX, TaOIINX
npu gerenuu na 3 octatok 1. CooTBeTcTBenHO, paBencTBO Q(£7) = £22Q) ()
o3HavaeT, 9T0 Qo = ()1 = 0 n MHOTOWIeH ()(z) UMeeT HeHyJIeBHIe KOX(DDUIN-
€HTHI JHUIIb MPH CTEeNeHdX, MAIINX IPH JeJeHHH Ha 3 OCTaTOK 2.
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Mlajmee Tak ke, Kak U B MPeIJIOKEHNH 8, MOKAa3kIBaeTCH, ITO JHOOOH MHO-
rowien () crenenn 3n, komMmyTupyooumi ¢ P, umeet Bug Q' o P, rae Q' —
MHOT'OYJIEH CTENeHH 1, TOXKe KOMMYTHpyouui ¢ P.

3ajlava cBeach K HAXOXK/IeHWI0 MHOTOYJEHOB CTeleHH He KPATHOH TpeMm,
komMmyTupyiomnx ¢ P. HemocpencTBeHHO mpoBepseTcs, 9TO TOXK J€CTBEHHBIN
MHOT'OYJIEH SBJSETCH €THHCTBEHHBIM TAKHM MHOTOYJEHOM HEepBON CTemeHn
(mpoBepka 371ech HeOOXOANMa, TOCKOIBKY TeopeMa 3 yTBep:K,IaeT JuIllb, 9TO
TaKNX MHOTOYJIEHOB He OOJbIIe IBYX), 3HAYNT, P"(z) — e IMHCTBEHHBIH KOM-
MyTHPYIOUIHHE MHEOTO4IeH cTenienn 3”. U3 aToro ciaegyeT, 94To ecau MBI Hall 1eM
BCe MHOT OYJI€HbI CTelleHH 1, KOMMYTHpYIoIine ¢ P, TO MBI TeM CaMbIM Hail 1eM
BCe MHOTOWIeHH cTeneneil 3°n, kommyTupyomme ¢ P.

OcTagnock moKazaTh, YTO MHOTO4UJIeH P He mMeeT KOMMYTHPYIOIMINX MHO-
FOYJEHOB CTENeHH BHIIE TEPBOHW U He KPATHOU TPEM.

[Mycts Q — Takou mHOTOYMeH. Torjga ero cBOGOHEIN WieH paBeH HYJIO
(TeficTBUTENBHO, €0 HeHyIeBbie KOdX(DPHINEHTH MOTYT 6bITh TOJBKO MPH CTe-
MeHAX, TAMOUINX OJMHAKOBBIE OCTATKN MPH JeJeHUH HA 3, a cTaplliad CTeneHb
Ha 3 He [JeJUTCH), MOITOMY HYJb SBISETCS KopHeM ypaBHeHus Q(z) = z. Us
npenoxkenus 10 caenyeT, 4T0 MHOTOWIeH P nojKeH 6KITh nepuogudeckum. C
IPYTON CTOPOHBI, H3 MOHOTOHHOCTH MHOTrO4YJIeHa P cienyeT MOHOTOHHOCTH
NOCIeIOBATENBHOCTH T, ONpefeneHHoll mo ¢opwmyae (3) npn zo = 0 (ona
yowiBatomas npn o < 0 u BospacTatomas npu o > 0). U3 nemmsr 3 creny-
€T, 9TO DTa MOCJAe[OBATENHHOCTE HENePUONYHA, a 3HAYNT, HEMEePHOTUYeH I
muoro4ien P. [loaydaem mpoTuBopetne.

[IPEATOKEHUE 16. Bce MHO20UAENbl, KOMMYMUPYIOWUE C T, — 2mMo

+2" (n=1,2,...).

/TOKABATEJBCTBO. Jlerko npoBepuTh, UTO BCE DTN MHOTOYICHE KOMMY-
THPYIOT ¢ 3. DTHX MHOTOWICHOB HMeeTCs MO IBa Kaxk Aol cTenenn. Coraacuo

NpeIoKeHNIo 3, IPYTHX KOMMYTHPYIOIIHX € Z° MHOTOYICHOB HET.

