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Kputepnn rumms0epTOBOCTI DaHAXOBA
IIPOCTPAHCTBA, CBA3aHHbBIE ¢ TEOPHEH IPUOINKEHITT"

I1. A. Boponun B. M. Tuxomuposn

0. BBE/JIEHUE

DJIUTICONIOM HazbiBaloT 06pa3 cepbl TpH JUHERHOM TpeobpazoBaHun 06BEM-
JIOMIErO TPOCTPAHCTBA. B TpexmMepHOM MpOCTpPaHCTBE B IOIXOSAIIEN [TEKApTOBOR
cucTeMe KOOPAMHAT DJIUIICOU UMeeT YpaBHEHUE

() + () + ()=
a as as

3JIJII/IHCOI/I,Z[£>I BBEIACAAIOTCA U3 BCEX BBINYKJBIX HNEHTPAJABHO-CUMMETPUYIHBIX II0-
BerHOCTeﬁ MHOTHUMHU yHUKaJbHBIMA CBOWCTBaMN. HpI/IBeAeM HEKOTOPBIE N3 HUX.

1. Ecuanm Bce miockue cedeHns BbIHyKJIOﬁ HeHTpaJIbHO—CHMMeTpH‘IHOﬁ IMOBEPXHOCTHU
CYTh JJIJUIICEI, TO IIOBEPXHOCTh — S3JIMIICOU .

2. Ecau npm ocBelieHNY BBIMYKIOHW IEHTPAIBHO-CHMME TPUYHON TOBEPXHOCTH TTPO-
WM3BOJBHBIM NTapaJIeJbHBIM IIyYKOM CBETa OHA OTOpachiBaeT Ha IJIOCKOCTh TEHb
B BU/I¢ BHYTPEHHOCTH JJJIUTCA, TO TIOBEPXHOCTH — DJAUTICOMT.

3. Ecau npm ocBelieHn# BBIMYKIOHW IEHTPAIBHO-CHMME TPAYHON TOBEPXHOCTH TTPO-
U3BOJBHBIM MapaUIedbHBIM IIyYKOM CBeTa 2paHuya meny (TOYKH MOBEPXHOCTH,
B KOTOPBIX JIYYH CBETA €€ KacaloTcA) IIOCKasd, TO MOBEPXHOCTh — BJIHICOU.

4. Ecan MJIA BCAKOT O TIJIOCKOT'O CEYEHUA BbIHyKJIOﬁ HeHTpaJIbHO—CI/IMMeTpH‘IHOﬁ I10-
BEPXHOCTH Haﬁ,quca HallpaBJAE€HUE TMapaJJeJbHOTO OCBEHIECHUA, TPU KOTOPOM
TpaHUIla TEHU 6yrqu COBTIaaTh C 3TUM TIJIOCKUM CEYEHUEM, TO MMOBEPXHOCTH —
DJIIUATICOM 1.

Huxe MBI chopMyampyeMm 3THU yTBepXKaeHuA Oojee TIIATENAbHO, & HEKOTODHIE U3
HUX JOKaXKEM.

3HaMeHUTHIN HeMelKull MaTeMaTnk ['epmMarn MUHKOBCKHN 1O KaXK JOMY BBITTYKJIO-
MY OTPaHUYIEHHOMY IIeHTPATbHO-CUMMETPUIHOMY MHOXKECTBY B KOHETYHOMEPHOM TIPO-
CTPAHCTBE TOCTPOWJA METPHUKY, C TOMOIIBIO KOTOPOHW MOXKHO MEPHUTH PACCTOSHUE
MeX Iy TOYKaMH, a aMepuKanell BuHep (n3o6perareath KHOGEPHETHKH) U MOAAK BaHax
pacmpocTpaHuIn omnpeaencHne MUHKOBCKOTO Ha GeCKOHEYHOMepPHBIE TTPOCTPAHCTRBA.
IIpum 3ToM M3HATATELHOE MHOXKECTBO ABAAECTCA € IMHUIHBIM II1APOM, PACCTOAHUA OT TO-
Y€K KOTOPOrO 0 HavdajJa KOOPIUHAT He TMPEBOCXOAAT €IWHUIBI. JTH TPOCTPAHCTBA
C BBE/IEHHOH B HUX METPHKOW (U ellle OHUM JONOJHUTEABHBIM CBORCTBOM MOJHOTHI)

*Pa6ora 060HX aBTOPOB BHINOJAHeHa NpH mHojjgepxkke PPDPU (nepsoro — mpoekt Ne 96-01-
01366, Broporo — npoekT Ne 96-01-00325 u npoekT [IporpaMmer o gepKKu Be. HAY YHBIX IIKOJ
Ne 96-15-96072).
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Ha3BIBAlOTCA GaHAXOBHIMHU TpocTpaHcTBamu. Cpean 6aHAXOBBIX MPOCTPAHCTB OCO-
6y10, YHUKATBHYIO POJb UTPAIOT TPOCTPAHCTBA, ¥ KOTOPHIX B KOHCTHOMEPHOM Cay4ae
TPAHUIAME eHHAYHBIX MAapOB ABAAOTCA diautconabl. OHU HA3BIBAIOTCA THIABOEPTO-
BBIMHU ITPOCTPAHCTBAMM.

Hanwmvne MeTpuku Mo3BOAAET CTABUTH 3a1a9W O MPUOIMKEHUN DIEMEHTOB MHO-
KecTBaMu. [Ipubiamxennsa B TIIbGEPTOBOM MPOCTPAHCTBE YCTPOEHBI OCOGEHHO CO-
BepinieHHO. B panHON paboTe MOKa3bIBaeTCs, 9TO 3TH COBEPIIEHHBIE CBOUCTBA MPH-
OMMKEHNN XapaKTePU3yIOT THILGEPTOBHI MPOCTPAHCTBA.

OTy cTaThI0 MBI TIOCTAPAINCh CAeJaTh (3aMKHYTOH B cebGer. BHawagae pemaeTcs
SKCKYPC B TeopHio 6aHAaXOBBIX M I'MABOEPTOBBIX NMPOCTPAHCTB, a 3aTeM JOKa3bIBa-
I0TCA KPUTEPUN THALGEPTOBOCTH GaHAXOBa MPOCTPAHCTBA (B MPOCTENIEM CIydae —
KPUTEPUH JLTUICON/THOCTH €HHUYHON chephl 3TOr0 MPOCTPAHCTBA), CBA3AHHBIE C
Teopuen mpubamxkenun. MznaraoTcs Bce HeO6XOAUMBIE TOHATHA W (PAKTH TEOPUU
HOPMHUPOBAHHBIX TPOCTPAHCTB, TEOPUU MPUOINKEHUN W TeOMETPUHU, TaK 9TO CTa-
ThA MOCTYMHA CTYAeHTaM-MaTeMaTHKaM | Kypca W TMOATOTOBAEHHBIM ITKOJbHUKAM
CTapIINX KJIACCOB.

1. IIPEABAPUTEJBHBIE CBEAEHUA

B auneiinom npocTpancTBe X (IPOCTPAHCTBE, SAEMEHTHI KOTOPOTO MOKHO CKJa-
JBIBATh W yMHOXaTh Ha BEIECTBEHHbIEC THUCAA) 9acTO OhIBaeT HEOOXOAMMO BBECTH
MeTpHKY, TO ecTh paccTosuue d(z,y) Mexay saementamn z,y € X. Ilpn sTom ecTe-
CTBEHHO MOTPe60BaTh, 9TO6H 3TO PACCTOAHNE HE MEHAAOCH MPH CABUTE 3JEMEHTOB
Ha OJMH W TOT Xe BekTop: d(z + z,y + z) = d(z,y). losToMy nOCTATOYHO Ompe/e-
JUTH PACCTOAHME OT KaX/Oro pjaeMeHTa ¥ € X [0 HYJeBOTO dJAeMEHTa, WIH HOPMY
snemenTa z: ||z|| = d(z,0). OTa HOpMa, TO ecTh dyHkuud || -|| : X — R, noaxna
o6aaJaTh CAeYONINMI CBOUCTBAMMU:

ay Vee X |z||20;|z||=0<=2=0 (CBOMCTBO HEOTPHUIATENLHOCTH);
6) Ve e X YAeR ||Az|| = |A| - ||=]| (CBOTCTBO OJHOPOAHOCTH);
B) Ve e X Vye X |le+yl <=l + ¥l (HepaBeHCTBO TPEYTOMBHUKA).

Ecan Teneps nomoxuth d(z,y) := ||z — y||, To MmeTpuka d 6yaeT obrajgaTh BceMu

TpeGyeMbIMI cBOHCTBaMU: HeoTpHaTeabHocThio (d(z,y) > 0n d(z,y) =0 <=z =
y) , cummeTpuuasocThio (d(z,y) = d(y, z)) u HepaBencTBOM Tpeyroabuuka (d(z,y) <
<d(z,z)+d(y, z)), Tak uTo (X, d), N0 ONpeeNeHNI0, — MEMPUNECKOE TTPOCTPAHCT-
Bo. Kpome Toro, m1d BBeeHHOI TakMM 06pa3oM MeTPHKHN CIpaBeMIMBLI PaBEHCTBA
dlz + z,y+ z) = d(z,y) n d(Az,\y) = |A|d(2,y), ecrecTBeHHBIE B JMHEHHOM TIPO-
crpancTie. apa (X, || - ||) HasbIBaeTCA HOPMUPOSAHHBIM TTPOCTPAHCTBOM.

B oanoM m ToM e MHEHOM MpocTpaHcTBe X HOPMY MOXKHO BBECTH MHOTHUMMU
pasHBIME criocobamu. IlpuBeleM HECKOABKO TPUMEPOB HOPM B OOBLIMHOM 7-MEPHOM
BEIIECTBEHHOM TIpocTpatcTBe R cocTodieM n3 BEKTOPOB & = (Z1,...,Ly) C KOOD-
nquHaTamu rg € R

L 2]l = (Cpay 2%
II. | ZZ:I

L. |[z|| = maxi<pgn |2k ]-

z Zkl;
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MoxHo paccMaTpuBaTh U GeCKOHETHOMEPHBIE JUHEHHBIE TTPOCTpancTBa. Tak, Ha-
npumep, B 6eckoHedHOMEpHOM auHeinHoM npocTpancTse C[0, 1] BemecTBeHHBIX (DyHK-
nuit f, HempepbIBHBIX Ha oTpeske [0, 1], HOpMY TakKe MOXKHO BBECTH DA3HBLIMHU CIIO-
cobaMu:

VAl = (fy £ ()de)' 7
1
VoAl = fo (@) da;
VL. ||f|| = maxze[o,17 |f(2)| (paBHOMepHAs, mim 4eGbimeBcKas HOPMa).

TIpoBepka cBolCTB a), 6), B) HOpMBI B Kax 1oM u3 npuMepos I — VI npegocrapis-
€TCsl YNTATENIO.

Exunananeii wap B = {z € X : ||z|| < 1} /uHelHOr 0 HOPMUPOBAHHOT'O TPOCTPAH-
cTBa X BCeDjla ABIACTCA 6bINYKALLM YEHMPAALHO-CUMMEMPUNHBLM (OTHOCUTENBHO HY-
as) noeaowarowun (Yo € X IA > 0: Az € B) oepanuuennvin (Ve € X IA > 0
Az ¢ B) meaom B X. (BHIIYKIOCTH ClejyeT W3 TOrO, 4TO ecan &,y € B, To aid
0 < a <1 umeem

+ (1= a)yll = allz] + (1 - o)llyll S @+ (1 —a) = 1,

T. €. BECh OTPE30K C KOHIAMHE Z, Y TEAUKOM JEKUT B B; oCTalbHbIe U3 MEPETNCICHHBIX
CBOWCTB 0CTaTO4YHO oveBHAHbI.) Hampumep, B caydae HOpMBI n3 npumMepa | u mps-
MOYT OJIbHOU cucTeMbl KoOpauHaT B X = R"™ equHuvHbIN map coBnagaeT ¢ OGBIMHBIM
mapom ¢ neHTpoM B 0 u pajguycom 1 (ecam cmcTema KOOpAMHAT MPOU3BOABHA, TO B
ABageTcs sanuncongom). Exqnnnyansie mapw aaa Hopm IT u 1T — MHororpaHHukY; B
YACTHOM CIydae n = 3 U IPAMOYTOJLHOH cucTeMel KoopamuaT B X = R3 mopwma II
naeT MPaBUIBHBIN OKTAa3Ap C BEPIIMHAMHI Ha ocAX KoopaumHaT, a Hopma III — ky6 c
pebpamMu JAUHBI 2, MTAPALTETbHBIMA KOOD IUHATHBIM OCAM.

