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HepaBeHCTBa 1A BBITYKIBIX MHOTOYTOJTLHIKOB U
MHOTOYTOThHUKN Pemaxapara”

C.Bb. lamkos

[yctes M, — BBIDYKABIN 7-YyTOJBLHUK, Py, — €r0 TEPUMETD, d), — JUAMET],
b, — mmpuna, R, — MUHUMAILHBIA PAAUYC COAEPKAIETO ero Kpyra (paguyc
[Oura), r, — MAKCUMAILHBIA PAJUYC JEKALMET0 B HeM Kpyra, (paguyc Basm-
Ke), S, — KBAJAPATHBIM KOPEHb W3 ero mmomaau. OupeeneHumsa guameTpa,
IWUPUHBL ¥ 000UX PAaAMYCOB MOXHO HaniTu, Haupumep B [1], [2]. Cupaseaiu-
BBHI CJACAYIOUIVE HEPABEHCTBA (MHIEKC 7 OMYCKAeM), HEKOTOPBIE U3 KOTOPBIX
TakKXKe MOXHO HauTu B [1], [2].
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[IpaBoe HEPABEHCTBO CIEAYIOMIEN TEOpeMEI ObLI0 HoKa3amo B 1922 r. K. Pen-
HXapATOM [3]. 3zeck npuBoauTCA 6oJee IPOCTOE AOKA3ATEILCTBO.

TEOPEMA 1. Ilyecmov p nepumemp, b wupuna u d duamemp 6vinyki020
n-yeoavrura M. Tozda cnpasediusvl nepasencmaa

2nbtg% <p < 2ndsin%.

Kancdoe uz nepasencms mounoe, ecau n # 28 k € N,

[JOKABATEJILCTBO. Ilycte M* — cumMmeTpusarusas MUHKOBCKOTO 1- YT OMIb-
Huka M, T.e.

M* = 2(M+ (~M)) = {(z — y)/2 : 3,y € M}

(Bce HEOOXOAMMBIE CBOMCTBA 5TOW omepauuu MOxHO Hauru B [2]). Torga M*
€CThb MEHTPATBHO-CAMMETPUTHBIA BLIMYKIBIT 211-YyTOILHUK, TAe M < 1, C Te-
MU XK€ TMePUMETPOM, AUAMETPOM U MMpPUHOHU, uTo u 'y M. U3 nenTpasbHON
cummeTrpudrocT M™ ciegyer, 94To ero BHyTpeHHMI paauyc 1 = b/2 u BHew-
Hun paguyc R* = d/2. I3 nepasencTsa

2m'tgE <p < 2nRsin ©
n n

™
clrefyeT, ITO IOCIEeNOBATEILHOCTD 1 tg — CTPOr'o MOHOTOHHO YOBIBaeT, a IMO-
n

.
CIea0BaTEJIbHOCTD 71 S1N — CTPOr0 MOHOTOHHO BO3PACTaECT. HOBTOMy
n

2nbtg s <
2n
< 2mbtg — = dmr* tg — < p < 4mR* sin — = 2md sin — <
2m 2m 2m 2m
< 2ndsin 2L ,
n

s . ™

mputeM paBeHCTBa p = 2nbtg o P = 2nd sin 5, Wb TONA CIPABE/IUBEL,
n n

korga M™ ecTh IpaBUILHLIA 2N- YT OJILHUK.

OdeBuHO, I TPABIIBEHOTO N-yTOJIBHUKA TPU HEYETHOM 71 CIIPABEMUBLI
™ . ™

paBEHCTBa p = 2nbtg2— = 2nd Sin .-, a OpU “IeTHOM 70 HU OAHO M3 HUX
n n

He BepHO. OJHAKO IIPU YETHOM 7, HE DABHOM CTEICHU ABOMKY, YKA3AHHBIE
PABEHCTBA MOT'YT LOCTUTATHCA.

