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Baamuvupa Muxanaosuaa TuxoMuposa,
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MaTtemaTudeckoe TBOpPUeCcTBO Baagumupa Muxammosuia TuxoMuposa
OYeHb Pa3HOOOPA3HO, HO OCHOBHBIE MHTEPECHI €r0 CBA3AHBI ¢ TEOPUEU MpHU-
OJMKEHUHN, TEOPUEN DKCTPEMAJBHBIX 33/a9 W BBHIMYKJIBIM aHaau3oM. B cso-
en meATeabHOCTH Biaagmmup MEXaWIoOBUY BCerga PYKOBOACTBYETCA HIEEH,
YTO BCE 3HAYUTENbHOE B MATEMAaTHUKE OCHOBAHO HA HEOOJBUIOM HHCIe 061X
PYyHJAMEHTAJBHBIX IPUHINUIIOB, & KOHKPETHBIC PE3yJAbTATHI IIOAYIATCA HA
OCHOBE XOPOIIO PA3BATHIX UCIUCICHUN. 3A6CH OYIET MPEnCTaBISHO HECKOILKO
CIOXKETOB, PACCKA3BIBAKOIINX O MpobieMax, KOTOPHIMYU 3aHUMAICA Biagumup
MuxaiaoBud B pa3HbIe BPEMEHA U IJI€ er0 BIMAHUE ObLIO CYIIECTBEHHBIM B
CTaHOBJICHUN I/I/I/IJII/I pa3BuTIMN COOTBeTCTByIOHIefI TEMATUKU. STI/IX CIO2KE€TOB
MATH, ¥ 3TO CBA3AHO, B YACTHOCTH, ¢ T€M, 9TO Baaguvmup Muxamrosud Jaio-
6uT, 9TOOBI B IEOOOM CIUCKE (& OH MX COCTABAAET IACTO U TI0 CAMBIM PAa3HBIM
HNOBOJAM) HHUCJIO IIyHKTOB OBLIO KPATHO ILATH.

1. IIONEPEYHUKNA MHOXKECTB. B 1936 roay A. H. Konmoropos BBea moms-
THUE MONEPEeTHNKA — BEIUIUHY, KOTOPAaA XapaKTepPU3yeT HAWIyIIIee mpudm-
KEHWE MAHHOTO MHOXECTBA MPOCTPAHCTBAMHE (PUKCHPOBAHHOU PA3MEPHOCTH.
Omnpegererre monepedHnKka TakoBO. [lycTs X — HOpMUPOBAHHOE TIPOCTPAH-
cTBO, (' — moaMHOXecTBO X U 1 — HEOTPHUIATEIbHOE Iejoe ducao. Beauyanna

d,(C, X) = inf inf ||z — €|x
n(C, X) glniggéginllw ¢llx,

re IepBasg HUKHASA IPaHb 6epeTca o BceM noanpocTpancTsam L, B X pas-
MEPHOCTHY He BLIIIE 71, HABBIBACTCA T-nonepeunurxom no Koamozoposy mmo-
acecmsa C 8 X.

[l Toro, ITO6KI JyHIlle MOYYBCTBOBAThH CMBIC DTOTO MOHATHUA, PACCMO-
TpuM caeayommun npumep. [lyctes X — MIOCKOCTB ¢ €BKIMIOBOU HOPMOH | - |
u C — swmunc (cm. puc. 1). Mer xoTuM Hamry<gmuM 06pa3oM mpubausuts C'
OJHOMEDHBIMU MOATIPOCTPAHCTBAME (T. €. HPAMBIMEA L, IPOXOAAIIAME Hepe3
HOJIB). DTO MOXHO TIOHUMATH Tak. PUKCHpyeM Kakylo-HUOyAb mpamvyo L u
nycts x € C. Paccrosaumem ot = 10 L B MeTpuke X HA3LIBAETCA BEAUYU-
ma d(z,C,X) = infeer, |z — £, a Bemmumma d(C, L, X) = sup,ccd(z, L, X)
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)

Puc. 1.

— yxaorenwem C' ot L B merpuke X. Hac waTepecyeT To moampocTpas-
cTBO L, Ha KOTOPOM DTO yKJIOHEHWEe MUWHMMAILHO. MBI TOBOPEM TOTAA, 9TO
L ocymecTeaseT Hamry4uee NpuOIMXenue >amunca ¢ ONHOMEPHBIMEA HOJ-
npocrparcTBaMu. OUeBUIHO, 9TO L COBIALAET C OCBIO A0CIKNCC U MAHUMAJIb-
HOE YKJOHEHWE PABHO [JIVHE MAJOU MOJYOCH DJUINIICA, YTO B COOTBETCTBUU
C OIpeIeJeHUEM BHINIE W €CTh l-monepednuk 1mo Koamoroposy smaumnca C' B
eBKJINJOBOU HOPME.

Ioasrerue paborsr Koamoroposa 03HAMEHOBAIO HAYAIO0 HOBOT'Q DTAIA
PA3BUTHSA TEOPUM MPUOAMKEHUAN, CBAZAHHOTO ¢ MOUCKAMYU HAWIYHIIET0 METO-
Oa npubamxeHus faHHOTO PyHKIuOHAIHHOTO Kiaacca. C 1936 roga u BmioTh
MO MeCTNACCATHIX I'OJOB ITPDAKTUICCKN HE 6LIJIO Hy6.TII/IKa.III/II>JI Ha TEMY O IIoIIe-
peunukax. Ho 3aTem, moa BAUAHUEM UCCICIOBAHUN, CBA3AHHBIX ¢ MTPOOIEMON
I'manbepTa o cyneprmosuiuax GYHKINY ¥ MOAHON TOrAa Teopued MHpOpMa-
o, 9Ta TEMAaTUKa CTaJdd aKTUBHO PA3BUBATBHCA.

B sTor mepmoa B. M. Tuxomupos mybamkyeT pam paboT, KOTOPHIE CTa-
JU ONPEReIAIONIMA A ee AaibHennero passurud. OH BBeA P BEJIWTWH,
KOTOPBIE C PA3HBIX TOYEK 3PEHUA XAPAKTEPHU3YIOT ANINPOKCAMATUBHBIC BO3-
MOXHOCTH JAHHOT'O MHOXECTBA, (IIPOEKIMOHHBIN TOMEPETHNK, TUHENHBIN T10-
[epEevHUK, IonepednnK 1o l'enbdanay, no BepHinTenny u op.) # MOLY W PAL
KOHKDPETHBIX PE3YyJbTAaTOB [1JA HUX, OCHOBBIBAACH Ha pa.3pa.6OTaHHI:IX M XKe
METO/aX, KOTOPBIE BIIOCJAEICTBAN MHOIOKPATHO MPUMEHAINCH 1 0000MaInch
B AecATKax pabor. OmpeaeneHHLIN UTOT HTOTO HTAIMA CBOCH NEATEILHOCTH
Baaguvup Muxamiosrd nogsen B MoHorpadum [1].

3xech MbI chopMyaupyeM oauH pesyasTaT B. M. TuxoMuposa, KOTOpLIT
naeT oOIMIMA MOAXO K OIEHKAM MOMEPETHUKOB CHU3Y U TTOKAXKEM Ha, IpUMeEpe,
KaK OH IpUMEHAETCA.

