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HEOTPUIATEILHEIX TPUTOHOMETPUIEeCKIX
MHOIOLIEHOB

C. B. lNamkos

[JenCTBUTENBHBEIM TPUTOHOMETPUIECKUM MHOTOWIEHOM CTEIEHU 7, HA3LIBAETCA
(YHKIUA BULA

n
to(z) = %0 + Z ay sin kx + by, cos kz,
k=1
rae ag, by — JeHCTBUTETBHBIC YMCIa, HasbiBaeMble ero Koohdunmentavy, a2 + b2 >
> 0. Hynesonl xo>ppumeHT TpaIuIMOHHO 3amUCHIBaeTCa B BUAe ao/2. Tax xak
coryiacHo dopmyaam Jduaepa expikr = coskx + isinkx, u apsinkx + by coskxr =
= Re((by — iar)expikz), roe Re o3HadaeT AEMCTBUTENBHYIO YaCTh KOMILUIEKCHOIO
quCIa, | — MHUMYIO €IMHUILY, TO TPUTOHOMETPUYECKUN MHOTOWICH MOXKHO BAIN-
caTh B 60Jee KPAaTKOM KOMILTEKCHON (hopMe
n
to(x) = Rechexpik‘w, ck =bp —dap, k=1,...,n, cg = %0 )
k=0
[leNCTBUTEIBHBI TPUTOHOMETPUIECKUH MHOTOYIEH ¢, (%) HA3BIBAETCA HEOTDHU-
UATEIbHBIM, €CIN A JI000r0 NeNCTBATEILHOrO Z 3Hadenue t,(x) > 0. Hua ero
K03 uumenToB cupasesiuso Hepasencrso Penepa—Irepsapu— Cacca (cm. [1-3])

len <2|c0|cos% = |a0|cos%, h=1,...,n,

2 2

o+ 2]+
rjJe CUMBOJ |a| O3HAYAeT NEAYI0 YaCTh UUCIA ¢. DTO HEPABEHCTBO NMEET IpHMe-
Henus B rTeopuu npubmmxenun (cMm. [4]). JokaseBaercsa ouo B [2-4] npumenenuem
[PEeACTABICHHA HEOTPUUATEILHONO TPUIOHOMETPUIECKOr0 MHOrO4eHa by, () B dop-
me Denepa [1]

n 2
to(z) = Zyk exp ikx
k=0

U NOCAEAYIOMINM DPEIICHUEM IOMIYYeHHOH HKCTPEMATBHON 3aat, Ju00 ¢ IOMOIIBIO
OZHON MaTPUYHON 33134l O COOCTBEHHBIX 3HaYeHUAX ([2,3]), aubo mpuMeHeHHEM
MeToga MHOXUTenen Jlarpamxka ([4]).

Janee Mbl IpUBEREM ABA IPOCTHIX M HIEMEHTAPHEIX JOKA3ATEALCTBA 3TOr0 Hepa-
BEHCTBA, MCIOAB3YIOMNE TOABKO IPOCTENIINE CBOUCTBA KOMILIEKCHBIX Iucea (Kpar-
KO€ M3I0KeHue cM. [5]).
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Cuagana cBefeM o6mmi caydad K caydaio h = 1, paccMaTpuBas BMECTO MHOT'O-
wieHa t, () ero ycpeaHeHue, a UMEHHO MHOTOYWIEH

1 + 2nl RELS
x s .
A lg 1 tn (T) = Re ,;,0 Chi €xp tkx.

L5 toKa3aTensCTBA 3TOMO TOXKIECTBA JOCTATOYHO, MEHSMA MOPALOK CYMMUPOBAHNUS,
3aMeTUTh, ITO

h
+ 2nl + 27)
3ot (2527 = Yo v (200 )
:ReZchexp< x+27rl))7

k=0 [=1

rge npu k, kparaoM h, B cuny pasencrsa exp (2rwkli/h) = exp 2rmi = 1 umeem

h
(z + 2wl ik 27kli k
E ckexp< W )> = cj exp (%) E exp( ﬂh l) = crhexp (th>,
=1

a mpu k HE KpATHOM h, TPUMEHAA (POPMYIy CYMMUPOBAHUA NE€OMETPUIECKOU TIPO-
r'peccuu, uMeeM

h—1
2wkl 2nkli\ _  exp2mki—1
Ze ( )_ZeXp< h )_exp(2wki/h)—1_0'

Tak KaK yCpeIHEeHHBIA MHOIOWICH O9€BUAHO HEOTPUIATEICH, IPUMEHAA K HEMY IaCT-
HBI caydan h = 1 JOKa3BIBAEMOTO HEPABEHCTBA, TOJYYaeM OOIIUU CAydal 3TOTO
HepaBeHCTBa. [[oTOMY nalee OCTAETCA NOKA3aTh A HEOTPULATEILHOTO TPUTOHO-
METPHUYIECKOT'0 MHOTOUIECHA ¢y, (1) HEPABEHCTBO

ler] < |a0|cosn7_1r_2 .