[Ipumeps! N-yroJIbHUKOB, AT KOTOPHIX OHU TOCTUTAIOTCS, MOXHO IOCTPO-
uTh caegyomum obpasom. IIpeacraBum n IPOU3BOJIBHBIM 00PA3OM B BUJE
m(2k + 1). OgeBuguo, ¥ro eciu n = 2°ng, rge 1y — HEYETHO, TO TUCIO
npeacrasrenuy B Buge n = m(2k + 1) Gyger pasBuo 7(ng) — UMCIy BCex
PasJNYHBIX AeInTeNel Yucia ng. BosbMeM upasuababii (2k + 1)-yroasHuk c
AnaMeTpoM (HamGOMBIIEH AMATOHAIBIO) d M ¢ LEHTPOM B KaXIOU €ro Bep-
WuHe HOCTPOMM Kpyr pagmyca d. OdeBmgHO, OH OyZeT IPOXOAUTEH €epes3
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KOHIIBI TIPOTUBONEKAIIEH K NAHHOW BepumHe CTOPOHBI (2k + 1)-yroapHuka,
KOTOpas OyaeT ero XOpAoH, OTCEKAIOMIEN OT HEr'0 CeIMEHT, COMPUKACAIOIIAN-
ca u3BHE ¢ (2k + 1)-yroapHUKOM 110 >TOU CTOPOHE. PacCMOTPHUM BBITYKIYIO
Qurypy, SBIAIOMIYIOCI EPECEICHNEM IOCTPOCHHBIX KPyroB. OUeBUAHO, OHA
Oy et nonydaTses obbegunenneM (2k + 1)-yroabHuKa ¢ yKa3aHHBIME CeIMeH-
ramu. Hazosem ee npasuiabubiM (2k 4 1)-yroasaukom Peno. [namerpom sron
durypst o npexuemy Oyaer d, a nepumerp OyaeT PaBEH CyMMe Ay MOCTPO-
€HHBIX KPYT'OB, T.€. Td, TaK KaK CIOXWB 3TH AYTH BMECTE, MOJYUUM ITOJIO-
BUHY OKpyx)HOCTH paamyca d. [llupura 5Toh Gurypsr BO BCeX HANPABICHUAX
onmaak0OBa u paBHa d. [looTOMy nmanHas (puUrypa ABIAETCA TPUMEPOM HUTY-
PBI IOCTOAHHON MWPUHLL. BrimimreM B Hee N-yroOIbHUK ¢ PABHBIME CTOPOHAME
TaK, YTOOBI CPEU €r0 BEPIIVH COAEDPKATUCEH BCE BEPIIUHBI PACCMATPUBAEMO-
ro (2k + 1)-yroapamka. O4eBnano kaxgas w3 2k + 1 ynoMsaryTeIX gAyT Tpw
oTOM OyZeT pa3buBaThHCA HA M PABHBIX AYXEK, XOPIbI KOTOPHIX OyAyT CTO-
POHAME PACCMATPUBAEMOrO 1n-yrojabauka. [uameTrp ero 6yaeT oueBUgHO d, a
mmpuHa pasHa b = dcos(m/2n) — BbIcOTE PaBHOGEAPEHHOTO TPEYrOJbHUKA
¢ pebpom d u yriom upu BepumHe 7/n. Torga mepumerp, 04eBUAHO, PaBeH
2ndsin(w/2n) = 2btg(n/2n).

Caenyrowas TeopeMa Obl1a gokasana B 1922 r. K. Pennxaparom [3]. 3xecs
npuBoguTca 6oiee IPOCTOE JOKA3ATEABLCTBO.

TEOPEMA 2. ITycmov p nepumemp, s° naowads u d ouamemp sbINYKA020
n-yeoavnura M. Tozda cnpasediuso nepasencmeo

n ™ ™
<4/ cos—tg —
= 2 n an’

Kromopoe 06pawaem0ﬂ 68 PABEHCIMBO MOAbLKO das npasuAbHLIL HEYETMHOYZ0Ab-
HUKO0B.

Ulw

[JOKABATEJLCTBO. W3 HepaBeHCTB

P>2 /ntgl, p<2ndsin =
s n 2n
ciaeayeT HepaBeHCTBO
S n ™ ™
= <y /ocos—tg —
d > 2 n & on’

KOTOpOE, 0IeBUAHO, 0OPalllaeTCA B PABEHCTBO TOJILKO Kor'a 063 HepaBeHCTBA,
obpalaioTca B paBeHCTBa. Ho 114 BTOPOro M3 HUX TO BEPHO TOJALKO B CIytIae
MTPABWIBHOI'O T-yTOJBHUKA, & A4 IMEPBOTO W3 HUX B DTOM CJIydae PABEHCTBO
BO3MOXHO, JUIIb KOT'JA 7 HEYETHO.

B caegyomen Teopeme GoJdee MOAPOOHO PACCMATPUBACTCA CIydaum obpa-
IEHUA HEPABEHCTB TEOPEMBI 1 B DABEHCTBA.
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TEOPEMA 3. IIycmb R(n) ecmb nauboabuiee 4ucao nonapro we nodoonvis
n-yzoavnuroe Petnzapdma, m. e. maxuz, 4mo 6bINOAHEHD! PAEEHCTEA

2nbtg% =p= 2ndsin%.

Tozda
(i) Rin)=0 <= n=2" keN;
daa awboeo n € N
1 1
(id) an; 2"/™ (o(m) — p(m)) < R(n) < %2; 2"/ o (m);

dasn =29k k1€N, 2dep>2 — npocmoe uucao,

1

R(n)= 5= > 2"™(p(m) — p(m)) =
(iii) 2tm|n

= (@ + 2P p(p — 1) 4 2 N (p — 1)) ~ 2P 2
mn

(iv) Rn)=1 <= n=puwun=2p, p>2, p— npocmoe.

3necs @(n) — pyakuma dunepa, p(n) — dyakous Mébuyca, m | n — o6o-
3HAYEHVE 1/ OTHOIIEHUA [eTAMOCTA HATYDAIBLHBIX TACEI (OMPeIeIeHus CM. ,
Hampumep, B [4]).