8. KIACCUPUKATIUA MHOTOYJEHOB, KOMMYTUPYIOIIUX C
KBAJIPATHBIMU MHOT OY9JEHAMU

JIEMMA 4. Cywecmeyem eduncmeennviti (¢ mounocmvio 0o YMHONHCE-
nus na —1) mmozouren F dannotd cmenenu n makot, wmo MHO20UAEM
(z 4+ 1)F(2)? — 1 s6aqemea neuemmubiu.

JIOKABATEJILCTBO. Ilycth F(z) = az™ + bz~ + ... (a # 0) — muoro-
qJIeH CTeNmeHn n > 1, yJIoBIeTBOpsOMNN ycioBusaM JemMmnbl. Torga

(x4 1)F(ac)2 —1=qa%z?t ¢ (2ab+ a2)m” + ...
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[IpupaBuuBaeM HyJI10 KOXMGMUINEHT NpH 2n-I CTeNeHH, noryiaeM a = —2b, B
qacTHOCTH, b # 0.
Pasnoxnm F' B cyMMy 9eTHOHW W HEYeTHON KOMIOHEHT:

F(z) = U(z*) + 2V (2?),
TOr' Ja yCJIOBHE JeMMbl MOXKHO 3al0HUCaTh B BH €
Uy +2tU)V () +tV (1) =1 (8)

(Mbl o6oznauman ¢ = x?). O6o3HaunM cTapimil KO>pUITEHT MHOTOYJIeHa
U(t) depe3 ug, a muorodrena V(f) — depes vg. Torga ecam n deTHo, TO
ug = a, vg = b, 3HauuT, ug = —2v9 n deglU = degV + 1 = n/2; a ecan n
HEYeTHO, TO Ug = b, vg = @, 3HAYNT, vg = —2ug n deglU =degV = (n —1)/2.

HenocpenctBenno mposepsercs, ato ecan (U,V) — pemrenne ypaBHe-
s (8), To (U +2tV,-2U + (1 —4)V) u ((1 — 4)U — 2tV,2U + V) —
ToxXKe pelnenns. Takum 06pazom, MBI UMeeM 1Ba oTobpakenus $, u ¢_ coot-
BETCTBEHHO Ha MHOXKECTBE BCEX MHOTOWJIEHOB. DT OTOOPAKEHUS TePEBOIAT
MHOT OYJI€HBI, Y IOBIETBOPSAIOIINE YCJIOBHIO JEMMEI, B MHOTOYJIEHEI, TaKXKe eMy
yaoBaeTBopsiotne. [losTomy 6ymem nx paccMaTpHBaTh TOABKO HA MHOYKECTBe
TaKUX MHOT OYJEHOB.

Ecin cTenens MHOTOY/IeHA YeTHA (M He paBHA HYJ0), TO oTo6pakenne P4
nonmxkaet ee. /ledcTBUTENBHO, U3 yeaoBUH ug = —2vg n degU = degV + 1
crepyet, 9to deg(U +2tV) < deg U n deg(—2U + (1 —4t)V) < deg V. Anaso-
FUYHO, 0TOOpaxenne _ moHMKAET CTeNeHb MHOTOY/IEHA, eC/ii OHA HedeTHa.

Ha camom mese sTn oTo6paxenns (npn n > 2) NOHMKAIOT CTENEHb MHOTO-
4yieHa Ha 2. [lefiCTBUTENBHO, JErKO TPOBEPHTH, YTO ONMUCAHHBIE OTOOPAKEHUS
®, n $_ gBasioTcsa B3anMuo o6paTHBIMA. [lycTh F' — MHOrowWIeH HeveTHON
cTenmeHn (HAMOMHUM, 9TO MBI PacCMaTPHBAaeM TOJABKO MHOTOYIEHBI, YIOBIIe-
TBOpsomIne ycaoBuio Jemmbr). Torga ®_(F) — Toxke MHOTOYIEH HEYeTHOH
cTenenn. B npoTuBHOM ciydae mosydaeM MpOTHBOpedne

deg F' = deg @ (®_(F)) < deg @4 (F) < deg F.

[ToaTomy oTo6pakenne ®_ moHmXKaeT cTeneHb MHOTO4YJIeHA O KpalHell Mepe
Ha 2. boabie, 4eM Ha 2 cTeleHb MOHU3UTCA He MOXKET, MTOCKOJABKY 0O6paTHOE
oTobpakenne ¢, He MOXKET MOBLICHTHL CTeNleHh MHOTOYIeHA Gosee, TeM Ha 2
(sTO caenyeT n3 sBHOTO BEIpaykeHus 1iast ). AHasormIHO paccMaTpuBaeTCs
caydail MHOToO4JeHa [’ 9eTHOW CTerneHH.

