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O6006I11eH1e TTIEPECTaHOBOYHOI'O HEPABEHCTBA 1
MOHT'OTBCKOE HEPABEHCTBO

JI. B. Pagsusmiosckun

ITocae OpoOYTeHUA STOM CTATHLUA BAM CTaHYT OYE€BUIHBIMU TOKaA3aATEIBCTBA

MHOTHUX HEPaBeHCTB. Bce oHu 6y yT BHITEKATH B OJJHY-/BE CTPOTIKHU U3 OTHOTO
MPOCTOTO TPHUHINAIA, KOTOPHIN OOBACHAETCA B 3TOU CTaThe. BOT mpumepn
TOr'0, 9TO CTAHET OYCBUIHBIM:

1.
2.

20+ +2° > 23y? + 322 + 2322 (3mech u ganee umcia MOMOKUTETBHET).
T Y z x Y o
5 + : + :
1+ 22 1-{—y2 1-{—z2\1+y2 1422 1+ a2
1 1 1
(a1 +az+ - +an)(——+ — 4+ =) >0’
1 2

an

(a3 +a3+-- +ad) a1 +az+ - +a,) <nlaf +a3+-- +ap).
a2 a? a,2
<1+—1> . (1+—2) <1+—”> > (1+a1) - (14a2) ... (1+ay).
a2 as a
(16-u Typuup I'opogoB, oCeHb, OCHOBHOM BAPMAHT, CTApIIAE KIACCHI,
sagaga Ned, JI. [I. Kypassaaauk).

VE+22+\y+ 20+ V2 + 27 <y + 2T+ V2 + 20 + Vo + 27,

[ama Tabauma n X n, 3a00JHEHHAS TUCIAME N0 CIEAYIOMIEMY IPABUIY: B
KJETKE, CTOAIIEN B 4-U CTPOKE U j-M CTOJOIE TAOIUITHI, 3AMUCAHO IHACTO
(1 +j—1) — 1. B Tabmuue 3a4epKHyIn N 9mMCEa TAKUM O0PA3OM, 9TO
HUKAKUE [BA 3aYEPKHYTHIX UUCAA HE HAXONATCSI B OMHOM CTOJOIE WA B
omHOU cTpoke. [lokaxwuTe, 9TO CyMMa, 3a9ePKHY THIX YUCea HE MeHbIe 1.
(131 Typump ['oposoB, BeCHA, OCHOBHOM BAPUAHT, CTAPIIME KIACCHI, 34~
xaga Ne3, C. VBanos)

Kpome Toro, MBI [OKaXeM MOHTOILCKOE HEPABEHCTBO. JTO yXKe 33aUMeT

He OJIHY CTPOYKY, HO BCE PABHO OyAeT TOBOJIBHO po3padHo. O6 ucropunm MOH-
TOJBCKOT'O HEPABCHCTBA U O ABYX €r'0 CJIOXKHBIX NOKA34TCJIbCTBAX HAIIMCAHO B
cratbe A. U. Xpabposa [4].

S mamepenno He GOPMYAUPYIO DAKTH KPATIAUNIUM CIIOCOOOM, a TPe-

TIOYUUTA0 (TIOBO3UTHCAY W PACCKA3aTH BCE B TOM MOPAJKE, B KOTOPOM S 3TO
0co3HABaJA. MBI HAMHEM C JACTHBIX CIyYaeB U TepergeM K OOIUM TeopeMaM,
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a me Haobopor. Koneuno, xaan 6ymMary, OalThI U Jeca, HO UMEHHO «BO3HD)
CIOCOGCTBYET PA3BUTHUIO MHTYHUIMHA. UTOO HE OTHUMATEL y YATATENEH VI0-
BOJIBCTBUA «TIOBO3UTHCSY, A OMYCTHI MHOTO geTagen. [loaromy, 9T06BI TOHATH
DTOT TEKCT, BaM MOHAAOOMTCA PydIKa B OyMaXkKKa.

IIEPECTAHOBOYHOE HEPABEHCTBO

[TepecTanoBKOU (13 71 DIEMEHTOB) MbI HA3bIBAEM OMEK TUBHY IO (DY HKIUIO 13
muoxecTsa qucen {1,2,3,...,n} B ceba. CroBo «GMEKTUBHAL) O3HATAET, ITO
BO BCAKOE SUCJO IO TeUCTBUEM STOW (PYHKIUU TEPEXOTUT POBHO OTHO TUCIO.
O6o3HavaTh IEPECTAHOBKY 5 Oyay rpedeckon Oyksou o (curma). Jucaa o(1),

0(2), ..., 0(n) —»To Te xe uncaa 1, 2, ..., n, HO MEPECTABICHHLIE B IPYTOM
MOPATKE.

Paccmorpum gBa mHabopa «mcen: aj, a3, ...,ay u by, bo, ..., by. Bymem ro-
BOPHUTD, ITO HAOODEL a1, a2, . . ., Gy M b1, bo, . .., b, YIOPAMZOUEHEl «OTUHAKOBOY,

ecau HAMOOIBIIEMY \MCIYy B MEepBOM HAG0OpPE COOTBETCTBYET HAmMOOJBIINEE BO
BTOPOM (T.€. MHJEKCH y HUX OJUHAKOBBIE), BTOPOMY IO BEJIMYIMHE TUCTY B
mepBoM HabOpe COOTBETCTBYET BTOPOE MO BEAWYUWHE, W T. [., & HAWMEHbIIIe-
My COOTBETCTByeT HamMeHblllee. Hampumep, ecim a1 = a9 =2 -+ 2 ap
by = by = -+ = by, TO HAGOPBI OJUHAKOBO yNOpsA0deHbl. [Ipyrou nmpumep:
Habopsl a,b, ¢ u a®,b3, ¢ oguHAKOBO ymOpAZOUeHBI. ByeM TOBOPHTH, €TO
HAaOOpPBI 0OPATHO YyHOPAAOYIEHHI, €CAn HauOOJABIIEMY YHCIY B IepBoM HabO-
pe COOTBeTCTBYyET HAMMEHBIIEEe BO BTOPOM, BTOPOMY II0 BEIWYWHE B IIEPBOM
Habope COOTBETCTBYET BTOPOE C KOHIA BO BTOPOM # T. ., & HAMMEHBIIIE-
My COOTBeTcTBYyeT Hamboabinee. Hampumep, ecaium a1 = ag = -+ =2 ap #
b1 < be < --- < by, To HAboOpEI o6paTHO ynopagodeHsl. HaGopsr a,b,c u
1/a,1/b,1/c Takxke 06pATHO YHOPSAOUEHBL

s m06BIX ABYX HAOOPOB a1 = a3 = -+ = ap W by < by < -+ < by, cymmec-
TByeT TaKas «CaMasd MPABUIBHAAY IEPECTAHOBKA 0, YTO HAOODHI G1, G2, . . . , Oy
1 05 (1), b5 (2)s - - - Do (n) ONMHAKOBO yIOPAAOICHBL. AHAIOTUIHO, /1A MOOBIX IBYX
HAOOPOB MOXHO HAUTH U «CAMYI0 HEIPABWILHYIO» MEPECTAHOBKY O, TPHU
KOTOPOU HAOOPHI A1, A2, ..., an U by(1),by(2); - - - by(n) OOPATHO yHODPAAOIEHBL.

