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[IBa 3amMevIaTeIbHBIX TIpefena

10. . Jlrobuu

1. BBEJIEHUE

ITo JTaBHO yCTaHOBI/IBHleI;ICH TpaJUINN «IIePBBIM 3aMeYaTeJbHBIM IIpene-
JOM» Ha3bIBalOT

sin &

i = (1)
a «BTOPOH 3aMevaTelbHBIH Ipeer — 5T
1
lim (14 z)®. (2)

z—0
BTopoun 3amedaTenbHBIN TMpegen 3aMedaTeleH HE TOMBKO Te€M, 9TO OH CYIIIe-
CTBYET, HO W TeM, YTO ero BeJUYWHAa — 3TO 3HAMEHHUTOE HENEPO60 UUCAO
e = 2,71828 ... (masBannoe Tak B vecTh /I:xona Hemepa (1550-1617), xoTo-
phiil m306ped JlorapﬂqoMLIl)). YTo KacaeTcs MepBOro 3aMevaTeJbHOTO Mpe-
nera, TO, KaK M3BECTHO, OH PA6EH €QUHUYE, HO NPU YCAO6UU, UMO Y204 T
uzmepaemea 6 paduanar. A To 3HAYAT, 9TO W OH CBA3AH C [PYTAM He Me-
Hee 3aMedaTelbHBIM YHCIOM — aprumedoeblm wuciom w (T — OTHOIIEHHe
IJUHEL 10601 OKPYXKHOCTH K ee MHaMeTpy, OJHO H TO Ke [Jsi BCeX OKPYK-
HOCTEN MO COOGPaKeHNAM MoAo6us). DTa BeININHA BCTPEYasach B IPEBHUX
TeKCTaX HAMHOTO paHuble Apxnmena (287 — 212 10 H.5.), HO ee TPUOIMKEHHOE

22 -
SHaieHne — = 3,142 ..., nangennoe Apxumenom, M0JT0e BpeMs OCTaBaJIOCh

HENPeB3ON IeHHBIM 0 TOYHOCTH (HamoMuuWM, 9TOo 7 = 3,1415...), He TOBO-
ps yKe 0 TOM, 9TO T PeryispHO MOABIAIOCH ¥ Apxumena B ero o6UIHPHBIX
BBIYHCACHUAX TJIOMIATeN 1 00BeMOB. (DTN BHIYHCICHNS MPEJICTABISIOT COBO0M
NPOTOTHT COBPEMEHHOTO MHTErPATbHOTO HCINCICHTS. )

Kak wm3MmenmTcs BeimvumHa TepBOTO 3aMedaTeJlbHOTO Mpefera, ecan
U3MEHUTh YTJAOBOW MaciiTab, T.e. NPOU3BECTH CKElAuH2, KaK JIOOGAT cell-
Yac TOBOPHTH PU3NKHN U HEKOTOpPhle MaTemMaTuku? Eciam, Hanpumep, yroa o

) O6oanavenne € 6b110 BBefieHO JumepoM B 1736 r. HasBanue «HemmepoBo ©mc/0» He BIIOJIHE
ompasjgano: Hemep mpu mocTpoenmn Tabauil jorapudmoB, onybIMKoBaHHBIX B 1614 1., B
KaveCTBe OCHOBAHUA WCHOJIH30BAT HHCJIO 0,999999910000000, O4eHb O6/M3Koe K 9ucity 1/€, Ho
He paBHoe emy. — [Ipum. per.

