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O KPYTI'OBBIX MHOI'OYJIEHAX

A. f1. Benos

Kak u3pecTHO, 1F060U MHOTOWIEH € TMEIBIME KOXPPUIUEHTAMEA O THO3HAY-
HO Pa3iaraercs B MPOW3BEACHUE HEIMPUBOIAMBIX MHOXUTEICH. XOPOLIO W3-
BECTHA TakKXe CIeayiouias

TEOPEMA 1. Mwnozousen "™ — 1 pazaaeaemcs 6 npouszsedenue Henpueo-
dumbiz nad Q mmnozousenos 4

2" —1=]]®al)

dln

IIpu omom Kopuamu Pg sasasomes nenpusodumvie Kopru d-ii cmenewu u3
eduruyvt u deg(Pq) = p(d).

3aech @(d) ects Pynryus Iaepa, BEIPAKAIOMAL KOIAICCTBO PASIUTHBIX
OCTATKOB OT JAeJeHUs Ha d, B3aUMHO TPOCTHIX ¢ d. Kopeus d-u cremnenu us
eIMHWTIBT HA3BIBACTCA HENPUBOJUMbIM, €CTU OH HE ABIACTCA KOPHEM U3 €/i-
HUILI, CTEIeHN MEHLIIen IeM d.

ITOU TEOPEMOU JOBOJIBHO FACTO MOMB3YIOTCA (CM., HATIPUMED PEIICHUE 3a-
npasu 2.7 w3 3agagamka «MaremaTmaeckoro npocsemenusy, Ne6, ¢. 140-142).
C ee 1oKa3aTEIHLCTBOM MOXHO O3HAKOMUTECA 110 KHUraMm [1,2]. Mbr mpusogum
3/IeCh IPYToe JOKA3ATETHCTBO, KOTOPOE MOBOJBHO KPACUBO U COEPKATENBHO.
(AsTop Gaaromaput A. B. Illamosanosa, paccka3aBuiero eMy 9TO J0KA3ATETb-
CTBO.)

Ecau «wmeno d — mpocroe, 1o ®g(z) = 24t + 2472 + ... + 1 u noka-
3aTEILCTBO HENPUBOAUMOCTU MHOTOUIeHa P4(2) momydaeTcsa myTeMm mpume-
HEHUsA KPUTEpHUs JU3eHmTenna K Muorowieny ®q(z + 1) (mempusoammocTsb
KOTOPOro paBHOCWIbHA Henpuogumoctu Py(z)). Hamomaum coorsercTByto-
ee yTBepXK JeHue:

[IPEANOXKEHUE 1 (KPUTEPUI DUSEHIITENHA). IIycmo
P(z) = 2" 4+ a15™ " 4+ - + ap,

npuuem 6ce Ko3PPUYUEHMBL A1, . . ., Gy, OEAAMCA HG HEKOMOPOE NPOCTOE P U
an me deaumca na p>. Toeda mmozousen P Henpueooum nad MHOHCECTIEOM
POUYUOHAADHBIL UUCEL.
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[0Ka3aTeILCTBO DTOr0 KPATEPHA HOLYIACTCA OT IPOTUBHOI'O CPABHEHU-
em koaddunmentos P(z) u Pi(z)P(z) u npumenenus aemmel ['aycca, ko-
TOpasg yTBEPXKIAET, UITO HEIPUBOAMMOCTL HAJM 7, BJACYCT HEIPUBOIUMOCTH
Hag Q. MbI npenocraBiseM YUTATENI0 NPOBECTH NOKA3ATEILCTBA CAMOMY,
anbo obparuThbes K aiobomy BY 3oBckoMmy yueGHUKY MO aaredpe.

Briryer MHenue (B TOM 4mcIe cpeay arreGpaucToB), 9TO TeopeMa 1 cTaH-
JapTHBIM 00Pa30M BBIBOJMUTCS M3 DTOIO CBOEI'O YaCTHOrO ciaydvas (d — mpo-
cToe) ¢ momoubio Teopun 'arya. OZHAKO Takoe NOKa3aTeIbCTBO TeOpeMEl 1
HAM HEW3BECTHO.

HECKOJILKO TIOJIE3HBIX ®AKTOB

IIpex e Bcero ormeTuM, 4TO

zd—1
y(z) = T %) (1)
s|ld;s<d

Ecan wacTHOE NBYyX MHOTOWIEHOB C TeJAbIME KOXMPUIUEHTAMEA U CO CTap-
muM KoaddunrenToM 1 ABIA€TCA MHOTO™WIEHOM, TO DTOT MHOTOWIEH TaK¥kKe
uMeeT Ieanle KO3MOQUIMenTH 1 cTapini Koodpduunent 1. [Ipumenas sTo ma-
6o TeHue K PABEHCTBY (1), NOoJydaeM M0 MHAYKIUU, 9TO BCe KODPHOUIMEHTHI
MHOrowieHoB ¢, — measie.