Kakoe oTHoOeHmE MMeeT BCE DTO K JOKA3ATEILCTBY HepaBeHCTB? A BOT
KaKoe:

TEOPEMA 1 (IEPECTAHOBOYHOE HEPABEHCTBO). PaccMoTpuM Bee BO3-
MOXHBIC IIEPECTAHOBKH U3 7l 3JJCMEHTOB. Tor,z:a SHAI€HNE BBLIPDAXKECHUA

a1by(1) + azby(2) + -+ + anby(n)

OyzeT caMbIM OOJMBIIUM, KOT' 3 IUCAa YIOPALOIEHBI OJUHAKOBO, X CAMBIM Ma-
JIEHbKWUM, KOT'1a, IKuCJAa OOPATHO YIOPALOYIEHEI.
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Wnade roBops, 3HAYEHWs, MOJYyIEHHBIE TPU OCTATHHBIX MEPECTAHOBKAX,
He OOJbINe 3HAYEHUA, MOIYIEHHOTO TIPY «CAMOU TPABWILHOWY, U HE MEHbIIEe
BHAYEHWS, IONYIEHHOTO TIPYU «CAMOU HEMPABUIBLHOUY TIEPECTAHOBKE.

Hanpuwmep, us Teopemsr creayer, aro a/b+ b/c+ ¢/a > 3: Beab a,b,c u
1/a,1/b,1/c o6paTHO yHOPAAOYEHBL, & 3HAYUT, Hpasas dacTb a/a +b/b+c/c
TMOJIY™eHa TPU CAMOV HEMPABUILHOU TEPECTAHOBKE U MOTOMY 1AeT HAUMEHD-
1ee 3HaYeHUe.

lpyrue mpuMepsl Mal0T HepaBeHCTBa 1 ¥ 2 M3 CIMCKA B Ha4Yajde CTATHH.
Koneduno, moqo6HbIe HEPABEHCTBA MOXKHO I0KA3aTh U ApyruMu meTonamu. Ho
[IEPECTAHOBOYHOE HEPABEHCTBO II03BOJIAET €IUHOOOPA3HO JOKA3bIBATH MHOI'O
HEPABEHCTB.

ITO HEPABEHCTBO OEHb BIEYATANIO MEHA B MEPBHIN XKe Pa3, KOTAa, I C HIM
CTOJKHYJICA, CBOEU MOIIBIO U OOIIHOCTBIO. Y3HAI A ero B 11-M Ki1acce mKoIb
[MTesax-Modet (Tenrb-ABUB) HA OYEHB MHTEPECHOM YPOKE MO HEPABEHCTBAM.
[IpoBogun »ToT ypox Muxant Pozenbepr (yIuTess 5TOU Xe MIKOJIBL).

[TepecTanoBOYHOE HEPABEHCTBO CIPABEAIUBO IS TIOOLIX AEUCTBATEIHLHBIX
“quces (HET OrpAHMYCHUA IOJOKUTEILHOCTH).

WHTYyUTUBHO MEerKO TOYIYBCTBOBATH MPABWILHOCTE IEPECTAHOBOYHOTO He-
PaBEHCTBa: €CIU Bbl XOTUTE TOAYYIUTH YTUCTIO HO6OJH)HI€, TO MIMpuUcCTaBbTE K
O6abMM gucaaMm 6dabinue KO3MPUIMEHTHI TP CYMMUPOBAHUU. JTO BBICOI-
HeHl, 9eM TPATUTEL GOMbIne KOdOPUIAEHTEL Ha, MATCHLKHAE THCIA.

CTporo moka3aTh IepecTAHOBOYHOE HEPABEHCTBO TAKKE HECIOXKHO.

JIEMMA. Ilyctsb a1 > a9, by > be. Torma a1by + asby > a1bs + asgby.
JTOKA3ATEJBCTBO. Ilepenecem BCE B JIEBYIO 4acTh:

a1b1 + asbs — arby — asby > 0,
(a1 — ag)(bl — bg) > 0.

Ho MIPOU3BCACHUEC NBYX IMOJOXHUTECJIbHBIX IUCET IIOJNOXKUTECIBHO, U IIOJYICHHOC
HEPABEHCTBO PaBHOCUJIALHO UCXOTHOMY.

[HOKABATEJABCTBO NEPECTAHOBOYHOI'O HEPABEHCTBA. Bosbmem mBa
Habopa wmcer. Ecan ecTh Takaa mapa MHIEKCOB 1, k, 9TO MOPAJOK HEIPABIIbL-
HBIZ (HATIpEMED, a; > af , by > b;), To MBI moMeHsaeM ux Mectamu. [Ipu sTom
CyMMa, BO3pacTeT (CoraacHo aemMme). Bymem noBTopaTs Takue onepanyn, noka
5TO BO3MOXHO (B (KOMIBIOTEDHOU HAYKE» 3TOT MPOUECC HABBIBAETCA «COPTHU-
poBkay). Ecam 5T0 yxe HEBO3MOXHO (COPTHPOBKA 3aKOHYTUIACH), TO JETKO
DOHATH, 9YTO MOPAJOK CTaJ ITPpAaBUIbHBIM. HO MBI HAIMHAJN C TIPOMU3BOJIBHOT'O
MOPALKA, ¥ HECKOABKO Pa3 YBEIWYUBAJIM HAlle YUCA0! SHAYUT, TPABUIBHBIN
HOPAJSOK COOTBETCTBYET CAMOMY OOJBIIOMY 3HAYCHUIO.

