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1. BBEAEHUE

OpnHOU M3 BAXKHEIX ¥ MHTEPECHBIX 33434 (PU3NKU, 8 TOYHEE, KUHETUIECKOU Te-
OpUU UACATHHEIX Ta30B, ABIACTCA UCCICNOBAHNE NBVKCHUSA MOJEKYJ Ia3a B COCY-
[e WA IPOCTPAHCTBE. IIpM 5TOM MOJEKYJIEl MOXKHO MPEACTABIATL cebe Kak ympy-
rue [MApUKA OQUHAKOBOM MACChHl (€CAM a3 OQHOPOAHBIN) WX DAa3IWYHBIX Macc (ec-
J¥ COCY[ B3AIOJHEH DA3HLIMU BUJAME [a33); DTW MIAPUKY JETAIT C MOCTOSHHEL-
MU, HO KaK NPABUIO, PA3IAIHEIMA CKOPOCTAME BIOJb MPAMBIX, & MPHU CTOJIKHOBE-
HUSAX MTCHOBEHHO MEHSIOT CBOM CKOPOCTHU COTVIACHO 3aKOHAM YTIPYT'OrO CTOJKHOBE-
HUS, TOCJTE 9€ro MPOJOMKAKT NBATATHCA MO HOBBIM MPAMBIM, NOKA HE MPOU30U-
OyT OYepenHEe CTOMIKHOBEHMA. B pesyabTaTe MHOTOKPATHEIX COYLAPEHUN MOJEKY-
JBL (IIEPEMEMIAIOTCAY, W €CIM WX MHOIO, TO TOCIE TPOAOMIKUTEILHOI0 BPEMEHN UX
OBUXKeHne OyJeT Ka3aThCA XAOTUIECKUM, JABJIEHUE B COCYI€ BHIDABHACTCA ((3AKOH
IMackan), B raze yCTAHOBATCA ONPELEIEHHASA «TEMIEPATYPay (CPENH:AsS KUHETIIE-
CKas DHEPrUs MOJEKYJbl), «(IOTHOCTBY r'a3a OyneT MOCTOAHHOU u T..1. Bce omu-
canHble (a TaKXe MPOIYINEHHLIE 3[€Ch) XaPAKTEPUCTUKUA UIEATLHOIO rasa XOpO-
IO M3BECTHHI B (PU3WMKE, MHOTME W3 HUX UCCJICIOBAHLI TAKKE IUCTO MATEMATHIE-
CKU, KaK NPABWIO, C IPUBJICICHNEM TE€OPUM BEPOATHOCTEN U ee MOLHOU (C cepenu-
uel 50-x rogos XX Beka U IO HACTOAIIEE BPEMs) BETBU — JPLOAUYECKON TEOPUMU.
I'py60 TOBOPSA, «(MATEMATUICCKOE MCCACHOBAHUE) Ia3a COCTOUT B TOYHOM ONPEIeTe-
HUE QU3WIECKUAX NOHATHN ((JABICHUE), (TEMIEPATYDA», (IEPEMEIIABAHUE) U T. I1.),
a 3aTeM B CTPOrOM PEIIEHUM MATEMATWICCKWX 33149, CBA3AHHEIX C DTUMU IIOHS-
TUAMEA, B CO3JAHUA COOTBETCTBYIOIIEW MATEMATHYECKON TEOPUHM, B MATEMaTHIe-
CKOM JI0KAa3aTEeNbCTBE M3BECTHHIX (DOPMYJI U IIOILYYE€HUW HOBHIX, U T.I. B 3TOM Ha-
TIPABJICHUM CEMYaC paboOTaAOT NECATKU, €CaM He COTHM, MATEMATAKOB U3 PA3HLIX
crpad Mupa. KiIoueBBIMU CIOBAMU B UX KCCIEJOBAHUAX ABIAIOTCA «Xa0C» (U3yda-
€MBII DPrOAMIeCKON Teopuer) u «Ommmuapay (reOMeTPUYeCKas JacThb TOU KE Te-
opun). 3I€Ch CIEAYET 3aMETUTh, U9TO «Xa0C» U «OWLIUAPIY — B3AUMOIPOHUKAIO-
mue U HeperIeTanmecs TOHATUS: «OWLIMapay u3ydaeT AeTEePMUHUPOBAHHOE MO-
BE[ICHUE CUCTEMEL; DTO MOBEICHNE C TEYCHWEM BPEMEHU CTAHOBUTCA MOYTH HEOTIU-
YUMBIM OT Xa0TUYECKOTO, W TOr[A, HA IMOCAETHEM DTAale, MOXHO 3a0BITh IPO mIe-
TEePMUHUPOBAHHOCTE M MCCAEAOBATL OJMH TOJBKO «Xa0C». «Xa0C» OYEHb CJOXKHAA
B€MIb, ¥ 3[€Ch MLl 3ATPOHEM TOJBKO «IeTEPMUHUPOBAHHYIO» JACTh MOBEICHUA CHU-
CTEMBI.

Ileas macToAmen crarem — OOBACHUTD, KAK 33,1394 O CTOJKHOBEHWM ITAPUKOB
CBOAUTCA K OMLIMapay, T. €. K 331396 O PABHOMEPHOM JBYKEHUM 00HOU 9aCTULEL U €€
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OUIIMAPAHOMY OTPAKEHUIO OT PA3JWYIHEIX TOBEPXHOCTEN (IPaBaa, B MHOIOMEDHOM
npoctpascTse). Ilocae aToro Mu pacckaxeM o 3amedarensrou 3aaade f. . Cunas —
0 49HCIE COYAAPEHAN MEXIy MOJEKYJIaMU I'a3a U €€ OWLIMAPIHBIX MOINPUKALINAAX, 1
OIMINIEM PA3JIUIHBIE MOAXOABI K €€ PEIIeHNIO.

II. HEMHOI'O UCTOPUU: IOCTAHOBKA 3AJAY U PE3YJIbTATHI

1. TPU MPOCTPAHCTBA: KOH®UTI'YPAIIMOHHOE, «CKOPOCTHOE» U ®A30BOE

Wnesa 3aMeHATHL MOBENEHNE CJAOXKHOU MEXAHUIECKOU CUCTEMEL IBUAKEHUEM OTHOU
TOYKU XOTA U OY€Hb HETPUBUAIBHA, HO NOBOJBHO CTAPa — €€ UCIOAb30BAJI B CBOUX
uccrenoBanuax Bemukui ¢pusuk Jlrogsur Borbnvan ceomne cra ger vasan (B 1872r.
Boabuman mammcan cBoe 3HaMEHUTOE «ypaBHEHUE BOJbIMaHa», CBA3LIBAIOIIEE 13-
BJEHVE ['a3a U TEMIEPATyPy C IOMOIIbI KOHCTAaHTH Bombnvana kp (cMm., Hanpwm-
uep, [6])).

PaccmoTpum mpocTOu mpuMep: 1 IaCTUI[ OBMXKYTCA KAKUM-TO 00pa3oMm (moka
4TO 6€3 BCAKOrO 3aKOHA) B TpexmepHoM mpocrpancTse R . Kaxaas wacruia umeeT
TPU KOOPAMHATHL (T, Yi, 2i)s & = 1,...,N, MEHAIOWMECA BO BPEMEHU t. 3AMEHUM DTU
7, 9ACTUI] HA OJHY (MHOTOMEPHYIO» TOYKY

T = (Z’l,yl,Z1;x2,y2,22; .. ';wnayn’zﬂ)a

JBIKYIIYIOCA B MPOCTPaHCTBe R°™. /IBMKEHMe TOYKM & COCTOMT B TOM, ITO B Ka-
KB MOMEHT BPEMEHHU | M3BECTHEI BCE €€ 3n KOOpAWHAT (OHW ONMPEIENAITCS KO-
OPJVHATAMY UCXOQHBIX YACTHUL B MOMEHT BPEMEHH t), TaK YTO U3BECTHA U BCA TPa-
exTopus TOUKu T € R3™. A eciu m3BeCTHBI KOHKPETHEIC 3AKOHEI JBYKCHUS YaCTHII,
T.e. pynknuu x;(t), y;(t), z;(t), TO U3BECTEH U 3aKOH MBUKEHUA «(MHOIOMEPHOW» Ta-
crunst 2(t). Bo MEOrIX Cayvasx creauts 3a TOUkou Z(t) aerde, ueMm cpasy 3a 60ab-
KM 9UCIOM UCXOAHBX dacTull. OIHAKO 5Ta IPOCTOTA KAXKYIIAACA — YMEHbIIAA 9d-
CJIO 9aCTHUL A0 OJHOU, HAM NPUXOAUTCA YBEIUIABATH (BEICOKOMEPUE) IIPOCTPAHCTBA.
IIpocrpancTeo R3", B koTOpOM gBMKETCS TOUKA I (1), HABBIBACTCA KOHPULYPAYUOH-
#oim. OHAKO U €ro MOXHO PACHIMPUTDH, 3AMEHUB KOH(PUTYPALUOHHYIO TOYKY & (1)
Ha $Pa308y10 TOUKy 2(t), KOOPAMHATHL KOTOPOK — HE TOJBKO IOJOXKEHUs JaCTUL B
npocrpancTee R®, HO 1 mx ckopocty v; = (Vig, Viy, Viz), 1 = 1,2,...,n:

z(t) = (z(t),v(t)) = (x1,Y1, 215 - -3 TnsYns Zn} Vi, Uiy, U1z} - - -} Una, Unys Unz)-

Taxum 06pazom Bo3HWKaeT (dhasosoe mpocTpancTso RS™ | dazosas ToIKa KOTOPOrO
ONUCHIBAET JBIKEHUE (TPACKTOPHUIO) MCXOAHOM CuCTeMbl B R® MesmKoM u HOIHOCTEIO
(B oTaMYMe OT KOHGUTYDPAIIMOHHON TOYKY &(t), ONUCHIBAIOIIEN XL IPOCTPAHCTBEH-
HOe MOJIOXKeHVe 9acTul — 6e3 ux ckopocteinn). PazoBoe MPOCTPAHCTBO €CTh IPAMAs
CyMMa, ByX HOAIPOCTPAHCTB — KOH(MUIYparuoHHOro R3™ 1 mpocTpaHCTBA CKOPO-
crent R3": RE™ = R3™ ¢ R3". Mnorga GeiBaeT mpolme ¥ HATUIAHEE UCCIENOBATH IPO-
exiuio Touku 2(t) Ha R u/um ma R3" mo oTgersHOCTH, BMECTO TOTO, YTOGHI OMH-
CHIBATBH HAMHOTO GOJee CI0XKHOe TIoBeeHune (hazoBoit Touku 2 (t) Bo Bcem RO™.

CrenyeT OTMETHTSD, YTO, KaK IPABUIO, ABUXKeHNE (a3oBO (a Takke KOHPUrypa-
LWOHHOK ¥ (CKOPOCTHOW») TOYKK OCYIIECTBJAETCS HE BO BCEM (IIyCTOM» IIPOCTDAH-
cree RS" — orpannvenus, Hakna LIBaeMbIe Ha CUCTEMY Da3IWYHLIMU (GUBUUECKUME
3aKOHAMMU, MHIYIUPYIOT TeOMEeTPUIeCKre IpenaTcTBIA (B Buge noBepxHocTel) B RS™
(parO xax u B R3" u B R3", cooTBeTcTBEHHO).



Bummmapger u ynpyrue CTOJIKHOBEHHUA IaCTHI] U IIIADOB 67

Hanpumep, e nCXOJHEIE YACTUIEL B IPOCTPAHCTBE R? MMEIOT 0 JMHAKOBYIO MaC-
¢y 1 u ux ABUMXeHUE NOIUYNHAETCSI 3aKOHY COXPAHEHUSI DHEPTUU:

2 2 2 2 2 2 2 2 2
v]i+vy+...+v, =const <= v, +vy, Fu .+ U, + U, U, = const,

TO TIPOeKIMA TpaekTopuu Touku z € RS™ ma mpocTtpamcTso R3® mpeacrasiser co-
601 KpUBYIO, Jexamywo Ha (3n — 1)-mepuou cdepe pamuyca +/const. Ita cdepa u
OrPaHWYMBAET JBUKEHUe TOUKH 2 € RE™.

[pyro# BaxKHLIN JJIA HAC IPUMEP: ABAa OJMHAKOBEIX IIApa B IPOCTPAHCTBE RS,
Kax ez map 3a1aeTca KOOPAMHATAMYA CBOErO MEHTPA u pagmycom 7. Kcau 6w mia-
PHI OBLTM MPO3PAYHEIMU U TMPOXOAUIN APYT CKBO3L APYra 0e3 MPemnATCTBUU, TO UX
KOH(UIyDAIMOHHEIM TIPOCTPAHCTBOM OKa3aJ0Ch OBl BCe mpocTpancTso Ro? = RS,
O HAKO MAapPEl HEMPO3PAYHEL U PACCTOSHME MEXKIY MX IMEHTPAMHU BCEra OOMbIIE WIn
paBHO 27

(@1 —22)? + (31 —92)° + (21 — 22)* > (2r)°. (1)

Hepasenctro (1) 3agaer BHEmHION0 9acTb NUInHAPa I B 6-MEepHOM HPOCTPAHCTBE,
HAKJIOHEHHOrO nox yrioM 45° x ropusontanu. (Ecau orpanwauTscs cieBa B dop-
myaze (1) TOJBKO MePBEIM CJIAraeMBEIM U 3aMEHUTDH 3HAK HEPABEHCTBA 3HAKOM DABECH-
CTBa, TO MBI TIOJYYUM TOJIOCY HA TWIOCKOCTU O Lo MEXIY TPAMBEIMA Lo = L1 — ' 4
Zo = X1 + 2r — OJHOMEDPHBLIV UWIWHJID, CM. puc. 1).

T2

LA
\\\\y 2r T

Puc. 1. Ogaomepus quiaegp I

Taxum 06pa3oM, KOH(PUIYPAUMOHHAA TOYKA, £ MOXKET [BUrATHCSA TOJBKO JIHIIb
B wacTu npoctpanctea RS — Bre mwmmgpa I]. [onaganme TOYKM  HA TUIMHAD
03HAYAeT CTOJKHOBEHUE IIapOB.

B panpHenmem nox KOH(MUIYPALXOHHEIM, «CKOPOCTHBIMY ¥ (ha30BLIM IIPOCTPAH-
crBaMu MBI OyJjeM MMETb B BUAY TOJBKO MHOXECTBO 603MOHCHBIL MIOJOXKEHUH COOT-
BercTByomed Touku B R3", R3" mwmr RE™. Omucanme aTwx mpocTpamcTs aasa crieru-
aThHEIX cucTeM OyJeT JAaHO B ClefyIolmeM pasfele.

2. Bunuapg
IIycte ToUKa & ABMKETCS PABHOMEPHO ¥ IIPSIMOJINHENHO B pocTpaHcTse R"; mo-
. dx n
JIOXVM CKOPOCTBb ee ABIKeHus pasHou 1: ||v|| = il = 1. Ecin B8 R umeercs

mrockocTh II pasmepHocTN 1 — 1, TO IyCTH TOYKA T OTPAXKAETCA OT HEe MO 3aKOHY
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TeOMETPUIECKOUN OIITUKIL Y204 OMPAHCEHUA Pasen y2ay nadenus. Vlmu nHade: pasmo-
UM CKOPOCTb ¥~ TOYKH & JO OTPAXKEHWUs HA IBE COCTABIAIONINE, OLHA U3 KOTOPHIX,
v, mepueHAuKy/IapHa miockocTu II, a BTOpas el mapamienbHa: vﬁ =v —-v].
IIpu orpaxenun ot Il mapamreabHas COCTABIAIOMWAA V|| He MEHAETCH, & MePIeH/u-
KyJIApHAA MeHAeT 3HAK: 'uﬁr =, vl = —v7. Hosas cxopocTs wacTuner (mocre
OTpaXKEHUs) PaBHA,

+ gt bt g — -
v =v +v] =v —v].

Winn, HakoHel, 3aKOH OTPAXKEHUS MOXKET OLITH 3AINCAH B BAIE BEKTOPHOU (POp-
MYJIBI

vt =v" -2-(v",n) n, (2)

rge (-, -) 03HaYaeT CKAIAPHOE NPOU3BEJEHUE BEKTOPOB B R, a 71 — BEKTOP HOPMAJIK
K miockoctu II.

Bo3sepamasace Kk mepBOHAMATILHOMY 3aKOHY I€OMETPUIECKON OINTHKY, OIUIIEM €ro
qyTb Oosee moapo6Ho. BosbmeM magaroumiu ayd cBera (TOYKA & NPUOIMKAETCS K
IT) u orpaxennsm (Touka & ygamxsercs or II). Yepes HUX IPOXOAUT eNMHCTBEHHAA
IBYMEpHasa IJIOCKOCTh 7 (€CIU pasMEepHOCTh MPOCTPAHCTBA R™ Goablue 2; B ClIydae
n = 2 570 camMa mIoCKoCTb R™). B 5TOU %€ MIOCKOCTH PACIONOKEH TAKKE U BEKTOD
7 HOpMaJau K oTpaxatomen (n — 1)-mepron miockoctu I (koTopsir 6epercs B TOUKe
oTpaxenus). Torga y2o4 nadenus o — 3TO YrOI MEXKAY I1a,IaI0MUM JLy90M CBETA U
BEKTOPOM 71 (WM MHAYE, yTOJ MEXIy BEKTOPAaMU (—¥ ) U M), & Y204 0MPAIHCEHUS
B — DTO yrom Mexay OTPAXKEHHEIM Jy9IOM U BEKTOPOM 7. (T.€. yroa MexIy Bek-
Topamu vt u m). 3aKOH ONTUKU TIACHT: (puc. 2). On Takxke Ha3HIBAETCA
OUAAUGP OHBIM 3AKOHOM.

