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1. Ðåçóëüòàòû, ïîëó÷åííûå â ýòîì ãîäó

Èíòåãðèðóåìûå òðèãîíîìåòðè÷åñêèå âîë÷êè Ýéëåðà-Àðíîëüäà

Ðàññìàòðèâàëñÿ ñïåöèàëüíûé êëàññ òðèãîíîìåòðè÷åñêèõ GL(N) R-ìàòðèö ñî ñïåêòðàëü-
íûì ïàðàìåòðîì, óäîâëåòâîðÿþùèõ íå òîëüêî êâàíòîâîìó óðàâíåíèþ ßíãà-Áàêñòåðà

R~
12(z12)R~

13(z13)R~
23(z23) = R~

23(z23)R~
13(z13)R~

12(z12) , zab = za − zb , (1.1)

íî è êâàäðàòè÷íîìó ñîîòíîøåíèþ

R~1
12(z12)R~2

23(z23) = R~2
13(z13)R~1−~2

12 (z12) +R~2−~1
23 (z23)R~1

13(z13) , (1.2)

èçâåñòíîìó êàê àññîöèàòèâíîå óðàâíåíèå ßíãà-Áàêñòåðà. Äëÿ N = 2 ýòîò êëàññ âêëþ÷àåò
øèðîêî èçâåñòíûå 6-âåðøèíóííóþ XXZ R-ìàòðèöó è åå 7-ìè âåðøèííóþ äåôîðìàöèþ.

Ïî êàæäîìó ðåøåíèþ àññîöèàòèâíîãî óðàâíåíèÿ ßíãà-Áàêñòåðà ïîñòðîåíà èíòåãðèðó-
åìàÿ ñèñòåìà òèïà âîë÷êà Ýéëåðà-Àðíîëüäà

Ṡ = [S, J(S)] , S ∈ Mat(N,C) , (1.3)

òî åñòü ëèíåéíûé îïåðàòîð J(S) äëÿ èíòåãðèðóåìîé ìîäåëè ñòðîèòñÿ ÿâíî ïî äàííûì R-
ìàòðèöû.

Ïîëó÷åíû ïóàññîíîâû ñòðóêòóðû Ñêëÿíèíà, òåíçîðû èíåðöèè, ãàìèëüòîíèàíû è ïà-
ðû Ëàêñà ñî ñïåêòðàëüíûì ïàðàìåòðîì. Â ÷àñòíîì ñëó÷àå îïèñàííûå âîë÷êè êàëèáðî-
âî÷íî ýêâèâàëåíòíû òðèãîíîìåòðè÷åñêèì ìîäåëÿì Êàëîäæåðî-Ñàçåðëåíäà è Ðóñåíààðñà-
Øíàéäåðà. Ïîëó÷åíû ÿâíûå ôîðìóëû çàìåíû ïåðåìåííûõ. Ýòî îçíà÷àåò, ÷òî äëÿ íåêîòî-
ðîãî ñëó÷àÿ òåíçîðà èíåðöèè J(S) è ñîáñòâåííûõ çíà÷åíèé ìàòðèöû S (îòâå÷àþùèõ ðàíãó
1) ñóùåñòâóåò çàìåíà ïåðåìåííûõ âèäà1

Sij(p, q) =
(−1)jσj(q)e

(i−1)η

N

N∑
n=1

epn/c∏
k:k 6=n

(e−q̄n − e−q̄k)

(
e−(i−1)q̄n +

(−1)NδiN
eNη−q̄n

)
, (1.4)

ïåðåâîäÿùàÿ óðàâíåíèå Ýéëåðà (1.3) â óðàâíåíèÿ äâèæåíèÿ ðåëÿòèâèñòñêîé ìíîãî÷àñòè÷-
íîé ñèñòåìû ñ ãàìèëüòîíèàíîì Ðóéñåíàðñà-Øíàéäåðà

HRS =
N∑
j=1

epj/c
N∏
k 6=j

sinh
( qj−qk−η

2

)
sinh

( qj−qk
2

) (1.5)