AHAIOrIYIHO JOKA3BIBACTCA OGPATHOE HAIIPABICHHE IEPECTAHOBOIHOIO HE-
paBercTBa. [IpocTO HALO 3AIyCTUTEL COPTHPOBKY HAO00pPOT: KaXIBIM Pa3,
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€CJIU €CTh XOTh OJHA TPABUILHAA MMAPa WHACKCOB, HYXKHO CAEIATH U3 HEe He-
npaBuibHy0. COrmacHo reMMe 9mucio 6yaeT IOCTOAHHO yOuIBATh. B KOHIE MBI
MONY UM CAMBIN HETPABUWIBLHBIN MOPAJOK U 3HavYeHue OyneT MeHbIie. A Beib
MBI HQYUHAIA ¢ MPOU3BOJILHOTO TTOPAIKA.

YUPAXKHEHUE. Ilpocregure n0Ka3aTEIbLCTBO BHUMATENILHO W HOUMUTE,
KOT'JIa, B IEPECTAHOBOYHOM HEPABEHCTBE JOCTUTAETCA PABEHCTEO.

YTPAYKHEHUE. B mepaserncTBax 1 m 2 B Hadamre crarbu MbI mOTpebo-
BaJIU, ITOOLI YACIA OBLIM MOJOKATEALHBIMA. [eUCTBATEILHO U 3TO HYKHO?
I'me «caomaeTcs» TOKA3aTEALCTBO, €CAU MBI «3AIyCTUM» B HET'O IPOU3BOIHHEIE
NEUCTBUTEAbHBIE Jucaa’?

TEOPEMA 2 (HEPABEHCTBO YEBBINEBA). IlycTs HabGopst ay,ag, ..., ay
u by, bo, ..., b, ymopagodensl onquaakoBo. Torga
n(a1b1 + agby + -+ - + anbn) > (a1 + -+ an)(bl + -+ bn).

Ecan xe oru 06paTHO yHOPSAOYEHBI, TO BBIIOJHACTCA HEPABEHCTBO C IPOTH-
BOIIOJOXHBIM 3HAKOM.

Boo6me-To mepasencTBoMm HelOwIméBa mpaBmibHee HA3BIBATEL Hosee obiee
HepaBeHCTBO (CM. [3]), HO DTO Ha3BaHWe y¥Xe NPUKUIOCH (CM., CKaxeM, [2]).

HJOKABATEABCTBO. B mepBom ciayuae
a1by + asbs + - - - + apby = a1by + asbs + - - - + anby,
a1b1 4+ agbe + - - - + apby, = a1by + aobs + - - 4+ ay b1,

a1b1 + a262 +---+ anbn > albn + a2b1 + -+ anbn_l.

CyMMupys BCE 5TO, TTOAYTaeM UCKOMBIN pe3yabTaT. Kcan xe Habopsl 06paTHO
VIIOPATOYEHBI, TO 3HAKA HEPABEHCTBA, MIEPEBEPHYTCA BO BCEX CJAATAEMBIX U B
CyMMe.

B xadecTBe HEMEIEHHBIX CJAEICTBUN ITOMYYa€M HEPABEHCTBA 3 U 4 U3 Crimc-
Ka B HaJaJe CTaTbU U MHOIHE ADYTHE.

IIOMEHAEM CJOXKEHUE HA YMHOXKEHUE

PaccmoTpum HEpaBeHCTBO O M3 CIUCKA B HAYAJIE CTATHU:
112 a? a,2
(1+—1) . <1+—2> (1+l) >(1+a) - (14a2) ... - (1+ap).
az as ai
Kax yxe rosopurocs, 3Ta 3agata npeaaaraiack Ha 16-m Typuupe ['oponos, B
KOTOPOM 4 y4IacTBOBaI. MHe I0Ka3a10Ch eCTECTBEHHBIM YMHOXUTL 00€ 9acTu
Ha TpOou3BeeHne BCex wucen. lomyamm:

(ag4+a2)-(az+a2)-... (a1 +a2) = (a; +a?) - (ag +a2) ... (an +a2).
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XoTa 1 He CMOT' TOTAa MOKA3aTh 5TO HEPABEHCTBO, Y MEHA BO3HUKJIO OIIYIIe-
HUE, ITO «3TO BCEr[ja Tak». K TOMY BpeMeHHU i elre He 3HAJM MepecTaAHOBOYTHO-
ro HepaseHcTBa. HekoTopsie wmraTenn yxe, HaBepHOE, HOTaAJIUCh, KAK €0
NPUMEHUTH B 3TOU 3aqa9€.

TEOPEMA 3. Paccmorpum aBa HAG0OPA MOJOKUTEIBHBIX GUCEI 41, G2, - - -
Gp U b1,b9,...,b, 1 Bce BOBMOXHBIE MEPECTAHOBKHU TUCET BTOPOro Habopa.

SHaAYEHUE BHIPAXKEHU
H (ai + bg(i))

Oyser caMblM OOJBIIMM, KOUAa HAOGOPBL G1,a2, ..., Gn ¥ by(1),b5(2); -5 bo(n)
06paTHO yIOPALOTIECHBI, 8 CAMBIM MAJEHBKUM — KOT' 18 DT HAOOPHI O IUHAKOBO
YIOPSAJOYCHEL.

3AMEYAHUE. BMmecTo ycaoBusa mOMOXKUTEALHOCTH GUCET HOCTATOYTHO TO-
TpeboBATDL, ITOOLI I BCAKUX ABYX HMHIEKCOB 1, k 9IUCIO a; + by OBLIO IOJI0-
XUTETHHO.

O6paTuTe Takxke BHIMAHNE, ITO 3HAKYA HEPABEHCTBA B TeOpeMe 3 TI0 CpaB-
HEHWIO C IEPECTAHOBOYHLIM HEPABEHCTBOM IepeBepHYTHI. OObicHeHnE STOMY
OymeT maHO HUXKeE.

Teopema, crenyeT U3 JeMMBI, KOTOPAA €CTh €€ TACTHBIN CAyHal Iid n = 2:

JIEMMA. Ilycts a1 > ag > 0, by > by > 0. Toraa (a1 + bl)(az + bg) <
< (a1 + b2)(ag + by).

YTPAXKHEHUE. [Joka3aTh JeMMy ¥ TeOpeMy IO aHAJOTHU C IEPEeCTaHO-
BOYHBIM HEPABEHCTBOM.

