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Anre6pa MHOMOIPaHHUKOB

I'. 1O. [lauuna

1. BBEIEHUE

CraTbsa OpeqHA3HAYEHA CTAPIIEKIACCHUKAM, IEJCHATPABICHHO 3aHUMAO-
[UMCSA MAaTEMATUKOU, CTYJEHTAM U TpenogasaTeasMm. KpoMme TOro, oHa Mo-
XeT OBITh PEKOMEHIOBAHA MATEMATUKAM-NPOPECCHOHAJIAM B KAIECTBE
JETKOT'O ITEHUA.

st ynoGeTBa 9uTATEN MBI UCIIONB3YEM JBYXYPOBHEBYIO CUCTEMY: (MEHb-
mas) 9aCTh TEKCTA BHIAENCHA MEIKUM MPUPTOM — 3TOT OOMEe CAOKHBIA Ma-
Tepuaa MOXeT OBITH MPOIYIIEH HATMHAIOIINMA.

A BOT 332U IPOMYCKATE HENB3s — HAJ HUME HYXHO moayMaTs (B [Ipu-
JIOXEHUY MPUBEEHBI OTBETHI U YKA3AHUA K HEKOTOPBIM 3aa9aM ).

CoBceM HenaBHO OBLIA TPUIYMAHA 3aMeYaTeIbHAS BEIlb — aarebpa MHO-
TOrpaHHUKOB. Kak 5T0 uHOT1a GBIBAET ¢ NEUCTBUTEILHO BAXHBIMA KOHCTPYK-
MAAMY, €€ MPUAYMAIA OJHOBPEMEHHO U HE3ABUCUMO Pa3HBIE Joau — AJjek-
caaap Ilyxaukos comecTHO ¢ Ackoabaom Xosanckum u [lurep MakMamnren
(P. McMullen). I xak »T0 9acto GuiBaer, arre6pa MHOIOIDAHHUKOB HMEET
OTHOIIEHUE K PA3HBIM O0JACTAM MATEMATUKH.

Hampumep, ecTb Takon BAPMAHT 320397 O PABHOCOCTABICHHOCTH: MHOTO-
TPAHHUK pPa3peIIaeTcs pa3pe3aTh Ha KYCKU, a 3aTeM, MepPeIBUras KYCKU C
MOMOIIBIO TTAPALIENBLHBIX TIEPEHOCOB, COCTABATEH HOBBIM MHOTOIDAHHUK. (3By-
YUT NOYTH KAK TPeTha npobiema ['mas6epra, HO CMBICK 31eCh mHOM). Anre6pa
MHOTOTPAHHUKOB, KOTOPYIO MBI TIOCTPOUM, MOMOTAET HAUTHU KPUTEPUU PAB-
HOCOCTABJIEHHOCTHU [JI DTOU 33 Ja4U.

C apyroum CTOpOHEI, arre6pa MHOTOMPAHHWKOB TECHO CBA3aHA C aarebpamde-
CKOM TeOMETPUEN TOPUIECKUX MHOTO00OPA3UU. DTa «BLICOKAA HAYKa» MOXKET OBIThH
HepeBeeHa Ha IPOCTOU M 3HAKOMBIN fI3BIK MHOIOIDAHHUMKOB (Tak XKe, KaK Jeja-
FOTCA MEePEeBOBI C OJHOrO A3BIKA HA APYTOu). B COOTBETCTBYIOUMIEM «CIOBAPE» TEp-
MUH «(MHOT'OI'PDAaHHUK)» MEPEBOJAUTCA KaK «OIE€Hb 06I/IJII)HI)II>,I TTYyI0K». ((CJIO)KeHI/Ie MHOI'O-
T'DaHHUKOB IIO MI/IHKOBCKOMy» IEepEBOOUTCA KaK «TEH30PDHOE IIPDOU3BEAECHUE IIYIKOBY.
HaBeCTHO, 9YTO OYeHL OOWILHBLIE NYYKN MOXHO HE TOJBKO TEH30PDHO NMEPEMHOXKATh,
HO M OEJIUTH OPYr HA Apyra — OoHU mopoxkaator rpymmy Ilukapa. Ecan nmepesectu

nocreqHI0 (pa3y Ha A3BIK MHOIOI'DAHHUKOB, TO MOJYYUTCA CIEAYIOIIEE YTBEPK-
[IEHUeE.

MaTemaTuueckoe npoceewenue, cep. 3, eoin. 10, 2006(109-131)
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Brimykibie MHOTOrpaHHUKY MOXHO HE TOJBKO CKIANBLIBATH, HO W BBHIYU-
TaTh 10 MUHKOBCKOMY — OHHU TMOPOX AIOT TPYIIY BUPTYAJbHBIX MHOTOIDAH-
HUKOB. dTO 3TO 3HAYMT reoMmerpmiecku, OyaeT pacckaszaHo B maparpade 6.

BOJIee TOT'O, MbI IIOKaX€M, YTO BBINIYKJIbICE MHOTOIDAHHUKHU ITOPOXOAI0T
eme Gosee GOraTyio CTPYKTYpPy — IpafydpOBaHHYIO aare6py (9To u ecThb
anre6pa MHOTOIDAHHUKOB).

['oBOpA MPOCTHIM A3BIKOM, MO CBOUM ANreGparvecKUM CBOMCTBAM MHOTO-
T'PAHHUKHA TTOXOXW Ha MHOT'OYJIEHBI.

Ha npumepe 5Toi KpacuBOU KOHCTPYKIIMY BhI YBAAUTE, KAK B MATEMATHUKE
JEUCTBYET CTapasd NeTCKasd NoroBopka: «HKciaum memb3s, HO OYEHb XOYETCs, TO
MOXHO.»

Hampuwmep, Heab3sa BuIdecTh 10 MUHKOBCKOMY M3 MaJEeHBKOT O MHOT'OTPaH-
HuKa Goabmon. Ho ecau mpugymaTs Kak, TO MOXHO.

BripaxeHnus «rorapudgm TpPEYrOJbHUKAY U (IKCIOHEHTA TETPa’aApay —
6eccmbicauma. Ho ecain nposBuTs (hbaHTA3WIO, TO OHU CTAHYT OCMBICICHHBIMY 1
TIO3BOJIAT PACKJIAABIBATE MHOTOTPAHHUKK B CYMMY OTHODOMHBIX KOMIIOHEHT.

WsnoxeHne oTHIONL He TIpeTeHAyeT Ha momHOTy. Hamma 3amada — maTh
ob1Iee mpencTaBIeHNE 0 KOHCTPYKINY M METOAAX, MOy THO HAYIUB IUTATENA
HEKOTOPBIM O6IIII/IM MaTEeMaTUICCKUM IIPpUEMaM.

2. CJIOXKEHUE 10 MUHKOBCKOMY

Bce reomerputeckme 06bEKTBI, KOTOPBIE MBI PACCMATPUBAEM, XUBYT B
TPEXMEPHOM WM [BYMEPHOM BEIIECTBEHHOM IPOCTPAHCTBE — BBIIIE MBI IO [-
HUMATHCA He OymeM.

B mpocTpancTBax GOMBINEN pa3MEPHOCTH AEI0 OOCTOUT TOYHO TAK ¥KE U HE BO3-
HUKAeT HUKAKUX NOMOJHUTEJIBHBIX 3(pPEeKTOB.

Cuuras $pukcupoBaHHBEIM Hadano KoopauHat O, AnA yHo6CTBA MBI OTO-
XKAECTBIAEM TOYKY MPOCTPAHCTBA C €€ PaJUyC-BEKTOPOM.

Boinykavim muozozpannurom (B R? mmu R3?) masweiBaeTca BBITyKIag 060-
JOYKA HEILyCTOr0 KOHEIHOT'O MHOXECTBA TOYEK.

Taxum 06pa3zoM, TOYKA WIX OTPE3OK TOXKE CINTAIOTCA MHOTOTPAHHUKAMU,
a OTKPBITHIM KBAAPAT (KBAaApaT 6e3 rpaHWILI) — HET.

Hama nens — opranmsoBaTh MHOTOTDAHHHUKY B AIre6PAnIecKyl) CTPYK-
TYpy, T.€. HAYYATHCA TPOU3BOAUTE C HUMU aldrebpamvdeckKue AeuCTBUsA, MO I-
YUHEHHBIC 06BI‘IHI)IM AKCHMOMAM.

[TepBoe anrebpamveckoe AeUCTBUE — CyMMHUpPOBaHUWE 1m0 MUHKOBCKOMY.

3/1eCh UMEETCA UCTOPUUECKHN CIOXKUBIIAACA My TAHUIA: CKOPO MBI YBU UM,
9TO 5TO BOBCE HE CJIOXKEHUE, 8 YMHOXKeHUe. [[09TOMY MBI MCIONb3yeM [IJIsA DTOU
omepanuu 3HaK ®, KOTOPBIM OOBIYHO OGO03HAYAIOT TEH30PHOE IPOU3BEICHUE
u (MHOrIa) CBEPTKY.
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Puc. 1.

