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îÅÒÁ×ÅÎÓÔ×Ï æÅÊÅÒÁ { üÇÅÒ×ÁÒÉ { óÁÓÓÁ ÄÌÑ
ÎÅÏÔÒÉÃÁÔÅÌØÎÙÈ ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÈ

ÍÎÏÇÏÞÌÅÎÏ×
ó. â. çÁÛËÏ×

äÅÊÓÔ×ÉÔÅÌØÎÙÍ ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÍ ÍÎÏÇÏÞÌÅÎÏÍ ÓÔÅÐÅÎÉ n ÎÁÚÙ×ÁÅÔÓÑ
ÆÕÎËÃÉÑ ×ÉÄÁ

tn(x) = a0
2 +

n∑

k=1
ak sin kx+ bk cos kx;

ÇÄÅ ak; bk | ÄÅÊÓÔ×ÉÔÅÌØÎÙÅ ÞÉÓÌÁ, ÎÁÚÙ×ÁÅÍÙÅ ÅÇÏ ËÏÜÆÆÉÃÉÅÎÔÁÍÉ, a2
n + b2n >

> 0. îÕÌÅ×ÏÊ ËÏÜÆÆÉÃÉÅÎÔ ÔÒÁÄÉÃÉÏÎÎÏ ÚÁÐÉÓÙ×ÁÅÔÓÑ × ×ÉÄÅ a0=2. ôÁË ËÁË
ÓÏÇÌÁÓÎÏ ÆÏÒÍÕÌÁÍ üÊÌÅÒÁ exp ikx = cos kx + i sin kx, É ak sin kx + bk cos kx =
= Re((bk − iak) exp ikx), ÇÄÅ Re ÏÚÎÁÞÁÅÔ ÄÅÊÓÔ×ÉÔÅÌØÎÕÀ ÞÁÓÔØ ËÏÍÐÌÅËÓÎÏÇÏ
ÞÉÓÌÁ, i | ÍÎÉÍÕÀ ÅÄÉÎÉÃÕ, ÔÏ ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÊ ÍÎÏÇÏÞÌÅÎ ÍÏÖÎÏ ÚÁÐÉ-
ÓÁÔØ × ÂÏÌÅÅ ËÒÁÔËÏÊ ËÏÍÐÌÅËÓÎÏÊ ÆÏÒÍÅ

tn(x) = Re
n∑

k=0
ck exp ikx; ck = bk − iak; k = 1; : : : ; n; c0 = a0

2 :

äÅÊÓÔ×ÉÔÅÌØÎÙÊ ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÊ ÍÎÏÇÏÞÌÅÎ tn(x) ÎÁÚÙ×ÁÅÔÓÑ ÎÅÏÔÒÉ-
ÃÁÔÅÌØÎÙÍ, ÅÓÌÉ ÄÌÑ ÌÀÂÏÇÏ ÄÅÊÓÔ×ÉÔÅÌØÎÏÇÏ x ÚÎÁÞÅÎÉÅ tn(x) > 0. äÌÑ ÅÇÏ
ËÏÜÆÆÉÃÉÅÎÔÏ× ÓÐÒÁ×ÅÄÌÉ×Ï ÎÅÒÁ×ÅÎÓÔ×Ï æÅÊÅÒÁ { üÇÅÒ×ÁÒÉ { óÁÓÓÁ (ÓÍ. [1{3])

|ch| 6 2|c0| cos �
bnh c+ 2

= |a0| cos �
bnh c+ 2

; h = 1; : : : ; n;