MaTemaTuuyeckoe npocseuerue, cep. 3, Bbin. 4, 2000(145—153)
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nm3MepseTcs B rpamycax, To a = 180z /7w, rae © — pajgnanuas Mepa yria, n
TOT 1a
. sina T .. SN ™
lim = — lim =—. (3)
a—=0 o 180 z—0 = 180
Ecau xe, BooGiie, B HEKOTOpOM MaciiTabe a = kz, rjge k — NOCTOSHHBIH
MOJOKHUTENbHBIT KOX(PHUIHEHT, TO
. sina 1
lim = - (4)
a—=0 « k

dopmanrbroe HecooTBeTCTBHE MeKAy (3) m (4) 6GpocaeTcs B riasa dmTaTe-
J10, TBepO MOMHSAIIEMY TeopeMy eTHHCTBeHHOCTH mpenena. Ho ob6bacuseTcs
OHO TeM, 4TO, W3MeHsfs YTJOBOUW MaciiTab, MBI TPOJOMKAEM CIUTATh CHHYC
(pyHKIIHeH yria Kak reoOMeTpHYecKol (GUTYpbl HE3aBUCHMO OT BhIGOpa Mac-
mraba. TakoBa Tpajgunus B dJIeMEeHTapHOU TE€OMETpHUHU, T'jeé CHHYC OCTPOTO
yria B MPAMOYTOJBLHOM TPEyrodbHUKe OoNpefenseTcss KaK OTHOIIEHHE COOT-
BETCTBYIOIIEr0 KaTeTa K THNOTeHy3e (OMHO W TO e [ BCeX TaKnX Tpe-
YTOIBHUKOB C JTaHHBIM YIJIOM — MO coo6paxkeHusM momnobms). OmHako oT-
HOIIIEHIe CHHYCa K CaMOMY YTy JHUIIeHO CMEBICTa, TTOKa He BHIOPAH YTJIOBOU
macuiTab. B MmaTemaTudeckoM aHaimse, B OTJAHYHE OT JIeMEHTAPHOU TeoMe-
TPHUHU, CUHYC paccMaTpuBaeTcs KaK (PYHKINSA TUCIOBOTO aprymMeHTa — pa-
nuanHoN Mephl yriaa. CTaHqapTHOe T0Ka3aTelhCTBO CYIIECTBOBAHUSA MEPBOT O
3aMedaTeqbHOTO Tpenena (M ero paBeHCTBAa €JINHNIE) OCHOBAHO Ha TeoMe-
TpHYeCKOM HepaBeHCTBe sinz < z < tgx, copaBelINBOM HMEHHO B 3TOM
MacmTabe. TeM caMbIM, DTO JOKa3aTeILCTBO HYXKIA€TCA B TOCTATOTHO CIOXK-
HOM MOHATHH [IJIHHBI OKPYKHOCTHZ) . (OrmeTnM, 9TO O6Illee MOHATHE MIHHBI
KPWBOMH, MO CYUIECTBY, OTHOCHTCS K WHTErpPalbHOMY ncIucaennio). Oxasni-
BaeTCs, nes CKEMIWHTA (3TO MOHATHE OOCYKJAeTCs Jajee) TPUBOTHT K CO-
BCEM JIPYroMy MOKa3aTelbCTBY, XOTsA U Oojee NIMHHOMY, HO OoJee dieMeH-
TapHOMY B TOM CMBICJe, YTO OHO He B3AaBHCUT OT MOHATHS JJIUHBI KPHBOM.
YraoBolt MaciTab B 3TOM [0Ka3aTelhCTBE OCTAETCH MPOM3BONBHBIM, BeJH Y-
Ha Mpejela 3aBUCHT OT BhIGopa Macurtaba (cM. (4)). Ha sTom myTn pagman
MOXKHO OTpPeIeNnTh KaK TOT MaciiTab, MJis KOTOPOTO TMepBHIU 3aMedaTelb-
HBIT Tpefes paBeH equumnie. A TOrga W 9HCJIO T MOXKHO Onpededums TO-
HOBOMY, a WMEHHO, KaK YABOEHHYIO pajJWaHHYIO Mepy mpsaMmoro yraa. Ecanm
Temephb OMpPeNeSiTh MINHY OKPYKHOCTH OOBYHBIM 00Pa30M (WIH MPUMEHNTH
K DTOMY caydaio obliiee ompejejeHne UINHB KPUBOW U COOTBETCTBYIOIIYO
(HOpMyy MHTErpasbHOTO HCUNCIEHNS) TO, KOHETHO, IJINHA OKPYKHOCTH pa-
nuyca R okaxetcs paBHOW 27 R 1, Boo6Ille, MJINHA AYTH OKPYKHOCTH C IeH-
TpaJbHKEIM YTJOM & pajuaH okaxeTcs paBHou [ = xzR. B KoHedHOM cueTe,
MBI TPUXOAAM K OOBIYHOU pOpMyJae [isi pagnaHHON Mepwl yraa: z = [/R.