1 Çäåñü σj(q) � ýëåìåíòàðíûå ñèììåòðè÷åñêèå ôóíêöèè îò eq̄j , à q̄j = qj − (1/N)
∑

k qk � êîîðäèíàòû â

ñèñòåìå öåíòðà ìàññ.
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èëè (â íåðåëÿòèâèñòñêîì ïðåäåëå) â ñèñòåìó Êàëîäæåðî-Ñàçåðëåíà ñ ãàìèëüòîíèàíîì

HCS =
N∑
i=1

p2
i

2
+

N∑
i<j

ν2

sinh2
( qj−qk

2

) . (1.6)

Óêàçàííûå çàìåíû ïåðåìåííûõ ïîÿâëÿþòñÿ âñëåäñòâèå ñóùåñòâîâàíèÿ ôîðìóë ôàêòî-
ðèçàöèè äëÿ ïðåäñòàâëåíèé Ëàñêà â ìíîãî÷àñòè÷íûõ èíòåãðèðóåìûõ ñèñòåìàõ. Óïîìÿíó-
òûå êàëèáðîâî÷íûå ïðåîáðàçîâàíèÿ, ãåíåðèðóþùèå ïåðåõîä îò ñèñòåì âîë÷êîâ ê ñèñòåìàì
÷àñòèö, èìåþò ñ àëãåáðàè÷åñêîé òî÷êè çðåíèÿ èíòåðïðåòàöèþ êëàññè÷åñêîãî àíàëîãà òâè-
ñòà Äðèíôåëüäà, à ñ ãåîìåòðè÷åñêîé � ìîäèôèêàöèè GL(N,C)-ðàññëîåíèÿ íàä íîäàëüíî
âûðîæäåííîé ýëëèïòè÷åñêîé êðèâîé. Ýòèì âîïðîñàì ïîñâÿùåíà îòäåëüíàÿ ïóáëèêàöèÿ.

Âçàèìîäåéñòâóþùèå èíòåãðèðóåìûå âîë÷êè Ýéëåðà-Àðíîëüäà

Áûë ïîñòðîåí íîâûé êëàññ glNM èíòåãðèðóåìûõ ñèñòåì ñ ãàìèëüòîíèàíàìè âèäà

H =
M∑
i=1

p2
i

2
+

M∑
i=1

H top(S ii) +
1

2

M∑
i,j: i 6=j

U(S ij,Sji, qi − qj) , (1.7)

ãäå S ij ∈ Mat(N,C) � íàáîð èç M2 ìàòðèö N ×N , êîòîðûå îïèñûâàþò äèíàìè÷åñêèå ïåðå-
ìåííûå. Òàêèå ñèñòåìû ïðåäñòàâëÿþò ñîáîé ïðîìåæóòî÷íîå çâåíî ìåæäó èíòåãðèðóåìûìè
âîë÷êàìè (1.3) ñ ãàìèëüòîíèàíîì

H top(S) =
1

2
tr(SJ(S)) , (1.8)

êîòîðûé âîçíèêàåò èç (1.7) ïðèM = 1, è ñïèíîâîé ìîäåëüþ Êàëîäæåðî-Ìîçåðà-Ñàçåðëåíäà

Hspin CMS =
M∑
i=1

p2
i

2
+

M∑
i<j

SijSji

sinh2
( qj−qk

2

) , (1.9)

ñîîòâåòñòâóþùåé N = 1 ñëó÷àþ â (1.7).

Ïîëó÷åíû óðàâíåíèÿ äâèæåíèÿ è ïðåäñòàâëåíèÿ Ëàêñà ñî ñïåêòðàëüíûì ïàðàìåòðîì.
Êàê è äëÿ òðèãîíîìåòðè÷åñêèõ âîë÷êîâ, îòâåòû âû÷èñëåíû â òåðìèíàõ äàííûõ R-ìàòðèö,
óäîâëåòâîðÿþùèõ óðàâíåíèÿì ßíãà-Áàêñòåðà (1.1)-(1.2). Òåì ñàìûì îõâàòûâàåòñÿ øèðî-
êèé êëàññ ìîäåëåé.