ÇÄÅ ÓÉÍ×ÏÌ bac ÏÚÎÁÞÁÅÔ ÃÅÌÕÀ ÞÁÓÔØ ÞÉÓÌÁ a. üÔÏ ÎÅÒÁ×ÅÎÓÔ×Ï ÉÍÅÅÔ ÐÒÉÍÅ-
ÎÅÎÉÑ × ÔÅÏÒÉÉ ÐÒÉÂÌÉÖÅÎÉÊ (ÓÍ. [4]). äÏËÁÚÙ×ÁÅÔÓÑ ÏÎÏ × [2{4] ÐÒÉÍÅÎÅÎÉÅÍ
ÐÒÅÄÓÔÁ×ÌÅÎÉÑ ÎÅÏÔÒÉÃÁÔÅÌØÎÏÇÏ ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÏÇÏ ÍÎÏÇÏÞÌÅÎÁ tn(x) × ÆÏÒ-
ÍÅ æÅÊÅÒÁ [1]

tn(x) =
∣∣∣∣∣
n∑

k=0
yk exp ikx

∣∣∣∣∣

2

É ÐÏÓÌÅÄÕÀÝÉÍ ÒÅÛÅÎÉÅÍ ÐÏÌÕÞÅÎÎÏÊ ÜËÓÔÒÅÍÁÌØÎÏÊ ÚÁÄÁÞÉ, ÌÉÂÏ Ó ÐÏÍÏÝØÀ
ÏÄÎÏÊ ÍÁÔÒÉÞÎÏÊ ÚÁÄÁÞÉ Ï ÓÏÂÓÔ×ÅÎÎÙÈ ÚÎÁÞÅÎÉÑÈ ([2, 3]), ÌÉÂÏ ÐÒÉÍÅÎÅÎÉÅÍ
ÍÅÔÏÄÁ ÍÎÏÖÉÔÅÌÅÊ ìÁÇÒÁÎÖÁ ([4]).

äÁÌÅÅ ÍÙ ÐÒÉ×ÅÄÅÍ Ä×Á ÐÒÏÓÔÙÈ É ÜÌÅÍÅÎÔÁÒÎÙÈ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÜÔÏÇÏ ÎÅÒÁ-
×ÅÎÓÔ×Á, ÉÓÐÏÌØÚÕÀÝÉÅ ÔÏÌØËÏ ÐÒÏÓÔÅÊÛÉÅ Ó×ÏÊÓÔ×Á ËÏÍÐÌÅËÓÎÙÈ ÞÉÓÅÌ (ËÒÁÔ-
ËÏÅ ÉÚÌÏÖÅÎÉÅ ÓÍ. [5]).
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óÎÁÞÁÌÁ Ó×ÅÄÅÍ ÏÂÝÉÊ ÓÌÕÞÁÊ Ë ÓÌÕÞÁÀ h = 1, ÒÁÓÓÍÁÔÒÉ×ÁÑ ×ÍÅÓÔÏ ÍÎÏÇÏ-
ÞÌÅÎÁ tn(x) ÅÇÏ ÕÓÒÅÄÎÅÎÉÅ, Á ÉÍÅÎÎÏ ÍÎÏÇÏÞÌÅÎ

1
h

h∑

l=1
tn

(x+ 2�l
h

)
= Re

bn=hc∑

k=0
chk exp ikx:

äÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÜÔÏÇÏ ÔÏÖÄÅÓÔ×Á ÄÏÓÔÁÔÏÞÎÏ, ÍÅÎÑÑ ÐÏÒÑÄÏË ÓÕÍÍÉÒÏ×ÁÎÉÑ,
ÚÁÍÅÔÉÔØ, ÞÔÏ

h∑

l=1
tn

(x+ 2�l
h

)
=

h∑

l=1
Re

n∑

k=0
ck exp

(
ik(x+ 2�l)

h

)
=

= Re
n∑

k=0

h∑

l=1
ck exp

(
ik(x+ 2�l)

h

)
;

ÇÄÅ ÐÒÉ k, ËÒÁÔÎÏÍ h, × ÓÉÌÕ ÒÁ×ÅÎÓÔ×Á exp (2�kli=h) = exp 2�mi = 1 ÉÍÅÅÍ
h∑

l=1
ck exp

(
ik(x+ 2�l)

h

)
= ck exp

( ikx
h

) h∑

l=1
exp

(2�kli
h

)
= ckh exp

( ikx
h

)
;