Jlerko BUAeTH, YTO BCE TPU ONMMCAHUA OWLIAAPIHOTO OTOOPAKEHUA TOIKA L OT
mI0CKOCTH 1] SKBYBaJCHTHEL

OnwmmeM Teneps OMLIHAPIHOE OTPAXKEHWE TOYKM & OT TIVIATKOU MOBEPXHOCTH
S C R™. TIposeaem k S B TOYKE OTPaXKEHWUA KACATEILHYI (1 — 1)-MepHy mioc-
KOCTBb H n 6y,[[eM C‘II/IT&TI), 9T0 TOYKA &I OTpa)Ka,eTC}I oT H 10 OHHCaHHOMy BBIIIIE
IpaBUIy. JTO U €CTh OWLINAP IHLIM 3aKOH oTpaxkenus ot S. Ecin Touka ¢ orpaxa-
€TCA [0 DTOMY 3aKOHY OT HECKOJIbKuX Iagkux (n — 1)-mepHbx nosepxHOcTed (1O
OTIEIbHOCTH) B IpOCTpaHcTBe R™, TO MBI OyAeM COBOPUTH, YTO ABUXKEHUE L OWI-

777,

Puc. 2. Bunmmap e 3ax08: o = f3
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~aLl—

Puc. 3. buimapaapin ¢TOg 1 OWLIAAD AHAA TPACKTOPHA

JVAPOHOE, 8 CaMa TOYKA & OBIKETCA IO OHLIAAPAHON TPAEKTOPUU B OOIACTU IIPO-
crparcTBa R" | orpanmaennon STumu nOBepxHOCTAME. [[0BEPXHOCTH OTpAKEHUA 115
KpaTKOCTU OyIeM HA3BIBATL CMENKAMU, OOIACTH, B KOTOPOU NBUKETCA TOYKA, L, —
(MHOrOMEPHBIM) 6UAsUAPIHLIM CTNOAOM, & BCE ABUXKEHUE T — Oussuapdom (puc. 3).
CaMmy TOYKY & HA30BEeM OUAAUAPIHOYT wacmuyet.

HamoMuuM, 9T0 MO OMPEIeTeHNI0 CKOPOCTh OWLIAADIHON YaCTUILI BCETIa PAB-
Ha 1: ||v|| = 1. OTMeTnM Takxe, 9TO ecam GMLIMAP AHAS 9ACTUNA ONA,1AET HA Iepece-
YEeHHE IBYX WIN O0IBIIEr0 IUCIA CTEHOK, TO €€ IBUXKEHNE II0CJIE 3TOr0 HE OIIpeaejieHO
(Tax Kak Pa3sMEpHOCTDb IEPECeYeHnsa CTEHOK < N — 2, u KacareabHas (n — 1)-mepHas
mwiockocTh I HE ompeneneHa 0AHO3HAIHO). MEI OyeM CIMTATH B 3TOM CIydae, 9TO
TpaeKTOpIIIH 9aCTUILIBL B TaKOﬁ TOYKE 06pHBaeTCﬂ. Mepa MHO>XKE€CTBa HAYAJBbHBIX I10-
JIOXEHUU YaCTULEL, IJA KOTOPHIX TPAEKTOPUA He onpejeneHa (06prBaeTca), pasua 0,
¥ TAaKUMU TPAEKTOPUAMU MEI Oygem npeneOperars. Takum o6pa3oM, OuinapaHbe
TPAaCKTOPUU — TOJBKO T€, TOYKHN M3JIOMa KOTOPBIX HE IIPMHALICKAT CPA3Yy HECKOJIb-
KM CTEHKaAM 61/IJIJII/Ia,p|I[HOFO CTOJIa.

3. 3A0AYA CHHAA O CTOJKHOBEHUU OJUHAKOBBLIX IIAPOB

ITpumepro B cepeauue 1960-x rogos f.T. Cunau, 3anuMascs 10Ka3aTEILCTBOM
SPrOAUYHOCTU OJHOPOMHOTO I'a3a B COCYe, MOCTABWI CJAeAYIOIe BOMPOCH. IlycTh
MOJIEKYJIEI ['a3a (MIAPUKY) JeTAI0T B HEOrPAHWYIEHHOM IIyCTOM IPOCTPAHCTBE U YIPY-
r0 CTATKMBAIOTCA Mexay co6ou. Illapukm npeanosararoTcsa OMHAKOBEIMEA (OJHOPOI-
HBIU I'a3), UX YUCJIO0 — KOHEYHBLIM, 3 YIPYTOe COyJApPEHUe O03HAYAELT, YTO B MOMEHT
yAapa CKOPOCTU CTOJKHYBIIUXCA IIAPUKOB MEPEPACIPEIIAITCI COMVIACHO 3AKOHY
COXPAHEHWsA UMILYIbCA (KOIMIeCTBa JBIDKEHUs) U DHepruu (TOYHEE GOPMYIEl Oy Ay T
BHIKCAHEL B CIEAYIOIEM Pa3ee).

1) MOryT au CTOIKHOBEHUA B TAKOU CACTEME MIPOI0IKATHCA HEOTPDAHUICHHO 1007
2) MoxeT Ju 9uCIo yaapoB B CUCTEME 338 KOHEUNblll IPOMEXYTOK BPEMEHN OKa3aThCA
6ECKOHEYIHBIM !

3) Kaxoe HambombIee 9ucao yIapoOB MOXKET HPOM3OUTU MEXKIYy MOJEKYJIaMU, €CJIA
Pa3PemaeTCs IPOU3BOMLHO MEHATD WX HAYAIBHEIE TIOJOXKEHUA U CKOPOCTH (IIPH yCI0-
BUU, 9YTO OTBETHI HA 008 NPEALIIYIMX BOIPOCA OTPULATENbHEL)?

Otu Bompock Bo3uukau y fl.T. Cunas ecTeCTBEHHEIM O0OPa30M HPU UCCAELOBA-
HUU CTOXACTUYECKUX CBOUCTB r'a3a W CO3MAHUA UM TEOPUU TUNEPOOIUIECKUX OUJ-
auapaoB (KOTOPHIE HA3LIBAIOTCA TAKKE PACCEUBouumy uiu 6ussuapiamy Cunas,
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cM. ¢pyHgamenTaabHyo padory f.T. Cunas [8]). [Jeno B TOM, 9TO, KAK MEI IOKAXEM
B CIEAYIOIIEN YaCTH, KOHMUTYPAIUOHHLIM MTPOCTPAHCTBOM CUCTEMBI IIIAPUKOB SABJIS-
€TCs MHOI'OMEPHOE EBKJIHOBO IPOCTPAHCTBO, U3 KOTOPOr'O BEIKWMHYTO MHOI'Q LVLIAH-
anpos tuna (1), rae 3HaK HEPABEHCTBA > 3aMEHEH Ha, IPOTUBOOIOXKHEI 3HAK < (T. €.
73 MPOCTPAHCTBA BHIKVHYTHl UWIMHIDPHL U WX BHYTPEHHOCTU), & JBUXKEHUE KOHDU-
IyPanuoOHHON TOYKHU ¥ (1) NOAYIUHACTCA OumapaHOMy 3akoHy (2). WasmMu croBaMu,
ra3s B MICXOQHOM TPEXMEPHOM IIPOCTPAHCTBE, COCTOAIINN U3 OJUHAKOBLIX CPEPUIECKNA
CUMMETPUYHLIX MOJEKYJ, €CTh He 4TO WHOe, Kak Owumuapy CuHas B mPOCTPAHCTBE
GOJBbIION PA3MEPHOCTHU: CTEHKU OMIiuapiaa (MOBEPXHOCTYU BHIKUHYTHIX [UJIXHIDPOB)
«BJABJIEHB BHYTPb MHOI'OMEDHOI'O OM/LIMAP JHOI'O CTOJIA — & ITO OJHO 13 TpeboBa-
HuU Ha reoMerpuio Owumapaa Cunas.

Caenaem orosopky: 6-meprsii mmmmagp (1) 3azaer Bo Bcem mpocrpamcTse R3™ gpyroi
mamagp C = I x R* 76 mo rpammna y C yxe B OCHOBHOM ILIOCKAf, JWIIb II0 HEKOTO-
PBIM HAIIPABJCHUAM €€ KPUBM3HA OTINYHA OT HyJIA. TaK ITO BOSHUKAIOIMY GILIIAD] — HE
CTpOro pacceusaroumi, a norypaccensatommiz. O guaxo B pabore [8] Bce TpyAHOCTH, CBA3AH-
HBIE C (IOIyPACCerBaHUEM» (T. €. C IIOCKAMY yIaCTKAMU IPAHNUIBI), TAKXKE ObLIA C yCIEXOM
TIPEOJOTEHEL.

Wrak, ras ceogurcs k Owummapay Cunas omucas-
F HOI'O BHINIE TUIA. 334€M € HyXXKHO 3HATb, KOHEYHO
\\ niy GECKOHEYHO YHCJIO0 COYIAPEHUN B CUCTEME IIapu-
KOB, WK, 9TO TO XK€ CamMoOe, B M30MOP(PHOM 3TOU Cu-
creme Ouutuapae?

31ech MBI MOXEM JaTh OTBET HA HTOT BOIPOC
JIAIb OY€Hb NPUOINKEHHO, OCTABISASI OCHOBHLIE U161
F TeOpUU TUMIEPOOIUICCKUX OUIINAP 0B, KPOME OTHOH,
3a ckoOkaMu. A 5Ty OIHY MAEI0 IPOIEMOHCTPUPYEM
U ABYMEPHOT'O CJIy9as.

Korna napamiiebHbiil my 90K «GuLmap [Hexy (1
CBETOBEIX ) Jy4Iel MaJaeT Ha IIOCKUU yIaCTOK CPAHU-

F Ry IbI, OH [OCJE OTPAKEHUS OCTALTCA NAPALIETLHEIM.
Ho ecim y9acTOK rpaHUnbl BEIMYyKALIA (0O OTHOIIE-
t HUIO K MAPALIEILHOMY Iy9Ky CBETA), TO 3TOT My40K
[OCTE OTPAXKEHUs PACCEETCA W BOJHOBOU (poHT F
rpanuna (HOBerHOCTb, IEPHEHAUKYJIAPHAA OTPAXKEHHBIM JIy-
gam) Oyzer kpuBoaunenabM (puc. 4). (Ilo sTou npwu-

R_ quHe GUIIUAP U HA3BIBAETCA PACCEUBAIOLINM ).
Kak mensiercs kpuBusua ¢poura F npu ero asu-
XKEHUM B IPOCTPAHCTBE [OCIE KAXKIOI'0 OTPAKEHUS

Ry OT BBIINYKJOI'O YIaCTKA CPAHUIIEI!

O6parum Bpems, T. €. 3anyctuM ¢ppout F' (BmecTe
¢ my4YkOoM) B 06paTHyo CTOpPOoHY (cM. puc. 5). IlycTs
z € F u nycrs ¢pour F aBumxercs IO IDAHUILL OT-
paxenus Bpems t1. Torga

Puc. 4. Boamosou ¢ppoHT
OTPAKEHHBIX JIyIeH

Puc. 5. K BroBogy R(z) =t1 + R_, ()

YPaBHEHUA 3€PKAJIHHOTO roe R(r) — paguyc xpuBusHE GPOHTA B TOUKE I,
OTPAXEHUA t1 — pacCcTosaHme, KOTOPOEe NPOXOINT TOYKA T 00 I'Pa-
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Hunbl, R_ — paguyc KPpUBU3HEL (PPOHTA, B TOUYKE OTPAKEHUA (A0 OTPAKEHUS MyIKA,
oT rpanunsl), Ry — paanyc KpuBu3HEL GPPOHTA B TOYKE OTPAXKEHUA (HOCIE OTPA-
XKEHUA My9IKa). VI3 reOMeTPUIeCKON ONTUKY M3BECTHA, CICAYIOMAA DJICTAHTHAA CBA3b
paguycoB R_, R, u R;:
1 _ 1,2 (4)
R Ry R; cosy
TIe (o1 — yToJ OTPAKEHUA B TOYKE OTPaxkeHus, Ry — paanyC KpUBU3HEI CTEHKH; DTa
bopMysa HABLIBAETCA YPaBHEHUEM 3ePKAmH020 ompaxcenus. OOpaTHLIE BEIMIUHEL
K paJmycaM — DTO KPUBU3HBI, TAK ITO KOPOYE PABEHCTBO (4) HMEepenuCHBACTCA B
TepMuHax KpuBm3H X+ = 1/Ry, K1 = 1/R;:

X-=x++ K- oo (5)
U3 (3) nmomyuaem x(z) = 1 _ L = ! OTKyJAa, ucnoan3ys (5)
y X _R(.’I:)_tl—"‘Rf_ 13 yg7 y 9
t1+ —
X—
HAXO0 M
1
) = —————. 6)
t1 + oK,
cos Y1 X+

Nrax, popmyaa (6) maer mam xpuBu3Hy (GpoHTA B TOUke x € F mocae 0dnozo
OTpakeHus OT TpaHunbl. Ecanm e oTpaxkeHuin OLLTO ABA, TO MBI NOMKHLI OIPUHATH
KDUBU3HY X4 = XE:) 38 KpUBM3HY (PPOHTA B HEKOTOPOU APYTOH €ro TOYKe y U 3a-
MEHUTE €€ aHAJOTUIHEIM BLIpAXKEHUeM 1m0 ¢opmyae (6), TOTLKO Temepsb BCE WHICKCH

cmenarca ¢ 1 Ha 2. B pesyabrare 6ygem umers gopmyay (7):

1
x(e) = . . (")
t1 + 9K, 1
+
COSs 1 + 1
2 2K, (2)
COS 2 +

IIpogonxas nTeprpoOBaThH, MOLYIUM LENHYIO I1POOH

1
x(x) = T ; (8)
t1 + 9K, 1
COS 1 + 1
2t 5K, 1
cospy  t3+...

rjge MHOTOTOYME CJIefyeT 3aMEHUTH HA AHAJOTUYHLIE BHIPDAXKEHUS CTOJBKO pas,
CKOJMIBKO UMEETCS OTPAXKEHUN TOYKY MPU €€ TPAMOM ABUKEHUYM BO BPEMEHU, MPEXK Ie
YeM OHA MOHAAET B Z. 3AMETHUM, YTO MbI HAYMHAIN C HAPAIEIBLHOrO IIy4YKa, KOTO-
pomy orBeuaer x4+ = 0. JonycTtuM Tenepsb, ITO ng) — 0 mpm ¢ — 00, T.e. 9TO JIydu
CTAHOBATCSA TOYTHU MAPAICIBHBIMYA MOCIE OECKOHEYHOrO YMCaa OTpaxkeHun. Torga

nosydaeM GeCKOHEeUHYIO enHyoo Apobb. B paccyx nenusx f. I'. Cunas BaxxHO, 9TO6HI
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oTa apobb cxoamaack — Torga OyneT ompeneneHa KpususHa X (x) B Touke z. B Teo-
pHUU IENHBIX IPOOer XOPOIIO U3BECTEH KPUTEPUM CXOAUMOCTYU OECKOHEYHOU IeMHOU
Ipoou.

KPUTEPUI CXOJAMMOCTH IENHOU TPOBU (SEIDEL — STERNE). Beckoweunas
yennas 0pobv

- L w>0,i=12,...,
a1 +

a2+a3+...

crodumes moeada u moavko moeada, Koeda

oo
Z a; = Q.
i=1
(Cwm., manpuwmep, [11].)
Urax, nna cymecTBOBaHUA KPUBU3HKL X (Z) He06T00umo, 9TO0R!

) (ti + 2K ) =00
oS ¢;

i=1

A nns sToro docmamouno, 9To6E Yoo t; = oo (mockomeky 2K/ cosp; > 0 npm
BCeX ). AHAJOrWYHEIE PACCY XK J€HIs, TOILKO HAMHOIO 60Jee TEXHUIECKUE, PAGOTAIOT
1 B MHOI'OMEPHOM CJay'ae.

Ecau gucno ygapos B cucTeMme mapoB HA JIOO0M KOHEIHOM UHTEPBAJIE BPEMEHU
KOHEYHO, TO DTOT0 JOCTATOYHO A/ PACXOAUMOCTH PAAA Y ooy t; M, TEM CAMBIM, A/
€X0AUMOCTH nenHou apobu (8). BoT movemy n0CTaTOYHO OTBETUTE TOIBKO Ha BTOPOU
Bonpoc f.T. Cunas; HO NepBEI M TPETWU BONPOCH MHTEPECHHI caMu 1O cebe, wu,
KpPOMe TOT'0, OTBETUB Ha JIOOOU U3 HUX, MBI ONHOBPEMEHHO CMODIM OBl OTBETUTD
TAK2Ke M HA BTOPOU BOIPOC.

A.T. Cunan mocTaBuI u penmn 3a4a4y O CTOIKHOBEHUAX 00UHGKOBLIL IIAPOB B
cBOell (K COXAJEHUIO, TaK U He OMyOIMKOBaHHOM) pykomucu [9]. A mmeHHO, OH 1O-
Ka3aJ, 4TO €CAU 4YnCJIO0 MAPOB (GUKCUPOBAHO, TO CyllecTByeT Takas KoHcranta C,
9TO YKUCIO COYJAPEHUY MEXKIy DTUMU LIAPAMU B IIyCTOM NIpOocTpaHcTsBe Menbiie C,
HE3ABUCUMO OT HAIAMBLHOI'O COCTOSHUA CUCTEMBI, T.€. OT IOJOXKEHUU U CKOPOCTEN
o1apoB B HyJIeBOI‘/,I MOMEHT BPEMECHU.

W3 5T0ro pesyapTaTa BEITEKAET OTPUNATENBHBIN OTBET HA BOIPOC 2), MI'DAIOIAN
PyHIAMEHTATBHYIO POJIb B CXOQUMOCTY LEMHOU Apo6u (8). DTOT OTBET CTAT OJHUM
73 KI09YEBEIX MOMEHTOB B gokasarensctse 1. . Cunas sprogudHocTu 04HOPOIHOTO
rasa B COCyze.

4. CTOJKHOBEHUA TPEX OJMHAKOBHLIX IIIAPOB

IIpuseneM TIOOGONBITHEIN U JOBOJILHO TOHKWU PE3yJbTAT O CTOJKHOBCHUAX MpPET
OIMHAKOBLIX IIAPOB B IPOCTPAHCTBE, M3BECTHEIN KAK «TUIOTEe3a Yaen6ekay. B pabore
amepukanckux ¢usnxos (Sandri, Sullivan, Norem [18]) 1964-ro roga 6rL1a YUCIEHHO
MIPOCYATAHA, CUCTEMA, U3 TPEX ONUHAKOBEIX IAPOB, M OKA3AJI0Ch, 9TO IPU PACCMO-
TpeHHbIX VMU HAYAJBHBIX IIOJOXEHUAX U CKOpOCTHX IIlaI)OB7 qucja0 CTOJIKHOBeHI/Iﬁ
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MeX 1y MIapaMu He MPEBOCXOAUT 4: 9eTHIpe CTOJKHOBEHWUS MOI'YT IPOM3OUTH, & HATH
u Gosbiie — He MOryT!