Â ÷àñòíîì ñëó÷àå, êîãäà âñå ìàòðè÷íûå ïåðåìåííûå S ij èìåþò ðàíã 1, ãàìèëüòîíèàí
(1.7) ìîæåò áûòü çàïèñàí â ôîðìå ñèñòåìû âçàèìîäåéñòâóþùèõ âîë÷êîâ

Htops =
M∑
i=1

p2
i

2
+

M∑
i=1

H top(S ii) +
1

2

M∑
i,j: i 6=j

V(S ii,Sjj, qi − qj) . (1.10)

Ñ òî÷êè çðåíèÿ ìåõàíèêè òàêàÿ ìîäåëü îïèñûâàåòM âîë÷êîâ Ýéëåðà-Àðíîëüäà âèäà (1.3),
(1.8) ñ ìàòðè÷íûìè ïåðåìåííûìè S ii ∈ Mat(N,C), à òàêæå ñ èìïóëüñîì pi è êîîðäèíà-
òîé qi. Êàæäûé âîë÷îê èìååò ñîáñòâåííóþ âíóòðåííþþ äèíàìèêó è âçàèìîäåéñòâóåò ñ
äðóãèìè ÷åðåç ïîòåíöèàë V(S ii,Sjj, qi − qj), êîòîðûé òàêæå âû÷èñëÿåòñÿ ÿâíî. Åñëè ïî-
òåíöèàë U(S ij,Sjj, qi − qj) ñòðîèòñÿ ïî R-ìàòðèöå Rz

12(q), òî V(S ii,Sjj, qi − qj) ïîëó÷àåòñÿ
àíàëîãè÷íûì îáðàçîì èç åå ïðåîáðàçîâàíèÿ Ôóðüå: Rz

12(q)→ Rz
12(q)P12, ãäå P12 � îïåðàòîð

ïåðåñòàíîâêè òåíçîðíûõ êîìïîíåíò ïðîñòðàíñòâ 1 è 2.

2



Ôóíêöèÿ Êðîíåêåðà è R-ìàòðèöû íà ñóïåðñèììåòðè÷íûõ

ýëëèïòè÷åñêèõ êðèâûõ

Â òåîðèè èíòåãðèðóåìûõ ñèñòåì áîëüøóþ ðîëü èãðàåò òîæäåñòâî Ôýÿ ðîäà 1

φ(~1, z12)φ(~2, z23) + φ(−~2, z31)φ(~1 − ~2, z12) + φ(~2 − ~1, z23)φ(−~1, z31) = 0 (1.11)

íà ôóíêêöèþ Êðîíåêåðà àíà ýëëèïòè÷åñêîé êðèâîé Στ ñ ìîäóëåì τ

φ(~, z; τ) ≡ φ(~, z) =
ϑ′(0)ϑ(~ + z)

ϑ(~)ϑ(z)
, (1.12)

çàäàííóþ ÷åðåç òåòà-ôóíêöèþ

ϑ(z; τ) ≡ ϑ(z) =
∑
k∈Z

exp

(
πıτ(k +

1

2
)2 + 2πı(z +

1

2
)(k +

1

2
)

)
. (1.13)

Â âàæíîñòè ôóíêöèé ýòîãî êëàññà ôóãêöèé ìû óáåäèëèñü âûøå, òàê êàê àññîöèàòèâíîå
óðàâíåíèå ßíãà-Áàêñòåðà (1.2) åñòü íå ÷òî èíîå, êàê ìàòðè÷íàÿ âåðñèÿ òîæäåñòâà (1.11) �
ïåðåïèñàííîå ñïåöèàëüíûì îáðàçîì òîæäåñòâî Ðèìàíà (òåîðåìà ñëîæåíèÿ).

