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O HpO6JI€MaX BBITICINTEILHON CI0KHOCTI

C. Cwmeritn

3amuch gekunn, mpounTanHon B Boiciiem Koamegxe MaTtematuku He-
3aBucuMor 0 MockoBckoro YuuepcuteTa 20 masa 1999 rona.

M#r ceityac ob6cyauM ONHY 3aady, KOTOpas B daeMeHTapHOU ¢gopMme M-
JIOCTPHPYeT OCHOBHBIE TPYAHOCTH TEOPUH BHIYHCANTENBHON CAOKHOCTH. [L1s
nosunoma f € Z[t] onpenenanm qncio 7(f) caenyrommnm o6pasom. PaccmoTpnm
nocrefoBaTenbHocTh (1, ¢, U1, ..., Uy = f), B KOTOPOH KaXKIHIH MOCTEIYIO-
MINH 9J€H TMoNyvaeTcs W3 HeKOTOPHIX JBYX MpeIIIecTBYONINX: Uy = U; O Uj,
1,7 < k; moj onmepanuen o 371ech MOIpa3yMeBaeTCs OHA U3 TPEX apupMeTnde-
CKUX omepamnil (cloxkeHnne, BenTanne, ymuoxenne). UuBapnant 7(f) paBen
HauMeHbIIeEMY BO3MOXKHOMY M.

WUwmeetcs caenyitomas runotesa lllyba — CuMelna: koauvecmeo pazauunbiz
yeanix Kopuet muozounena f we npesocrodum t(f)°, 2de ¢ — nexomopas
abcomiomuas Koncmanma.

13 k
ITpumMmEP. IlocremoBaTenbHOCTH 1, t, 17, ..., 12, 12 — 1 nokaswIBaer,
k o
9TO 7'(t2 — 1) < k+ 1. Ho npn 5ToM KOJIWYIeCTBO Pa3IWIHBIX KOPHEH MHO-

k o
roarena t* — 1 pasro 2F. TlooToMy 11s pasimTHBIX KOMILIEKCHBIX KOpPHEI
aHaJoOrMYHad TUNOTe3a HeBepHA.

AHAJTOTHYHBIN TPUMep MOYKHO MOCTPOUTH € MOMOIIBI0 MHOTOWIeHOB Ye-
owieBa. MuaOT O /IeHBI YeOhITIeBa BEITHCASIOTCS € TTOMOIIIBIO TPOCTON PEKYP-
perTHON popmyabl. OHE TOXKe MAl0T NpUMep MHOTOYJIEHOB BRICOKOU CTeleHn
¢ MangeiM 7. [Ipnm >ToM Bce KOpHEH MHOTOUIeHOB JebuIlIeBa BellleCTBEHHH U
HOTapHO pa3iudHbl. /lJas pasiudHBEIX BellleCTBEeHHRIX KOPHEH aHAJOTHYHAd T'H-
noTe3a TOXKe HeBepHA.

TeorPEMA 1 (Illye — CMENWT). H3 2unomesw Illy6a — Cuetiaa caedyem,
umo P # NP/c.

Teneph HYKHO 0OBACHUTD, 9TO 03HavaeT P # NP/c.

[Ipex e Bcero oTMeTnM, 9TO y alre6pancToOB HETPUBHAAbHEE TTPOGIEMEI
OOBIYHO HAYMHAKTCA ¢ MuOPAHTOBHIX YPaBHEHHH, COOTBETCTBYIONINX ajre-
OpamdecKuM KPUBHIM, T.€. IBYM MepeMeHHBIM. Y Hac MpOoOJeMbl HAYNHAIOTCH
yKe B cAydae OJHOU MepeMeHHON.

MaTemaTuuyeckoe npocseuerue, cep. 3, Bbin. 4, 2000(115—119)
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Ecu 3a6uth mpo C, To npobirema P # NP — 5To ogHa n3 KIIOYeBBIX
mpobieM KOMIbIOTepHOU MaTeMaTHKu. BMmecTe ¢ runoteson [lyankape n ru-
HOTE30 0 HYsAX A3eTa-pyHKIuU PruMana OHA SIBASETCS OMHON U3 BaKHEHIITHX
mpobieM MaTeMaTHKH — 3TO MOJapoK OT computer science.