IIyakr (iv) maeT caeayoyo TEOMETPUIECKYI) XapPaKTEPU3ANWIO IIPO-
CTBIX YHCEA: HEYETHOE YUCAO 71 ABISIETCA TPOCTHIM, €CAU W TOJBKO €CIH
R(n) = 1, T.e. ecau cyumecTBYeT €IMHCTBEHHBIN N-yLOABHUK PenHxapara.
AHaTOruvIHO MOTYYaETCA U BTOPAA XaPAKTEPUIAIMA: HEYETHOE TUCIAO 1), ABJIS-
eTCsA TPOCTBIM €CIM U TOABKO ecau R(2n) = 1, T.e. eciu cymecTByeT equH-
CTBEHHLIN 2n-yroabuuk Pennxapara.

[TOKABATEJNBLCTBO. Ilycte M Takou n-yroabHuk, 9ro M* — mpaBmib-
HbIT 27-yroabHuK. OpUEHTUPYEM BCE CTOPOHBI MHOTOYTOIbHUKA M ™ B 0 1HOM
HANPABICHAN U COMOCTABAM MM BEKTOPA, M300PaXKAIONINE KOMILIEKCHBIE KO-

2 . 6271—1

o 17T
HU 2n-W CTENEeHW W3 eqWHuInl 1,e,e%,.. , Tme € = exp —. fAcHo, 4TO
n

—&l = "I, Toraa croporam n-yroaeauka M OJHO3HATHO CONOCTABIACTCAH
n-3JeMEHTHOE MHOXKECTBO, Takke o6o3HadaeMoe M, rexallee B rpymnme Kop-
ment w3 equuunbl Wo, = {1,¢,...,e?" 1}, Eciu pacoonoXuTh BEKTOPHI STOTO
MHOXECTBA B OIPEJICIeHHOM TOPIAKE TaK, YTOOBI HAYAIO0 OEePEIHOTO BEKTO-
pa COBHAJO C KOHIIOM TPEIBIAYIIETO, TO OHU OYAyT OTPAHUIUBATE N-YTOIb-
HUK, TOA00HBIN N-yroabuuky M. Ecin pacmomsoXuTh BEKTOPHI AHAJIOTUIHBIM
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00pa3oM, HO B IPOTUBOTOIOXKHOM TOPSIKE, TOIY ITUTCA MHOTOYT OJbHUK, CAM-
MEeTPUYHBLIA MPEABIIYIIEMY OTHOCUTEALHO HEKOTOPOU MpaMon. KceTecTBenno,
HEHTPAIBHO-CUMMETPUIHOMY MHOTOYTOJIbHUKY (—M ) cooTBeTCTBYeT MHOXE-
crBo (—M) Takoe, uro M N (—M) = @. flcho, uro ycaoBus M N (—M) = @
u MU (—M) = Wy, paBHOCHIbHEL OHU PABHOCWIBHBI TAKXKE TOMY, ITO B
KA IOM Tape IPOTUBOIMOIOKHBIX BEKTOPOB {&/, —¢/} ogme npura grexur M,
a npyrou mpuHamrexut —M. Takxe oueBrAHO, ITO

Z el =0,
gleM
TaK KaK CyMMa BEKTOPOB, B KOTODBIE IIPEBPAIIAIOTCI OPUEHTUPOBAHHBIE B
OJIHOM HATIPABICHUN CTOPOHLI MHOTOYTOILHUKA, PaBHA HYJII0. Pacmomoxenne
BEKTOPOB B JII000M APYT'OM MOPAIKE, XOTA U UMEET BCET A CYMMY, PABHYIO HY-
JIIO, IDUBOINT K HEBBIMMYKJOMY WJIN CaMOIICPDECECKAIUIEMYCA MHOT'OYT'OJIBbHUKY .
O6o03Ha~uM Hepes A, MHOXECTBO

{M:MCWsy,, IM|=n, MN(-M) =0}

(3mech u manee | M| 0603HAMAET IHCIO HIEMEHTOB MHOXeCTBa M ).

Tax xKax u3 Kaxa0u mapt {¢’, —e/} TOIBKO OJUH AIEMEHT TPUHA IICKHAT
M, To |Ay| paBuo 2". O603HaunM epe3 A moaMHOXECTBO A, cocToALEe U3
TAKNUX MHOXECTB M, [ KOTOPBIX CYMMa BXOJAIIUX B HUX BEKTOPOB DABHA
myao. O6o3naduM A, ,, I0IMHOXECTBO

{M:M e A, |[Aut M|=m},

rae rpymna Aut M = {w : w € Wa,, M = Mw}. C reomeTpraeckon TOIKM
sperna Aut M ecTh Ipynma BpalmleHHH, HepeBoAIInX MHOXeCTBo M B cebd.
Ecan | Aut M| = m, To m | 2n n sra rpynmna

Aut M = {17 €2n/m764n/m7 o €2n72n/m}7

T.€. COCTOUT M3 MOBOPOTOB HAa yrawl 2kmn/m, k= 0,...,m — 1 (moBopoT Ha
HYJIEBOU yT'Ol — BTO TOXJECTBEHHOE IpeobpasoBanue). Tak Kak MHOXECTBO
M € Ay, m > 1 nepexosuT B ce6A NpU HETPUBUAIHHOM IIOBOPOTE BOKPYT
HAaYaJIa KOOPAMHAT, TO CyMMa €0 BEKTOPOB PAaBHA HYJIIO, MHAYE OBl OHA U3Me-
HAJIACH IPU HTOM MOBOPOTE. AreOfpamtieckoe MOKA3ATEILCTBO STOTO TAKKE
yMeIaeTca B HECKOABKO CTpoK. [leucrBurensro, ecmu M € Ay, m > 1,
x € Aut M, x # 1, Trorga

