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Abstract

Let G/B be a flag variety over C. We say that the product of classes of Schubert divisors in the
Chow ring is multiplicity free if it is possible to multiply it by a Schubert class (not necessarily of a
divisor) and get the class of a point. In the present paper we find the maximal possible degree (in
the Chow ring) of a multiplicity free product of classes of Schubert divisors.

1 Introduction

Let G be a simple algebraic group over C with a simply laced Dynkin diagram. Consider the generalized
flag variety G/B, where B C G is a Borel subgroup. We are going to study the Chow ring of G/B.

The Chow ring of G/B is generated (as a Z-algebra) by the classes of Schubert divisors in G/B
(actually, to define the Schubert divisors canonically, we need to first fix a maximal torus in B, which
canonically defines the root system, the Weyl group, and its action on G/B, so we assume that a
maximal torus in B is fixed until the end of the paper, although we will not need it explicitly). Denote
the classes of Schubert divisors by D1, ..., D,, where r = rkG. We will be particularly interested in
monomials in classes D;. Let us say that a monomial D' ... D] is multiplicity free if there exists a
Schubert class X (this is the class of a Schubert variety, not necessarily of a Schubert divisor) such
that D*...D X = [pt]. Our goal is to answer the following question: What is the mazimal degree
(in the Chow ring) of a multiplicity-free monomial in Dy,...,D, (i. e., what is the mazimal value of
the sum ny + ...+ n, over all n-tuples ny,...,n, of nonnegative integers such that DY ...DI'" is a
multiplicity-free monomial?) This question is particularly interesting in the case when G is of type FEj,
because the answer may be used to compute upper bounds on the canonical dimension (see definition
in [6]) of G/B over non-algebraically-closed fields, similarly to the arguments of [5, Section 5].

The answer to this question for Eg is 34, see Theorem More generally, we will answer this
question for any simple group G with simply-laced Dynkin diagram. In particular, we also get an answer
for the "classical” variety of complete flags, i. e. for the case when G = SL, ;1. Namely, for a group of
type 4, (e. g. G = SL,41, the Weyl group in this case is the permutation group S,1+1) we get r(r+1)/2,
see Lemma for a group of type D, (r > 4) we get r(r + 1)/2 — 1, see Proposition and for a
group of type E, (6 < r < 8) we get 7(r + 1)/2 — 2, see Theorem [[L.5| The answer for type A, agrees
with the fact that the torsion index of SL,41 is 1.

To explain how we are going to solve this question, let us introduce notation and terminology more
carefully. Recall that we have fixed a maximal torus, so we have a canonically defined root system.
Denote it by A. Also, denote the simple roots by aq, ..., a,., denote the Weyl group by W, and denote
the reflection corresponding to a root & € A by o4. Also, set d = dim(G/B). In G/B, one can associate
a so-called Schubert subvariety to any w € W. There are many different ways to establish such a
correspondence, we choose the following one: for each w € W, denote Z,, = [Bww~!B/B], where w is
the longest element of the Weyl group. Then codim Z,, = ¢(w), where ¢(w) is the length of an element
w € W. In other words, Z,, belongs to the ¢{(w)th graded component of the Chow ring. This notation
corresponds to the notation for classes D; we introduced before as follows: Z[,.ai =D;.

The classes of Z,, in Chow ring for all w € W form a basis of the Chow ring as of a linear space. The
highest possible, the dth degree, of the Chow group is Z-generated by Z,, = [pt].



It is known (see, for example, [2, Proposition 1.3.6]) that all products of Schubert classes are linear
combinations of Schubert classes with nonnegative coefficients. In particular, if wy,...,w, € W and
lwy) + ...+ (wg) =d, then Z,, ... Z,, is a nonnegative integer multiple of [pt].

If we have several Schubert classes such that the sum of their dimensions is d, we say that their
product is multiplicity-free if it equals [pt], the class of a point, in the Chow ring. More generally, we say
that a product of Schubert classes Zy,,, ..., Zy, (w; € W) is multiplicity-free if there exists a Schubert
class Z,, (w € W) such that Zy,, ... Zy, Zw = [pt]. This agrees with and generalizes the definition of a

multiplicity-free monomial in D1, ..., D, we introduced above.
The paper [3] contains another identification of elements of the Weyl group and subvarieties of G/B,
namely (see [B, §3.2]), X, = [BwB/B]. These notations are related as follows: Z,, = Xy ,-1. In

particular, X;q = Z;, = [pt]-

In terms of this notation, the product X,, X,,, where w,w’ € W, can be computed as follows, see [3],
§3.3, Proposition 1a]: X, X, = Xijq = [pt] if and only if w = ww'. Otherwise, X,, X,,» = 0. In terms
of the notation Z, this can be rewritten as follows: Z,,Z,, = [pt] if and only if w = w'w. Otherwise,
Zw iy = 0.

The classes Z,, in Chow group for all w € W form a basis of the Chow group as of a linear space. In
particular, every monomial in classes D; equals a linear combination of some classes Z,,:

n1 Hn2 LT Ap—
Dl D2 ...Drrf g Cu;,nl,...,nTZw'

We fix the notation Cy p, ... n, in the whole paper. It follows from the multiplication formulas mentioned
above that D' D32 ... D' is multiplicity-free if and only if there exists w € W such that Cy p, .. n, = 1.
(In more details, if we multiply the above equality by Zyw, then Cy n, ... n,. Zow Will become Cy p, ... n, [Pt],
and all other summands on the right-hand side will vanish.)