YTPAXKHEHUE. BriBecTy oTCiozna HEPABEHCTBO
2 2 2 2 2 2
(a2 +a7) - (ag+a3) ... (a1 +a;) = (a1 +a7) - (a2 +a3) - ... - (an + a;).
S momospemaio, 9TO aBTOp 3agatid H WMeJa B BHUAY IPYroe ee pellieHue,

2 (1 +a)2

a
OBITE MOXET, UCTIOIL3YIONIEe HEPABEHCTBO 1 + — > . lIycTs, cxaxewm,

b 1+0b6
HaC IOIIpoCuan n0Ka3aTh
a? ag a?b 2 2 2
(1+9) - (1+2) . (1+2) > (+ad) - (1+ad) - (L4 ad).
az as ai

YTIPAKHEHUE. (a) /[fokaxmre 5TO HEPABEHCTBO Y€PE3 TEPECTAHOBOTHOE
HEPABEHCTBO.
2 2
1
a” § (+a)

y 2 110 . Kakoe

(6) A Temepr uepes 0606menne HepaBeHCTBA 1 +

o0606menune? CamMu goraganTecn!
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Pasymeercs, myukT (a) mpore u TpeGyeT MeHbIne uzo6perarensaocta. Ho
MBI MOXEM HAINCATL U 00Jee CI0XKHOE HEPABEHCTBO, KOTOPOE U3 TEOPEMEL 3
OYEBUIHO, a J0KA3aTh €ro HAMPAMYI COBCEM TSIKETO.

Teneps BO3bMEMCA 32 33 4a9Ky 7 U3 COUCKA B HAYAJE CTATHUA. 3AYEPKHYTH
YUCAA TAK, KAK CKA3aHO B YCIOBUM 3aJa49M, — BTO TO XK€ CaMOe, ITO Pac-
CTaBUTL HA JOCKE N Jaded, KOTOphie He ObioT apyr apyra. Ho paccrasuTh
JABA — DTO BEb, TI0 CYTH JeJa, BEIOPAThH MEPECTAHOBKY. A Kakasd mepecTa-
HOBKA MacT camoe MajneHbkoe ducio! CaMas HempaBWwiIbHAS.

Nraxk:

TEOPEMA 4. Paccmorpum aBa HAGOPA MOJOKUTEIBHBIX GUCEI 41, G2, - - -
Gp U b1,b9,...,b, 1 Bce BOBMOXHBIE MEPECTAHOBKHU HCET BTOPOro Habopa.
SHAYEHUE BHIPAXKEHU
>t
a; + ba(i)

Oyser caMbIM OOJBIIMM, KOUAa HAGOPBL G1,a2, ..., an ¥ by(1),b5(2); -5 bo(n)
OJMHAKOBO YIOPSIOUYEHBI, 8 CAMBIM MATEHBKUM — KOT'/1a, 3Tu HAOGOPHI 06paTHO
VIIOPSAJOYIECHBL.

U Teopema, u 3ama9a 0 TAOAWIIE JETKO CACAYIOT U3 CACAYIOUIEN JEMMHI.

1 >1 1

JIEMMA. — _—.
k+zx m+z  x k4+m+x

Bce geranum nokaszaTenbcTBa JEMMBI, TEOPEMBI U 331891 TPO TAOIUITY TIpe-
JocTaBasroTcea yutareaio. OHM He COAepXAT HOBBIX HETPUBUAIBHBIX WIEH.

Ects eme ogun cnocob pemnTs 33434y 1po TAabIUILy, BOCIOIHL30BABIINCH
U3BECTHBEIM HEPABEHCTBOM

1 1 1
(a1+a2+---+an)(—+—+---+—>
al a2

an

n?.

WV

Ono creayer m3 Teopembl 2. Ho ero MOXHO NOKa3aTh M Yepe3 HEPABEH-
cTBo Kormmu-B yHAKOBCKOTO, U C TOMOIILIO IBYX HepaBeHCTB Ko, u gpyruMu
cocobamu. BopoteM, MbI OTBIEKANCH OT OCHOBHOW HIEH.

OcHoBHas ugesa ke, KaK HABEPHAKA YXKe COOOPA3WIn CaMble J0Ta,[TUBLIE
W3 YUTATENER, COCTOUT B TOM, YTO XOTA Teopembl 1, 3, 4 U BHITIALAT OYEHB
o0UIMMHA, HO BCE OHU ABIAIOTCA Y3KUMU GACTHBIME CAYIAAME IET0-TO TOPA3I0
6osmee obmiero. U y sToro «ropa3mo 6ogee obImiero» Macca TAKUX YIACTHBIX
caygaeB. Ho maas Toro arober chopMyampoBaTs HTO «ropasgo 6omee obrmieey,
HeOOXOAMMO 3HATDH, ITO TAKOE BHIMYKJIAd (DYHKITHA.

HekoTopbie unTaTenu, HABEPHOE, 3HAKOMBI C BHITYKJILIME (DYHKIAAMEA, HO
HA BCAKWUU CJAYHAN MBI HATTOMHUM ONPEJeJeHNe U OCHOBHBIE CBOMCTBA.
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BEINYKJBIE 1 BOTHYTHIE OYHKIIUN

Hanrpaduk dysknum f(x) — 5TO MHOXECTBO Takux TOYEK (I,y), Aas1
KOTOPHIX ¥ > f(x) (T.e. OHE HAXOAATCA «HAL I'PADIKOMY).

Brinykaasa GyHkmua — 5>T0 Takasa PpYyHKIUA, Y KOTOPOU HaATrpadpuk —
BBIITyKJIO€ MHOXKECTRO. HAME rOBOPA, €CJAU COCAMHNTE JIBE TOYKY HA Ipaduke
wiz HaJ TPpadUKOM OTPE3KOM, TO BECh OTPE30K OyAeT JeXKaTh B HaArpaduKe.

MocTaTodno moTpeGoBATH STOrO A TOYEK, MPUHAIIEKAMNAX IPAPUKY.
Nabmvm crosaMm, pyHKIMA JOMKHA JEXATH TOJA «XOPAormy. MOXHO 3ammcaThb
»T0 anaredbpamdeckn: ecaum 0 < ¢ < 1, To

tflm) + (L —t) - fm2) 2 f(t-zr+ (1 —1) - @2).
Boruyrasa ¢pyukinua — 5To Takad PYHKINUA, ITO, HA0OOPOT, mOATpaduK

(KOTODPBIN OpeAeNAeTCs AHAIOIUIHO HA AT PADUKY ) ABIAETCA BBHILYKILIM MHO-
KECTBOM, T. €.
t-flz)+ (1 —1t) flze) < flt-z1+ (1 —1) - z2).