Takum obpazom, TpuMeHss MHOTOKPATHO K MHOTOWIeHy F', ymoBIeTBO-
psIOIIeMY YCJIOBHIO JeMMbl, npeobpasoBanus ¢4 uwin ®_ (B 3aBUCHMOCTH OT
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YeTHOCTH €ro CTeNeHN), MBI MOJYYHM MHOTOYIEH, Y/IOBIETBOPSIOUINH yCIO-
BHIO JIEMMEI, TIEPBOH WM HYJeBOW CTeleHH. JHAYUT, JI060H TaKOW MHOTOYJIeH
F MoxeT 6BITEH MOAyTeH 03 MHOTOYJIeHA TePBOH MIN HYJAEBOH CTEMeHH MHOTO-
KpaTHBIM MpUMeHeHneM o6paTHoOro npeobpasoBannsd. HemocpencTBentoe BH-
YHCIeHNe TOKA3KIBACT, ITO HCKOMBIE MHOTOYMICHEl HYI€BOW W MePBON CTETeHn
— 5T0 TOAbKO +1 m +(2¢ —1). 3ra4nT, 11 M1O6OH CTENEeHN TAKOH MHOT OWIeH
eJIMHCTBEH ¢ TOTHOCTRIO JO YMHOKEHUS Ha — 1.

HPEANOKEHUE 17. Jas 106020 (Komnaexcnozo) wucaa o # 0 wau 2 ne
CYUECTNEYEM MHOZOUAENA HEUEMHOT CIMENENU 6bIULE NEPEOT, KOMMYMUPYIO-
wezo ¢ P(z) = z? — a.

/TOKABATEJABCTBO. [lycth Q(z) — mHOTOWIEH cTenenn 2n + 1 (n > 1),
koMMyTHpyomni ¢ P(z). I3 npentoxenus 7 ciexyet, 9T0

Q(z) = 2Q'(2?),

riae Q'(z) — MHOTO4JIeH cTeneHn n co cTapinM Koadduunentom 1. Yeaosne
KOMMYTHUPOBaHUS MHOTOYJEHOB 3aMullleM B BH /e

Q' (a?)? = P(2)Q(P(2)?) + o

P )
(,r)7 Torga r? =

[Tpennonoxum, 9to o # 0, m BBejieM oGo3HadeHNe Y =

=a(y+1). Umeem

(y+1D)Q (ay + a)* = yQ'((ay)?) + 1.

O6oznaunm ganee F(y) = Q'(ay + o) n G(y) = Q'(ay). Crenens MHOTOMIE-
Ha I’ paBHa m, a cTapiini ko3dgduunenT paBen o”. [lorydaem

(y+ 1)F(y)* = yG(y*) + 1. (9)

Bosbmem B kadectBe Q(z) muorowren P,(z), KomMmyTupytomuil ¢ 2 — 2, u3
npemioxkenus 9. B oToMm cayyae ctapumit ko3gpduuueHT MHOrodiaexa F pa-
Ber 2". Tlockonbky B cuay (9) MuHOrOWIeH [ yIoBIeTBOpSAET yCIOBUAM JeM-
MBI 4, mas 11060r0 Apyroro MHOrO4YIeHa (J(Z) MBI MOAYyYNM TOT K€ CaMbIi
MHOTO4JeH [, 6BITh MOXKET, YMHOKEHHBIH Ha — 1. DTO BOBMOXKHO TOJBKO eCn
a” = £2". 3nauut, || = 2. OgHAKO B DTOM clydae BOCTOJIb3YeMCS Mpe/Io-
xemnem 126) — MHOrowIeH 22 — o ABIfAETCA HENEPHOAUICCKNM, 3HAYAT, He
nMeeT KOMMYTHPYIOUINX HedeTHOU CTeleHH BHIIIe MepBOi.

