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OrpaHndeHns KOHEYHBIX BEKTOPHBIX CYMM U
nMoKa3aTeabcTBO TeopeMbl JleBu — [llTenHua

A. A. Kycrapés

Joka3aTeabCTBO, KOTOPOE MBI IPUBEAEM, XOTSA U OTAXIAETCA OT JOKA3A-
TenscTBa, [llTenHuna nocTpoerueM u GpOpMOR, HO CYIMIECTBEHHO UCHIOIL3YET
€0 OCHOBHYIO JIEMMY, MHTEDECHYIO U caMy IO cebe.

JIEMMA IITEAHUDIA. Cywecmsyem maxas xoucmarwma Cg, umo waoboe
cKOAb Y200H0 60AbULOE, HO KOHEuHOe, MHONCECB0 6ekmopos 6 RY, dauna
KOMOPHIL He npesocrodum €, a cymma pasua 0, MoxHcHO Ynopadouums max,
umooObL JAuHG CYyMmbl nePens k eexmopos das a106020 k ne npesviwana Cye.

[pyrumMu croBaMu, IEPECTABIAA CIATaeMble B II000M KOHEYHOM IIPEACTaBIE-
HUY HyJsA CyMMOU BEKTOPOB JJIUHLI HE 60iblIe 1, MOXHO NOGUTHCA TOTO, ITO-
6B BCe YACTUIHLIE CYMMEI HE IIPEBOCXOJUIN 10 JINHE HEKOTOPOU KOHCTAHTHI,
3aBHUCALIEN OT Pa3MEePHOCTH, HO He OT YUCIA CIATAEMBIX.

[lokazaTeasCcTBO 3TON JeMMBI OyJeT OTIMYATHCSI OT TOrO, KOTOPOE Al
caMm IllTenrnm.

B ogmomepHOM caydae semma IllTennnna mouru odeBuana. Hyxuoe yrmo-
PAIOYEHNE TOIYYaeTCA MHAYKTUBHO. BEIGepeM nepBoe craraeMoe IpOou3BOIb-
HO, a JaJjee BEIOMPAEM KaxX0€ CIeAYIOIIee CIAraeMoe IO IPABIILY: €CIU TEKY-
mias 9aCTUYHAS CyMMa [MOJOXUTEJIHHA, TO BHIOMpaeM JI000€ U3 OCTABIIAXCA
OTPHUIATENLHBIX CIAraeMbIX, ¥ HA060poT. PaBeHCTBO HyIIO BCEM CyMMEI BEK-
TOPOB I'apAHTUPYET BO3MOXHOCTL TAKOI'0 ymopsaodeHus. SICHO Takxke, 9T0
HY OHA U3 YaCTUYIHBIX CYMM IO MOAYJI0 HE IPEBOCXOAUT MAKCUMYMa MOy /LA
craraembrx. Takum obpazom, Ch = 1.

Mur gokaxem memmy [llTerHUIa MHIYKIMEN IO PA3MEPHOCTHU TPOCTPAH-
crBa. IHAYKTUBHEBIN Iepexo/i 6yeT UCIOIL30BATE ele ABa HaKTa O IepecTa-
HOBKAX KOHEYIHBLIX CYMM BeKTOPOB. MEI chopMyaupyeM oTu haKTHL, TOBOPS HE
O CyMMaX BEKTOPOB, a O JOMAaHBIX C KOHCTIHBIM YUCJIOM 3BCHBLEB. ﬂOKaBaTeJIb-
CTBO TEPBOH JEeMMEI ucioab3yeT Jemmy Ll TenHuma B MeHbIIEN pa3MepHOCTH.

JIEMMA 1. ITycmb A — nauano aomanoti 6 R ¢ xoneunvim wuciom 36e-
HBEB U MAKCUMAAbHOT daunol 36ena €, a B — ee xoney. Toeda moxucno max
NePeCMasUmMb 38EHbA AOMAHOU, UMOObL PACCMOARUE OM A1000T B8EPULUHBL NO-
ayuernoti somarnot do npamoti AB ne npesviwaso Nge, 2ede Ng — Koncman-
ma, 3a6UCAUWGAA MOABKO 0M pa3meprocmuy d.
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Pwuc. 1. IlepecTanoBKa, onucaHHaA B JeMMe 1

[JOKA3ATEILCTBO. CopoeKkTupyeM JOMAHYIO HA TUIEPILIOCKOCTD, OPTO-
roraibHy0 AB. Torga Touku A u B nepergyT B KaKy-T0 oguy Touky C Ha
5TOU THUIEPILIOCKOCTH, KOTOPas TaKXke OyIeT BepUITHON JOMAHOU-TPOEKITAN.
ITo memwme ITennnna s pasmepHocT d — 1 MOXHO TaK MEPECTABUTH 3BEHbLS
DTOU JOMAHOU, 9TO paccTosuue oT C' 10 10607 BEPIIUHEI TIEPECTABICHHON JO-
MaHou Oyger He mpeBbmmaTh Cy 1£. Torma cOOTBETCTBYIOMIAA MEPECTAHOBKA,
ucxoguoM tomanont B RY m Gyger mckomoim. [is xoncTanTE Ny mOIydaeMm
omernky: Ng < Cy_1.