ONPEAENEHUE 1. Cymmoti Munkosckoz0 (Wim BEKTOPHOU CYMMOU) ABYX
BBINYKJIBIX MHOTOTPAHHUKOB K m [ HA3BIBAETCA MHOXECTBO TOYEK

K®@L={z+y|ze K,ye L}

3ANAYA 1. Hautu cymmy MMHKOBCKOTO ABYX MAPAIETLHBIX OTPE3KOB.
3AIAYA 2. Hartu cymmy MuHKOBCKOTO ABYX HENapasIeIbHBIX OTPE3KOB.

3AIAYA 3. Yro mpomsonger ¢ cymmMon MWUHKOBCKOTO, €CIM MOJABUHYTH
OJTHO M3 CJIAraeMbIX MapaleJbHBIM HePEeHOCOM !

3ATAYA 4. Hautu cymmy MUHKOBCKOTO TPEYTOJBHUKA U OTPE3KA, JeKA-
X B OJHOU ILIOCKOCTH.

3AIAYA 5. Hattu cymmy MuHKOBCKOrO TpEyroabHUKA U OTPE3KA, HE Jie-
XKaIuX B OJHOU ILJIOCKOCTH.

3AAYA 6. Yro npomsougeT ¢ cymmon MUHKOBCKOTO, €CIM U3MEHUTD Ha-
9AJI0 KOOPJUHAT !

3ATAYA 7. Buinmykiaou 060I09KON KAKUX TOUEK ABAACTCA cymMmMa MuUHKOB-
CKOr'O JABYX MHOTOTPDAHHUKOB?

3AAYA 8. Ybequrech, uro K ® K ecTh MHOrOrpaHHUK K, TOMOTETUYHO
PACTAHYTHIN B 2 pasa.

Ciremyioliee mpemIoXeHue MO9ITH OYeBHU JHO.
IIPENJIOXKEHUE 1.
> Onepayus @ KOMMYMAMUBHA.

> Cymma Munxosckozo codeprcum xancdoe u3 CAa2aeMbly NOCAE NOOLOOA-
we20 NAPaAALEAbHO20 NEPEHOCA.

> Cymma Munko8crko20 08YT GLINYKALIT MHO202PAHHUKOES — BbINYKAbLY
MHO202DAHHUK.
> Aan 1 = {O} u arobozo svinykaoeo muozoepannura K, cnpasediuso:

K®1l=K.
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[Tocrennee yTBepX [eHNE O3HAYAET UTO y HAC UMEETCA HEUTPAILHBIN SJIeMEHT
1 — MHOrOrpaHHUK, COCTOAINUU U3 ogHOU TOYKU (.

BruMAaTEILHBI YATATENb YKE 3aMETHI, ITO MBI IPUOINKAEMCA K IOHA-
Tuo «abegeBa rpynmnay, HO — YBbIl — BTOpOE yTBEPXKACHUE TPENJIOKEHUA
HE JaeT HUKAKOW HAJEeX bl Ha CYMECTBOBAHUE 00PATHOIO, TAK KAK MPHU CJIO-
XeHru nmo MWHKOBCKOMY cjlaraeMble He yMmeHbImatoTca. [losToMmy B Kiacce
BBINTYKJIBIX MHOTOTPAHHUKOB OOPATHMBI TOJBKO OMTHOTOYEYHBIE MHOT'OI'DAH-
HUKU.

Pasymeercs, nonyrpynna BBIIYKIBIX MHOMOIDAHHUKOB CTAHIAPTHHIM 006pa3oM
BKJANBIBAETCA B CBOIO Tpyniy ['poreHanka, T.e. rpymniny (pOPMAIbHBIX BBIPAXKEHUN
Buga K®L~'. Hama 3a1ada — IpugaTh TeOMETPUTECKHI CMBICT STHM BLIPAKEHIAM.
D70 OyAeT CAENAHO Ha A3bIKE BUPTYAIbHEIX MHOTOCPAHHUKOB (1. 6) 1 HA IBOUCTBEH-
HOM s3BIKE OMOPHBIX pyHKIuK (1. 3.)

3. ONIOPHAS ®YHKIUA U BEEP BbIIIYKJIOI'O MHOIOI'PAHHUKA

ONOPEAEJNEHUE 2. OnopHOU (pyHKIMEN BEITYKJIOTO MHOTOrpaHHUKA K Ha-
apiBaerca pynkmms hx (), saganaag va R? (mmm R, B 3aBucuMocT® 0T TOrO,
rae xusetr K) dopmymnon

h — .
K (z) r;leag(x,y)

(ckobOka 0603HAYAET CKAAAPHOE TMPOM3BEJEHNE Pa Ay C-BEKTOPOB).

1A BEKTOpA T MAKCUMYM HTOrO CKAIAPHOIO HPOU3BEJECHUA NOCTUTAET-
cA B TOYKAX IepeceveHus MHOrorpanaumka K u npsamon, kacawomenca K u
OPTOTrOHAIBHON Z (CM. puc. 2).

3AIAYA 9. BooOme-To, CymecTBYIOT OBe MPAMBIE ¢ TAKUM CBOUCTBOM.
Kaxkyio umenno mbr 6epem?

BoT o4eBugHbBIE CBOUCTBA OMOPHOU (PYHKITUN.

<«— INaX JOCTUT'aE€TCA B ATOU TOYKE

—
0]

Puc. 2.
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IIPENJIOXKEHUE 2.

1. B nauase xoopdunam onopuas Gynryus pasua nyao: hi(0) = 0.
2. Jas A >0 umeenm hi(Az) = Ahg(z).

3. Onopras Pynryus 00HOMOUEUHO20 MHO202PAHNUKG — aAunetinad Pynk-
yus. B wacmmwocmu, smo osmauaem, umo epagur onoprot GymryuL
BLINYKA020 MHOZOZPpaHHUKE U3 R? ecmb NA0CKOCb 6 MPETMEPHOM NPO-
cmpancmase.

4. Jhobas aunetinas gynryua, npunumatowad snauenue 0 6 nauase K0opdu-
HAM, ABALEMCA ONOPHOT PYHKYUET HEKOMOPO20 0JHOMOUCUHO20 MHO20-
2PAHHUKQ.

3AMAYA 10. [okaxure, 9T0 omopHas (PYHKOUA CyMMbI MUHKOBCKOTO
pPaBHA CYMMe€ OMOPHBIX (PYHKIWN CJAATAEMBIX:

hkor = hix + hr.

Paccmorpum mnockuu muoroyronsuauk K. [lpu dpukcuposanuOM T cKaIap-
HOE Tpou3BeJeHue (CM. OmpefeneHue ONOPHOU (GYHKIMM) JOCTUTAET CBOErO
MaKCUMyMa B HEKOTOpou Bepmuue A MHOTOoyroabauka K. Ecau Mbr 6y mem mo-
TUXOHBKY TOBOPAYUBATL PAJAUYC-BEKTOP T, TO HEKOTOPOE BPEMA MAKCAMYM
OyJeT DOCTUTAThCA B TOU Xe BepimHe A, 3aTeM B HEKOTOPBIA MOMEHT —
Ha 1eaoM pebpe, MpUMBIKAOIMEM K BepummHe A, a 3aTeM TepenphIrHeT Ha
COCENHIOI BEpPIINHY. JTO 3HAYUT, YTO ONOPHAA (PYHKIMUSI MHOTCOTPDAHHUKA
«CKIIEEHA» U3 KYCOYKOB ONMOPHBIX (DYHKIIUYU BEPIIWH, T. €. U3 KyCKOB JUHETHBIX
dyHKINN.

IpocrpancTBo R? okaseiBaeTca pazbuTo Ha MIOCKME KOHYyca (3TO TO Xe
caMoe, UTO ILIOCKUE YIUbI) ¢ OOIIeN BEPIIMHON B HAYAJE KOOPIMHAT TAK, ITO
HA KaXJOM U3 KOHYCOB OMOpHAA (DYHKIINA JAHEUHA.

Tem cambiM, rpaduk OTOPHON PYHKIINY CKJIEEH U3 TNIOCKUX KYCOYKOB, MPHU-
YeM MeCTa CKJIEWKU — Jy€d, OpTOroHaudbHbIE pebpam K (puc. 3).

0 0

MHOTOYTrOMbHUK K Beep K rpaduk onopuou GyHxiun K

Puc. 3.
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Y70 %e IpOuCXOAUT B TPEXMEPHOM MPOCTPAHCTBE, KAKOBA OMIOpHAsA (YHK-
nusa TpexmepHoro muororpanauka K? [lpmHnunmansHO 37€CH BCE TO XKe
camoe, TOJbKO KapTHHKa ToaydaeTca Gorade: R? okaswiBaeTcsa pa3bmTo Ha
MHOTOT'PAHHBIE KOHYCa ¢ OOIIed BEPIIUHON B HAYAJIE KOOPAWHAT TaK, 9TO HA
KaX[OM U3 KOHYCOB OMOPHAA (PYHKIUA JIUHEWHA.