Dyuknmsa MoxeT OBITh BEITYKJION WX BOTHYTOW KaK HA BCEH MPAMOM, TaK
7 HA KAKOM-TO OTDE3Ke WIU JIye.

CroBa (BBIYKIasg» W «BOUHYTAasg» OYCHb MOXOXKU. ITOOBI He 3amyTaThCd,
Kakasg (DyHKIUA BBITYKJIAsd, 8 KAKAd BOCHYTAadA, MOXKHO AYMATh O BECETBIX W
PPYCTHHIX GYHKIWAX U BCIOMUHATL POT y HYXKHOTO CMaWIWKa (CM. puc. 1).

[IpuMepsl BHINYKIHIX dyrknumi: ¢, a®, |z|, 22, 2 (k — meroe momoxu-
TelbHOe) Ha Bcew npsamon, tg(z) ma mpomexytke [0;7/2), 1/x u z" (n —
Hen0€e) Ha NOMOKUTEAbHBIX TUCIAX.

IIpumepst BorayTox ¢yukmui: ln(z) u log, () Ha MOTOKUTEILHBIX TUCIAX,
sin{x) ma orpeske [0; 7], cos(z) Ha oTpeske [—7/2; 7 /2], arctg(x) HA MONOKM-
TEJIBHBIX IACAAX.

Boob6ue, ¢pyHKIms £ Ha TOI0XUTEALHBIX 9ACIAX ABIIETCI BOCHYTOU, €C-
au o mexuT Mexay 0 u 1, ¥ BEIIYKIOU B IPOTUBHOM CIIydae.

ITepevumcanm OCHOBHBIE CBOMCTBA BBIMYKALIX (DyHKIMI, HATUHAL C OIpee-
aerus. (Bcé, 9To MOXHO CKa3aTh O BBIMYKILIX (DYHKIUAX, MOXKHO CKa3aTh U
0 BOrHyTHIX. [Ipw 5TOM HYXHO HEepeBEePHYTH 3HAK HEPABEHCTBA. )

1. Hagrpaduk — BBIIYKIOE MHOXECTBO.

©
@

a) 6)

Puc. 1. a) Becenas (Boimykiaas) u 6) rpycTHas (BOrHyTad) QyHKIAA
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10.

11.

Dyukmnua dexuT mog xopgon: ecan 0 <t < 1, To
tofl@) + (=) fz2) 2 [tz + (1 —1) - 22).

DyHKIIIA JeKUT HAJ NPOAOTKEHUEM XOPILI, & UMEHHO, ecau ¢ < 0 win
1<t 1o

t-flz) + (1 —1t) fze) < f(t-z1+ (1 —1) - z2).

fz1) + fx2)
2
TOYHO, ITO0LI (hYHKIN OLLTA BLITYKIOW, a B 00ImeM ciydae — meT. Ho

I 000U BBIMYKJAOH (DYHKIIMH 5TO CBOMCTBO BHIIOAHAETCA — AOCTA-
TOYHO mojcTasuTh ¢t = 1/2.

> f (wl -;-932) [l HeTIpepBLIBHOW (PYHKIUK STOTO AOCTA-

k-f(x1)+m- f(z2) S f<km1 +m - x
=

k+m k+m g .

cra. O6obmenne TyHKTa 4 ¥ YaCTHBIU CIyday myHKTa 2. Ha camom geme

5TO CBOUCTBO BHIBOAUTCA (HO CIOKHBIM CIIOCOO0OM) U3 TyHKTA 4.

). 3aeck k, m — HATypaJabHBIE U-

X

n-fle)=m-fl@s) f(n'xlfm.m). 3aeck n > m — HATypAIbHBIC
n—m n—m

queaa. JaCTHBIN CIyIay IyHKTA 3.

Ecau y Brimykinon GyHKIUY eCTh TPOU3BOAHAA, TO (PYHKIUA JEKUT HAT
KaCcaTeIBHOU, T. €.

f(@) = f(xo) + f'(20) - (z — z0).

Fcaw y ¢pyukumm ects BTOpas OpOM3BOAHAN, TO OHA HEOTPUIATEIBHA.
3HAYKT, €CJAU eCTh BTOPAsd IPOU3BOAHAA U OHA OTPULATEIbHA (XOTS ObI
B OJHOU TOYKE), TO (PYHKIUA yXKe He ABIACTCA BHIIYKION. C MOMOIIBIO
9TOr0 CBOUCTBA MPOIIE BCETO MPOBEPATH BBITYKIOCTb.

Hepasenctro Uencena:

flx1) + f(z2) + -+ f(zn) >f(:v1 +$2+"'+(L‘n).

n

IlerTp TaXeCTH MHOTOYTOJBHUKA, BEPIIUHBI KOTOPOT'O JEXAaT HA T'pa-
duke Ppymkmum, HaxoaUTCA HaL rpadukoM. A kyma emy methea? Hag-
rpadpuK Ke BHITYKILIN.

Hepasenctro Mencena ¢ mMogoXuTeNbHBIMA BECAMMU:

wif(z1) +waf(@2) +---+wnf(en) o f(uu:m +w2$z+---+wnxn)
w +wy + -+ wy - wy +wy + -+ wp ’




218 JI. B. Pag3uBniaoBckum

Y7066 OLLI0 MHTEPECHEH, HYXHO CAMOCTOATEILHO TPOBEPUTL, KAKWE
(OYHKIUYM ABIAIOTCA BBITYKIBIME, 8 KAKUE — BOUHYTHIME (& HE BEPUTH aBTO-
Py Ha CJIOBO), M 9TO BBITEKAET M3 DTOTO W U3 TEPEINCAECHHBIX BBIIIE CBOUCTB.