BepHo u o6paTHoe (06 5TOM TOBOPHIOCH BO BBEJCHUW): Kaxcdoe 8uinykoe ye-
HMPAALHO-CUMMEMPUNHOE NO2AOUAIOUEE O2PAHUNEHHOE MHONCECMBO B 6 auHeliHoM
npocmpancmee X szadaem 6 X wopmy || - ||, 6 komopot oo ssasemca noumu»
edunuunbin wapos: {z : ||z||p < 1} C B C {z : ||z||p < 1}. UMeHHO, Ha 10 MOMOKATH

llz|lz = inf{A >0 : ;

TBOMHOT O BKJIOYEHUA MPEJOCTABIAETCA TUTATENIO.

Jluneitnoe HOpMupoBaHHOE TpocTpaHcTBO (X, ||-||) HazbIBaeTCA NOAHBIM, €CTH OHO
COJIEPXKUT BCE CBOU TPe/IeAbHbBIE TOYKN (T. €. eCly Ul BCAKON (PyHIaMEHTATBHON TI0-
ClIeIOBATENBHOCTH {2y} € X, T.€. TAKON MOCAEJOBATENLHOCTH, UTO |2y — Zm|| — 0
npu n, m — 0, cymecTByeT saeMeHT ¥ € X, K KOTOPOMY 5Ta TMOCIEJOBATENHLHOCTD
cxoaures: ||z, — z|| = 0). KoHeuHOMepHOE HOPMHUPOBaHHOE NPOCTPAHCTBO BCET /A
noaHO, a GecKoHedHOMepHOe — HeobsazaTeabHo. Hampumep, npoctpanctso C[0, 1]
[OJIHO OTHOCUTENBHO HOpMBI VI, HO He moTHO oTHOCHTeabHO HOpM IV min V (nmpoBepb-
Tel). Jro6oe HEMOMHOE TPOCTPAHCTBO X MOXKHO (TOTIOJNHUTEY, NOGABUB MpeelbHBIE
TOYKM, WM, APYTUMH CIOBAMMA, BIOKATH B TMOJHOE TTPOCTPAHCTBO X C COXPAHEHIEM
HOPMEI, Tak 9To X ToTHO B X (oM., mamp., [1, raIl, § 3]).

IToaHbIe HOPpMUPOBaHHBIE TIPOCTPAHCTBA HA3BIBAIOTCA 6AHATO6bLMU, B 9ECTH BBI-
natomeroca noabckoro MmatemaTtnka C. Bamaxa. B ganbmeiimiem mbr 6ygemM paccMma-
TPUBATh TOALKO 6AHAXOBHI IIPOCTPAHCTBA.

Hopwma B smrelinOM npocTpancTBe X 06aagaeT 0cO6eHHO XOPOIINMHU CBOMCTBAMM,
ecJqM OHa TIOPOXKIeHa CKaJIAPHBLIM NMpomsBefenneM. Ckaaaproe npou3eedenue — 5TO
dyakund (+,-): X x X — R, y1oBiaeTBopsamooIas cleyOMuM TpeGOBaHHAM:

lloz + (1 — a)y|| <) [|oz

€ B}. TlpoBepka CBONCTB HOPMEI a), 6), B) W NPUBEJIEHHOTO
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) VzeX (z,2)>0mu (z,2) =0 <= z =0 (cBONCTBO HEOTPUUATEIHHOCTH);
i) Ve,y € X (z,y) = (y,2) (CBONCTBO CHMMETPUIHOCTH);

i) Ve,y,z€ X Vo, € R (az+ By, z) = a(z,y) + B(y, 2) (cBolicTBO GuanHeiHO-
cTH).

CkaaspHoe npousBejieHre MopoxaaeT HopMy ||z|| = /(z, z) (upoBepka cBolicTB
a), 6), B) HOPMBI PEOCTABAAIOTCA YUTaTemo). Tak, HopMa 3 mpumepa | mopoxe-
Ha CTaHJapTHBIM CKaJIAPHBIM TpousBefeHueM B R™: (z,y) = ZZ 1 :L‘kyk, a HopMa

u3 npumMepa IV — ckanapHbIM npousBefenueM dyukuni: (f, g fo (z)dz.
Jlio6oe ckarapHOe TpomaBeeHne Ha miIockocTn R? 3agaeTca Tak: ecanm & = (:1:1, za),
y=(11,92), To (2,y) = a112141 +@12T1Y2+a21T2y1 +a2222Y2, THE a12 = G971 1 (He06-
XO/IUMOE  IOCTATOYHOE yCIOBHE HEOTPUTIATENBLHOCTH) a1 > 0, aj1asa—aiy > 0. llpu
5TOM eMHUYHBIN 1ap, T.e. COBOKYNHOCThL Tex € R?, naa koropwix (z,z) < 1,
BHYTPEHHOCTH »Junca. Boobie, ao6oe ckaidpHoe mpomsBefdeHue B R™ 3anaet-
cA TIOJNOKUTENBHO ONPeEIeMeHHON CHMMeTPHYeCKON GuanHenHon dopmon A(z,y) =
= Z” @i iy (a;; = aji € R, Vo # 0 A(z,z) > 0). MeroTcs KpUTepHu MOJO-
KUTEJLHOU OTNpejiefeHHOCTH (popMBl A — HampuMep, B TEpMUHAX TJIABHBIX MUHOPOB
MaTpuubl a;; (kpurepuii CmiabBecTpa — cM., Hamp., [2]). Eannuabi map B coot-
BeTcTByRomell Hopme — {2 € R” @ )" a;z;2; < 1} — samnncounp ¢ unerrpom B 0,
BMeCTe CO CBOel BHyTpeHHOCTbIo. O6paTHO, J060N DJINNCOU ¢ NMEHTPOM B HYyJe
3a/1aeT HOPMY, MOPOXK JEHHYIO HEKOTOPBIM CKAJIAPHBIM MTPOU3BEICHIEM.

BaHaxoBo mpocTpaHCTBO, B KOTOPOM HOpMa 3ajaHa CKAJAPHBIM MPOU3BECHUEM,
HA3bIBACTCA 2UAbOEPMOBHIM NPOCMPAHCMEOM, B UeCTh BEJUKOTO HEMEIKOTO MaTe-
matuka /. Tuwas6epra. Hopma B ruibbepToBoM MpocTpaHCTBe 06aagaeT MHOTHUME
3aMevYaTelbHBIMU CBOUCTBAMU, KOTOPHIE 3a9aCTYI0 ABIAIOTCA XapaKTepUCTUUECKU-
Mu 1A TuabGeproBocTu. [IpuBeieM KaaccMUecKui MpUMEP TaKOTO CBOUCTBA.

JIEMMA A (TI. MoPaaH, J2K. @0H HEWMAHH, [3]). Baxaroso npocmpancm-
60 X Asasemca 2uabbepmosvim mozda u moabko mozda, xozda dasa awbLlr Jdeyr
sexkmopos T,y € X 6bINOAHEHO PAGEHCME0 NAPAAAEAOZDAMMA:

2 2 _ . 2 2
lz 4yl + llz — ylI” = 2(|l=II" + llyll*)
(cymMMa KBa/paToB AMATOHAJEN MapaLIeIorpaMMa PaBHa CyMMe KBapaTOB eTo CTO-
pOH).
JOKABATEJILCTBO. BrITOAHEHNE paBeHCTBa MapalIelorpaMMa B THILGEPTOBOM
MPOCTPaHCTBe MPOBEPAETCA HEMOCPEACTBEHHO.

O6paTHO, ycTh B 6aHAXOBOM MPOCTPAHCTBE BBIMOJIHEHO PABEHCTBO TMapaJeo-
rpamma. [lomoxum

1
(@,9) = (e +yll* = llz — yll*)

7 TOKAaXeM, 9TO 5Ta (PYHKUMA ABYX MePeMeHHBIX 06JajacT BCEMU CBOUCTBAMU CKa-
asgpHoro npousBefenusa. CoiictBa a) n b) oveBugubl. [lasd qokazaTelbCcTBa ¢) ycTa-
HOBUM BHadvaJe aIIuTHBHOCTD:

(z+y,2) = (z,2) + (4,2),
KOTOpas B HaIllEM CJAyYae PABHOCUIbHA PABEHCTBY

e +y+ 2 = lle +y— 2l = llz+ 2" = [lo = 2l* + lly + 2l = lly = 2I*. (1)
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3amuireM paBeHCTBA MAPALIETOTPAMMa A MapaIeJor paMMOB, HATAHY THIX Ha TTapbl
BEKTOPOB X +z U Y, Y+ 22U, x—2zUY, Yy— 21 2L

llz+2+yll> + llz + 2 — oll* = 2(llz + 2|” + ||y]*),
ly+z+2*+lly+ 2 —2|* = 2(lly + 211> + [|z]*),
lz —z+yl* + llz — 2 — ylI> = 2(||= — =|* + ||]1*),
Pt lly—z =zl = 2(|ly — 2l” + [l]).
BorunTan U3 cyMMBI IePBLIX IBYX PaBEHCTB CYMMY HOCJAEHUX ABYX PABEHCTB, MOJY-
vqaem (1).

Ocrapineecst cBONCTBO ofHOpOAHOCTH (A%, Y) = A(2, y) momydaeTca Tak: 1 1e-
JBIX A OHO cleflyeT W3 aJAUTHBHOCTH; OT HEALIX A JeTKO HepelTH K parioHalbHBIM
A, a OT palMoHAJLHEIX, I0 HEMPePBLIBHOCTH, KO BceM A € R.

Teneps HETPYAHO MPOBEPUTEH, YTO BBEJEHHOE TaKUM 06pa3oM CKaIAPHOE IIPOU3-
BefleHne (z,y) MOpoXkaaeT HcxoaHyo HopMmy. Jlemma A jokaszaHa.

r

ly—2+a

CHEACTBUE. Fcau kancdoe dsymeproe (uau xancdoe n-mepuoe, n > 2) nodnpo-
cmpancmeo banarosa npocmparncmsa X euavbepmoso, mo u camo X euabbepmoso.

OTCIO,[[a BBEITEKaET OJHA U3 YIIOMAHYTBIX BO BBEACHUN XapPaKTEPUCTUK ISJIJIUIICOU-
Aa: ecan m060e TIOCKOE cedeHne BbIHyKJIOﬁ HeHTpaJIbHO—CHMMeTpH‘IHOﬁ MTOBEPXHOCTHU
€CTh JJIJINIIC, TO CaMa IMOBEPXHOCTHh — SJIMIICOMU .

C momompio meMMBI A JIeTKO TIOKa3aTh, 9TO mpocTpancTBa u3 npumepos 11, T1I,
V, VI runs6epTOBBIME He ABIAIOTCA.

lMias6epTOBBI TPOCTPAHCTBA M3YYaAIOTCA W IPUMEHAIOTCA B CAMBIX Pa3HBIX 00aa-
CTSAX MAaTEMATUKHU, W OYEHDb 9aCTO BO3HUKAIOT YTBEDKIeHUs, TO100HbBIE JeMMe A —
KOT'Jja KaKoe-Tu60 CBOUCTBO TMIbOEPTOBA MPOCTPAHCTBA OKA3BIBAETCH XapaKTepu-
CTUYECKUM W KJAJeTCA B OCHOBY KPUTepHA TMibbepTOBOCTH GaHAaXOBa MPOCTPaH-
ctBa. J/lokazaTelbCcTBY HEKOTOPHIX M3 3TUX KPUTEPUEB — WMEHHO, KPUTEPUEB, BO3-
HUKAIOWINX W3 TEOPUU MPUOIMKEHNH, — ¥ TMOCBAIICHA HACTOAIIAA paboTa.