JIEMMA 2. ITycmov aomanas ydosaemeopsem yciosuio aemmvt 1 (paccmo-
Anus om ecex sepwun 00 npamot AB menvwe Nye) u donoanumenvno ycao-
suto |A — B| > 2e. Tozda modcno max nepecmasume 36eHbs dmotl aomanot,
YMO HEKOMOPHLIY HAUAALHBIT KYCOK NOAYUEHHOT Nocae NEPECMAHOBKY AO0MA-
noti om A do nexomopoti eepuwunst C' ydosasemaopaem 08YM YCa0BUAM:

> |B—C|<2eVN2+1;

> PACCMOAHUAL OM BEPUWUH AOMAKOT, Pacnosodcennbir mexcdy A u C, do
ompeaxa AB we npesoczodam £(Ng+ v/ N3+ 1).

[JOKA3ATEILCTBO. [lokaxem, 9TO MOXHO TaK BHIOPATH 9aCTh WCXOTHON
JIOMaHOM, HauuHaouyocs B BepmuHe C 4 u 3axkanuuBarouryocs B sepumae Cp,
qTO:

> paccrosuaus oT Cy 10 A mw or Cg 10 B He mpeBoCXOqAT € Nf +1,

> mpoeknuu Ha npaMmyoo AB Bcex BepimmH qoMamou mexay C4 u Cp aexarT
Ha oTpeske AB.

3aHyMepyeM BEpUINHEI JOMAHOU B mopsagke asuxenus oT A x B. Bygem
cunTaTh, 9T0 TOUKa A mexuT «ieBeer Touku B ma npamou AB. Brigerum
MHOXECTBO BEPIIUH, MPOEKIIAN KOTOPHIX JexkaT creBa oT A. B mem mmeercs
BEPIINHA C HAMOOJBIINM HOMEPOM. [Ipoeknumsa caeqyiomen 33 HEed BepIINHBI
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Puc. 2. Boijgenenne npaBAILHOH 9aCTH

OyIeT yXke JeXaTh CIOpaBa OT TOYkH A. ITa crenywomas u OyJaeT BepIIu-
o Cy. Ilpm 5TOM paccTosHmE OT ee mpoeknuu 10 ToIku A menbme £ (Tak
KaK NpeAblAymas BepmuHa aexuT caesa or A) m paccrosume ot Cy g0 ee
npoekmu Menbine Nge (no ycaosuio). CregoBarensHo, paccrosraue ot Cy4 10

Bepumael A mensme e/ N2 + 1. Amanormaso onpefemm Touky Cp, BHOU-

pas BepIImMHY, TPEABIAYIIYI0 TOW, KOTOPAA WMEET HAMMEHBITUU HOMEDP CpPean

nexamux npasee B. Ycnosue |B — A| > 2¢ rapanTupyer, uto Cp # Ca.
Ecan mepecTaBuTh BHIIETEHHYI0 YaCTh JOMAHOU B Hadado (TOUKy A), To

ee koHell OyIeT HAXOMUTHLCSA HA PACCTOAHUM He O0mabIne 2e4/ Ng + 1 ot Bep-
muesl B. Paccrosaume 10 orpeska AB mpu TaKOW IMEPECTAHOBKE yBEIMIATCI

He Oosiee YeM Ha € Ng + 1.

[TocregoBaTenbHOE IpUMEHEHME JeMM 1 U 2 K HEKOTOPOU JOMAHOU, Pac-
CTOSHVE MEXy HAYAIOM W KOHIIOM KOTOPOW TPEBOCXOAUT 26, HaeT TAKYIO
MEPECTAHOBKY BEPIIWH, 9TO B JOMAHOW, IOJYIEHHOU B PE3YIbTATE MEPECTa-
HOBKY, €CTh HEIYCTAsA NPaufbHaiL IACTh — TAKOW HAYAIBLHBIA KYCOK JIOMA-
HOUW, KOTOPHIN yAOBJIETBOPAET yTBEPXKJACHUIO JEMMHEI 2.

ITOKA3ATENLCTBO JEMMBI III TEMHUIIA

Ecnu cymMa BeKTOPOB paBHA HYJIIO, TO YaCTUYHBIE CYMMBI ABISIOTCS Bep-
OIMHAME 3aMKHYTOU JOMAHOU C JJIUHOU 3BeHa He Goubiue €. Be3 orpanmdyenns
OOIIHOCTHU CUYMTaeM HUXe, 9TO € = | M YTO HAYAIbHASA BEPIIVHA JOMAHOH
COBHIAaeT ¢ HAYAJIOM KOOpAWHAT. BymeM I0Ka3BIBATDH, UTO

CdéNd+3VN3+1+1.