ONPEJAEJEHUE 3. DTo pa3bueHre HA3BIBACTCA 6€e€pOoM MHOTOTPAHHU-
ka K.

Ymo6HO PUCOBATH HE CaM Beep, a ero mepecevdeHue ¢ equHUIHOU chepon C
neaTpoM B Touke O (cepuueckuti seep muororpanauka K). Ml momydum
pasbuenue chepsl HA cepuuecKue MHOTOTDAHHUKY (KA4emKy 8eepa).

Vmess MHOTOrpaHHUK, JIETKO MOCTPOUTE €r0 ChepuyuecKuinl Beep:

1. OrMmeThTe Ha CPepe KOHIBI BHENIHUX HOPMaJel IPaHEd MHOTOTPAHHU-

ka K.

2. CoeguuuTe Ha cdhepe KaxAble ABE MONYUEHHBIE TOYKNA KPATIAUIINM OT-
Pe3KOM (KyCKOM GOJBIIOrO KPYTa), €CIU COOTBETCTBYIOLINE TPAHY I€IAT
pebpo.

([lokaxwTe, 9TO B pe3yabTaTe 3TOW MPOUEAYPHI AEMCTBATENLHO TIOLY IAETCA
cdepuyaeckun Beep.)

O6paTuTe BHEMAHUE HA KOMOUHAMOPHYW 060TCMEEeHHOCb MHOTOTPAH-
HOKA U €r0 Beepa:

> BepIIMHAM Beepa COOTBETCTBYIOT I'DAHU MHOTOI'DAHHUKA,
> peOGpaMm Beepa COOTBETCTBYIOT pebpa MHOTOT'DAHHUKA,

> KJeTKaM Beepa COOTBETCTBYIOT BEPIHIMHBI MHOTI'OT'paHHUKA.

e
U 8

K Beep K

Puc. 4.
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3ANAYA 11. TlocTpouTe cepuaeckun Beep Kyba, TeTpasapa, TPEyTrodb-
HUKa (JIeXAIEr0 B TPEXMEPHOM MPOCTPAHCTBE), OTPE3Ka (M€XKAIMETO B TPEX-
MEPHOM MPOCTPAHCTBE).

TEOPEMA 1.

1. Onopnaa PynKuuA BLINYKA020 MHO202PAHNUKG BbINYKAG. IMO 3HAYUM,
ymo dasa 0 < A <1

hK(>\£E1 + (1 — >\)I2)) < )\hK(Il) + (1 — >\)hK(CE2),

uau (das mex, kKmo abum Kapmumry 6oavwe Gopmya) umo epagpur
Pynryuu h — BLINYKAGA BHU3 NOBEPIHOCTD.

2. Kascdas nenpepvisnas suinykaas @yurxyus h, npunumatowas snavenue 0
8 Hauase KOOPIUHAM, KOMOPGSA KYCOUHO AUHETHA OMHOCUMEALHO HEKO-
mopozo eeepa (m. e. pazbuenus NPOCMPAHCMBEA HA KOHYCA), ABALECMCA
onoproti Pynryuet nexkomopoz2o ewnykL020 MHozozpannura. (Munoxce-
cmeo maxux Gynryut oboznauum wepes H.)

3. Onopras Gyrkyus 00HOMOUECUHO20 MHO202PAHKUKG — AUHETHAA PYHK-
yus. B uacmuocmu, amo osmauaem, umo 2padur onoproti GyHKyuU
moukuy u3 R? ecmbv naockocmb 6 mpermeprom npocmparcmee.

[Mossccaum myukT 2. BocCTaHOBUTHL MHOMONPAHHUK JETKO: T€ JUHEUHBIE
yHKIINM, U3 KOTOPBIX CKICEHA h, MAI0T HAM KOOPAWHATHI BEPIIUH.

IIpu caoxenmu nmo MUHKOBCKOMY BBIIYKJILIX MHOTOTDAHHUKOB Beepa
Ipo6ATCA: 9TOOBI HAPUCOBATHL C(PEPUIECKUN Be€p CYMMBI, HYXKHO HA OJHOU
” TOU Xe cdepe HAPUCOBATEH Beepa 000UX ClaraeMbiX.

Mpur noHsn, 9TO TPy0O TOBOPsA, BHINYKIBIA MHOTOTPAHHUK — 3TO TO XK€
caMoe, UTO U €ro OIOpHAaA (PYHKIIAA: 3TU ABA 00BEKTa OTHO3HAYHO OIpeesd-
0T OpYT Opyra, OpUtYeM CIOXUTL NBA MHOTOrpaHHWKA 1m0 MUHKOBCKOMY —
TO X€ CaMO€, UYTO CIOXKUTH UX ONOPHBIE (DYHKIIUH.

OduuuaibHO 3TO 3BYYUT TaK: MOMYTPYINA BBIMTYKJABIX MHOMOMDAHHUKOB KAHO-

HUYECKN U30MOPQHA MOIYTPYIIe BHILYKIBIX KyCOUHO-IMHEUHBIX (QyHKIuu H. ITO
BJIEYET M30MOP(}U3M COOTBETCTBYIOIMUX Ipynm ['poTenauka.

O6pamars (1 BHIYMTATE) MO MUHKOBCKOMY BBIMYKIbIE MHOT'OIDAHHUKA
MBI TIOKa He ymeeM. HO 3aTO MOXHO 3alpOCTO OpaTh CO 3HAKOM «MUHYCH
(1 BBIMMTATEH APYT W3 APYra) OMOPHBIE (DYHKOHU. UTO MPU 3TOM MBI MOTY-
qnMm? PasHoCTb OBYyX pyHKIMEN u3 H OCTAHETCS, pa3yMeeTCs HEMpPepLIBHOU
U KyCOYHO-IUHENHOW OTHOCUTEILHO HEKOTOPOro Beepa. A BOT CBOMCTBO BLI-
MyKJIOCTH TponajeT. 3abaBHAA CUTyaluA: MbI ITOKa HE 3HAEM, 9ITO 3a 00b-
eKT «0OpaTHBIX M0 MUHKOBCKOMY K KyOy», HO yXe MOHSIN, €My DaBHA €ro
omopHaa GyHKIUA. XOTEIOCh OBl MPUAAATH DTOMY OOBEKTY T€OMeTPUIeCKUN
CMBICJI. MI)I ITO CaemaeM, HO B HECKOJBKO XOJ0B.
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4. VHTETPUPOBAHUE 10O DUJIEPOBON XAPAKTEPUCTUKE

OUIEPOBA XaPAKTEPUCTUKA, — GECCIOPHBIN JULEP CPEAU MATEMATUIECKUX
MOHATUU O COOTHOIIEHUIO (IPOCTOTA — MOJAE3HOCTHY. O6 BTOM 3HAET KaX-
OB, KOMY MPUXOAUIOCH MPUYIECHIBATH €XUKA, PACKPAIIUBATH KAPTHI WU
YYUTBCA OTAMYATH TOp OT Kpengend. OKasbiBaeTCs, M0 DUIEPOBOU Xapak-
TEPUCTUKE MOXHO MHTETPUPOBATH, OOPAIIAACH C HEX KaK ¢ MEpOM.

OUPEAEJEHUE 4. MHOXecTBO TOdYeKk OyleM Ha3bIBATH MHO202DAHHbIM,
€Ca’ €ro MOXHO IOJNYYIUTH KOHCYIHBIM YUCJIOM onepauﬂﬁ O6’I)erI[I/IHeHI/I}I, nepe-
CEYEeHUsA U JOMONHEHUs U3 HEKOTOPOro (KOHEYHOr0) HAGOpPA BBIMYKIBIX MHO-
TOrPAHHUKOB.

OUPEAEJEHUE 5. Kaemounblm pasbuenuem MHOTOTPAHHOIO MHOXECTBRA,
M wuaswiBaeTca pazbuenue M Ha HemepeceKaMuecs MHOTOIPAHHBIE 110 [MHO-
xecTBa (Kaemku pa3duenus) TAKWe, ITO KAXKJad KIETKA €CTb OJHO U3 CJe-
OYIOUTAX MHOXECTB!

0: Touka (0-MepHasa KIeTKA);

1: OTKPHITHI OTPE30K (OTPE30K C BHIOPOMEHHbIME KOHIamu) (l-mepras
KIETKA);

2: OTKDPBITBII JByMEDPHBIA MHOTOYT'OJNbHUK (MHOTOYTOJBHUK C yAATEHHOU
rpanunen) (2-mMepHas KJIeTKA);

3: OTKDPBITBII TPEXMEPHBIN MHOTOTDAHHUK (3-MEDHAA KIETKA).