2 o
)3TO 3aMeYdaHue, MMoCaYyXKUBIIEE aBTOPY TOMYKOM K HalTMCAHWIO HaACTOAIIEeW CTaTbU, MIPU-

HagaexnT Ajgamy JmnTenHy ma YHMBepcHTeTa mTata Heo-lopk.
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B gactHOCTH, pagmaH, onpeneneHHbIN BHIIE, OKA3KIBA€TCA OOBITHBIM paIua-
HOM, T.e. YIJIOM, [Iisi KOTOPOTO JJHHA COOTBETCTBYIOIIEN IYTH OKPYKHOCTH
paBHa pajuycy.

Beck aToT nian peanusyercs HuKe u, 60Jee TOTO, CKEHJANHTOBBIH MOIX0,1
pacmpocTpaHsieTcs Ha BTOPOU 3aMedaTeNbHBIN Tpejen, TOYHee, Ha DKBHBa-
JEHTHYI0 CHTyalllio, CBA3BAHHYIO C BEIHYHHON

T

l(a) = lim -1 (a>1). (5)

z—0 T

B »Tom kouTekcTe WnCaIO € onpenendeTCcd KakK TO 3HaYeHHe d. N1 KOTOPO-
ro l(a) = 1. Oka3sIBaeTcst, 9TO BeINYNHA a'/!(%) ge zaBucut or a u paBHa
€. D10 Jerko caexyer u3 (5), ecan m3BecTHO, 4TO [(a) # 0, omHAKO jJOKa-
3aTeJbCTBO MOCAeTHET O HepaBEeHCTBa He BIOJHE TPHUBHAJLHO. B sakaovenne
MBI pacCMaTpHUBaeM IIOKa3aTelbHYIO prHKHI/IIO €” KOMILIEKCHOT O nepeMeHHo-
T'o zZ, B pe3yJbTaTe 9ero NpoucxoaInT eCTeCTBeHHOe OG’LG,Z[I/IHGHI/IG nmepBoro m
BTOPOT'O 3aMeYaTeJbHOT O IIpeaea.

2. CKEWJWHT U BBINYKJBIE ®YHKIINA

bymem roBoputh, uTO (pyHKuUHS f, 3ajaHHAS HAa HEKOTOPOM HHTepBaJe
(0,€) BelleCTBEHHON OCH, NOJUUHAEMCA CKEUAUNRY, €CTN OHA YIOBIETBOPSIET
HepaBeHCTBY

FAz) <Af(z) (0<z<e, 0<AL). (6)

[lnst mosicHeHMs TeOMeTpPHIeCKOTO CMBICIa HepaBeHCTBa (6) paccMoTpnmM B
IJIOCKOCTH € [I€KaPTOBBIMH KOOpJMHATaMu (;y) MHOKeCTBO &f TeX TOUEK,
1ist KOTOpeiX y > f(z). Ono maswiBaetcss wnadepaguxom dyuxkunu f. Hepa-
BeHCTBO (6) BHITOJHAETCS, €CIM N TOMBKO e/ BCe MpeoOpa3oBaHus MoK00us
(z;y) = (Az;Ay) (0 < A < 1) oTobpaxkatoT Hagrpadnk B cebs (T.e. ecan
(z:y) € &, 1o (Az; Ay) € & mpm Beex 0 < A < 1).