Ipumenss x ¢, (z) yxasanuoe Boiuie ycpegsenue npu h = n + 1, 3amedaem, 4ro

T+ 27l a
n(n—l—l )ZcOZi}O’

n+1
=

OprYeM PaBEHCTBO BO3MOXKHO JHUIL KOTAA t,(2) TOXIECTBEHHO DABHO HYJIO, T.E.
xorga ¢ = 0,k = 0,...,n, IODTOMY yKa3aHHOE HEPABEHCTBO MOXKHO MEPENUCAThL B
BHIEC

1| < ao cos —— .
n+2

Bribepem g Tak, 9TOOHI ¢1 €Xp iTo = |c1| 1 BMecTO ,, (%) BO3bMEM HEOTPUIIATEIBHBIN
TPUTCOHOMETPUIECKUN MHOTOWIEH (ty, (2o + ) +tn (2o — )/ (2a0), TOrAa U3 paBeHCTBA

tn(xo +2) +tn(zo —x)
2a0 -
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= % Re (Z crexp (ik(zo + 2)) + Z cx exp (ik(zog — x))) =

k=0 k=0

= Sug ZRe (cr(exp (ik(z + zo)) + exp (ik(xg — x))) =

1 . ] '
= ag ,;) Re(ey, exp (ikzo)(expikx + exp (—ikz)) =

_ : 1, |al
= Re(ey, exp (ikzg)) cos kx = 3t ag (ST + Z dy, cos kz

k=0 k=2
CHeAYeT, 9TO t,(Z) CTAHOBUTCA YETHHIM JENCTBUTEIBHBLIM TPUTOHOMETDPUIECKUM
MHOTOWIEHOM, ¥ [JI JOKa3aTelbcTBa o0mmero HepapeHcTBa Pemepa—drepsapn
—Cacca AOCTATOHO JOKA3ATE A HEOTPUUATE/ILHOLO IETHONO MHOLO'LICHA tn(x) =
=1/2+ Z by, cos kz mepasenctso |by| < cosw/(n + 2). Coruacro Teopeme Denepa

[1] (cm. T];,Kl)Ke [3])

?

n 2
x) = Zyk exp ikx
k=0

ree Yy, k=10,...,n — ,qeﬁCTBHTeJILHLIe qrcia. Tak Kak KOMILIEKCHO-COMPSXKEHHOe

YUCIO K Z yi, exp tkx ecThb Z yr, exp (—ikz), To

k=0 k=0
2 n n
= (Z Yk €Xp zk‘w) (Z Yk €Xp (—ikx)) =
k=0 k=0
=> yi+ > (expika +exp(—ik2)) Y yiyi—r =
k=0 k=1 =k

n n n n
_ 2 1
= kz%yk + ;(2 cos k) lz;ylysz =3 + Zbk cos kx,

OTKYZla, NIpUPAaRHNBaA KOd(hDUIMEHTH B 000NX YaCTAX PABEHCTBA, UMeEEM

n
> -3

YrUk—1= 5 -
k=1

<
EIN
I

N | =

k=0
TTomoxkuM A1 KpaTKOCTH!
T sin(k + 1)a
*=0 +2’ Tk sinka ’ R

TOT A

sin(k + 1)a +sin(k — 1)«
sin ko

5 R
ort+ol = =2cosa = o7,



72 C. B. I'amxos

IIO3TOMY CIPpaBE€I/INBO TOXKIECTBO

n 1 n 1 n 2
2 _ — _ Yk
];Jyk cosa ];ykyk—1 = Jeosa Z (Ukyk—l Uk) )

k=1

B KOTOPOM JIEI'KO yOeIUTHCA PACKPBITAEM CKOGOK. I3 TOX 1eCcTBa, OYE€BUIHO, CAENYET
HYKHO€ HaM HEPaBEHCTBO

n n
1 2 1 bl
- = > LY = .
2 hz_:t)yk ~ cosa kz_lyl”y'” ! 2cos «

B paBeHCTBO OHO OOpANIAETCS JNMIL KOTAA OkYk—1 = Yk /Ok, T.€. KOTAa

?

Yk o sin(k+1)a
Ik g2 = T T T
Yk —1 sin ko

OPYTEMH CJIOBAMH, [IPH YCJIOBHU KOJIMHEAPHOCTH BEKTOPOB
(Yo, ---,Yn), (sina,...,sin(n+ 1)a).

