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Ëèñòîê 5.

Çàäà÷à 1. Ïóñòü Hn � îäíîìåðíàÿ ìåðà Õàóñäîðôà íà Rn, à λ∗n � âåðõíÿÿ ìåðà

Ëåáåãà íà Rn.

(a) Ïîêàæèòå, ÷òî H1 = λ∗1.

(b)∗ Ïóñòü A�êîìïàêò â Rn. Äëÿ âñÿêîãî z ∈ {xn = 0} ÷åðåç lz îáîçíà÷èì

ïðÿìóþ, ïåðïåíäèêóëÿðíóþ ãèïåðïëîñêîñòè {xn = 0}. Ïóñòü S(A) =
⋃

z{z}×[−qz, qz],
ãäå qz = λ1(A

⋂
lz)/2. Äîêàæèòå, ÷òî λn(S(A)) = λn(A) è diamS(A) ≤ diamA.

(c)∗ Äîêàæèòå èçîäèàìåòðè÷åñêîå íåðàâåíñòâî: λn(A) ≤ ωn(diamA/2)n, ãäå ωn �

îáú¼ì åäèíè÷íîãî øàðà è A�ïðîèçâîëüíîå êîìïàêòíîå ìíîæåñòâî.

(d)∗ Äîêàæèòå, ÷òî Hn = Cλ∗n íà âñåõ ìíîæåñòâàõ è íàéäèòå êîíñòàíòó C.

Çàäà÷à 2.

Ïóñòü f �íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ íà [0; 1] è Γf � å¼ ãðàôèê. Äî-

êàæèòå, ÷òî

H1(Γf ) =

∫ 1

0

√
1 + |f ′(x)|2 dx.

Çàäà÷à 3. Ïóñòü f : [0, 1]→ R�äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ.

Ïóñòü

Ψ(x, s) = (x, f(x)) + s
(−f ′(x), 1)√
1 + |f ′(x)|2

Êàêîâ ãåîìåòðè÷åñêèé ñìûñë ìíîæåñòâà Qt = Ψ([0, 1]× [0; t])? Âû÷èñëèòå ïðåäåë

lim
t→0

t−1|Qt|.

Çàäà÷à 4. Ïóñòü x, v ∈ R3 è ‖v‖ = 1. Äîêàæèòå, ÷òî∫
‖x‖=1

f
(
〈x, v〉

)
dσ = 2π

∫ 1

−1
f(t) dt.

Çàäà÷à 5. Äîêàæèòå, ÷òî äëÿ âñÿêîé íåïðåðûâíîé ôóíêöèè u íà Rn âåðíî ðàâåí-

ñòâî ∫
‖x‖≤R

u(x) dx =

∫ R

0

∫
‖x‖=r

u(x)σn−1(dx) dr,

ãäå σn−1 �ïîâåðõíîñòíàÿ ìåðà íà ñôåðå.

Çàäà÷à 6. Ñóùåñòâóåò ëè ãëàäêîå âåêòîðíîå ïîëå F íà Rn, óäîâëåòâîðÿþùåå îäíî-

âðåìåííî äâóì óñëîâèÿì

divF = 0 è 〈F (x), x〉 ≤ −|x|2?

Çàäà÷à 7. Ïóñòü u ∈ C3(Rn), K = [0, 1]n è u = 0 íà ∂K. Îáîñíóéòå ðàâåíñòâî∫
K

|∆u(x)|2 dx =

∫
K

‖D2(x)‖2 dx,

ãäå

∆u(x) = ∂2

∂x2
1
u(x) + . . .+ ∂2

∂x2
n
u(x), ‖D2(x)‖2 =

n∑
i,j=1

∣∣∣ ∂2

∂xi∂xj
u(x)

∣∣∣2.
1