OTOoT pe3yabTaT ObLI TAKXKE HE3aBUCUMO aHOHCUPOBAH B 1964 r. B pa6ore Thur-
ston’a u Sandri [19]. CTporoe ero nOKasaTemIbLCTBO MOABWJIOCH HE OYEHb JABHO: B
1993 r. amepuxkanckue xumuk T.J.Murphy u ¢usuk E.G.D.Cohen B coBmecTHON
paborte [16] goKa3aaM, 9TO 803MONHCHBL TOALKO CACLYIOUAE CTOJKHOBEHUS B CUCTEME
OVHAKOBLIX mAapoB 1, 2 u 3:

I. a) (12) (omuuApHBE yHaD)
b) (12)(23) (mBa yxapa)
cl)  (12)(23)(31) (Tpu ynapa)
c2)  (12)(23)(12) (Tpu ynapa)
dl) (12)(23)(12)(13) (werwpe yzapa)
d2) (12)(23)(13)(23) (4ermipe yzapa)
U HEBOIMONCHL TAKUE TEOPETUIECKY MBICIUMBIE CTOJKHOBEHU:
II. el) (12)(23)(12)(23) (veTnipe yaapa)
e2) (12)(23)(13)(12) (ueTwIpe yaapa)
f1) (12)(23)(12)(13)(12) (maTs yzapos)

f2) (12)(23)(13)(23)(12) (uaTs yzapos).

OrmeruM, 9T0 OAOOPATL HAYAIBLHEIE YCJIOBUA B CACTEME C YeTHIPbMSA yIapaMu
dl) mmm d2) oyeHb HENPOCTO; & AOKA3ATEILCTBO HEBO3MOXKHOCTY YETHIPEX CTOJKHO-
Benut el) u €2), a Takxe natu croaxHoserut f1) u £2) nerko Brever [OKA3ATETLCTBO
HEBO3MOXHOCTH 6, 7, 8,... yAApPOB B CUCTEME U3 TPEX OJUHAKOBLIX LIAPOB (IIOCKOIb-
Ky J:00as1 IOCJIEI0BATEILHOCTD U3 6 y1aPOB COAEPKUT ONHY U3 HOCAEI0BATEILHOCTEN
el), e2), f1), £2)). T. Murphy u E. Cohen oTme4aioT, 9T0 10Ka3aTEILCTBO HEBO3MOXK-
HocTH yaapos tuna Il B ouens kpaTrkom Bujge Ovwin panee gausl E. Cohen’om B pa-
6ore [14] 1966 roga, m 9T0 yTBepKAeHNE NPO < 4 CTOIKHOBEHWI BEPHO TaKXKe B
IIPOCTPAHCTBE JI060r0 9UCIa U3MEPEHUT 71 > 3.

3a1aMa IpO TOYHYIO BEPXHIOK OIEHKY YUC/Ia CTOJIKHOBEHUI B CUCTEME U3 I€ THIPEX
wiu 60Jee OVUHAKOBEIX IIAPOB HUKEM HE UCCIENOBATAC.

5. «MAJIASI» U «BOJIBIIAS» BUJIJIMAPIHBIE 3ANAYN fI. T". CUHAA

Hanpammsaromeecs o6o6menre 3agaau f. . Cunas 06 ynpyrom CTOIKHOBEHUM
00UHAKO0BLIZ IMAPOB COCTOUT B PACCMOTDPEHUN IIAPOB NPOU3BOALHLIL DATUYCOB T1,
T9,...,TN ¥ IPOU3BOJIBHEIX MacC M1, M3, ..., M N, JETAOIIX U YIPYTIO CTAIKABAIO-
muxcs B mycroM npocrpancree R”, roen = 1,2, 3, . ... Jra 33a1a4a 6bu1a IOCTABIEHA,
A.T'. Cunaem B cepenuue 1970-x rogoe Ha HaydHOM cemuuape MI'Y mo guHaMwde-
ckuM cucteMaMm moj pykoBogcteoM B. M. Anekceesa u f.T'. Cunas.

Nmeerca CymecTBeHHOE OTIMYIME «OJHOMEDPHOrO ra3ay (n = 1) 0T «MHOrOMEpHOTO
raza» (n > 2): B TO BpeMs Kak B OJHOMEPHOU CUCTEME LIap F#i MOXKET CTAJIKUBATHCS
TOaIBKO ¢ mapamu #(i — 1) u #(i + 1), B MHOrOMEPHOM rase ampuoOpU HET OrDAHU-
“eHUN [JIs1 CTOJIKHOBEHUS 1apoB #i u #k ¢ |i — k| > 2. (Takue orpanu<enus MOryT
MOABUTHCA JWIIb B PE3YJbTATE CKPYIYJE3HOrO M3YIEHMA CUCTEMBI, KOrId, KAK DTO
OBLTO B CIydae TPEX OIUHAKOBHIX IAPOB, 00HAPYKUBAETCS, YTO HE BCAKUE ITOCIEI0BA-
TEeJBHOCTH yAapoB ocyuecTsuMbl.) O HOMEpHAA cucTeMa mapos (BepHee, CTepKHEN
HA TIPAMOU) MOXKET ObITh PENyLUUPOBAHA K CUCTEME TOYEYHBIX YOPYTUX 4GCTNUY HA,
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npamon (Korjga Bee paguycsl 7; = (), B TO BpeMsA KaK B CIy4ae JUCKOB Ha IIOCKOCTH
(n = 2) wiu mwapos B mpocTpascTse (N > 3) TAKOU PELYKIVU CIEIATH HEJIb3A.

HanomauM, 9TO MBI MCKIIOY9aeM U3 PACCMOTDPEHHUS Takue COOBITHA, Kak Gomee
YeM JBOUHEIE CTOJKHOBEHUs (JaCTHUL], JUCKOB UM IIAPOB), 8 TAKKE OJHOBDPEMEHHEIE
IBOVHBIE CTOMKHOBEHMA OOJIEE I€M IBYX IIAPOB: DTU COOBITUA MIPOUCXOIAT C BEPOAT-
HOCThIO (.

B crenyromem pasaene Gy 1y T ONICAHEL KOH(DUIY DAIUOHHEIE IPOCTPAHCTEA (a) Cu-
cremer N wactun ua npavont R' u (b) cucremer N guckos ma mrockoctu R? mwm N
mapos B npocTparcTee R”, n > 3. OHKM Ka9eCTBEHHO PA3IUYHLL €CIX B Ciydae (a)
KOH(UTYyPAIMOHHEIM TPOCTPAHCTBOM SBJIAETCA MHOMOTPAHHEIN YTOJ CIEIAAILHOIO
Buga B npocrpacTee RY | To B ciydae (b) KOHGUypaIMOHHOE TPOCTPAHCTBO —
5T0 mpocTparcTBo RV™, M3 KOTOPOrO BEIKHHYTa JOBOJBLHO 33aMBLICIOBATAS CHCTE-
Ma u3 (72‘) NUWIVHIPOB (M UX BHYTPEHHOCTEN), IPUIEM BCE HWIXHADHL UMEIOT 06-
mee HemyCToe mepecedeHue. B obmem Ciry4ae, KOraa paguyChl ', s, - . ., TN U MACCHI
m1, M2, ..., MN PA3IMIHEL, KOHUrypannonnas Touka x(t) € RV" gpumxercs mexy
CTOMKHOBEHUAMH CO CTEHKAMU — T'PAHAME YIVIa, WIA MAIMHIPAMYA — BIOJb IPAMBIX
(xax 5T0 U GBLIO paHbINE, KO BCE MIAPHI OBLIA OJMHAKOBEIMU), HO €€ OTPAXKEHUI
OT CTEHOK YK€ BOBCE HE OmLimapasbie!

Tem HE MeHee, CIeJIaB JOBOJIBHO IPOCTOE — JUHENHOe! — mpeobpa3oBaHue IpPo-
crparctea RV™, 5. T. Cumait cymen cBecTu 3a5a4y gBumkenns To49kn (1) k 3anase o
OGUILIMAD THOM [BVKEHUY HOBOU TOUKM Z(t) B IPE06GPA3OBAHHOM KOH(MUTYPAMOHHOM
IPOCTPAHCTBE.

Taxkum o6pasom, 00mas 3a1a49a O MIAPAX PA3HBIX PA3MEPOB M MACC TAKXKE CBO-
OUTCA K OMIIuapay.

ITocre rakoro ceenéuus fA.[". Cunan caenan aBa eCTECTBEHHLIX NOIYINCHU: B 3a-
nade (a) mpo JaCTUOBEL OH OTKA3AJACA OT CIEMUAIbHOI'O BHAAA MHOTOIDAHHOIO YIVIA
U PacCcMOTpel GULTUAP/ B IPOM3BOIBHOM MHOTOTPAHHOM yrile B mpocTpaHcTee RY
a B 3agaye (b) oH 3aMeHWT IMIMHAPE B MHOTOMEDHOM MPOCTPAHCTBE HA KOHEIHOE
MHOKECTBO MPOU3BOMBHEIX BHITYKIEX Tex B RX (rge K me o6asarensuo passo nlN)
C TaKUM CBOMCTBOM: IDAHUIEI TEJ [UIAJKUE U 6Ce MU MEAL UMEIOM Henycmoe ne-
peceuenue, a KOHPUTYPAIUOHHAA TOIKA Z(t) OTPAKAETCA OT TPAHUI] DTUX TEI (CTe-
HOK) 10 OGmnmuapauomy 3akony. Oramame 3anaqu (a) or (b) B ToM, uTO B 3aaaue
(a) TakuMU BBHITYKIBIME TEJaMU CIyXaT MOJLYIPOCTPAHCTBA, U OULIAAPIHOE IBU-
JKEHE MOXKHO MCCIENOBATEL 60Jee WU MEHEe DIEMEeHTAPHLIMYA METOJAMH, a B 3aJa9e
(b) y CTEHOK MMEIOTCA KPUBU3HEI, KOTOPEIE CO3IAI0T PACCESHUE IPU OTPAKEHUA OT
HUX, U UCCIEJOBAHUE CTAHOBUTCA HAMHOIO Oomee caoxubiM. 3anady (b) Toxe moxuO
paccMaTpUBaTL KaK OUILIAAP B MHOTOIPAHHOM yTUIE, HO CO «BIABJCHHEIMU BHYTPb)
creakamu (puc. 6). I massax 3agaqn (a) u (b) «manomw ¥ «GOIBIION CUIIAADP JHEIMA
3a4a9aMU NOTOMY, 9TO 2TO (PaKTUYECKU OJHA U Ta XKe 33j4a4a — O OWnmapie B
yIie, TOABKO B «MaJOW» 33a9€ YOl 3TOT — OOBIYHLIA MHOTOTPAHHEIN, ¢ IIOCKUMU
TpaHAMH, 8 B «OOJBION 3a0a9€¢ TPAHU-CTEHKA MHOTOIPAHHOIO yTIIA — BBITYKJIEL
BHYTDb HEr0, U 3TO OOCTOATENBCTEO (BEIIYKIOCTb CTEHOK) CO3AET «HEIMHEUHLIE)
TPyAHOCTHU TIpU €€ pemenmu. [IpuBeneM TOIHBEIE POPMYIMPOBKY OWMLIAAD THEIX 3a-
pa4 fI.T. Cunas.

«MAJIASI» 3ATAYA CUHAA. [J0oKa3aTh WiIN ONPOBEPrHYThH, YTO B JIOOOM MHOI'OIDAH-
HOM yrie B R” ¢ IIOCKUMU CTEHKAMU YUCJAO OTPAKEHUU OWLINAPIHOU YACTUILLI OT
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n=2 4 n=2 Z
€T Zr
/
/
n>=3 _ n>3
\

(a) (b)

Puc. 6. Manams» (a) m «Gompmasn» (b) 3agaan Cunas

ero creHok (i) koreuno, u (ii) 5To YKCI0 He MPEBOCXOANUT HEKOTOPON KOHCTAHTH C1,
3aBUCALIEN TOJIBKO OT PEOMETPUM YIUIa, HO He OT HAYANLHEIX YCJIOBUN — MOJOXKEHUs
U HAIPABJICHUA CKOPOCTHU YacTULH (puc. 6a).

«BOJIbIIAAY 3AJAYA CUHAA. [Joka3aTh Wiu OIPOBEPTHYTH, YTO B JIOOOM «KPUBO-
JVHEVHOM» yTJIe C NVIAIKAMU CTEHKAMMU, BHITYKILIMUA BHYTPb yTiua, (CTEHKM — CPaHu-
(LI BEIIYKJIBIX TEJI, AMEIOIIX B COBOKYTTHOCTH HEILyCTOE IEPECEICHNE) IUCIO OTPAKE-
HUU OT ero cTeHOK (i) koHeuHo, u (ii) Py HEKOTOPHIX OrPAHUYEHUSIX HA [E€OMETPUIO
yIVIa, HE IPEeBOCXOAUT HEKOTOPOU KOHCTAHTHL (o, 3aBUCAIIEN TOJBKO OT MeOMEeTPUN
yTJIa, HO He OT HAMAJIbHEIX yCJAOBUY, HAKIAJIBAEMbIX HA OWLTHAPAHYIO 9acTully (Ha-
YAJBHOrO MOJIOXKEHUA U CKOPOCTH).

Ilog «HEKOTOPHIMEM OrPAHUYEHUAMU HA TEOMETPUI) KPUBOJMHEUHOT'O YIUIay
A.T. Curau umen B BUAy MOXOXECTH €r0 HA (ILIOCKUI» yTrOJ, & MMEHHO: PPAHU KPU-
BOJMHEVHOI'O yIuIa GOJKHEL OBITH TPAHCBEDCAIBHBIMU, T.€. HE UMETb OOMEeN Kaca-
TEILHOU.

6. 3AZAYA CUHAA O CTOJKHOBEHUAX IPOU3BOJIbHBIX IIAPOB B
IIPOCTPAHCTBE

O nHOBpEMEHHO ¢ (OPMYJUPOBKAMUA «MAMON» ¥ «GOJBIION) CHLIAAD THEIX 33,184
A.T. Cunau chopMyanpoOBaI U UX « TUHAMUIECKUAE) AHAJIOTH.

3AJAYA O YACTULAX HA IPAMOMN. [0Ka3aTh WK ONPOBEPIHYTh, YTO YACIO CTOIK-
HOBeHuU B cucreme N 9acTul NPOU3BOILHEIX MACC M1, . . . , M N, JBAKYIIUXCS HA Oec-
KOHEYHOU npsaMol, (i) koHeuno, u (ii) 5T0 9ucI0 HE IPEBOCXOAUT HEKOTOPOU KOHCTAH-
a1 Cy = C1(my,. .., MN), 32BACAIIEA TOJIBKO OT MaCC, HO HE OT HAYAIbHEIX IIOI0XKE-
HUII 9aCTUI U UX CKOpOCcTen. Breuacauts xapaktep gynkuuu C; = Cp(my, ..., my)-
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3AAYA O MAPAX. J[0Ka3aTh WX ONMPOBEPTHYTh, YTO YACIO CTONKHOBeHUU N IIa-
poB (N AUCKOB B CIy4dae IWIOCKOCTHU) IPOU3BOILHEIX HEHYJIEBBIX PAIAYCOB T, ..., TN
7 MacC My, . . ., My, CTATKABAIOIMXCA B npocTpancTee R” (n > 2), (i) xoneuno u (ii)
DTO YUCIO HE NPEBOCXOAUT HEKOTOPOU KOHCTAHTEL Cy = Co(T1, ..., TN, M1, ..., MN),
3aBUCAIIEN TOJBKO OT PAIILYyCOB U MACC MIAPOB, HO HE OT HAYAJILHBIX IOJOXKEHNN 13-
POB 1 nx ckopocTen. Briacauts xapakrep dyuxnuu Co =Co(T1, ..., TN, M1, -, TN)-

Bunmapause 3agaun f.T'. Cunas u ero 3a1a4m 0 9aCTUNAX U IIAPAX IPUBJIE-
KJIYX BHUMAaHUE MHOI'UX MaTeMaTI/IKOB; ux peIHeHI/Ie 3aHsIO IOYTN TpI/Ir[[I_IaTI) JerT — C
cepenuubl 1970-x rogoB u 10 KOHIIA XX BEKA.

7. PE3YJBbTATEI UCCJIEJOBAHUM

7.1. «MAJASI» 3AJAYA CUHASA

«Mauasy 3ana4a ObLIa PEIIEHA MOJOKUTEIHHO HE3ABUCUMO U PA3HBEIMU METONAMU
Tpemsa maremMaTukamu. [lepBbiM ee moaHOCTHI0 penma B 1978 . cam fA.T. Cunan B
pa6ore [10], 10xa3aB MHAYKIUEN MO PA3MEPHOCTH KOHMDUIYDAIMOHHOI'O IPOCTPAH-
CTBa CyLIECTBOBAHUE PABHOMepHOU oueHky C s ducaa ynapos. DakTUdecku 5T0
[NOKA3aTeIbCTBO HEABHO COAEPKANOCH yXKe B €ro HeOmyOJIMKOBaHHOU pykomucu [9]
O CTOJKHOBEHUAX 00UuHAK08bIZ mWapoB. B »Tou pykomucu, mOMuMO GOJBIIOrO 9mMCaa
TOHKUX PACCYXIEHUU, BBOAUTCS OJHO BAXKHOE TIOHATHUE: «OMEPLIMAL MOUKE KPOAAY.
I'py60 roeops, ecin TOYKA ¢ IPUHALIEKAT CPA3y HECKOILKIM CTEHKAM MHOIOMED-
HOrO OmLIMapa, IPUIeM CTEHKU 6biNYKabl 6HYMPs CTOJA, KaK Ha puc. 6b), u B o1y
TOYKY MOXHO — B KaKOM-HUOYJb ee MaIou OKpecTHOCTH Uy — BCTABUTH ILIOCKUM
HEHYJEBOU MHOTOI'PAHHBLIN yroa (Kak Ha puc. 6a) ¢ BepumHOn ¢ (TOYHEE — OKPeCcT-
HOCTH BEPIIVHEI MHOTOI'PAHHOIO YIVIa), TO TOYKA ¢ HA3BIBAETCA OTKPHLITOU TOYKOU
kpas. TouHee, M OTKPHITON TOYKYU KPas ¢ MHOTOT'DAHHBLIN YT'OJI

Qq={e e R"|Vi(e,n;) >0} 9)

He JexuT B (n — 1)-MEpHOU MWIOCKOCTH; 310eCh My, ..., T — E€IUHUYHBIE BEKTOPHLI
HOpMaJen KO BCEM CTEHKAM OWLINApAa B UX OOILIEN TOYKE ¢, HATPABICHHLIE BHY TPD
OoummapaHoro crona. Ha puc. 7a) ykaszaHa OTKpHITas TOYKA KPas ¢ — BEPIIXHA
KPMBOJIUHENHOrO yIUIa, B KOTOPHI (B Manol OKpecTHOCTH Uy) BCTABIEH HEHYJIEBOU
ITOCKUY MHOTOrPAHHBIA yrox. QO TKPBITHIME TOYKAMY KPAs ABIAIOTCA TAKKE TOIKN
g2, q3 1 q4 TWIOCKOrO «bmumuapaa Cunas» Ha puc. 7b), a BEPIIUHEL ¢; U g5 TOTO XKe GuI-
JIUAPAa OTKPEITEIMU Toukamu He asiaaoTca. Ugesa f.T'. Cunas cocTosna B ToM, 9TO
€CIM MaKCUMAIBHOE YUCIO YAAPOB OWLINAP JHON YaCTULLI B IVIOCKOM MHOTMOIDAHHOM
yIVie C BEPUIMHOU ¢ HE MPEBOCXOAUT KOHCTAHTHI ('), TO B MHOTOTPDAHHOM KPUGO.4U-
#HeliHoM YTIIe C TOU Ke BEPIIUHON ¢, TIOIYIEHHOM U3 TIOCKOTO YIVIa, «BAABINBAHUEM)
€ro rpaHed BHYTDPb (IPU DTOM CTEHKW YIVIA CTAHOBATCA TUIAIKUMUA MOBEPXHOCTIMUA
B PeryJApHEIX TOYKAX) YUCIO YAapoB He OygeT mpesocxoauts kCi, rae k > 1, mo-
CKOJMIbKY BABJIEHHEE BHYTPb CTE€HKM MOTYT JUIIb JUOO YMEHBLIIATL O0INee YucCao
yIapoB, Jub0 yBEINYNUTh, HO HE 60Jee, 9YeM B HEKOTOpoe ducio k pas. OmgHako TexHu-
4YeCKUe TPYAHOCTH, BOBHUKAMOUUE NP 0O0CHOBAHUM DTOU UIEM, HACTOIBKO BEIUKU
(OHZ B OCHOBHOM CBA3AHEI C IIOYTH KACATEILHLIMYU OTPAXKEHUAMY OT KPUBOIMHEMHBIX
CTEHOK), 9TO PeIIeHre «OOIbIION) 3343491 He OBLIO JOBENEHO B PYKOIMCYU 10 KOHIA.
(O pemrennu «6OMBIIONY 33,1291 CM. HUXKE.)
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q2

qs

qa

gs

a) OTkprITasg TOUYKa Kpas ¢ b) ¢2,93,4s — OTKpHITHIE, ¢1,q5 — HEOT-
KPBITHIE TOYKHN KPas

Puc. 7.