ONPEAEJEHUE 6. Jiiaeposot zapakmepucmukoti KIeTOIHOTO pa3oueHus
MHOXecTBa M Ha3BIBaeTCA

X (M) = (uucno 0-MepHBIX KAeTOK) — (Imca0 1-MepHBIX KIETOK)+

+ (qmcnao 2-MepHBIX KIETOK) — (MUCIO0 3-MEPHBIX KJIETOK).

XoTa OHO W TO k€& MHOXECTBO MOXHO MO-PAa3HOMY Pa30uTh HA KIECTKWH,
suavenue X (M) ot sTOro He MeHAETCA. (DTO JATEKO HE TPUBUAILHBIN (DAKT,
KOTOPBIU MBI OCTaBIsAEM (€3 NOKA3aTeIbCTBA. )

OdeBugHOE, HO OYEHb BAXHOE CBOUCTBO JWIEPOBOU XAPAKTEPUCTUKUA —
Al UTUBHOCTD:

x(My U Mz) = x (M) + x(Mz) — x(My N Ma).

WuTerpmpoBaTh HAM IPEACTOUT TOIBKO OYEHb IPOCTO YCTPOEHHBIE (PYyHK-
IIUN.

OnPEAENEHUE 7. llycts f: M — 7 — dyHKuusA, 3aJaHHAS HA HEKO-
TOPOM MHOT'OTDAHHOM MHOXecTBe M, Takasg, 9TO [ OpUHMMAET KOHETHOEe
MHOX€ECTBO IEeJOYNCACHHBIX 3HAYEHUU, TPUIEM TP0o06pa3 KaxkI0r0 TUCId —
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MHOTOT'PAHHOE MHOXECTBO. Takue pyHKIuu MbI 6y 1eM HA3BLIBATDL MHO202]DGH-
HbIMU, 8 MHOXECTBO BCEX MHOTOI'DAHHBIX (PYHKIWH, 33 JAHHBIX HA BCEM TIPO-
cTpaHcTBe, Oyaem 0603HAYATHL Yepes M.

ITosoxuM Mo ompeaeTeHun o

= a- “a)).
/Mf(m)dx(fc)—z x(F (@)

a€”Z

OTO U €CTh uHmezpas Gyrukyuu no 344eposoti TaPaKMeEPUCMUKE.

I/I BCé: HET HUKAKWX BEPXHUX W HUXKHUX WHTErPAJBHBIX CYMM, HUKAKWUX
MEepexoI0B K MPeIeNy, HAKAKAX GOPeIeBbIX MHOXECTB (BCeX aTpuOyTOB MHTE-
rpana JleGera).

3aTO eCTh MPUBLIYHBLIE CBOMCTBA MHTErpamxa (gokaxure!):

TEOPEMA 2.

1. Anmeepaa cymmovr Gynryut ecmsb cymmMa UHMESPAAOE CAG2AEMBLL

/M(f(x) T g(x)) dx(z) = /M f(2) dy(z) + /Mgm dx(z).

2. HHm&?p(Nt n0 06 eJUHEHUIO HENEPECEKANUULCA MHOAHCECMB €CTNL CYMMA
UHMEZPAA06 NO naafcé'omy U3 HUT

[ ey

3. (Teopema Dybunu.) Moxno ummezpuposamv cHAUAAL N0 KaAHIOMY
CA0N0, G 3aMeM — NOAYUEHHYIO PYHKYUIO NPOUHMESPUPOBAMD NO CAOAM:

/fxydx(fcy / /fxydx( ))dx()

5. OT MHOT'OI'PAHHUKOB K ®YHKIUAM. CJI0OXKEHUE 10
MUHKOBCKOMY KAK CBEPTKA IO DUJEPOBOMR
XAPAKTEPUCTUKE

OUPEAEJEHUE 8. Cgepmkoti MO >WIEPOBOU XaPAKTEPUCTUKE ABYX MHO-
rorpaHHbIX GYHKINE f ¥ ¢ HaspIBaeTca QYHKIUA f & g, 3agaHHag GOPMYJIOn

f®g(s /fx— (4) dx(v).

C KaXIbIM BBINYKJIBIM MHOTOIPAHHUKOM K €CTEeCTBEHHO CBA3aHA MHOTO-
rparHag GyHKIUA [ — €ro XapakTepuCTUIecKas (pyHKIIWI:

{1, ecan x € K;
Ix =

0, wuHawe.
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[MPEANOXKEHUE 3. [Tycms K u L — swvinyxavie muozoepannuru. Tozda

ceepmra I u It ecmv zapaxmepucmuueckas Gynryus cymmovr Munroscrozo
K u L:

Ig ® 1 = Iggr.

Huvimu caogamu, caoxrcums 06a MHO202PARHUKG — MO HCE CAMOE, UMO C8ep-
HYMb UL Tapakmepucmuueckue GyrKkyuu no 344eposoti rapaxmepucmure.

ITosTOMYy MBI MOXEM IO3BOJNTHL ce6e BOALHOCTH 0003HAYATEL BBINYKJILIA
MHOrOrpaHHnK K ¥ ero XapakTepuCTUIeCKYI0 PYHKINIO g OMHUM U TEM XKe
cumBoaoM K.

HOKA3ATEJILCTBO. Ham HyXHO g0Ka3aTh, ITO

/bdw—wh@ﬁmw)z{

[Tox 3HAKOM HMHTErpaja CTOMT XapaKTepPUCTHYIeCKad (PyHKIUA Mepecetde-
HUA ABYX BHIMYKJIBIX MHOIOrpaHHUKOB. Clle10BATEIbHO, MHTEr DA IPY (PUKCH-
POBAHHOM I PABEH HYJIIO, €CJIUM DTW MHOTOIDAHHWKY HE TIEPECEKAIOTCA (1 cama,
hyHKIMA — TOXAECTBEHHBIN HOMB), M PABEH €IWHUIIE, ECJIN TIOABIHTEr DATLHASL
(pyHKIIUA — He TOXAECTBEHHBIX HOMb. OCTATIOCH 3aMETUTH, YTO PABEHCTBO
Ix(x — y)I(y) = 1 cupaBegmuBO MpPU HEKOTOPOM Y TOTAA W TOMABLKO TOT[A,
KOT/a I TPEACTABMM B BHE CyMMBI TOYEK I — Y W Y M3 MHOTOTDAHHUKOB

KulL. U

1, ecmmx € K® L;

0, wuHave.

6. OBPAIIEHUE 110 MUHKOBCKOMY. ['PYIIIIA BUPTYAJbHBIX
MHOTIOI'PAHHUKOB. BEIBOPAUMBAHUE HAU3HAHKY

C 5TOro MOMEHTA BBIMYKJIBIA MHOTOTPAHHUK — HE TOMBKO MHOXECTBO
TOY€K, HO ¥ MHOTOTDaHHAA (PYHKITAA.

OTO O6CTOATENBCTBO U MO3BOMAET O0OPAIIATEH BBIMYKJILIE MHOTOTDAHHUKHI
(0THOCUTENBHO ®), HO HE B KJIACCE BBIMTYKJIBIX MHOTOIPDAHHUKOB (ITO, KAK MBI
y6equInch, HEBO3MOXKHO), a B KJIacCe MHOTOTDAHHBIX (DyHKIMU. A MMeHHO,
BepHa TeopeMa 06 obpameHun mo MUHKOBCKOMY:

TEOPEMA 3. Jas at06020 svinykao2o muo2oepanwwura K cywecmsyem
muozoepannas Gynkyus K1 maxas, umo
KeK'=1.
Oma Pynkyus yempoena npocmo (cm. puc. 5), oHa NPUHUMAEM MOALKO
064 3HAUEHUA:
(=14 E  eciu x € Int(S(K));

0, unauve.

K'=
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N

° -1 dim K
5 LUt 7
///////
7
K K1
Puc. 5.
[Mosicaum ob6ozuavenusa: dim K — pasMepHOCTH MHOTOIDAHHUKA, S — IIEH-
TpalbHaA CUMMETPHUA OTHOCUTEILHO HAadYaaa KoopauHaT, Int K — MHOrOrpas-
Huk K 6e3 rpanunsl (0T caoBa “interior” — BHYTPEHHOCTD).

3ATAYA 12. Yb6enurech, ITO TeOpeMa BEPHA
~ M OTPE3KOB HA TMPAMOU (OJHOMEPHBIX MHOTOTPDAHHUKOB),
~ IJIA MHOTOYTOJILHAKOB HA, ILIOCKOCTH.
(Ilocae >TOro Aasa TpeXMEpHBIX MHOMOTDAHHAKOB OHA CTAHET OYEBHIHA.)

3ANAYA 13. Tlpexge, ¥eM YUTATDH AAIblIe, TOAYMAUTE, KAK OMPEIEINTD
Pa3HOCTH 110 MI/IHKOBCKOMy ABYX BBINYKJBIX MHOT'OT'DAHHUKOB.