E gl = E el = x g 57:$§ e,

eleM zel €M zel EM eieM

(1—m)25j:0, Zajzo,

eieM eJeM

CJIeTOBATETHHO
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MO3TOMY

S 0

eJeEM
u M € A;,. S3saanr A, ,, cogepxurca B A}, T.e. Ay, MOXHO OBLIO OIpeje-
JATH PABEHCTBOM

{M:Me A}, |Aut M| =m}.

Ecau m geTHOe wmeao, To —1 = (2n/m)(m/2) ¢ Aut M, 1. e. yKa3aHHAA TPYIIa
cogepXuUT moBopoT Ha 180 rpaaycoB (LEHTPAIBHYI CUMMETDPHUIO), IOSTOMY
B »ToMy ciaydae —M = M. Ho no ycioBuio 5T0 HEBO3MOXHO, Tak Kak M N
(—M) =@ pua M € Ay, cregoBaTensto Ay, = & IPU Y9ETHBIX M.

Ecuu xe m nederro, geaut nu M € A, yy,, TO pACCMOTPUM HOAMHOXECTBO
M, =Mn{l,ee? .. .,e%_l}.

Acwo, 9TO

(M| =n/m, (=M = (M + 2 ) mod 2, My, 1 (=M) = 2,
BEIb

g — A, g = gnlm(gnlmy 2 —
Y 1o6HO BMECTO MHOXECTBA
M, = {eh, ... eknim}
PACCMATPUBATE MHOXECTBO M, = {e™k1 . . ¢™kn/m} C W, /m- Torma
| M| =n/m, M,N(=M),, =9, |AutM,,|=1,

Benb 3 yeaosus | Aut M| = k > 1 cregosano 6v1, aTo |Aut M| = mk > m
B poTuBOpetuu ¢ ycaopueM M € Ap . Hostomy Mp, € Ay, /p, 1. Yrazannoe
BeIre orobpaxenue M «— M,, B3auMHO OJHO3HATMHO, MOITOMY CIIPABEIIABO
PABEHCTBO

’An,m| = }An/m,l} .
CiaegoBaTelbHO
’An| = Z ’An,m’ = Z ‘Amm’ = Z }An/m,1}7
2tm|n m|ng m|ng

rae ng MaKCHUMAJLHGIN HEUYeTHLIN JEeIWTEIbL 1, T.e. n = ng2% s = 0,1,....
— _ kyn/n _
Ecmm monoxuts fi = [Agy/m,| = (27) /no . gp = |Aknno,ils b € N, To s
HEYETHBIX k TTOMy<9uM, 9TO

Fi = Aol =D | Aensnoymal =D uym -
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[Ipumenss npeobpasosanue Mébuyca (cMm. [4]), umeem
Gk = Y 1(m) frgm = D p(m) (25/7)"/10 =" () 2/ o)
[JIST HEIeTHBIX K, CIeI0BATEIBLHO

— guo = 3 2/ u(m).

mlno

‘Aml

JI1060BITHO, ITO eCIu N HeYeTHO, TO

n n
mln

PABHO 9HUCJIYy HENPUBOAUMBIX JBOMYHBIX MHOTOWIEHOB cTerneHu 7 (dopmy-
Iy And mx <mcia cM. B [4]). WsBecTHa Taxke CBA3b HTOr0 HUHCIA C KOIHe-
CTBOM HENEPUOAMTECKUX ABYXIBETHLIX OXEPEeIuu u3 1 OycuHOK. [Iponssoin-
HOE [IBYXIIBETHOE OXepeJbe U3 1 OyCUHOK Ha30BeM n/k-mepuo AndecKnM, ecau
ero MOXHO Pa3pe3aTh Ha k OAMHAKOBBIX HOABECOK. JxXepeibs, KOTOPhIE HE
ABAAIOTCA k-TIEPUOIUTIECKUMY HU IPU KAKOM Kk, HA30BEM HEePUOUTeCKUMA 1
X KOIMIeCTBO 0603HaIMM [, (0Xeperba, momyaommecs Ipyr u3 Apyra Bpa-
IEHWEM B COAEPKALMIEH WX ILNIOCKOCTH, CIMTAEM ONMHAKOBBIMMK). O9eBUIHO,
ITO MUCTO OKEPETUuNl ¢ MEHUMAILHBIM mepuoaoM k pasuo I. Paspesas pas-
HBEIME CIOCOOAMU KAXKA0€ U3 TAKUX OXKEPENUH, MOAYyIaeM k PA3INIHBIX ABYX-
[BETHBIX OPUEHTUPOBAHHBIX MOABECOK. OOIIee KOAMIECTBO TOBECOK, TOIY-
YEHHLIX 13 BCEX 0XKEPEINH, PABHO ¢ OJHOU CTOPOHLI

Zd-[d7

din

a ¢ apyrou croponsl pasHo 2". [Tosromy no dpopmyre Mébuyca (cm. [4])

1 n/m
In:£22 ™ ().

mln

DTO YHCIO0, OYEBUIHO, PaBHO A, 1|/n npu HedeTHBIX N.

