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Ëèñòîê 3.

Çàäà÷à 1. Ïóñòü Mk � ãëàäêîå ìíîãîîáðàçèå è f : Mk → R � íåïðåðûâíàÿ ôóíê-
öèÿ. Äîêàæèòå, ÷òî äëÿ âñÿêîãî ε > 0 ñóùåñòâóåò ãëàäêàÿ ôóíêöèÿ g : Mk → R, ñ
êîòîðîé âûïîëíÿåòñÿ íåðàâåíñòâî

sup
p∈Mk

|f(p)− g(p)| < ε.

Çàäà÷à 2. Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò ãëàäêîå âëîæåíèå Mk â Rn. Äîêàæèòå,
÷òî ñóùåñòâóåò ãëàäêîå âëîæåíèå TMk â R2n.
Çàäà÷à 3. Ïóñòü α /∈ Q. Ðàññìîòðèì îòîáðàæåíèå F (t) = (e2πit, e2πiαt) èç R â òîð

T2 = S1 × S1. Ïîêàæèòå, ÷òî F ÿâëÿåòñÿ ïîãðóæåíèåì è F (R) âñþäó ïëîòíî â T2.
Îáúÿñíèòå, ïî÷åìó F íå ÿâëÿåòñÿ âëîæåíèåì.
Çàäà÷à 4. Ïðîâåðüòå, ÷òî îòîáðàæåíèå g èç RP2 â ïëîñêîñòü y1 + y2 + y3 = 1 â R6,

çàäàííîå ôîðìóëîé
g([x1, x2, x3]) = (y1, y2, y3, y4, y5, y6),

ãäå

y1 =
x21

x21 + x22 + x23
, y2 =

x22
x21 + x22 + x23

, y3 =
x23

x21 + x22 + x23
,

y3 =
x1x2

x21 + x22 + x23
, y4 =

x2x3
x21 + x22 + x23

, y6 =
x3x1

x21 + x22 + x23
,

ÿâëÿåòñÿ âëîæåíèåì RP2 â R5.
Çàäà÷à 5. Äîêàæèòå, ÷òî ãëàäêîå êîìïàêòíîå ìíîãîîáðàçèå ðàçìåðíîñòè n íåëüçÿ

âëîæèòü â Rn.
Çàäà÷à 6. Ïóñòü M � ãëàäêîå êîìïàêòíîå ìíîãîîáðàçèå è f : M → R � ãëàäêàÿ

ôóíêöèÿ. Äîêàæèòå, ÷òî ñóùåñòâóåò òàêîå âëîæåíèå M â RN , ïðè êîòîðîì f îêàçû-
âàåòñÿ îãðàíè÷åíèåì êàêîé-òî êîîðäèíàòû íà M .
Çàäà÷à 7. Ïðèâåäèòå ïðèìåð ãëàäêîé ôóíêöèè f : R→ R ñ íåñ÷åòíûì ìíîæåñòâîì

êðèòè÷åñêèõ çíà÷åíèé.
Çàäà÷à 8. Èñïîëüçóÿ ñòåðåîãðàôè÷åñêóþ ïðîåêöèþ (ñôåðû x21+x

2
2+x

2
3 = 1 íà ïëîñ-

êîñòü x3 = 0) ïîñòðîéòå ïî ìíîãî÷ëåíó P (z) (çäåñü z = x1+ix2) ñîîòâåòñòâóþùåå åìó
ãëàäêîå îòîáðàæåíèå S2 â S2. Îò ÷åãî çàâèñèò ñòåïåíü (mod 2) ýòîãî îòîáðàæåíèÿ?
Çàäà÷à 9. Îòîáðàæåíèå f : SO(3)→ SO(3) çàäàíî ôîðìóëîé f(X) = X4. Ãîìîòîï-

íî ëè ýòî îòîáðàæåíèå òîæäåñòâåííîìó?
Çàäà÷à 10. Äîêàæèòå, ÷òî ñòåïåíü (mod 2) âñÿêîãî ãëàäêîãî îòîáðàæåíèÿ S2 → T2

ðàâíà íóëþ.
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