TEOPEMA (THXOMHPOBA O IIONEPEYHUKE WIAPA). IIycmv X — wnop-
Mmuposannoe npocmparncmeo, Ly1 — (n+ 1)-meproe nodnpocmpancmeo X,
>0 uyBLyt1 ={x € Ly | ||z||x <~v}. Toeda

dp(YBLny1,X) = 1.
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Pacemorpum cregyrommu npumep. Ilycrs X = C([0,1]) — mpocTpanct-
BO HempepbBHBIX Gynxmai () ma orpesxe [0,1] ¢ mopmor ||z()|lc(jo)) =
= maxyc ) |z(t)], C = WL(0,1]) — xnacc pysxmmi z(-) ma [0,1],

YAOBAETBOPAMOIMNAX yCIOBUIO Jlunmumna (¢ KOHCTAHTOU eIWHUIIA), T.e.
lz(t) — z(¢')] < |t —t| mna Beex ¢, € [0,1]. Iokaxem, 9T0 gusa M060TO0
n>1

dn(W([0,1),C([0,1])) = -

Oyenka cnuzy. O603HaIAM depe3 Ly 1 TPOCTPAHCTBO JOMAHBIX HA OTPe3-
ke [0, 1] ¢ usnomamum B Toukax iy = k/n, k =1,...,n — 1. Jlerko nposepurs,
9T0 PasMepHOCTL Lyyq paBHa n+ 1 u aro ecam x(-) € Ly 41 m Mmakcumym Mo-
AyJAed yTIOBLIX KO3 (UINEHTOB 3BEHLEB JTOMAHON Z(+) He IPEBOCXOAUT eIu-
e, o z(-) € WL([0,1]). B wactrocTH, ecim lz()leqoayy < 1/2n, o
HETPYAHO BUOECTH, ITO 3TOT MAKCUMyM Mogyﬂeﬁ HC IPEeBOCXOAUT €IUHUIIBI
w suacmr, (1/2n)BL, 1 C WL (]0,1]). OTcioa, yImTHBas 0IEBHIHOE CBOM-
crBo momnepeunuka: ecau C1 C Cy, 1o dp(Ch, X) < dp(Cy, X), Gysem umers
no Teopeme TUXOMUPOBA O MOMEPEYHUKE MIAPA;

du (WL ([0,11), C([0,1])) > dn (5-BLat1, C([0,1])) = 5 -

n

Ovyenka ceepxy. O6o3HAIMM Yepes L, MOATPOCTPAHCTBO JOMAHBIX ¢ U3JI0-
MaMu B ToUKax T, = (2k—1)/2n, k =1,...,n—1, n DOCTOAHHBIX HA OTPE3KAX
[0,71] u [Th—1,1]. Jlerko BugeTs, uTo L, — n-meproe mpoctpancTso. [lycts
z(-) € WL ([0,1]). Comocrasum arot dynkmau omanyo £(-) € L, Takyro,
aro (1) = z(71%), k = 1,...,n — 1. IIpocTon moacYeT MOKA3LIBAET, ITO
lz(-) — &C)lleqo,n) < 1/2n. Torma paccrosmme ot z(-) no L, B merpuxe
C([0,1]) Tem 60Jlee He npesocxoguT 1/2n, T.e. d(z(-), L,, C(]0,1])) < 1/2n.
[lepexomsa cireBa B 5TOM HEPABEHCTBE K BEDXHEW rpamu mo BceM z(-) €
WL ([0,1]), a 3aTem k HIWKHEW IpaHE MO BCEM TOMPOCTPAHCTBAM Da3Mep-
HOCTW HE BBIIE 7, MIOLY9IaeM, ITO

1

dn (W5 ([0,1)), C([0,1])) < 5 -

BumecTe ¢ OIleHKOU CHU3Y 3TO MOKA3BIBAET HYXKHOE yTBEPXK JICHUE.

2. CPEAOHASA PA3SMEPHOCTH W HAWIYYIIUE TPUBJAUYKEHUS HA HEKOM-
[TAKTHBIX MHOI'OOBPA3UAX. B Teopwm npubrmkeHWU, HAYUHAA ¢ PabOT
C. H. Bepuirenna, u3y<IaioTcsa TPUOIMKEHUA OTACTLHLIX (DYHKINA U KIAC-
coB (pYHKIUH, 3aIaHHLIX Ha Bcen mpamon R, Cam BepHinTenn Beea g1 5TOro
HeKHfI AHaJI0T IMPOCTPAHCTBA TPUTOHOMETPUYICCKHUX IIOJUHOMOB, d WMEHHO,
npoctpanctso B, (R), o > 0, koTopoe mpeacTaBaseT coOGOU CYRKEHUA IETBIX
$yukmnn f ma R, yIoBIeTBOPAIOIINX YCIOBHUIO: MIA Jio6oro € > (0 manmercs
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takoe uuciao C, = Cc(f) > 0, uro mna Bcex z € C BHIMOTHAETCA HEpPABEH-
crBo |f(2)] < Csexp(o + ¢)|z|. DxBuBarenTHOE Onpenereuue B, (R) Takoso:
5TO COBOKYTMHOCTE dyHKiul [ Ha R, y kKoTOpbx nmpeobpasosanme Pypre (kak
06001IEeHHON (PYHKIMM) COCPEAOTOYEHO HA oTpeske [—o,0]. B mocaeayromue
TOABI MOABUINCH APYTHUE CPEACTBA MPUOIMKEHUA KIACCOB (HDYHKIUA HA MPSI-
MOU, HATIPUMED, MTPOCTPAHCTBA CILIANHOB U BEUBIETOB. KyCOYHO-TOCTOAHHEBIE
QYHKIIUT ¥ JOMAaHBIE — MPOCTEUIINE MPUMEPHI IPOCTPAHCTB CIMIAWHOB. JTHU
opocTpaHcTBa U mpocTpaHcTBa B, (R) GeckoHeIHOMEDHEBI, a CTAHIAPTHBIE
KJAaCChl pyHKIUMA (CKaxeM, COOGOIEBCKHUE KIACCHL (DYHKIUU HA MPIMOMN), MU
HpI/I6JII/I)KeHI/IH KOTOPBIX OHU UCHIOJb3YIOTCA — HEKOMIIAKTHBI. KaK B BTOﬁ cH-
Tyallid CPABHUBATL PA3IUTHBIE CPEACTBA MPUOIUKCHUA!

O/ MH UX BO3MOXHBIX II0AX0J0B OCHOBAH Ha, NOHATHUM CPEJHEN Pa3MepHO-
CTH TIPOCTPAHCTBA, UCTOKA KOTOPOTO BoCXomaT K paboram K. Illemnona mo
Teopuu MHGOPMAIIMHT, Toe OH Al OIpEeIeTeHIe (DHTPONUN HA eIUHUILy Bpe-
MEHW» CJIy9IaiHOTO CUTHAIA HA MIPAMOU ¢ OTPAHUIEHHBIM CIIEKTPOM (T. €. pea-
JM3ANUYN 5TOTO CUTHAJIA KaK pa3 ABIAITCA daeMeHTamu By (R)). B 1956 rony
A. H. KoaMoropos MOAMMPUIEPOBAT STO ONpeeSeHue [Id MOAIPOCTPAHCTS
OOBIYHBIX (He CIyYalHbIX) DYHKIWH.