B [5, ru 1, sagaga 27] mokasaHO TakXke, 9TO 4UCIO [, IPU HEYETHBIX
7 PABHO YUCAY TMOAMHOXECTB aJJUTUBHOU IMUKINIECKOU TPYyNNbI Zy,, TAKUX,
9TO CyMMa, 3J€MEHTOB BO MHOXECTBE PAaBHA HYJIO.

Ecan maa sekoroporo w € Wy, u 1Byx n-saemenTHBIX MHOXeCTB M7, M €
A, cupasegauso pasencTso M; = Mw B rpymmne Wa,, TO 3T MHOXECTBA Ha-
30BEM DKBUBAJEHTHLIMU. /IpyrumMu cioBamu, aBa MHOXecTBa M u M| sKBU-
BAJICHTHBI, €CJAIV O/HO W3 HUX IOAYyYIaeTCA ITOBOPOTOM U3 APYroro. B qaCT-
HocTu, M m —M oskBuBameHTHBL. OueBmano, uTO ectu M € Ay, u M
skBuBaIeHTHO M, To M € A ,,, IOSTOMYy MHOXECTBO Aj ., pacmamgaeTcs
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Ha HellepeceKalomuecsa KIacChl 9KBUBATCHTHOCTH. Ecau M € A, 1, TO <mCIO
PA3AUYHBIX MHOXKECTB, KOTOPBIE MOXHO IHOIYYIUTH MOBOPOTAMU MHOXKECTBA,
M, paBuo 2n/m. 3HaUUT, B KaXJI0M KIacce 21/m MHOXKECTB U [ODTOMY IHCJIO
KJIACCOB 9KBUBAJICHTHOCTH B Ay, paBrO | Ay m|m/2n. Deomerpuaecku aoboe
pasbumenve Wy, Ha mapy MuoxecTB M u —M MOXHO NPEICTABUTL B BUIE
OXeperba W3 PABHOTO KOJUYECTBA, YEPHBIX U OeabIX OYCMHOK, B KOTOPOM IIpH
nosopore Ha 180 rpagycoB MeHsaTCA IBeTa BCex OycuHoK. Ecim M € A, 1,
TO 5TO OXKepenbe OyAeT 2n/m-Iepuo uIeCKUM. DKBUBAJCHTHLIM MHOXECTBAM
COOTBETCTBYIOT OXKePEIbs, MOJYyaIoNnecs APyT u3 Apyra Bpamenuavu. Eciaun
TAKHUE OXKepeabsd CIUTATh OAUHAKOBBIMHU, TO KaX I0MY KJACCY 3KBUBAJECHTHO-
CTH COOTBETCTBYET OTHO OXKEPEIbE U TUCIO KIACCOB YKBUBATCHTHOCTH PABHO
YUCIY PasIWYHBIX oxepeaud. Ecam mMuoxectsa M u M| SKBUBAJIEHTHLI, TO
COOTBETCTBYIONINE UM MHOTOYTOJBHUKKM PeUHXapATa, MOJydIatoTCsS APYD U3
Ipyra moBOpOTamu, T.e. paBHbl. OYeBUAHO, YTO HE DKBUBAJCHTHBIM MHOXE-
CTBAM COOTBETCTBYIOT He PABHBLIE APYT APYTY MHOTOYTOILHUKY PerHxapaTa.

fAcno, aro cymecrByer muOX)ecTBOo M € Ap 1 co cBocrBom &l # 0

gleM
(mampumep, MHOXecTBO {1,¢,...,e"'}). IloaTomy
m m
R(n) < Y |Awmly, = D [Awmal 5o = D2 D 2™ u(k),
mlng mlng m|ng k|no/m

Tak Kak n/m = 2°ng/m. Mensa NOpAAOK CyMMMPOBAHWA ¥ NMOACTABLAL k =
= l/m, umeem

R(n) < 5-> 2" = muli/m) = = >~ 2 (1),

llno m|l llno

TaK KaK

> mu(l/m) = (1)

ml

Tax Kak PasHBIM OXEPETbAM COOTBETCTBYIOT Pa3HBIC 7-YTHOJILHUKEH PenH-
XapATa, TO

R(n) >
An,l _

1
> Y Muml = 3 [Angl 2 = 22 = LS on/i(0) — (1)) =

1<mlng m|ng lIng

= =3 2¥™((m) — p(m))

"o
2tm|n

u cooTHOmeHuA (ii) JOKAa3aHBL.
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3aMeTHUM, 9TO TIPU HEIETHOM 71

Z |An,m|%: Z ’An/mﬂ

1<m|ng 1<m|n

m
2n
PaBHA IIOJOBUHE YUCAA BCEX MEPUOJUICCKUX NBYXIIBETHBIX OXEPEIun u3 7

OyCUHOK.
Hycts n = 2%pF, s,k =0,1,..., rae p — mpocroe mcio, M € A, un

E e =0.
eleM

[Moacrapasas —e? ™" BmecTo ¢/ mpu j > n B NpPEABIAYIIEE PABEHCTBO, UMEEM

n—1 A
Zozjej =0,
J=0
rae a; = 1, j =0,...,n — 1. IIpu aToM ACHO, ITO
aj=1 o deM, aj=-1& & e(-M).