K npumepy, HepaBeHCTBO MeHCeHA L SKCIOHCHTHI WK JOrApU(Ma CTa-
HOBUTCA HepaBeHcTBOM Komm (cpeanee apudMeTHUIeCKOE HE MEHBIIE, €UeM
cpearee reoMeTpuaeckoe). M3 Bcex n-yrorbHIKOB, BIMCAHHBIX B OKPYXKHOCTh,
HAMOOIBIINE ILIOMAAb U MEPUMETD — Y MPABMIBHOTO (DTO CAEAYeT W3 HEpa-
BeHCTBa Vlencena i cuHyCa). A M3 BCEX N-YTOIBHUKOB, OMUCAHHBIX BOKPYT
TAHHOU OKPYXKHOCTHU, HAMMEHBIINE ILIOMAAL U TEPUMETP — ¥ MPABIILHOTO
(510 cregyer w3 HepaBencTBa MeHceHa qas TaHreHca).

U3 myuxTa 7 cregyer, uto €¥ > x + 1, uim, Hanmpumep, uTo e’ > er.
OTcoga MOXHO IOHATE, 9TO Hoabine: e uwin 7¢. Beqnb er/el > m/e.

WNuTepecHo Takxe nopcrasuts & win ¥ B myakT 11. Boobie, Mer 3HAEM
MHOT'O BBITYKJIBIX U BOTHY THIX (PYHKIIUHT, & Y HIX MHOT'O MHTEPECHBIX CBOUCTB,
¥ OTCIOIa, MOXHO HOJIYIUTH MHOT'O 3aMEYATEIbHBIX HEPABEHCTB.

llokazaTeabcTBa BCEX CBOUCTB, UX (POPMYJUPOBKY U JOKAZATEALCTBO IS
BOTHYTHIX (PYHKIINH, MHOXECTBO YACTHBIX CIY9a€B A KOHKPETHBIX (DYHKITUU
¥ Pa3IWYHBIE CAEACTBUAA U3 HUX IATATENH MOXET MOIYUATH CAM B KAIeCTBE
yupaxHeHus. lem 60Jbllle BpeMeHU BbI IOTPATUATE HA DTO YIPAXKHEHUE, TEM
60JbIIIe OHO AOCTABUT BaAM PAJOCTH.

Kpowme Toro, uurarens AOIXKEH caM MOHATH, KOTJa B HEPABEHCTBAX [0-
CTUTrAeTCsA PABEHCTBO U UeM OTJIMYACTCA CTPOrO BHILYKJIAA (PYHKIUA (Taxasd,
KaK 72) OT HECTPOTO BHIMYKJION (TaKow, Kak |x|).

OBIIEE HEPABEHCTBO

WTak, MLI TOTOBLI C(OPMYJINPOBATL W AOKA3aThL 0000IIenue TeopeM 1,
3ud.

TEOPEMA 5. Ilycts f — menpepoiBHas $yukiua. Caexyionime ycioBus
SKBUBAJCHTHEL.

(a) Smavenme Bepaxerna f (a1 + by 1)) + f(az2 +bg2)) + -+ flan +bs(n))
OyeT caMbIM GOJBIIUM, KOT/A UCIa, yIIOPAJOIEHBI OJUHAKOBO.

(6) Smartenme Brpaxenua f(a1 +bg(1)) + f(az +by2)) + -+ flan + bsn))
OyZeT CAMBIM MAJEHLKAM, KOTa THUCIa OOPATHO yIOPOYEeHb.

(B) Ecom a1 > ag , by > be, o f(a1+b1)+f(as+be) = f(a1+b2)+ f(az+b1).

(r) f BeuIyKaA.

Hy m xonewno, To xe camoe ¢ 0OPATHLIM 3HAKOM.

TEOPEMA 5'. Ilycte f — menpepnieHas ¢ynkmma. Ciaegyromue yCcIoBUs
OKBUBAJECHTHBI.

(a) Smattenme BEpaxenna f(ai +bg(1)) + f(az +by2)) + -+ flan + bsn))
OyaeT caMbIM OOJBIINM, KOT'Aa IUCAa OOpPATHO YIOPAIOYEHDI.
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(6) Smartenue Brpaxenua f(a1 +bg(1)) + f(az +by2) + -+ flan + bsn))
OyAeT caMbIM MAJCHBKUM, KOT/a TUCIA YIODPALOUCHB OJUHAKOBO.

(B) Ecau a; > as , by > bs, TO f(a1+b1)—|—f(a2+bz) < f(a1+b2)+f(a2+b1).

(r) f Bormyra.

Ecan ¢pyHKumsa BhInyKaa/BOMHYTA TOJBKO Ha KAKOM-TO IIPOMEXYTKE, a HE
HA BCEH HPAMOU, HYXKHO MOTPEOOBATH BO BCEX IYHKTAX HPEABIAYIIAX TEO-
peM, 9TO6BI A BCAKUX MBYX WHIEKCOB %, k BEIWHWHA a; + by mpumHAIeXKa1a
NPOMEXYTKY, HA KOTOPOM (DYyHKIMA BHINYKJIA/BOTHYTA.

[TOKA3BATEJNBLCTBO. IlyHKT (B) ABIAETCA IACTHBIM CAY9Ya€M IYHKTA (a)
U YaCTHBIM CIydaeMm HyHkTa (6) npu n = 2.

Ho u o6paTHo: u3 nyHkTa (B) BRIBOAATCA IyHKTHI (a) 1 (6) npu momorn
COPTUPOBKU. JTO Mbl yKe ICAALN.

Ocranoch ycTaHOBUTH DKBUBAJIEHTHOCTh IYHKTOB (B) u (T).

O6osnaumm x = as + by, k = a1 — as, m = by — by. Torga popmyra (B)
upuobperaer Bug f(z +k+m)+ f(z) > f(x + k) + f(z +m).

[Mogcraum k& = m W mOAyYMM OHO W3 CBOUCTB BBIMYKIOW (DYHKIIAW
(2omep 4 B Hamewm cnucke). OHO BOOOIIE-TO crabee BHITYKIOCTH, HO i He-
IPEPHIBHEIX (DYHKIWA 5T JBA CBOMCTBA PABHOCWIBHEL SHAYUT, U3 (B) crexy-
er (r).