Onpenenenne 31eCh €CTECTBEHHOE:

ONPEAEJEHUE 9. PazmocTs MUHKOBCKOTO ABYX BBIMYKJILIX MHOT'OT'DAH-
mukoB K ® L™ ects cBepTka dpynxumin K u L~!.

B oramdme oT 06paTHOrO K BBIMIYKJIOMY MHOTOIDAHHUKY (KOTODBIH, I'DY-
60 TOBOPA, HE CHILHO OTIAIAETCA OT BHITYKJIOTO MHOTOTDAHHUKA), PA3HOCTH
MunkoBckoro ropasuo 6omee pasuaoobpasusl. Hampumep, pasHocTs ABYyX KBa-
ApaToB (OQWH W3 HUX — IOBEPHYTAd KONWA NPYLOro) — MPAaBWIbHAA 3BE3/A
¢ 8 mygamm (cm. puc. 6). Ha pucynke ykazanbl 3HaqeHUA 3TOU QYHKIWM, HO
HE BCe — M3-32 HEXBATKHU MECTA.

3a6aBHO MPOCIEIUTDH BLIBOPAUUBAHUE HAW3HAHKY (CM. pPHUC. 7): BO3BMEM
TPAIEIAIO W BHIUTEM U3 HEe OTPE30K, MaPALIEIbHBIA OCHOBAHWIO. Bymem mo-
CTENEHHO YBEIWUMBATE [IVMHY BEIYATAEMOr0 OoTpeska. [loka oTpe3ok ManeHb-
Kul, y HAC OyJeT momyvaTbcsa (BeImykaas) Tpanenusa. Korga oTpe3sok mo-
CTUTHET [IWHBI MEHBIIET0 OCHOBAHUSA, PA3HOCTH BHIPOAUTCA B TPEYTONbHUK.
3aTeM MOABUTCA PACTYIIAU OTPULNATEIHHBIN KYCOK, a MOJOXUTENbHASA IaCTh
OyeT YMEHBIIATHCA, TOKA HE UCIE3HET COBCEM.

Paccmorpum muOXecTBO P BCEX MHOTOIPAHHBIX (DYHKIUU, MPEICTABU-
Mbix B Buje K ® L™'. Onepanusa ceepTku no MUHKOBCKOMY IpeBpamaer P
B abeneBy rpynmy. [ledcTBUTENHHO, MBI YK€ 3HAEM, YTO TAKOE HEUTPAILHBIN
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DJIEMEHT, yMeeM 00pAIlATh BBIMYKJIbIE MHOTOIDAHHUKY (& 3HAYAT, U BHIPAXKE-
musg suga K @ L),

OnPEAENEHUE 10. P HaA3BIBACTCA 2pynnot 6uUPMYaLbHbIL MHO202DAH-
HUKOSB.

7. BEEPA BUPTYAJIbHBIX MHOIOI'PAHHUKOB

Yro Takoe onopHas GpyHKIUA BAUPTYATHHOIO MHOTOIPAHHUKA, MbI TTOHSIN
PaHBIIEC, Y€M IIOHAJAUA, ITO TaKOE€ CaM BHpTyaJII;HI:IfI MHOT'OT'DAHHUK.

I'pynna P uzomopdHa TpymIe HEMPEPHIBHLIX (GYHKIUU, KYCOTHO-THHEN-
HBIX OTHOCUTEIHLHO HEKOTOPOT'O Beepa.

Kak MoxeT BrINIALETH CHEPUUECKUN Beep BAUPTYAIbHONO MHOTOTPAHHU-
ka K ® L~'? HareceMm Ha cdepy auaum manoma Gysnui hx u hr. Korga mbr
pPacCMOTPUM JUHUY u3IoMa pYHKIUA h g — hy,, HEKOTOPBIE OTPE3KU MOT'YT WC-
49e3HYyTh, 3/I€Ch He OyIeT MPOCTOT0 M3MENbYeHNA, KAK IPU CJAOXKEHUU BHITYK-
JIBIX MHOT'OT'PaHHUKOB, U KJIETKH IIOJNYYI€HHOI'O B€€Pa BIIOJTHE MOT'YT OKa3aTHCA
HEBBLITYKJIBIMU.

BoT kpacuBbizl U BaXHBIU IPUMED.

I[TPUMEP 1. T'unep6omumueckuu Terpasap. Chepumueckuu «up u JHby.

BosbMeM npaBuabHbIA TETPasap A, OTMETHM [Ba MPOTUBOMOIOKHBIX Pe6-
pa u BeruTeM u3 A oTMedeHHble pEOpa. Beep moaydeHHOrO BUPTYAIBLHOTO
MHOT'OTDaHHUKA (HpOBepre!) COCTOUT U3 Y€ThIPEX PABHBIX HEBBIMYKJIBIX a-
cren (cMm. puc. 8).

C BBINYKJIBIM MHOTOMDAHHUKOM €CTECTBEHHO CBA3AHA BBIMYKJIAA MHOTO-
TpaHHAsA MOBEPXHOCTH — OOBEIUHEHNE €TI0 TPAHEH.

C HEKOTOPBIMM HEBBINYKILIMA MHOT'OTDAHHBIMU TOBEPXHOCTAME (KOTO-
PBIM HE 3aMPEMAETCA IMETH CAMOTIEPECEIEHUA) MOKHO CBA3ATH BUPTYATbHBIN
MHOTOI'DaHHUK.

Puc. 8.
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OTO [eJAeTCA MODTAITHO COTJIACHO CAEAYIOMEMY aJropuTmy. MoxeT moay-
YUTHCA TAK, YTO OYEPEIHON IMIAT HEBBIMOJIHUM. JTO 03HAYAET, IYTO C JAHHOU
MMOBEPXHOCTHIO HEBO3MOXHO CBA3ATh BUPTYAJbLHBIN MHOTOIDAHHUK.

MoxeT moayIuThCS TAaK, YTO BBIMTOJIHATEH HEKOTOPHIU IIAT MOXHO MO-Pa3-
HOMY. 3HAYAT, BUPTYAIHHLIX MHOTOTDAHHUKOB, CBA3AHHBLIX C 3TOU MOBEPXHO-
¢TI0, HECKOIBKO. (Hampumep, ¢ TeTpasapomM MOXHO CBA3ATEH 52 PA3IMTHBIX
BUPTYATbHBIX MHOTOTPDAHHUKA. )

IIAr 1. [Jas xaxmou IpaHd DOBEPXHOCTH 3adUKCUPYEM OPTOr OHAILHLIA €U
BEKTOP.

I[ITAT 2. Hamecem KOHIIBI BCEX DTWX BEKTOPOB Ha enqmHU<HYIO chepy. [loay-
Y€HHBIE TOYKN MOJXKHBI OKA3aATHCA PA3IUIHBIMA.

AT 3. IlocTpoum Beep Oyayuiero BEpTyaabHOro MHOrorpanuuka. Coemm-
HUM IIOJAYY€HHBIE TOYKU TI'€ONC3NICCKUMU OTPE3KaMU (He O6ﬂ3aTeJIBHO
KpaTdanmumu!) mo CIegyomeMy TpaBuWLy: TOXy 9eHHAA KAPTUHKA, JOJIXK-
HA OBITH KOMOMHATOPHO ABOUCTBEHHA MOBEPXHOCTHU. B YacTHOCTH, MBI
COeWHAEM [BE TOYKMA TOra, KOIJA COOTBETCTBYIOIIME T'DAHU MEIAT
pebpo.

[IAT 4. IocTpoum Teneps KycodHO-TuHEnHYyH0 Qynkumo h. Oua Gyger ckie-
€HA M3 KYCKOB OMOPHBIX (DYHKIIUU BEPIIUH MOBEPXHOCTU. BoszbMeM KieT-
Ky MOJyYeHHOT'O Beepa, HATIHEM HA Hee KOHYC U MOJOXKUM (pyHKIUIO h
Ha KJIETKE PABHOM OMOPHOM (PYHKIIMHM TOM BEPIIMHLI HAIIEH IOBEPXHO-
cTH, KOTOpas cooTBeTcTBYeT sTou kKiaerke. (To xe camoe mpomcxoaut
7 B BBINYKJIOM CJIy‘Iae). Hpo,z[eJIaB TaK CO BCEeMU KJIETKaMW, IMOJYyYIUM
KYCOYTHO-JUHENHYO (YHKIIUIO.

IAT 5. IlpeactaBum h B BuUAe PA3HOCTU ABYX BBITYKJILIX GYHKIUU h =
= hy — he. (Iloyemy 5TO BO3MOXHO — OTAeJIbHAA 3a4ada. Pemure ee.
Dyuknuu h; u he COOTBETCTBYIOT BBINYKJILIM MHOTOTpDaHHUKaM K u
K. VlckoMBIZ BEPTyalbHLIM MHODOTDAHHUK paBeH K & K{l .

3AMAYA 14. Kakum moBepxHOCTAM (pUC. 9) COOTBETCTBYIOT BUPTYAIb-
HBIE MHOT'OT'DAHHUKU?