Á ÐÒÉ k ÎÅ ËÒÁÔÎÏÍ h, ÐÒÉÍÅÎÑÑ ÆÏÒÍÕÌÕ ÓÕÍÍÉÒÏ×ÁÎÉÑ ÇÅÏÍÅÔÒÉÞÅÓËÏÊ ÐÒÏ-
ÇÒÅÓÓÉÉ, ÉÍÅÅÍ

h∑

l=1
exp

(2�kli
h

)
=
h−1∑

l=0
exp

(2�kli
h

)
= exp 2�ki− 1

exp (2�ki=h)− 1 = 0:

ôÁË ËÁË ÕÓÒÅÄÎÅÎÎÙÊ ÍÎÏÇÏÞÌÅÎ ÏÞÅ×ÉÄÎÏ ÎÅÏÔÒÉÃÁÔÅÌÅÎ, ÐÒÉÍÅÎÑÑ Ë ÎÅÍÕ ÞÁÓÔ-
ÎÙÊ ÓÌÕÞÁÊ h = 1 ÄÏËÁÚÙ×ÁÅÍÏÇÏ ÎÅÒÁ×ÅÎÓÔ×Á, ÐÏÌÕÞÁÅÍ ÏÂÝÉÊ ÓÌÕÞÁÊ ÜÔÏÇÏ
ÎÅÒÁ×ÅÎÓÔ×Á. ðÏÜÔÏÍÕ ÄÁÌÅÅ ÏÓÔÁÅÔÓÑ ÄÏËÁÚÁÔØ ÄÌÑ ÎÅÏÔÒÉÃÁÔÅÌØÎÏÇÏ ÔÒÉÇÏÎÏ-
ÍÅÔÒÉÞÅÓËÏÇÏ ÍÎÏÇÏÞÌÅÎÁ tn(x) ÎÅÒÁ×ÅÎÓÔ×Ï

|c1| 6 |a0| cos �
n+ 2 :

ðÒÉÍÅÎÑÑ Ë tn(x) ÕËÁÚÁÎÎÏÅ ×ÙÛÅ ÕÓÒÅÄÎÅÎÉÅ ÐÒÉ h = n+ 1, ÚÁÍÅÞÁÅÍ, ÞÔÏ

1
n+ 1

n+1∑

l=1
tn

(x+ 2�l
n+ 1

)
= c0 = a0

2 > 0;

ÐÒÉÞÅÍ ÒÁ×ÅÎÓÔ×Ï ×ÏÚÍÏÖÎÏ ÌÉÛØ ËÏÇÄÁ tn(x) ÔÏÖÄÅÓÔ×ÅÎÎÏ ÒÁ×ÎÏ ÎÕÌÀ, Ô. Å.
ËÏÇÄÁ ck = 0; k = 0; : : : ; n, ÐÏÜÔÏÍÕ ÕËÁÚÁÎÎÏÅ ÎÅÒÁ×ÅÎÓÔ×Ï ÍÏÖÎÏ ÐÅÒÅÐÉÓÁÔØ ×
×ÉÄÅ

|c1| 6 a0 cos �
n+ 2 :

÷ÙÂÅÒÅÍ x0 ÔÁË, ÞÔÏÂÙ c1 exp ix0 = |c1| É ×ÍÅÓÔÏ tn(x) ×ÏÚØÍÅÍ ÎÅÏÔÒÉÃÁÔÅÌØÎÙÊ
ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÊ ÍÎÏÇÏÞÌÅÎ (tn(x0 +x)+tn(x0−x)=(2a0), ÔÏÇÄÁ ÉÚ ÒÁ×ÅÎÓÔ×Á

tn(x0 + x) + tn(x0 − x)
2a0

=
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= 1
2a0

Re
( n∑

k=0
ck exp (ik(x0 + x)) +

n∑

k=0
ck exp (ik(x0 − x))