Heckoarko cioB 06 ucropun. CkanapHoe mpousbejieHne (Mo HazBaHWEM inner
product — «BHyTpeHHee TPOU3BENEHUEy, 3TO HA3ZBAHUE COXPAHUIOCH B AHTJIOA3BIYU-
HOW JmTepaType A0 cux nop) BBeld [amuabToH B 1853 r. Tnab6epToBO MPOCTPAHCTRO
6BLTO ompefieJeHO B Hadade XX Beka B paborax ['mabbepra m lImuara. [ocaeguui
B 1908 r. BBex oboznadenne || - || aaa Hopmbl. HopMupoBaHHbBIe MTPOCTPAHCTBA GBIIN
onpenenenbl banaxom m Bunepom B 1922 r. 'mab6epToBBI MpoCcTpaHCTBA BHIAEMA-
0TCA cpeu 6aHAXOBBIX TPOCTPAHCTB HE TOJABKO GOTaTCTBOM CBOWCTB, HO U «O[H-
HaKOBOCTBIOY: JIOOBIE 1Ba TMIBOEPTOBBIX MPOCTPAHCTBA ONUHAKOBOW PazMepPHOCTH
U30METPHYIECKH M30MOPMHBI APYT APYTY (T.e. MeX/Ay HUMH CYIIECTBYET JHHEHHOE
B3aMMHO-0THO3HAYHOE COOTBETCTBHE, cOXpaHdAllee HOpMY). Tak, mo6oe n-MepHOe
BEIIeCTBEHHOE IIPOCTPAHCTBO CO CKAIAPHBIM IPOU3BEJEHHEM ) | @;;L;Y; U30MeTpHIe-
CKM M30MOP(QHO CTaHIapTHOMY (eBKJAMIOBY) MpocTpaHcTBY R” co cKaaspHBIM mpo-
U3BEECHUEM » | ZpYk (160 B TOM, 9TO MOGYIO TONOKUTENLHO ONPEIENEHHYI0 CHMMe-
TPUYIECKYI0 OUINHENHYIO (GOPMY MOXKHO MPUBECTH K AUATOHAJIBHOMY BUIY JUHEHHON
3aMEeHON MepEMEHHBIX — CM., Hamp., [2]). Jlo6oe 6ecKoOHEUHOMEPHOE cenapabeabHoe
(T.e. obrajarolee cCYETHBIM BCIOJY ILMIOTHBIM TIO/IMHOXKECTBOM) THIABGEPTOBO MPOCT-
pPaHCTBO — B 9YacTHOCTH, momnodHenue npocrpancTsa C[0, 1] mo wopme IV — uzo-
MeTPUIECKH H30MOP(HO MIPOCTPAHCTBY [, COCTOANEMY U3 BEKTOPOB (21,3, ...) CO
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CYETHBEIM 9HCIOM KOOPJAMHAT, yAOBICTBOPAIONINX HEPABEHCTBY » po, i < 00 (CM.,
Hanp., [1, ra I, § 4]). CkandpHoe NpomsBejeHWE B 5TOM NMPOCTPAHCTBE 3a,1aeTCA
Tak: (2,y) = Y peq TkYk. Takada yHNKaIbHOCTH THIBGEPTOBA MPOCTPAHCTBA AAET
ellle O/IMH TOBOJ K OTHLICKAHWIO KPUTEPNEB TMILOEPTOBOCTH.

Henbasa He ymoManyTh eme 06 0,THOM 6aHaX0BOM IPOCTPAHCTBE, KOTOPOE M0 CBOEH
3HAYMMOCTH, GBITH MOXKET, CPABHUMO C TUIL6EPTOBBIMI, — NMEHHO, O TPOCTPAHCTBE
C'[0, 1] HenpeprIBHBIX (byHKUME ¢ paBHOMepHOU HOpMOH (npumep VI). /leso B ToMm,
9TO arboe cemapabeabHoe 6aHAX0BO MPOCTPAHCTBO W30METPUIECKW M30MOPRHO He-
KoTOopoMy (cBoemy) moampocTpancTBy npoctpancTia C[0, 1] (Teopema Banaxa — Ma-
sypa). Takas yauBepcaabHocTh mpocTpatcTsa C[0, 1] gemaeT ero mpoTHBOMONOKHEIM
rUaLGEPTOBY TIPOCTPAHCTBY TI0 MHOTMM CBOMCTBaM (CM. 3aMevaHne B KOHIE CIeYIO-
MIErO MYHKTA).

B zakarodenne 3TON BBOHON 9acTH TPUBEIEM TOYHYIO (DOPMYJIUPOBKY ABYX T'e€O-
METPHUYIECKNX XapaKTEePUCTUK SJIIUICONI0B B TPEXMEPHOM IIPOCTPAHCTBE, O KOTOPHIX
TOBOPUJIOCH BO BBefleHnn. Ha HUX MBI OyjeM OMHUpaThCcs jgajdee TTPHU A0KA3aTENbCTBE
KPUTEPUEB TUABROEPTOBOCTH.

TrEOPEMA A. ITycmbv ¢ R> 3adama Jdsymepnas 6vinykada 3aMKHYMGAA NOGEPIL-
Hocmb S, KOmopasa Kacaemca Kaxncdo2o onucanHo20 80KpY2 Hee YuAuHIpa no MHoIce-
emey, aexcauemy 6 dsymeproti naockocmu. Toada S — saauncoud (T.e. 3anaerca B
HEKOTOPOU CHCTEMe KOOPAUHAT KaK MHOXKECTBO YPOBHA TOJOKUTEILHO OMpeIeieH-
HOW KBaApaTHIHON (HOPMEI).

OdTa Teopema OOGBIYHO Ha3biBaeTca Teopemon buasmuke 06 smauncommae. Cam
B. Basmke [4] jokaszan ee fus Tak HazbIBAeMOTO OBaJou1a (PEryIAPHON aHATNTHYE-
CKOW 3aMKHYTON BBIIMYKJION NOBEPXHOCTH C Be3jle OTINYHON OT HYJs KpuBH3HON). B
obueM caydae Teopema A nokazana A. /1. Axexcanapossim [5]. Ecau uarepnperupo-
BaTh MHOXECTBO, TI0 KOTOPOMY TIOBEPXHOCTH S TIEPECEKAETCA C OMMCAHHBIM BOKPYT
Hee TMUWINHAPOM, KaK T'PAHUIY «TeHW» S MPU OCBEMIEHNN MapajeJbHBIM Iy 9KOM CBe-
Ta, HAMPABJIEHHBIM TI0 06Pa3yIoIIen STOro NWINHApa, To TeopeMa A 6yaeT 3ByYaTh
TaK: 6CAKAA NOBEPTHOCML € NAOCKUMU 2PAHUYAMU meHell — saauncoud (3TOH aHa-
norueit n o&bAcHAeTCA HasBaHne craThi [5]). Bepro u o6paTHOe: M0GON BIIAICOM
IMeeT TJIOCKHe MpaHUIbl TeHel (frokaxmure!).

TEOPEMA B. ITycms ¢ R2 3adana deymepHas 6uinykias 30MKHYMAA NOGEPL-
Hocmb S, cummempuuHas omHocumeabno Hauada xoopdunam O. Ecau dasa kaxncdoi
dsymeproti naockocmu T, nporodawet uepes O, cywecmeyem nanpasaenue 7(T'),
onoprnoe k S 60 ecex moukar nepeceuenus S NI, mo S — saauncoud.

DTy TeopeMy O6GBIYHO HazbIBalOT Teopemon Buasmke — Kakyranu. Chopmyan-
posaBumii ee C. Kakyrann [6] He gaj moaHOro JoKazaTelbCTBa, JUIIL yKa3aB Ha
BO3MOXHOCTh CBEJICHHA 3TOH TeopeMbl K Teopeme A. JlokazaTelbcTBO TeopeMbl B
conepxkutTea B [7, ra. 5]. BeiBog Teopembl B uz Teopembr A ocymectsaen B [8].

2. METPUYECKAA NPOEKIUA U I'MJbBEPTOBOCTb

Mycts (X, ]| -||) — G6anaxoBo npocTpaHcTBO, Y — HEKOTOPOE MOIMHOKECTBO X |
p(z,Y) = infyey ||z — y|]| — paccroanme oT saementa r € X 10 MHOXecTBa Y,
Py(z)={yeY :|lx—y|| = p(x,Y)} — mempuueckas npoexyus x vHa 'Y, T.e. MHOXKe-

CTBO GIMKANIINKX K & 5IeMEeHTOB B Y (2J1eMeHTOB HawIydniero npubanxenns). Jlus
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JMaHHOTO & MeTpuyecKad Mpoekunsa Py () MoXeT He coiepXKaTh HU OHOT O BJIEMEHTaA
WIW CO/IePKATh Gollee OHOTO BIeMeHTa, a oTo6paxenne Py : x — Py (z), HasbiBa-
eMOe OnepamopoM MEMPUUECKO20 NPOEKMUPOSARUA, BOOOIE TOBOPA, OTIPeIeJeH0 He
Ha BceM X, MHOTO3HAYHO W jJae pa3phIBHO.

Ecan xe X — ruab6epToBO MPOCTPAHCTBO, a Y — ero 3aMKHyTOoe (T.e. TOoJ-
HOE OTHOCHTENBHO HOPMBI) JHHENHOE MOANPOCTPAHCTBO (BoOGIIE, Be3le HUKE CIOBO
MOAMPOCTPAHCTBO GyAeT 0603HAYATH 3aMKHYTOEe JNHEHHOE MOAMPOCTPAHCTBO), TO
cBolicTBa Py TpefelbHO COBepIIeHHBI. B 5ToM ciydae, Kak MBI ceiidac TTOKaXKeM,
onepatop Py onpedeaen na scem X, odnosnauen, auneen u umeem wopmy 1. Ien-
cTBUTENBHO, ycTh ¢ € X, p = p(z,Y) u nocrenoBaTeabHocTh {y,} TakoBa, 4TO
||z — yn|| = p. Tlo paBeHCTBY mapadierorpamMma,

2(][z = ynl* + llz — ym*) —

. 1
2(|[z = ynl* + llz = yml[*) = 4lle = 5 (¥a + vm)I* <

20 — Yo — ym||> =

lyn — yml|?

V74N

2(|2 = yal|* + ||z — ym||?) —4p* = 0 mpm n,m — oo,

TaK 9TO MOCAEJOBATENBHOCTD Yy, CXOJAMTCA TIO HOPME K HEKOTOPOMY DJeMeHTY y € Y
(moampocTpancTBo Y samkHyTo). OdeBugHo, ||z — y|| = p, T.e. y € Py (z). Kpome
Toro, aaa aoboro ¥y € Y u moboro dncra A mMeem
lle =y + 2/ 11* = llz =yl + PPIlYI1P + 270z =y, ') > p* = [lz —yl”.

ITpm MaaBIX A 5TO HepaBeHCTBO MOXET BBITIOMHATLCA JHIIL B TOM Caydae, eCan
(z —y,y') = 0. Orcropa ||x —y+ Ay'|| > |le —y|| = p npu Becex ¢ # 0m A # 0.
Wrak, MeTpuyeckaa mpoekuusa Py () cOCTONT POBHO U3 OJHOTO BIEMEHTa Y, TPH-
qeMm VY €Y (z—y,¢) =0 THomoxmm Y+ = {z € X :Vy €Y (2,9) = 0} —
OpPTOTOHAJTLHOE JOTIOJNHEHNE K MOAMPOCTPAHCTBY Y, ABJAIOMIEECA, OYEBUAHO, TO/-
npocTpascTBoM. Kak MBI Toabko 9To mokaszaan, X =Y P YL, T.e. mo6oi saemenT
r € X OJHO3HAYHO pasiaraeTci B CyMMy sideMeHTa y = Py(z) € Y u saemenTta
x—y € YL, JluneitnocTs 0oTOGpAKEeHHA & — Y = Py (z) crenyeT us muHeNHOCTH Yyt
Kpowme Toro, oneparop Py umeeT Hopmy 1: ||Py || := SUP||q(|=1 || Py (z)]| = 1, mockoan-
ky 1= ||z]|* = le —y +yll* = [l —yll* +||y|* +2(z —y, y) = lle =yl +[|ylI* > |lyll*,
a ¢ Apyroi cTopoHsl, ecan & € Y, 1o Py (z) = z u ||Py (2)|| = ||||-

WTak, B 1aHHOM caydae olepaTop MeTpUIeckoro mpoekTupoBannd Py : X — Y
COBMajaeT C ONMEPATOPOM OPTOTOHAJIBHOTO MPOEKTHPOBAHHUA Ha TOAMPOCTPAHCTBO
Y, onHo3HadeH, auHeeH n umeeT Hopmy 1. (KoHewyHo, B HallleM TpPeXMepHOM MpO-
CTPaHCTBe 5TO MOJHOCTBLIO COOTBETCTBYET HAIlIUM MpPeCTaBIeHUAM: OPTOT OHAJTLHAA
NMPOEKMA TOYKH T Ha TIOCKOCTL Y ABJAAETCA eINHCTBEHHONW OJMKaWMIEW K T TOY-
Koil BY.) Bo3HHKAET €CTECTBEHHBIN BOMPOC: HE ABAACTNCA AU KAKOE-HUGYIb U3 3mur
ceoticms — ckaxcem, aunetinocmy onepamopa Py uau cywecmsosanue auwnetinoeo
npoexmopa X — Y wnopmet | — rapaxmepucmuueckum daa 2uabbepmosa npocmpa-
cmea? Hau sdpye cyujecmsyrom dpyeue 6anaro6bl nPoCMPARCMEa ¢ MAKUMU 3A.MeE-
uameabHbiMU ceoticmeanu?