O6beunss pe3yabTaThl CAeJCTBHS 2, HPEeIOKEeHNs 2, TpejoKeHus 9 u
ero CJeJ[CTBUA W TpelIoKenuin 8 u 17, moiydaeM OCHOBHYIO KaacCH(PUKATIH-
OHHYIO TEeopeMy.
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TEOPEMA. [lycmp P(z) = x?

wue ¢ P(z), cymb muozousenst 6uda (n — YeA0€ HEOMPUYAMEABHOE YUCAD):

—a. Tozda 6ce mnozowaenst, Kommymupyio-

>z, ecau a = 0;
> P,(z), onpedeaennvie 6 npedaoacenuu 9, ecau o = 2;

> P"(z) 6 ocmaabnbiz cayuanz.

C ydeTom npemioxkenus 1 u jeMMbl 1, 3Ta TeopeMa MOJHOCThIO Kiaaccugu-
[MHpyeT BCe MHOTOYJEHB, KOMMYTHPYOUINE ¢ TaHHKEIM MHOTOYJI€HOM BTOPOH
CTereHn.

9. KOMMYTUPYIOINIUE PAIIMOHAJILHBIE ®GYHKIINHA

Kak M®I Bugeam, caydaum KOMMYTHPOBAHNA MHOTOYJIEHOB OYeHL PEIKH.
[TpuBegem onuu ciocob MOCTpoOeHUS MPUMEPOB KOMMYTHPYIONIAX PANNOHATb-
HBIX (pyHKIHH. PaccMOTpuM s 5TOro KpuByio (5, 3a 1TaBaeMy COOTHOIIEHH-
em y? = 234 px +q. I'padux sToil KpuBoil gas caydas p = 1, ¢ = 0 m306paken
Ha puc. 1.

C/

Puc. 1.

Ha kpuBon G BBe/leM ONMepannio «CAOKEHUSA TOYEKY CASTYIONINM 06pa3oM.
[Iycth 1Be (He cmMMeTpHYHBIE OTHOCHTENBHO ocn abcumcc) Toukum A uw B
gexxat #Ha kpuBon (. [IpoBegem d4epes HEUX ceKyliyio (WJIW KacaTelbHYIO B
crydae coBnajgenns toiek A mw B). Ona mepecekaer kpuByio (G B TOYKax
A, B u B HekoTopoll TpeTbeil Touke C’. JleficTBUTeALHO, ypaBHeHHe DTOM
(HeBepTHKaTbHON) KPUBOH 6y1eT uMeTh Bui y = kz + b. Toukn nepecedenns
BTON NpsAMOI ¢ KpuBOH (G CYyTh pellleHus CHCTEMBI

y? = 2¥+prtg
y = kx+b.
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[logcTaBuB B mepBoe ypaBHEHIe CUCTEMLI BMECTO ¥ ero 3HadeHHe U3 BTO-
pPOro ypaBHEHHA, HoJydaeM KyOHUeCKoe ypaBHeHHe OTHOCHTelbHo . /[IBa
(6BITH MOXKET, COBHAAIOIINKX) €ro KOpHS — 5TO abcunmcchl Todek A nm B.
TpeTnit kopenb 6yjger abcunccoil nckomoin Toukn C’. Opannata Touku C'
O/JHO3HAYHO HAaXOJIUTCA M3 BTOPOro ypaBHenns cucteMbl. CyMMon Todek A n
B nasmiBaeTcs Touka C, cumMeTpuniHas Touke C/ oTHOCHTeNBLHO ocH abcnucc.

Ecan Toukn A u B cuMMeTpPHYIHBI OTHOCHTEIBLHO OCH abCIuCC, TO UX CyM-
MOH cYuTaeTca nobaBiennas K KpuBon (¢ 6eckonedHo yaanennas Touka. Cym-
MOH 10001 TOUYKNH A n 6eCKOHeYIHO yJaJeHHOH TOYKH CIHTAeTCS caMa TO4-

Ka A.

JIEMMA 5. Béedennasa onepayua caoxcenus mouex na xpueot G a6.45em-
CA GCCOYUGMUEHOTU.

Mgl He 6yJieM IPHBOIUTE JOKa3aTelLCTBA DTON JeMMEL, er0 MOYKHO HalTH
BO MHOTHX KHUTaX, B 4acTHOCTH [6, 7]. Kak ciecTBHe JeMMBI 5 OIydaeM, 9TO
o 10601 TOUkH A KOppeKTHO ompefgenfena Todka nA = A+ A+ ---+ A.

n cjdaraeMBbBIX
PaccmorpnM MHEOXKecTBO GyHKINH F), onpejeleHHBIX paBeHcTBaMn [, (2 4) =

= 2,4 (4epe3 z4 u ,4 0603HaTeHBl abcuncchl ToMeK A 1 nA COOTBETCTBEH-
HO).