[lepBBII pe3yILTAT B 3TOM HAIPABIEHUHA — SHTPOMNWA HA €IUHUITY Bpe-
MeHn orpanumdeHHbix GyHknuin n3 B, (R) — 6bm moryven B. M. Tuxommpo-
BbiM [2]. Brnocaegcrsun Baanuvup Muxainosud BBel XapaKTEPUCTUKY IOA-
MPOCTPAHCTBA, AHAJOTUTHYIO KOJIMOTOPOBCKOW, HO OTIPABIAIONIYIOCA HE OT
SHTPpOIINU, a OT HIONEPpEYHUKa II0 KOJIMOFOpOBy, KOTOpasd W IOJAYyYIWUIU HaA-
3BaHme cpegHen pasmepHocTu npocrparcTsa. Cyrh neaa Takosa. Havsem c
npocroi curyamum. Ilycts L" — mpocTpamcTso momambix ma R ¢ msmoma-
vu B Toukax {kh}, k € Z, h > 0. Ilna mo6oro T > 0 obozHaIuM [epes
L% cyxenue npoctpancrsa L' wa orpesox [—T,T]. Jlerko mposeputsb, U910
pasmeprocTs LY pasma 2T/h + 3, ecmu T/h — uenoe, u 2[T/h] + 3 (rze
[T/h] — uenas wacts T/h), ecim T/h — Hememoe, U OTCIOAA JETKO CJe-
ayeT, aT0 limy_oo(dim L) /2T = h~1. Dro wmcao u masmBaeTca cpemmett
Pa3sMEPHOCTHIO (AT PA3MEPHOCTDHIO Ha €UHHUITY BPEMEHH) IpocTpamcTsa L”
(3amMeTHM, 9TO MBI, OYEBU/HO, MOTYIMM TOT K€ PE3yJbTAT, €CIn OyJeM Pac-
CMATPUBATH, HAPUMEDP, TOJIHKO OTPAHUYCHHBIE JOMAHBIE). JTa MPOIEIypa
(c 3amenon B mociaegHen (opMyne mpeela HA HUKHAU [PEAed) IO3BOJIAET
ONIPEJIEINTh CPENHIOI PA3MEPHOCTD JI000r0 MPOCTPAHCTBA, CYXEHUE KOTO-
poro sa [T, T] xoreunomepuo gus Bcex T > 0.

Curyanus HECKOIBKO CJIOXKHEEe, €CIU CYXKEHHe MOIIPOCTPAHCTBA HA
[T, T] He kOHEUHOMEPHO. B »TOM ciydae mocTynaeMm CIeAyomuM 00pasoM.
IIycTs L — mOAMpPOCTPAHCTBO, cKaxeM, npocTpancTsa CP(R) orpanmeHHbIX
HenpepBIBHLIX GyHKImE 7 (-) Ha mpaMon ¢ zopmolt ||z (-)||lcbr) = supser |2(t)|
u BC*(R) — egunmuaneri map 8 C°(R). O6osmatmm wepes (LN BCOY(R))r —
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cyxerne muoxecTsa L N BCY(R) ma orpesox [—T,T| u OpeAmosoxumM, <ITO
sT0 cyxkenue komnakTHO B C([—T,T]) (IpoCTpaHCTBO HENPEPHIBHBIX (DYHK-
nun vHa [—7T,T] ¢ o6erason HopMmon) mas kaxgoro T' > 0. Torga ero MoxHO
¢ d000W TOYHOCTHIO TPUOIU3UTH KOHEYHOMEPHBIMU TOAIPOCTPAHCTBAMEA U
BHAYUT, A1 1106010 € > () KOHeIHa BEeIMINHA

K.(T,L,C*(R)) = min{n € Z, | d,((L N BC*(R))r,C([-T,T))) < ¢},

rae d,,((L N BC*(R))7, C([-T,T])) — n-nonepeunuk no Kommoroposy Mmo-
xectsa (LN BC*(R))r 8 merpuxe C([-T,T)). flcuo, aro K. (T, L, C*(R)) —
MUHAMAJBHAA PA3MEPHOCTH MOATPOCTPAHCTBA, ANNTPOKCUMAPYIOIIETO MHOXKE-
ctBo (L N BC*(R))y ¢ TOMHOCTDIO [0 €.

Jlerko mposeputs, uro dyakmua ¢ — K. (T, L, C°(R)) me BozpacTaeT mpu
kaxgoMm T > 0.

Cpegsein paszmeprocThio npocTpascTsa L 8 CP(R) mazoBeM Beamaumny

dm (L, CY(R)) = lim lim inf FeT L C"®)
e—0 T—oo 2T
Jlerko nposepursb, uro ecau cyxenwve L na [—T,7T| KOHEYHOMEPHO, TO
TaHHOE OIpe/eJeHre PABHOCAILHO ONPEAETCHAI0, TAHHOMY BBIIIe.
B repmunax cpennen pasmeprnocTu pesyiabTarT B. M. Tuxomuposa, 0 ko-
TOPOM TOBOPUIOCH BBIIIE, 3BYIAT TaK

dim(B,(R) N C*(R),C*(R)) = Z.

iy

Ilyctes v > 0. Torga oTciofa ¥ W3 OPEABIAYINETO CAEAYET, 9TO ecrIu h
U 0 TakoBbl, uT0 1/h = 0/m = v, TO cpeiHUE Pa3sMEPHOCTU MPOCTPAHCTBA
OrPAaHMIEHHBIX JOMAHBIX U IIPOCTPAHCTBA OrpaHmIeHHBIX QyHKIm u3 By (R)
paBubI V. PacecMaTpuBas Bce TPOCTPAHCTBA (DYHKIUN HA TPAMOU, ¥ KOTOPHIX
CpeJHAd Pa3MEPHOCTH HE MPEBOCXOAUT V, MOXKHO MOBOPUATH O BLIOOpe HAuW-
JYH9IIEro CPefr HUX JUIA MPUOAMKEHUU TOT0 WIKM WHOT'O Kiacca (PyHKIUU HA
npaMou. Tounee TOBOPS, MOXKHO ONPENETUTL CPEJHUN V-TIoTiepednnK mno Kou-
MOTOPOBY U APYTHE CPENHUE MOMEPEYHUKN U TOCTABUTE TE XK€ BOIPOCHI, 9TO
n B KOMH&KTHOﬁ CUTyalIM: TOYHBIEC U ACUMIITOTUYCCKU TOYHBIC 3HAYCHUA
DTUX TOMEPEIHUKOB, SKCTPEMAIbHBIE TPOCTPAHCTBA U T. . DTO ONPEIENUIO
HOBOE€ HAIIPABICHUE B TEOPUU TPUOIMKEHUN — HAWIYUIIne TPUOIUKEHAT He-
KOMTAKTHBIX KIACCOB PYHKIIUNA. 3M€Ch MOIYIeHO MHOT'O MHTEPECHBIX PE3Y.Ihb-
TaToB. B HacTogmee Bpems Hambojee aKTUBHO DTA TEMATHUKA PA3BUBACTCA B
Kurae.

3. IlpuHiun JIATPAHYXKA. B 1897 roamy Jlarpamx BBICKAa3ad CAETYIOMIAN
OPUHOAIL ((ECJII/I nimeTcAa MakKCUMYM WJIW MAHUMYM HeKOTOpOI;JI (byHKHHH MHO-
TUX TEPEMEHHBIX MPU YCIOBUU, ITO MEXAY STUMHU MEPEMEHHBIMU UMEETCS
CBA3b, 33/1aBAEMASA OJHUM UIU HECKOJLKUMU YPABHEHUAMH, HY KHO TPUOABUTH
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K (PYHKIVU, 0 KOTOPOU TOBOPUIOCH, (DYHKIIUHU, 33,AI0IINE YPABHEHUA CBA3H,
YMHOXEHHEIe Ha HeollpeleleHHbIe MHOXUTEIN, U UCKATH 3aTeM MaKCUMYM U
MUHUMYM TOCTPOEHHOU CYMMBI, KAK €CJIU ObI IEPEMEHHBIE OBLIN HE3ABUCUMBL.
[Mony<ennsie ypaBHEHMUs, TPUCOCAMHEHHBIE K YPABHEHUAM CBI3U, MOCIYXKAT
LA oIpejeleHnd BCeX HeU3BECTHDBIXY.