Jlas nac krace pYHKIUH, TOTIHHATONINXCSA CKEHJIUHATY, BaYKeH MOTOMY, 9TO
nMeeT MecTO

TEOPEMA. Fecau na nexomopom unmepeaae (0,) gynxyus f noduunsem-
ca cketiaunzy, mo npu x — 0 omuowenue f(x)/x cmpemumes x nHexomopomy
npedeay uau K —oc.

JTOKABATEILCTBO. Ilycts 0 < t < z < ¢. [lonaras B (6) A = t/z nmoxy-
qaem

t
0  Je), (7)
t T
u TpebyeMoe yTBepXkKjeHHe BHITEKAeT W3 TEOPeMbI O Mpejejle MOHOTOHHOU
PYyHKIHNA.



148 0. . JTro6ua

3AMEYAHNE 1. Ecin f(2) sagana Takyke w npn # = 0 n HempepsIBHA B
sToN TOUke, TO (6) B mpemene mpn A — 0 maet f(0) < 0. Ecam npn sTom
f(0) <0, T0 f(z)/r — —oc mpu & — 0. Oxnako f(z)/z MOKeT CTpEeMUThHCS
Kk —oc n B caydae f(0) = 0.

MPUMEP. f(z) = —v/2 noduunsemecs cxetdauney, f(0) =0, no f(z)/z —
— —CC.

3AMEYAHUE 2. U3 (7), B cBOIO 04epeh, clelyeT HepaBeHCTBO

Lﬂgw 0<t<a<e), (8)

t T —

KOTOpO€e TaKizKe 6y,£[e'r IOJe3HO B rl[aJH:vHel‘/JIHleM.

B npujoxenusx npebiayiiedl TeOpeMbl K [BYM 3aMedaTelbHBIM Mpeje-
J1aM MBI 6y/IeM YyCTaHaBINBAThH HepaBeHCTBO (6), MOAB3YsACH HEKOTOPHIM Goee
CHUJIBHBIM CBONCTBOM, a HMEHHO, — BBINYKJIOCTHIO.

Dyukunsa f Ha HEKOTOPOM NpoMeXKyTKe [ BellleCTBEHHON OCH HAa3KIBaeTCH
6bINYKA0YU, eCl BHIMONHAETCS HEPABEHCTBO

JUL = ANz + Azg) < (1= A)f(@1) + Af(22) (0< AT 9)

npn Bcex z1,z9 € I. Takosa, nanpumep, pynkuns f(z) = az? + bz + ¢ npn
n06uix @ > 0, b, ¢ (B 9acTHOCTH, M06as AnHelHAsS (PYHKINS BBHITYKJIA).

CyMmma JIBYX BHIYKALIX (DYHKINH BHIMYKIa. B 9acTHOCTH, cyMMa J0601
BRIMYKJIOU ¥ JIOOOU JUHENHOW (PYHKINH BHITYKJIA.

Feau gynxyus f evnyxaa na [0,¢] v f(0) = 0, mo ona noduunsemcs
cxetiaunzy na (0,¢), nbo (6) crexyer m3 (9) npm z1 = 0, 22 = z. Takum
o6pasom, meopema o cyujecmeosanuu npedeaa f(z)/r 6epra das evinykabr
Pynryui f maxuzr, wmo f(0) = 0.

leoMeTpudecKHil CMBICA BHIMYKJAOCTH (DYHKIAN f COCTOUT B BBIMYKJIOCTH
ee najgrpaduka &f. (Hamomunm, 1To MHOKecTBO M B IIIOCKOCTH HA3BIBACTCH
6bINYKABLM, €CTU IS KayK oW mapwl Todek A, B u3 M oTpesok AB meinkom
npuHapexnt M).