[pyrue nBa pemeHus «Maaow 3amaau noaBmmch nocae pemenus . . Cunasn ¢
OBYMS Pa3pHIBAMU IPUMEPHO B 10 6T Kax IeIu.

Bropoe pemenne, nonyuennoe I'. A. Tansnepunsiv B 1986 1., 0my61rKOBaHO B KHU-
re [3]. Kak u pemenne f.T. Cunas, OHO NPOBOAWTCA WHAYKUWEN HO PAa3MEPHOCTH
KOH(UI'yPAIXOHHOI'O IIPOCTPAHCTBA, OLHAKO B PACCYKJEHUs BOBJIEKAETCA OMILIAAD I
Ha (n — 1)-MepHOU Cdepe U HATVIAIHBIE TEOMETPUIECKIE COOOPAKEHUA.

Tperbe pemenre noxydeso M. B. Cespiokom B [7]. OHO 0CHOBaHO Ha Cilenyromen
JIeMMe: eClIM KaKasa-TO TOYKa B R” 0TpaxkaeTcs OTHOCUTEILHO KOHEYHOI'O YUC/IA, ILIOC-
KocTen pasMepHocTH (n — 1) W mpu TOM HEKOTOpasA JAMHEUHAs (PYHKIUA OT DTOU
TOYKM CTPOrO BO3PACTAET NMPHU KAXKIOM OTPAKEHUAN, TO IUCAO TAKUX OTPAKEHUN KO-
HEYHO ¥ He IIPEBOCXOJUT YHUBEPCAIBLHON KOHCTAHTEL, 3ABUCALIEH TOJIbKO OT (OYHKIMA
7 OT PACHOJOXKEHUS ILIOCKOCTEH B MPOCTPAHCTBE, HO HE 3aBUCHAT OT BEIOODPA OTpa-
xkaemon Touku. Teopema CuHAS OIYYAETCSA HOCIE DTOrO ¢ IIOMOIIBIO PACCMOTPEHUS
NOBOJBHO MIPOCTOYU CHENUATLHON JIUHEUHOUN (pyHKIIU.

7.2. 3AJAYA O YACTUIAX HA IIPAMOMI

ITonoxwurensHOE pemreHre 3a4a49M O YACTULAX €CTH MPSIMOE CICICTBUE IOJOXKU-
TENBLHOrO PermeHus «Maaow 3anaau CuHas: IBMKEHUE 1 9aCTUIl MOJEIUPYETCa G-
JVADIHBIM JBUXKEHUEM OLHOU YaCTULEL B CIENUAATLHOM MHOMOIDAHHOM yrvie (C IIOC-
kumu creakamu) B R". Ero MOXHO paccMaTpuBaTh KaK 2€0MEMPUUECKOE DEIIEHUE
332494 O IaCTULAX.

B crarpe I'. A.Taabnepuna [1], mosBusmenics B 1978r. 0qHOBpPEMEHHO ¢ Pabo-
tou [10], 6BLIO HPEFIOKEHO APYTOe, GHAAUMUYECKOE TOKA3ATEILCTBO KOHEIHOCTHU
9YUCJ8 CTOJKHOBEHUM YNPYTWX YaCTHUIl HA NPAMOA — HO 0€3 PABHOMEDPHOH IO Ha-
YAJBbHBIM YCJIOBUAM OLEHKU. TeM CaMbIM, OBLTIO MOJIYy9E€HO HE3ABUCAMOE PEIICHUE 3a-
naau (i). IlomHOE aHAIMTHYECKOE AOKA3ATENLCTBO YacTé (ii) OBLIO BIEPBHIE IAHO
I'. A. Tanenepunbiv B pabote [2, Ilpunoxenne 1], roe npueBegeHo ABHOE 3HAYEHUE IS
koHcTauTH C1(Mmy,...,my):

N—-2
Ci(my,...,myn) =2- <8N2(N—1)M> , (10)

Mmin

3IECh Mpmax — MAKCUMAIBHAA, 8 Myyi, — MUHUMAIBHASA U3 MACC My, . .., M-
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[pyroe, moayaHalinTUIeCKOE-IOJIYyreOMeTPUYIECKOe pemenre gai B 1992r.
M. B. Cesprok B ynomsHyTOH BhIue padoTe [7]. B Hem oH paccMoTpen «CKOpOCTHOE)
IPOCTPAHCTBO CHCTEMBI BMECTO KOH(DUIY PAMOHHOT 0, K KOTOPOMY 3aTE€M IPUMEHIT
CBOIO UIEI0 00 OTPaXKEHW: TOYKM B TUIIEPILIOCKOCTAX DTOrO MPOCTPAHCTBA. B pe-
3yJbTATE TMOJIYyIAIOCh HOBOE MOKA3ATENLCTBO CYIIECTBOBAHUA PABHOMEDPHON OICHKM
IJLST qucJa, y.I[apOB B CuCreMe 4aCTuil.

NaTepecno, 9TO oA TPEX YACTHIL M1, My, M3 HA IPAMOU MOXKHO ABHO BEITACATD
BEPXHIOK OLEHKY YMCJIA YAAPOB MEXIy HUMM, IPUYEM 3Ta OINEHKA, B OTJIMYUE OT
o6men onerku (10), Touna:

™
C1(m1,m2,m3) = (11)
mims
arccos
\/(m1 + ma)(ma + m3)
(3mecwy [2] — mammenbmee menoe wmcao, Gombmee mam pasuoe z). Kondurypannm-

OHHBLIM TIPOCTPAHCTBOM CHUCTeMEI {mi, Mg, M3} ABIAETCA ABYyIPaHHBIM yror B R3,

o . ma\ L ma\ L
JIMHEVHHLIN YT'OJ KOTOPOI'O PaBeH @ = arccos 1+ —= 1+ —= , & YHCIO
my m3

OGUILIMAP IHEIX YIaPOB B IIOCKOM yIvie ¢ Beerga < [7/a]| (cM. Teopemy 2, pazgen I11).

7.3. «BosbmAA» 3ANAYA CUHAA M 3AJAYA O IIAPAX, YACTB (I)

Ee pemenue, Kak u pelenne «Majgon» 33,1391, OLLIO TAKKE TIOIYIEeHO TPeMI MaTe-
MaTUKAMU, OJHAKO, B OTIMYME OT «MaJol» 3a1a4u, He coBceM Hesasucumo. JI. H. Bac-
cepmirerH u ['. A. Tanenepun B 1978 — 1979 rr. uccienoBain COBMECTHO ABA THUIIA CU-
CTeM YaCTWll B IPOCTPAHCTBE: (&) LmeHTpaibHO oTTankusaromuxca u (b) gokaabHo
B3aMMOIENCTBYIOMMX. /1 TAKMX CUCTEM OHU MOCTPOUIN AKCUOMATUIECKYIO TEOPUIO

B3aI/[MO,I[eI‘/JICTBI/I}I 1 10Ka3aJu CyIneCTBOBAHME TAK HA3BIBACMBIX «JIEBBIX) U «IIPABBIX»

o . As
CKOPOCTeN (HEKOTOPHIX CIENUAJIBHEIX JEBLIX U HPABHIX IPEIEIOB BUAA lim Kt)’ a

Takxke Teopemy O pacnagerun cuctemsl (b) Ha HEB3AMMOAEUCTBYIOMME C HEKOTOPO-
0 MOMEHTA BPEMEHU IPYIILI OFPAHMYEHHOT0 Pa3Mepa (KIaCTephl). DTH PE3yIbTATEL
COCTABMIM HEPBYIO 4acThb craren [20] u [2].

Bropeie 9acTu 9THX CTATEN MOCBAILIEHH JOKA3ATEIbCTBY KOHEIHOCTH IUCIA, Y 13-
POB OMLIMAPIHON YACTWILI B KPUBOJIMHEMHOM MHOT'OTDAHHOM yTJe Ha JIOOOM KO-
HEYHOM MHTEPBAJE BPEMEHH, 8 3aT€M NOKA3ATEJIbCTBY KOHEUYHOCTH UUCIA, YAAPOB B
CHCTEME TBEPABLIX MAPOB HA BCeM GECKOHEYHOM mHTepBaste Bpemenu [0, +00). Joka-
3aTENbCTBA DTUX YTBEPXKICHUU B 00EMX CTATHAX COBEPIIEHHO HEIOXOXU U OCHOBBI-
BaIOTCs HA PA3HBEIX reoMeTpudeckux (1 dusmieckux!) mgesx.

Eme 0180 anbTepHATUBHOE NOKA3ATENILCTBO 33,0341 O mapax gaix B 1990 r. kanai-
cknit maremaruk R.Ilner [15], ynpocTtusumu goxasareascreo JI. H. Baccepmrenna.

7.4. «BOJIbIIAS» 3ANAYA CUHAA U 3AJJAYA O IMAPAX, YACTH (II)

Ormerum, uTo oTBeT Ha Bompoc (ii) B «Gombmom 3agade Cunas Oyger 3aBemo-
MO OTPHUIATEIBHEIM, €CIA OMyCTATh CJAOBA (IPU HEKOTOPHEIX OrPAHMYCHUAX HA, Te0-
MEeTPHUIO yIiiay B €e (pOopMyaupoBke. [eNCTBUTENBHO, PACCMOTPUM KPUBOJUHENHLIN
yTOJ Ha IWIOCKOCTH, CTOPOHLI KOTOPOI'O §1 U $2 BBEITYKJEl HABCTPEYIY APYT APYTY, HO
uMerT o0y KacaTeabHyw ¢ (puc. 8). Eciu sanyctuTh 6Wuinap iHyoo 9acTUIy mna-
PALIETBHO t, TO OHA MOCIE KOKEUHO20 TUCAA yAAPOB CO CTOPOHAMMU S U Sz, COTVIACHO
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Puc. 8. HeorpaHuIeHHOCTE KOJIMIE€CTBA, YAaPOB B (HYJEBOM) yTVIe IJIA TPACKTOPHH,
IpHOIMKAIOIMENCA K OOLIeH KaCATEIBHOR K CTOPOHAM

Teopeme Baccepmrenna — lanbnepuna — Wnanepa, OyaeT gBurarsesa cBOGOIHO BIOIb
MIPAMOU, yAAIAACH OT BEPIIMHLL ¢ U GOJIbINE HE COyAapAiach cO cTopoHamu yria. On-
HAKO, 4eM OIMke K KACATENIbHOU ¢ Mbl 3AIlyCTUM YACTHUILy, TeM OOMIbIIe COyaapeHun
CO CTOPOHAMH YTJIA OHA COBEPIIUT, M DTO 9UCJAO OyneT CTPEMUTHCA K OO IIPU MPH-
ommxenun TpaekTopun K t. Takum 06pas3oM, YTOOBI HAJEATHCA HA, MOJOXKUTEIbLHEI
oTseT Ha BOmpoc (i) B «Goabmon 3anade Cunas, COBEPIIEHHO HEOGXOIUMEL (HEKOTO-
pBI€ OrPAHWYEHNS HA M€OMETPUIO yIiay. B IByMEPHOM CIy<dae KPUBOJIUHEUHBIN yT O
NOKEH OLITH HEHYAe6blM, T.€. KACATEIbHEE t] U ty K CTOPOHAM S1 W S B BEPIIA-
He ¢ MOMKHEI OBITL Pa3imvHer; Toraa Ztits = o # 0. MoxHO mOKasaTh, 9TO Kak
¥ B CIy4ae ILNOCKOTO yTd, MJIA KPUBOJIMHEMHOrO yIa HA IMIOCKOCTH MAKCAMAJILHOE
YMCAO COYJApPEHUIl 9aCTUOE cO CTOpoHamm yraa < [m/a] (cm. paspen III, Yrse-
pxaerve 1). B MHOrOMEpPHOM ClIy4dae «OrpAHUYEHUEM HA [EOMETDPHUIO YIVIay MOXKET
CIyXWTh OTKPHTOCTH BCeX TOYeK Kpas (cm. ¢popmyrxy (9) m puc. 7) mim moxoxee
ycaoBue. MuI yke oOTMedanay BEIME, 9TO UCHOIb30BAHUE TOHATHAA «OTKPBITON TOYKH
Kpas» B MPAMOM BH[E BEIET K HACTOMLKO OOJBITMM TEXHWYIECKAM TPYIHOCTAM, 9TO
MPAKTUYECKN HE MO3BOJIAET AKKYPATHO JOKA3ATh BEPXHIOK PABHOMEPHYIO OICHKY Ha,
9UCIA0 yAAPOB.

Hamuoro 6osee mpoCTEIM M CyImecTBEHHO Gonee d(h(PEeKTUBHEIM OKA3aI0Ch IPY-
roe OrpaHUYEHNE HA TeOMETPUI0 KPUBOJIMHENHOIO yIia, Tak HassBaeMas «d/C-61n-
3ocTby, BBegennasn [I. Byparo, C. ®epnrerepom n A. Kanorernko B padore [12].

Sadpukcupyem koucTtanTy C' > 0 u 071 TPOU3BOIBLHON TOYKYU Y BHYTPU KPUBOJIU-
HEeMHOrO yTJIa HallIeM BCe PACCTOSHUA OT Hee A0 cTeHok yrua dist(y, Wi), paccro-

. N .
auue dist(y, Ny, Wk) = dist(y,q) or y g0 BepumHE! yria g (T.e. O TOYKH Iepe-
CedeHMsl BCeX CTEHOK), 3aTeM HalneMm Bce oTHomeHus pp = dist(y, Wy)/ dist(y, q),
k=1,...,N. KpuBOIMHENHLIN YOl HALIBACTCI HEBLIPOHCOEHHbIM C KOHCTNAKMOT
C > 0 win C-HeBLEIPOXK JEHHLIM, eCIn 1A Kaxaoro k = 1,..., N u nia mobou To4-
ku y BeImonHeHo p(y) > C. IIpome rosops, 3T0 O3HAYaeT, 9TO eciu TOYKa Y d-
6sm3Ka ko BceM cTenkaM Wy, ..., Wy (T. e. HaxoauTca Ha pacCToaHun < d OT KaXK 0K

d _—
CTEHKM), TO OHA 5—6.TII/I3K3, K mepecedeHuio >Tux cTeHok (puc. 9). Kpusomnuennsi

YLOJ HA3BEIBAETCA IPOCTO HEBLIPOHCOEHHbIM, €CIU HAUTYTCA TAKNE KOHCTAHTEL § > 0
u C > 0, 94TO mepeceveHme 3>TOTO Yriia ¢ MPOU3BOILHOM d-TnapoM seasercsa C-
HEBBIPOX N€HHBIM.

OCHOBEIBasICb HA TAaKOM, «APU(PMETHIECKOM» OIPENEICHUNM HEBHIPOXK IEHHOCTHU
yIoia, KOTOpPOe, OTMETHUM, SKBUBAJICHTHO HEBEIPOXK AEHHOCTU B cMuicae CuHasd, aBTO-
peL cTaThu [12] goKasantu CymecTBOBaHUE YHUBEDCAILHON KOHCTAHTH Oy, TpeGyeMon
B «boabmoiny 3agade Cunas, (ii).
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Puc. 9. HeBeIpOxk geHHOCTE yriia ¢ KOHCTaHTOH C

IIpumenss 5TOT pe3yabTaT K KOH(PUIYPALXOHHOMY IIPOCTPAHCTBY CACTEMEI IIIa-
POB, OHU MOYYWIX B [12] ClIeAyONIyI0 PABHOMEDHYIO OLEHKY [/ YUCIA YAAPOB MEX-
Iy IIapaMu BO BCEM IIPOCTPAHCTBE:

N2
Ca(ri,y...,rN;m1,...,my) = [ 16 Mmax  Tmax  nr3/2 . (12)
Mmin Tmin

Tosguee, B pabore [13], aBTOpam ynasocs n30ABUTHCA OT COOTHOIIEHUS MEXAY Da-
muycamu. OHu nOKa3amu, 9TO NpuU JOOBIX PAAAYCAX MAPOB YUCAO CTOJIKHOBEHUU B
CHCTeMe MApOB BO BCEM IPOCTPAHCTBE HE MPEBOCXOAUT YHUBEDCAILHON KOHCTAHTE
Cy = Cy(my,...,mpN), KOTOpPas He 3ABUCUT OT HAYAILHBLIX IOJOXKEHUN U CKOPOCTEN
IIapOB, a 3aBUCUT TOJLKO OT MX MacCC:
2N
2  Mmax
Mmin
OTUMHU UCCIeJOBAHUAMK ObLIa TIOCTABICHA OKOHYATEIbHAA TOUKA B PEIIeHUM 3a,1a

A.T. Cunasa. B gaspuenmem 5T pe3yabTaThl ObLIN UCIONB30BAHEL I U3YY€HUA Ch-
CTEMBL H_IapOB B COCyII[aX C «BIABJIECHHBIMN) BHYTDB 1 IIIOCKYMU CTEHKAaMMU.