O6aymbIBasg HEOOXOAUMBIE YCIOBUA DKCTPEMYMA B PA3TUIHBLIX 33Ma4aX,
Baaguvup MuxamrmoBud IpUIIen K BBIBOAY, 9TO STOT IPUHIUN (€CAA TIPH-
IaTh €My 9yTh 0OJee PACIIMPEHHOE TOJIKOBAHWE) UMEET YHUBEDCANBLHBIN Xa-
PaKTep: NPAKTUYIECKN BCe HEOOXOMMMBIE YCJIOBHA 3KCTPEMyMa MOT'YT OBITH
¢OpMaILHO BBEIBEIEHEI, IOAL3YACH perenToM Jlarpanxa.

CrnoBa Jlarpanxka OTHOCHINCH K 33,a9aM BUIA

folz) = extr, fi(x) =0, i=1,...,m,

rie extr o3HagaeT b0 MakcuMym, aub60 MuHUMYM. COMVIACHO PEKOMEH IALIN-
AM HaHO cocTaBuTh ¢yHKimio (pyHkumio Jlarpanxa) naHHOM 3aga€u:
L(z,A) = > "o Nifi(z) (pasyMHO CTaBUTH MHOXHUTEIb Uy f); 9TO HEKOTO-
poe mpoaBuKeHue O BpeMmeH JlarpaHka, HO, OpaBaa, €IUHCTBEHHOE), T/
A= (Xo,..., Am) — HABOD «HEOTPEAEIeHHBIX MHOXUTEACH (MHOXUTEREH Jla-
rpamxa). /Jazee HAZO MCKATH MAKCHUMyM U MUHUMYM GyHKIuU L [0 T (KaK
ecan 6I)I IepeEMEHHBIC 6I:|IJII/I HE3aBUCUMBDY, /A 9€r'0 CHavdaJa HaJO BBIIMACATH
HeO6XO,l[I/IMI:Ie yCJaoBUA 3KCTPEMYMa: PABEHCTBO HYJTIIO TaCTHBIX IIPOU3BOIHBIX.
Ecau f; — dyHKIUM 1 mepeMeHHBIX, TO MBI MOAYy<IUM 1 ypaBHeHu#. OTHOCH-
TEJIHLHO MHOXUTENEU \; DTU yPABHEHUA OJHOPOTHBI U TIODTOMY OJWH U3 HUX
MOXHO CIATATH, CKAXEM, PABHBIM €[UHUIE. B pesyapTare uMmeem N+ 1m ypas-
HeHUY (M YPABHEHWHU CBA3M) A HAXOXK ACHUS 7 + 71 HEM3BECTHBIX. TOYHBIN
pesyabTar (IpaBwiIo MHOXUTEIEH Jlarpanka) 3BydIuT Tak: ecau @gynwkyuu fi,
i=0,1,...,m, nenpepvisno dufdepenyupyemvs 8 HeKOMOPOT OKPECMHOCTU
mouku T u 6 amoti mouxe Jdocmu2aemcs A0KAALHLIG SKCMPEMYM, MO Hali-
demcesa maxkot nenyaesot nabop muoxcumenet Jaeparwanca X = (Ao, ..., Ay),
umo T ydosaemeopaem coomuowenuo Ly(T,N) =0, m.e. >y N fH(Z) =0,
ede /() — npouszsoduvie (epaduenmur) dywryud fi, 0 < i < m, 6 mouke T.

PaCCMOTpI/IM TEHnEPh TaK HA3BIBACMYIO 3a/1a9y ONTUMAJIBHOI'O YIIDABACHUS

" o) ult) dt — min, @ = (a0, wll) €U,
to

a)(to) =T, (L‘(tl) =T, (3.1)

7 IONpo0yeM MOHATH BUJ HEOOXONUMBIX YCAOBUU MUHUMYMA B DTOU 33aja4€,
caeays ¢popMarbHO pekoMeHaanuaM Jlarpamxka.

B srou 3anade f u ¢ — Ppyuknum Tpex nepeMennbix, U — HEKOTOPOE MHO-
®KECTBO HA TPAMOU. [lepeMeHHaA 1 HABBIBAIOTCA YIPABICHUEM, & T — ($Aa30BOU
nepemMerHou. UHTEpec K TAKOro COpTa 3aa5aM BO3HUK B IATUIECATHIC TOIHI
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MPOILIOTO BEKA B OTBET HA 3AMPOCHI MPAKTHUKA: TPEGOBAIOCH ONTUMAILHO
(B TOM WIM MHOM CMBICIE) YHOPABIATH PA3IUYHBIMA [IPOLECCAME, YIATHIBAL
€CTECTBEHHYK OIDAHUYEHHOCTh PECYPCOB (MATEPUATBHBIX, DHEPTETHIECKAX
u T.1.). B HAmEM caydae mpomece onmmceBaeTCa AnddEePEHIAIbLHBIM yPAB-
HeHUEM & = @(t,z,u) (Ha «BXOZy HMOAETCA ympaBieHEE u(-), HA «BBIXOIE»
nonyaaem z(-)). Mbl xoTuM HaUTH Takoe yupasieHue U(-), ITOOBI COOTBET-
cTByOWas pasosas nepeMeHHas Z(-) B HAYaJbHbIM M KOHEUHBI MOMEHTHI BDe-
MeHU t( U t] IPUHEMAJIA 3HAYEHUA To U 1, ITOOI U(+) A1 Kax goro t € [tg, t1]
He BLIXOAMIO 3a mpeeisl MHOXecTBa U (0Tpaxkaomero orpaHnaeHHOCTb Ha-
WX BO3MOXHOCTEN) U, HAKOHEI, 9TOOBI 3TO yIPABJICHUE OBLIO OIMTUMAIBLHO
B TOM CMBICIe, ITO mHTerpan Ha mape (Z(-),u(-)) IpuHEMAT MUHEMAIBLHOE
3HATEHUE.

Heob6xoaumbie ycaoBua MUHUMYyMa B TOA0OHOU 33,1a49€ OBLIU MOJYYEHBI B
OATUAECATHIE TOABL U TOLY IWIM HA3BAHUE MPUHIWIA MaKCUMyMa, [[oRTpATE-
HA. JTO OLHO U3 HAUOOAEE APKUX JOCTUXKEHAN TEOPUU SKCTPEMATLHBIX 32 a.

Byaem cmoTpets Ha 3agady (3.1) kak Ha 33a1atdy MUHUMU3AUA QYyHKIAAX
OBYX mepeMeHHbIX Z () w 4(+), y0BAETBOPAIOIINX COOTBETCTBYIONIMM OIDAHY-
genusaMm. Orpanwdenue ©(t) — o(t, z(t),u(t)) = 0, t € [to,11], MmoxHO BOCIpPU-
HAMATH KAaK KOHTHHYYM PABEHCTB, KaXJI0€ M3 KOTOPBHIX HALO YMHOXWUTDL Ha
(HEOIPEIeNeHHBI MHOXUTENb), KOTOPBIA 0603HamM (caenys Tpaguuuu) p(t)
7 «CJIOXWTBY, T. €. IpouHTErpupoBaThk. Takum obpasom, ¢pyukmusa Jlarpanxka
sagaqan (3.1) mmeer Bug

t1
L{z(-),u(-),) :/t (Rof(t, (1), u(t) + p(E)(&(t) — @(t, z(t), u(t))))di+

0

+ po(z(to) — o) + p1(z(t1) — 71),

rage A = (Ao, p(+), to, 1) — HaGop MHOXMTenen Jlarpanxa. [Tycts (Z(-), u(-))
— pelnrenue 3ajaa4u. BoinumeMm HEOOXOAMMBIE YCJIOBUS MUHUMYyMa (PyHKIIUN
Jlarpamxa B sTon TOuke 0TAeabHO N0 z(-) m mo u(+). Ilo z(-) — »T0 Tak Ha-
3piBaeMad 3ajada Boablia — cTaHgapTHas 3313493 KIACCUYECKOI'O BapUALM-
OHHOT'O UCHUmcIeHusA. Feau 0603HauTh wepe3 L mobiHTerpaibHy o HyHKITU,
TO HEOGXOAUMBIE YCIOBUA B DTOU 3a4ate UMEIOT BUJ