Caeyioliee npeoKeHne CyliecTBeHHO 06JerdaeT NPoBepKy BBIMYKJIOCTH
KOHKPETHBIX (PYHKIIHH.

1
JIEMMA. FEcau nepasencmeo (9) evinoansemesn npu A = 57 M- €

f(xl—;—l"z) < f(ﬁl);'f("’c?) (ml,xzél): (10)

u ecau Pynryus [ HENPEPvI6HA, MO OHA 6BINYKAA.

JTOKABATEILCTBO. HepasenctBo (10) o3nawaeT, 9TO mis JOOHIX TBYX
Toiek A, B m3 majgrpadmuka & cepenmna C oTpeska AB Takike mpHHalle-
xuT E¢. lloBTopas 5To paccyxienne, nonydaem, 9to cepeananl Cp, Cy oT-
peskoB AC' m C'B npunagnexat & n T. 1. [lorydennsle TakuM NyTeM TOYKH
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C,C1,Cq, ... (déouuno-payuonaavusie mouxu orpeska AB) pacmomaraioTcs
Ha oTpeske AB BCIOAy IOTHO, T. €. B 110601 6JU30CTH OT 0601 TOIKA OTpPe3-
Ka ecTh JBOMYHO-palnoHaibHas Todka. [lo mHenpepbiBHOCTH QyHKINU [ Bee
Toukn oTpeska AB npunaiexkat £f. /leficTBATENBHO, €CIH HEKOTOPAA TOIKA
orpeska AB me nexkutT B 7, TO B Hell BRIIOJIHACTCA HepaBeHcTBO ¥ < f(z).
Torga oHO BHIMOJHAETCA W BO BCEX AOCTATOIHO OJUBKHX TOYKaX, T.e. OHN
TakxKe He JexkaT B &f.

3. IIEPBBI 3AMEYATEJBHBIN TPEIEJ

Bygem paccmaTpmBaTh sin  Kak (pyHKIHIO 9MCIOBOTO 3HAYEHUA yTJaa MpH
KakoM-HuOy Ib BEIOpaHHOM MaciiTabe. UncioBoe 3nadenne npaMoro yraa o6o-
3HAYNM €depe3 d.

OdeBnno, npn z1, 22 € [0, d]

. x4 x9 sin x1 + sin x2 sinzq + sin s
sin = >
2 2cos L= T2 2
2

(11)

Mur Buanwm, ato dynkuns —sin z na [0, d] yroBreTBopsieT HepaBencTBy (10).
[To nemme oHa OKaKeTCs BHIMYKJOW, €CJAN MBI JOKayKeM ee HelpPepbIBHOCTh.
Torga craner mpuMennMonl u Teopema o mpegere f(z)/z. Tem cambiM, MBI
YCTAHOBHUM CYIIIeCTBOBaHNE MePBOro 3aMedaTeNbHOTO Mpefena, eCal TOJAbKO
cyMeeM WMCKJIIOYATH BO3MOXKHOCTH CTpeMJeHns sinz/z x +oc mpu 2z — 0.
(YenoBue z > 0 HecyiiecTBeHHO, TaK Kak sin&/z — deTHas PYHKINS).

a) @Pyuryus sin z wenpepviena. [leficTBUTENBHO,
sin(:c—l—h)—sin;r:?singcos <x+g) . (12)
[MosTOMy gOCTaTOYHO MOKa3aTh, 9TO
711_1}1r(1)(sin t)=0 (13)