So, in fact we are trying to answer the following question: What is the maximal degree of a monomial
of the form D{*Dy? ... D} such that at least one coefficient Cy, ;... n, equals 17

It also seems natural to ask when, for given numbers nq,...,n,, all coefficients Cy p,,...,n, for all
w € W equal either 0 or 1. But this happens quite rarely, and we are not trying to answer this question
here. We will return to this question in a subsequent paper.
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2 Preliminaries

We denote the subset of positive roots by AT, and the set of simple roots by II. Denote the fundamental
weight corresponding to a simple root a; by w;.

We choose the scalar multiplication on A so that the scalar square of each simple root is 2. The scalar
product of two roots a and 3 is denoted by («, ). Note that with this choice of scalar multiplication,
we can use a simple formula for reflection: usually, we write

2a.6)

(@, )

oafl =B~

But with our choice of scalar product, we can write
oo =B~ (o, B)a.
We enumerate simple roots as in [I].
We use the following Pieri formula:
Proposition 2.1 ([3| §4.4, Corollary 2]). Let o; € II, and let w € W. Then
DiZy = Y @il @) Zegw.

acAt
l(oqw)=C(w)+1



Proof. In fact, Corollary 2 in [3], §4.4] is formulated in terms of X,, (and also, in another form, in terms
of other classes Y,,, but we don’t need those), and looks as follows:

X’u’)aain’ = Z wi(a)Xw’aa-

acAt
L(w' on)=L(w")—1
If we substitute ww ="' instead of w’, we will get:

Xisoo, Xipu—1 = > @i () Xy, -
acAt
Lvw o )=L(ww ) =1
Now, using the facts that £(ww") = £(w) — £(w") for any w” € W, that o1 = 0, and that ¢(w”~1) =
£(w"), we can rewrite this:

Xﬂ)omiXu')w*1 = Z wi(a)Xu')(aaw)*l'

aeAT
() — 0w o) =L(w)—(w ™) —1

Xu')aai Kopy—1 = Z wi(a)Xﬂl(aaw)*L

aeAt
Loqw)=~L(w)+1

Now, using the notation Z:
Zaai Zw = Z ’(ﬂi(Oé)Zgaw.

acAT
L(oqw)=L(w)+1

Recall that Z,, = D;:
DiZy = > @i(0)Zew.

acAt
L(oqw)=L(w)+1

O
Note that w;(«) is precisely the coefficient at «; in the decomposition of « into a linear combination

of simple roots.
We will use the following well-known combinatorial Hall representative lemma and its generalization.

Lemma 2.2 (Hall representative lemma). Let Ay, ..., A, be several finite sets. Suppose that for each
subset I C{1,...,n} one has | U;cs A;| > |I|. Then one can choose a; € A; for alli (1 <i<n) so that
all elements a; are different.

Lemma 2.3 (Generalized Hall representative lemma). Let Ai,..., A, be several finite sets, and let
k1,..., k. € N. Suppose that for each subset I C {1,...,n} one has

|Uier Ail =) ki
iel
Then one can choose a; € A; for alli (1 <i<n) so that all elements a; are different.

Proof. Consider the following collection of sets S;;: S;; = A;, 1 < i <r, 1 <75 <k;. Let J be a subset
of double indices. Let m; (1 < ¢ < r) be the number of double indices in J that begin with i. Then
m; < k;. Also denote the projection of J onto the first coordinate by I. Then U(; j)esSi; = UierAi, and

| Ui jyer Sijl = [ Uier Ail > Zkz > Zmz = [J].

i€l iel

So, the collection {S;;} satisfies the hypothesis of Lemma O



The following facts about root systems and Weyl groups are well-known and can e found, for example,
in [].

Lemma 2.4. Let a, 8 € A, a # 8, « # —f. Then all possible values of (a, 8) are 0, 1, and —1.
Lemma 2.5. Let o, € A. Then:

1. a+p €A if and only if (o, B) = —1.

2. a—p €A if and only if (o, B) = 1.
Corollary 2.6. For each o € A, the reflection o, has the following orbits on A:

1. {a,—a}

2. {B} (a fized point) for each 8 € A, (o, 8) = 0.

3. {67’7} fOT 6;76 A’ (O‘;ﬂ) =1, (aa

Lemma 2.7. If o, 8,7 € A and (o, 5) =
thend =a+~v—p €A, and (o, ) =

=—1,and B =a+".

)
1, (577) =1, (0577) =0,
L, (0,7)=1,(58) =0

Proof. Direct computation of scalar products.
a — f € A by Lemma [2.5
(a=B7)=0—1=—1
d=a—pB+v€ A by Lemma 2.5
(b)) =2—-140=1.
(6,6)=1-2+1=0.
(6,7v)=0—-14+2=1. O

Lemma 2.8. Ifa, 8,7y € A and (o, 8) =1, (B,7) =1, (a,y) = 0, and there exists a simple root cv; that
appears in the decompositions of all three roots c, B, and ~y into linear combinations of simple roots with
coefficient 1,

then «; appears in the decomposition of § = a — 8+ into a linear combination of simple roots also
with coefficient 1, and § € A™T.

Proof. Direct calculation. O
Lemma 2.9. Ifw € W, then {(w) = |ATNwA~|. Moreover, the set |ATNwA~| determines w uniquely.