8. OT rpPyIIbl K AJICEBPE. UHBAPUAHTHLI XAJIBUTEPA HA
IIJIOCKOCTH

Ha MHOXecTBe BCeX MHOTOTDAHHBIX (DYHKIIUU 3aJaJAM CTPYKTYPY aare-
OpBI HAX TOJEM PAIMOHAJBHBIX 4mcea. [[ias DTOro HaIO OMUCATH TPHU OmEpa-
U7, YAOBJAETBOPAIONINE CTAHAAPTHBIM aKCAOMaM, — CJIOXKEHWE NBYX (PYHK-
AU, YMHOXEHWE ABYX (PYHKIUM U yMHOXeHUe (PYHKIUU HA PAIUOHAILHOE
9UCIO.
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. 7
1
AN
N 1/
Y
v

Kyb ¢ TeTpasapalbHOU AMKOU CKJIENKa MBYX YCEUYEHHBIX TETPadAPOB

Puc. 9.

1. Caoxenue B anre6pe — 5TO MPOCTO OOBIYHOE CIOXKEHUE (PYHKITUN:

(f +9)(z) = f(z) + g(z).
2. Ponp yMHOXeHMA UIpaeT CBEPTKA II0 SMIEPOBOR XapaKTepUCTHUKe [ ® g.
3. YMHOXATH PYHKIUIO HA, IEJ0€ TUCAO HYXKHO OOBITHBIM CIOCO60M:

(- f)(z)=a-f(z)
A BOT Kak HAJO YMHOXATH HA PAIMOHAIBLHOE IUCJAO0, OOBACHAM Iy Th MO3KE —
BTO W €CTh CAMOE MHTEPECHOE W HETPUBHUAILHOE.
B namen anrebpe ecTb HEUTPATBHBIN dIEMEHT 1 — XapaKTePUCTUIECKASA
pyHKIMA HATATA KOODAUHAT.

3AAYA 15. TIpoBepbTe, 9TO BBEAEHHBIE ONMEPALME YIOBJAETBOPAIOT aAK-
cruoMaM aarebpnI:

l. fe(g+h)=fRg+fRh.
2. fRg=9gRf.

[Moackaska: mocTaTodHO yOEAUTHCA B CIPABEMJIUBOCTH AKCAOM A CJIy<Iasd,
Korja f m g — XapaKTepUCTUIeCKUe (PYHKIUU BHITYKIBIX MHOTOTPAHHUKOB.

Haxkoner, BaXHBIA 3aBEPIIAIONIAY AT TOCTPOEHUS aIre6psl — (pakTopu-
3aIMA TI0 TAPAIEILHBIM TTEPEHOCAM. YCIOBUMCA CUMTAThL B HAIlen airetpe
[Ba MHOTOIDAHHWKA (= WX XapAKTEPUCTUYECKUE (DYHKIUU) PABHLIMHU, €CJAH
OHU OTJIMYAIOTCA HA MAPAIEIbHBIN IEPEHOC.

Mu1 hakTOpU3yeM KOJBIIO MHOTOIPAHHLIX (DYHKIIUK IO BCEM COOTHOIIEHUAM BUIA
K —tK = 0, rie K — BLINYKJIBIA MHOTOTPAHHUK, & { — MapajieJbHbIN MEPEHOC.

3aMeTuM, ITO MPU STOM ABTOMATUYECKNM PABHBLIMU MEXAY COGOU CTAHO-
BATCA MHOTHE MHOTOrpaHubie pyHknuu. Kaxayio MHOrOrpanayio GyHKIIAO
MOXHO pa3pe3aTh Ha KYCKH, 3aTeM MapaLIeIbHO TEPEHECTH KaX OB KYCOK
(I pasHBIX KYCKOB MOXHO UCIOIB30BATH PA3HBIE MAPAJICIbHBIE IEPEHOCHL! ),
7 TOJyYeHHAsA MHOTOTPAHHAA (PYHKIIUSA OKAXKETCA PABHOU MCXOTHOW.
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070 0 1 1 1
/% 0 0 0

1 1 0 IW/// 0 1 1 1

1 1 0 1 1 %0 1 1 1

Puc. 10.

3ANAYA 16. Kakure w3 MHOrOTpaHHBIX (PYHKIUU, U300paKEHHBIX HA
puc. 10, paBHBI MeX Ay cO60U B aIre6pe MHOTOTPAHHUKOB?

31eck yMECTHO caenarsh oTcTymnenue. U nes paspesanus MEHOIOrPAHHUKOB HA, KYC-
KU U CKIQIBIBAHUA U3 KYCKOB Y€r0-TO HOBOT'O 3HAKOMA, TE€M, KTO 3HAET O 3HAMEHUTOU
TpeThben npobaeme 'manbepra.

TpeTwa npobaema ['masbepTa oTAMYIAETCS OT TOTO, YTO MPOUCXOIUT B aarebpe
MHOTOT'PDAHHUKOB:

BO-TIEPBLIX, KYCKN PAa3PEIIAeTCs MEePEIBUTNATh, TOAb3YICh JIOOBIMU [BUXKEHUAMHI
IJIOCKOCTH, & HE TOJBKO MAPANLICILHBIMYA IEPEHOCAMH,

BO-BTOPLIX, B aare6pe MHOIOI'PAHHUKOB YUUTLIBAIOTCA KyCKH BCEX Pa3MEPHOCTEN
(TOYKM M OTPE3KM HEe PABHBI HYJK), TOrIa KaK B TpeThel mpobaeme [manbepra umu
npeHebperamoT.

ITocne dbaxkTopwsanum Mo mapaiIelbHBIM IEPEHOCAM B anrebpe MHOMOT'PDAHHUKOB
CTaJIO TPYAHO PA3IUYATEH (PYHKINM: MOCTIE PA3PE3aHUsA HA KYCKU U ME€pPEMeInBAHUA
KapTUHKA MOXET M3MEHUTLCSI HEYy3HABAEMO.

[l pacno3HaBaHUsA PABHBIX MHOMOMPAHHBIX (DYHKIIMN HA TJIOCKOCTH BBEIEM CJe-
IYIOIIE MHBAPUAHTHI.

[lBa 13 HUX TPOCTHIE.

TTonoxum

ho(f) = / f(z) dx(z)

na() = [ 1z da.

OTHU BEIUIUHBI HA3LIBAIOTCA HYAEEbIM U 6MOPbIM UHEapuarmom Xadeuzepa MHOTO-
rpagHon pynkuvu f.

Bo BTOpOM mHTerpane mHTerpmpoBaHmue oOBIUHOE, O Mepe JleGera. Bemuuaumy
h2(f) ecTecTBeHHO HA3HIBATH MIOMIAILI QyHKIUY f.
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Beegem 6osee CI0KHBI NHBAPUAHT, BEPHEE HEI0€ CEMENCTBO TAKOBEIX. IIpn (uk-
CUPOBAHHOM EIWHUYIHOM BEKTOpE & OmpemeauM dauxy pebpa ¢ HopMmaabio & MHOTO-
IpaHHOU (PYHKIIUU B IBA MPUEMA;

1. Oycts K — Beinykasin MHOTOrpaHHuk. Ilonoxkum mo ompegenenuro hq (K, §)
paBHBIM auHe pedpa K, BHENIHAA HOPMAIh KOTOPOrO paBHA &.

2. IIpou3BOIBHYI0O MHOTOTPAHHYIO (GYHKINIO f PA3TokKUM HA BHITYKIbIC MHOTO-
rpansukn f = Y. a; K; u nonoxum hy (f, &) =3, aihi (K, §).

Dyukiusa h; HA3LIBACTCA Nepevim uneapuanmom Xadsuzepa.

3ATAYA 17*. [lokaxkuTe, 9TO 3TO ONpEEJEHNe KOPPEKTHO: 3HadYeHue h; He 3a-
BUCUT OT MpeacTaBieHusa GyHKIUU f B BUAE JUHEMHOW KOMOWHAIIMYA MHOTOTPAHHU-
KOB.

TEOPEMA 4. Cucmema ungapuanmos Xadeuzepa noana, m.e. dge MHO202PaH-
uvte Pynkyuu f u g, 3adanuvie na R?, pasuvt (nocae gaxmopusayuu) mozda u moav-
K0 mozda, Ko2da

ho(f) ho(g),
h2(f) h2(g),
hi(f,&) = h1(g,€), 0daa arwboeo &.

3ANAYA 18*. [loxaxkuTe Ty TeOpeMmy.

B nmpocrpascTBax Gosblienn pasMEpHOCTH CHTYANUA AHAJOTUYHAA: TAM TOXKE
ompeneNeHa CUCTeMa MHBAPUAHTOB XaIBUTePa, ABIAOMIAACA nmoaHou. [Ipu sToM uH-
BapuMaHT hj TakXKe (OTBEYAET» 32 IPAHU PA3MEPHOCTU hj, MHOTOIDAHHOU (PYyHKIINH,
HO pOJb mapamMerpa ¢ urpaer He eIUHUIHBIA BEKTOP, a dar.