PaccMOTpEM TpexMepHOe THILGEPTOBO IMpocTpancTBo X = R3| mopma B KoTo-
POM 3a/aeTcA eJUHNIHBIM IAPOM — HEKOTOPLIM 3JLTAIICONIOM C IIEHTPOM B HadaJe
KoopauHaT. /Iad J060ro oJHOMEpPHOrO HmoAmpocTpancTBa Y C X, MOpOXKTaeMOro
HEKOTOPBIM BEKTOPOM ¥, OMIepaTOp METPUIECKOTO TPOEKTUPOBanuA Py JuHeeH. JTo
osmavaeT, aTo MHOKecTBO Ker(Py) = {qg € X : Py(q) = 0} = Y1 — aBymepnoe
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(mmHeRHOE) MognpocTpancTBo. B To xe Bpems, Ker(Py) — 5To B TouHOCTH Te Hie-
MeHTH ¢ € X, s KOTOPHIX ||+ Av|| > ||¢|| npm m06oM dncae A, T.e. Te TOUKH ¢, B KO-
TOPHIX MapaielbHble Y MpAMble ABAAROTCA onopHbIMH K cepe {2z € X : ||z|| = ||q]|}.
BoT MBI U JoKazaam, 9T0 A060H MUIWH/P, ONMCAHHBIN BOKPYT BJLTATICOM1a, KACAeTCA
ero 1o maockoil Kpusoi. Ho mo Teopeme A u3 1. 1 5To ecTh XapaKTepuCTHIECKOE CBON-
cTBo aamncongal TakuM o6pazoM, ecm B TpexMepHOM 6aHaXOBOM TIPOCTPAHCTBE
ONeEpPaTOp METPUIECKOTO NMPOEKTHPOBAHUA Ha KaXJoe OJHOMEpHOE IIOAMpOCTPaH-
CTBO JWHEeH, TO eWHNIHAA chpepa B 3TOM MPOCTPAHCTBE YAOBJIETBOPAET yCIOBUAM
TeopeMbl A, a 3HAYUT, 3TO MPOCTPAHCTBO TMIBOEPTORO.

Huxe MBI TOKaxkeM, 9TO CyIIECTBOBaHNE JUHENHOT O TIPOEKTOpa HOPMEI | Ha JIio-
60€e IByMepHOe MOANpPOCTPAHCTBO B TPEXMEPHOM 6aHAXOBOM MpOCTpaHcTBe X paBHO-
CHIBLHO TOMY, 4TO efuHnyHad cdepa S(X) yaoBreTBOpseT ycaIoBuaAM TeopeMbl B —
T.e. ONATH XK€, PABHOCUIBHO TUALGepTOBOCTH X .

Kakne xe aHaJOTWYHBIE YCJIOBUA 6YAyT KPUTEPUAMH THIL6EPTOBOCTH B HaHAXO-
BOM TTPOCTPAHCTBe MPOU3BOALHON Pa3MepHOCTH?

Opun uz apTopos »Toit ctathn (B. M. Tuxomupos) B Hawaiae 60-X T010B CTOIK-
HyJcsi ¢ Takol mpobGaemoint, mocTasiennon C. M. Hukoabckum Ha KoHrpecce B Am-
crepaame ([17, cTp. 263]). Ilycts X — GaHaxoBO MPOCTPAHCTBO, Y — MOAMPO-
crpanctBo B X, C — moamuoxkectBo B X. Omnpeneanm yraonwenue C' ot Y B X:
d(C)Y, X) = sup,ec p(2,Y). Ecim X ruas6eproso, 1o p(z,Y) = ||z — Py (2)|, n,
crefoBaTensuo, ykaonenne d(C,Y, X) paBHO BepxHell rpanm sup,cc ||z — Py (z)]],
rae Py — JWHENHBLIN omepaTop METPHYEcKOTo NMpoeKTHpoBaHuA Ha Y. B apyrmx
MPOCTPAaHCTBaxX, He THILOEPTOBLIX, AeJ0 O6CTONT CJOXKHee, TaK KaK OJMKalIIIi K
T DJAEMEHT MpocTpaHCcTBa Y HaXOMWTCA TPH MOMOIIH, BOOOIIE TOBOPA, HETUHENHON
onepanun. W 31ech BosHukaeT npobiaema (mumeTr C. M. Hukoabcknit): Heabas an Bce
JKe TIOCTPOUTD TaKOW JUHENHBIN omlepaTop A, KOTOpbIU oTo6paxan 6b MHOKeCTBO C'
B mognpocTpancTBo Y Tak, 4To6sl d(C,Y, X) = sup,cc || — A(z)||? Koneuno, musa
oTaeasHol mapkl C,Y TakoW omepaTop MOXeT HalTHCh W B HETUALOEPTOBOM TIPO-
cTpaHcTBe X — HampHUMep, B caydae, Kora onepaTop Py JIOTycKaeT AuHeiinylo 6bl-
6opky (T.e. cylmecTBYeT Takol AnHeHHBIN onepatop P : X — Y, uro P(z) € Py ()
g moboro ¢ € X). Ckaxewm, B mpocrpancte C[—1,1] ¢ paBHOMepHON HOPMOW
(oHO, Kak MBI 3HaeM, He THABGEPTOBO) CYIIECTBYET JNHEHHAA BHIGOPKa U3 ONEPaTO-
pPa MeTPUIeCKOTO MPOEKTHPOBAHNA Ha TOANPOCTPAHCTBO BCEX TeTHBIX (PYHKIWH 13

z)+ f(—x
Cl-1,1]: f(z) — % (mposepbTe!). Mosromy Bonpoc C. M. Hukoabckoro
HajJ0 YTOUYHUTH: KaK 6€AuUKa 6 Heauabbepmosom npocmpancmee X mosxcem 6vimb
cosokynnocms nap {C, Y}, das kancdoti uz komopuzr natidemea (ceot) onepamop A
¢ yrazawnelmu ceoticmeamu?
Ha 5Tu n HEKOTOpPBIE APyTHe BOMPOCH YaCTHIHO OTBEYaeT

TEOPEMA 1. ITlyemv X — sewecmsennoe 6anaroso npocmpancmeo, dimX > 3.
Caedyouue ycaosua IK6UEAAECHMHDBL:

0) X — euavbepmoso;

1) cywecmeyem maroe wucao n € N, n < dimX — 2, umo das awboz0
n-meprozo nodnpocmpancmea Y, C X u awbozo nodmnosncecmsa C C X naii-
demca aunetinoiti onepamop A : X — Y, das komopozo sup,cc ||z — A(z)]| =

= d(C, YnaX);
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2) cywecmsyem makoe uucao n € N, n < dimX — 2, umo daa 406020 n-meprozo
nodnpocmparncmsa Y, C X onepamop mempuueckozo npoexkmuposarus Py,
donyckaem auneiinyio 6bl60pKY;

3) cywecmsyem makoe uucao k € N, 2 < k < dimX — 1, umo daa awbozo
k-meprozo nodnpocmpancmea Yy C X natidemca aunetinviii npoekmop Ty,
X = Yy nopuw 1.

B srolt Teopeme yTBepxkjaeHue o pasHocmabHocTH 0) u 1) WacTWdHO OTBedYaeT
na Bonpoc C. M. Hukoabckoro m BeITEKaeT, KAaK MBI YBUAUM, W3 DKBHBAJEHTHOCTH
0) <= 2), noxazannon B [8] (cooTBeTcTBYIOmAA TeopeMa 3 B [8] hopmyaupyercs B
apyrux Tepmunax). /lo sroro Pyaun n Cyut [9] Hauum Heo6X0AMMOE 1 JOCTATOYHOE
YCJIOBHE THABGEPTOBOCTH Gojlee CHABHOE, YeM 2): OHM TPeGOoBaIn, YTOGH caM orepa-
Top Py, GBI OHO3HAYHBIM U JUHEHHBIM [ KaXk 00 N-MEPHOT'O MOATIPOCTPAHCTBA
Y, C X. YrBepxkaenue o papHocmabrocTn 0) u 3) nokasano B [8] u o6o6ujaeT Teo-
pemy Kaxyranu [6], B koTOpOil Tpe6oBajoCh CyIIeCTBOBaHNE MPOEKTOPa Ty HOPMBI
1 Ha awboe moanpoctpancTso Y C X. [lasg k = 2 skpuBageHTHOCTE 0) <= 3) GBI-
aa jpokazana Pmumncom [10]. B pa6ote [8] comepxarca Takke 0GOOIIEHHA HTHX
KpUTEpHEB U OJU3KHE UM YTBEPK JCHHA.

JOKABATEJBCTBO. BrinonHeHne Kaxjoro us ycaosuit 1), 2) u 3) B ruanbep-
TOBOM TIPOCTPAHCTBE yKEe OTMEYaaoch Bhime. /lokaxeMm ob6paTHBIE yTBEPK ICHUA MO
crefymome cxeme: 1) = 2) = 0) u 3) = 0).

1) = 2). BozbMeM NPOU3BOIBHOE N-MEPHOE TOANPOCTPAHCTBO Yy, C X 1 moao-
xuM C' =Y, + B, rae B={z € X :||z|| < 1} — eanununwii map npocrpancTa X .
Coruaacno 1), 1 = d(C,Y,, X) = sup,c¢ ||x — A(z)||, rae A : X — Y, — HexoTopsli
OrpaHMYeHHBIN JUHETHBIN omlepaTop. [JokaxkeM, 9To A ABAgeTCA BHIGOPKON M3 olepa-
Topa Py, METPHYECKOTO TIPOEKTHPOBAHNA Ha TIOATPOCTPAHCTBO Yy, . BosbMem moboi
sneMeHT r € X, KaKOH-HUOY/b €ro IeMEHT Hawuiydilero npubamxkenus y € Py, (z)
u monoxuM ¢ = & — y. daement ' = z/||q]| = q/l|q]| + y/llq]| = ¢’ + ¥ npunagzexmT
muo)ecTBy C, asnaunt, 1 > ||’ — A(z))|| = |l¢' + (v — A(2'))|]. Hyaepon snemenT 0
ABAACTCA B Yy, DIEMEHTOM HAWIYYIIEro MPUOINKEHNA A ¢, a 3HAYAT, U Aa4 ¢’ | To-
aromy ||l¢'+ (¥ —A(z"))|| = ll¢'=0|| = ||¢’|| = 1. BMecTe ¢ npeabiaymmm HepaBeHCTBOM
o gaer || — A@)l| = 1, orkyaa |12 — A@)| = llal l+” — A@) | = llll = pla, Vi),
T.e. A(z) € Py, (2).

Urak, pas ao60ro n-MepHOro moAnpocTpancTsa Y, C X Mbl HAILIA JUHETHYIO
BHIGOPKY U3 ornepaTopa Py, , Tak 94To X yAOBIeTBOPAET yCAOBHIO 2) MPU TaHHOM 7.