(nempepeiBHOCTE B HyJe). [lpnm 5TOM, 09eBHIHO, MOKHO OTPAaHUINTELCS 3HA-
dennsivu ¢ > 0. Ho, kak BugHO m3 Toro xe HepaBeHcTBa (12), sint sBas-
etTcs Bospactatomenn ¢yukuuedn npun 0 < ¢ < d. [losTtomy cyiecTByeT 0 =
= lim (sint) > 0. U3 dopmyasr yaBoenns (Toxke ckeiinur!), 3anncanHon B

t—+0
BH e

sin 2t = 2sintV' 1 —sin’t (14)
npu ¢ — +0 nonyvsaem

o=20v1-02 (15)

u, ecim 0 # 0, To 2¢/1 — 0?2 =1, oTkya 0 = ? — TPOTHWBOpEYNe.
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6) Omuowenue sin z/z oepanuueno. /leicTBuTENbHO, B cu1y (8), mpume-
HEHHOTO K (PYHKIHH — sin &, nMeeM

mn(t—}-?:n)—smtgsmt (O<t<d.0<$<d_t).
2z t ’ 2 ’
OTKYyIa
mnmcoﬂt+_$)< sin ¢
T
Ho
cos(t 4+ z) > cos %
n, cjiearoBaTeJqbHO,
sin sin ¢ d—t
y ST 44 (O<$<T)'

tcos

Cywecm606aﬂue NEP6020 3AMEUAMEADHO20 npe@ma dokazano.

4. BTOPOM 3AMEYATEJIbHBIN [IPEIEJ

Kaxk YiKe TOBOPUJOCH BO BBEIeHWUHN, Mbl paCCMOTPHUM BOIIPOC O CyHIeCTBO-
BaHHWU Tpejaena

a® —1
l(a) = lim (16)
r—0
upu a > 1. [Tocreqnee ycioBue HECKONBKO yIPOIIaeT JalbHeHIINH aHAIN3, HO
caMo 1o ce6e HeCyIIeCTBEHHO.
HepaBeHCTBO MeX /Iy CpeJHHM TeOMEeTPHYECKHM I CPeJHIM apupMeTHde-

CKIM

Vuv < U;U (u,v>0) (17)
IpH MojACTaHOBKe u = a®!, v = a®2 mpeBpamaeTca B
r14x2 T T2
Az <t (18)

2

[To temme 5To BiedeT BHIMYKJIOCTH pyHKINN a” (a, 3Ha4nT, n pyukunn a” —1)
Ha BCell BeIeCTBEHHOW OCH, €CAM yiKe M3BECTHO, YTO DTa (PYHKIHA Hempe-
peiBra. Ho Torma m cymectBoBanme npegena [(a) 6yiet obecnederno, n60, Bo-
nepBoix, (a” — 1)/z > 0 npn z > 0 (Tak 9TO CTpeMieHne K —OC NCKAIOIEHO)

U, BO-BTOPHIX, ecinn = < 0, ckaxem ¢ = —¢, ¢ > 0, TO
. -1 . _ta —1
lim £ = lim a=*% =l(a). (19)
r——-0 t—+0 t

Jlns moxazaTeabCTBa HEMPEPLIBHOCTH (GYHKIHUHU a” 3aMeTHM, ITO

a"th — o® = a®(a" - 1) (20)
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(cp. (12)). TTosTOMy TOCTATOYHO MOKA3aTh, ITO

lim a" =1 (21)
—0

(zenpeprBHOCTH B HyJe, cp. (13)). [Ipn oTom moxkno cunTaTh h > 0, Tak Kak
—h hy—1
a=" = (a")"".

U3 dopmyasr (20) BugHO, 9TO hyHKuns a” — BospacTatommas. [TosTomy
cymecTByeT 7 = lim a® > 1. U3 dopmyas yiBoenns
h—+0
a?h = (a")? (22)
creryer 72 =71, T.e. T = 1.