—LLW+ L) =0 & p1) = -pME:() — Nofalt)  (32)

(rme Ex(t) = L;(t,Z(t),2(t),d(t), Ao, p(t)) ¥ AHATOTMYHO AIA OCTATBLHBIX
(DYHKIIUY ¢ KPBIITKON) 1
Li(to) = po, La(t) = —p1 & plto) = po, p(t1) = —pur. (3.3)

HeTpyauo nposeputs, 4To ecau 4(-) 4OCTABIAET MUHAMYM 1O 4(-) DYHK-
muu Jlarpamxa, To He06X0AUMO (X TOCTATOHUHO), YTOOLI B KAaXKJOU TOHUKE t,
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rae ¢byHxua u(-) HempepbiBHA, GyHKumA L gocTurana MuHumyMa mo u € U
B Touke U(t), T.e.

min(Aof(t, 2(), u) — p(t)o(t, (t), u)) =
= Mo f(t,z(t), u(t) — p()e(t, (1), ult). (34)

MoxHO 3anmcaTh 5TO BbIpaXeHue B dHOpMe MAKCAMYMA, TOMEHAB 3HAKU
nepen Agf u pp Ha TPOTUBOMOIOKHEIE.

Coorromenusa (3.2), (3.3) u (3.4) (B dopme MakcHMyMa) M €CTh IPUH-
nun Makcumywma [loHTpsarusa mis gaHHOU 3amadm. TOUHYIO HOPMYIUPOBKY
He Oy/leM IPUBOAUTD, HO CyTh €€ (KaK u B IpaBmie MHOXuTeaen Jlarpanxa)
B TOM, UTO CYIIECTByeT TAKOU HEHYJEBOW HAGOD MHOXWTETEH Jlarpamxka A,
9TO BBINOAHAIOTCA yeaosus (3.2)—(3.4).

Perrenve KOHKpeTHBIX 3329 HA OCHOBE NPWHIHNA Jlarpam®&a HTPOMCXO-
OUT, KAK MPABUIO, TO CIEAYIOMEN CXeMe: BEBIMUCHIBAIOTCA HeOOX0IuMbIE
yCcaoBusa SKCTpEeMyMa, MOTOM OHUY AQHAJU3SUPYIOTCA U B PE3yabTaTe€ HAXOAAT
«IIOI03PEBAEMBIY HA DKCTPpeMyM 00BeKT (CkaxeM, pyHknuwo). [locae sToro
IPOBEPAIOT, ITO HAUJEHHLIM O0LEKT NEUCTBUTEILHO €CTh PelleHne AAHHON
3a1a4u (B CaeAyomeM cioxere OyaeT pacCMOTpEeH npuMep). BaxHo npu sToM
OTMETUTH, YTO 339ACTYI0 HAM HYXHA, JUWIIb CTPYKTYpa HEOOXOIUMBIX YCJIO-
BUU, [IJIS 9€r0 BIOJHE NOCTATOYHO BIaAeHWs npuHomnoM Jlarpamxka, a He
3HAHUA COOTBETCTBYIOIMIETO TOYHOTO PE3yIbTaTa. bojee TOro, MHOT 3, TAKOT0
pe3yabTaTa MPOCTO HET, a MPUHINI Jlarpanxka aeT NPABUILHBIN OPUEHTHUP
[UIsL PELICHUs 33, Ia9H.

B Tedenun muorux mer Baagumvup MuxammoBut mpomarangupyeT TPWH-
mun Jlarpanxka Kak >(@PEKTUBHLIN TIPUEM [UIA PELICHUsA CAMBIX PA3JIUTHBIX
DKCTpeMadbHbIX 3aaa4. K coxanenuto, moka ero maes: «[lodrm Bce sKCTpe-
MAJLHBIE 33Ja9A YCTPOEHLI OJAWHAKOBO ¥ PEIIAIOTCA CTAHJAPTHO) eIle He
«oBaagena mMaccamm. /o cmX TMOp MOABAAIOTCA PAbOTHI, MOCBAMIEHHBIE Pe-
MEHUI0 TOU WKW WHOU DKCTPEMAJBLHOU 3aJa9d, KOTOPBIE CYTh YIIPAXHEHUS
Ha TpuMeHenume mpuHIUNS Jlarpanxa. OcoGeHHO BaXHO MOHUMAHWE TTPUH-
muna Jlarpanxa 1 «moTpebuTeNeny TeOPUK SKCTPEMyMa, (MHKXEHEPOB, KO-
HOMUCTOB, YIOPABJIEHIEB), KOTOPBIM 3Ta TEOPUA DKCTPEMYMa, MPETOIHOCUT-
CaA KaK Ha60p OTACABHBIX DPEHECIITOB [Jd PEHICHUA 3ada" TOr'O WJiId HWHOI'O
THUTIA.

Pasnuvrbie BOMpOCHI TEOPUU DKCTPEMYyMa, B HYACTHOCTH, mpuHDwWO Jla-
rpanxa Baangmvup MuxadmoBud mpogyMBIBAI CO MHOTHMMU CBOMMU Y9€HU-
KAMU U KOJJIETAMU, U B MEPBYIO O¥Yepenhb 37eCh CIeAyeT Ha3BaTh AMeKcanapa
Nasugosuia Modpde u Baagumupa Muxammosuda Ajekceesa.

CucremaTuveckoe M3A0KEHNE HEOOXOMUMBIX YCIOBUU DKCTPEMYyMa B Pas-
JUYHBIX SKCTPEMAIbHBIX 33,1a4AaX ¢ TOUKA 3PEHUA TPUHITAIS, JIarpam®xa MOX-
HO HAUTH B MoHOrpaduu [3].
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4. HEPABEHCTBA AJd MPOU3BOJAHBLIX. HepaeHncTBa BHIA
128 Oy < EKllzONE, oy =™ O, 7y (4.1)

rare 0 <k<n, 1<pgr<oo, T=R;ymwuRua=>0,52=0 (upu strom
a u (3 OZHO3HAYHO OIPEIEIAITCI MapaMeTpaMu k,n,p,q,r), HA3BIBAIOT
HEPABEHCMEAMU KOAMO20DOBCKO20 Muna i nepasencmsamy Janday — Koa-
mozoposa. Takoe HazBanme cBa3ano ¢ TeM, 1o B 1913 roxy I. Jlargay moxa-
3ax HepaBeHCTBO (4.1) ma ciyqan k=1, n=2,q=p=r=occuT =R, u
HaIIeJa HAWIY YUY I0 (T. €. HAUMEHBIIYIO U3 BOBMO)KHLIX) KOHCTaHT K B 9TOM
HEPABEHCTBE, KOTOPasA oKa3aaachk paBaou 2, a B 1938 roay A. H. Koamoropos
HAIleJ TOYHYI0O KOHCTAHTY B HepaseHcTBe (4.1) mma mo6bix menwix k u n,
1<k<n,g=p=r=ocouT =R

Hepagencrsa Buga (4.1) npuBrekanm BHEMAHZUE MHOTUX M3BECTHBIX Ma-
remaTukos (Apamap, Hane, Xapau, Jlurrassyn, [loaua u ap.). Benneck un-
TepeCa K 9TUM HEPaBCHCTBaM ITPOUM30UICT B IIECTUACCATHIC OBl IIPOILJIOIO
BEKA B CBA3U C 330a9€d O HAWIYIIIEM TPUOIMKEHUN HEOTPAHUTIEHHOTO OIe-
paTopa (00bI4HO omepaTopa AuddEPEeHITPOBAHUA) OrPAHKYCHHBIMA OLEPa-
ropamu, noctaBirennon C. B. CreukuabiM. Buur moayvyes psajg HOBBIX TOYHBIX
pesyabraros. Hepasencrsa (4.1) urpaioT BaxHYIO POJIb B PA3IUIHBIX BOIIPO-
cax aHAIM3a U TEOPUU TIPUOJUKEHUN.