)
=

= 1
2a0

n∑

k=0
Re(ck(exp (ik(x+ x0)) + exp (ik(x0 − x))) =

= 1
2a0

n∑

k=0
Re(ck exp (ikx0)(exp ikx+ exp (−ikx)) =

= 1
a0

n∑

k=0
Re(ck exp (ikx0)) cos kx = 1

2 + |c1|
a0

cosx+
n∑

k=2
dk cos kx

ÓÌÅÄÕÅÔ, ÞÔÏ tn(x) ÓÔÁÎÏ×ÉÔÓÑ ÞÅÔÎÙÍ ÄÅÊÓÔ×ÉÔÅÌØÎÙÍ ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÍ
ÍÎÏÇÏÞÌÅÎÏÍ, É ÄÌÑ ÄÏËÁÚÁÔÅÌØÓÔ×Á ÏÂÝÅÇÏ ÎÅÒÁ×ÅÎÓÔ×Á æÅÊÅÒÁ { üÇÅÒ×ÁÒÉ
{ óÁÓÓÁ ÄÏÓÔÁÔÏÞÎÏ ÄÏËÁÚÁÔØ ÄÌÑ ÎÅÏÔÒÉÃÁÔÅÌØÎÏÇÏ ÞÅÔÎÏÇÏ ÍÎÏÇÏÞÌÅÎÁ tn(x) =
= 1=2 +

n∑
k=1

bk cos kx ÎÅÒÁ×ÅÎÓÔ×Ï |b1| 6 cos�=(n + 2): óÏÇÌÁÓÎÏ ÔÅÏÒÅÍÅ æÅÊÅÒÁ
[1] (ÓÍ. ÔÁËÖÅ [3])

tn(x) =
∣∣∣∣∣
n∑

k=0
yk exp ikx

∣∣∣∣∣

2

;

ÇÄÅ yk, k = 0; : : : ; n | ÄÅÊÓÔ×ÉÔÅÌØÎÙÅ ÞÉÓÌÁ. ôÁË ËÁË ËÏÍÐÌÅËÓÎÏ-ÓÏÐÒÑÖÅÎÎÏÅ
ÞÉÓÌÏ Ë

n∑
k=0

yk exp ikx ÅÓÔØ
n∑
k=0

yk exp (−ikx), ÔÏ

∣∣∣∣∣
n∑

k=0
yk exp ikx

∣∣∣∣∣

2

=
( n∑

k=0
yk exp ikx

)( n∑

k=0
yk exp (−ikx)

)
=

=
n∑

k=0
y2
k +

n∑

k=1
(exp ikx+ exp (−ikx))

n∑

l=k
ylyl−k =

=
n∑

k=0
y2
k +

n∑

k=1
(2 cos kx)

n∑

l=k
ylyl−k = 1

2 +
n∑

k=1
bk cos kx;

ÏÔËÕÄÁ, ÐÒÉÒÁ×ÎÉ×ÁÑ ËÏÜÆÆÉÃÉÅÎÔÙ × ÏÂÏÉÈ ÞÁÓÔÑÈ ÒÁ×ÅÎÓÔ×Á, ÉÍÅÅÍ
n∑

k=0
y2
k = 1

2 ;
n∑

k=1
ykyk−1 = b1

2 :

ðÏÌÏÖÉÍ ÄÌÑ ËÒÁÔËÏÓÔÉ

� = �
n+ 2 ; �k =

√
sin(k + 1)�

sin k� ; k = 1; : : : ; n;

ÔÏÇÄÁ

�2
k + �−2

k−1 = sin(k + 1)�+ sin(k − 1)�
sin k� = 2 cos� = �2

1 ;
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ÐÏÜÔÏÍÕ ÓÐÒÁ×ÅÄÌÉ×Ï ÔÏÖÄÅÓÔ×Ï
n∑

k=0
y2
k − 1

cos�

n∑

k=1
ykyk−1 = 1

2 cos�

n∑

k=1

(
�kyk−1 − yk

�k

)2
;