MoxHO TpOBEpUTDH, YTO TPUTOHOMETPUIECKAN MHOIOWIEH

n 2 n
- 41_ 5 Zsin((k‘ + Da)exp (ikz)| = Z bicoskx, by = %, by = cosa,
k=0 k=0
TaK KaK
= +1 <= cos2k +2
.2 _n _ cos2ka _ n
Zsm ka = 5 Z 5 T
k=1 k=1
B CI/I.TIy TOXKIeCTBaA
n n+1 n+1
_ _ o exp2(n+2)a)—1 _
1+];c052ka—I;COSQka—Re];)eprka—Re exp (20) — 1 =0.

3aMeTHuM eIe, 9TO JOKA3aHHOE HEPABEHCTBO

n n
T 2
(cos - 2) ;yk P ];ykyk—l

paBHOCHILHO HepaBencTBy Pama— Tayccku—Toxga

n+1 n+1
Zyﬁ < 5 o T Z(yk —yr-1)’,
k=0 A0S T k=

e Yo = Ypt+1 = 0, KOTOPOE ABIASIETCA AMCKPETHHIM AHAJIOTOM HepaBeHCTBa BupTna-
repa (cM. [6]).

IokaxeMm Temepnb, KAK MOXHO MOKA3aTh HEPABEHCTBO, HE TONB3YACH TEOPEMON
denepa. [laa 3TOro A0CTATOTHO TMOAOOPATEH TOJOKUTENBHBE KODDUTUEHTH [y,
k=0,...,n—1, Tak, 9TOOBI A JIOOOTrO KOMILIEKCHO'O TPUT'OHOMETPUIECKOTO MHO-

1

n
5+ > ¢r expikz BHIOMHATOCH TP & = /(N + 2) ¥ HEKOTOPOM

k=1

rouieHa t, (x)
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DEUCTBATEILHOM 7Y TOXKIECTBO

n—1

3" Bitn(w + 2a) = 1 4 LML)

COS «x
=0

TOI",/I& IJIA rZLeI‘/JICTBI/ITe.]'H)HOI"O TPUTOHOMETPUIECKOTI'O MHOT'O'LJIEHA 6y,qu BBITIOJTHATH-
¢ TOXKJTECTBO

n—1

> Bitn(z +2l0) =1+

=0

Re(c1 expiyexp ix)

COS

Eciv npuMeHuTE €ro K HeOTPULATEILHOMY TPUTOHOMETPUIECKOMY MHOIOWIEHY, TO
aeyanen 1 + Re(c; expi(z + 7))/ cosa Takxke GyaeT HeOTpUIATETHLHBIM. BriGepem

TencTBATENRHOE T* Tak, 9T00b Re(cy expi(z* + 7)) = —|c1|- Torma
1+ Recy exp (i(z* +7)) 4 le1] >0,
cosa cosa

OTKYJa U CJIeAyeT HyXKHOEe HaM HEePaBEHCTBO |ci| < cos a.

OcraeTca BHIOpaTh KOX(PMUIUEHTH U NOKA3aTh TOXKIECCTBO. PaccMOTpUM 9H-
CJIOBYIO TIOCJEI0BATEMLHOCTD Vi, ONPEIEIACMYI0 HAYATBHBIMU yCAOBUAMHA y_1 = 0,
Yo = 1 ¥ peKyppeHTHBIMU COOTHOIIEHUAMHT Vi—_1 + Vpt+1 — 2VkCOS2a = 1, a =
=7/(n+ 2). OueBuguo v; = 1+ 2cos2a > 0. Pewas pexyppenTHOe COOTHOLICHUE,
MOXKHO HAUTH, YTO

v = Asin 2ka + B cos 2ka + C,

_1+2cos2a702 1 B=1-29C.

A= 2 sin 2a 2 —2cos2a’

Ho npomwe menocpencrBenHo IPOBEPUTD, HOIB3YACH (HOPMYIAME
sin2(k — 1)a + sin 2(k 4+ 1)a = 2sin 2ka cos 2a,
cos2(k — 1)a + cos 2(k + 1) = 2 cos 2ka cos 2c,