Haxox(rquHe TO‘IHOI?I KOHCTAHTBI B TaKOM HEPAaBCHCTBE PABHOCWJIBHO De-
[IEHWIO CAeIYIOMIEN SKCTPEMAILHON 33, 1A H

1z® O,y — max, e,y <7 12Ol <72 (4.2)

At T00eIX y; > 0 m 2 > 0.
B ma4age cemumecaTeix rogos B. M. TuxoMupoB mocTaBmI OOIIYIO 33,039y

[1D*z()|z,, 1) — max, [[D%z()|L, @ <, i=1,...,m

(rme D® — omepaTop (Boobuie roBops) ApobHOro nuddepenuuposanunst, T —
He TOJBKO MPAMAA WIK MOJYTIPAMAsA, HO, CKAXKEM, OTPE3OK WIN BCE MPOCTPAH-
crBo R™) m npeaoxmn uccaenoBaTh ee, OMMPaACh HA OOLIIME TPUHIIUIIBI TEO-
pum >KcTpemyMa. IIpm 5TOM OCHOBHAA IEMb, KOTOPYIO IMpeciegoBan Buamnu-
Mup MUXaIIoBA, 3aKI0IAIACE B TOM, ITOOLI HCIBITATE BO3MOXHOCTH 3TOR
TEOPpUN, TaK KaK IIPU PA3JUIHBIX P; MOOCIUPYETCA TPAKTUICCKN BE€Ch CIIEKTP
32,187, KOTOPBIE B HEM M3y 9AI0TCA (33,1291 BAPUAMOHHOT O MCIMCAEHUA , OTITH-
MAJBLHOTO YIPABICHNA, BEITYKILIE 33,0aH, 330891 ¢ (PA30BEIMA OTPAHUICHE-
avum u T. 1.). He mocregaion poas urpana, KOHETHO, W DCTETUIECKAA CTOPOHA,
Jena: TOYHOE PElIeHne KPACUBOU DKCTPEMATBHOM 381891 — BCEr1a HEMAIOE
YAOBOJIBLCTBHE.

Yepes HEKOTOPOE BPEMs BBLICHUIOCH, ITO (PAKTUIECKH BCE PEIIeHHBIE K
TOMY BpEMEHU 3a4a491 B (4.2) IpencTaBIAT cOGOU, IO CYyTH AeIa, YIIPAXK-
HeHWsA Ha MpUMeHeHue mpuHumna Jlarpamxa. Bojee Toro, Takou eCTecTBeH-
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HBIZ TOAXO[ (pelIeHre SKCTPEMATbHON 333U METOAAMY TEOPUU SKCTPEMY-
Ma) MO3BOIWI CPA3y YBULETH BO3MOXHEIE 0000IICHNA IOLY ICHHBIX Pe3y/IbTa-
TOB, IPDOABMHYTHCA B PEHICHUM HOBBIX 3a1a9 U YBUIETH CBA3U UX C APYTI'UMU
3aJ4MaMU TEOPUY TPUOINKEHUN.

B kadecTBe mpuMepa HAUAEM TOYHYIO KOHCTAHTY B OJHOU TOCTATOTHO
MPOCTON CUTYAIIMN, HO TIPH HTOM BAXHO 3aMETHUTDL, 9TO CXEMa PACCY XK TeHUN
Oy/eT TaKOUW Xe W MPU JOKA3ATEAbCTBE JIO0r0 APYyroro HEPaBEHCTBRA, T'e
MOXKHO IIOJYyIUTH TO‘IHBIﬁ OTBET daHAJUTUICCKN.

[lokaxeMm TOYHOE HEPABEHCTBO

lz(Mlesy) < V2IEOI A 13O S, ) (4.3)

CIPABEINBOE A BCEX JOKAIBHO abCOMIOTHO HEMPEPBIBHBIX (T.e. abComoT-
HO HEIPEpBHIBHBIX Ha KaxkaoM oTpeske) dyukumu z(-) € Lo(R;), v koTopsIx
nepBas npousBogHa i (-) Takxke npuHagrexut Lo(R; ). O60o3HaUM 5TO mpO-
crparcTro depes Wi (R,).

Pacemorpum ma Wi (R, ) pKCTpeMatbHy o 3amay

z(0) — max, / 22(t) dt < 1, / #2(t) dt < 1. (4.4)
Ry Ry

Ecau Mb1 HangeM pemienue Z(-) 5TOU 3a 024K, HA KOTOPOM OTPAHUYIEHUI 00pa-
MAIOTCA B PABEHCTBA, TO JAOKAXKEM COOTBETCTBYIOIIEE TOTHOE HEPABEHCTBO.
Newictsurensro, mycts z(-) € Wi(Ry) u x(-) # 0. Torga merko mpose-

puthb, uro dyskuusa y(t) = ax(bt), rae a = (Hw(')||L2(R+)”it(‘)HLz(RJr))_l/z
u b = 20w/ 1) Ly(r,) ABIACTCA ROmycTEMOU B (4.4) M mO’TOMY
y(0) = ax(0) < z(0), nm
- 1/2
2(0) <O 2 12O s, - (4.5)
Otcrona crefyeT, 9TO CIPaBeMJIUBO TAKOE HEPABEHCTBO
o) lewyy < FONOIY 2 [FO1 2, - (4.6)

B camom gere, ecmm mans mekotoporo Z(-) € WiI(R4) »To HepaBeHCTBO He
BBIIIOJHAETCA, TO HaugeTca takoe 7 € Ry, wro Z(7) OGyger Goaplme mpason
gactu B (4.6) npu z(-) = Z(+). Ho va dyukuun z(t) = T(t—7) 3HaIeHNe IPaBOK
qactu B (4.6), oueBnano, He Goablie, ueM Ha T(-), a Tak kKak z(0) = Z(7), ToO
OPUXOANM K MPOTUBOPETHIO ¢ HEPpABEHCTBOM (4.5).

Wrak, nua gokaszarenbcrsa (4.3) ocranocsk HanTu pemenue 3aga<au (4.4)
# yOeAUTHCA, ITO €ro 3HAMEHre B Hyle pasHo /2. Oyukmua Jlarpamka 3a1a-

u (4.4) umeer Bupg

L(z(), A) = Xoz(0) + /\1</R+ 22 (t) dt — 1) + )\2</R+ @2 (t) dt — 1>,
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rae A = (Ag, A1, A2). Cormacuo mpummumny Jlarpanxa, ecaun z(-) — pere-
uue (4.4), TO HAMAETCA TAKOU HEHYJIEBOU BEKTOD A, 4T0 dyHKumsa Jlarpan-
KA yAOBIETBOPAET HEOOXOIMMBIM YCJIOBUAM MUHUMYyMa B TO4UKe Z(-). 3ama-
9a MuHUMEM3anuy Gyakouu Jlarpanxa — 2T0 3agada Boabna (0 KoTOpoOn
COBOPWIOCH YK€ B MpeALIAYIIEM CIOXKeTe), MpaBAa, Ha OECKOHEYHOM IIPOMe-
xyTke. He obpamas Ha >TO BHUMAHUA, BIIHUIIEM (HOPMATHLHO HEOOXOAUMbIE
yciaoBusi MUHUMYMA. OHI/I 3aKJII0YaI0TCA B TOM, 9ITO MAOJXHO BBIIIOJIHATHCA
ypaBHeHue JUIepa;

—2AZ(t) + 2\ Z(t) = 0 (4.7)
n yC.]IOBI/Ie TPaHCBEPCAJIBbHOCTH:

202(0) = Aq. (4.8)

IIpoanamusaupyem mory<eHHBIE COOTHOIICHUA. BO-TIePBBIX, A1 U Ao HE paB-
HBI Hya0, n60, ecim A\; = 0, 7o u3 (4.7) caepgyer, aro aubo Ay = 0, ambO
Z(-) = 0. B mepBoM caryaae m3 (4.8) BEITeKaeT, 9T0 Ag = 0, T. €. BCE MHOXHTE-
au Jlarpasxka paBHBI HYJII0, 9YTO HEBO3MOXHO. BO BTOPOM CJIydae IoaydaeM,
aro Z(t) = at + b. Ho sra pyuxuus ve npunagaexut Lo(R,), ecam ab # 0, a
ecan a = b =0, To Z(-) = 0, 9T0, OIEBUAHO, TOKE HE TAK IO CMBICILY 33 JA<H.
Amanoruvnbie paccyX JeHUA MOKA3LIBAIOT, IYTO U Ay # (.