× ËÏÔÏÒÏÍ ÌÅÇËÏ ÕÂÅÄÉÔØÓÑ ÒÁÓËÒÙÔÉÅÍ ÓËÏÂÏË. éÚ ÔÏÖÄÅÓÔ×Á, ÏÞÅ×ÉÄÎÏ, ÓÌÅÄÕÅÔ
ÎÕÖÎÏÅ ÎÁÍ ÎÅÒÁ×ÅÎÓÔ×Ï

1
2 =

n∑

k=0
y2
k > 1

cos�

n∑

k=1
ykyk−1 = b1

2 cos� :

÷ ÒÁ×ÅÎÓÔ×Ï ÏÎÏ ÏÂÒÁÝÁÅÔÓÑ ÌÉÛØ ËÏÇÄÁ �kyk−1 = yk=�k, Ô. Å. ËÏÇÄÁ
yk
yk−1

= �2
k = sin(k + 1)�

sin k� ;

ÄÒÕÇÉÍÉ ÓÌÏ×ÁÍÉ, ÐÒÉ ÕÓÌÏ×ÉÉ ËÏÌÌÉÎÅÁÒÎÏÓÔÉ ×ÅËÔÏÒÏ×
(y0; : : : ; yn); (sin�; : : : ; sin(n+ 1)�):

íÏÖÎÏ ÐÒÏ×ÅÒÉÔØ, ÞÔÏ ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÉÊ ÍÎÏÇÏÞÌÅÎ

1
n+ 2

∣∣∣∣∣
n∑

k=0
sin((k + 1)�) exp (ikx)

∣∣∣∣∣

2

=
n∑

k=0
bk cos kx; b0 = 1

2 ; b1 = cos�;

ÔÁË ËÁË
n+1∑

k=1
sin2 k� = n+ 1

2 −
n∑

k=1

cos 2k�
2 = n+ 2

2

× ÓÉÌÕ ÔÏÖÄÅÓÔ×Á

1 +
n∑

k=1
cos 2k� =

n+1∑

k=0
cos 2k� = Re

n+1∑

k=0
exp 2k� = Re exp (2(n+ 2)�)− 1

exp (2�)− 1 = 0:

úÁÍÅÔÉÍ ÅÝÅ, ÞÔÏ ÄÏËÁÚÁÎÎÏÅ ÎÅÒÁ×ÅÎÓÔ×Ï
(

cos �
n+ 2

) n∑

k=0
y2
k >

n∑

k=1
ykyk−1

ÒÁ×ÎÏÓÉÌØÎÏ ÎÅÒÁ×ÅÎÓÔ×Õ æÁÎÁ { ôÁÕÓÓËÉ { ôÏÄÄÁ
n+1∑

k=0
y2
k 6 1

2− 2 cos �
n+ 2

n+1∑

k=1
(yk − yk−1)2;

ÇÄÅ y0 = yn+1 = 0, ËÏÔÏÒÏÅ Ñ×ÌÑÅÔÓÑ ÄÉÓËÒÅÔÎÙÍ ÁÎÁÌÏÇÏÍ ÎÅÒÁ×ÅÎÓÔ×Á ÷ÉÒÔÉÎ-
ÇÅÒÁ (ÓÍ. [6]).

ðÏËÁÖÅÍ ÔÅÐÅÒØ, ËÁË ÍÏÖÎÏ ÄÏËÁÚÁÔØ ÎÅÒÁ×ÅÎÓÔ×Ï, ÎÅ ÐÏÌØÚÕÑÓØ ÔÅÏÒÅÍÏÊ
æÅÊÅÒÁ. äÌÑ ÜÔÏÇÏ ÄÏÓÔÁÔÏÞÎÏ ÐÏÄÏÂÒÁÔØ ÐÏÌÏÖÉÔÅÌØÎÙÅ ËÏÜÆÆÉÃÉÅÎÔÙ �k,
k = 0; : : : ; n−1, ÔÁË, ÞÔÏÂÙ ÄÌÑ ÌÀÂÏÇÏ ËÏÍÐÌÅËÓÎÏÇÏ ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÏÇÏ ÍÎÏ-
ÇÏÞÌÅÎÁ tn(x) = 1