KUTANCKAST TEOPEMA OB OCTATKAX. Ilycmv 21,...,2; — KOHeuHbil
HAOOD NONAPHO B3AUMHO NPOCTBIT UCABIT UUCEA, Ql,...,0, — NPOU3BOAb-
note yeavie wucaa. Tozda watidemes makoe uucao x, wmo x = a; (mod z;),
1 <1<k,

TEOPEMA BUETA. Kosdduyuenmor a muozousena " +a1z™ 1+ -+ay,
BBIPAICAIOMCA UEPES €20 KOPHU T; CACOYIOUUM 00PA3OM:

_ k § :
ak—(—l) Liy = vve " Tiy-
1< <ig
Cummempu%ec%uﬂ MHO20UAEH — 3TO MHOT'OLICH, 3HAYICHNE KOTOPOTr'O HE

3aBHCHUT OT IEPECTAaHOBKU IIE€PEMCHHDBIX. SJLemeHmaprzmu CUMMETNPUUECKU-
MU MHO20UACHAMU HASBIBAIOTCA MHOTO1JICHBL

S = E Tjy * e Ty
11 <o <d

OCHOBHASI TEOPEMA O CUMMETPUYECKUX MHOT'OYIEHAX. Jo601t cum-
MEMPUYUECKUTE MHOZOUACH O L1, . . ., Ty C UCALIMY KOIPHUYUEHAMYU MOHCHO
npedcmasums 8 6ude MHO20UAEHE C YeAbiMY KOIPPUYUEHMAMY 0OM d4eMmeH-
MAPHOIT CUMMEMPULECKUT MHO2OUAEH06 Sk, 1 < k < n.

CaencTsueM 5TUX ABYX YTBEDPXKICHUU ABIACTCI
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JIEMMA 1. IIyemo Q(z) = (z — 1) - ... (T — Tp) — MHO20ULEH C YeAbl-
mu Koadduyuenmamu. Tozda npu scer k € N xosdduyuenmor muozousena
Qu(z) = (z —2%) - ... - (z — 2F) maxace yeavie.

Iyems Q(z), Q — noxoafPuyuenmmuvie pedyryuu mmozouienos Q(z),
Q(m) no modyao npocmozo wucaa p; &i,...,En — Kopru Q 6 nodrodaujem

anzebpauneckom pacwupenuy Zy,. Tozda f’f, .. ,5,’? — wopru Q.

Crenyromas geMMa ABIIETCA ocaabieHneM TeopeMbl [lupuxie o mpoCTHIX
quCaIax B apu(PMETUIECKOU TPOTPECCUH, PA3HOCTH KOTOPOU B3aAUMHO TMPOCTA
C HATATBHBIM "WIEHOM. lepes Z; 0603HaTaeTCA TPYNNA 10 YMHOXEHHIO OCTAT-
KOB OT JeJeHUA Ha ¢ TUCe], B3aUMHO IPOCTHIX € .

JIEMMA 2. Ilyemv G # Zy — nodepynna epynnor Zy. Tozda mmozcecm-
80 NPOCMBIT YUCEL, OCMAMKYU OM JeAEHUA KOMOPLIT KA § HE NPUHGOLEHCUM.
epynne G, Oecroneuno.

B 9acTHOCTH, KOAMYECTBO MPOCTHIX WHCET, HE MPEJCTABUMBLIX B B
gk + 1, (manpumep 6k — 1 mwiu 4k — 1) 6eckonedno.

HOKABATEABLCTBO. [Ipeamosoxum mporusuoe. [lycts P — mMHOXECTBO
BCEX P, OCTATKM OT KOTOPBIX 10 MOAyJ0 g He jgexar B G, a z ¢ G. B cuny
KUTAUCKOU TEOPEMBI 06 0CTATKAX MOXHO HAUTH Takoe Y, 4T0 y = = (mod q),
y =1 (mod p;) mua ao6oro p; € P.

Toraa npoussegenue ¢ || p;+y COAEPKUT IPOCTOU NEAUTEND, HE CPABHU-
piEP
MBI C 3JaeMeHTaMu (G 0 MOIYJIIO ¢, 1 He npunHamexamui P. [[poTusopetne.

W eme ogHO mOMTE3HOE HAOIIOACHAE:

JIEMMA 3. Iycmo p — npocmoe. B a000m KoabUye UMeEOM MECMO Cae-
dyrowue cpasnenus no modyao p: a) (a + b)P = af + WP, b) (ab)? = aPbP,
¢) dasn 4106020 muozoudena Q ¢ ueavimu xosdduyuenmanmu Q)P = Q(EP).

ITn. a) m b) IPOBEPAIOTCA HENOCPEACTBEHHO, €) W3 HUX CIEAYeT.

[OKA3BATEJIBLCTBO HEIIPUBOAUMOCTU D4(x)

[Ipeanonoxum, 1T0 $4 pasraraeTcs B IPOU3BEACHAE HEIPUBOAMBIX MHO-
roweHoB ();, oTam4IHbX 0T KOHCTaHTB: Pg(z) = [[7 | Qi(z) m s > 1. Hycts
m = mindeg (Q);, 6e3 orpanutdenus obmHOCTH cuuTaeM, aTo deg(Q) = m.