Pacemorpnm muorodnenst fi(z1,..., %), .., fu(z1,...,2,) HA® C. Cupa-
[INBAeTCA, UMEIT JI BTH MHOTOWIeHK OO6IIni Hyab?! DTO — 3ajada pac-
MO3HABAHNUSA CBONCTBA: B KaYeCTBe YCJIOBHUSA 3aJal0TCA MHOTOWIEHH f1, ..., fi
(TouHEe TOBOPS, 3aa8TCsl HECKOMBKO KOMILIEKCHBIX 4HCeN — KOD(PPUIHEeHTOB
MHOTOU/IEHOB), & Pe3yIbTAaTOM pabOTHl MOMKeH ObITh OJNH U3 JBYX OTBETOB:
«1a» (ecTh OOMINT HYJh) WA «HET» (06IIero HyJas HET).

Teopema I'misbepra 0 HyJAsX MaéT CAEAVIONINN OTBET: OOIIEro HyJas He
CyIIeCTBYeT TOTJa W TOJABbKO TOT[a, KOTJa CYIIeCTBYIOT TaKHe MHOTOYJIEHB
g1:..-: 9k, 1TO Zngz =1.

Teopema I'misbepra o Hyasix — KpuTepuil, HO He MeToh. OHa He MaéT
nuKakoro airropntMa. Ho mpumepro 10 net masang Bpaymsenr!) mokasan, 9ro

B TeopeMe ['man6epTa o HyAAX MOXKHO CIATATh, 9TO
deg g; < max(3, maxdeg f;)",

OpHIEM DTOT Pe3yaAbTAT HEYAYUIIaeM.
Teopema bBpaynBeasa TaéT aarOpuTM: BCE CBOAUTCA K PEIEHAIO CUCTEME
JUHENHBIX YpaBHEHUN [ KO3PMUIHEHTOB MHOTO4JIEHOB ¢;.

3aiMémMcs Temepb BOMPOCOM O CKOPOCTH DTOTO aJTOPUTMa: CKOIBKO apug-
MeTHYeCKHX OTepalnil Hy:KHO BHITMOJHHTH, YTOOK OTBETHTh HAa MOCTABJICH-
HbIIl Bompoc. HazoBéM pazmepom BXOMHBIX JAaHHBIX KOJHIECTBO KOI(PQHIIH-
€HTOB MHOTOWJIEHOB f;, a 6peMeHEM PABOTH alTOPHTMA Ha30BEM KOJAMIECTBO
apudMeTHYeCKHX oflepannii. ByjieM Ha3wBaTh MJaHHBIH AJCOPUTM AA20PUM-
MOM € NOAUHOMUGABHBIM 6PEMEHEM, €CTN

Bpeus < (pasmep)©, (1)

rae ¢ — HeKOTOpas KOHCTAHTA.

AJTOPUTME ¢ MTOANHOMAATBLHBIM BPeMEHeM — DTO KaK pa3 Te alTOPUTMHI,
KOTOPBIE IMeeT CMBICT MPAaKTHIeCKHN PeaTn30BLIBATH HA BREIMUCAATEILHON Ma-
mnHe. Ecan, cka)keMm, BpeMs 3aBHCHT OT pa3Mepa DKCNOHEHIHAJTbHO, TO NPH
YBeJWHIeHUH pasMepa BXOJHLIX JaHHBIX BPeMs GBICTPO BHEIXOANT 34 Pa3yMHbIe
npegeabi. AaroputMm BpayHBedja siBiseTcss aJrOPUTMOM € 3KCIOHEHIHAJb-
HBIM BpeMeHeM. JKCIOHEHINaJbHAs BepXHAS ONEHKa [Jsf DTOr0 aJrOpHTMa
JIETKO BHIBOINTCS, HAPAMED, U3 TayccoBa MeTO/Ia HCKAOYEHUS A PelieHus
CHCTEeMBI JUHEHHLIX YPaBHEHNN.

U Brownawell W. Bounds for the degrees in the Nullstellensatz /] Annals of Math., 1987.
Vol. 126. P. 577-591.
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I'mnoTesa TakoBa: 3ajgata HN/¢ (cymecTByeT Ju OGN HYJIb CHCTEMBI
MOJMHOMUATBHEIX ypaBHenni Hag C) TpyIHOpaspemmma, T.e. He CYUIECTBYET
QJITCOPHTMA C HOJMHOMHUAJTBLHBIM BpeMeHeM s pellleHusi DTOH 3a/Ta4u.