We will have several examples involving permutation groups. More precisely, there permutation
groups will appear as the Weyl groups of groups of type A,.. The Weyl group of a group of type A, is
Sr41. For brevity, we will write (s1, s2,...,S,41) instead of

1 2 ... r+1
S1 S2 ... Sr41 ’

The transposition interchanging the ith and the jth positions will be denoted by (i <> j).

Example 2.10. The length of an element (si,...,8y41) € W is the number of inversions, i. e. the
number of pairs (7, j) with ¢ < j and s; > s;.

We use the following terminology to compute products of several divisors using Pieri formula.
Definition 2.11. Let o € AT and let w € W. We say that the reflection o, is:

1. A sorting reflection for w if £(ocow) < £(w);

2. A desorting reflection for w if £(o,w) > £(w);

3. An admissible sorting reflection for w if £(o,w) = £(w) — 1;



4. An admissible desorting reflection for w if £(o,w) = £(w) + 1;
5. An antisimple sorting reflection for w if {(c,w) = f(w) — 1 and w™la € —IL
6. An antisimple desorting reflection for w if £(oc,w) = f(w) + 1 and w™la € 11

Example 2.12. If G = SL,41, then W = S, 1. If w = (s1,...,8-+1), then the sorting reflections for
w are precisely the transpositions (i <> j) with ¢ < j and s; > s;, and the desorting reflections for w are
precisely the transpositions (i «+ j) with ¢ < j and s; < s;. This example motivates the usage of the
words ”sorting” and ”desorting”.

We will also need to consider two different kinds of orders on A. First, there is the standard order
< on A: we say that a < 8 if 5 — « is a sum of positive roots. Additionally, for each w € W we will
need an order we will denote by <,,: we say that o <., 8 if w™la < w™!p.

Remark 2.13. If o, 8 € A and (o, 8) =1, then, by Lemma a and B are comparable for < and for
the orders <4, for allw e W.

Definition 2.14. Let v be a linear combination of roots, v = > a;c;. The set of simple roots «; such
that a; # 0 is called the support of v (notation: suppv).

Lemma 2.15. Letw e W.

If o, B,y € wA™ and (o, 8) =1, (B,7) =1, (a,7) =0, and (o <y B or ¥ <y B),
then d =a —f+v € wA~

Proof. Without loss of generality, a <, 5.
ByLemma a—BEN a=<y B,s0a—F€wAT.
ByLemmaéza—B+7€A. a— B €wA” and v € wAT,s0 J € wA™. O

3 Sorting
Lemma 3.1. Let o € AT, and B € A. Suppose that (o, ) = 1. o, interchanges 3 with another simple

root, which we denote by 7.
Then there are exactly three possibilities:

(i) B,y € AT.

(ii)) B € AT, v e A™.
(iii) B,y € A~
Proof. The only remaining case is 3 € A, v € AT. Let us check that this is impossible. Note that
B=a+7. So,if« € AT,y € AT, then 8 =a+v € AT, a contradiction. O

Lemma 3.2. Letw € W, a € AT, and 8 € A. Suppose that (o, 3) = 1. 0, interchanges 3 with another
simple root, which we denote by ~.
Then there are exactly three possibilities:

1.acwA™,Bc AT, ye A™, BcwA™, vy c wAt.
Then {B,7} N (AT NwA™) = {8}, {B,7} N (AT NowA™) = &, and [{B,7} N (AT NwA™)| >
{8,7} N (AT NoawAT)|.

2. aewAT, BeAT, ye AT, BewAT, y € wA™.
Then {B,7} N (AT NwA™) = @, {B,7} N (AT NowA™) = {8}, and [{B,7} N (AT NwA7)| <
{B,7} N (AT NoawAT)l.

3. Otherwise, |{8,7} N (AT NwA™)| = |{B,7} N (AT No,wA™)|. More precisely:



(a) Ifa e wA™, B € AT, v e AT, B € wA™, and v € wA™T, then {8,7} N (AT NwA™) = {3},
{87} N (AT NoawA™) = {7},

(b) If a € wAT, B e AT, v e AT, B € wA", and v € wA™, then {B,v} N (AT NwA™) = {~},
{8,7} N (AT NoawA™) = {B},

(c) Otherwise, {B3,7} N (AT NwA™) ={8,v} N (AT NowA™).

Proof. Note that («,v) =—1, and 8 =« + 7.
Note also that 8 € wA™ if and only if v € c,wA™, and v € wA™ if and only if f € oc,wA™.
Let us consider the 3 cases from Lemma [3.1k

(i) B,y € A™.
Then 8 € AT NwA~ if and only if v € AT No,wA™, and v € AT N wA~ if and only if
B € At No,wA~. Therefore, [{3,7} N (AT NwA™)| = [{B,7} N (AT No,wA™)].
If 8,7 € wA™, then {B8,7} N (AT NwA™) ={B,7} N (AT No,wA™) = {B,~}, and [3c|is true.
If 8,7 € wA*, then {8,7} N (AT NwA™) = {8,7} N (AT No,wA~) = @, and [3d is true.
If 3 € wAT and v € wA~, then o must be in wA™, otherwise 8 = a + v would be in wA~. So,
{87} N (AT NwA™) = {7}, {B,7} N (AT NoawA~) = {B}, and [3b] is true.