2) = 0). MoxHo cunrtarh, uTo dim X = n + 2. [[eNCTBUTEALHO, B TIPOTUBHOM
caydae BO3bMEM TIPOU3BOIBHOE MOATPOCTPAHCTBO X, 42 C X pasmeprocTn n+2. OHo
Takxke 6yJeT yAOBIETBOPATE ycaoBuio 2). /lokasaB IruabGEPTOBOCTE AFOGOTO TAKOTO
Xn42, MBI B CHIY CIAEJCTBHUA M3 JEMMBI A TOKa)keM W IMIbGEPTOBOCTEH MCXOTHOTO
nmpocTpaHcTBa X .

Wrak, cantaem dim X = n+ 2. Bo3zbMeM Npou3BoabHOE TOANPOCTPaHCTBO 4 C X
pazmeproctu n — 1. B dakropnpocrpancTse X/Z, cocToAlIeM U3 KIaCCOB CMEXKHO-
ctu [z] = {& + 2 : z € Z}, xak o6wr4HO (cM., Hanp., [1], ra. IT1, § 3), BBegeM HOpMY
[|[z]]| = inf.ez ||z — z|| (roKa3aTEABCTBO TOrO, 9TO HTO AEHCTBATEABHO HOPMA, TIpe-
JocTapiageTca quTaTeno). Joboe ojHOMepHOe moanpocTpancTBo B X /7 ecth Y/Z
I HekoToporo moanpoctpancTBa ¥ C X, dimY = n. Ilo ycaoBuio, cymiecTBy-
eT auuenHb npoekTop P : X — Y, comocraBastommi Kaxjgomy € X KaKOU-TO
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saeMeHT Hamaydinero npubamxkenus P(z) € Py (z). TlokaxeM, 9TO BO3HWKAIOUINI
auHenHbN poekTop P : X/7 — Y/Z, P([z]) = [P(z)], obnagaeT TeM XKe CBOHNCTBOM
B dakTopupocrpancTse X/Z. [eiicTBuTeabHO, 15 dio6oro [y] € Y/Z umeem

Ile] = P([e]) — [lllx/z = inf [lz = P(z) —y = 2l| > inf ||z = P(2)|| = [lz - P(z)l| =
= inf |l — Pz) - zl| = [|lz] = [P(2)lllx/z = [[[z] - P(2])lx/z-

Takum o6pasom, aas ao6oro (n — 1)-MepHoro nognpoctpascTBa 4 C X Tpex-
MepHoe TipocTpaHcTBo X = X/Z ynosiaeropseT 2) ¢ n = 1. Ecan MBI foKax)eMm, 9To

Kaxjoe Takoe X ImIbL6epTOBO, TO IIILO6EpTOBOCTL X 6yeT BHITEKATh U3 CAEIYIO-
e JeMMEL.

JIEMMA B ([8]). yemv X — koHneuHomepHoe 6AHATO60 NPOCMPAHCME0, U CY-
weemseyem maroe nHamypaavroe uucao d < dimX — 2, umo das awboeo d-meprozo
nodnpocmpancmea Z C X daxmopnpocmpancmeo X /7 2uavbepmoso. Toada 2uab-
bepmosvim Asagemca u camo X .

JTOKABATEJABCTBO JEMMBI B. /locTaTowHo MoKazaTh, 9TO JJd JIOOBIX IBYX BJe-
MeHTOB f,g € X BBINOIHAETCA paBeHCTBO MapaJaenorpamma. Boabmem B X Tumep-
miockocTh F, onopuyto k mapy {z € X : ||z|| < ||f||} B Touke f, m anamormu-
HyIo TunepmaockocTh G mid saemenTa g. B mepecedennu F' N G BeiGepeM d-mepHyto
TIOCKOCTh, W MYCTh / — d-MEpHOe MOAMPOCTPAHCTBO, MapalIelbHOe STOH TIOCKO-
ctu. [laockocTh 7 + f comepxuTca B mIockocTH F, T.e. ABAAETCA ONMOPHONU K mIapy
{z :||z|| < ||fl|} B ToUKe f.IT0 03HAUAET, uTO ||f+2|| > ||f|| Ana a06oro z € 7. Ana-
noru4Ho, ||g + z|| > ||g|| ana awoboro z € Z. TlosTomy B akTopnpocTpancTee X /7
HOPMBI KJIacCcoB cMexHocTH [f] U [¢] coBmagaoT ¢ HOpMaMu HCXOJHBIX DJIEMEHTOB f
w g ||[fllxsz = AL glllx/z = Nlgll-

ITpocTpancTBo X/Z — ruanbepToBO, MOITOMY

L1+ gll1® + N0 = gl = 2(LAN® + [1Tg]l*)
nm
I g+ 2APY 4+ L {1 — g+ 217} = 20117 + o).
OTcrona
I +al* +11f = gll* > 20117 + lal*)  VfgeX.
?;II_HET/I\;.HOCHGHHGG HEPABEHCTBO ¢ 3aMeHOH f W g, cooTBeTCTBeHHO Ha (f + ¢)/2

f 491> +1If —9ll®
AR + g > Ml U ol

Mocnennve aBa HepaBeHCTBa BMECTE [Tal0OT MCKOMOE PAaBEHCTBO MapalliesorpaMMa.
Jlemma B mokazana.

TeoMeTpudeckn Jemmy B MOXHO HHTEpHpeTHPOBATEL TaK: €CAHM BHIMYKJIad TeHT-
palbHO-CHMMETpHYHAA HoBepxHocTh S C R™ mpu nmpoexTupoBaHUuM BIOJB JIO60T0
d-meproro nognpoctpanctBa L (d < n — 2 — 3ajaHHOe HATypaabHOE FHCIO) Ha
HekoTopyIo (n — d)-MepHyto mnockocts [T = TI(L) paet samnconn B IT, To oHa cama
ABIAECTCA DIIUTICONIOM (Cp. C OHOW M3 TPHBECHHBIX BO BBEJCHNN XapaKTEPUCTUK
samunconsos B R?).
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Bepremca k JokazaTeabCcTBY TeopeMbl. OcTalock AoKa3aTh THILGEPTOBOCTS
TPEXMEPHOT'O MPOCTPAHCTBA X , YIOBJICTBOPAIIIEro yeaosnio 2) ¢ n = 1. /lokaxem,
9T0 euHETTHAA cepa S HTOro npocTpaHcTBa — BLIAICOnT. BozbMeM mponsBoibHOE
OJHOMEpHOE ToANpOocTpancTBO ¥ C X m cooTBeTCTByIommil mpoekTop P : X — Y,
Ve € X P(z) € Py(z). Anpo »Toro npoekTopa — HEKOTOPOE JBYMEDHOE TOJ-
npoctparcTeo U = U(Y). /las xaxjgoro sreMeHTa v € U ofHAM U3 GJAMKARIINX
snemenToB B Y apasgercsa 0, T.e. ||[u+ y|| > ||u + 0] = ||u|| npu xo6om y € Y. Dro
o3HadYaeT, 9TO IpAMad, NapaiielbHad Y 1 IPOXOAIIad 9epes u, ABJIASTCA OMOPHON K
cpepe {z :||z]| = ||u||} B Touke u. B wacTHOCTH, Iepecedenne eMHNIHON cephl S 1
ommcanHoro BOKpyT Hee mmanHapa C(Y) ¢ o6pasyiommenn Y UeAMKOM CONEPKAT KpH-
Byto SNU,T.e. (SNC(Y)) D (SNU). /las okoHIATEILHOTO TPUBEIEHNA K YCAOBUAM
Teopembl A (cM. 1. 1) Hago gokazatk, uto (SN C(Y)) = (SNU).

ITycTs, Bompekn >ToMy, npamMad | mapamteabHa TTOAMTPOCTPAHCTBY Y W ABIAETCA
omopHou K cepe S B Touke p ¢ U. DTa mpamas nepecekaeTca ¢ U B HEKOTOPOH
Touke q. Kak Mbl 3HaeM, | apagercsa omopron k cdepe {z : ||z|| = ||¢||} B Touxe q,
U B TO e BpeMs, MO TPEATONOKEHNIO, OHa ABAdeTcA omophon kK S = {z : ||z|| =
1} B Touke p. Orciona ||q|| = 1, oTpesok pg C S (eAMHWYHBIA TIAP — BHIMYKJIOE
MHOX€ECTBO), a TpAMad | ABIAETCA ONOPHON K S BO BCEX TOYKAX 3TOI'O OTPE3Ka.

ITycte II — aByMepHas IMIOCKOCTH, OomMOpHasd K S BO BCeX TOYKax OTpe3Ka pq,
a ' — gBymepHOe TIOAMpOCTPaHCTBO, MOPOXKAeHHOe BekTopamu p u q. CymecTByeT
oHOMepHOe noanpocTpancTBo Y/ # Y, napaaneabuoe I u Takoe, 9T0 COOTBETCTBY-
folee eMy mognpoctpancTso U’ (Takoe, uro (SN C(Y')) D (SNU')) He copnagaeT
¢ T'. [denictBurensno, ecan (SNT) C (SN C(Y')) mgaa aodoro Y || T, Y # Y, To
no HenpepwisHocTH (SN T) C (SN C(Y)), uro HeBozMoxkHO, Tak kKak ¥ C ' (o1-
pezok pq || Y). Takum o6pasom, npamas IT N U’ n oTpe3ok pq, Jexaime B OJHON
maockoctn I1, He mapaaenpubl. Kax u BBIIE, J0Ka3bIBAETCA, 9TO BCAKUN OTPE3OK,
napaJJIelbHbI TOATPOCTPAaHCTBY Y/ W MMelomnii ofuH KOHeIl Ha OTpe3ke pq W Apy-
rou ma npamoin I N U’ mernkom aexut Ha cepe S. CrenoBaTenbHo, NepecedeHne
IT N S umeeT BHyTpeHHWE TOYKHW OTHOCHTENLHO TWIOCKOCTH Il, T.e. mpeacTapadeT
co60i1 HEBBIDOXKJEHHYO (BBIYKIYIO 3aMKHYTYI0) TIOCKYt0 obaacTh D.

BosbMem BekTOp v, He MapamIeabHLIN WIockocTH I1, TTOpoX 1eHHOe UM O THOMEep-
HO€e MoAmpocTpaHcTBO Y (v) W cCOOTBETCTBYIOIIEE IBYMepHOE ToAnpocTpancTBo U (v)
(mas koroporo (SNC(Y(v))) D (SNU(v))). Iro moanpocrpanctso U(v) He MOXKeT
nepecekaTh 06JacTh 1) MO0 BHYTPEHHOCTH, WHade 4acTh D (a sHawnuT, n chepwl S)
aexxut e mmnHapa C(Y (v)), onucanunoro mo kpuson SN U (v). Urak, pasa ao6oro
BeKTOpa v, He Mapaaaeasroro I, o6macts D nexnT B I Mo oHy CTOPOHY OT TIpAMON
TN U(v) (mpu >ToM, eciim BeKTOp v, Gy IyUN NPUCTABICH K KAKOH-HUOY b TOYKE U3
T NU(v), «cMOTPUTY B TO U3 JABYX TMOANPOCTPAHCTB, I/l JEKUT S, TO €ro MPOeKIus
Ha mrockocThb 1T u o6aacts D nexat B I o pasuble cTopos! oT npsamon ITN U (v)).
ITo HEMpepBIBHOCTH MBI MOXKEM YTBEPXKAaTh 3TO M A JI060T0 BEKTOpa v, TMapaJ-
aeabroro I1. Ho Toraa, kak yxe 6BL10 ABaX bl MOKA3aHO BHIIIE B MO 0OHBIX CAyYadx,
obacTh D BMecTe ¢ KaX ol CBOEH TOYKOW P COJEPKHUT OTPE30K pPq, MapaaelbHBIN
v M coequHAONMAN p ¢ Toukon ¢ € TN U(v) (mpm 5ToM BeKTOp P COHAMPABIEH C V).