3ATAYA 19. Beruumeninrte MHBAPUAHTHI XaJBUrepa MHOTOTDAHHLIX (DYHKIIUN,
n300paxKeHHLIX Ha pucynke 10.

9. TILITAEMCS YMHOYKATB HA JPOBU

YT06BI MHOXECTBO MHOTOTPAHHBIX (DYHKIIUU MPEBPATUTL B aaredpy Ha [
Q, mago 3a4aTh ONEPALMIO YMHOXEHUSA MHOTOTPAHHBIX (DYHKIUU HA PAIMO-
HAJbHBIE 9HUCIA.

IIpm sToM HamO 06€CIEeYNTE BHIIOJHEHWE AKCUOM AUCTPUOYTUBHOCTHI

q-(f+9)=a-f+aq-g
N aCCOIIMaTUBHOCTHA
(gr)-f=q-(r-f).

Kax yxe roBopmioch, yMHOXATH MHOTOTPAHHYIO (PYHKIIAIO HA IEJI0€ SUCIO
JErKO — HYXHO IPOCTO MUCHOIB30BATH NOTOYEIHOEC YMHOXECHUE:

(n- f)(x) = nf(z).

C mpobamu meno o6crouT caoxuee. [lycts f — mMHOrOrpannas QyHKITU.
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[Tompo6yeMm onpefeanTh MHOTOrpaHHyo0 GyHKIUO 1/n - f 1 HATYpaib-
HOTO 9ucaa N (3TOro AOCTATOYHO A yMEHHs YMHOXATh Ha JI00ble panuo-
HaJIbHbBIE TUCIA).

MBI JOMKHBL HAUTH TAKyI0 MHOTOTPAHHYIO (DYHKIUIO ¢, UTO B HALIEH all-
reGpe BBIOIHEHO PABEHCTBO N - g = f.

IIpocTo ymHOXUTE f Ha 1/n HEB3A: y MHOTOTPAHHBIX (PYHKIMY IO OIpe-
J€JeHNIO BCE 3HAYEHUsA LeJbIe.

Bozee Toro, uckomas GyHKIUA g MOXKeT BOOOIIE HE CYyMIECTBOBATE: 3aMe-
THM, 9TO

[ t@ @) =n [ gla) axo).

t.e. [ f(z)dx(z) kpaTHO N, 9TO He BCerja BEpHO.

3HAYUT, Y HAC €CTh MIAHC HAYIUTHCA YMHOXATH HA MPOU3BOJbHBIE APOGH
mamb Te dyEknmy, y koropeix [ f(z)dx(z) = 0.

Haunem ¢ mpumepos.

3ANAYA 20. Hautu 1/2 - f, rae f — xapakTepuctudeckas GyHKIUI
— MOJYOTKPBITOT'O OTPE3KA;

— KBAaJpaTa C BHIKUHYTHIMA ABYMS CMEXHBLIMU CTOPOHAMU;

— TPEYTrOJbHUKA, C BHIKUHYTOU BEPIIMHON;

— TeTpasapa ¢ BLIKIHYTOU BEPIIXHON.

3AIAYA 21. Hanru 1/n - f, rge f — xapakrepucrudeckas QyHKINA
— MOJYOTKPBITOTO OTPE3KA;

— MApPALIEIOrPAMMA, C BHIKUHYTHIMA ABYMS CMEXHBLIMEA CTOPOHAMU;

— TPEYTrOJbHUKA, C BHIKUHYTOU BEPIIMHOW;

— TeTpasgpa ¢ BLIKIHYTOU BEPIIXHON.

YT06BI yMHOXUTH HA 1 /N IPOU3BOIBHYIO MHOIOIDAHHYIO (QYHKIUIO f, 1/
koropou [ f(z)dx(z) = 0, Hago mpogenaTsH CIeAyOmee.

> [IpencraBuTh f B Bujie TMHENHON KOMOUHAIIUY TONYOTKPHLITHIX OTPE3KOB,
TPEYTOJILHUKOB C BHIKAUHYTOU BEPIIUHOUW, M TETPAIAPOB C BHLIKUHYTOU
BEPIINHOMN.

> YMHOXWUTBH KaX[Ioe U3 claraeMblx Ha 1/n.

> Bocmoab3oBaThesa gucTpuby TUBHOCTHIO.

Takum 06pa3oM, Ha, MHOXECTBE MHOTOTPAHHBIX (DYHKIWY MBI TIOYTH BBEIT
CTPYKTYpPy aireGpbl Ha MOJeM PamuoHATbHbIX aucet. CI0BO «MOYTH» OTHO-
cuTcA K ToMy (akTy, 9T0 (yHKOUM ¢ HeHyxeBelM 3HaveHumeM [ f(z)dx(z)
HEJIb3 YMHOXUTH HA TPOU3BOIBHYIO IPOOK.
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10. JIOTAPU®M U SKCIOHEHTA

Ha mepBbIz B3TWIAM, 5TO COBEPIIEHHO NWKAA HEpearmsyeMas Uiesd: MBI ¢
60JBIIAM TPYAOM CIPABUINCH C YMHOXEHUEM HA PAIUOHAILHBIE 9UHUCIA, a
3[1€Ch YIACTBYET TPAHCIEHIEHTHOE 9UCIO0 €, M BOOOIIE HEACHO, KAK BO3BECTH
YUCIO B CTEIEHBb (TPEYTOJLHUK).

Ha camom mene BBemeHme morapudma u SKCIIOHEHTHI — XOPOIIUYA TPUMED
TOT0, ITO YacTO ObIiee OBIBAET MPOIIE YACTHOTO. DTOT mpueM Oyaer pabo-
TATh HE TOJLKO B aire6pe MHOTOIPAHHUKOB, HO U B JIOO0U APYTOU Tpagyu-
poBauHOU aarefpe ¢ 0OpPLIBAIOIIENCA I'PALYUPOBKOM.

Hycts f — muororparnas ynkuus takad, 910 [ f(z)dx(z) = 0. Onpe-
penum gorapudm f + 1, munysa qucao e. I3 kypca aHanmsa U3BECTHO, YTO IPU
(JUKCUPOBAHHOM I CTEINEHHOU P

& n
Z (_l)n—l T
n=1 "
cxoaurea K In(z + 1). (UuraTemo MOXHO HE BCIOMMHATEH MOAPOOHOCTH BO-
IPOCOB CXOAUMOCTH PAJOB, HAM BAaXEH JUIIL €r0 BU[D).
OKCIIOHEHTA TOXE MPEICTABAMA B BUIE PALA:

OO n
T

expr = =
n!
n=0
YTo ecam MOMBITATHLCA MOACTABATHL B 3TH paAAbl GyHKOuo f7 Mbl yxe
yMeeM MepeMHOKATH MHOTOTPAHHLIE (DYHKITUY U CKJIA IBIBATH UX, HO KaK OBITDH
C MEePEXOIOM K Mpeneny?!
A 3pecw HaC ®KAeT MOAAPOK CyABOBI (OKA3ATEABLCTBO MBI OIyCTUM, IOJA-
POK TaK MOJAPOK):

[IPEAJIOKEHUE 4. /[aa sbinyrxao20 muozo2pannukra K
(K -1)*'=0.

SHAYUT, BMECTO OECKOHEYHOTO PALA ¥ HAC OCTAHETCA MPOCTasd KOHEIHAA
CyMMa.

OnpPEAENEHUE 11. Ilycts f — MHOTOrpanHas (QpyHKIUA Takas, <ITO

[ f@ @) =o.

ITonoxum 1o ompegeneHuno

m(f+ ) EYI 0 tl Sl
n=1 n=0

Beegennnie HaMu JorapudM 1 SKCIOHEHTa 0012 Jal0T 3HAKOMBIME CO IIKO-
JBbI CBOUCTBAMU:
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TEOPEMA 5. Ilycmb muocoepauuvie gynryuu f u g marxoswv, 4mo

[ 1@ ax@ = [ gla) axiz) o
Toeda
CIn((f4+1)®(g+1) =In(f+1) +1n(g +1).
exp(f +g) =exp f ®expg.
. In(exp f) = f.
exp(0) = 1.

[a—y

s

3AAYA 22. JlokaxuTe 3Ty TeopemMy. DTO HAIO AeaaTh B J00, KaK B M-
TOM KJIacCe Ha YPOKaX aiarebphbl: MPAMO HOACTABUTL CTEIEHHLIE PANBI, Pac-
KDBITH CKOOKY, IPUBECTU MOAOOHBIE WIEHBI U HE 3a0BITH TP DTOM, ITO HOIb-
e CTeneHu OOHYIAI0TCA.