If 3 € wA™ and v € wA™, then o must be in wA™, otherwise 8 = a + v would be in wA™. So,
Bk n (AT NwA™) = {8}, {8,7} N (AT NoqwA™) = {7}, and Ba]is true.

(i) Be AT, ye A™.
If 8,7 € wA™, then {8,7} N (A* NwA™) = {8,7} N (AT No,wA~) = {3}, and [3d is true.
If 3,7 € wA™, then {8,7} N (AT NwA™) ={B,7} N (AT No,wA™) = &, and [3d| is true.

If 3 € wA™ and v € wA™, then o must be in wA™, otherwise 8 = a + v would be in wA~. So,
(BN (AT NwAT) =2, {8,9} N (AT NoawA™) = {7}, and [2]is true.

If 3 € wA™ and v € wA™, then o must be in wA™, otherwise 8 = a + v would be in wA™T. So,
{B,7} N (AT NnwA™) = {8}, {B,7} N (AT NowA™) =@, and is true.

(i) B,7 € A~
Then {8,7} N (AT NwA™) = {B,7} N (AT No,wA~) = @, and 3dis true.
O

Lemma 3.3. Let w € W and let a € AT. Then:
O« is a sorting reflection for w if and only if « € AT NwA™. Otherwise, o, is a desorting reflection
for w.

Proof. The reflection o, acting on A has some fixed points (they are precisely the roots orthogonal to
«), and the other roots can be split into pairs (,~) such that o, interchanges 8 and v ((a, —a) is one
of such pairs).

Consider a pair (3,7) such that o, interchanges 8 and . Suppose also that 5 # +a. Then, since the
Dynkin diagram is simply laced, («, 8) = £1. Without loss of generality, let us assume that («, 5) = 1.
Then (a,y) = —1, and f = a + 1.

Suppose first that @ € wA ™. Then, in the classification of Lemma case [2| is impossible, since it
requires « € A", And in both of the other cases, we have [{3,7} N (AT NwA™)| > [{B,7v} N (AT N
TaWAT)).

END Suppose first that o € wA™.

Now suppose that o € wA™T. Then, in the classification of Lemma case |1 is impossible, since
it requires & € A~. And in both of the other cases, we have [{3,7} N (AT NwA™)| < {B,7} N (AT N
T WAT)].

END Now suppose that o € wA™.

END Consider a pair (3,7)



So, we can conclude that if & € wA~, then for every pair (8,7) such that o, interchanges 5 and
v, and B # +a, we have [{8,7} N (AT NwA™)| > {B,7} N (AT No,wA™)|. Also, if @ € wA™, then
{a, —a}n(ATNwA™) = {a}, {a,—a}N(ATNowA™) = &, and {a, —a}N(ATNwWA™)| > [{a, —a}N
(AT No,wA™)|. The summation over all orbits of o, in A gives us [(AT NwA™)| > [(AT NowA ™)
if o € wA™.

And we can also conclude that if o € wA™T, then for every pair (3,7) such that o, interchanges 3
and v, and 3 # +a, we have |[{3,7} N (AT NwA™)| < {B,7} N (AT No,wA7)|. Also, if & € wA™T, then
{a, —a}N(ATNwA™) = &, {a, —a} N (AT No,wA™) = {a}, and [{a, —a}N(ATNwWAT)| < [{a, —a}N
(AT No,wA™)|. The summation over all orbits of o, in A gives us [(AT NwA™)| < [(AT N o wA7)|
if @ € wAT. O

Lemma 3.4. Letw € W and a € AT NwA~.
Then o, is an admissible sorting reflection for w if and only if it is impossible to find roots 3,0 €
AT NwA™ such that o = 8+ 6.

Proof. Again, note that {a, —a} N (AT NwA™) ={a}, {a,—a} N (AT No,wA™) =@, and |[{a, —a} N
(AT NwA™)| > {a, —a} N (AT No,wA7)|.

Also note again that if (3,7) is a pair such that o, interchanges 8 and v and 8 # +a, then case
in Lemma [3.2]is not possible since it requires & € wA*, and [{8,7} N (At NwA7)| < [{B,7} N (ATN
oo WAT)).

So, the summation over all orbits of o, on A tells us that [(AT NwA™)| = |[(AT NowA™)| + 1 if
and only if all inequalities

H{B,vIN(ATNwA™)| < {B,7}N(ATNowA™)| for all pairs (3, v) such that o, interchanges
B and v and 8 # +a,

become equalities.

And all these inequalities become equalities if and only if case [1| does not occur for any pair (3,7)
such that o, interchanges 8 and v and 8 # +a. In other words, {(w) = ¢(c,w) + 1 if and only if there
are no pairs (8,) such that

04 interchanges B and v, (o, 8) =1, B€ AT, y e A~, B e wA™, v € wA™T.

And if we denote 6 = —+, then we see that the non-existence of such pairs is equivalent to the
non-existence of pairs (5, d) such that

a=p+6 (a,f)=1,B€AT, € AT, BecwA™,§cwA~.
Finally, note that by Lemma if 8,6,8+d € AT, then automatically (8,6) = —1. O

Example 3.5. If G = SL,y;, then W = S.41. If w = (s1,...,8-41), then the admissible sorting
reflections for w are precisely the transpositions (¢ <+ j) such that ¢ < j, s; > s;, and there are no indices
k such that ¢ < j < k and s; > s > s;.