3aHyMepyeM BepUIXHEL JOMAHOU B OpAaKe 06xoga. Omnuirem mepecTaHoB-
Ky 3BEHLEB JOMAHOM, KOTOPasA OyAeT ymOBICTBOPATE JeMmme IllTernunna. Bor-
6epeM B JIOMAHOW BepIIHHY B C HAMMEHBIINM HOMEPOM, I KOTOPOU

2VN; +1<|Bi|<1+2VN] +1 (1)

(ecam TakoW BEpIIMHBLI HE HAWAETCA, TO BCe BepmMHEL JexaT B 2v/ N, 3 + 1-
okpecTHOCTH TOUKM A). 3BeHbs, cTOsmume 10 B1, octaBum Ge3 m3meHenus. B
OCTABIIENCS JACTHU JOMAHOU TIEPECTABUM 3BEHBS TAK, YTOOHI BHIJICIUTH TPa-
BWIHHYIO 9aCTb, KOTOPAsA 3aKAHIMBAETCA B Bepmmue By. Byrem npomgoaxaTs
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BBIIeJIEHNE IPABUILHBLIX 9aCTEH U3 OCTATKA JOMAHOU. Kcam Ha KaKOM-TO IIa-
re noxaydaem BepmuHy By Takyio, 4ro |Bi| < 2, TO mpogomxaeM JOMaHYyIO
[IPOM3BONBLHBIMY 3BEHBAMH [0 TEX IIOP, IOKA He MONy9uM BepmuHy By 1, yao-
BreTBOpsomyio (1).

W3 nemmebr 2 cregyeT, 9TO PaCCTOSHUE OT JIOGOU BEPIIWHBI, IOXY I€HHOU B
pe3yJIbTaTe TAKOTO IPOLECcCa, A0 TOUKA A He IPEBOCXOJUT

1+2VN;+1+ (Ng+ VN;+1) = Ng+3VNJ +1+1.

ITOKA3ATEJNLCTBO TEOPEMBI JIEBU — III TEMHUITA

[ mokazarenbcTBa addUHHOCTH MHOXECTBA CYMM II€PECTAHOBOK HEKO-
TOPOT'O PAAA JOCTATOYHO IPOBEPUTE, UTO €CIN €CTH ABE PAIUIHBIE TOUKA —
CYMMBI IIEPECTAHOBOK PAJA, TO U BCI NpAMAas, MPOXOAALUIASI depe3 DTU TOd-
KU, BXOJAUT BO MHOXECTBO CyMM IE€PECTAHOBOK pAAa. IloCKOIBLKY TPYAHOCTH
IPECTABIIET TOJIBKO CIyYall YCIOBHO CXOASMIIErOCSd pAfa, cauTaeM 6e3 orpa-
HUY€HUA OOUHOCTHY, ITO AAUHA OOImero wieHa crpemutcs K 0.

Bo Bcex ganpHENIIMX PacCyXA€HUAX IoJIaraem e, = 1/2".

[lokazaTeasCTBO IPOBEEM B B 3Tana. BHavamne, npumenss gemmy [l Ten-
HUIIA, 3aMEHUM CYMMBI IPeIeIbHLIMI TOYKAMY MHOXECTBA JaCTUIHEIX CYMM
pAza.

JIEMMA 3. Ecau A — npedeabnas mouKa MHONCECTEBA YACTVUYHBIL CYMM
HEKOMOPo20 Pada, Mo Hademca MmaKas NePecmarno8ra 3mo20 pada, 04s Ko-
mopott A — cymma.

JOKABATEJILCTBO. IlycTs S, — YacTU9IHAL CyMMa, PALA, JEXKALIAA B Ep-
okpectHocTH A. [l1s KaXJ0ro 7 pacCMOTPHMM JIOMaHYIO, BeAyllyo u3 S, B
Sn+1, 4 JOIOJIHUM €€ ABYMS BCIOMOTaTEIbLHBIME BeKTOopamu: u3 A B S, u u3
Sn+1 B A. Ilonyuum 3aMKHYTYIO JOMAHYIO, Y KOTOPON A — HAYAJI0 M KOHEII
OHOBPEMEHHO, 4 MAaKCUMAJIbHASA [JIUHA 3BEHA DTOU JOMAHOM {;, CTPEMUTCS
x 0 mpu n — oo.

