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1 Arf invariant

Let k be a field and b: V ® V' — k a nondegenerate antisymmetric bilinear form. Recall the
following definition

Definition 1.1. For r € V and X € k the transvection T,y € GL(V') with respect to r and A
is defined to be
Toa(z) =2 — Ab(x,r)r

One can easily see that 7). ) is always symplectic with respect to b. Moreover

Theorem 1.2. Fvery symplectomorphism V. — V' can be decomposed into a composition of
transvections.

Let q € Symi(VV) be a quadratic form over the field k£ of characteristic 2, and let

be(z,y) = q(r +y) — q(x) — q(y)

be the associated bilinear form. For the rest of this section we will assume that ¢ is nonde-
generate, in the sense that the associated bilinear form b, is nondegenerate. In this case one
can choose a symplectic basis e;, f; of V with respect to by.

Definition 1.3. The Arf invariant of g with respect to the basis {e;, f;} is defined to be

n

Arf(q) = qleq(fi) € k/p(k)

i=1
where @: k — k is the Lang’s isogeny for G,/Fa, i.e. the map x — 22 — x.

Assume for a moment that the Arf invariant of ¢ is well defined (i.e. does not depend on
the choice of symplectic basis). Then we have the following basic properties

Proposition 1.4. 1. If ¢ is equivalent to q, then Arf(q’') = Arf(q).

2. For a pair of quadratic forms q1, g2

Arf(q1 © q2) = Arf(q1) + Arf(go)



Proof. 1. Let ¢’ be equivalent to q. By definition it means that there is exists a map
A € GL(V) such that ¢/(z) = q(Ax). Then by (z,y) = by(Az, Ay) and {A~te;, A71f;}
is the symplectic basis for gy if and only if {e;, f;} is symplectic basis for b,. But then
by definition

Arf(q) =) q'(A e)d (A7) =) D a(AA  e)q(AAT fi) = D qledq(fi) = Arf(q)
i=1 i=1 i=1
2. If {egl), fi(l)} and {el(?), fi(Q)} are symplectic bases for ¢; and ¢z respectively then
(e, 10,2 5

is symplectic basis for g; @ g2 and the statement follows by definition.

O
Now following [Dye78] we will prove
Theorem 1.5. Let g be a quadratic form over the field k of characteristic 2. Then
1. The Arf invariant does not depend on the choice of symplectic basis.
2. If k is perfect and Arf(q1) = Arf(q2) then q1 is equivalent to qs.
Proof. 1. Let €}, f! be some other symplectic bases of V. Consider the symplectomorphism

e; — e}, fi — f!. By theorem 1.2 it can be decomposed as a composition of transvections.
By direct calculations

¢(Tx) = q(x) + (Nq(r) + A)bg(z, 1)’

Write r = Z?:l s;e; + t; f;. For any p € k we have

Arf(g(T)) = 3 (ale:) + pt2)(a(fs) + ps?) = Arf(q (Zq eiti + a(fi)s )
=1

=1
+Z,,, = Arf(q ( JrZ:sZ z)+<uzn:8iti>
=1
= Arf(q) + pa(r) + p(u Y sits)
=1

Hence Arf(q) — Arf(q’) € p(k) if and only if uq(r) € p(k). Which is our case, because

ug(r) = (Nq(r) + Nq(r) = (Aq(r))* + Aq(r)



2. Let Arf(q) = Arf(¢’). By proposition 1.4 we can assume by = b,. Hence

n

q(z) +q'(x) = > iz} + by}
i=1

The field k is perfect, so we can find s;, t; € k such that a; = t? and b; = s?. If we define
r =" sie; +tifi, then ¢'(x) = q(x) + by(r,z)? and hence there is some v € k such
that ¢(r) = v? +v. Let A = v~!. Then ¢'(z) = q(T, \x) because

M)+ A= X202+ 3 H+a=1+21=1
O

Corollary 1.6. Let q be a nondegenerate quadratic form over a perfect field k. Then in some
basis {e;, fi} it has a form

n
. (z e+ yf) S s+ 0(a +42)
7

i=1
for some v € k.

Proof. The form ¢, may be decomposed as a direct sum

)EBn—l

¢ >~ qoo(z,y D quw

where ¢, 5, is a quadratic form of rank 2 defined by g, 5(z,y) = az® + 2y + by®. Note, that by
definition Arf(g,) = ab.

So by proposition 1.4 the Arf invariant of ¢, is v*. Since k is perfect we conclude by
theorem 1.5. [

2

Remark 1.7. We have the Kummer short exact sequence of Galy-representations
0—Fy = k5P 25 k5P =0

which induces
k-5 k — H'(k,Fo) — 0

where H' (k, k) ~ 0 by additive Hilbert 90’th theorem.

So for any quadratic form ¢ the Arf invariant Arf(q) is canonically an element of H!(k,Fs),
which classify some quadric field extension [ of k. One can describe [ explicitly as k(a), where
a is a root of the equation 22 + x = Arf(g). By definition the form ¢ has zero Arf invariant
in [, hence ¢ = gy in notation of the previous corollary over [.

Other way around, one can define the Arf invariant of ¢ to be the class in H'(k,Z/2),
which classifies the smallest extension [ of k, such that ¢ is equivalent to gy over [ (but it is
not completely obvious that such an [ is of degree 2 over k).
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