NTax, MBI TOJIYyYHNIN HEBLIPOXKICHHYIO BBIMYKAYIO 3aMKHYTYIO obaacth D C II,
KOTOpad 110 J060My HallpaBIeHUIO v, NapajiedbHoMy IockocTu II, cama no cebe
npoekTupyeTcs Ha HekoTopyoo mnpamyio [(v) = IT N U(v), ne nepeceratowyio 6HY-
mpennocmy D. Takoil o6aacTn He cymecTByeT (1okaxuTe!).
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Wrak, wame mpeanonoxkenne Hesepro, (S N C(Y)) = (SN U(Y)) ana aoboro
0JHOMEPHOT'O TIOANPOCTpancTBa ¥ C X, u mo Teopeme A ms . 1 S — sammncong, a
X — ruab6epTOBO MPOCTPAHCTBO.

Nmvmuukanusa 2) = 0) TOTHOCTBIO JOKa3aHa.

3) = 0). MIpeanonoknM BHadale, 9TO MPOCTPAHCTBO X YAOBIETBOPAET YCAOBHIO
3) ¢ k = 2 (cayuan Pwmnunca [10]). Torga, o4eBuHO, M1060€ TPEXMEPHOE TOAIPO-
crpancTBo X3 C X Takke yJ0OBIeTBOPAET 3TOMY ycioBuio. /lokazaB ruabGepTOBOCTE
A1060r0 TaKoro X3, MBI B CIITY CJA€CTBUA W3 JeEMMBI A 1O0Ka)eM i THIABGEPTOBOCTE X .

Wrak, Hamo mqokazaTh rmibOEPTOBOCTH TPEXMEPHOTO 6aHAXOBA MPOCTPAHCTBA, B
KOTOPOM Ha Kakj0e JABYMEPHOE IMOAIPOCTPAHCTBO Y €CTh MPOEKTOP Ty HOPMBI 1.
CymecTBoBaHNe Ty PaBHOCHIBHO CYIECTBOBaHWIO Takoro Bektopa 7(Y'), onpenens-
[olero HamnpasfieHue npoektuposanusd, 9o ||y|| = ||7y (v + A7 (Y))]| < |ly + A7 (Y)]|
i moboro y € Y n moboro uncaa A. DTo o3HawaeT, 9To Hampasienue 7(Y) ABd-
eTcsd OMOPHBIM K euHUYHON cepe S = S(X3) Bo Bcex Toukax mepecedenns S NY.
ITo Teopeme B u3 n. 1, S — saauncon, a 3HavuT, X3 — MUABGEPTOBO MTPOCTPAHCT-
BO.

TlycTh Temeph MCXOAHOE MPOCTPAHCTBO X yIOBIAETBOpAET ycaoBuio 3) ¢ k > 3.
BosbMem B X mpomzBoJabHOE MOANPOCTPAHCTBO Y pasMepHocTH k, a B Y — MOpons-
BoabHOE (k—1)-MepHoe onpocTpancTBo Y] . BozbMeM Takke KaKoH-HUGY Ib BJIEMEHT
¢ € Ker(my), ¢ # 0, 1 TOpOX IeHHOE WM TIOANPOCTPaHCTBO < ¢ >. [TognpocTpaHcTBO
7 =< c¢> @Y, umeer B X pasmepHocTb k — Ty Ke, uro u Y. ITo ycnoBuio cymec-
TBYeT MPOeKTOp Tz : X — Z HopMmul 1. PaccMoTpuM fgeficTBUE KOMOO3UINN Ty O Tz
Ha moAnpocTpaHcTBe Y. Jlad Becex y € Y umeem 7z (y) = y1 + Ac,rae y1 € Y1, a A —
wucno. Orcioga my oz (y) = my (y1) + A7y (¢) = y1+A-0 = y1, T.e. onepaTop my omy
mepeBoAUT Y B €ro cO6CTBEHHOE TIOAMPOCTPAHCTBO Y1 . [loCKOMBKY Ty U 77 He yBeau-
YUBAOT HOPMY, TO UX KOMMIO3UINA TaKxke obaanaeT >TuM cBonicTBoM. [Ipu sTom s
mo6oro y; € Y1 umeeM my omz(y1) = y1. Takum o6pasom, my omg = 7y, : ¥ = Y] —
MPOeKTOp HOPMEI 1, T.e. Y Kak 6aHAXOBO MPOCTPAHCTBO YIOBIETBOPAET YCAOBUIO 3)
¢ k= 1. [Ipu 5ToM B paccMaTpUBaeMoOM cayvae Y He MeHee 9eM TPEXMEPHO.

TouHO Tak XKe JOKa3bIBaeTCA, 9TO B A060M (k — 1)-MepHOM TOANPOCTPAHCTBE
CYIIECTBYET MPOEKTOp HOpMBI | Ha Jo6oe ero (k — 2)-MepHOe MOAMPOCTPAHCTRO.
IIpomoaxas Tak gajsee, 3a KOHEMHOE YHCJO AT OB MBI TIOKAXKeEM, 9TO B JIO6OM TpeX-
MepHOM TipocTpaHcTBe X3 C X CymIecTBYyeT TPOEKTOP HOpMEI | Ha dt06oe [BYMepHOE
O AIMTPOCTPAHCTBO, T. €. IPUAEM K yKe pazobpaHHOMY CAyHTalo.

MoxHo oGolTHCh U Ge3 WHAYKIHUM, TOoKa3aB, 4To jid Jaboro (k — 3)-MepHOrO
noanpocrpancTBa U B k-mMeprom Y B dakTopupocrpancTse Yz = Y/U cymectByeT
npoekTop 7y : Y3 — V Hopwmbl | Ha mo6oe aBymMepHoe mopnpocTpancTBo V. C Yi.
MMocae 3TOro ocraeTcs TOMBLKO MTPUMEHUTE JeMMy B.

Teopema 1 momHOCTHIO TOKa3aHa.

3aMeTnwm, 9TO ycJaoBus Ha n u k B Teopeme 1 cymecTennsl. Ecanm dim X # oo
un=dmX — 1, To gas awbo20 n-mMepHoro moAmpocTparHcTBa Y C X omepaTop
METPUYECKOTO MPOEKTHPOBaHuA Py M0OTycKaeT JWHEHHYI BHIGOPKY (MMEHHO, MpO-
eKTHPOBaHNE B/OIH M060T0 HanpasieHus v # 0, gaa koroporo Py (v) 3 0). B ycio-
BUM 3) paBeHCTBO k = | TakkKe He NOAUTCA: B MO60M 6aHAXOBOM NPOCTpPAHCTBE X
€CTh MPOEKTOP My HOPMBI | Ha M060e OJHOMEPHOE TMOATNPOCTPAHCTBO Y (MMEHHO,
MPOEKTUPOBAaHNE WUIET B/IOJb TUIEPILIOCKOCTH, OMOPHOU K equHUYHOW chepe S B
Touykax S NY).
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CyImiecTBYIOT «aHTHUIIOIBY THALGEPTOBHIX MPOCTPAHCTB — GaHAXOBHI TPOCTPaH-
CTBa, B KOTOPHIX HET COGCTBEHHBIX TIOTIPOCTPAHCTB Y KopazMepHocTH > | ¢ JuHen-
HBIM OIEPATOPOM MeTpudeckoro mpoekTupoBatusd Py : X — Y. Takum sBasercs,
nmanpumep, npoctpanctso C[0, 1] ¢ paBHomepHon Hopmoin [11]. MoxHo mocTpouTs u
(maxe TpexMepHOe) IPOCTPAHCTBO X, B KOTOPOM HeT COGCTBEHHBIX MOANPOCTPAHCTB
Y kopasmepHocTn > | ¢ muHeHHON BHIGOpKOU M3 omepaTopa Py. B cnpaeganBocTn
3TOro TocaeHero GakTa Mbl IpeJaraeM TUTATEdI0 YOeTUTHCA CAaMOCTOATEIBHO.

3. IIONEPEYHUKHU U I'MJbBEPTOBOCTH

Mycrs (X, || -||) — 6anaxoso npoctpatcTo, C' — moamuoxectso X, & = {F} —

HEKOTOPOE CEMEHCTBO HepephIBHBIX oTo6paxkennii n3 C' B X . PaccMoTpuM Beaw<nHy
C,X) = inf - F . 2

Pe(C,X) = jnf sup [z — F(z)] (2)

Ecan ® — coBOKYNHOCTB JUHENHBIX (Ha JnHeHHOH o6onotke C') oTobpaxkeHuil, o6pas
KOTODBIX n-MepeH, BeanunHa (2) HasbiBaeTcsA auHetdubln nonepeunurom A, (C, X);

npu ToM ke ¢ eqmunna d"(C, X) = %inFe<1> sup,¢¢ diam[F~(F(z))] nassiBacTca

nonepeunuxom no I'eav@andy muoxectsa C. Ecim & — coBOKyNmHOCTH BCex Hempe-
PHIBHBEIX oTo6GpaxeHmil F'| o6pa3 KaXJoro m3 KOTOPBHIX NPUHAIEXNT HEKOTOPON
n-meproi mockoctu 11 = 1, (F), Bernunny (2) HasBIBAIOT nonepeunuxom no Koa-
smozoposy dn(C, X). Ecim ke & — cOBOKYMHOCTH BCEX HEMPEPHIBHBIX 0TOGPaXKEHHUI,
06paz KOTOPHIX — N-MepHBI KoMmmiekc!) | pacrosokenubii B X, To (2) HazpiBaeT-
ca aaexcandposckum nonepeunuron (B decthb II. C. Anekcanapopa) u obozHadaeTCsa
a, (C, X).

O cBolicTBax MOMEPEIHNKOB N NX POJU B TEOPHM MPUOIUKEHUH MOXKHO TI0PO6HO
y3HATH B Ii. 3 0630pa [12]. 31ech Ke Mbl 3aiMeMCA MONEPEIHUKAME 10 IMHOXKECTB
TIIB6EPTOBA MPOCTPAHCTBA W TEMHU WX CBONCTBAMH, KOTOPbIE ABIAIOTCA XapaKTepH-
CTHYECKUMT 1A THALOEPTOBOCTH.

[Mlna mo6oro orobpaxennsa F muoxecTBa C' B n-MepHYIO TMIOCKOCTH [ BemvmHa
supgcc ||# — F(2)|| 5e Menbme ykaonennsa C ot L. llostomy A, (C), X) > d, (C, X) >
> infaimp=n d(C, L, X). Ho, kak MBI 3HaeM, B IWJILOGEPTOBOM IPOCTPAHCTBE
d(C,L,X) = sup,¢cc ||z — Pr(x)||, rae P, — auHEHHBIH 0lepaTop OPTOrOHATLHOTO
npoekTupoBanud Ha L, oTkyaa Ap(C, X) < infgim r=n d(C, L, X). CaenoarensHo,
A (C, X)) = d,(C, X) pns mo6oro muoKkecTBa C' B rub6epToBOM pocTpaHcTBe X .

HNanaee, pas auaenHoro Py nMeeMm

lsup diam[PL_l(PL(m))] < lsup‘Z sup ||z — Pr(z)|| = sup ||z — Pr(z)]],
rzeC z€C 2€C:Pp(z)=P(x) rzeC
otkyaa d*(C, X) < dn(C, X) (B cryqae mponsBoabHOTO GaHaxoBa MpocTpaHcTBa X
nonepednuky d” u dy,, Boo6Ille NOBOPA, HUKAK HE CBA3AHBHI).
Ecim Y — mHexoTopoe MoATpocTpaHCTBO B THALOEPTOBOM MPOCTPaHCTBE X, TO
omepaTop Py umeer HOpMy 1, oTKyfa sup,cq ||# — F(z)|| > sup,cq ||Py(z) — Py o
F(z)|]. Orciona aaa m060ro MONEpedHuKa Py, = Ap, dy, d”, @, clefyeT, BO-TIEPBHIX,

1)061>e,zmHeHne B HEKOTOPOM d9HC/IEe He GoJi€e 9€M N-MEPHBIX CHMILIEKCOB: TOY€K (Hy/IbMEDHEIE
CHMILIEKCH ), OTP€3KOB (0JHOMEPHEIE CHMILIEKCH ) , TPEYTOILHUKOB ( IByMEPHBIE CHMILIEKCHL), TETPa-
3ApoB (TPEXMEPHEIE CHMILIEKCHI) U T. .
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aro pp(Py(C), X) < pa(C, X), a Bo-BTOPHIX, uT0 ecim C' C Y, To p,(C,Y) =
=pa(C, X).