Â ýòîì ãîäó óäàëîñü ïîñòðîèòü àíàëîã ôóíêöèè (1.12) íà ñóïåðñèììåòðè÷íîé ýëëèïòè-
÷åñêîé êðèâîé. Íà íåé èñïîëüçóþòñÿ ãðàññìàíîâû ïåðåìåííûå ζk, µ, ω � ñóïåðïàðòíåðû
ñïåêòðàëüíûõ ïàðàìåòðîâ zk, ïîñòîÿííîé Ïëàíêà ~ è ìîäóëÿ ýëëèïòè÷åñêîé êðèâîé τ ñî-
îòâåòñòâåííî:

ζ2
k = µ2

i = ω2 = 0 , [ζk, ζl]+ = [ζk, µi]+ = [µi, µj]+ = [ζk, ω]+ = [ω, µi]+ = 0 . (1.14)

Ïîêàçàíî, ÷òî íå÷åòíàÿ ôóíêöèÿ

Φ(~, z1, z2; τ |µ, ζ1, ζ2;ω) ≡ Φ~|µ(z1, z2| ζ1, ζ2) = (ζ1 − ζ2)φ(~, z12)+

+ω∂1φ(~, z12) + 2πıζ1ζ2ω∂τφ(~, z12) + ζ1ζ2µ∂1φ(~, z12) +
1

2
(ζ1 + ζ2)µω∂2

1φ(~, z12) ,

(1.15)

ãäå
∂1φ(x, y) = ∂xφ(x, y) , ∂2φ(x, y) = ∂yφ(x, y) (1.16)

óäîâëåòâîðÿåò ñëåäóþùåìó àíàëîãó òîæäåñòâà (1.11):

Φ~1|µ1(z1, z2| ζ1, ζ2)Φ~2|µ2(z2, z3| ζ2, ζ3) + Φ−~2| −µ2(z3, z1| ζ3, ζ1)Φ~1−~2|µ1−µ2(z1, z2| ζ1, ζ2)

+Φ~2−~1|µ2−µ1(z2, z3| ζ2, ζ3)Φ−~1| −µ1(z3, z1| ζ3, ζ1) = 0 , (1.17)

à òàêæå ñóïåðñèììåòðè÷íîé âåðñèè óðàâíåíèÿ òåïëîïðîâîäíîñòè(
∂ω + 2πı(ζ1 + ζ2)∂τ

)
Φ~|µ(z1, z2| ζ1, ζ2) =

(
∂ζ1 + ζ1∂z1 −

1

2
µ∂~

)
∂~Φ

~|µ(z1, z2| ζ1, ζ2) . (1.18)

Èñïîëüçóÿ ýòè ñâîéñòâà ìîæíî ïîñòðîèòü íå÷åòíûé ñóïåðñèììåòðè÷íûé àíàëîã ýëèïòè-
÷åñêèõ R-ìàòðèö Áàêñòåðà-Áåëàâèíà-Äðèíôåëüäà, óäîâëåòâîðÿþùèõ ñóïåðñèììåòðè÷íîé
âåðñèè óðàâíåíèÿ (1.2)

R
~1|µ1
12 R

~2|µ2
23 + R

−~2| −µ2
31 R

~1−~2|µ1−µ2
12 + R

~2−~1|µ2−µ1
23 R

−~1| −µ1
31 = 0 , (1.19)
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ãäå R
~|µ
ab = R

~|µ
ab (za, zb| ζa, ζb). Ýòîò ðåçóëüòàò ìîæíî èíòåðïðåòèðîâàòü, êàê îïèñàíèå íîâîãî

ïðåäñòàâëåíèÿ àëãåáðû Ôîìèíà-Êèðèëëîâà òèïà A2.

