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B sToM Kypce B 3jieMeHTapHON UTPOBOIT (hbopMe MBI MMO3HAKOMUMCS C BayKHBIMU HMIETMU
TEOPUH TI0JIsI, OMUCHIBAIIEH B3aMMOJICHCTBIA 3JIEMEHTaAPHBIX YACTUIL. DTO MMO3BOJIHUT MOHATDH
He TOJIbKO (PU3WKY, HO U TaKWe pa3jesibl MaTeMaTuKN, Kak auddepennuaabias TeoMeTpust
1 KOMILIEKCHBIN aHam3. [l KaxK 1ol n3ydaeMoil Teopru, KayKJ0ro HOBOT'O TIOHATHUS MbI T10-
crapaeMcsd 110Ka3aTh, KAK OHU €CTECTBEHHO BO3ZHUKAIOT IPU PENICHUM NTPAKTUYCCKUX 3a/a4,
K KaKiUM 3aJladaM MPUMEHSIOTCs JaJiblire. barogaps 3ToMy OOJILIIMHCTBO OOHLEKTOB CTAHO-
BATCA HAIJIAJHBIMU U IPOCTBIMU.

Marepuas OyjieT u3ydaThcd B BUJIe pellennsd 3aja4d yIaCTHUKAMU, ¢ TOJIPOOHBIMU YKa3a-
HUSIMU U [TOCJIe/IYIONUM pa300opoM Ha 3aHsaTun. Hukakux npejBapuTe/bHbIX 3HAHUH (pU3nkn
He Tpedyercs. [lepBble 3aHATHS JOCTYIHBI MKOJILHITKAM.

ITpumepnast rporpammMma.

1. Urpymieynas Moje/b KaJuOPOBOUYHOI TeOpHH Ha perieTKe: 0OMeH ToBapaMu MeK Ly
ropomamu. CBs3b ¢ MAarnuTHBIM ToJieM. KBaHnToBaHue: ciydaiifable Kypchl oOMeHna ToBapa-
Mmu. Tounoe pemienne 1- u 2-MepHOIT KaJuOPOBOYHON TEOPUHU Ha perieTke. JucjIeHHbIe 9KC-
NepuMeHThl B pa3Meprnoctn 3 u 4. Ilpumep neabeseBoii kKainbpoBounoii Teopun. llrenenne
kBapkoB. CyThb 1mpobsieMbl 0 perennn ypaaenns fura-Munica (omHoit u3 "mpobieM Thicst-
qeerns").

2. Maremaruieckasi MOJIeNTb JEKTPUIECKOI TIENN - MPOCTeiITasg MoJie/Ib TeOPUHN O Ha
perrerke. CymiecTBoBaHNE W €IMHCTBEHHOCTH TTOTEHIINA A B dJeKTpuieckoit meru. [Ipuniummn
makcumyma. Coxpanenne sueprun. Bapuannonnsrit npunnui. Marantaoe mose. CBsI3b ¢ ur-
pYIIeYHOl KaanOpoBodHON Teopueil. /Inckpernble rapMoHUYecKre U JIMCKPETHbIe aHauTH-
qeckue QyHKIUE. DjeKkrpoMarauTaoe nose®. Juckpernbie ypasienus Makcsesia™.

3. Hlamknu Peiinmana - mnpocreiinast Moaeab daekTpora. Crun. Jluckpernoe ypaBHeHne
Hupaka.* Cxomumocts mamek @ejinmana K Teopun dupaxa™.

[1] M. Creutz, Quarks, Gluons and Lattices, Cambridge Univ. Press, 1983 - Science - 169
pp.
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A historical remark. In 1970s K. Wilson introduced lattice gauge theory as
a computational tool for gauge theory describing all known interactions between
elementary particles except gravity; see [I]. Further the model allowed to determine
the proton mass with an error less than 2% in a sense. Using the model, he proved
confinement of quarks in the limit of large interaction constant. The case of arbitrary
interaction constant remains a famous open problemE].

Toy model. Several cities are connected by roads in the shape of an M x N grid; see the figure. Each city
has its own type of goods. E.g., city a has apples and city b has bananas. For two neighboring cities a and
b an exchange rate U(ab) is fixed, e.g., 2 banana for an apple. The rate is symmetric, i.e., U(ba) = U(ab)™!
one gets back an apple for 2 banana.

A cunning citizen can travel and exchange along a square abed to multiply his initial amount of goods by
a factor of U(ab)U (bc)U(cd)U(da). The total speculation profit is measured by the quantity

SU]:= > L(U(ab)U(bc)U(cd)U(da)).

faces abed

where L(x) is a function vanishing at x = 1 and positive for x # 1.