3ech nMeeTCs B BUAY aJTOPUTM He B CMBICJTe MalluHE ThiopuHra, a aj-
roput™ Hajg C B ciemyiorieM cMmbicae. AJTOPHTM — 3TO OPHEHTHPOBAHHBIN
rpad ¢ OJHON BepUINHON, B KOTOPYIO He BemeT HU OJHOTO pebpa (6zodom).
I'pad moxer umerh nukisl. OH 3a7aéT paboTy BBIYHCAUTENBLHOW MAIHHBI
caenyiomnM obpaszom. Ha BXon mogaéTcs 6eckonevHas B 06€ CTOPOHEI MOCTe-
JTOBATENBLHOCTH KOMIIEKCHBIX ducen (..., 0,21,...,2,,0,...), cpequ KOTOPHIX
TOMBKO 21, ..., 2, OTIAUYHKE OT HYJf, HUIKAKUX OTPAaHWYeHHH Ha BEJWYNHY N
He TmpejnofaraeTcs, TaK 9TO TakKaf MOeNb BEYUCJIUTEIHHOW MAIIHHBE MO-
XKeT paboTaTh CO CKOJAb YTOJAHO JAIWHHBIMH NOCJET0OBATENbHOCTAMEI HHUCE.
Bepmuusr >Toro rpada oTHOCATCA K OJHOMY W3 TpeX THIIOB:

> BbIXoabl. M3 Hux He BegeT um oxnoro pebpa. Ilo gocTm:kennnm Takon
BepIINHEL paboTa 3aKaHmInBaeTCH.

> BBIYUCJAUTEJILHBINA Y3EJ. B BEYUCANTEARHBIN y3€1 BXOJIHT OTHO pe-
O6po U W3 HEro BHIXOJHUT TOXKe OJHO pebpo. B BeIYHCAHTENHHOM y3ie
OpOU3BOAUTCA apudpMeTuIecKas ONepannsi ¢ KAKAIMHA-TO TIeHAMHA TOocae-
MOBATEAbHOCTH W OJHUH U3 YI€HOB MOCJTeTOBATEIbHOCTH 3aMeHseTCs Ha
pe3yabTaT BeIYHCAeHHH. KpoMe TOro, MOXKHO BCe 4iIeHbI MOCAe[0BATENb-
HOCTH YMHOXKHTH Ha OJHO U TO K€ YHCJI0 WJAH TTPOU3BECTH CABUT MOCJe-
JTOBATEIbHOCTH.

> Y3EJ BETBJEHHUA. B y3en BeTBJeHUs BXOINT OTHO pebpo, a BHIXOAAT
n3 Hero aBa pebpa, Ha KOTOPHIX CTOAT TMOMETKH «Ta» W «HeT». B yame
BEeTBJCHNSA BLIACHAETCA, BepHO a1 9TO z; = 0. Ecam z; = 0, To MBI maém
Jagbliie Mo pe6py ¢ MOMeTKON «ay, a ecln z; # 0, TO MBI UM Tambliie Mo
pebpy ¢ momeTKou «HeTy. (/las Beraucaennn Hag R BMecTo 5TOro MOXHO
BBECTH NPOBepky Tnmna z; > 0 mwin z; > 0.)

Ha BrIXofe aaropuTMa ToKe MOJydYaeTcss MOCTeIOBAaTeIbHOCTh dncen. B
nHTepecyioieM Hac aaroputme HN/c Ha BBIXOJe TONBKO OMNH HEHYJIEBOH
DIEMEHT, KOTOPHIIl MOXKeT MPUHUMATh POBHO [Ba 3HA4YEHNS, COOTBETCTBYIO-
e OTBeTaM «JIa» U (HeT).

Takoe onpegenenne anroputMa 66110 gano JI. Batowm, C. Cumeitiom u M. Hly-
6oM B KoHie 80-m1x rogoB. CTpaHHO, YTO paHbIlle HUKTO HE TOTYMAJCH 10
BTOTO COBEPIIEHHO eCTeCTBEHHOTO omnpejenetus. [loqpo6HO 03BHAKOMUTHCH C
TeopHnell Takux aaropuTMoB MoxkHO mo KHuTe Blum L., Cucker F., Shub M.,
Smale S. Complexity and Real Computation. Springer Verlag, 1997.

C onncaHHBIM BHIlIe aITOPHTMOM €CTECTBEHHBIM 006pa30M CBsi3aHA (PYHK-
mus «Bxofga — Beixogay. OHa ompejieserHa Ha HEKOTOPOM MHOYKECTBe BXOTHBIX
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JTaHHLIX (HAMpHUMep, MAIllMHA He MOXKET MPOM3BOJANTHL MeleHne Ha HY.b, MO-
5TOMY NPH HEKOTOPHIX BXOAHBIX JAaHHBIX OHA OCTAHABIMBAETCH).