Yro6sr w3 (r) BeIBeCTH (B), HAM HOHATOOWUTCA B3TVAHYTH HA KADTUHKY

(puc. 2).
Ha rpadmuke ormeveno 4 Todkum:

(x, f(x)), (z+k, f(z+k), (x+m,flxz+m)), (x+k+m, f(z+k+m)).

llBe cpegHme TOYKM JEXKAT TOJH XOPIAOU, COEIWHSIONEU [BE KPaWHUE TO4-
ku (z,f(z)) u (x + k + m, f(r + k + m)) — Begp PYyHKONA JeXKUT MOJ
XOPAOH. 3HAYAT, CEPEIUHA OTPE3Ka, COSAWHAIONIETO NBE CPEIHUE TOTKA —
z+k+z+m flrx+k)+ flx+m)
2 ’ 2
OTPE3KOM, COSAVHAIONINM ABe Kpauuue Todku. CepeauHa BEPXHETO OTPE3KA,

a OHa MMEET KOODIWMHATLI ( ), — JICXKHUT IIOT

T T+ k z+m x+k+m

Pwuc. 2.
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2 ’ 2
eM CepeMHa, HIMXKHEero oTpeskal SHA4UnT,
flx+Ek+m)+ f(z) S flz+k)+ f(x+m)
2 - 2 ’
9T0 M TpebHOBAJIOCH TOKA3aTh.

k k
<x thtotm fletktm)+ f(x)) nMeeT Takywo xke abcruccy. Ho ona Boite,

[TOMHOCTBIO AHATOTHYIHO JOKA3LIBACTCA Teopema 5.

YUPAXKHEHUE. llogcTaBbTe BRHIMYyKIVIO GYHKINWIO €¥ B TEOpeMy 5 H IIO-
JYYIUTE JACTHBINA CIy9al TeOpeMbl 1, KOra Iucjaa B HaAOOPaX MOJOKUTENbHEL.
BriBegure o6uun cay<ad u3 5TOr0 IaCTHOTO.

YnPAXKHEHUE. [loacrasere BOrHYTYIHO (byHKIUIO In(x) B Teopemy 5 m
IOIYy4IUTE TeopeMmy 3.

Bot movwemy sHakm HepaBeHCTB B TeopemMax 1 m 3 pasHBIE: DKCIIOHEHTA,
«Beceasmy, a JorapudM «(CPYCTHBINY.

YIPAXKHEHUE. IlogcraseTe 1/ B Teopemy 5 u moxyumre Teopemy 4.

YpPAXKHEHUE. Toacrasbre dyHknmo /2 (OHa TpycTHAA) B Teopemy 5
1 TIOMyATe HOBYIO TEOPEMY.

YUPAXKHEHUE. llowrpaiTe ¢ ApyruMu GYHKIUAMY U IOy 9ATE €IIIe MHO-
T'0 Pa3HBIX HEPABEHCTB.

MOHIOJIBCKOE HEPABEHCTBO
Iycrs a1 =2 a2 =2 -+ 2 ap. Torga

a1 +az as +as an + ay
2 * 2 AR 2
aj t+az+a3z az+az+aq ap—1 +an+a1 an+a; +as
= 3 ' 3 e 3 ' 3
YcroBue a; = as = - 2 a, Heab3A oTbpocuTh. Hampuwmep, mociaemosa-
rersuocTs 100, 1, 100, 1, 100, 1, ...He yIOBIETBOPAET STOMY HEDABEHCTBY.
B ymomunaBmiencs soiue ctaThe [4] pacckazaHa UCTOPHUI STOrO HEPABEH-
CTBA M JAHBLI ABA CIOXKHBIX JOKA3ATEILCTBA. OTHO M3 HUX (PAKTUIECKHA JOKA-
3bIBaeT 00001IeHre MOHT'OJBCKOT'0 HEPABEHCTBA.
BoseMmem qorapudm ot obeux gacTen:

In (#5%) #1n (55) 4o (50 <
<1n(%) HH(W) T

”‘+ln<an71+3an+a1)+ln(an+zl+a2).

<
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Ms1 yTBEpXKAaeM, ITO 5TO MPABWILHO HE TOJBKO [as Jorapudma, HO U
I 000d rpycTHOR GYyHKINNM. A Mg A00601 BeceIon (PyHKIUN MPABUILHO
TAaKOEe Xe HEePABEHCTBO, HO C MPOTUBOIOJOXHBIM 3HAKOM.

Tak BoT, B crarhe XpabpoBa 3TO MOKA3BIBAETCA depe3 HepaBeHcTBO Ka-
pPaAMAaThI, KOTOPOE ABIAETCA OOMIMM HEPABEHCTBOM A BBHIMYKIBIX (DYHKITUH.
Y Hac ecTb CBOe, HE MeHee 00IIee, HEPABEHCTBO [ BBIMYKILIX (DYHKIIAU, a
MMEHHO TeopeMa . SHAYUT, MOXKHO MOTPOHOBATE BhIBECTH 000OIIEHNe MOH-
TOJLCKOT'O HEPABEHCTBA, M3 TEOPEMHI 5.

DTO IPUMEPHO TO XK€ CaMOe, ITO U BHIBECTHU CAMO MOHI'OJBCKOE HEPABEH-
CTBO U3 TEOPEMEI 3.

Mbr gus HarasgHOCTH PasbepeM IaCTHBIU CIydall (BBIBOJ MOHIOIBCKOTO
HEPABEHCTBA M3 TEOPEMEL 3), & OOLIMA CAyHdall AeIaeTCA TOYHO TaK XKe.

HJOKABATEJABCTBO MOHI'OJIBCKOI'O HEPABEHCTBA. Ilycts

ai az az as an—1 Qan Qan ai
=gt g 2=t Tl = o e I =
— 0,71 aﬁ — aj a73 — an—1 al _ al ﬂ
y1_6+37y2 6+37"'7yn—1 6+37yn 6+
Torga MOHTOILCKOE HEPABEHCTBO IPHOOpeTaeT BU
(w1 +y1) (w2 +y2) o (@n+yn) <(x1+y2) (2+y3) ... (n +y1)

3aMeTHuM, ITO T] 2> T9 2 T3 = - S Lp—l AYL S Y2 Z Y3 = = Yn—1-

Ho, x coxanenuio, MBI HE MOXEM CKa3aTh, 9TO Lp_1 = Tp WIA Yp_] =
= Yp, — DTO MPOCTO HEBEPHO. MBI MOXEM TOJIBKO CKA3aTh, ITO L1 = Tn, &
Yn—-1 < Yn-

Ecau Mer oTcopTupyeM HAGOPHL YUCET IO YOLIBAHUIO, TO HUCIO Ly 3AUMET
B CIIUCKE MKCOB MECTO 7 (HE MEePBOE), & TUCIO Y, 3aUMET B CIUCKE UTPEKOB
mecto k (He mocaennee).