Lemma 3.6. Let w € W and o € AT NwA™T.
Then o, is an admissible desorting reflection for w if and only if it is impossible to find roots
B,0 € AT NwAT such that o = B+ 9.

Proof. Again, note that {a, —a} N (AT NwA™) =2, {a,—a} N (AT No,wA™) ={a}, and |[{a, —a} N
(AT NwA™)| < {a,—a} N (AT NowA™)|.
Also note that if (8, ) is a pair such that o, interchanges § and v and 8 # +«, then casein Lemma
is not possible since it requires a € wA™, so [{B,7} N (AT NwA™)| > {B,7} N (AT NoawA7)].
So, the summation over all orbits of o, on A tells us that [(AT NwA™)| = |[(AT NowA™)| + 1 if
and only if all inequalities

HB,vIN(ATNwA™)| > {B,7}N(ATNo,wA™)| for all pairs (3, ) such that o, interchanges
B and v and 8 # +a,



become equalities.

And all these inequalities become equalities if and only if case [2| does not occur for any pair (3,7)
such that o, interchanges 8 and v and 8 # +a. In other words, {(w) = £(c,w) 4+ 1 if and only if there
are no pairs (f3,7) such that

o4 interchanges B and v, (o, 8) =1, B € AT, y € A™, B e wAT, vy € wA~.

And if we denote 6 = —~, then we see that the non-existence of such pairs is equivalent to the
non-existence of pairs (3, ) such that

a=8+06, (a,8)=1,8€ AT § € At B cwAT § e wAT.
Finally, note that by Lemma if 3,0, 4 € AT, then automatically (3,5) = —1. O

Lemma 3.7. Letw € W and o € ATNwA™. Suppose that o, is an admissible sorting reflection. Then
the set AT No,wA™ can be obtained from the set AT NwA™ by the following procedure:
For each 8 € AT NwA™:

1. If B = «, don’t put anything into AT N o, wA™.

2. If (,B) =1, a< B, and B —a ¢ AT NwA™, then put 8 — a into AT N o wA™.

3. Otherwise, put B into AT N o, wA™.

Note that this lemma in fact establishes a bijection between (AT NwA™)\ a and AT N o wA™.

Proof. Let us check that for every orbit of o, on A, the above procedure gives the correct intersection
of this orbit with AT No,wA~. See Corollary |2.6| for the list of orbits.

If the orbit consists of one root, 3, then («, 5) = 0. We apply case [3| of the procedure, and indeed,
{8} N (AT NwA™) ={8} N (AT NoawA™) since 0,8 = .

If the orbit is «, —a, then we apply case [1] of the procedure. And indeed, it is clear that {«, —a} N
(AT NowA™) = 2.

Finally, consider an orbit {3,~}, where (o, ) = 1, (a,7) = —1, and 8 = a + . Lemma [3.2] gives us
5 possibilities in total, among them:

Case |1] is prohibited by Lemma (if case [1| was true, then we would have 8 € AT NwA™, —v €
AT NwA™, and a = 8+ (—7)).

Case [2|is impossible since o € wA ™.

If case [3a] of Lemma [3.2] holds, then o, 8 € At NwA~. Also, v € A*, v = 8 —a, so a < B.
Finally, v ¢ wA~, so the conditions of case are satisfied. By Lemma {B,7} N (AT NwA™) = {3},
{B,7}N(ATNowA ™) = {7}, and indeed, casetells us that we should put v = S—a into (AT No,wA™)
instead of 5.

Case [3b|is impossible since o € wA™.

Finally, suppose that case [3c| of Lemma holds. Let us check that the conditions of case [2] of the
procedure are not satisfied (and the procedure tells us that we should use case [3)).

Clearly, the conditions of case [2] of the procedure are not satisfied for « since («,y) = —1

Assume the contrary, assume that the conditions of case [2] are satisfied for 3. o € AT, a € wA™,
BeAt, BcwA™. Since f<a,y=L—acAt. Since f —a ¢ AT NwA~, v € wA*. So, case [Ba] of
Lemma holds, and we have assumed that case [3c| of Lemma holds. A contradiction.

END Assume the contrary.

So, the procedure tells us that we should use case|3|and put all roots from {3,v} N (AT NwA™) into
At NoawA~. And this is correct since by case 3 of Lemma[3.2] {8,7} N (AT NwA™) = {8,7}n(ATN
TaWAT). O

Lemma 3.8. Ifw € W, a € At NwA~, and w™la € —1I1, then o, is an antisimple sorting reflection.

Proof. The only thing we have to check is that o, is an admissible sorting reflection. We use Lemma
Assume that there are roots 3,7 € AT N wA~ such that « = 8+ . But then —w la =
(—w™1B) + (—w™ly), —wla € II, and —w~ !B, —w~ty € AT, a contradiction. O



Example 3.9. If G = SL,y;, then W = S,41. If w = (s1,...,8-+1), then the antisimple sorting
reflections for w are precisely the transpositions (i <> j) such that ¢ < j and s; = s; + 1.

Lemma 3.10. Letw € W, a € AT NwA™.
The following conditions are equivalent:

1. wla € —1I
2. « is a mazimal element of the set AT NwA™ with respect to the order <.,.

3. It is impossible to find roots B,y € AT NwA™ such that a = 8+ and It is impossible to find a
root B € AT NwA™ such that: a < 8, (a,8) =1, f —a ¢ AT NwA™.

Proof.