Áûë èññëåäîâàí àíçàö îáùåãî âèäà äëÿ íå÷åòíîãî îáîáùåíèÿ ýëëèïòè÷åñêîé ôóíêöèè
Êðîíåêåðà íà ñóïåðñèììåòðè÷íûõ ýëëèïòè÷åñêèõ êðèâûõ. Îñíîâíûì òðåáîâàíèåì ê àí-
çàöó ÿâëÿëîñü âûïîëíåíèÿ óñëîâèÿ (òîæäåñòâà) Ôýÿ ðîäà 1. Ïîëó÷åííûé îòâåò ñîäåðæèò
ïÿòü ïàðàìåòðîâ ñ îäíîé åäèíñòâåííîé ñâÿçüþ. Â ñëó÷àå äîáàâëåíèÿ ê òîæäåñòâó Ôýÿ åùå
îäíîãî óñëîâèÿ � âûïîëíåíèÿ ñóïåðñèììåòðè÷íîãî àíàëîãà óðàâíåíèÿ òåïëîïðîâîäíîñòè,
âîçíèêàþò äîïîëíèòåëüíûå ñâÿçè íà ïàðàìåòðû àíçàöà, êîòîðûå âñå ýòè ïàðàìåòðû ôèê-
ñèðóþò ñ òî÷íîñòüþ äî îáùåãî ìíîæèòåëÿ. Èñïîëüçóÿ ïîëó÷åííóþ íå÷åòíóþ ôóíêöèþ
Êðîíåêåðà, ñòðîèòñÿ íå÷åòíûé æå àíàëîã ýëëèïòè÷åñêîé R-ìàòðèöû. Ïîêàçàíî, ÷òî îíà
óäîâëåòâîðÿåò àññîöèàòèâíîìó óðàâíåíèþ ßíãà-Áàêñòåðà. Êðîìå òîãî, ïîëó÷åíî êóáè÷å-
ñêîå óñëîâèå íà R-ìàòðèöó, èìþùåå âèä êâàíòîâîãî óðàâíåíèÿ ßíãà-Áàêñòåðà ñ äîïîëíè-
òåëüíûì ñëàãàåìûì.

2. Îïóáëèêîâàííûå è ïîäàííûå â ïå÷àòü ðàáîòû

Îïóáëèêîâàííûå ðàáîòû

1. T. Krasnov, A. Zotov, Trigonometric integrable tops from solutions of associative Yang-Baxter

equation, Annales Henri Poincare 20:8 (2019) 2671-2697

https://link.springer.com/article/10.1007%2Fs00023-019-00815-1

2. A. Grekov, I. Sechin, A. Zotov, Generalized model of interacting integrable tops, JHEP 10
(2019) 081

https://link.springer.com/article/10.1007%2FJHEP10%282019%29081

3. M. Vasilyev, A. Zotov, On factorized Lax pairs for classical many-body integrable systems,
Reviews in Mathematical Physics, 31:6 (2019) 1930002, 45 pp

https://www.worldscientific.com/doi/abs/10.1142/S0129055X19300024

Ïðåïðèíòû arXiv, îòïðàâëåííûå â æóðíàëû, íî åùå íå îïóáëèêîâàííûå

4. A. Levin, M. Olshanetsky, A. Zotov, Odd supersymmetric Kronecker elliptic function and

Yang-Baxter equations, arXiv:1910.01814 [math-ph].

5. A. Levin, M. Olshanetsky, A. Zotov, Odd supersymmetrization of elliptic R-matrices,
arXiv:1910.05712 [math-ph].

6. M. Vasilyev, A. Zabrodin, A. Zotov, Quantum-classical duality for Gaudin magnets with

boundary, arXiv:1911.11792 [math-ph].
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3. Ó÷àñòèå â êîíôåðåíöèÿõ è øêîëàõ

1. äîêëàä ¾Àññîöèàòèâíûå óðàâíåíèÿ ßíãà-Áàêñòåðà è êëàññè÷åñêèå èíòåãðèðóåìûå
ñèñòåìû¿, Çàñåäàíèå Ìîñêîâñêîãî ìàòåìàòè÷åñêîãî îáùåñòâà, ÌÃÓ, ã. Ìîñêâà, 23 àïðåëÿ
2019 ã.