Mamee, A\ 1 Ay TOMXKHBLI OBITH OTHOT'O 3HAKA, TAK KAK B IPOTUBHOM CIydae
HUKaKOe HeTpuBuaabHOe pemenve (4.7) He npuaagrexut Lo(Ry). Ilockoasky
B coorHomenusnx (4.7) n (4.8) muoxuremu JlarpaHxa onpegeneHsl ¢ TOYHO-
CTBHIO /10 HEHYJIEBOI'O COMHOXMUTES, TO MOXHO CIMTATh, ITO A1 > 0 1 Ay > 0.
Torga w3 (4.7) cregyer, 4T0

3(1) = Cre= VMRt 4 cpeVA et

Ho Z(-) € Lo(Ry), mosTomy Cy = 0 u Tem cambivm Z(t) = Cre” VM/ A2t Tak
kak Z(:) # 0, To orcooga BeiTekaer, 9o Z(0) # 0 U Mo CMBICTY 3a1a9K ACHO,

gro z(0) < 0. Torga u3 (4.8) moaywaem, 9To Ag < 0 u MOXeM CIATATDL, ITO
Ao = —1.

Koucranrer C1, A1 u A9 mangem u3 (4.8) u cooTHOMmEHMN

/§2(t)dt:1, /52(t)dt:1.
Ry Ry

DIEMEHTAPHLIA TOACIET MOKA3LIBAET, ITO
~ _ 1
) =V2e ™t A =d=——.
( ) ) 1 2 2\/5

Acno, aTo T(-) € Wi(R,).
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[okaxeM Tenepb, ITO GyHKIUA Z(-) AeUCTBUTEILHO ABIACTCA PELICHIEM
sagaqn (4.4). Ona ygoBreTBopseT ypaBHenuto (4.7). YMHOXUM 00€ €ro 9acTu
na z(-) € Wi (R,), npounTerpupyem no R, saTem mpomHTerpupyem B miep-
BOM CJIAraeMOM Mo JacTaM’) u mogcTaBuM BMeCTO Z(+), A1, A2 BX BBIDAKEHMS.
Torga moxy«mm, aTo mus Beex x(-) € Wi(R) umeeT mMecTo TOX 1eCcTBO

(0) = /]R etat - /R i

(cIpaBeAIMBOCTb KOTOPOT'O JETKO MPOBEPUTH W HEMOCPEICTBEHHO).
IIycts z(-) — momycTumas dyukums B 3agaqe (4.4). Ilo mepasencrsy Ko-
mm — ByHAKOBCKOTO

1/2
z(0) < (/ e dt) |2 £+
Ry

1/2
_ . 1 1
+ </JR’+6 2tdt> 12 zymy) < % + — =2

2 2

Ho 2(0) = V2 u cregosarersro, Z(-) — pemenue saga<u (4.4). Hepanen-
cTBO (4.3) mOKa3aHO.

OTHOCUTENIBHO TOAXO0a, OCHOBAHHOTO Ha mpuHnune Jlarpamxka, K 3aja-
JaM O HEPABEHCTBAX A MPOU3BOAHLIX U UX B3AUMOCBA3AM C APYTHAMU 33704~
qaMu TEOPUU NPUCAVIKEHUU CM. B [4].

5. BBIIYKJBIA AHAJN3. Bomykabi aHamms — pasgenl MATEMATHKW, T/e
U3Yy49aI0T BBIIYKJIBICE MHOXECTBA, BBIMYKJIBIC q)yHKIII/H/I 1 BBHOIYKJIBIE OKCTDE-
MaJIbHBIC 3a 1a91.

Pa6oror Baagumupa MuxanIoBuda, M0 BLITYKIOMY aHAJIN3Y OYEHDL PA3HO-
0OpA3HBI M CBA3AHBI KAK COOCTBEHHO € PA3BUTHUEM DTOW JUCIUTLIAHBLI, TaK
U C TPUIOKEHUAMY €€ K 33a49aM TEeOpUM TPUOIMKEHUN U TEOPUU DKCTPE-
myma. Ho BaXHO u TO, YTO NOJ BAUAHUEM DTUX PAOOT CHOPMUPOBAICH
OTIpeeNeHHBIA B3TIAL HA TMPEIMET BBEITYKIOTO AHATU33, KOTOPBIM OKA3AICIT
BEChbMA TLIOJOTBOPHBIM, 0COOGEHHO Aia mpuroxerui. CyThb 5TOT0 B3TIALA, CO-
CTOUT B TOM, 9YTO OCHOBHOE€ COJICPXKAHWE BBLIMYKJIOTO AHAIU3A — DTO COOT-
HOIIEHWA TBOUCTBEHHOCTH A HEKOTOPOTO HAGOPA OTEpaTOPOB U MOPOXK ACH-
HOE UMU BHITyKa0e ucuucienue. lloscHuM cka3zanHOe Ha IpUMeEpE ONIEpaTopa,
COIIPAXKEHUA A KOHYCOB M 3aTEM IIPUMEHUM 3TO K BOIPOCY O KPUTECPUAX
CYIIECTBOBAHUA PENICHUN CUCTEM JUHEHHBIX HEPABEHCTB.

U¥uurssas, aro ¢ymxmmm m3 Wi (R ) orpanumdensr. [leicTBATEIBHO, fot (1) &(r)dr =
= 23(1)|f — fOtx(T)m('r) dr. CregoBaTersHo, Zfot z(t)&(r)dr = z%(t) — £2(0). OTcmga,
npumeras HepasencTBo Komm — Bymsakosckoro, momyumm Hepasenctso z”(t) < x2(0) +

1/2 1/2
+2 (fRJr x?(7) dT) (fR+ () dT) nas Beex t € Ry.
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O6osuauum depes R™ oObIMHOE €BKINIOBO IPOCTPAHCTBO BCEX BEKTOP-
1

CTOIONOB T = ( : ), a gepes (R™) — eBKIUAOBO TPOCTPAHCTBO BEKTOP-
x

CcTpoK y = (Y1, - - - ,Zn) Ecmm y € (R")’, To oToOpaxenne & — y-o =y » | Yil;

€CTh, OYEBUIHO, JUHENHBIN (DYHKIMOHAI U JIOO0U JUHEUHBIUN DYHKIIMOHAI HA,

R™ MoxeT OBITHL MpEACTABIEH B TAKOM BuAe. Takum o6pa3zoM, MBI OTOXIe-

creagem (R"™)" ¢ mpocTpaBCTBOM BCex IMHEMHBIX (PyHKIMOHATOB Ha R™ 1 TO-

BopuM, uro (R") — nBouicTBeHHOE MpOCTpaHCcTBO K R™.