Yv=B+C=1,

Y1 = f%fc052a+(170)c052a+C:—%—I—C(lfcosQa) =0,

YTO TAK ONPEIEICHHAS MOCAEAOBATEIBHOCTD YIOBICTBOPIET YKA3AHHBIM BBIIIE HA-
YAJNBHBIM YCJIOBUAM U PEKYPPEHTHBIM COOTHOMEHUAM. OYEeBUTHO B CIITY MEPUO TUIHO-
CTH, 9TO Ypt1 = Y—1 = 0,Yp+2 = Yo = 1, OTKyYIa € TOMOIILIO PEKYPPEHTHON (hOPMY-
JIBL HAXOAUM, ITO Yy = 0,7v,-1 = 1, HODTOMY B CHJIy PABEHCTB Y_1 = Vn, Yo = Yn—1 4
CUMMETPUYHOCTH PEKYPPEHTHOI'O COOTHOIIEHU OTHOCUTEILHO 3aMeHsl k nan—1—k
“MeeM DPABEHCTBO Vg = Yn—1-k,k = 0,...,n — 1. Tak xak 79 = 1,1 = 0, To upn
n < 3 oueBuauo vy = 0,k = 0,...,n — 1. [Ipoepum 510 npu n > 4. Tak kak npnu
0< k< (n—1)/2ouesugno 0 < 2ka < 7,0 < 2a < 7/3, sin2ka > 0, cos2a > 1/2,
moatomy A > 0, C > 1, B < 0, crenoBareasuo Asin2ka > 0, 1 B Cu1y MOHOTOHHO-
ctu C' + Bcos2ka > C + B =1, orkyna umeem v > 1,k =0,...,n — 1 npu n > 4.
PaccvoTrpum muorowien

n—1
p(z) = Z 2.
k=0
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HenocpencTBeHHO M3 PEKYPPEHTHBIX COOTHOIIEHUN CIELYET, ITO
(22 —2zcos2a + 1)p(z) = 2" + ...+ 241,
TaK KaK Vp = Yn+1 = V-1 = V-2 = 0. lloaToMmy
z"+1+...+z+l_ 2

z) = = - =
p(2) 22 —2zcos2a + 1 (z —1)(22 — 2z cos2a + 1)

22

(z — 1)(z — exp 2ai)(z — exp (—2ai))

>

a TaK Kak
n+1
21 = H (z — exp 2kai),
k=0
TO
n+2 _ 1

H (z — exp 2kai).

k=2

z — exp2ai)(z — exp (—2w1)) -

TlosTomy

—1
"2: _p(l) = nt2 2
k_o’yk_p _2—2(305205_455in2a7

n—1
Z’Yk exp 2kai| = |p(exp 2ai)| =

k=0

n—1

H (1 — exp 2kai)

k=1

n

H (exp 2ai — exp 2kai)
k=2

?

a TaK KakK

n—1
P

kl;[l(z — exp 2kai) = (z — 1)(z — exp 2nai)(z — exp (2(n + 1)) -

_ 4241
" (2 —exp2nai)(z — exp2(n + 1)ai)

)

TO
n—1

H (1 — exp 2kai)

k=1

n—1

Z v €xp 2kt
k=0

_ n+2
8sin v cos a

n+2
(1 — exp2nai)(1 — exp2(n + 1)ai)

B CUIY PDaBCHCTB

|(exp2zi — 1)| = \/(COSQx —1)2 4 sin? 2z = V4sin® z + 4sin® z cos2 z =

= \/élsin2 z(sin® z 4 cos? ) = 2|sin x|,

|(1 — exp2nai)(l —exp2(n + 1)ai)| = |(exp4ai — 1)(exp 2ai — 1)| =
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= 4sin2asina = 8sin a cos a,

OTKYa CJeYEeT, ITO TPU HEKOTOPOM NEUCTBUTEIHHOM 7Y

n—1

Z i exp 2kai =
k=0

(n+ 2)expiy
8sin® acosa
HManee, mpu [ = 2,...,n umeeMm

n—1

Z Vi exp 2lkai = pexp 2lai) =

k=0

(exp 2lai)" ™2 -1

3

- (exp 2lai — 1) (exp 2lai — exp 2ai) (exp 2lai — exp (—2ai)) -
U OO5TOMY AJs KOMILIEKCHOIO TPUMOHOMETDPUYECKOr'O MHOr'OWIeHA in(r) =

n
= Y ¢ expikz CIPaBeIINBO TOXK IECTBO

k=0
n—1 n—1 n
Z Yitn(z + 2la) = Z o Z e expik(z + 2la) =
1=0 =0 k=0

n n—1 .
= Z cr expikx Z v exp 2klai = n +22 (co + cleXle) .
k=0

=0 4 sin” o 2cosa

Monaras B = 8y sin” a/(n + 2), momTy<Iaem oGemAHEOE TOXK ICCTBO

n—1

S Butu(e + 2ka) = 2¢p + LEL (ngs)zxp ) B >0, k=0,...,n—1.
k=0
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