I1I. KPATKUE UAEN NOKA3ATEJBbCTB

B srom pasgene ML, mpexge BCero, copMyIupPyeM TOYHOE MIPABUIO IEPECIeTa
CKOpOCTeﬁ TaCTUL U MIapPOB IIOCIEe UX CTOJKHOBEHUA. SaTeM AdaduM OIIMCaHUE KOH-
GUrypanuoHHOro MpOCTPAHCTBA /I YACTUL] HA OPAMOU U MIAPOB B MPOCTPAHCTBE.
Hakoneun, cuenaeM pegykuuio K OMLIMapaaM ¥ CBEIEM 330a4M PO YACTUILI U IIa-
pul k OwummapaueiM 33gadaM Cunas. Ilocse 5TOro nmpucTynuM K M3JI0XKEHUIO UAen
IOKA33aTEILCTB TEOPEM, O KOTOPHLIX MBI PACCKa3bIBaM B dacTu I1.

A. MOJEJb YIAPA

Ecau my, ms — Maccul 9acTUI] HA TPAMOU, vy, V2 — UX CKOPOCTH OO0 yAapa, a
U1, Uy — CKOPOCTHU TOCJTE yAapa, TO U] U Uy HAXOMATCA U3 ABYX YPABHEHUU, IEPBOE
13 KOTOPBIX BEIPAXKAET 3aKOH COXPAHEHUsA UMILYJIbCA, & BTOPOE — 3aKOH COXPAHEHU
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DHEPTrUu:
MUl + Moy = M1V + Moy = COnsty ,

2 2 2 2
m12u1 + m22u2 — m12111 + m22v2 — COHStQ ) (14)

s mapoB, ABUKYIUXCA OO CTOJKHOBEHUS CO CKOPOCTAMHU ¥ U Vs, & TOCIE
CTOJKHOBEHUS — CO CKOPOCTAMU U1 U Uz, CIEAYET MOCTYNUThL Tak. CHAYAIS KAXK TYIO
CKOPOCTb V; Ha 10 PA3JIOKUTh B BEKTOPHYIO CyMMY [ABYX: CKODOCTH ¥, BOJb JUHUA
ueaTpoB 0102 U NEePIEeHINKYIAPHON €l CKOPOCTH
v;,1 (1 = 1,2), Tak 9T0 v;,, — ITO OPTOrOHAILHAS
mpoextus v Ha npamyio 0102, a v;,1 = v — v;,
(puc 10). Iocae 5TOro maper BAOIL HAIPABICHW
010, cregyeT pacCMOTPETb KAK CTATKUBAOIIEC-
Cs 9ACTHULBL, IPIMEHUTD LI UX CKOPOCTEH V1, 1
V2, bopMyasl (14), BHIMUCIATL BOIXINHEL HOBBIX
CKOPOCTEH HTUX YaCTHL] Ui, U U2, HOCIE U9ero
Puc. 10. Coyraperue mapo HAUTU CKOPOCTH IIOCTE yAAPa:

uy =uy, + 0,1, Uy = Uz, +vz,1. (15)

Urak, nepepacnpeneneHne CKOPOCTEN MIAPOB MTPOUCXOAUT JUII BIOIb JAHUY [I€H-
TPOB, & OPTOrOHAJIBHEIE COCTABIIAIONINE CKOPOCTH He MeHATCI. Hukakoro sakpy«4m-
BaHUA IIAPOB TAKXKE HE HIpoucXonuT. WHBIMEU CIOBAMU, MBI PACCMATPUBAEM IMIAPHI,
KaK «pacCnyXmiey IaCTUIbI. (I(OHG‘IHO7 CTOJKHOBEHUIO DEAJBHBIX IMTapPOB Ha OnLIN-
apaHOM CTOJE COIIy TCTBYET BPAIIEHUE, HO 3TO IIPOUCXOAUT B OCHOBHOM U3-3a HAJINYIUA
Tpenus. be3 TpeHus BpaleHre OTCYTCTBYET, ¥ MEI HE [OJDKHEI IPUHAMATH B PACIET
B HAIIIEY MOJIEIM MOMEHTHI MHEPIY IIAPOE. )

NuTepecHo, 9T0 ecau mapsl UMEIT OJAMHAKOBYIO MACCY, IPAYEM OJUH MIApP ITOKO-
UTCA, TO IIPU HEHTPAILHOM yaape (Baoab muauu O Oy) HAJETEBIINN AP MOJHOCTHIO
OCTAaHABJINBAECTCA, a HOKOf{HIHﬁC}I HAYMHAET ABUI'ATHCA CO CKOPOCTBIO HAJETEBLICI'O;
[IeJI0 TIPOUCXOUT TAK, OyATO MEPBLIM AP MPOLIEA CKBO3b BTOPOU U OHU IIPOCTO 00-
MEHAIUCHL HOMepaMu. [Ipy HENEeHTPAILHOM yAape Takas ke KapTUHa HaOI0gaeTcsa
LU CKOPOCTH V1, ¥ IODTOMY OJMHAKOBEIE MApHL pasieTaorcs (mo Teopeme Iuga-
ropa) nog yraom 90°. [[1s mapoB PasHEIX MACC KAPTUHA PA3JIETA HAMHOTO CJIOXKHEE.

B. KOH®UTYPAIIMOHHOE MTPOCTPAHCTBO YACTHUI] HA TIPAMOWM

IIycte 1 < 22 € 23 € ... £ TN — KOOPAMHATHI YaCTHUI[ C MACCAMH 1M1, M3,
ms, ..., My, CTATKABAIOIIXAXCA HA IPAMOM COMNMIACHO 3akoHaM coxpanenus (14). Kon-
burypamuonHsas To9ka € = (1,...,2y) € RN 1BukeTcs paBHOMEPHO MEXIy COyIa-

PEHUAME JACTUI] U MEHSET CBOIO TPAGKTOPUIO, ECIU KAKNE-TO ABE COCETHUE YACTULIEL
M; X Mjy] CTAIKUBAIOTCA. B 9TOT MOMEHT z; = T;41, & BCe OCTAJIbHBIE KOODIMHA-
THL Pa3audHbl (6OKee 9eM ABOVHEIE CTOJKHOBEHWUS MBI A IPOCTOTHL OTOPOCHM).
Ypasrenune x; = ;41 3ajaer rumepmiockocts II; B RY; Takum o6pasom, Touka T
Kak-TO orpaxaercsa ot miockoctu II;. flcuo, uro ecan m; = m;41, TO DTO OTpaKe-
Hue OWIIMapgHOe, HO HIPU M; 7# Miy1 9TO yxke He Tak. Ilmockoctu Iy, ..., IIN_
o6pazyior cremku (N — 1)-rpammoro yraa B RY (manpumep, B R® 510 aByrpan-
HBIN yroa, cm. puc. 11), a wacTs () mpocrpancTea RV, 3a1aBaeMas HepaBeHCTBAMY
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Il

I, ¢

Puc. 11. Korgurypanmoraoe npocTpancTBo () CUCTEMBI 9aCTHI] HA IIPAMOR — MHO-
rorpaHHsi yror r; < T2 < ... < zy B RN

1 < 22 < ... < oy — cam MHOrorpanusi yroia. OH u ABIAeTCA KOH(MUTY PAIMOHHBIM
npocTpancTeoM Q C RY cucremsr N uacTu.

C. KOH®OUTI'YPALIIMOHHOE IIPOCTPAHCTBO IIAPOB

IIycTes maper paguycos r1 ¥ rs CTOJIKHYJIUCH B IpocTpaucTBe R, Torga
(w1 —y1)2 + (2 —12)? + .o+ (T —yn)? = (r1 +12)2, (16)

rae O1 = (1,...,2,) 1 O2 = (Y1,...,Yn) — KOOPAUHATHL HEHTPOB LMIAPOB B MOMEHT
cromxroBerusa. Pasenctro (16) 3amaer (2n — 1)-mepubmt mumaap I] 8 R?". Ecm
3aMEHNTL PaBeHCTBO B (16) Ha HepaBEHCTBO <, TO MOJYUUTCS HKEBOZMONCHOE DAC-
MOJIOXKEHe MAPOB B R” 1 n300paxaromas To9Ka, (X1, - - ., Ln, Y1, - - - ,Yn) TOITOMY He
MOXKET 0Ka3aThCA BHy Tpu muaueapa I[]. O 1HaKO OHA MOXET MOnacTh HA, IOBEPXHOCTh
e Apa 1, 970 0TBEYAeT CTOJKHOBEHHUIO MIAPOB, & TAKKE JETATh BHE LUIUHAPA —
Torga paBeHcTBO (16) 3aMeHsETCs Ha HEPABEHCTBO >, ¥ IIAPH HAXOATCSA HA HEKO-
TOPOM PACCTOSHUM APYT OT APYTa.

Paccmorpum Temepsr N miapoB B mpocTpaHcTBe R”, u mycTb wmapel #i u #k
CTONKHYIMCh. [ HUX TOrAa BHINOJAHAETCA paBeHCTBO (16) (B KOTOPOM KO BCEM KO-
OpAMHATAM T HANO0 ZOOABUTH MHIEKC 4, KO BCEM Y — WMHAEKC k, & 71,72 3aMEHUTb
HA T';,T)), & AI1A BCEX OCTAIBHBLIX IAPOB — HEPABEHCTBO >. B pesysibrare MBI mOIy-
JaeM KOH(BUTYPAIMOHHYIO TOYKY T B MPOCTPaHCTBe RV™ | Jexantyio B MHOXKECTBE

Cij = Ii; x RN, 17)

Cij — TO TOXE IWINHAD, HO yXKe B IPOCTPAHCTBE R"Y | u y mero rpanmia B Ha-
IPaBICHNUAX, OPTONOHAIBHEIX TIOAIPOCTPAHCTBY R2™, B KOTOpOM JexuT muiuHap 1],
maockas. I[lonoxunrenpHyio kpuBmsHy numuHAp Cj; HMeeT TOIBKO BIOJIb LIIAH-

Apa I;;.
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Puc. 12. Kougurypamnuornnoe npocTpascTso mapos ) C RV

Touka  He MOXET JeXaThb BHYyTpU NUINHAPA Cjj, MTOCKOIBKY IIaphl HEIIPO3Pad-

N\ _ N(N-1)
HEL. Tak YTO & J€XWUT BHE BCEX LWIMHAPOB, YHCJIO KOTOPHIX PABHO (2) = —,
U [I0TOMY KOH(UIYPAIMOHHEIM IPOCTPAHCTBOM () cucTeMsl mapos apazerca RV ¢

BHIKAHYTEIMU BHY TPEHHOCTAMY IAauagpos (17):

— nN ] ..
Q=R" —| [ J@ntCy) ). (18)
i#]
Bax#0O oT™MeTHTB, YTO BHYTPEHHOCTH BCEX IIVIMHIPOB C’i]- — BBIIYKJIBIE T€JIa, U
9TOo

((int Cij) # 2. (19)

i#]
[ erCTBUTENILHO, HEBO3ZMOXKHOE MONOXKEHNE [T KOHPUIYDAIMOHHON TOYKY & TAKOE,
KOT'Jja OQUH WIM HECKOIBKO IIAPOB IPOHUKIN APYT B Apyra. B gacTHOCTH, eciu BCe
IMapsl UMEIOT HEMyCTOe HepecedeHne B R™, TO UM OTBEYAET HEBO3MOXKHASA TOYKA
B R"Y | nexamasn B nepecevennn BHyTpeHHOCTeR Beex mmwmiapos int Cjj. IlosTomy
IlepecedeHne BHYTPEHHOCTEN LWIVHIPOB HEMYCTO U ABISAETCA BLITYKIEIM MHOXECT-
BOM (KaK IepeCeYeHne BHIMTYKIbIX MHOXECTB).

B pesyaprare momydaem, 4TO KOHGUIYPALIMOHHOE IPOCTPAHCTBO () — KPUBO-
JIMHENHBI MHOrOrpasusiy yroa (B cuty (19)), y KOTOPOro BCe CTEHKM «BIABJIEHBI
BHYTPb» () (Tak Kak BCe UIMHAPHL — BhITYKAbL). O IHAKO, KAK U B CAydae IaCTULl Ha,
TpAMON, JBUXKeHre Touku € B ) C R™Y 6yger 6mmmap IHEIM TOIBKO €CTn m; = mj,
1 He OyJeT TAKOBBEIM Hpu m; # m; (puc. 12).

D. PEAYKIVA K BUIJIUAPAY
PaccMOTpuM KOH(DUIYPAIMOHHOE MPOCTpancTBo @ C RPN (vacTun Ha mpAMOn
npu n = 1, wim mapos B npocrpanctee R"). CrenaeM cregyomee JUHETHOE TIPe-
o6pasoBanue mpocTpaxcTsa R™Y, KOTOpoMy Takike IOJBEPrHETCS KAK MHOTOCDAH-
HEIA yroua (), TaK 1 TPAEKTOpUs KOH(MUIYPALMOHHON TOIKHA L:

_f;z.:\/nTZ--mi, i:l,...,nN. (20)
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WNupivMu croBamu, MaTpulla A JMHEMHOrO OEPaTOpa — JUATOHAILHAA, C IUCAAMU

VmMi,...,/my no guaronam: A = diag(,/mi,...,/MN). 3aMeTUM, YTO CKOPOCTH

MBXXEHUA KOH(DUIYPAIMOHHON TOYKK MOJBEPIHETCA TOMY K€ IPeoOpa3OBAHUIO:
~ dﬁ'?i dxi
Vi = —— = A/My—— = /M;V;. (21)
dt dt
Bui6paB COOTBETCTBYIOIIYIO €IUHUIY U3MEPEHUA, MOXKHO CUUTATb, UYTO TOJHAS KU-
HeTWYeCKas DHeprus Beex mapoB (mmm gactun npu n = 1) pasra E = 1/2. Torga

cxkopocth v(t) = (v/miv1(t),...,v/mnon(t)) = (01(2),-.., 0.~ (t)) xoHGUrypaLEOH-
HOU TOYKU L = (T1,...,TnN) AMEET MOLYJIDL 1:

Nn
() =Y 16: () =2E = 1. (22)
=1
CaenoBaTensHo, qiuHa BeKTOPa v(t) BCeraa IOCTOAHHA U PABHA 1. 3AKOH COXPAHEHUA
nMIyabca (14) MOXeT OLITH EPenucaH B BUIE

- ~ iV ] - -
m1v1 + Mave = /101 + /Mals = <\/%) . (g;) = |m|-|D"| - cosp = const,
(23)

> [V = (D S =
rae m = ( \/TT2>7 v = (52>7 a @ — yroa Mexjay BekTopamu m u ¥ . Paccmarpu-
Bas CTOJKHOBEHUE TOIBKO ABYX IIAPOB, #1 u #2, 1 He MEHAA CKOPOCTEU OCTAILHEIX
mapos, noxydaem, 9to |0 | = 1, |m| = const;, Tax 9To paBencTro (23) yTBepXKaa-
eT: cKaaaproe npoussedenue J8YT NOCMOAHKLIE NO OAUKE BEKMOPOS He MEHAETNCA
nocae Yyoapa. JHAUAT, COS Y = consts, a TaK KaK yroa  JOMKEH U3MEHUTHCA TOCIe
OTPAXEHUs, TO OH IPOCTO MEHAET 3HAK. DTO U O3HAYAET, IYTO TOIKA & OTPaAKa-
€TCA OT COOTBETCTBYIOIIEN CTeHKM yria () mo OuimumapaHoMy 3akOHy (mOapo6HOe
LOKA3aTeIbCTBO CM. B [2, ¢. 164-165]). Penykuus x 6uninapny sasepiieHa.
TeHepB MBI MOXKEM IIPUCTYIUTHh K KPDATKOMY M3J0XCHUIO Hll[eﬁ MOKAa3aTEIbCTB.

1. «Masas» 3A0A49A CUHAA

TEOPEMA 1. Qucao ompadxcenuti 410601 6uasuaponolt mpaexmopul 6 MHuo20-
epannom yeae () ¢ naockumu cmenkam 8 R™ Koneurno; 0Ho 02PaAnUUEH0 C8EPLY He-
xomopot xonemanmot C1, 3a8ucswett moavko om 2e0MeEMPUL Y2aa.

JOKA3ATEJNBCTBO. IIpuBegem HariasgHOEe reOMETPUYECKOE [IOKA3ATEILCTBO,
creays [3]. Paccmorpum eaunmanyio cdepy S~ C R” ¢ nenTpoM B BepiuHe g MHO-
COrPAHHOIO yTUIA U CIPOEKTUPYEM 3TOT yrog Ha cdepy u3 nedtpa q (cum. puc. 13a).
Hoxyaum BumyKaEA chepudeckuis MuHOrorpamEmk P C S™~!. Ilpm memTparsuOm
npoexkuyy OULINAP IHAS TPAEKTOPUS Y YACTULLL & B yIUIe NeperjeT B OWLIuap [HyI0
TPAEKTOPUIO 7 IPOEKLIUK & B MHOrOrpanauke P (B cdepudeckon Merpuke). Brimps-
MUM TpaekTopuio ¥ B R™, oTpaxkas CUMMETPUYHO yroa () BMeCTe C TPACKTOPUEH Y
OTHOCUTEJNBHO TE€X ero CPAaHEN, 0T KOTOPHIX OTPAXKAETCA OWLINAPIAHASL YACTULA &L,
OBUXKYIAsacsa BAoab 7. Ilomyumm npsamyro £ B mpocrpancrBe R"; ee mpoekuus Ha
cdepy — MOJIOBUHA OOMBLIION OKPYXKHOCTH U uMeeT mauHy 7 (cM. puc. 13b). Cae-
[OBATEILHO, OMLINADAHAS TPAEKTOPUS 7 JaCTULEL & B P mMMeeT KOHEYHYIO INHY,
PaBHYIO T.
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a) b) c)

Puc. 13. a) Ilearparsaas npoekmua () — P; b) IIpoexknusa BEIIPAMICHHOH TPAaCK-
ropun Ha S™1; ¢) TpaexTopus B P

[loxa3aTeabCTBO KOHEIHOCTH YUCIA OTPAKEHNH B () TPOBEeM UHIYKIIUEN IO Pa3-
meprocTu. Paccmorpum (cM. puc. 13¢) o6beaunenne e-0KpecTHOCTER BCex rpanen P,
KOPa3MEPHOCTH KOTOPHIX HE MeHee 2 (T.e. BepmuHbL, pe6pa U T. A., 40 CPAHEN Pa3-
MepHOCTH N —2). BHYTpU Kaxk 1011 Takou £-OKPECTHOCTHU OWIMAD JHAA TPACKTOPUS ¥
OTPaAXKAETCA OT YIVIa MEHBIIEH, YeM 7, pa3MepHOCTH. [[03TOMY YMCI0 OTPAKEHUN Ta-
CTHUIILL T, IOKA, OHA HAXOMUTCSA B OJHOU U3 £-OKPECTHOCTEN, PABHOMEPHO OCPAHUIEHO
10 TIPE/TION0XKEHUIO UHAYKINK. Y6epeM 00beNHEHNe BCeX DTUX £-OKPECTHOCTEN; TO-
rga o0beIMHEHNe OCTABIINXCA JacTed rpaHen P xopasmepHocTu 1 OygeT HECBSI3HO
(oHO cocTonT U3 OOBEUHEHNS KOHEIHOI'O YACIA KYCKOB (1 — 1)-MepHEIX IDaHen), Tak
YTO PACCTOAHUE MEXAY JIOOLIMU ABYMS TAKUMU YACTAMU OTAEIEHO CHU3Y OT HYJA
mekoropou koHcrauTou C. Koncranra C 3aBUCUT TOJIBKO OT MHOIOIDAHHUKA P U
qnciaa €. CleqoBaTeabHo, 9aCTUIa, & MOXKET MOOBIBATEL B KAaXK 10U U3 £-OKPECTHOCTEN
ue 6onee [w/C| pas, HOCKOJIBKY O6ImAs JIMHA TPACKTODPWUHA 7y PABHA T.