2. äîêëàä ¾Interacting integrable tops and long-range spin chains¿, ìåæäóíàðîäíàÿ êîí-
ôåðåíöèÿ ¾2nd Workshop on Integrable Systems and Applications¿, Center for Geometry and
Physics, Institute for Basic Science, Pohang University of Science and Technology (POSTECH),
ã. Ïîõàíã, Þæíàÿ Êîðåÿ, 6-8 ìàÿ 2019 ã.

3. äîêëàä ¾Interacting integrable tops from associative Yang-Baxter equation¿, êîíôå-
ðåíöèÿ ¾Operators, Functions, and Systems of Mathematical Physics Conference¿, Khazar
University, Department of Mathematics, Baku, Azerbaijan, 10-14 June 2019.

4. äîêëàä ¾Quantum R-matrices in classical integrable systems¿, ìåæäóíàðîäíàÿ êîíôå-
ðåíöèÿ ¾Interaction Between Algebraic Geometry and QFT¿, ÌÔÒÈ, ã. Äîëãîïðóäíûé, 24-28
èþíÿ 2019 ã.

5. äîêëàä ¾Quantum-classical dualities in integrable systems¿, University of Szeged, 09
October 2019, Szeged, Hungary.

6. äîêëàä ¾Quantum-classical dualities in integrable systems¿, ñåìèíàð â Wigner Research
Centre for Physics, ã. Áóäàïåøò, Âåíãðèÿ, 11 îêòÿáðÿ 2019 ã.

4. Ðàáîòà â íàó÷íûõ öåíòðàõ è ìåæäóíàðîäíûõ ãðóïïàõ

ñîòðóäíèê: Ìàòåìàòè÷åñêèé öåíòð ìèðîâîãî óðîâíÿ ¾Ìàòåìàòè÷åñêèé èíñòèòóò èì.
Â.À. Ñòåêëîâà Ðîññèéñêîé àêàäåìèè íàóê¿ (ÌÖÌÓ ÌÈÀÍ)

ñîòðóäíèê: ¾Ìåæäóíàðîäíàÿ ëàáîðàòîðèÿ òåîðèè ïðåäñòàâëåíèé è ìàòåìàòè÷åñêîé ôè-
çèêè¿ â ÍÈÓ ÂØÝ

5. Ïåäàãîãè÷åñêàÿ äåÿòåëüíîñòü (âêëþ÷àÿ íàó÷íîå ðóêîâîäñòâî)

ñîðóêâîäèòåëü ñåìèíàðà ¾Ìåòîäû êëàññè÷åñêèõ è êâàíòîâûõ èíòåãðèðóåìûõ ñèñòåì¿,
Íàó÷íî-îáðàçîâàòåëüíûé öåíòð ïðè ÌÈÀÍ, âåñåííèé è îñåííèé ñåìåñòðû;

ïðîôåññîð ÌÔÒÈ, êóðñ ¾Òîåðèÿ ãðóïï è ïðåäñòàâëåíèé¿ äëÿ 2-îãî êóðñà, âåñåííèé ñå-
ìåñòð; êóðñ ¾Ââåäåíèå â êâàíòîâûå ãðóïïû¿ äëÿ 3-îãî êóðñà, âåñåííèé ñåìåñòð, ¾Êàôåäðà
òåîðåòè÷åñêîé àñòðîôèçèêè è êâàíòîâîé òåîðèè ïîëÿ¿ â ÈÒÝÔå;

íàó÷íîå ðóêîâîäñòâî: 5 ñòóäåíòîâ ÌÔÒÈ, 2 ñòóäåíòà ÂØÝ, 2 àñïèðàíòà ÂØÝ, 1 àñïè-
ðàíò ÈÒÝÔ;

àññîöèèðîâàííûé ñîòðóäíèê: Èíñòèòóò òåîðåòè÷åñêîé è ìàòåìàòè÷åñêîé ôèçèêè â ÌÃÓ
èìåíè Ì.Â. Ëîìîíîñîâà.
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