Let « € At NwA~, w'a € —II. Assume that 8 € AT NwA~, a <, 3. Then, by the definition of
<w, W ra<w™ B But w'B € A—, wla € —II, a contradiction.

2=

Let o be a maximal element of AT NwA™ with respect to <.,.

If there exist 3,7 € AT NwA™ such that « = S+, then —w™ 'y =w? —wla € A~,s0 a <y 3, a
contradiction.

If there exists € AT NwA™ such that: a < 8, (o, 3) =1, 8 —a ¢ AT NwA™, then:

a<pB, (a,8)=1,50 B—aeAT.

B—ad¢ ATNwA™ s0o 8 —a¢wA™, f—acwAt.

Again, a0 <, B, a contradiction with maximality of «.

Bl =1l

Assume that w™la ¢ —II. Then, since w™ta € A~, it is possible to decompose w~la = 3’ + 7/,
where 8,4 € A~. We have w8’ + wy' = a. wf’' and w~' cannot be both negative, since their sum, «,
is positive. At least one of the roots wf3’ and wy’ is positive, let us assume without loss of generality
that wB’ € AT,

Set B =wph, v =wy'.

If vy=a— 8 € A7, then 8 < « by definition, (8,«) = 1 by Lemma and B —a=—y=w(—) €
wAY so f—a ¢ AT NwA™.

If vy € A", then 8,y € A+NwA™ and a = 3+ 7. O

Corollary 3.11. For every w € W, w # id, there exists at least one o € AT NwA™ such that o, is an
antisimple sorting reflection for w. O

Corollary 3.12. Let w € W, «; € II. If there exists o € AT NwA™ such that a; € supp «, then there
exists B € AT NwA™ such that o; € supp 8 and og is an antisimple sorting reflection.

Proof. Consider the set A of all elements of AT NwA™ whose support contains c;. This set is nonempty
since it contains . Let 8 be a <,,-maximal element of A.

Assume that w='3 ¢ —II. Then by Lemma one of the two statements is true: Either there
exists roots 7,0 € AT NwA~ such that 8 = v 4§, or there exists v € AT N wA™ such that 3 < 7,
(B,v)=1,and vy — B ¢ AT NwA™.

If there exists roots 7,6 € AT N wA™ such that 8 = v+ §, then supp = supp~y U suppd, so
(a; € supp+y or «; € suppd). Without loss of generality, «; € supp~y. Then v € A, We have § € wA™,
sow s e A" and w vy —w B =—w 1§ € AT, s0 B <y 7. A contradiction with the <,,-maximality
of 3.

If there exists v € AT NwA™ such that 8 <, (8,7) =1, and vy — 8¢ AT NwA™, then y — 8 € A
by Lemma[2.5] v — 8 € AT since 8 < v, but v — 8 ¢ AT NwA~, 50y — 3 ¢ wA~, and v — § € wA*.
Then B <y 7.

B8 < 7, so suppf C suppv, and a; € supp<y. Therefore, v € A. A contradiction with the <,-
maximality of 3. O

The following lemma illustrates an advantage of antisimple sorting reflections.



Lemma 3.13. Let w € W. If o € AT NwA™ is such that o, is an antisimple sorting reflection, then
AT NowA™ = (AT NwA™)\ a.

Proof. We use Lemma We have to check that case [2| never occurs.

Assume that case curs for some 8 € AT NwA~. This means that v = 8 — a € wAT, w™ly =
w B —w la € AT, and o <, B. But then « is not a maximal element of AT NwA™ with respect to
<, a contradiction with Lemma, O

To use Chevalley-Pieri formula, we will use the following terminology.

Definition 3.14. Let w € W, n = £(w). We say that a process of sorting of w is a sequence of roots
B1, ..., Bn such that:

1. w=o0g,08,...08,.

2. Denote w; = 0g, ...0g,w = 0p,,, ...0g, (0 <i <n). Then for each i, 0 <i < n, 0g,,, has to be
an admissible sorting reflection for w;. In other words, ¢(w;) has to be n — i for 0 <i <n.

We say that the ith step (1 < ¢ < n) of the sorting process is the reflection og,, and that the
current element of W after the ith step of the process (before the (i 4+ 1)st step of the process) is
Ww; =0g;...05,W =0Biy1-+-0B,-

We say that the sorting process is antireduced, and the equality w = 0,03, ...0g, is an antireduced
expression for w, if ¢B; is an antisimple reflection for w;_; for all i, 1 <4 < n.

If we only know for some i, 1 < i < n, that ¢8; is an antisimple reflection for w;_1, we will say that
the ith step of the sorting process is antisimple.

Definition 3.15. Let w € W, n = £(w). Similarly, we say that a sorting process prefix of w is a sequence
of roots f1,..., Bk (k <n) such that:

Denote w; = o0g,...08,w (0 < i < k). Then for each i, 0 < i < k, 03,,, has to be an
admissible sorting reflection for w;. In other words, ¢(w;) has to be n — i for 0 < i < k.

We say that the sorting process prefix is antireduced, if ¢3; is an antisimple reflection for w;_; for
all i, 1 <i<k.