CaenoBaTenbHO, 9aCTULA, & OTPA3UTCA OT I'PAHEN MHOTCOCPAHHUKA P KOHEIHOE
YUCIIO PA3, HE IPEBOCXOIAIIEee HEKOTOPOU KOHCTAHTHL (', 3aBUCAILIEN TOJIBKO OT I'e0-
MeTpuu CHepruiIecKOro MHOIOIPAHHUKA, P. 3HAYUT, U YUCIO0 OTPAKEHUN IACTULLL &
B MHOrOrpasHoM yrie () Takxe He npeocxoqut (7, npudem (] 3aBUACUT TOJBKO OT
reomerpun yriaa (. Teopema 1 goxasana.

3AMEYAHUE. B pa6ore fI.T. Cunas [10] 1oxkasaTeabcTBO BEZETCA MHIYKIUEN IO
Pa3sMEepHOCTH ¥ OT MPOTUBHOI'O — ABHO BEIMUCHLIBAETCA HEKOTOPAS KOHCTAHTA, TIPe[-
[OJAraeTCs, YTO IUCIO YAAPOB MOXKET €€ MMPEB30UTH, a 3aTeM IOLyIaeTCA IIPOTUBO-
peune.

B noxasarenncre M. B. CeBproka B kadecTBe (QpyHKIUU, KOTOPasA (purypupyer
B ero gemme (cm. II, 7.1), Gepercsa CKATAPHOE MPOM3BEICHUE CKOPOCTH IACTUIEL C
(uKCUpPOBaHHLIM BEKTOPOM BHyTpH yrua @ (puc. 14).

IIycts O — Bepmuna yraa @, O& =v uOB = vt, F — ¢duxcuposanzas
Touka BHyTpu yria. Tak kak ZAQI = /BOII (vt nonyuaeTcs ua v~ oTpaxkeHuem
orroCHTEnpHO maockoctu II), o LZAOF > /BOF, nosromy f(B) = (0—F>,O—B>) =
= |OF |- |0B | cos ZBOF > |OF |- |OA | cos LAOF = (OF ,04) = f(A), u meit-
Has QYHKIU [ BO3PACTAET IMOCIE KAXKIOT0 OTPAKEHUS TOYKYM OTHOCUTEILHO MPAHN
yria Q. B cuny memmubr CeBproka, Takoe BO3PACTAHME MOXKET MPOUCXOMUTDH JIAIIb
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0

B

Puc. 14. @yuxmusa f(x) = (0OX ,0F ) BospacTaeT mpum OTpakeHMM OT I'DAHH:

f(B) > f(4)

KOHEYIHOE YUCJI0 Pa3, PABHOMEPHO (10 HAYAJIbHEIM yCIOBUAAM) OIPAHUIEHHOE HEKOTO-
pou koucTanTou C], 3aBUCAILIEN TOJBKO OT (.

2. YACTHUIHBI HA NIPAMOM

TEOPEMA 2. (a) Maxcumaavnoe 4ucao ydapos 6 cucmeme mpex 4acmuy, my,Ms,
ms 3adaemca Gopmyaot (11).
(b) Qucao ydapos 6 cucmeme 4acmuly ¢ NPOU3BOALHBIMY MACCAMU KOHEURO.
(¢) Yucao ydapos 6 cucmeme wacmuy ¢ NPOUIBOALHLIMYU MACCAMYU PAEHOMEDPHO 02Pa-
nuueno Konemawmot Cy(ma,...,my,) no gopmyae (10).

WIEN TOKA3ATEJNBCTBA. (a) Ipexne Beero, MakcuManabHOe aucao N(a) or-
paxkeHUN OWIIMAPIHOM YACTULILI B yIVIE BEIMYMHBL @ HA ILIOCKOCTH PaBHO [7/al],
ecit w/a ¢ 7, u pasHO T/a, ecin wf/a € Z (puc. 15). Kondurypammonsnoe mpo-

CTPAHCTBO CHCTEMBEI TPEX YaCTUL — DTO ABYrpaHHE yroa @ = {(z1,zs,23) €
€ R | 21 < 22 < 73}, wm, nocre npeobpaszosanusa A = diag(y/m1,/ma,/m3),

aByrpanubi yron Q = {(&1, &, &3) € R® | 1;711 < -2 s }, B xoTOpOM mpe-

vmi C my T /m3
00pa30BaHHAA TPACKTOPUA 7 — OWLINAP JHAA. JIMHENHBIN YTOJ (¢ 3TOTO ABYTPAHHO-
r0 yrua paBeH yrily MEXAY €IMHWIHBIMEM HOpMmawamu 1y = (1/y/m1,—1/1/m2,0) n

S\

Puc. 15. Bempavienne 6uiimapiHON TPACKTOpHU B yrie o u HepaBeHcTBo N(a) <
<r+1



Bummmapger u ynpyrue CTOJIKHOBEHHUA IaCTHI] U IIIADOB 87

ny = (0,—1/\/ma,—1/,/m3) x ero rpauam (cm. puc. 11). ITosTomy

ny,n 1/m
Q = arccos M = arccos [m2

1] - [na] 1 1 1 1
mq ma2Yy mz2 m3

OpToronaspHas MPOEKIKA OMIMAPIHON TPACKTOPHHU 7 HA, IIOCKOCTH, OP TOrOHAIb-
HYIO TPaHAM yria (Q, Takxke OMLIAAP IHAA B IIOCKOM yrie o. Clie[oBaTeIbHO, MAKCH-
MaJIbHOE IrCiIo ee oTpaxenui pasHo [7/a] = Cy(my, ma, m3), rae KOHCTaHTA CIpaBa
B3sATa u3 ¢popmyan (11). Eciu my = ms = mg = m, noxyqaem Ci(my, ms, m3) = 3,
KaK M JOMXKHO OBITH [/ PABHBIX MAaCC.

(b) Koneunocts 4mcaa ygapos B cucTeMe dacTuil (6€3 NOKa3aTeIbCTBA PABHO-
MEPHOU OLIEHKH) NOKaXKeM OT IMPOTUBHOrO, UHIYKIUER 1o ducity dactul. Jman = 3
YTBEPXKICHUE TOKA3AHO B MyHKTE (a).

IIpeanonoxuM, 9TO YMCIO yAapoB B cucTeMe ¢ 1 > 4 dacTunamu 6GeCKOHEd-
HO. [lomycTuMm, 4TO Kakue-TO YaCTHUIBI ¢ ¥ § + 1 CTAIKMBAIOTCA JUIIb KOHEYHOE
YUCJAO0 Pa3; TOrAa C KAKOTO-TO MOMEHTA tg CTOJKHOBEHUA MEXIy HUMHU TIPEKDPa-
MAIOTCA, U BCA CUCTEMa, PA3OMBAECTCA HA [BE HEB3AUMOJCUCTBYIONIIAE TOICUCTEMBbL:
I = wactune (1,2,...,:) n II = vactume (i + 1,4 + 2,...,n). Ilo npegnonoxenuo
MHIYKIA YUCI0 CTOJKHOBEHUU B Kaxnou w3 nogcuctem I u IT xomedno, Tak 910 u
Bo Bceu cucteme IUIT ua n gacTum 4ucio cToakHOBeHUN KOHEeYHO. [lomyuniu mpoTu-
BOpeYue C IPenrnoJ0XeHNeM.

CaenoBarensHo, abbie dee wacmuybt i u i + 1 8 ucrodnot cucmeme o06a3ambi
CMAAKUBAMBCA BECKOHEURO MH020 Pa3 medxcdy coboti. OHAKO ydITeM, 9TO Kaxkasd
YACTUIA TOIYIAeT OT JACTUIEL CIEBA MOJOKUTENLHLIA NMITYIbC, 8 OT YACTHULLI CIIPa-
Ba — oTpunarerbHbm. CaMas mpaBas 9aCTULA CUCTEMBI F#N MOMYy9aeT WMITYJIBC
TOIBKO CJIEBA, IOITOMY €€ UMIYJbC Pp(t) = My, (1) yBEIMIMBAETCA TOCIHE KAXK IO~
ro yaapa. OQHAKO CKOPOCTb YacTULEL Uy, (t) orpanmdeHa cBepxy (3To caeayer u3
mnv2 < 2E, rne E — oueprus Bcenr cuctemer). lloatomy dyHkima p,(t) Bospa-
craromas u orpasnyensas. CrenosaTeasHo, mo Teopeme BerepmTpacca CymecTsyeT
upenen p, = lim p,(¢).

t—o0

Ecau pacemorpets cuctemy wactut (#(n — 1), #n), TO IpuMepHO TeM Xe CIo-
CO60M MOXKHO MOKA3aTh, 9TO UMILYJbC €€ IEHTPA MACC — BO3PACTAIMAA U OTPAHH-
YeHHAA N0 BPeMeHW (PYHKIWA, & IOTOMY y HEe TAaKXKe CyIEeCTBYeT Ipeael. SHAIUT,
CyIIECTBYeT mpenenl u y QyHKIUK pp_1(t) = Mpy_1V,—1(t) — UMIOyIbCa YaCTULEL
#n—1):p, 1= tlggo Pn_1(t). Touno Tax xe, pacCMaTPUBAA IO OYEPEIHA TIOACUCTE-

mur actun (#k,#(k+1),#k +2),...,#n —1),#n), tae k=n—-2,n-3,...,1,
MOXHO JOKa3aTh CyIIECTBOBAHNE BCEX MPEIEIOB Py = tlim pr(t) = tlim mpv(t).
— 00 — 00

B cuny Toro, 9To Mexay JIoOLIME BYMS COCETHUME JaCTUIAMU TPOUCXOTUT Gec-
KOHEYHO MHOT'O yapOB, HETPYIHO JOKA3aTh, ITO MPEACTILHLIC CKOPOCTH BCEX YACTHII
MOMKHEL OBITH paBHEIME: lim vy (t) = --- = lim v,(t) = v. 3Ha4uT, CKOPOCTL EHTPA,

t—o0 t—o0

macc Beent cuctemsl, (myv1(0)+. ..+ mpv,(0))/(m1+. ..+ my) JOXKHA PABHATHCA U:
CKOPOCTL KaHCAOT YACTNUYLL CIPEMUMCA K CKOPOCTIU YERMPA MACC BCET CUCTEMbL.

Ilepengem B MHEPLUMAILHYIO CUCTEMY KOOPAMHAT LEHTPA MACC; B HEM CKOPOCTH
LEHTPA MACC PABHA HYJIO, TAK YTO CKOPOCTH KAXK IOU JACTUIEI CTPEMUTCA K HYJIIO B
cuCTeMe IEHTPA MacC. PacCMOTPUM SHEPIUIO BCEU CUCTEMBI — OHA TAKXKe CTPEMUT-
ca k Hymo! B cuny 3akoHa COXpaHEHUs DHEPrUM, HAYAILHAS DHEPTUsA TAKXKE PABHA
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HyJI0; HO Kaxaoe ee craraemoe m;v?(0)/2 meorpunarensno; nosromy v;(0) = 0 g
kaxgoro i = 1,...,n. Mel moaydmin, 9T0 B CUCTEMEe J9aCTHUI] BOOOIIe He OBLIO yaapos!

YrBepxaeHne 06 OTCYyTCTBAM yAAPOB MBI IOLYYMINA, UCXOSA U3 IIPEIIION0KEHU
0 0ECKOHEYHOCTH 9uCaa yaapoB. [loaydennoe npoTrBopedre JOKA3BIBAET, YTO GUCIO
YAAPOB KOHEYHO.

(¢) 3mech MBI OmMIIEM TOJBKO MIATU JOKA3ATEILCTBA, OMyCKasa neTtamn (moapob-
HOCTH CM. B [2, 3]).

Ilepengem B cucTeMy MEHTPA MACC, KOTOPEIA TOMECTUM B HAYAJIO KOOP JWHAT, T. €.
OyaeM cYuTaTh, 9YTO

mizy + ... +mpx, =0, mivi + ...+ myv, =0,

3aKOH COXpAHEHWs SHEPIUU 3AIMIIETCs B Buge y . mv; = 2FE, rge E — noanas
sueprusa. CHoBa 0603Ha MM |wepes p;(t) = m;v;(t) UMILyIbC 9aCTHLE .

Ipu k-M CTOJKHOBEHMU ABYX YACTUI UMILYJbC JEBOU YACTUILI YMEHLIIACTCA HA
Beamauny Apy > 0, a mpaBoun — yBenumuuBaerca Ha Apy. Uuciao ygapos B cucreme
o6ozuaunm depe3 K (oHo koHewHo B cuay (b)), tak uto 1 < k < K.

ITAI 1. Apy + Apr + ...+ Apk < 2Pmax, 7€ Prax = maxogt<oo P(t)a u

PA)=1-p1(t) +2-pa(t) + ...+ n-palt) :Zi-pi(t).

def

Jlerko nokaseBaercsa, ato APy = P(tr + 0) — P(tr, — 0) = Apg, rae t, — mo-
menT k-ro yaapa. llootomy Y Apg € Pmax — Pmin. ACIOIB3yA IPABAIO MHOKATEIEH
Jlarpamxa, MOXXHO JOKa3aThb, ITO

2
Pmax = 2F (MZ - %) ) (24)

_ n _ n . _ n -2
rae M =% my, My =), 1i-my, My=73"",i% -m;.

ITAI 2. Ha sTom Tame BCa OCb BpeMeHu pa3buBaeTcsa HA «OLICTPBIE IPOMEKY TKID)
B KaXJOM M3 KOTOPHIX KaKUe-TO IBa COCETHUX Iapa HU Pa3y He CTAJKUBAIOTCI U
UMEIOT OOJBUIYI0 OTHOCUTETHLHYIO CKOPOCTD:

|vi(t) —vi—1(t)] > ¢

IJISI BCEX t M3 COOTBETCTBYIOLIErO IPOMEXKYTKA [t1, 2.

[loKa3BIBAETCA, ITO CYIMIECTBYET YHUBEPCATLHBIA HAOOP MOCTOAHHBIX Cp,- . .,Cp
(3aBECAIMX TOTBKO OT MACC YACTUI] ¥ MOJTHOM SHEPTUM CUCTEMEI), AT KOTOPHIX BCA
OCb BDEMEHU MOKPHLIBAETCA OBLICTPLIMU IPOMEXYTKaMu 110 BceM mapam (i — 1,1).

ITAMN 3. Yucao 6LICTPHIX TPOMEXKYTKOB OLEHUBAETCS CBEPXY IUCJIOM

n

— 1 2
K=28 ZE A/ MyM — M2.

i=1
OTAN 4. Ha sToM 3Tane ImcI0 CTOTKHOBEHWUN OIEHUBACTCA HEPABEHCTBOM
-2
Cl(m177mn)<2(2K)n ’

rae K — xoHCTaHTa U3 >Tana 3, IoCIe 9ero moxydaeTcs OKOHIaTelbHas onenka (10).
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3. «BOJBIIASAY 3ANAYA CUHASA U 3AJAYA O IMIAPAX; YACTH (1)

TEOPEMA 3. (a) Qucao ompaxcenutds 6uatuaponot mpaexmopus y 6 Muo20mep-
HOM MHO202PAHHOM Yeae () ¢ 60aBAECHHLIMU BHYMPL cMENKAMU ((KPUBOAUHETHOM
yeaer) Koneuno na ecem uwmepsase spemeny (0,+00).

(b) Yucao ydapos 6 cucmeme N npou3sosbHuit meepdoir wapos 6 npocmpai-
cmee R xoneuno.

WnEn NOKA3BATEALCTBA. (al) [Ipexpae Bcero, u 3TO CaMBIM BAXKHEIA MOMEHT
B JOKA3aTEIbLCTBE, MBI TTOKAXKEM, UTO OMPANCEHUSs HE MOYM HOKANAUSAMbBCA HA
KOMEUHOM UHMEPEANE BPEMENU, WIN, THEIMEA CJIOBAME, MHOXKECTBO OTPAXKEHWH OT
CTEHOK yrua gucKpeTHO. ME cregyem foKa3aTenascTBy [2].

Puc. 16. Paccrosame oT BepmuHBL yria ¢ A0 NPAMOHU |y MEHBIE PACCTOAHUS OT ¢
A0 mpaMon ly: p1 < pa

JlencTBATENBHO, MyCTh MOMEHTHL YIAPOB HAKAILIMBAKTC, TOT A3 U TOYKU, B KO-
TOPBIX NIPOUCXOAAT OTPAXKECHUA B 9T MOMEHTHBI, TAKXKE€ HAKAILINBAOTCA. HyCTB q—
TOYKA HAKOIUIEHUA YIapOB; HA30BeM ee BepmmHOu yriaa (puc. 16). (3amermm, uTo
MHOFOFpaHHHﬁ yroJa MOXeT UMEThb MHOI'O BEPIIVUH — 06H_II/IX TOYEK CTEHOK; HAIIPpU-
Mep, [Be TPAHCBEPCATLHEIE CTeHKA B R® MMeroT meayio KpuByio BepmmH. Ha pucynke
UL HATVISITHOCTHY U300paXKeHa IByMepHAs KAPTUHKA, KPUBOIUHENHOIO YIJIa ¢ OJHOU
BEPIINHON. )

Tosromy s mo6oro € > 0 HangeTcs Takon MoMeHT t, uto dist(z(t),q) < £. Mu
Cernvac Moy IuM IPOTUBOPEINE C DTUM HEPABEHCTBOM, JOKa3aB, 410 dist(x(t), g) Bce-
raa GOIbIIe HEKOTOPOM KOHCTAHTHL 7' (3aBUCALIEH OT HAYAILHOIO JBUKEHUA TOUKH).