[TpumernuMm x Takou JoMaHou jJemMmy lllTerHUIA, MOLYyYIAM TaKyIO TEpe-
CTAaHOBKY, YTO PACCTOSHUA OT BEPIIUH MEPECTABICHHON JOMAHOU m0 A He
upeBocxomaT £, Cy. Y IaIuM BCIIOMOTATEIbHBIE BEKTOPA U3 DTOU IEPECTAHOB-
ku. [lory4nM HE3aMKHYTYIO JOMAaHY0, PACCTOAHUSA OT BEPIINH KOTOpou g0 A
He npesocxofat £,Cy + 2¢, — 0 npu n — oo.

[anee mpenmonaraeM, 9TO €CTh JBe PAa3IWIHBIE CyMMEI paga A u B. Ha-
ma Uelb — NOKAa3aTh, 9TO M00as TOYKA NpaMon AB sABiaseTcs npemerbHON
TOYKOM MHOXECTBA JAaCTUIHBEIX CYMM HEKOTODOM NEepPeCcTaHOBKW pajga. [lisa
HAYAIa TMOCTPOMM TAKyI0 MEPECTAHOBKY, ITO o6e Touku A m B sABIsioTCA
IpeIeNbHBIMY IS MHOXECTBA YACTAIHBIX CYMM.

[lepBrIME TIOCTAaBMM TakuWe ClIaraeMble, 9TO HX CyMMa S] JeXHUT B £]-
OKpPeCTHOCTH TOUYKM A. 3aTeM JONOIHUM WX JAPDYIHMH CJIAraeMbIMH Tak,
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9TOOBI HOBAsA YACTHUIHAA CyMMa, So IeXKANa B €9-OKPECTHOCTU TOYKE B (Tak
MOXHO CJeIaTh, IIOCKOIBKY U A, u B ABIAIOTCA CyMMaMu DAa3HBIX MMEPECTA-
HOBOK OJHOTO W TOro Xe psga). [Ipogomxkas depegoBaTh cepuy, BeLyliue
B A u B B, IOIyYnM TaKyl MEPECTAHOBKY, [ KOTOPOU YACTUUHEBIE CyMMBI
Soi11 MEXKAT B £9;41-OKPECTHOCTU TOIKU A, a 9acTUIHBIE CyMMHEI So; — B
€9;-~OKPECTHOCTHU TOYKH B.

Yepes Pi, k > 1, 0603HAYUM CIaraeMbie, KOTOPBIE BXOJAT B YACTUIHYIO
cymmy Sk, HO HE BXOJAT B YACTUIHYIO CyMMY Sk 1.

Paccmorpum mekoropywo Touky C = (1 — t)A + tB na npamoun AB. Bes
orpanwdenus o6mHocTH camraeM, 91o ¢t > 0. O6oznadum N = [t].

[lepecTaBuM 4ieHBI pAga TakKuM 06pa3oM, ITOOBI MEPBLIME IILIM CIATae-
Mble n3 S, 3aTeM — caaraemelie u3 Py, Py, ..., Py, IIOCIe HUX — CJIAraeMbIe

Py

(0,0) (0,0)

Pwuc. 3. Ilpumep giaa caxydags N = 2

u3 P3, Ps, Poyi1 m T. 4. (kax e pas Beibupaem N derHbix Py, a 3aTtem —
coorBercTByomue N HEYETHHIX). 3aMETUM, ITO

o
|(B—A) = (Panis2 + Pavesa+ -+ + Pangern)| < Y en =272V,
n=2Nt (2)

o0
|(A = B) = (Pant+3 + Paneys + - + Pangg1)41)| < Z en = 272N,
n=2Nt+1

K xax gou u3 qacren P, npuMeHUM NEPECTAHOBKY U3 JEMMHI 1, TIOCIE 9ero Bce
BEPIINHEI JOMAHBIX, COOTBETCTBYIOIIUX IaCcTh Py, 6y1yT OTCTOATE OT IPAMON
AB me 6oxee 9eMm Ha, Nyl +2e5_1, Tae 0 — MAKCUMAJILHAA IINHA, CAATa€MOTO
un3 P;. O6a ciraraeMbIxX B 3TOM BhIpaxkeHnn crpeMaTcsa K 0 mpu k — oo.

U3 coornomenun (2) caegyer, 9ro cymma Sony + Z;VZI PNt yoj Gamska
x D = (1—N)A+ NB, a cymva Sone + 30y Paneraj + 3oy Panerajsn
6mmska Kk A. [Tockonbky C nexut mexay A u D, g moboro € > 0 u m060ro
AOCTATOYHO GOIBIIOrO ¢ HAMAETCA IACTUIHAA CyMMa MEXAY Sont B SN (141
xoropas orcrout ot C Ha paccrosaume < €.

Takum obpazom, Touka C' — mpenerbHas TOYKA MHOXECTBA IaCTHIHBIX
CyMM YKA3aHHOHW IEPECTAHOBKHU MCXOTHOTO PAIA.