3aMeTuM, 4ITO Z; = y; opu ¢ < n — 1, HO z, < Y. SHAYMAT, MECTO Tp
B CIIUCKE WKCOB He OiMXe K HAYATLY, €M MECTO ¥, B CIUCKE UT'PEKOB, T.E.
k< m.

IlepecTamoBKa, mpeaCTABIAIONIAL JEBYIO 9aCTh, OYAeT BBHITVIAASTH TaK:

k

(camMBIil GOABIION ¢ CAMBIM GOJBITUM, BTOPOU CO BTOPBIM U T. 1., HO HOMEP 171
¢ HOMepoM k). A mepecTaHOBKA M3 MPABOU YACTU BHIVAIUT BOT Tak (mpo-
BEpbTE):
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k

U um omma M3 5TUX MEPECTAHOBOK HE ABIAETCA CAMOW TMPABUILHOW WX
CaAMOU HETIPABUABLHON. SHATHUT, MOHT'OIBCKOE HEPABEHCTBO HE CAENyeT U3 TEO-
pembt 3. YBBI. MBI MOXBACTAIUCH, ITO W3 HAIIUX OOIMIUX TEOPEM CIeIyeT MOH-
TOIBCKOE HEPABEHCTBO, & OHO W3 HUAX He Cleayer.

Ho mm1 me cmazumca. BemomuuM He GOPMYIMPOBKY, a AOKA3aTEILCTBO
TeopeMbl 3, KOTOPO€E, KAK OTMEYEHO BHIIIE, AHAJOIMIHO JOKA3ATEIHLCTBY TEO-
pemul 1. Tam MBI «yIyTImanmy HepeCcTAHOBKY, W 3HAMEHWE MEHAIOCH MOHO-
TOHHO.

Bo BTOpOU mepecTaHOBKEe BEpXHEE 11 CBA3AHO ¢ HUXKHUM 1, a BepxHee
m — 1 ceasamo ¢ umkuIM M + 1. ITO «HempaBuIbHOy. [JaBalTe MOMEHAEM IX
MecTaMu.

k

Tenepb Bepxmee m — 1 ¢BA3aHO ¢ HUXHUM 1, a BepxHee m — 2 CBA3AHO C
HIDKHAM 1. OTO ONATL «HEMPABWILHO». [laBadTe mOMEHAEM WM WX MECTAMI.
m

k

U Tak manee, moka caMbIii GOJLIION WI'PEK HE OKAXKETCA B Hape C CAMBIM
OOJBIINM UKCOM.

k

Tenepsb k-1 0 BEIUSIUHE UTPEK OKABLIBAETCA B MAPE € CAMBIM MAJTCHBLKIM
MKCOM. A TOCJAENHUYN UTI'PEK B Mape ¢ MPEATOCASTHAM UKCOM. YJIYHIIUM 3TO.
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Cenuac k-u urpex okaswiBaeTca B mape ¢ (n — 1)-m uxcom, a (n — 1)-u
UrpeK B mape ¢ (n — 2)-M UKCOM. YaydmuM u 5T0. Tak 33 HECKOIBKO IIAT0B
mpuaeM K TepPBOU TePEeCTaHOBKE.

Wrak, XoTa mepBas HEPECTAHOBKA M HE «CaMasg IPABWIBHAMY, 4 BTOPAsd
HE «CaMas HeMPABWILHAMY, HO TEPBad TMEPECTAHOBKA, «IIPABUILHEE), ©IEM BTO-
pasg. A gorapudm — QYHKIUA TPYCTHAA, 3HAYUT, JEBAA IaCThH HEPABEHCTBA,
MEHBIIIE TPABOU. UTO M TPeOOBAIOCH TOKA3ATh.

(Mopaub TakoBa: HyXHO 3HATH He TOIBKO (GOPMYIUPOBKH TEOPEM, HO U
UX OKA3ATEIbCTBA).

dyHknuda In(1 + e*)

BCHOMHI/IM HEPpaBEHCTBO HOMED 5 "3 CIINCKa B Ha4YaJ€ CTaTbU:
a2 (122 a2
(1+—1) : <1+—2) (1+—”) >(1+a) (1+a) ... - (1+ayp).
as as ay
[lepen Tem kak ero MOKA3BIBATH, MBI YMHOXWIW €I'0 HA 3HAMeEHATElb. Ho,
Kak 3amMeTn1 Miapa I'punraas, ero MOXHO JOKa3aTh M HAIPAMYIO. A MMeHHO,

IT (1 + bg(i) / ai> JOCTUTAET MUHAMYMA, IPK CAMOW MPABUIBLHOU, & MAKCUMYMa,

TPU CAMOM HENPABUILHOU TIEPECTAHOBKE. JTO TOXE 0000IIeHNe HAIIErO He-
PaBEHCTBA, W OHO DKBUBATEHTHO Teopeme 3. O6osnavasn ¢; = 1/a;, npuxogum

K BBIBOAY, 9TO || (1 + ¢ - ba(i)) JOCTUTaeT MAKCAMyMa IIPU OJAWHAKOBOM, &

MUHUMYMa — 0Py 06PATHOM HOPSAKE.

DToT (aKT, B CBOW OYepenb, SKBUBAJICHTEH BHINYKIOCTH (DYHKIUH
In(1 + €%).

Bemykiocts gyskimn In(1+e%) skuBaseHETHA HepaBeHCTBY VeHceHa, s
5>Tor (PYHKINH, T. €.

In (1 + eZm/n) < M .
n

Hpumennm skcnorenty u noxyaum 1+ {/[Ja; < Y/T[(1 + a;), rae a; = e®i. A
5T0 — HepaBeHCTBO ['tourenca (o HepasercTse ['ronrenca cu. [1]). Ero merko
JOKa3aTh HAIPAMYIO. EcIu BO3BECTH HEPABEHCTBO B N-I0 CTEIEHb, TO OHO
JIETKO pa3o0beTcsi B CYMMY HEDABEHCTB, KOTODLIE CIEAYIOT K3 HEPABEHCTBA
Komm.

Takx HEOXWMJAHHO OKA3BIBAETCA, 9TO TEOPEMA 3 DKBUBAJIEHTHA HEPABEH-
ctBy ['rourenca. MBI He cTaHeM NOKA3BIBATEH YTBEPXK ACHAA STOr0 Haparpada,
a OCTABUM WX YMTATEIAM B KAIeCTBE YIPAXKHEHUH.
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