Moxaxem, 9to [(a) > 0 npn Bcex a > 1. C 5Tol menpio NpnMeHnM Hepa-
BencTBO (8) K f(z) = @” — 1 n 3aTeM 3amenum ¢ na z, a ¢ na =+ h (h > 0).
IMory4anm

aa:x_ 1 < Clx+hh_ o® (2> 0.h>0) (23)
OTtcioga
“hh‘l > 1‘;_I (z>0,h>0), (24)
910 npu h — +0 gaet
l(a) > 12" 5o, (25)

Ecan Teneps 3amennts B (16) z na z/l(a), To noxyaunTcs

lim &1 =1, (26)
z—0 x
rie
e =a'/'?), (27)

Ha mepBBIil B3r/sj, BBeJeHHOEe TAKHM MyTeM HYHCJIO € 3aBUCHT OT a. B meii-
CTBUTEIBLHOCTH K€ OHO MOCTOSHHO. [I1s MoKasaTenbCcTBa 3aMeTHM, 9TO (26)
oznavaet, 9T0 [(€) = 1. Ho, ¢ Apyroil CTOPOHBI, N3 COOTHOIIEHNS

(@) —1  a"—1,, b -1
— ="+ — (28)
npu z — 0 caexyet
l(ab) =l(a)+1(b) > l(a) (a,b>1), (29)

T.e. pyukuus [ — BozpacTatomas. [looToMy kaxkoe cBoe 3Ha4YeHe OHA TPH-
HUMaeT JHIllb B OMHON Touke. B YacTHOCTH, 3Ha4YeHNe | OHA NPUHUMAET JHIITh
B OJTHOU TOYKe, a DTa TOYKA U eCTh €.

Teneps MoxHO Berancanth [(a). Jlorapudpmupys (27) mo ocroBannio € (co-
OTBETCTBYIOIINE JOTAPU(pMbl Ha3bIBAIOTCA HAMYPAAbHbIMY U 0O03HAYAIOTCA



152 0. . JTro6ua

depes «ny), monygaem 1 =Ina/l(a), oTkya
l(a) =1Ina. (30)

(C oToll TOUKN 3peHnst paBeHCTBO (29) CTAaHOBHTCS COBEPIICHHO MOHATHBIM,
no B mameM koutekcTe (30) sormuecku ciexyet 3a (29)). Takum o6pasom,
OKOHYaTeqbHO

a® —1

lim
r—0 x

= Ina. (31)

Mur nokaszanm 5To npu a > 1, HO J€rkKo BUAETH, 9TO DTo BepHo u nipu 0 < a £
<L
Crnenaem Teneph B (26) 3ameny nepemenuoi: €” — 1 =1¢. Yeqous z — 0
t — 0 sxBuBagsenTHHL. [losToMy (26) MOKHO mepenmncaTh B Bije
. t
lim —— =
z—0 In(1+ t)
OTKyTa
lim In(1 4 t)l/t =1
t—=0
n, cleToBaTeNbHO,

lim(14+6)Y =¢, (32)

t—0
T.e. MBI TOJAYTHJAN BTOPOH 3aMevdaTelbHBIH Mpe/Ies.
YMeCTHO MOTIepKHYTh, 9TO BCe HKCMOHEHTH a” (a > 0) momydaioTcs w3
CTAHTapPTHON €” CKeNIHHTOM,

a® = em‘lna7 (33)

T. €. BBIOOD OCHOBAHUSA € MOKHO pacCMaTpUBaTh KakK (PYHKINWIO MaciiTaba n3-

MepeHHs, HO yiKe He YIJOB, a JOrapu(MoB 4Hceg. 3aMevdaTeqbHO, 9TO D3TOMY

TOXKe MOXKHO TMPHAATh TEOMETPHIECKUH CMBICA, HO B HEE6KAUAO601 TeoMme-

Tpun Jlo6ateBckoro (OTKpeITON nM B 20-X TOax MPOIIIOTO BeKa).
OTmeTnM errte, 9TO paBeHCTBO (31) MOXKHO MepenucaTh B BHJe

lim —— =k, (34)

aHajsoruIHOM (4).