Hycrs x4, ..., 2y — kopHE Q1. Torga pus ao60ro k, B3AaUMHO TPOCTOTO
¢ d, Tucmaa, xf OyIyT HEIPUBOAUMBIMEU KOPHAMHI (-U CTENEHU U3 €IWHUIBL, 4
k

muorowned Qi = [[;(x — z7) no nemme 1 GyseT mMmeTh neable KO3hdUIHEH-
Tol. [lockonrbky HO/l AByX MHOTOWIEHOB € HEABIME KODX(MPUIUEHTAMU €CTh
CHOBa MHOT'OWIECH C MEIbIMEH KOdpduimenTamMu, a (J; — HEIPUBOAUMBIA W



184 A. A. Beros

deg Q); = deg Qi = m, To MHOTOWIEHH (); ¥ () IGO0 He UMEIOT OOIIX LEIn-
TeIed, AN00 COBIATAIOT.

JIzo601 HeMPUBOAMMEBIM KODEHb d-U CTeNeHW U3 eIUHUILI UMeeT BUI I,
rae HOJ(d,7) = 1 u, crefoBaTerbHO, ABIAETCA KOPHeM (. 3HAYHMT, mio-
00N MHOTOWICH Pa3iokeHusa (); UMeeT HeTPUBHAILHLEIA OOIIMKM AeJNTENL C
HEKOTOPBIM (. II05TOMY, B CHIy BBILECKA3aHHOTO, (J; JOIKEH COBIAATD C
kaxum-T0 Q,. VTax, pasnoxenne ®y Ha HENPUBOAMMBIE KOMIOHEHTHI JOIKHO
umets g Bg = [[ Qk-

3aMeTHM TaKXke, UTO MOCKOAbKY BCE KOPHU PACCMATPUBAEMBIX MHOTOLIE-
HOB CyTb KODHH d-iI CTEIeHV M3 €IMHUILI, MHOTOWIEH () 3ABHCHT TOIBKO
otT octatka k mo Moayao d. Eciu npu srom HOJ(K,d) = 1, mo Bce xopHu
MHOTOWIeHa Qf CYyTh Henpusodumbie KOpHu d-ti cmenenu u3 eouHuYbL.

PaccvoTpuM MHOXECTBO TAKUX OCTATKOB K 0 MOAYIO d, 9T0 Q) = Q1 =
= Q1. Ono o6pasyer mogrpynny G B rpymme Zy. B cury Hamero mpejmoJo-
xeama o npusoguMoctu $4 rpymma G He coBmajaeT o BCeu rpymnmou Z).

[Ipum Bcex mOCTATOTHO GOMBIIAX P PEAYKIMY TIO MOIYIIO P JULA PABIATHBIX
Q; Oy Iy T PA3IMYHBI M, KPOME TOTO, pefyKimsa MEoro<wiesa ¢ — 1 (a, 3Ha«mT,
u $4) He OyaeT UMETH KPATHBIX KOpHen (160 GyAeT B3AaUMHO MIPOCTA CO CBOEU
mpomBoguon dz?~! ecan p > d).

/3 1eMMBI 2 cefyeT Hatwame Takoro k : Qp # @Q1, 9T0 41 6€CKOHEIHOrO
HAGOPA TMPOCTHIX P BHIMOAHAETCA cpaBHeHue p = k (mod d).

Ho Torga, ¢ omHOU CTOPOHBI, B CHIY JeMMBI 3 ¥ PABEHCTBA Vi : :Egi =1
BCe KODHHI PEIYKIMM [0 MOLYJIIO p MHOTOWIEHA (), COBIAIYT C KOpPHAME Q1
a KO0>pPUIMEHTH PEAYKINA, B CAMY JeMMBI 1 GyayT DaBHBI PEIYKIUU TIO
MOZYJI0 P KOIPPUINEHTOB UCXOLHOIO Qk.

C apyrou croponbl, ()1 # Qi u, CIEIOBATEIHHO, TIPU BCEX AOCTATOTHO
6OIBIIIX P cpaBHEHHE () = Q) IO MOZYIIO P MECTO He MMeeT. LloayteHHoe
MPOTUBOPETNE TOKA3BLIBAET TEOPEMY.

YTPAXKHEHUE. a) Bocmomb3osaBumcs Teopemon Jlarpamxka, yTBepX ga-
OMIEH, ITO MOPAMOK BJIEMEHTA MEJUT TOPALOK TPYIILL, AOKAXKUTE TTO JIO-
60U TIPOCTON AEAUTENb 3HAYEHUA MHOTOWIeHa Py(n) pm meaom n mmeeT Bup
kd+1.

b) Io aramOrum ¢ JOKA3ATEIBCTBOM JEMMBL 2 TOKAKUTE, 9TO UMEETCA OeC-
KOHEYTHO MHOT'O TMPOCTHIX ACIUTENCH 3HAMEHUN MHOTOTWIEH], ¢ MEeTbIMU KO3]-
pUIUEHTAME B TEIbIX TOYKAX, €CAN DTOT MHOTOWIEH OTANYEH OT KOHCTAHTHI.
BriBenure orcioma 6€CKOHEMHOCTH MHOXECTBA MPOCTHIX umcen Bujaa dk + 1.
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