11. I'PAOAYUPOBKA B AJITEBPE MHOI'OIT'PAHHUKOB

Mer nokaxem, 9TO TOCTPOEHHAL HAME aIre6pa MOX0kKa Ha aareGpy MHOrOY/ICHOB.
ITofo6HO TOMY, KaK MHOTOUIEH €CTECTBEHHBIM 00Pa30M MPENCTABUM B BUE CYMMBI
OJHOY/IEHOB PA3HBIX CTENEHel, MHOIOr DAHHEIE (DyHKIWY IIPEICTABIMEL B BAIE CyMMEI
TaK HA3BIBAEMBIX OJHODOIHBIX BIEMEHTOB. IIpM 5TOM OZHOPOIHBIE MHOIOTDAHHBIE
dYHKIUM, TaK ke KaK U OJHOPOJHBIE MHOMOUIEHE!, WIOBATCSIY TOMOTETUAMM.

Haunem c saemenrapuoro samedanus. Ilycts f(z) — muorownen. Paccmorpum
HOBBIN MHOTOWIEH (2) f(x), MOTyYeHHBI TOMOTETUIHBEIM CKATUEM OCH :

2)f(z) = f(2x)

IIpu 5TOM CBOGOIHBEIN YIEH HOBOI'O MHOTOWIEHA OCTAETCA MPEKHAM, KO3(punu-
€HT TIPY T YBEIMIMBACTCA B 2 Pasa, KOd(UIMEHT mpu 2 yReImuuBaeTca B 4 pasa,
7 TaK gajee.

ITosTOMY ONHOYIEHBI CPEmU MHOTOYIEHOB JIETKO PACHO3HATH C IMOMOIIBIO PACTA-
TUBAHUA TOMOTETUEN OCH I: HANPUMEP, OJHOWIEH TPEThHEN CTENeHu — 3TO TAKOU
MHOT'OWIEH, KOTOPBIU Hpu AercTBuu (2) yBeaumduBaeTcs B 8 pas.

NubiMu cioBaMu, CIPABEIJINBA OYEBUJHAA TEOPEMA!

TEOPEMA 6. B aszebpe muo2ousenos F om 0dnotli nepemennoti MoxcHo ebide-
aumb (nenepecexawuecs) nodmmoxcecmea Fo, Fi, Fa, ... maxue, 4mo

1. Kaocdovii mnozounen f eduncmeennvim o6pazom npedcmasum 6 sude f = . fi,
fi e F;.
2. Ecau f; € F;, f]‘ € Fj, mo fi fj € Fitj.
3. [deticmesue (2) yseauuusaem saemenmol F; 6 20 pas.
(B Takux ciydagx COBOPAT, 9TO HA MHOXKECTBE MHOTOWIEHOB €CThb CTPYKTypa Ipa-
OYUPOBAHHOU AJIre0pHI.)

MuoxecTBO F; HA3BIBAIOTCA OJHOPOAHBLIMU KOMIIOHEHTAMU CTENEeHU! ¢ aareOphl
MHOT O4JIEHOB.
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Ha mmOXeCTBe MHOTOrDAHHBIX (DYHKIWN €CTh AHAJOTUYHOE JEUCTBUE TOMOTE-
rum: nonoxuM (2) f(z) = f(x/2). 3amMevaTenbHBIN 1 HETPUBUATBLHEIN (HAKT COCTOUT
B TOM, 9TO [ aIre6pbl MHOTOTPAHHUKOB TAKXKE UMEET MECTO aHAJOT TeOPEMEBI 00
OTHOPOIHBIX KOMIIOHEHTAX.

TEOPEMA 7. B ascebpe mnozo2pannuxos M moxucno svidesums (nenepeceraro-
wueca) nodmmoncecrnea M;, i = 0,1,2,3 maxue, umo

1. Kaxcdas mmoz2oepannas dynkyus f eduncmeennvim 06pazom npedcmasuma 6

sude f =3, fi; fi € M.
2. Ecau f; € My, fj € Mj, mo fi- f;j € Miy;.

3. Aeticmeue (2) yseauuusaem mrozozpannyto ynxyuro fi € M; 6 2! paza: f €
M; pasnocuavrno momy, wmo (2)f =2*f.

MuoxecTBo M; HA3LIBAETCA OJHOPOLHON KOMIIOHEHTON aIre0phl MEHOI'OI DaHHH-
KOB CTEIICHH 1©.
DJIeMEeHTHI M; ABIAIOTCA AHAJOTAMYI OJHOYICHOB CTEIECHN i.

HOKABATEJLCTBO. [lonpo6yem moHATH, 9TO U3 cebsa MPEACTABAIIOT OTHOPOI-
HBEIE DJEMEHTH AIre6phbl MHOMOIDAHHUKOB (QHAJOTM OTHOYIEHOB B aire6pe MHOTO-
unenoB). [lycte K — BBHIMYKJIBIM MHOTMOTPAHHUK. 3AMETUM, 9TO

(2)lnK =2-InK.
[llericTBUTENBHO,
2-mK=Inh(K®K)=In((2)K)=(2)InK.
3ATAYA 23. [loxaxure, 9TO
2(InK@nK)=4-(InK ®InK)

n 9TO

@)((InK)) =27 - (n K)?)

Hakounen ormeruM, uro (2)1 = 1. ([encTBuTensHO, TOUKA OIPUA PACTATUBAHUN HE
MEHAETCA).

TMoaToMy ecTecTBeHHO 3a1aTh M; Kak MHOXECTBO BCEX JUHEUHBIX KOMOWHAIWN
dbysxomi suga (In K)?, roe K — BBITYKIBIA MHOTOT DAHHUK.

Ham HAZO HAYIMTHCA PACKIAILIBATE MHOTOTPAHHEYIO (PYHKIWIO f B CyMMY OIHO-
POAHLIX 9IeHOB. [l 5TOr0 JOCTATOYHO MPOAENATH 3TO MJIA BHITYKJIOrO MHOTOT DAH-
mnka K.

TTonoxum p = In K. Torga

4.0
K =exp(lnK) = ZIZ)—'
i=0

OTO U eCTh UCKOMOE PA3JIOKEHUE HA, OJHOPOJHBIE KOMIIOHEHTHI.
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[IPUJIOXKEHUE. OTBETHI 1 YKA3AHUSA

3AMAYA 1. Cymma MUHKOBCKOTO €CTh OTPE30K CyMMAapHOU [JIWHBI.

3ANAYA 2. [Tapamresorpamm.

3AIAYA 4. [laTuyroasHuK.

3AnAYY 6 U 3. CymMMa OCTAHETCA TOU XKe C TOYHOCTHIO [0 MaPALIENLHOTO
TIEPEHOCA.

3AAYA 11. Beep TeTpasapa uzobpaxen uHa puc. 11.

Beep orpeska — pasbuenue cdepbl GOIBUIMM KPYToOM (OPTOrOHATLHBIM
OTPE3KY) Ha IBe MOXyChEepHL.

Beep xyba — pasbuenue chepsl Tpemsa Gonbmmmu Kpyramu. B 3ToM MOX-
HO yO6eAUTHCA, MOMb3YACH AITOPUTMOM, HO MPOIIE 3aMETHUTh, UTO KyO eCTh
cymMa MUHKOBCKOTO TpeX OTPE3KOB, Beepa KOTOPHIX MBI yKe 3HAEM.

3ANAYA 14. BupTyalbHBIM MHOTOTPAHHUK CYIIECTBYET TOJIBKO M BTO-
POH MOBEPXHOCTH, CM. puC. 12.

3AAYA 16. Ilepsoie aBe.

SATAYA 20.

— [MonyOTKPBITHIX OTPE3OK PABEH CYMME NBYX MOJIYOTKPBITHIX OTPE3KOB
MOJOBUHHON JJIAHLIL.

— Takol MOMyOTKPHITHIN MAPALIEJOrPAMM JETKO pa3buTh Ha [BE PABHBIE
YACTHU Pa3pe3oM, MapaIeIbHBIM OJHOU U3 CTOPOH.

— I[IpeacraBbTe 5TOT NOAYOTKPHITHIN TPEYTOIBHUK KAK 00BeIMHEHNE IBYX
(roMOTETHYHO B 2 pa3a MEHBIINX) MOIYOTKPHLITHIX TPEYTOJILHUKOB U IAPAJ-
JeJ0rpaMMma.

— AHANOTUYHO MPEABIAYIIEMY IYHKTY, TPEICTABLTE TETPAAP B BUIAE 00D-
eUHEHNUs ABYX (FOMOTETHYHO B 2 pa3a MEHbBIINX) TETPAdAPOB U ABYX MPU3M,
C TPEYrOJbHBIM OCHOBAHUEM U MAPALIEIOTrPAMMOM B OCHOBaHUU. [IpusmMbr pe-
KYTCA TOMOJAAM JErKO.

3ANAYA 21. CMm. ykasaHud K OPEBIAYINEH 3aaade.

Puc. 11.
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Puc. 12.
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