IIycts
n—1 .
P(z) = Z a;x?,
J=0

1 fo,, €CTH MOIUHOM [eleHus Kpyra (onpenenerue u ceoucTsa cM. B [4]). Torga
P(e) = 0, m Tax Kak fo, MAHUMAJILHBIU TIOJWHOM JIA €, TO COMMACHO CBOU-
CTBY MUHAMAJBHBIX MOJIMHOMOB OH Oyger neawreaem noamuoma P(x). Ecan
p =2, Ton =2 crefoBaremsuo fo, = 2" + 1 u mosTOoMy fon () He MOEKeT
gemuts P(z), Tak kxax crenens P(z) mensme n. CregoBareasuo, R(n) =0 u
paBeHCTBO (1) AOKA3aHO.

PaccmoTpmnM cayuai p > 2, n = 2%pF. [las KpyroBbIx HOTHHOMOB H3BECT-
HBI COOTHOIIEHWS

fr@)=1+z+...+3" 5 fopla) = fp(-2)=1—z+2°— ...+ 2" %
Fal@) = Fyrpe (2707
rpge n = pi' - ... pls. U3 HUX caegyer, 9TO
Jon =1 —a™P 4 g2V g0V = 95k
Tax xakx
n/p—1

P(z) o
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rae a; — ueable Inucjaa, TO

n/p—1 n/p—1p-1 .y
P(z) = f%()fzn = fon(x Zajx]_zz 1)k ikt
7=0 k=0

Orcroga crefyeT, 9T0 NOCIEIOBATEILHOCTD (j AHTHIEPUOAUIHA, C IEPHIOJOM
n/p, Te. Qjypp = —aj, j =0,...,n—1—n/p Tax xak

aj=1 e deM, a=-1« ¢c(-M),
TO
deM < 6j+"/p€(—M), j=0,...,n—1—n/p,
cregoBaTeabHo &) € M < 0 T20/P e M. j=0,...,2n — 1, Begp 91" = —¢d,

[Moaromy g2n/p ¢ Aut M, | Aut M| > 1, smaaur M ¢ A, ; u MHOXECTBO Ay
nycto. CregoBaTensHO,

R = Y [Aualys = 5= D 2"/ (p(m) - p(m))

1<m|ng 2tm|n

u paseHcTso (iii) gokazamo. B gactroctu, R(n) = 1, eciu n = p wam n = 2p,
rge p > 2 — mpocroe quciao. Eciu n = 2%p, s > 2, Torga cormacuo (iii)

R(n) = 5 +Z| 2™ (p(m) — p(m)) = 5-2"7(p(p) — pu(p)) =

R TIPS Py I |
= 2 =2 > 2,

Tak Kak 2° > s+ 2 gua s > 2.
Ecm 1 < p < /n genur n, To nua n > 4

)2 o >0 2 (p(m) — p(m)) > 52 ((p) — p(p)) =

2tm|n

= Lon/p(p 14 1) = Lonlp > ovi-l) iy s,
2n 2n

Tak kak 27/x Bospacraromas GyHKOMA npm £ = 2, u 2y/n > 2y/n upm
n > 4. CaegoBarensuo, R(n) = 1 TOABKO KOT[a 1 MPOCTOE HYUCIO, U IMYHKT
(iv) moxaszam.

llokazanHas TeopeMa JaeT NMPUMeEPHl MHOIOYTOJBHUKOB PeltHxapaTa, Ko-
TOpPBIE HEAb3s HOAYYATH U3 HPABWILHBIX (2K + 1)-yroasaukos Peno. D1o oue-
BUIHO IIPY CPABHEHWY IOy I€HHBIX HIDKHUX OIEHOK Aad R(n) u omenku 7(ng)
qucaa n-yroasaukos Pernaxapara — Peno. Ecau n He paBHO HU cTenenu aBou-
KW, HA TIPOCTOMY, HU YABOEHHOMY TPOCTOMY SHCAY, TO W3 NOKA3AHHBIX He-
PABEHCTB CIefyeT aCUMITOTHIECKOe HepasencTso 2/Pp/2n < R(n), rae p —
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o @ 0 4 o © 0 ¢
[e] (e] [ ] (e]
o [e) [ ] [ ]

[ ] o [ ] ®
[ ] [ ] [ ] [ ]

[e]
[

Pwuc. 1. Pwuc. 2.