2 +
n∑
k=1

ck exp ikx ×ÙÐÏÌÎÑÌÏÓØ ÐÒÉ � = �=(n + 2) É ÎÅËÏÔÏÒÏÍ
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ÄÅÊÓÔ×ÉÔÅÌØÎÏÍ 
 ÔÏÖÄÅÓÔ×Ï
n−1∑

l=0
�ltn(x+ 2l�) = 1 + c1 exp (i(x+ 
))

cos� :

ôÏÇÄÁ ÄÌÑ ÄÅÊÓÔ×ÉÔÅÌØÎÏÇÏ ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÏÇÏ ÍÎÏÇÏÞÌÅÎÁ ÂÕÄÅÔ ×ÙÐÏÌÎÑÔØ-
ÓÑ ÔÏÖÄÅÓÔ×Ï

n−1∑

l=0
�ltn(x+ 2l�) = 1 + Re(c1 exp i
 exp ix)

cos� :

åÓÌÉ ÐÒÉÍÅÎÉÔØ ÅÇÏ Ë ÎÅÏÔÒÉÃÁÔÅÌØÎÏÍÕ ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÏÍÕ ÍÎÏÇÏÞÌÅÎÕ, ÔÏ
Ä×ÕÞÌÅÎ 1 + Re(c1 exp i(x+ 
))= cos� ÔÁËÖÅ ÂÕÄÅÔ ÎÅÏÔÒÉÃÁÔÅÌØÎÙÍ. ÷ÙÂÅÒÅÍ
ÄÅÊÓÔ×ÉÔÅÌØÎÏÅ x∗ ÔÁË, ÞÔÏÂÙ Re(c1 exp i(x∗ + 
)) = −|c1|. ôÏÇÄÁ

1 + Re c1 exp (i(x∗ + 
))
cos� = 1− |c1|

cos� > 0;

ÏÔËÕÄÁ É ÓÌÅÄÕÅÔ ÎÕÖÎÏÅ ÎÁÍ ÎÅÒÁ×ÅÎÓÔ×Ï |c1| 6 cos�.
ïÓÔÁÅÔÓÑ ×ÙÂÒÁÔØ ËÏÜÆÆÉÃÉÅÎÔÙ É ÄÏËÁÚÁÔØ ÔÏÖÄÅÓÔ×Ï. òÁÓÓÍÏÔÒÉÍ ÞÉ-

ÓÌÏ×ÕÀ ÐÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ 
k, ÏÐÒÅÄÅÌÑÅÍÕÀ ÎÁÞÁÌØÎÙÍÉ ÕÓÌÏ×ÉÑÍÉ 
−1 = 0,

0 = 1 É ÒÅËÕÒÒÅÎÔÎÙÍÉ ÓÏÏÔÎÏÛÅÎÉÑÍÉ 
k−1 + 
k+1 − 2
k cos 2� = 1, � =
= �=(n + 2). ïÞÅ×ÉÄÎÏ 
1 = 1 + 2 cos 2� > 0. òÅÛÁÑ ÒÅËÕÒÒÅÎÔÎÏÅ ÓÏÏÔÎÏÛÅÎÉÅ,
ÍÏÖÎÏ ÎÁÊÔÉ, ÞÔÏ


k = A sin 2k�+B cos 2k�+ C;
A = 1 + 2 cos 2�

2 sin 2� ; C = 1
2− 2 cos 2� ; B = 1− 2C:

îÏ ÐÒÏÝÅ ÎÅÐÏÓÒÅÄÓÔ×ÅÎÎÏ ÐÒÏ×ÅÒÉÔØ, ÐÏÌØÚÕÑÓØ ÆÏÒÍÕÌÁÍÉ
sin 2(k − 1)�+ sin 2(k + 1)� = 2 sin 2k� cos 2�;
cos 2(k − 1)�+ cos 2(k + 1)� = 2 cos 2k� cos 2�;


0 = B + C = 1;