PaszmepoM BXOMHKEIX TaHHBIX HAa30BEM YHCJIO T, a BpeMeHeM pabOTHI mpu
JTaHHOM BXOJe — [UINHY MYTH OT BXO/Ma K BEIXOMY (HAa pasHBIX BXOAaxX DTH
NyTH MOTYT OBITH PA3ANIHBIME). ATTOPATME ¢ TOIMHOMAAIBHBIM BpeMeHeM
YIOBIETBOPSIOT HepaBeHCTBY (1) 11st HeKOTOPOH KOHCTaHTH C' MpH BCEX BXO-
max. Knace Takux aaroputmoB o6osnavaercs P/¢.

[locae »ToTO OMpeeeHnss BONPOC O TOM, CYUIECTBYET JH TMOJHHOMHAIb-
HEII aaropuT™ Aas 3agadu H N/c, npno6peTaeT ¢TPOTHH MaTeMaTHYECKHH
CMBICJ. 3aMeTHM, YTO YTBEpXK,IeHHe O TOM, 4TO TAKOrO alTOpPHTMa He Cylile-
CTBYeT, B TOYHOCTH DKBHBaleHTHO yTBepkaeunio P # NP /¢ (onpenenenne
NP /¢ noka me gaBajsoch m Ha 5TON JeKunu He OyAeT JAHO).

Bumecto mons C MOXHO B3fiTh MpOU3BOABHOe moje K W onpeneiunTh BhI-
YHCANTETHHYIO MAIIUHY HaJ NPOU3BOJbHBIM ToaeM. Hanmpuwmep, nore K = Zg
COOTBETCTBYET OTpeJeleHni0 alTOPHTMa, TPHHATOMY B JOTHKe W computer
science.

MoK HO TaKk:Ke MOCTaBUTh BONpOC 06 O6IINX HYJASX MHOTOYIeHOB Hal Zo.
T'mmoTesa o ToM, 4TO He CyIIECTBYeT MOJNHOMHUATBLHOTO aJrOPHTMA IS pe-
IIeHHsT DTOW 3aja4d, DKBUBajeHTHa runotese P # NP B eé kmaccumueckom
BapuaHTe.

[ast 9ucra m € Z MOXKHO ONpefefnTh WHBAPHAHT T(m) MO aHAJOTHH C
HHBAPHAHTOM T [Jsi MHOTOYJIEHOB. A HMEHHO, PAaCCMOTPHUM aHAJTOTHYHYIO TO-
crefoBaTenbHOCTh (1, my,...,m; = m) u onpegesnm 7(m) KaK MIHIMATb-
HOe Bo3MoxKHOe k. C nmomortibsio popMyabl CTHPIHHTAa MOXKHO MOKa3aTh, YTO
(m!) < (In m)c. EcTb npennonoxenne, 9To BepHa U NPOTHBOMOMOKHAH OTl€H-
Ka Takoro xe Buja: (In m)ol < 7(m!); oTa mpobema cBA3aHA € Pa3IOKEHTEM
Ha NPOCThle MHOXKHUTENH.

Ha mepBoiil B3raa1 5TH 1Be mpoGaeMbl (06 MHBapnaHTe T IS TOJHHOMOB
W IS 9HCeN) APYT ¢ APYTOM He CBA3aHHIL.

Bepuémcs k mpobiaeme P # NP /. Mubr ne 6ynem onpegensTh, 9T0 TaKoe
NP/k, BMecTO »TOro 6yjaeM rOBOpHTH 06 DKBHBaleHTHOW mpobieme [Hib-
6epTa 0 HyAAX HaJ npon3BoabHBIM nodem K: HN/x ¢ P/g. (Ecau mone ne
ajqrebpandeckn 3aMKHYTO, TO TeopeMa [ misbepTa 0 HyaaX HeBepHa, HO 3a/1a-
4a 06 O6IINX HYJAAX CHCTEMBI MHOTOYJIEHOB HMEeT CMBICJA HAJ MPOU3BOJbHKIM
noJIeM; 37ech MMeeTCs B BUIYy MMEHHO DTa 3aj1adva.)

B caydae He amre6Gpamdeckn 3aMKHYTOTO TOJs JOKa3aHO caejytolee yT-
BepiKIeHTe.

TEOPEMA 2. Fcau noae K ne aazebpauvecku 3amxuymo u char K = 0,

mo P # NP /k.