MUHUMAJBHBIM HEUYETHBIN IPOCTON AeauTens n. VI3 mero cregyet, 9o 7(ng) <
< 7(n) <2vn <2V 1 /n < R(n), T.e. R(n) B paccMATpPUBACMBIX CIyHAAX
pacreT cymecTBeHHO GbicTpee T(n). MuHUMATBHOE 3HAYEHHTE ), TPU KOTOPOM
R(n) > 7(ng), pasro 15. B sTom caygae

2°3 +2%54+2(2-4 1)

30
W3 5 oTux 15-yroasHUKOB OAWH TMPABUILHLIN ¥ €IIe IBa, HAM YK€ U3BECTHHI
kak 15-yroapuuku Pennxapara — Peso, onue 3 KOTOpPBIX cTpowTCs Ha Hase
5-yroapHuKa, a Apyrou — ua 6ase Tpeyroabuuka Pemro. [lokaxem mas mpume-
Pa, KaK OMUCAHHLIN B TOKA3ATEALCTBE METOJ MO3BOIAET MOCTPOUTD €IIe MBa,
MHOTOYTONbHUKS PelHxapia ¢ HeTPUBUAJILHOU I'PYNNON BpalleHui. Braga-
Jie PACCMOTPUM CIydau, KOTAa 3Ta Tpymnmna cogepxut 15 spamenun. Toraa,
O™EBUIHO, CYIIECTBYET TOJBKO MPABWILHLIN 15-yrompuuk Pennxapara. Ecan
CPYIIIA, COMEPKUT 5 BPAIIEHUN, TO COOTBETCTBYIOIEE MHOXeCTBO M MoXeT
MMETH TOJIBKO BU[

R(15) > = 5.

{1,8,62,66,67,68,612,613,814,818,619,620,624,825,626}

7 COOTBETCTBYET D-IIEPUOAMIECKOMY OXKEPenbio, n3o6paxkeHHOMY Ha puc. 1.
B paccmaTpuBaeMoM ciaytiae 15-yroabHUK MOXHO DOCTPOUTH Ha 0ase ms-
TuyroabHuka Peio.
Ecau rpynna cogepXxuT 3 BpallleHud, TO MHOXeCcTBO M MOXeT COBHAATH
C MHOX€ECTBOM

{17 €, 62783764, 8107611, 612, 813, 8147620, 6217 822, 8237824}

KOTOPOE€ COOTBETCTBYET J-TIEPUOIUTECKOMY OXKEpeablo, n300paXeHHOMYy Ha
puc. 2.

B sToMm caydae 15-yrorbHMK MOXHO TMOCTPOUTEH Ha Oasze TPEYTOJILHUKA
Peno. Oxrako muOXecTBO M MOXHO BHIOpATH ele aBymsa crmocobamu. OguH
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Puc. 3. Puc. 4. 15-yroasauk Perirxapara

Puc. 5. Puc. 6. /lpyrou 15-yroasuuk PenH-
xXapaTa
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3 HUX COOTBETCTBYET MHOXECTBY

2 4 8 10 _11 _12 _14 _18 _20 _21 _22 _24 _28
{178’8565676 ’6 ’8 78 76 ’6 ’8 78 76 ’6 }7

KOTOpOe M300paxaeTcsa J-IePuoINTIeCKUM OXeperhbeM Ha PHC. 3.
CooTsercrByromun 15-yroapuuk Peraxapara m3obpaxen Ha puc. 4.
Bo Bropom cayuae B kadecTBe M BuIGMpAETCA MHOXECTBO

3 .4 .7 .10 .11 _13 _14 _17 20 .21 _23 _24 _27
{17678787676 78 78 76 76 78 78 76 76 78 }7

KOTOPOE M300paxaeTcsa J-IepuoanIeCKuM 0XepPeJbeM Ha, PUC. .
CooTeercrrytomunt 15-yroapuuk Pernxapara nzobpaxen Ha puc. 6.
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N3naTEabcTBO MITHMO

B. O. Byraeuxo. O6o61ennas Teopema Ban gep Bapgena. 2006. 12 c.
Bpormropa agpecoBaHa cTapimM MIKOJIbHAKAM U CTYAEHTAM MJIAAIIIX KypcoB. Hukaxux
IpPEeABAPUTEIbHBIX 3HAHUN OT YUTATENA HE TPeOyeTC .

H. f1. Bunenkun, A.H. Burenkun, I1.A. Burenkun. Kom6unatopuka. (CoBMecTHO
¢ mzgarenscreoM «DUMA».) 2006. 400 c.

B kHure B HOmyJApHON (HOPME PACCKABBIBAETCS O KOMOUHATODUKE, METOAAX DEIICHUsT
KOMOWHATOPHBIX 334349, O PEKYPPEHTHBIX COOTHOLIEHUAX U MPOU3BOgAmnX pyHkuuax. Kuu-
ra OyAeT MOJe3Ha IIKOJIbHUKAM CTaPIINX KIACCOB, NHTEPECYIOUINMMCA MATEMATUKON, YIATe-
JIAM, CTyJAeHTaM IIEPBBIX KypPCOB MaTeMaTHIeCKuX (aKy/JIbTETOB YHUBEDCUTETOB U II€IUH-
CTUTYTOB, a TaKXe€ BCEM, CTAJKUBAIOMINMCA C KOM6HHaTOpHBIMI/I 3aga1aMu.