IIycTs wacTuna x Jjerena BAOJIL JIy4a l; O CBOErO IEPBOrO CTOJKHOBEHUS CO
CTEeHKOU w1 B TO4ke M;. 3areM OHA OTPA3MIACh OT CTEHKM Wi U MOJETENd IO JIy-
1y l2 K CTE€HKE Ws3. BeKTOp CKOPOCTH OBUXKEHUA TOYKU L OTPASWICA CUMMETPUTHO
OTHOCUTEJILHO KaCATEJAbHOU IIOCKOCTH Il K cTenke w; B To4uke My, u 9acThb JIyda
Iy mocne Touku M; orpasmnacs B «3epkane» II; u nepemnwta B ay4 lo. 3amerum, 410
BCS CTEHKa w; — IpaHuna Bemykaoro teisa. CaegoBaTenbHO, nmepreHukyasp qHy,
OIYIIEHHBIN U3 g Ha [q, KOpode nepneHauKyisapa qHsy, omymennoro us ¢ Ha Iy (Beab
orpe3ok qH» mepecekaer «3epxamo» II;!):

lgH1| < |gHz|, mm py < pa. (25)
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Touno Tak e, IOCIE BTOPOr'O OTPaKeHuss — B Touke My OT CTEHKM wy — YacThb
ay4a [y mepenger B CUMMETPUYHBIN OTHOCUTEILHO mwiockocTu Iy ay4 I3, u mer Gy-
[JeM HMeTb IO TOU € IPUYIMHE py < pP3, U T.O.. PACCMOAHUE OM BePWuHbl g 00
ayuwel deudrcenus Ousiuaponoli wacmuysy T(t) nocae Ka*cdo2o OMPANCEHUA CMPO2O
sozpacmaem: r = p; < p2 < p3 < .... IIOCKOJIbKY HAKIOHHAA IIVHHEE MEPIEHIUKY-
aspa, dist(z(t),q) > p1. CrenoBarensro, npu € < p; MBI HOLYIaE€M OPOTUBOPEIHE.
OrMeTnM, 9YTO IPU JOKA3ATEALCTBE MBI MCIOIB30BAIN TOT GAKT, 9TO TOIKY, &L IPU-
OnmxaeTca K q.

Urak, MBI IOKA3aIM, 9TO Ha A000M KOHEUHOM UNMEPBAAE BPEMEHU YUCAO OM-
pascewut xoneuno. (Boree Toro, Moxuo mokazars (cM. [2, ¢. 168-169]), uro x(t)
OygeT npubIMXKATHCA K BEPIIMHE ¢ BPEMs, MEHblIee pi.) Kak MBI OTMEYaau BEHIE
(pazgen I1.3), uMeHHO 3>TOT (PAKT UrPAET KIOYEBYID POIb B JOKA3ATEILCTBE 3PIo-
OUYIHOCTY CHUCTEMEI MOJEKY.T ['a3a.

(a2) UuTepecHo, 9TO HA MIOCKOCTHU AXKe IS HYyJEBOO YIVIa MOXKHO JATh BEPX-
HIOI0 OLIEHKY YMCJIa OTPAXKEHUN (3aBUCAILYI0 OT HAYAJIBHOI'O IOJOXKEHUA TOUYKHA L),
cM. puc. 17.

YTBEPXKAEHUE 1. IIycmo o — yeoa nepsozo ompaxcenus 6ustsuaponot mowku
x(t) om cmoponvl KPuoAUKETEH020 Yeaa ¢ 8ePWUNOT q U O — Yeous MeHIY Kaca-
MEALHLLMYU K CMOPORAM Yeaa 8 mourxar A u B nepeceuenus oxpyxcrocmu paduyca
r = p1 ¢ yewmpom q (cm. puc. 17). Toeda uwucao ompadcerud wacmuybt om cmopor
y2aa

N(p,a) < %‘0 - (26)

Puc. 17. Yy =p —w, w 2 «
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CHAEACTBUE. FEcau Kpusosunetinbitl yeos — HeHYLe80Tl U 8MEWGEM 8 Ce0s Y2ou
b3
Q, MO HAUOOALWEE YUCAO OMPAKHcCERUT 0M COPOK IMo2o yeaa < — + 1.
a

W3 puc. 17 Buano, uro nBa BHyTpeHHux yraa aM; KM, paBubl g —pui,a

. 7r
BHeIHUY yroa B Bepmuue K paBen 5 —w (w — yron mexny kacarenbaeivu 1] u

I, B Toukax M7 u M,). CregoBarensHo, g —w= <g — ) + 1, oTKyza Y = ¥ — Ww.

Ho w > a, mostomy ¢ < ¢ — a.

3HAUNUT, YOOI OTPAKEHUA KAXKALIU Pa3 YMEHBINAETCA M0 KPauHen Mepe Ha o

ViSe—a; Ya<P1—a < —205 .05 Yo S @ — Ny

Orcroga, nockoasky 0 < ¥, < Yp—1 < ... < Y1 Opu TpUOIMXKEHUM TOYKA I K
BEPIIMEHE ¢, IOIYyIaeM, 9T0 na < ¢ u n < ¢/a. Urtak, wacruna orpaxaercs e 6omee
¢/ pa3 npu ee IPHOIVKEHNN K BEPIIUHE (.

3aTeMm OHa ymaafeTcsa OT ¢. MOXHO CUMTaTh, B CUIY OOPATUMOCTH [BUKEHUS BO
BPEMEHU, 9TO IIPU yAAJEHUU OT  TOYKA L OTPA3UTCI OT CTOPOH wi U w2 HE Gosee

TOrO YMCIa Pa3, KOTOPOE OHA OTPA3WIACH IPW MPUOAMKEHnu K ¢. [loaTomy obmee
YHMCIO OTpaxkeHun < 2¢/a.

™ iy
Tak xax ¢ < 52 TO N(p,a) < —, u CTeICTBYE BEITEKAET HEMELIEHHO.
a

(a3) Ham ocTamoce J0Ka3aTh, 9TO B NOCIENOBATEILHOCTA OTPAXKEHUI OT CTOPOH
MHO20MEPHO20 KPUBOIUHENHOIO YIVIa HACTYIIUT MOCAeaHee OTpaxenue. Mul ciegyem
OJHOMY M3 IyHKTOB JOKa3aTelbcTsa B [20)].

IMycrs tg < t1 < ta < ... <t < ... — MOMEHTHI OTpaxkeHun. Paccmorpum Tpe-
yrompaukz A1 = z(to)qx(t1), Az = x(t1)qx(ta), . .., Ay = (tp—1)qz(tk), . .., BHIpe-
XKEM UX HOXKHUIAMUA U3 OyMaru U PACIOIOKUAM Ha, (IByMEpHOR!) IIOCKOCTH TAK, 9TO-
6b1 Ap 1 Ay IpUMEIKaIM M0 00IIen CTOpOHE g (i) U He epeKphBaIuch (puc. 18).
WupiMu croBaMu, ceraeM IIOCKYIO PA3BEPTKY «TapMOIIKMY TPEyroabHUKOB { Ay 10,
PACIIONIOXKEHHBIX B IPOCTPAHCTBE R™ ¥ NPUMBIKAIOMUX 110 OOmMUM CTOPOHAM Qi (t)).

OxaswiBaerca, gia xkaxaoro k > 1 yroa Zx(tg)qx(ty) cTporo menbime 7: v +
+ 92+ ... < 7 (puc. 18). 3TO BHITEKAET U3 BEIIYKJIOCTH CTEHOK YIJIA.

-

CBOOOHOE IBUXKEHUE

Puc. 18. Pa3BepTka IIeIOYKH TPEYTOJIEHUKOB Ha ILIOCKOCTH
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Puc. 19. JIyaV Brors e aexnt B nepecesennn Bcex creHok W = (\W; » gacTnna
T OpHOIKAETCA K HEMY

Orcoga creyer CymecTBOBaHUE PENEILHOI0 eIUHIYHOI0 BEKTOPA

z(t) —q qz(t)

e=lim —/—— = lim —/—=% 27

t—oo |2(t) —q|  t=oo |qa(t)|’ (27)

€CJIM TIPEATIONOKUTE, ITO IUCIO0 YAAPOB GeCKOHEIHO. Bosdpmem OAHy CTEHKY yruia W,

YaCTUI@A OTPA3UTCA OT Hee GECKOHEYHO MHOT'O Pa3, a Tak Kak |qx(t) | — 0o, MbI oJIy-

9aeM, 9TO CTeHKa W COnepx uT neaukoM Jayd V', BEXOAAIuY U3 ¢ B HAIIPABJICHWN €.

Tak xax 3TO BEPHO muis 000U CTeHku yria (), aya V nexwur B nepecevenun ﬂfil Wi

BCex cTeHOK yrua (puc. 19). PassepTka TPEyrOJIbHUKOB MO3BONAET TAKKE TOKA3ATH

ToT (akT, uTo dbyskuusa d(t) = dist(x(t), (| W;) semnykna mo t. Mb1 xoTuM 10Ka3aTh,

9TO cymecTByeT Takoe 1o, 9to d(t) — aunenHas dpyukuus npu Bcex t > To. Ecam

YUCTO yAAPOB GECKOHEYHO, TO HAUAYTCA TAKUE TOJOXUTEILHEIE KOHCTAHTHL € > 0 1
¢ > 0, uro

d(t) > et — ¢ npu Beex t.
dist(x(t), V)
T
lgz(t)|
dist(x(t),V) > dist(x(t), ﬂ W) =d(t) > et —c,

gz (®) | < |qz(0) | + [2(0)2(#) | < |qz(0) | +1

Manee,

— 0 mpu t = oo. O grako

—
(mer samenmnn |x(0)z(t) | Ha ¢, TaKk KaK YaCTULA ABMXKETCS BIOIb TPAEKTOPUM OT
(0) go x(t) co ckopoctsio 1). losTomy
dist(x(t), V) s _gt—c
— s Z —
lg(t) | lgz(0) | +1¢
U JeBas JaCTh HEPABEHCTBA He CTpeMuTcs K () — mpoTusopedue.

Iepexogum k nokazarTeabcTBY myHKTa, (b).

(b). Beime MBI ¢1e1amu peIyKIMIo CACTEME MAPOB K GILIMAPAY B KPUBOJIXHENHOM
yrae. IllosToMy yTBEpXKAeHUME O mMAapax ecThb CAEACTBHE IYyHKTA (a).

Ipuseaem eme ogHy nAEI0, OIM3KYIO K M€ JOKA3ATEILCTBA IPO IACTULEL (CM. IO~
npo6uoctu B [2]). U3 (al) cregyer, 9T0 B 11000M KOHEUHOM UHTEPBATE BPEMEHN YNCIO
yapoB B cucTeMe mapos koHedHo. Kax u npu nokazarerscrse Teopemsr 2(b), 3aK0H-
YUTH NOKA3ATETLCTBO PO CUCTEMY MapoB MOXHO Tak. Eciu ma unreprate (0, +00)

— e >0nput— oo,
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YHUCI0 YAAPOB B CUCTEME GECKOHEIHO, TO BCA CUCTEMA, C KAKOr0-TO MOMeHTa Ty pas-
OUBaeTCA Ha I'PyNNbl (KIACTEPHL), B KaXI0M U3 KOTOPHIX JIOOOU AP UCIEITHIBAET
0ECKOHEYHOE M0 YAAPOB OT IIAPOB TOr'O XKe KIACTEPa, a CAMU KJIACTEPHl HUKAK
HE B3aMMOJEUCTBYIOT APYT C APYTOM: UX HEHTPHI MACC ABMXYTCA B IPOCTPAHCTBE
PABHOMEPHO M MPAMOJMHEMHO. PACCMOTPUM OOWH KJIACTEP W MEePEUJeM B CACTEMY
€ro LeHTPa, MacC.

Kax u B ciyuae gacTui, MOXHO TOKA3aTh, 9TO CKOPOCTU BCEX IIAPOB CTPEMATCS
K CKOpPOCTM LIEHTpa Mace, T.e. K 0. A Torga sueprua E(t) kracTepa Takxke CTpe-
murca k 0. Ho ona mocrosuna Bo Bpemenu npu ¢ > Tp, Tak 9yto E(t) = 0. 3uauur,
mIapel B KJIACTEPE BOOOIE He ABUraauch ¢ MOMeHTa 1p. Ilomyummm npoTusope«ne ¢
GECKOHEYHOCTBIO YUCIA YIAPOB B KIaCTEpe.

Ce10BATENLHO, YUCIO YAAPOB B CUCTEME MOXET OLITh TOJBKO KOHEIHEIM, UTO W
TpebOBaIOCH TOKA3ATh.

4. «BOoJbIIAA» 3ATAYA CUHAA U 3AJAYA O MIAPAX; YACTbH (II)

TEOPEMA 4. (a) Qucao ompaxcenutds 6uaiuaponot mpaexmopus y 6 Muo20MeP-
HOM KPUBOAUHETHOM MHO202DAHHOM Yeae () ¢ 80ABAEHHLIMY BHYMPL CMENKAMU, HA
KOMOPbIt HasoKHceno ycaosue nesuporcdennocmu (cm. 11.7.4 u puc. 9), ne npesocxo-
dum nexomopoii konemanwmuvr Co, 3a8ucawett moavko om 2eomempuu yeaa Q.

(b) Qucao ydapos 6 cucmeme N wapos 6 R™ ¢ maccamu my,...,my He NPeeocro-
dum xonemarwmor Co(my, ..., my), onpedeasemoti pasencmeonm (13), xaxumu 6vr nu
Ob1AU HAUAALHBIE TLOAOHCENUA U CKOPOCTNU ULAPOS, O MAKNCE UT PAOUYCHL T1,. .., N.

VIEW TOKA3ATEJBCTB. (a) [J0KA3aTeIbCTBO CyIIECTBOBAHUSA PABHOMEPHOU MO
HAYAJIBbHEIM YCJIOBUAM KOHCTAHTHL Cy BeJeTCs MHIYKIZEN 10 YUCLY CTEHOK B yrue ().
OHO oCHOBaHO HA JeMMaX, ChOPMYINPOBAHHLIX HUXKE.

Cuauana onpenenenre. O603HAMUM KOHEYHBIN KYCOK OUAAUAPOIHOT TPAEKTOpUH,
BRIXO[AIEN U3 TOYKM X U 3akaHumparomenca B Touke Y, yepes ['(X,Y). Hazosem
K000M ITOrO KyCKa IOCAEIOBATEILHOCTH CTEHOK Wi, , .- ., W;, , OT KOTOPHIX IIPOMC-
xomumu orpaxkenus TpaexkTopun I'(X,Y). Mur ckaxem, uro apyras Jomanas (t),
0 € t £ 1, paumnaromanca B Touke X = v(0) n xorvaromanca B Touke ¥ = (1),
UMeeT TOT XKe CAMBIA KoMOuNamopHbit Tum, 970 u bwumapaaas domanas ['(X,Y),
€CIU OHA OTPAXKAETCA OT TEX K€ CTEHOK B TOM XKe MOPSAKE, T.e. CYMIEeCTBYIOT MO-
mentTol 0 < ¢ <tz < ... <t < 1, B koTopwie (t;) € W.

BAXKHOE 3AMEYAHWE: yKa3aHHEIE HEPABEHCTBA — HECTPOTHE, TAK YTO BMECTO
oTpaxeHus ot crenku W;, a morom ot W;, 1oMaHas MOXeT IONACTH CPa3y Ha Iepece-
N
wgenne W; NW;. B qacTHOCTH, ectn B3ATH KaKyo-HIOY b BepumHy yria q € (1,2, Wi
(T.e. OHY W3 TOYEK HA MEPECEYEHMA BCEX CTEHOK yIUa), TO JBY3BEHHAS JOMAHAS
XqY wmveer TOT e KOMOUHATOPHEIN Twl, 9TO U Tpaekropusa ['(X,Y).

JIEMMA 1 (COMPARISON LEMMA). Buaauapdnas mpaexmopus T'(X,Y) xopoue
410601 aomanot y(t) mozo sce KombunaMOPHO2ZO MUNG 6 Y2ae @ ¢ BLINYKALIMU
BHYMPL CMENKAMU.

HamomuuM, kak OOBIYHO AOKA3BLIBAETCS DTA JEMMa A MHOIOIDAHHOTO YIVIa C
mrockumu creukamu. Cm. puc. 15: MBI BHIIPAMIZEM TPAEKTOPUIO, OTPAXKAA yrox ()
OTHOCUTEIHHO I'PAHEN OTPAXKEHUS TPACKTOPUH, U TIOJIYIAEM OTPE3OK IPAMON MEXK Y
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HAYAJIBHOU ¥ KOHEYHOU TOYKAMU. A OH, KOHEYHO K€, KOPOode JI000U JOMAHOU ¢ TEMU
xe KOHHamu. 1A KPUBOJIMHENHOrO yriia UAEsS Ta, XKe: 8biNPAMAECHUE MPAEKMOPUL.
TOXBKO OCYIIECTBUTE €€ CAeAyeT 1yThb MHATE.

BosbMeM CTOMBKO KOMUE KPUBOJIMHENHOIO yTia (), CKOIBLKO UMEETCS 3BEHBEB Y
rpaextopun ['(X,Y) (T.e. Ha 2 GombIe YMCIA TOYEK M3IOMA TPACKTODWHU), W Ha-
YHeM UX HPUKIEMBATH OJHY K APYTOH IOCIEIOBATENBHO IO CcTeHKaM Wi, OT KOTo-
PBIX IPOMCXOAUIN OTpaxkeHus, crexys koxy aomanou ['(X,Y). Torga ua passeprke
WA «TAPMOIIKey Komui (1, (2, . .., NOIYIEHHON B PE3yJbTATE TAKOrO CKICHBAHIS
(B «(BBICOKOI» MATEMATHMKE (TapMOMIKA» HABHIBAETCA OOGOOIEHHBIM PUMAHOBEIM, WV
ANeKCAHIPOBCKUM, IPOCTPAHCTBOM ), TpaekTopusa ['(X,Y) «pacnpamisercar u Gy aer
xpamuatwet (Pe€0Ie3NIECKON) KPUBOU MEXAY ABYMsA (PUKCUPOBAHHLIMA TOUKAMUA —
X (B mepson xommu rapmomku) u Y (B mocrennenn xomuu). OTcoga u clefyeT Jem-
Ma 1: mobas gpyras I0MaHas JIMHHEE reone3mdeckon (cMm. moapobuoctu B [12]).