Nlns mons Zo, KOTOpoe ToxkKe He aarebpanmdecku 3aMKHYTO, BOMPOC OCTa-
eTCsl OTKPHITHIM (XapaKTepncTHKa DTOTO MO OTJAAYHA OT HYJIs).
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Bepuémcst k anrebpandeckn 3aMKHYTHIM moasM. [lias aareGpandeckn 3a-
mkuyTOro nons K (char K = 0) npo6aema P # NP/ skBuBarenTHa mpobiure-
me P # NP/c. [losTomy Bcé cBoanTCs K OfHOMY MO0, HanpuMep, nogio C
nim nomo Q (Tak o6o3naTaeTes aarebpanieckoe 3aMbikanme noas Q). Dto —
OJIMH W3 OCHOBHBHIX Pe3yJbhTaTOB YIOMSHYTOW BEIle KHUTH. /[[oKazaTeabcTBO
HCTOJB3yeT MOHATHE BEICOTH airebpandeckoro 4ucia.

[IpexcraBaseTcs BecbMa mpasjgonogobusM, uto P/x = P/p, n1a xo6o-
ro kouednoro nojs K. Ho mis mojeil KOHeYHOW XapaKTepPHUCTHKH BOMPOCOB
6oJIbllle, 9eM OTBETOB.

PaccMoTpuM Bonpoc 06 >kBuBazenTHOcTH npobaeM nag C n nag Q. Oxna
3 OCHOBHBIX MpoG6JeM NpH Hepexojle OT KOMILIEKCHBIX YHCeJd K aarebpamde-
CKHM CBf3aHA C T€M, YTO HYKHO H36aBHTHCSI OT KOMILTEKCHBIX KOHCTAHT, KO-
TOpBIe MOTYT HCTIOJAB30BAThCS NPU BeIYHCAeHHSX. BooGIie roBOps, OHH MOTJIH
OBl CHJIBHO YIPOCTUTH Bhrducaenns. QIHAKO TOKa3aHO, 9TO TaKOTO YHpOIIle-
HUS HE TTPOUCXOMUT.

B ynoMmsHyTOl BEIlIle KHUTE He pacCMaTPHBAJICA BOMPOC O CBA3N MpobieM
P # NP/z, n P # NP/c. UMenno nepBasi U3 HIX OTHOCHTCA K KIACCHYECKOM
computer science. B nmpegucioBun k pTon kunre /lux Kapn Beickasaa mpej-
MOJOYXKeHWe, 9TO 3TH TpobieMbl HUKAaK APYyT € ApPyroMm He cBsizaHbl. Ho yike
mocJe TOro Kak KHHra Oblia Hanncana, CMenJ 3aMeTHI cieyroliee.

HamomuuM, 9TO WHTepec K aJropuTMaM ¢ MOJHHOMHAJbHEIM BpeMeHeM
CBSI3aH C TeM, YTO MMEHHO HX MOXHO 3((PeKTUBHO peaqn30BHBATh HA KOM-
nbioTepax. Ho celidac ucnonb3yeTcs elré oJiiH BayKHBIH KJIAaCC alTOPHTMOB —
Tak HazwiBaeMble BPP-anropuTMbl. B 5Tux anropmTMax paspelnaeTcs «mo/I-
O6pacbiBaTh MOHETKY» W B 3aBHCHMOCTH OT MOJYy4eHHOTO pe3yibTaTa MpPOu3-
BO/IUTH Te WIHN HHBIE BRIYHCJIeHUs. TpebyeTcs, YTOO MPaBUIBHBI OTBET MO-
AyYAICAd B «KBaJAHpUINPOBAHHOM GOIBIIHHCTBe) caydaes?). Toria, IOBTOPHB
BRIYHCJIEHHS MHOTO pa3, MOXKHO MOJYYHTH Pe3yJbTaT, KOTOPHI OyIeT mpa-
BUJIBHKEIM C O49eHb GOJBINON BeposTHOCThI0. Hanmpumep, eciin npaBUJIbHBEIN pe-
3YJIbTAT MOJNYYAETCs € BePOATHOCTHIO 3/4, To moce 50 MOBTOpEHHUN BBHIYMCTe-
HUI BEPOSATHOCTH OMUOKN Oy/IeT paBHA eUHUIE, TeJEHHON HA YHCI0O ATOMOB
Bo Bcenennoii.

C maTemaTudeckoll To4Kn 3penns ycioBue BPP nakmageiBaer menbiie
orpaHHYeHul, YeM ycaoBue P, Ho ¢ mpakTudeckon To4kn 3penuss BPP-airo-
PUTMBI CTOJb YKe XOpOllH, KaK n P-airopuTMei.

TeoPEMA 3 (CMEIN). Ecau BPP 2 NP, mo P # NP/c.

C Touku 3penus coBpemennoin computer science BPP 2 NP — 1o nedto
ovenb moxoxee Ha P # NP.

Y Bomee dopmanbHoe ompegerenne kaacca BPP cm. B ctathe M. Bsamoro ma c. 106. —

Ilpum. per.