A. 1O. 3y60B u gp. OmmMmuaget no kpunrorpadun u Mmarematuke. 2006. 136 c.

B C60pHI/IK BKJIOYEHBI YCIOBUA, OTBETHI U PDEIHICHUA NATHAATATU OIUMIINA I 10 KPUITO-
rpadun u maremaruke, nposegeHssrx B Mockse ¢ 1991 mo 2005 rr. [as yvamumxcs crapmmx
KJIaCCOB, yUATEIeN MATEeMAaTUKUA U MHPOPMATHUKY, & TAKXKE CTYLEHTOB MIAALNINX KyDCOB,
MHTEPECYIUXCA BOIPOCAMU MHPOPMAIMOHHOU 6€30IaCHOCTH.

Mockosckme ommmmmaansl mo mapopmatuke. [lox pex. E. B. Auapeeson, B. M.
T'yposuna u B. A. Matioxuna. 2006. 256 c.

KHura npegHasHadeHa i IIKOILHUKOB, yIUTEIeN WHPOPMATHAKHU, CTYAEHTOB M IPO-
CTO mo0UTeNeN PelaTh 3aa49u 10 IPOrPAMMUPOBAHNIO. BOMBIIMHCTBO 32424 IPUBEIEHBI C
noApOOHBEIME Pa3bopaMu U KOMMEHTAPUAMU.

B. B. IIpacosos. 3agauu no IWIaHUMETPHHA. 5-€ U3L. UCIP. U OOI. (COBMECTHO C
OAO Mockosckue yuebuukmy) 2006. 640 c.

CraBumn kaaccmaeckuM COOPHUK coaepxkuT okoao 1900 3a7a4 ¢ MOTHBIMYA PEIICHUAMA
u okomo 150 3ajad A CaMOCTOATEIBHOrO PEIICHUA. 4-€ M3JAaHWE DTOU KHUTY BBIILIO B
2001 rogy. Ilpu nepernabope TexcTa TpPeThEro M3JAHNA BO3HUKIO OIDOMHOE KOIUIECTBO
omevaToK. B 5-M m3maHUmM 5T OmevYaTKM MCIpaBIeHBI. B HOBOe m3naHme nOGABIEHO OKOJIO
200 3azau. JJo6aBreHa TakXe HOBAA IIaBa 31, MOCBAIIEHHAA DILINICY, Tapadoae u runepoboe.

B.B. IIpaconos. dmemenTr Teopun romonorma. 2006. 448 c.

JTa KHUTra ABIAECTCA HEIOCPEICTBEHHLIM IIPOJIOKEHAEM KHUTH «DJIEMEHTHI KOMOWHA-
TopHOU U AubdEPEHINATEHOU TONOIOTUMy. B KHUTE MpUBEJEHO MHOrO 33434 (C pemeHu-
AMF) ¥ YyOPAXKXHEHUU A1 CAMOCTOATEILHOrO pemeHus. J1s CTyAeHTOB CTapmux KypCOB U
ACIPaHTOB MAaTE€MATUYIECKUX U (1)H3H'{6CKI/IX CHeHI/IaJIBHOCTeﬁ; AJLA HAYYIHBIX pa6OTHI/IKOB.

Y. ®yaron. Tabmumsr IOHra m MX TPWIOKEHNA K TEOPUH MPeACTABICHAN U T'eo-
meTpun. [lep. ¢ auru. mox pex. A.M. Bepruxa. 2006. 328 c.

Kuura nocesamena KoMOmHATOPHBEIM cBoUcTBaM Tabmmn FOura u ux npuaoxenuam. [lasa
CTYAEHTOB, aCOIUPAaHTOB U HAYIHBIX COTPYIHUKOB.

A. B. lllanosanos. Ilpunuun yskux mect. 2006. 24 c.

KHI/IPa NIOCBALICHA IIONCKY PEIIEHUA HECTAHAAPTHBIX MATEMATHUICCKUX 3a0a9. KHI/IFa
agpecyeTcsa BCeM JIOOUTeNAM MHTEPECHBIX 3a4ad, B IEePBYIO OUepenb — IIKOIBHUKAM CTap-
UINX KJIaCCOB, a TaKXe YIUTEAAM U PYKOBOAUTEIAM MATEMaTUICCKUX KPYXKKOB.

A. H. Illupser. 3agaum no Teopuu BepoaTuocrer. 2006. 416 c.

Hacrommee yue6uoe mocobue conepxut 6oaee 1500 3ana1 (BKIOIas o33 4a1), HEMO-
CPeICTBEHHO (IPUBA3AHHBIX» K YIeOHUKY aBTOpPa B AByX KHurax «Bepoarnocts. T. 1» u «Be-
posrrOCTE. T. 2» (2004 r.) M yHIOPAJOIEHHBIX B COOTBETCTBHAU C COAEPKAHNEM DTHX KHUT.
TToco6me paccIMTaHO HA CTYAEHTOB (PU3UKO-MATEMATHIECKUX CIeNaATLHOCTEN. MoxeT cry-
JKUTh YIeOHBIM IOCOOMEM A ACIHHPAHTOB M CIPABOYHBIM HOCOOMEM IJIA CIENUATIUCTOB.