ITpu sTtom aaa muoxkects C' ¢ Y momepevnuk He 06sA3aH CTPOTO yMEHBIIATHCA
nocjle OpTOTOHATLHOTO NMPOEKTHPOBAHUA Ha TMoAmpocTpaHcTBo. /lokaxem, Ha-
OpUMep, 9TO A eMHUYHOrO Mmapa B u mwoboro (n + 1)-MepHOro mojgnpocTpas-
ctBa Y BHIMOMHAETCA PaBeHCTBO an(B NY, X) = an(B,X) = 1. Mpexae Bcero,
a4, (BNY,Y) = a,(BNY,X) < an(B,X) < 1 (nocrennee HepaBeHCTBO clleflyeT W3
Toro, uTo mia orobpaxkenus F : B — {0} wapa B B nyabMepubiii kommiekce {0}
nMeeM sup,cp ||z — F(z)|| = 1). Ocranocsk pokasats paBencTBo a,(BNY,Y) = 1.
Caenya M. . Crecuny ([13, Teopema 1.1.7]), mpeaAnonoKuM TPOTHBHOE: CYIIECTBY-
€T TaKoe HellpepbiBHOe oToGpaxkenue F mapa By = BNY B n-MepHBIN KOMILIEKC
K, CY,uro ||le — F(z)|| < 1 =46, > 0, qaa awoboro z € By. Bosbmem npons-
BoJbHEIN aeMeHT ¥y € Y, ||y|| < 0/2, u nokaxem, uro y € F(By). Ecan y ¢ F(By),

- F
To G(z) == % — HempepbIBHOE oTobpaxeHue mapa By B cebsd, TodHee, B
Yy — T
chepy Sy = {y : ||ly|| = 1}. Tlo Teopeme Bpayspa o HEMOABUKHON TOYKE y OTO-
Gpaxennsa (G cymecTByeT HeNojBIXKHadg To4uka zo: G(zg) = zo, ||zo|] = 1. Orcroga

F(xo) =y — |ly — F(xo)||x0, Tax uTO

leo = F(ao)ll = ol + ly = F(zo)ll) = wll laoll(1 + lly — Flzo)ll) - il >
>l — 6/2 > 1 -4,

YTO MPOTHBOPEYUT Tpeanotoxenno. [TosTomy o6pas F(By ) cojepkuT (g)—OerCT—

HOCTH HYJIA W HE MOXKET GBITh N-MEPHBIM KOMIIIEKCOM (HATIOMHIM, HAIlle TIPOCTPAHCT-
BO Y mMeeT pazMepHOCTh 1+ 1), Tak 9TO AeUCTBUTENBHO ay (By,Y) = 1. 3ameTnm,
9T0 5T0 paccyxtenne CrecuHa rogures aas aoboro (n+ 1)-MepHoro 6aHaxosa mpo-
CTPaHCTBA.

Ecan X — npouasoasHoe 6anaxoBo npoctpancTBo ¢ dim X > n + 1, To, Boobiie
roBopd, d, (BNY, X) < 1. B To Xe BpeMd 114 KOIMOTOPOBCKUX TIOMEPETHHKOB BCET /1
d,(BNY, X)=1.

Kak mokaspiBaeT ciefyiomas TeopeMa, BHITIOJIHEHNE JI000T0 W3 BBIABIEHHBIX Ha-
MU (He)PaBEHCTB MPH KaKOM-TO (PUKCHPOBAHHOM 7. ABIAETCA XapaKTEePUCTHIECKNM
CBOUCTBOM THJILOEPTOBBIX TPOCTPAHCTB.

TEOPEMA 2. Ilyemb X — sewecmeennoe 6anaroso npocmpancmso, dim X > 3.
Caedyouue ycaosua IK6UEAAECHMHDL:

0) X — 2uavbepmoso;

1) cywecmeyem maroe uwucao n € N, n < dimX — 2, umo daa awbozo mHoxuce-
emea C' C X cnpasedauso pasencmeo dn(C, X) = Ay (C, X);

2) cywecmsyem maroe wucao n € N, n < dimX — 2, umo das awbozo muoxnce-
emea C' C X cnpasedauso nepasencmso d*(C, X) < d,(C, X);

3) cywecmsyem maroe wucao n € Zy, n < dimX — 3, umo das awbozo (n + 2)-
meprozo nodnpocmparcmea Y C X u awbozo muoxncecmsa C CY cnpasedau-

60 pasencmeo dn,(C,Y) = dn(C, X);

4) cyyecmsyem makoe wucao n € N, n < dimX — 2, umo daa awbozo (n + 1)-
meprozo nodnpocmpancmea Y C X cnpasedauso pasencmeo a, (BNY, X) = 1.



Kpurepun rmrp6epToBOCTH 6aHAXOBA TPOCTPAHCTBA 203

B »roit Teopeme yTBepxkaeHne o paHocuabHocTn 0) m 3) gokasano B [14]. Cra-
Tha oaHOTO M3 aBTopoB (B. M. TwxoMmpoB), B KOTOpOW 6buH cHOPMYIHPOBAHBI
skBuBageHTHOCTH () <= 1) <=> 2), ocTanack HeoMyGINKOBAHHON. PaBHOCHIBHOCTE
ycaosuit 0) u 4) nokazana M. . Crecunwim [13].

JOKABATEJILCTBO. BrinonHeHue Kax aoro us ycaosuit 1), 2), 3) u 4) B ruanbep-
TOBOM IIPOCTPAHCTBE yKe 0TMeYaloch Bhille. /lokaxeM o6paTHEIE yTBEPXK TCHUA.

1) = 0). HycTs Y, — npousBoabHOE n-MepHOe NojgnpocTpancTBo B X. Tlomo-
xkuM C =Y, + B ={z€ X :p(z,Y,) < 1}. OueBugno, d,(C, X) =d(C,Y,, X) = 1.
Orcroga A, (C,X) = 1, n moanpocrpancTBo Y, ABIAETCA BKCTPEMATBHBIM TaKkKe
U JUIS 3TOTO TIONepeYHnKa (ecin 7Ty — JAMHEHHBIE MPOEKTOPHl MHOXecTBa C' Ha n-
MEpHBIE TUIOCKOCTH Yy, 7 sup,cc || — mp(x)|| = 1 mpm k — oo, To Bce Yy, || Yy,
d(Yn,,Yn,X) — 1, a mg(z) —» P(x), rae P : C — Y, — JWHEHHBIH TPOEKTOP,
supgec || — P(z)|| = 1). Wrak, cymecTByeT aureiinbii npoektop P @ X — Y, c
yeropuem Yo € C ||z — P(z)|| < 1. Paccyxgas ToYHO Tak Xe, KaK MPH 0KA3aTedb-
cTBe MMIIMKanuu 1) = 2) B Teopeme 1, nokaszbiBaeM, 9To P ABIAeTCA JTHHETHON
BLIGOPKOU M3 OllepaTopa MeTpuyuecKoro npoektupoBatus Py, . Ilo Teopeme 1 X —
TAaBE6epTOBO.

2) = 0). BozbMeM npousBoibHOe (n+2)-MepHOE TOATPOCTPAHCTBO Xpto C X, a
B HEM — MIPOU3BOJBHOE N-MEPHOE MO ATTPOCTPAHCTBO Yy, . [Tomoxum onste C' = Y, + B.
Nmveem | = d*(B, X) < d"(C, X) < dn(C, X) = 1, rak uto d”(C, X) = 1. MlycTh pg =

0

= %supxec diam[Fk_l(Fk(m))] — 1, rae Fy : X — Yy ' — auHelHBIe TPOEKTOPHI

k
Ha HEKOTOPbIE N-MEpHBIE TOAMPOCTPAHCTBA y,*) (Mpm ompefeneHnn TIOMEpEeTHIKA
no leabdaH 1y MOXHO OFpaHUYNTLCA OTOGPAKEHIAMHA TOJHKO Ha N-MEPHBIE TIOATPO-
crpancTia). [las moboro saementa ¢ € Ker(F)NC Beck otpesok [—q, q] C (Ker(Fx)N

C'), mosTomy %diam[—q, q] < pi, T.e. ||q|| < pr. Anpa Ker(F)) TpancBepcaibHbl Yy,

TMOTOMY B X, 42 MOXKHO PACCMOTPEThH MUHERHBIE TPOEKTOPH! Tk : Xp42 —> Y BAOID
JBYMEPHBIX TOATPOCTPAHCTB Xpya N Ker(Fy). Mas aoboro smementa & € X9,
r=y+q,y €Yy, q€ Ker(Fy) nmeem

[l (2) — ]| = [la]] < p(q,Yn)Ilip(eqn)ll < ple:Ya)pw = p(a, Ya)pr = ple, V).

Jamee, B X, 42 W3 TOCAENOBATENBHOCTH T MOXKHO BBIEIHTD CXOIAIIYIOCA TIOAMOCTE-
JIOBATEIBHOCTD, W JUIA MPEICIBHOTO TPoeKTOpa T : Xyt — Yy, Oyaet ||m(z) — z|| <
< p(2,Yy,), Tak 9To ™ — AMHEWHaA BHIGOPKA M3 OTEPATOPA METPUYECKOT'O MTPOEKTH-
poBanuda Py, : X412 — Y,. Ilo Teopeme 1 X,, 12 — ruasbepToBo, a 3Ha9UT, X TOXKE
raas6epTOBO.

B nokazaTeabcTBe OCTABIIMXCA YTBEPKACHUH TEOPeMbl 2 CYIIECTBEHHYIO pOJb
6yaet urpaTth oaun pesyabrar A. JI. Tapkasu. [Ipexae dem dopMyaupoBaTh ero,
HATIOMHHM, 9TO HYJeBON KOJIMOTOpOBCKUH nonepedrnk do(C, X) HasbIBacTCA TaKkKe
uebvruwescrum paduycom Muoxkectsa C (infimum paauycos mapos, cogepxanmx C'),
aToukat = t(C), ana xoropoit do(C, X) = sup,¢c || —1||, (ecam ona cymecTByer) —
uebvluiesckum yeumpom Muaoxectna C.

JIEMMA C (A. JI. TAPKABH, [15]). Bewecmeennoe 6aHaro60 npocmpaHcmeo
X, dmX > 3, asasemca euabbepmosvim mozda u moabko moeda, Ko2da 04A
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A1066IT MPET MOUEK HeROMOPbIl UT vebbiuwescrutl yenmp npuradaedxcum uzr aunetinot
ob6o.aouke.

Kak Buamm, 31ech KpuTepueM rmib6epTOBOCTH BHICTYIAET OCAAOMCHHOE YCIOBUE
3) npu n = 0 U3 TeopeMHbI 2.

JOKA3ATEJNBLCTBO JEMMbBI C. HeobxomumocTs yixe oTMedanack. /lokaxeM mgo-
CTaTOIHOCTb.

BosabMem pomsBobHOE TpeXMepHOe ToATpocTpancTBo X3 C X, AByMepHOe Mo
npocTpalcTBo Yo C X3 u Touky & € X3\Ys. O6oznaunm S, = {y € Vs : ||z—y|| = r}.
Ecan y1,y2,y3 € Sy, To mapet B(y;,7) = {z € X3 : ||z —y;|| <7}, j = 1,2,3, ume-
10T OGIIYIO TOYKY B INIOCKOCTH Yy (MHaYe HUKAKOW 4eGBINIEBCKHUI [EHTP TPEX TOYEK
{yj}?zl He JeXuT B Yz). Orcioga no teopeme Xemm ([16, ra. 1, § 7]) cymecTyer
obmiasn Tovka z, € Yo, NIpuHaexalas BceM mapaM B(y,r) npu y € S,.

TlokaxeM Temnepb, 4To Bee maphl Bua B(y, ||z —y||), y € Yz, nmetor obimyto TouUKy.
HocTaTouHo gokasaTh 5TO 1A JMOGHX Tpex mapos B(y;, ||z — y;l|), 7 = 1,2,3 (a
[OTOM OIATE IPUMEHUTH TeopeMy Xemmn). lloroxum a = max{||z—y;|| : j = 1,2, 3},
W TMYCTh Y — TaKad TOUKa U3 Sq, 9TO OTPE3OK [zq4, Y;| comepxut y;, j = 1,2,3 (npn
BTOM, KOHEWHO, ¥; = y; 1o Kpalineit Mepe f1aa oHoro j). Umeem ||z, —y; ||+ |[y; — ;| <
<a=|r- y}H] < e = will + v — will, moe flza — will < ll= — g, a smawm,
za € B(y;, ||z — y;l]), j = 1,2,3, 9T0 u TpeGoBalocs.