−1 = −1

2 − cos 2�+ (1− C) cos 2�+ C = −1
2 + C(1− cos 2�) = 0;

ÞÔÏ ÔÁË ÏÐÒÅÄÅÌÅÎÎÁÑ ÐÏÓÌÅÄÏ×ÁÔÅÌØÎÏÓÔØ ÕÄÏ×ÌÅÔ×ÏÒÑÅÔ ÕËÁÚÁÎÎÙÍ ×ÙÛÅ ÎÁ-
ÞÁÌØÎÙÍ ÕÓÌÏ×ÉÑÍ É ÒÅËÕÒÒÅÎÔÎÙÍ ÓÏÏÔÎÏÛÅÎÉÑÍ. ïÞÅ×ÉÄÎÏ × ÓÉÌÕ ÐÅÒÉÏÄÉÞÎÏ-
ÓÔÉ, ÞÔÏ 
n+1 = 
−1 = 0; 
n+2 = 
0 = 1; ÏÔËÕÄÁ Ó ÐÏÍÏÝØÀ ÒÅËÕÒÒÅÎÔÎÏÊ ÆÏÒÍÕ-
ÌÙ ÎÁÈÏÄÉÍ, ÞÔÏ 
n = 0; 
n−1 = 1, ÐÏÜÔÏÍÕ × ÓÉÌÕ ÒÁ×ÅÎÓÔ× 
−1 = 
n; 
0 = 
n−1 É
ÓÉÍÍÅÔÒÉÞÎÏÓÔÉ ÒÅËÕÒÒÅÎÔÎÏÇÏ ÓÏÏÔÎÏÛÅÎÉÑ ÏÔÎÏÓÉÔÅÌØÎÏ ÚÁÍÅÎÙ k ÎÁ n−1−k
ÉÍÅÅÍ ÒÁ×ÅÎÓÔ×Ï 
k = 
n−1−k; k = 0; : : : ; n − 1: ôÁË ËÁË 
0 = 1; 
1 > 0, ÔÏ ÐÒÉ
n 6 3 ÏÞÅ×ÉÄÎÏ 
k > 0; k = 0; : : : ; n − 1: ðÒÏ×ÅÒÉÍ ÜÔÏ ÐÒÉ n > 4. ôÁË ËÁË ÐÒÉ
0 6 k 6 (n− 1)=2 ÏÞÅ×ÉÄÎÏ 0 6 2k� < �; 0 6 2� 6 �=3, sin 2k� > 0; cos 2� > 1=2,
ÐÏÜÔÏÍÕ A > 0, C > 1, B 6 0, ÓÌÅÄÏ×ÁÔÅÌØÎÏ A sin 2k� > 0, É × ÓÉÌÕ ÍÏÎÏÔÏÎÎÏ-
ÓÔÉ C + B cos 2k� > C + B = 1, ÏÔËÕÄÁ ÉÍÅÅÍ 
k > 1; k = 0; : : : ; n− 1 ÐÒÉ n > 4.
òÁÓÓÍÏÔÒÉÍ ÍÎÏÇÏÞÌÅÎ

p(z) =
n−1∑

k=0

kzk:
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îÅÐÏÓÒÅÄÓÔ×ÅÎÎÏ ÉÚ ÒÅËÕÒÒÅÎÔÎÙÈ ÓÏÏÔÎÏÛÅÎÉÊ ÓÌÅÄÕÅÔ, ÞÔÏ
(z2 − 2z cos 2�+ 1)p(z) = zn+1 + : : :+ z + 1;

ÔÁË ËÁË 
n = 
n+1 = 
−1 = 
−2 = 0. ðÏÜÔÏÍÕ

p(z) = zn+1 + : : :+ z + 1
z2 − 2z cos 2�+ 1

= zn+2 − 1
(z − 1)(z2 − 2z cos 2�+ 1)

=

= zn+2 − 1
(z − 1)(z − exp 2�i)(z − exp (−2�i)) ;

Á ÔÁË ËÁË

zn+2 − 1 =
n+1∏

k=0
(z − exp 2k�i);