[TPEANTOXKEHUE 18. Dyuxyuu F, A6.420Mmca nonapro KoMMYymupyrouju-
MU PAYUOHAADHBIMY PYHKYUAMU.

JTOKABATEJBCTBO. KommyTupoBauue QyHKINN [F; mOKasbiBaeTcs MPo-
cto. llycth = x4 jng HekoTopon Touku A € . Torga

Fpol,(z)=Fyn(2p4) = Tmna = Fu(2ma) = F, 0 Fiy(2).

PanunonanbHoCTh 6y/1eM MOKa3biBaTh WHAYKIKEH 110 n. O MHOBpeMeHHO 6Y-
ZeM MOKa3bIBATh, YTO KBaApaT YIJAOBOTO Kod(duinerTa k, TpAMOU, MPOXO-
[AIEH 9epe3 TOYKH T4 U T, 4, ABISETCA PANHOHATBLHON QPYHKINEH OT 4.

Basza wagyknun. OgeBugno, 4to Fy = id — paumnonaabuas QyHKIHSA, a
d .
kl(,r) — DTO MPOU3BOTHAA d—y dyukuuH, 3ajgatoireid kpusyo G. [losTomy
xr
(o) = ot pe ) 3at4p
(y?) 2y
(327 + p)?

k2 (z) = oL TP
) = w10
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Mar wagyknmn. Ilycts F,(z) n k2(z) aBagioTCS pannoOHAILHBIME (QyHK-
unsivu ot . Toukn A, nA nw —(n + 1)A nexat wva npsvon y = ky(z4)z + b,
3HAYNT, UX aOCHUCCHI T4, Tpa = [, (z4) 1 T_(n41)A = T(ng1)A = Foyi(za)
ABJAIOTCA KOPHAMH Ky6udeckoro ypasuenus (k,(z4)z +b)% = 2° + pz + ¢.

[lo Teopeme Bueta x4+ Fy, (2.4)+Fpp1(74) = kn(z4)% Hootomy Fpyq(z)=
= kn(z)? — F,(z) — z. Tak xak ¢dyuknnn F,(z) n k,(z)? pannomanibusr mo
NPeNoIOKeHNI0 HHIYKIHA, TO F),41(2) — ToKe paunoHasbHas QYyHKINA.

[Mockoabky Toukn A, nA n —(n+ 1) A nexaT Ha OTHON TPAMOT C YTIOBBIM
koo punnenToM ky,(4),

YA — YnA = kn(xA)(-rA - $nA)7
Ya + Yng1)a = kn(24)(TA — T(nq1)a)-

C npyroit ctoponsr, Todkn A u (n+ 1) A JexxaT Ha TPAMON € YTIOBEIM KO3(]-
dunneaToM ky41(24), MOSTOMY

Y4 = Yne)a = kns1(za) (T4 — T(ny1)a)-

HepeMHO)KI/IB JABa MOCJeTHUX paBeHCTBa, MOJYy1aeM

Y4 = Yiurrya = kn(@a)kns1(z4) (@4 — 2(ng1)a)?,

OTKYyda cjaenyeT

Va - y(2n+ 1)A
4)?

(A—$n+1 kn'A):
(@3 +pratq) = () )4t PEeana+0)
(x4 — (n+1) A)?hn(z4) a
(2% + 2aT(nyya + 20, 11)4 D)
(T4 — T(np1ya)bn(z4)

kn—l—l(wA) =

SHavuT,
x? + -an—}—l (r) + Fn+1 (r)Q ‘|’p
(@ = Fryr(2))kn ()
BosBens mocaegniono (opMmyny B KBajpaT, N3 PalHOHAIBHOCTH (QYHKIHN
k,(z)? (mo npegnonoxennto wuayknuu) u F,.1(z) (foxazanuoil BhIme) mo-

JydaeM palnoHaILHOCTD kyyp ()2

kpy1(z) =

B katecTBe ynpakHeHHs NpetaraeM YHTATeN0 HAHTH ABHLIH BIJ DYHK-
unit F, (z) 118 HeCKOAbKHX 3HAYCHHH 7.
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