5. OBBEJIUHEHUE B KOMIIJIEKCHOW MJIOCKOCTH

YuTtaTeno yxe scHa TAyOOKas aHATOTHA MEXAY MBYMSA 3aMedaTelbHEHI-
mu npegesamu. Het qu 3meck npsavon cBasu? [Ipsvas cBs3b, JelicTBHTENBHO,
ecTh, oHa 6bi1a yetanoBirena Morannom Bepryman (1667-1748) n npodHro Bo-
IITa B MaTeMaTHKy mocte Diepa (1707-1783). YeTanaBinBaeTcst OHa paBeH-
CTBOM

€ = cosz + isinz, (35)
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KOTOpoe (POPMATBHO TOJKHO PACCMATPUBATHLCA KAK ONPEJEAEHUE DKCTOHEH-
TH €. DTO oNpe/leeHne OKAa3LIBACTCHA B BHICIIEH CTENEHN MOTHBHPOBAHHEIM
0 1enecoo6pa3ubiM. [leficTBATENbHO, paccMOTpHM, mpuHEMas (35), BeIpa-
JKenmne

. TN\ 2
e —1 cosx — 1 .sin x T 2 .sinx

= +1 = —— 7 =+ 2

T T T 2 = T

(36)

YcTpeMisis K HYJI0 U HCIOAB3YS NEPBHIH 3aMedaTeSbHBIN Mpefed, NoaydaeM

lim &=L =i, (37)

z—0 x

3amMensis 37ech  Ha kz ¢ JIOGBIM BellleCTBeHHBIM k # 0, moJydaem
ikx
. € -1 .
lim —— =ik. (38)
r—0 T
PasencTBo (34) 0Ka3aloch BepHBIM HE TOJIBKO [IJISl BEIIECTBEHHBIX, HO I /s
MHUMBIX 3Ha9eHun k!
EcTecTBennniM 3aBeplienneM H3J0KEHHOIO X0Ja MBICAH ABIACTCA PacCMO-
TpeHue DKCIOHeHTHI €° ¢ JI00LIM KOMILICKCHLIM 2z — & + 1. DKCTPanolupys
TeopeMy CAOMKeHHA

5172 — %172 (39)
Ha PAcCMAaTPHBAEMYIO CHTYAINIO, MBI JOMKHE IPHHATH N0 ONPEJEAENUIO, TTO
€” = " = e"(cosx + isiny). (40)

(ITocse »TOrO TeOopema cloKeHHs MOXKeT ObIThH JOKa3aHa [as JIOOBIX KOM-
MIeKCHBIX MoKa3zaTenell. TeM caMBIM, TPOUCXOAUT OOBeIUHEHNE NBYX (Bellle-
CTBEHHBIX» TeOpeM CJOXKEHUS: MAs DKCIOHEHTHl U i TPUT OHOMeTPpHIeCKUX
¢dynakuni.) U Tenepb MBIl TOMKHBI CIPOCHTH ce6sl, COXPAHAETCS N PABEHCTBO
(26) B KOMIJIEKCHOM TIOCKOCTH, T.€. BEPHO JH, ITO

2
. e” —1
lim =17
z—0 z

(Omnpemenenne mpejgena B KOMIJIEKCHOM anaan3e (pOpMaIbHO TaKoe ¥XKe, Kak B
BerrecTBeHHOM). OTBEeT yTBepAUTeN€eH, MIsi MOKa3aTelbCTBA HYKHO HCIONb-
30BaTh 06a 3aMevaTedbHLIX npenensa. Mur mpefocTaBiseM 9nTaTeNIo CIeJaTh
DTO BO BCEX JTeTadXx.

B oToM myHKTE MBI BILIOTHYTO MOJONLIN K HA9aJaM Cpa3y HeCKOTbLKUX BaK-
HBIX MaTeMaTHYeCKHX TeOpHH: KOMILIEKCHOTO aHa/lW3a, HeeBKJINJOBOH Teo-
MeTpUH, TEOPUH TPYNN U T.Hd., HO BTO y¥Ke, Kak ToBopuTcsH, another story
(mpyras nctopus).