ÔÏ

p(z) = zn+2 − 1
(z − 1)(z − exp 2�i)(z − exp (−2�i)) =

n∏

k=2
(z − exp 2k�i):

ðÏÜÔÏÍÕ
n−1∑

k=0

k = p(1) = n+ 2

2− 2 cos 2� = n+ 2
4 sin2 �

;
∣∣∣∣∣
n−1∑

k=0

k exp 2k�i

∣∣∣∣∣ = |p(exp 2�i)| =

=
∣∣∣∣∣
n∏

k=2
(exp 2�i− exp 2k�i)

∣∣∣∣∣ =
∣∣∣∣∣
n−1∏

k=1
(1− exp 2k�i)

∣∣∣∣∣ ;

Á ÔÁË ËÁË
n−1∏

k=1
(z − exp 2k�i) = zn+2 − 1

(z − 1)(z − exp 2n�i)(z − exp (2(n+ 1)�i) =

= zn+1 + : : :+ z + 1
(z − exp 2n�i)(z − exp 2(n+ 1)�i) ;

ÔÏ ∣∣∣∣∣
n−1∑

k=0

k exp 2k�i

∣∣∣∣∣ =
∣∣∣∣∣
n−1∏

k=1
(1− exp 2k�i)

∣∣∣∣∣ =

=
∣∣∣∣

n+ 2
(1− exp 2n�i)(1− exp 2(n+ 1)�i)

∣∣∣∣ = n+ 2
8 sin2 � cos�

× ÓÉÌÕ ÒÁ×ÅÎÓÔ×

|(exp 2xi− 1)| =
√

(cos 2x− 1)2 + sin2 2x =
√

4 sin4 x+ 4 sin2 x cos2 x =

=
√

4 sin2 x(sin2 x+ cos2 x) = 2| sinx|;
|(1− exp 2n�i)(1− exp 2(n+ 1)�i)| = |(exp 4�i− 1)(exp 2�i− 1)| =
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= 4 sin 2� sin� = 8 sin2 � cos�;
ÏÔËÕÄÁ ÓÌÅÄÕÅÔ, ÞÔÏ ÐÒÉ ÎÅËÏÔÏÒÏÍ ÄÅÊÓÔ×ÉÔÅÌØÎÏÍ 


n−1∑

k=0

k exp 2k�i = (n+ 2) exp i


8 sin2 � cos�
:

äÁÌÅÅ, ÐÒÉ l = 2; : : : ; n ÉÍÅÅÍ
n−1∑

k=0

k exp 2lk�i = p(exp 2l�i) =

= (exp 2l�i)n+2 − 1
(exp 2l�i− 1)(exp 2l�i− exp 2�i)(exp 2l�i− exp (−2�i)) = 0;

É ÐÏÜÔÏÍÕ ÄÌÑ ËÏÍÐÌÅËÓÎÏÇÏ ÔÒÉÇÏÎÏÍÅÔÒÉÞÅÓËÏÇÏ ÍÎÏÇÏÞÌÅÎÁ tn(x) =
=

n∑
k=0

ck exp ikx ÓÐÒÁ×ÅÄÌÉ×Ï ÔÏÖÄÅÓÔ×Ï

n−1∑

l=0

ltn(x+ 2l�) =

n−1∑

l=0

l

n∑

k=0
ck exp ik(x+ 2l�) =

=
n∑

k=0
ck exp ikx

n−1∑

l=0

l exp 2kl�i = n+ 2

4 sin2 �

(
c0 + c1 exp i(x+ 
)

2 cos�

)
:

ðÏÌÁÇÁÑ �k = 8
k sin2 �=(n+ 2), ÐÏÌÕÞÁÅÍ ÏÂÅÝÁÎÎÏÅ ÔÏÖÄÅÓÔ×Ï
n−1∑

k=0
�ktn(x+ 2k�) = 2c0 + c1 exp (i
) exp (ix)

cos� ; �k > 0; k = 0; : : : ; n− 1:
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