Conocrasum kaxaomy eemykiaomy kouycy C € R™ komyc C* € (R™)
(KOTOPBIN HA3BIBAETCA CONpsXKEHHBIM KOHycoM K () mo dopmyae: C* =
={ye R"Y |y-xz >0, Vz € C}. Jlerko BUAETL, ITO BTO BBITYKILIX
kouyC (m paxe 3aMkHYThHI). COOTBETCTBYIOIINN OMEPATOP OGO3HATUM « * ».
[ToBTOPHOE IPUMEHEHNE HTOTO OMEPATOPA MPUBOAUT K KoHycy C** = (C*)* =
={zeR" |y -z >0, Vy € C*}. dremenTtapuo nposepsercs, aro C' C C**.

CooTHoEeHNE NBOMCTBEHHOCTH IS JAHHOI'O OHEPATOPa COCTOUT B TOM,
910 ecau C — 8binyKAbIT 3aMKEHYMBIG KOHYC, MO

= C. (5.1)

[loKa3aTeabCTBO €CTh MPOCTOE CJAEICTBUE TEOPEMBI OTAEIUMOCTH TOYKHA OT
3aMKHYTOT'O BBIIYKJOT'O MHOX€ECTBA.

Ecmu C1 u Cy — Bomykasie koHychl, TO, ouesuano, C1 + Co u Cy N Cy
— TakXe BBIMYyKJIble KOHYCHI. [lamee, ecim C — Beimmykabin koHyC B R™ u
A: R" — R™ — junenHbn onepaTop (KOTOPHIR Oy €M OTOX JECTBIATH C €r0
MAaTpPHUIIEH pa3Mepa m X n B cTaHZapTHBEIX Oasumcax R u R™ u o603HadaTh TO
xe OykBom), TO 06pa3 (mpoobpasz) C' npu gencTsum A, KOTOPBIM 0GO3HATUM
AC (CA), ectsb cHOBa Bhimykabin kKoHyc B R (R™).

Brinmykioe ncaucnenve mis JaHHOTO CIydas — 3TO POPMYJBI A COMPSI-
XKEHHBIX KOHYCOB TOABKO 9TO OMPEIETeHHBIX onepanui. /s Toro, 9To6ul ux

BBINUCATE ompenennu eme onepatop A*: (R™) — (R™) — conpaxerHbi K
A, peuctsytomuu no npasuay A*y = yA. Utak, GOPMYJIHI BHITIAIAT TAK:
(a) (C1NCy)" =C7 +C5 () (Cr+ )" =CTNCy
(c) (AC)" = C* A" (d) (CA)" = A*C™.

Dopmyast (b) n (¢) cupasegnusbl 6e3 KaKux-1u60 MPEANONOKEHUN (U 1IPO-
BepsoTcsa 6e3 Tpyaa). [laa cupasemmusoctu dhopmya (a) u (d) TpebyroTcsa
TOTIOMHATENLHEIE TIPEATIONOKEHNA, HO OHU 3aBEIOMO BBIIOIHAIOTCA, €CIH CIH-
TaTh, 9TO KOHYCHI TIOAUS [PAILHEL, T. €. ABIAITCA TIEPECEICHUAMYU KOHETHOTO
YUCIA 3AMKHY THIX MOJLyIPOCTPAHCTB. MOXHO IIPOBEPUTH, ITO OIPEACICHHBIE
BBIIIE OIEPAIAN TIEPEBOJAT IIOIU NPAILHEIE KOHYCHI B IO IPAILHEIE.
Ilepenmem k mpmaoxermaMm. Ecim A — MaTpuma pasmepa m X n u b €
R™, TO cmCTEeMBI 1 JUHEWHLIX yPABHEHWH W HEPABEHCTB C 7i HEM3BECTHLIMA
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MOT'YT OBITH 3amUCAHLI Tak: Az = b u Az < b, rje HEPABEHCTBO TMOHUMAETCA
TIOKOOPAUHATHO.

IlepBoe, 9TO MBI BBIACHIM — 5TO YCJIOBUSA CYLUICCTBOBAHUA HEOTPULATEb-
HOTO pemreHms y cuctemel Az = b mmm, apyrumm crosamm, korjga b € AR',
rae R? = {z € R" | z > 0}. fcro, aro R — nommsapansuei kouyc. B cu-

n\* n
1y coornomernua (5.1), dopmyast (c) u ogeBuguoro pasencrsa (R)* = R,
OyaeM mMeTh

ARY = ((ARL)")" = (RLA)",

T.e. b € AR"} B TOM ¥ TOJIBKO B TOM ClIydae, korga y-b > 0 gua rex y € (R™),
st koropeix A%y > 0.

OTo u3BecTHaa Teopema MuHkoBCKOrO — Papkaria.

Cremyromui BOIPOC: KAKUE YCIOBHUA CYIIECTBOBAHUA PEIIEHUA ¥ CHCTEMEI
uepasercTs Az < b? Jpyrumum crosamu, xorga b € AR™ + R7?'? B cury (5.1),
(b), (¢) m Toro, aro (R")* = {0}, 6ymem mmeTn

AR £ R™ = ((AR" 4+ R™)*)* = ((R")*A* N (RT)")* = (0A* N R,

Ho 0A* — oo aapo A* m moaromy b € AR" + R’ B ToM 1 TOIBKO B TOM
crydae, korga y - b > 0 maa Tex y € (R™), nna xoropeix y > 0 m A*y = 0.
Dro rakxke uzsecrHas Teopema Ku Pans (Pans [3n).

Haxownerr ecTecTBEHHO TOCTABUTH BOMPOC O CYIIECTBOBAHWM HEOTPUIA-
TeILHOTO PEIIeHns y CHCTeMbI HepapeHCTB Az < b, T. e. korga b € AR, +R7'?
B cuny (5.1), (b) u (¢) moxyunm

AR? 4 R™ = ((AR? + RT)*)* = (R7)*A* N (RT)*)* = (R? A* N RT)*

u TakuM o6pasom, b € AR +R’!' B ToM 1 TOIBEKO B TOM CiIyHae, Korga y-b > 0
mig rex y € (R™), mna xoropeix y > 0w A*y > 0.
ITO yTBEpXKJAEHME U3BECTHO KaK TeopeMa [emia.

Eciu BHIMyKIBI KOHYC — MOANPOCTPAHCTBO, TO COMPAXKEHHLIN KOHYC —
BTO AHHYJATOP JAHHOTO TOJAIPOCTPAHCTBA W COOTBETCTBYIOMIEE BBHIMYKJIOE
MCYIUCAECHUE TIO3BOMAET MOAY TUTH KPUTEPUK CYIIECTBOBAHUA PEMIEHUN CACTEM
JUHENHLIX VPABHEHAL.

Muorue GpaxThl TEOPUU NPUOIMKEHAN U TEOPUA SKCTPEMYMA, MOT'YT OBITD
MOJIYYeHBI KaK CJAEJCTBUA COOTHOIICHUN TBOUCTBEHHOCTH U (POPMYJI BHIILYKJIO-
'O UCYUCACHUSA A T€X WV MHBIX ONEPATOPOB, TIEPEBOIANINX BBITYKJIBIE O0h-
eKTHI (BBIMYKJIBIE MHOXECTBA U BBIMYKIbIe GYHKIMN) B CEOA.

B monorpadwusax [5]-[8] orpaxensl ocHOBHBIE Bo33peHus Buaaaumupa Mu-
XaWIOBUYA HA MPEIMET BLIMYKIOrO aHAMN3a U €r0 B3AUMOCBA3M C AHAIM3OM,
reoMeTpHel, TEOPUEH DKCTPEMYMa U TeOPUEN MPUOINKECHAH.
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