IlpuseseM yauBUTENLHOE, HA EPBLIN B3IVIAL, YTBEDPXK ICHUE.

JIEMMA 2. ITyems q — eepuuna xpusoaunetinozo yeaa @ (q € ﬂiil W), u
I(X,Y) — xoneunwiti kycox 6uasuapdnot mpaexmopuu obwet daunet |I'(X,Y)|. To-
2da |gX| + |qY| > [T(X,Y)]| (puc. 20).

Kak u Ha mocaegneM sTame I0Ka3aTelIbCTBa, «b60IbIIoN Teopembl CuHas, BLIpe-
KeM m3 Oymaru TPeyroabHuku AQXTi, AQT1Z2, AQT2T3, ..., AQTLY ¥ CKIEUM KX
Mo O6ImMM CTOPOHAM 6e3 TMEePeKPHITUU. [[omyunM TMIOCKYI0 PA3BEPTKY «TAPMOIITKI)
TeX ke TPEyT'OJbHUKOB, PACIOJIOXKEHHLIX B pocTpancTee R” (puc. 18).

B cuny BemykmocTu creHok W; 1 3aKOHA «yroJ HaIeHrs PABEH YIUIy OTPAXKEHU)
JIErKO MOKa3aThb, 9To jJomaHas Y(XY) = Xx12223 ... T, Y Ha IWIOCKOCTH 8bINYKAG:
aobas npamas X 1, £1X2, ..., LY AIAT IUNIOCKOCTDH HA ABE MOIYILIOCKOCTH, B O-
HOU U3 KOTOPHIX HaxoauTcsa Bea aoMmanaa v(X,Y), a B apyrou — Touka q. [Ipu sTom
mumHA wIockon somanou y(X,Y') paBHa aauHE IPOCTPAHCTBEHHOU OMIINAD JTHOU TPa-
exropun: |y(X,Y)| = |I'(X,Y)|. (Jas yrma ¢ mrockumu crerkamu domasast y(X,Y)
IPenCcTaBIseT COO0U OTPE3OK IIPAMON ).

Coeguanm orpeskom Touku X u Y aomanon v(X,Y') (purypa cupasa ua puc. 20).
Torga muoroyroasauk M = X . .. 2;Y — BHIIYKIBIN, U OH HAXOJUTCA BHYTPUA TPe-
yroabauka A X Y, KOTOPBIN TakXke BHIMYKIasa GUrypa Ha mIOCKocTu. [1o u3secTHOUN

T

zs3

.’E2m4

Puc. 20. /[oxa3aTeibCTBO JeMMBI 2: IepEMETD MHOIOYrOIbHUKA M MeHbIme nepu-
merpa pXqY
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TeOpeMe BIEMEHTAPHOU M€OMETPUN O BJIOXKEHHEIX BEHIMYKJILIX MHOTOYTOJBHUKAX 38~
KI049aeM, 9To nepuMetp A X qY Gouabine mepumerpa M. Berauras mauny oTpeska
XY, noxyuaem |gX|+ |gY| > |y(X,Y)|. JJemma 2 gokasaHa.

JIEMMA 3 (TEXHUYECKAA JIEMMA). /Jas wobviz wemwviper mouex A, B,C,D €
dist(C, AB)
ICD|

(|AD| +|DB|) — (JAC| + |CB]|
|AC| + |CB| — |AB]|
JloKa3aTeIBbCTBO JeMMEL 3 OCHOBHIBAETCS HA PACCMOTPEHUY PA3IUYHBIX CIyIaeB
pacnonoxkenus To4ek B R” (cm. [12]) u MEI ero omyckaewm.

€ R”, ecau >c>0, mo

1 2
<K =K(c), 20e K(c) =16 (1 +1) .

JoxazaTeabcTBO TeopeMEl 4(a) OCHOBEIBAETCA HA TAK HA3EIBAEMOHN (IPOLEIyDE
YKOpauMBaHUA TPaeKTopuu [ ¢ npusaedenuem jgemm 1, 2 u 3. Ona cocrouT us mo-
TIEPEMEHHOU 3aMeHBI Kycka Omwmmapauon tpaexkropun (X, Xo), roe X u Xy —
TOYKU OTPAXKEHUsI OT OJHOU U TOU ke CTeHku W; yrua (), Ha
(1) gBysBerHyI0 TOMaHYI0 — 00BeaUHEeHUE AByX 0Tpe3koB X1 DUD X5, rae D — Tou-
KA HA [IE€PECEYEHNN BCEX CTEHOK nfil W;, 6mmxanmasn K 3apanee BEIOPAHHON TOIKE Z
TpaexTopun I['; umm
(2) orpesok X1 Xs.

IIpu sToM TOuka Z TpaekTopuu I' mpeamecTByeT TOuke X3 U CIeqyeT 33 TOU-
ko X; Ha [', 1 BLINOJHEHO COOTHOIIEHME

dist(Z, W;)
—— 20, (28)
dlSt(Z, ﬂi:1 W,’)
rae xoucTanTa C B3ATA M3 ONPEIENEHUs HEBLIPOXKAEHHOrO yrua () (cM. ycioBue
d/C-6mm3octn u puc. 9).

(1) 3ameny I'(X1,X2) Ha X1 D U DX, HasoBeM «pacTsxkeHMeM» Tpaekropuu I' (B
cury JeMMEL 2) 1 0603HAAM

(1X0D| + |DXa) = (X12] + |2X4)) = 5

s 3aBucuT OT TO4eK X1, X2 u Z.

(2) 3ameny I'(X7, X2) Ha X; X5 Ha30BeM «CKATUEM» TPAEKTOPUA U 0003HATAM
| X1Z| +|ZXs| — | X1 X2| = p.

Torma no remme 3
1 2
s<K()-p, K(c)=16 (E + 1) : (29)

JIEMMA 4. Hucao nonapro pasauunbls xowewnbir xkyckos mpaexmoput I'(A, B)
ouasuapdnot mpaexmopuu T', ompaxcarowurca om ecer N cmenox yeaa @ u ne
UMENWUL 00UWUT MOouer (Kpome, 803MONCHO, 00WUT KORY08), He npesoctodum L =
= 2K (c) + 4, ede K(c) — xoncmanma uz aemmvr 3. Taxue xycku asmopvi [12] na-
3618 G0 YUKAGMY.

JokazaTeasCcTBO 1eMMEL 4 aBTOPHI MOJIYYAT OT NMPOTUBHOIO — IPOTUBOPETNEM
caemmamu 1 u 2.
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[Jaaum Tenepsb KpaTkoe A0Ka3aTeabCcTBO Teopemul 4(a). Ilycrs npu Beex k < N
n00as TPAGKTOPHUA, OTPAXKAIIaACA OT < k crenok W, umeer < M) orpaxenun B
yrie Q. IIo mpeanomoXeHno UHAYKIUK, KaX 6N KYCOK TPACKTOPUU, COMEPKAIIN
< My_1 orpaxenun, cogepxut muki. [1o semme 4 vucao uukiaos < L; cre1oBaTeanHO
BCEro OTpaxeHuu B yrue () moxer 6urth < My, rae My = L(My_1+1) < 2LMpy_;.
TMMockonbky M) = 1 (04HO OTpaXXEHME OT CTEHKH), HOTyIaeM

My < (2L)N ! = (2Q2K(C) +4)N 1 = (4K(C) +8))N ! =

_ (4 16 (é + 1)2 + S)Nl < [64 (é ¥ 2)2]1“ = s (é + 2)]2(N_1) . (30)

Taxum o6paszom, koucTauTy Co B TeopeMe 4 MOXKHO MOJOXUTH PABHOU

1 2(N-1)
C=[8(z+2)] : (31)
rge C — KOHCTaHTa B YCJIOBUM HEBBIPOXKIEHHOCTH yria () m N — YUCIO CTEHOK

yria.

(b) das nokasaTeabCTBa CyLMIECTBOBAHNS PABHOMEPHOU OLEHKY [JIA IACJIA, Y AAPOB
N mapoB HANO Mpexae BCEr0 MPOBEPUTH YCJAOBUSA HEBLIPOXKICHHOCTH OMLIMADIA,
06pa30BAHHOIO BLIKMJLIBaHIEM 13 RV w muneApoB Cj; (em. dopmyasr (17)
u (18)). Honoxum muyin = 1, rmin = 1.

N nea coctonT B TOM, 9TOOBI CIEMUTD 33 NBUKEHUAME IIAPOB B R” | ecam 1BAraTh
KOH(UI'Y PAIMOHHYIO TOUKY L K Kax 1o u3 crenok W;; = Cj; cnenmansHeiM 06pa3oM,

a TakXe eclIy JBACAThH T K IIePEeCeYeHMIO BCeX CTEHOK crnenuaibHuIM o6pasom. Oxa-

amBaeTcsa, paccrosaue oT & € R 10 Cj; B Merpuke ||{z;}|? i Mty =

T2

1
=35 > j mile;|?, Toe ¢; = {z;;} € R* — uenrpu mapos, £ — sreprus cucremsr,

k]

He IPEBOCXOAUT HEKOTOPOU KOHCTAHTHL (3aBucamen oT sueprum E cucremer mapos),
YMHOXKEHHOU Ha, PAaCCTOsHME Mex Ay mapamu ¢ u j B R”. A numeHHO, BO3bMEM KaKYIO-
HuOyAb rpynny mapos I, Bce maphl MAapoB U3 IPynmsl [, ¥ COOTBETCTBYIOIINAE UM
munuagpsl Cf;.

IIycts d;; — paccTosHme MeXIy MEHTPaMU INAPOB § U j, T;,T; — WX PAJUYCHI X
0;j = dij —ri —r; > 0. PaccmorpuM makcumyM Beex 0;; u 0603Ha4uM 0 = 0j, 4, =

. d
= max; jer 0;;. MOXHO IOKa3aTh, 4TO maxc;,cr dist(z, Cj) 2 ——
Y ’ ’ Y7 90RE
N - rmaxévMmax N
V2FE

IlosTOMy OTHOILIEHUE JEBBIX YACTEW MaeT 3HAYEHNEe KOHCTAHTHI HEBLIPOXK ICHHOCTH
st rpynnst I:

, I 9TO

ijer

1
Crrnn(z) > .
LR N( ) - 2rmax - N\/ MmaxV

Tak kax mpaBas 4acTbh HEPABEHCTBA HE 3ABUCUT HU OT &, HU OT rpynnsl I, morydaem
YHUBEPCAIbHYI0 KOHCTAHTY HEBBIPDOXICHHOCTH

1
C= 1/2

= 1 -
2TmaxN3/ Mmax

(32)
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Toacrasnaa ee B popmyay (31), HaxoguM, 9TO YUCJIO YAAPOB B CUCTEME IIAPOB HE
TIPEBOCXOAUT
N(N-1)

(8-2rmaxN3/2\/m)2'( 2 _1)<(16rmax-N3/2m)

Ioka 9To monyunnack ouerka (12), BKIIOYAOMAL PaauyChl IAPOB (HAIIOMHUM, 9TO
Mmin = 1 ¥ Ppin = 1, TaK 9TO, ecam OTOPOCATEL 3TU YCIOBUA, MBI JOJKHEI MUCATD
Tmax Tmax
Be3ie OTHOILICHNA ———— U ——).
Mmin Tmin
OHako mapsl MOXHO ABUTaTh B R HECKONBKO xuTpee. Bribepem onsaTh HEKOTO-

pO€e MHOXeCTBO CTEHOK I.

N2

Bosbmem Touxy T € Q = RV \ (U(l Del Cij) U HAleM MaKCUMAJbHOE PACCTOS-

une B R™Y or 2y 10 crenox (mummuapos) u3 muoxecTsa I: § = max;;)er dist(xo, Cij).
Onennym Teneps paccrosune dist(zo,(;)er Cij) Iepes 6. Haunem apurate Touky

z(0) B R"N rak. O6osnaunm Iy = {i | C;; € I}. Bosbmem xakoe-To iy € Iy u Bee
mapel ¢ HomepaMu k € Iy \ {i} 3amycTuM OQHOBPEMEHHO € IMOCTOSHHOU CKOPOCTBIO
BJOJIb NPAMBIX, COeIUHAIONNX UX IEHTPHI C HEHTPOM IIapa 41, IIOKA KaXAasd I1apa
mapos (k,41) HE COMPUKOCHETCA (KaK TOJBKO COMPUKOCHOBEHUE IPOU3OUAET, KOHDHU-
rypauuoHHasA TOYKa nomaget Ha uuaneaap Cy,x). B MomenT, korga map #k xocHeTcs
mapa #i1, wap #k mpekparnaeT ABIKEHUE, & OCTAJILHEIE €I He COIPUKOCHYBIINECSH
LIAPEL IIPOJOMKAIOT PABHOMEPHO IBUI'ATHLCA K APy #i1. Takum o6paszom, KOHPULry-
paLMOHHAA TOUKA Z(t) CHAYAIA MONALAeT Ha OAUH U3 nuanHgpoB Buga Cj, j,, HIOTOM
ABUIAETCA [0 HEMy ¥ NONAJAeT Ha APyrou muiueap rpymnst I Buga Cj,j, (Tenepb
OHA HA IEPECEYeHUH IABYX LUIMHIDOB), IOTOM ABUIAETCA U MONALAET HA TPETUL
munuegp rpymnst I uga Cy, j,, ¥ T. 4., OKA MOCJAEHNN Map u3 rpynnsl I He OCTAHO-
BUTCS, CONMPUKOCHYBIIUCH C IMapoM F#i1. B 5TOT MOMEHT KOH(pUIYpAIIMOHHAS TOYKA
HAXOQUTCA B HEKOTOPOH Touke 1 € R™Y. Tak Kak Opm KaxJOM ABIDKCHHUH Lo (t)
IPOMCXOAWI CABUT HA < 0, a aBmkeHud Obuio < N (N — 4mcao mwaposB B cucTe-
me), To dist(xo, 1) < Mmax - N6. Hamomuum, 4To «bummaparasy merpuka B RV
33,146 TCSA PABEHCTBOM

N
dist ((xh LR ZL‘n), (y17 R yn)) = Z m;g - diSt(.ﬁL’i, yi)27
i=1
OTKY& U TIOABIACTCA MHOXKUTED Mpay-

Tak kak BCe MIAPHI ABUTaIUCh PAEHOMEPHO BIOIL MPAMEIX B R", HanpaBJeHHEIX
B OJIHy TOYKY — LEHTP IIapa #i1, PACCTOAHNE MEX Ty KaXJOU NapOU MAPOB YMEHb-
ITAJI0Ch; CIeJOBATENBHO, IIA HOBOM TOYKM &1 maxX(; j)er dist(z1, Cij) < 6.

Teneps Bo3bMeM apyroun HOMED i2 € Io \ {i1} u, Hawas ¢ x1, Tem ke cnocoGom
HaleM HOBYIO TOUKy €2 € R™Y | makyto, uro dist(x1,2) < Mmax-NJ; 3aTeM TpeThio
TOYKY I3 C TE€M X€ CBOUCTBOM W T. 1., TOKA HE MCYEPIAEM BCEX IMAPOB W3 MHOKE-
crsa Iy. Tlo mocTpoenmio, mocieqHs s KOH(PUTYPDAIIAOHHAA TOUKA, &|,| TPUHAIEKAT
IePeCeYeHuI0 ﬂ(ij)el C; Bcex nmIMHAPOB 13 MHOXkecTBa [. 3Ha4uT,

o] -1
dist(zo, Z|1,)) < Z dist (s, Ziy1) < Mmax - N6, (33)
i=1
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1
2
MmaxV
(@1 5TOro HAJO MOAEMUTL ¢ HA MPABYIO YACTb HEPABEHCTBA (33) U MOMEHATH 3HAK
HEPABEHCTBA HA «2>», KaK U JOJXKHO OBITH B OIPENeJEeHUN HEBBLIPOXIEHHOCTHU: CM.
puc. 9).

3Ha‘II/IT, 8bINOAHEHO CB0OUCT B0 Heebzpomdeuuocmu ¢ xonwcmanwmoti C =

vl — RnN
OTmernM Takxke, 9T0 OwumapaHem crorx Q = R™Y \ (U#j Ci-) COCTOUT 13

O0JIBIIIOrO YUCIA KPUBOIXHENHEIX MHOIOIPAHHEIX yriaoB {Q,} (¢ aByms, Tpems, ...,
N(N-1 .
% CTEHKAMH), ¥ MBI JODKHEI OLEHKY (31), CnpaBeiauByIO B AeMCTBATELHOCTH
JWINEL B MIaPE ONPENeJeHHOr0 PAIIyCa, BHYTPU KOTOPOT'O OTPAKEHUA IIPOUCXOIAT
TOJIBKO OT CTEHOK OFHOrO m3 yrioB {()s}, IPEBPATUTH B MMIOOAIBHYIO OLEHKY Ha

BCeM cTose (). ABTOpH! [12] HAXOAAT TaKyoo MIOGATBLHYIO OLEHKY: YUCIO yAAPOB B ()

HE HpeBOCXO,E[I/IT
(200 (5 + 2))2N4 : (34)

IO 4CTABIAA C = IOJIy1aeM 3aB€IOMO 3aBBINIEHHYIO OLIEHKY

mmaxN2 ’
4 4

(200(mmax N2 +2)) " < (400N2mmay) ™" (35)

xoTopas cosnagaer ¢ (13), eciu BCOOMHUTDL, ITO y HAC Mpin = 1. Teopema 4 moka-

3aHAa.
B 3axuouenue npusegemM TeopeMmy O rase B COCyIe.

TEOPEMA 5. /Jas 4106020 nesuiposcdenrno2o noaypacceusauwezo buauapda (c
BUINYKALLMY BRYMPL CMENKAMU) cywecmeyem maxas xonemanma C > 0, 3a6uca-
WaAA MOALKO O 2E0MEMPUY CMOAG, YN0 OUAIULAPOHAS WACMUYA 36 8pems T ompa-
aumesa om ez2o cmenox < Ct pas. B wacmuocmu, sma dce ouenxa cnpasediusa 0aa
DPA3PAHCERHOT cucmemvl cucmemvt moaexys (wapuxos) 6 cocyde, CMERKY KOMOPO2O
NAOCKUE UMY BLINYKALL BHYMPL COCYIQ.

Joka3aTensCTBO DTON TEOPEMH ClefyeT U3 TeOpeMsl 4.
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