Lemma 3.16. If 51,..., By is an antireduced sorting process (resp. antireduced sorting process prefix)
forw e W, then {B1,...,B.} = At NwA~ (resp. {B1,...,8.} CTATNwA™).
Moreover, if B1,..., By s an antireduced sorting process prefix for w € W, and w, = 0g, ...08,W,

then AT Nw A~ = (AT NwA )\ {B1,..., Bk}
Proof. This follows directly from Lemma [3.13] and the definition of an antisimple sorting process. O

Corollary 3.17. If 51,..., B, is an antireduced sorting process prefix (including an antireduced sorting
process) for w € W, then there are no coinciding roots among 1, ..., Bn. O

Example 3.18. If G = SL, 1, then W = S, ;1. If w = (s1,...,8-+1), and we have a sorting process of
w, then the sequence of the current elements of W is a sequence of (r + 1)-tuples ("arrays”) of numbers,
where each next (r 4+ 1)-tuple is obtained from the previous one by interchanging two numbers so that
this interchange is an admissible sorting reflection (see Example [3.5). In the end, our (r + 1)-tuple has
to become (1,2,...,r+1).

Such a sorting process is antireduced if at each step we actually interchange a number i with ¢ + 1,
and 7 + 1 has to be located to the left of ¢ immediately before this interchange.

(Remark about relation to programming, we will not need it later: An antireduced sorting process
is mot what is called ”bubble sorting” in programming. Bubble sorting can be obtained from a certain
reduced expression for w (but not from any reduced expression, only from a certain one)).
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Definition 3.19. Given a set of positive roots A C A" we call a function f: A — II a distribution of
simple roots on A if f(«) € supp « for each o € A

For a given simple root «;, the number of roots @ € A such that f(a) = «; is called the D-multiplicity
of ¢; in the distribution.

If we have a distribution with f(«) = «;, we say that the distribution assigns the simple root a; to
a.

Definition 3.20. Given a list of positive roots f1,...,8,, i. e. order matters, multiple occurrences
allowed, we call a function f: {1,...,n} — Il a distribution of simple roots on f1, ..., B, if f(k) € supp Bk
for each k, 1 < k <n.

Sometimes we will treat this function as a list (an n-tuple) of its values: f(1),...,f(k). This is
convenient, for example, if we want to remove some roots from the list 31,..., 3,, and at the same time
remove the corresponding simple roots from the list f(1),..., f(k).

For a given simple root a;, the number of indices k, 1 < k < n such that f(k) = «; is called the
D-multiplicity of «; in the distribution.

If we have a distribution with f(k) = a;, we say that the distribution assigns the simple root «; to
the kth root in the list, Gy.

If we need to know the D-multiplicities of all simple roots in a distribution, we briefly say ”a dis-
tribution with D-multiplicities nq,...,n,” instead of ”a distribution with D-multiplicities ny,...,n, of

simple roots «q, ..., «a,, respectively”.
p 1, y Ky P y

Definition 3.21. We call a tuple w,nq,...,n,, where w € W, n; € Z>g, n1 + ... +n, = {(w), a
configuration of D-multiplicities.

Definition 3.22. Let w,nq,...,n, be a configuration of D-multiplicities. We say that a simple root «y
is inwolved into this configuration if n; > 0.

Definition 3.23. Let w € W. We say that a labeled sorting process of w is a sorting process S, ..., B,
of w with the following additional information:

We have a simple root distribution on the list g1, ..., By.

This distribution will be called the distribution of labels, or the list of labels, of the labeled sorting
process. The simple root it assigns to Bx will be called the label at B.

In other words, when, at a certain (kth) step of the sorting process, we perform an admissible sorting
reflection along a root (), we assign to this step a label, which is a simple root from supp S.

Note that the distribution of labels is actually a function from {1,...,n} to II (i. e. just an n-tuple
of simple roots), so it makes sense, for example, to speak about "two different labeled sorting processes
with the same distribution of labels”.

Instead of ”a labeled sorting process of w with distribution of labels that has D-multiplicities
ni,...,n, of simple roots”, we briefly say ” a labeled sorting process of w with D-multiplicities nq, ..., n,
of labels”.

Definition 3.24. Let w € W. Let f1,...,8, be a labeled sorting process of w with distribution of
labels f.

Since f(k) € supp B;, f(k) is present in the decomposition of 3; into a linear combination of simple
roots. Let a; be the coefficient in front of f(k) in this linear combination.

The X-multiplicity of the sorting process (not to be confused with the D-multiplicity of a simple root
in a list of simple roots) is the product a; ... a,.

Definition 3.25. Let w € W. We say that a labeled sorting process prefix of w is a sorting process
prefix B1,..., B of w with the following additional information:

We have a simple root distribution on the list 31, ..., Bk.

Instead of "a labeled sorting process prefix of w with distribution of labels that has D-multiplicities
mai,...,m, of simple roots”, we briefly say ”a labeled sorting process prefix of w with D-multiplicities
mi,...,my of labels”.

11



Lemma 3.26. Let w,nq,...,n, be a configuration of D-multiplicities.

Cw.ny....n,, the coefficient in front of Z,, in the decomposition of DI* ... D™ into a linear combination
of Schubert classes, can be computed as follows.

Choose any function f: {1,...,0(w)} — II that takes each value a; exactly n; times for all j,
1<j<r.

Then Cyn,y,...n, 5 the number of [labeled sorting processes of w with the distribution of labels f ],
counting their X-multiplicities.

Proof. Induction on ¢(w). For ¢(w) = 0, this is clear.

If w # id, denote by ~v1,...,7, all of the roots from A* NwA~ such that o,, is an admissible
reflection for w. Also denote by g; the coefficient in front of f(1) in the decomposition of +; into a linear
combination of simple roots. (Note that g; may be 0.)