The king can set exchange rates except those on the boundary of the grid. He sets them to minimize the
quantity S[U]. The resulting rates are called optimal.

Denote by W the factor multiplying the initial amount of goods for a counterclockwise travel around the
whole boundary.

Particular case (A): L(r) = log; z and the fixed rates at the boundary are

2, if ab is on the northern border of the grid;
U(ab) = ¢ 1/2, if ab is on the southern border of the grid;

1, if ab is on the eastern or western border of the grid.

The change of variables A(ab) := log, U(ab) simplifies the speculation profit function a lot:

S[A]:= ) (A(ab) + A(bc) + Alcd) + A(da))’.

faces abed

The new variables satisfy A(ab) = —A(ba). Denote F(abcd) := A(ab) + A(bc) + A(ed) + A(da).
1. In case (A) find the optimal rates and A(ab), F'(abed), W, S[U] for the grid:
1x1; 1x2; 1x3; 1xN; 2x2.

A physical interpretation. Roughly, for L(x) = logiz the values A(ab) at the boundary represent
electric current (with the sign meaning the direction), F'(abed) represent magnetic flur generated by the
current, S[U]| represents the energy of the magnetic field. Each system tries to minimize its total energy
(moving the conductors with currents, if their positions are not fixed).

2. a) Do parallel conductors with opposite currents magnetically attract or repulse?

b)* And if the current directions are the same?

¢) Is the amount of magnetic energy freed by moving two parallel conductors with opposite currents far
away from each other finite or infinite?

3. a) For which values of W the king can achieve S[U] = 07
b) Assume that S[U] = 0. Can the citizen get a profit by moving along a closed path?
c¢) For which values of M and N the optimal rates are unique?

In case (A), when the grid M x N has smaller speculation profit than the grid K x L?

)
)
4. a) In case (A), how M, N, W and the minimal speculation profit are related?
b)
¢) Does a loop with current try to increase or decrease its area in a magnetic field?

L Actually one of the Millenium problems, the essence of which we also are going to explain in the project.
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5. (Gauss—Bonnet) Consider a) a cube; b) a regular tetrahedron; c¢) an octahedron. Two vectors lying in
neighboring faces are parallel, if they form equal “oriented angles” with the common side of the faces. Let fi,
fay -+, fx, f1 be all the faces around a vertex v in the natural order. Start with a vector €; C f; and take
the vector €5 C fy parallel to €7, the vector €5 C f3 parallel to e, ..., the vector €1 C fi parallel to €.
Let ¢, be the oriented angle between €;,; and é;. Find the sum of ¢, over all vertices v.

A brief introduction to probability here.
Quantization. Now let the collection of rates U(ab) € {+1,—1} be random with the probability of a

0, ifx=1;
1, ifz=—1.

Physical interpretation. Roughly, the energy of the electromagnetic field between two quarks at

distance N is Ey(N) = — 4 log, E(W), where E(W) is the expectation of WW.

collection U proportional to 275V where L(z) =

6. Compute the expectation E(W) of W and the energy FE; (V) for the grid:
Ix1; 1x2 1x3; 1xN.

7. (Quarks confinement in 1-dimensional space.) Is the amount of energy E; (V) required to move two quarks
far away from each other finite or infinite?

8. (Wilson’s area law) Compute E(W) and the energy Ey(N) for the grid M x N. For which K, L, M, N
the grid M x N has smaller expectation value than the grid K x L?

9. (Quarks confinement in 2-dimensional space.) Is the amount of energy E)/(N) required to move two
quarks far away from each other finite or infinite?

10. Investigate 3- and 4-dimensional grids experimentally by a numeric simulation. Is the amount of energy

required to move two quarks far away from each other finite or infinite? And if 275U is replaced by ¢S],
where ¢ € [2; 3], in the definition of the model?
A short intro to permutations here. 3,  if z is the identity;
Non-Abelian case. The trace of a permutation x € Sy is Tr(z) = ¢ —1, if x is a transposition;

0, if x is a cycle of length 3.
Let the collection of rates U(ab) € S5 be random with the probability of a collection proportional to 275U
where L(z) = 3 — Tr(x). Let W be the trace of the product of all the rates U(ab) for a counterclockwise

travel around the whole boundary.
11. Compute the expectation of W. Prove that it is of order const™*.

12. (The essence of the Millenium problem ?77) The same for the 4-dimensional grid.
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