Ecan Ttouka z € B(y, ||z — y||) N Y2 a4 Becex y € Yy (cymecTBoBaHNe TaKON TOYKH
TOMBKO 4YTO foKazaHo), To ||y — z|| < ||y — #|| ans Bcex y € Ya. A 570 o3Hauaer,
9TO CyIIECTBYeT TPOeKTOp T : X3 — Yo HOpMEI 1. [leicTBHTENLHO, KaX TBIN DJeMEHT
v € X3 MOXKHO OJTHO3HAYHO TIPEICTABUTh B BujAe v = a(z—z)+y, rae y € Yo, a @ —
HEKOTOPOE YUCI0, W MOXKHO OMPeednTh OTOOpaXeHWe T : v — Y. OTO JWHEHHBIN
POEKTOp, M ero HopMa paBHa 1:

ol = lla(z = 2) + yll = lalllz = (= = D)l > lalllz = (= = D)l = llyll = |I=()]|

Wrak, B mpocTpancTBe X3 CyMIECTBYeT MPOEKTOP HOPMBI | Ha KaxkIoe AByMeEp-
Hoe TonpocTpaHcTBO Yq. ITo Teopeme 1 X3 — ruabGepropo. CaeoBaTeasHo (Mo
CHIE/ICTBUIO M3 JIEMMBI A), THIBOEPTOBBIM ABJIAETCA U UCXOHOE MPOCTPAHCTBO X .

Jemma C pokazana.

IMpoomkuM J0Ka3aTEIbCTBO TEOPEMBI 2.

3) = 0). Hycts X ne ruanbeproso. Ilo msemme C cymecTBYIOT TpH TOUKH
1,9, 23 € X, HUKAKON YeOBIMEBCKUH TEHTP KOTOPHIX HE JEXKUT B UX JUHEHHON 060~
Jouke. MOXHO cYUTaTh, 9TO BTa JUHEHHad 060J09Ka — JIBYMEpPHOE TIOAPOCTpaH-
ctBo Yy, 0 — debbimeBckuit neHTp MHokecTBa Cy = {21, 29, 23} oTHOCHTEABHO Vs 1

dO(CO,YZ) =1 2 do(Co,X).

IMoxaxeM, uto ||z;|| = 1, j = 1,2,3. MeHee 4eMm mias ABYX TOUEK 5TO paBeH-
CTBO BBLIIOJHATBLCA He MOXeT, nHade () He apageTcd debbimeBckuM HeaTpoM Cg B Ys.
Mpeanonoxum, aro ||z1|] = ||za|| = 1, a ||zs]| < 1. Ecam ||z1 — 23] < 2, To ana
z(a) = a#, a € (0,1), npn j = 1,2 nmeem

r1+x r1— &
2 — (@)l < llates - L) 411 = a)all = o B2 41— a < 1,

B TO BpeMms Kak ||z3 — z(a)|| < 1 mpwm Bcex I0CTATOYHO MalbIX @, TaK YTO ONATH
noxygaem, 4To 0 — He debbimeBckuil ueHTp. Ecan xe ||z, — 2| = 2, 1o do(Co, X) >



Kpurepun rmrp6epToBOCTH 6aHAXOBA TPOCTPAHCTBA 205

> do({z1, 22}, X) = 1, 4T0 ONATL IPOTUBOPEUNT YCIOBUAM Ha TOUKH Z;. [losTOMy
HaIlle TIPeMONOKEHE HEBEPHO, W BCe TPH TOYKH JexaT Ha eqnHn4HOH cdepe S(Va)
MO ATTPOCTPAHCTBA 5.

Ecan B Y, nposectn npawmsle [;, omopuble k S(Y3) B Toukax z;, j = 1,2,3 (B
OJTHON TOYKe MOXKET OBITH MHOTO OMOPHBIX MPAMBIX — BHIGEpeM KaKyo-HUOYIb), TO
3TH MpsAMble 6y 1y T 06pa3oBHIBATH TPEYTOMBHUK 1, comepxkaniuil BHyTpu cebs cepy
S(Y2) (noxaxmure!).

Bosbmem B X kakoe-Hu6yab (n + 3)-mMepHoe moanpocTpancTBo X' (HAMOMHUM,
dimX > n + 3), cogepxammee Y5, a B HeM — TuepIiockocTr [';, OmOpHEIE K equ-
HuaHOH cepe S(X') B Toukax z; m cofepxamme B ceGe mpamble [;, j = 1,2,3.
Ilepecevenne Tpex moAMPOCTPAHCTB F? C X', napamreasueix I';, mo xpaiiHell Mepe
n-MepHO. BozbMeM B 3TOM TiepecedeHNN n-MePHOE TOAMPOCTPAHCTBO Yy, W MOJOKUM
C=Cy+Y,, Y =Y,+4Y,. Paszmepraocts Y paBHa n + 2, IOCKOIBbKY Y, TpaHCBEp-
CaJdbHO Ys.

Ouengno, dn(C, X) < do(C, X) < 1. lna noayyeHns IpOTUBOPEYIHA € YCIOBHEM
3) ocranock nokazaTh, 9T0 dy(C,Y) = do(Co, Ya) = 1.

Ecan dn(C,Y) < 1, To cymecTByeT Takad n-MepHasd miockocTh 11 C Y, mapas-
nenbHaA Yy, uro Ve € C p(z, 1) < 1 =4, rae § > 0 (mnockocts II He MoxeT
6bITH He MapadieibHa Yy, unade d(C,11,Y) = 00). DTo paBHOCHIBHO TOMY, YTO pac-
croaure ot Touku p = II NYy, no muoxkecTBa C He mpeBocxoauT 1 — §, oTkyma
p(p,T;) < plp,z; +Y,) <1-4,j=1,2,3. CregoBarenbno, ToUKa p IPH KaxkIOM
J JeXUT B TOW u3 ABYX moaymaockocrein B Yz \ (Ya N F?), rae aexuT x;. Ho oTn
TPH TOJYIIOCKOCTH HE TIEPECEKAIOTCA WMEHHO B CHJIY TOTO, 9TO TPEyTrOJdbHUK 71,
06pa3oBaHHEIN IPAMEIME [;, cogepxuT BHyTpH cebsa chepy S(Ys) (mposepbrel).

4) = 0). Byaem onATh 10Ka3biBaTh OT MPOTHBHOIO: MPEATIONOKIM, 4To X He
rUaAb6EPTOBO, BOBBMEM TeE K€ TOYKH Z1,Z3,T3 € Yy W TPEYroabHUK 1, 9TO W B
TMPEIBIAYINEM TTYHKTE.

Kak u B mpegbiaymemM myHKTe, Bo3bMeM B X Kakoe-HUGYIb (n + 2)-MepHOe Mo -
npoctparcTBo X' (manomunMm, dim X > n + 2), cogepxkatnee Y2, a B HeM — THIEp-
miockocTu I'j, onopusie k equanyanoi cepe S(X') B Toukax z; u cogepxariue B cebe
npamsle I;, j = 1,2, 3. [lepecedenne Tpex MOATPOCTPAHCTB F? C X', mapa/ielbHBIX
I';, no kpafinet Mepe (n — 1)-mepro. BoabMeM B sTOM mepecedennu (n — 1)-mepHoe
TMOAMPOCTPAHCTBO Y, _1 u modoxum Y = Yy + Y, _1. Paamepnocts Y paBHa n + 1,
TOCKOABKY Yy, _1 TPaHCBEPCAJBHO Y.

W3 ratouennsa BNY C T+Y,_1 BEITekaeT HepaBeHCTBO an (BNY, X) < a1 (T, X)
(MeficTBUTENBHO, eCln Ui KAKOTO-TO HEMPEPHIBHOTO 0TOOpaxeHns F' TpeyroibHIKa
T B oHOMEpPHBIH KoMILieKe Ky mMeeM s = sup,cy |[t — F(t)]|, To a1s HenmpepbIBHOTO
oTobpaxeHnd Fiz=t+z F(t)+z, teT,z€Y,_1nepecedenus BNY B HeKO-
TOPBIN N-MEPHBI KOMILIEKC U3 cyMMbl K7 + Y, _1 OyAeT crupaBeJinBO HEPABEHCTBO
supepay [t — F(H)]] < 9).

[las monydeHNAs TPOTHBOPEYUNA ¢ yCIoBHeM 4) 0CTaloch NOKa3aTh HEPABEHCTBO
a1 (T, X) < 1. BoabMeM Kakylo-HEGYIb ToUKy w € X ¢ ycaoBueM ||w — z;|| = p < 1,
J = 1,2,3. Takas Touka cymecTByeT, TockKoIbKy dg(Co, X) < 1, n 3aBefioMo He e~
KUT B Ys. O6o3Ha4NM 4Yepes yi BEPIIWHBI TPEYTroabHUKA 1 — TakK, YTOOBI CTOPOHBI
l; u l; mepecekanuch B Touke yi ¢ k # 1, j. [locrpoum Teneps oTobpaxenue F Tpe-
yroabuuka T' B komieke [w, y1| U [w, y2] U [w, y3] caeayionmm o6pazoM: B MaJeHbKOM
TpeyroabHuKe 12923 C T momoxum F(z) = w, a B KaX/IOM U3 TPeX OCTABIINXCA
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MaJeHBKIX TPEYTOALHUKOB &;2;yx C T, The 4, j, k — oTandHBIe ApYr OT Apyra 9u-
cna n3 Habopa {1,2,3}, onpegerum F(z) Kak Takylo TOYKY Ha OTpesKe [w,Yx|, Musd
KOTOpOH oTpesok [F(z), x| napaiienen mIOCKOCTH TpeyroabHUKa w; ;. HeTpyaHo
BUJIETh, 9TO 0TOGpaxenne F' HenpepbiBHO U ||z — F (z)|| < p ans awobon Toukn x € T
Orcroa crenyer Tpebyemoe HepaseHeTBo a1 (7T, X) < 1.

Teopema 2 OMHOCTHIO JOKa3aHa.

N3BeCTHO MHOXKECTBO APYTHX KPUTEPUEB THIALGEPTOBOCTH GaHAXOBA TPOCTPAH-
CTBa; B HACTOAIIEE BPEMA MX IHCIO TOCTUTAET HECKOABKUX COTEH M TOCTOAHHO yBe-
AnauBaeTCA. B CBA3M ¢ 3THM NEHHOCTH Kaxk/0T0 HOBOTO KPUTEDHA HEBEMWKa, jAa W
OPMYIUPOBKH WX, KaK NMpaBHIo, BecbMa ecTecTBeHHbI. OJHUM W3 HEMHOTHX ap-
IYMEHTOB B TOJb3y PE3YdbTaTOB DTOTO THIA MOXKET CIYyKHUTH, TTOKATYH, BO3MOXK-
HOCTD TIOJNY9eHWS W3 HUX T'eOMETPHYECKNX XapaKTePUCTHK HJMIICOMIOB B KIACCe
BCEX BHIMYKJIBIX 3aMKHY THIX TIEHTPAIbHO-CHMMETPHIHBIX TOBEPXHOCTEN B MHOT OMéep-
HBIX POCTpaHCTBaX. Tak, TeopeMbl | W 2 fal0T MHOTOMEPHBIE OGOOIIEHNA TEOpeM
Basmke- Anexcangposa n Basmke-Kaxyranu (em. [9], [8], [15]).

MpeI, BOpO¥eM, W He CTPEMHIUCHh MOOYAUTH IUTATENA 3aHATHCA M306peTeHneM
HOBBIX KDUTEPHEB TMABGEPTOBOCTH, & JUIIb XOTEAH MTO3HAKOMATE €T'0 ¢ HECKOMBLKAMU
UBAMHBIMA (DAKTaMH W3 T€OMETPHH W TEOPHU TPHOIMKEHNH, BO3HUKAIOIIMME DU
JI0Ka3aTeIbCTBE TAKAX KPHTEPHEB.
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