Then the set of all labeled sorting processes of w with distribution of labels f is split into the disjoint
union of m subsets: the sorting processes starting with ~1, ..., the sorting processes starting with ~,,.

If we remove the first root (let it be ;) and its label f(1) from a labeled sorting process of w, we will
get a sorting process of o, w with list of labels f(2),..., f({(w)). And the X-multiplicity of this sorting
process of w equals g; times the X-multiplicity of this sorting process of 0., w

So, using the induction hypothesis, it suffices to prove that

m
wnl, g E Uw]wnh Mg —1mg .

By the definition of Cv,nl,-»-,nil —1,n,., We have

n Mg —1 T
pm DR D = ) Comrroomi, ~1remy Zor
veWL(v)=L(w)—1

Proposition 2.1] applied to each Z, occurring on the right gives:

Do Zy= Y @i(a)Ze,o.

acAt
L(oqv)=L(v)+1

Z., appears on the right-hand side if and only if o,v = w for some o € AT, i. e. v = o,w for some
a € AT, Since £(v) = £(w) — 1, the equality v = o,w implies that o, is an admissible reflection for w,
and a = v; for some j. The coefficient in front of this Z,, in the Pieri formula is w;(v;) = g;.

Now let us take the linear combination of all Pieri formulas we wrote for all Z,s with coefficients
CU MLy — L n

On the left, we will get D™ ... Dgl ... D%

On the rlght we will get a hnear Combmatlon of Schubert classes with some coefficients, and the
coefficient in front of Z,, will be Zj 9;C. Gy W ey Ly But this coeflicient also equals Cy ;... p,.. O

Corollary 3.27. Given w € W, the number of labeled sorting processes with a distribution of labels
f counting the X-multiplicities of processes, depends only on the D-multiplicities of simple roots in the
distribution f, but not on the distribution f itself itself. O

Lemma 3.28. For each w € W, there exists at least one antireduced sorting process.

Proof. Induction on ¢(w). Trivial for w = id.
By Corollary there exists a root 81 € AT NwA™ such that o, is an antisimple reflection for w.
Let us try to begin the sorting process with 81. Set w1 = og,w. ¢(w1) = £(w) — 1. There exists an
antireduced sorting process for wy, denote it by 8o, ..., 8,. Then B, Bo, ..., B, is an antireduced sorting
process for w, because the products g, ...0ps, occurring in the definitions of antireduced sorting
processes for w and for wy are exactly the same (with the addition of w itself to the sorting process of
w, but we have checked explicitly that o, is an antisimple reflection for w). O

12



4 Criterion of sortability

For each A C A™, for each I C {1,...,r}, denote by R;(A) the set of all roots o € A such that supp «
contains at least one simple root «; with ¢ € I. For each w € W, for each I C {1,...,r}, we briefly write
R[(’w) = R[(A+ N wA_)

Lemma 4.1. Letw e W.
Let I C{1,...,r}.
Set m = |Ry(w)].
Then there exists an antireduced sorting process prefic Bi,...,Bm of w such that Rj(w) =

{B1,...,Bm} (all roots B; are different by Corollary .

Proof. Induction on m.

If m = 0, everything is clear (we take the empty list of roots).

If m > 0, then there exists « € AT NwA~ and i € I such that o; € suppa. By Corollary
there exists 81 € AT NwA™ such that «; € supp f1 and op, is an antisimple sorting reflection for w.
a; € supp fB1, so 1 € Rr(w).

Let us try to begin the sorting process prefix with 3;. Set wy = og,w. Then AT Nw A~ =
(AT NwA™)\ B by Lemma [3.13] so Ry(w1) = Rr(w) \ .

By induction hypothesis, there exists an antireduced sorting process prefix of w; (denote it by
62, ey ﬁm) such that R[(wl) = {ﬁg, . ,ﬁm}

Then (1,02,...,08, is an antireduced sorting process prefix for w, because the products
0By, - 08,08, W = 0, ...08, w1 occurring in the definitions of antireduced sorting processes for w and
for w; are exactly the same (with the addition of w itself to the sorting process prefix of w, but we have
checked explicitly that og, is an antisimple reflection for w).

We also know that 81 € Ry(w), Ri(w1) = Ry(w) \ p1, and Ry(w1) = {B2,...,Bm}. Therefore,
Rr(w) = {p1,B2,.--,Bm} O

Lemma 4.2. Let AC A", and let ny,...,n, € Z>q be such that ny + ...+ n, = |A|.
Denote by J the set of indices i (1 <i <r) such that n; > 0.
The following conditions are equivalent:

1. For each I C J, |Ri(A)| > > ;e
2. There exists a simple root distribution on A with D-multiplicities ny, ..., n,.
3. Foreach I C{1,...,7r}, |[R1(A)| = > crni-

Proof. Note that for each I C {1,...,r}, by definition of R;(A),

Ri(A) = Rgy(4).
iel

M=

Condition [1| is equivalent to the hypothesis of generalized Hall representative lemma (Lemma
applied to the |J| sets: Ry;y(A) for each j € J.

And Lemmasays that for each j € J, we can choose n; elements of Ry;3(A), i. e. n; roots a € A
such that a; € suppa, and all chosen roots (for different values of j) are different. In total, we chose
ZjeJ n; roots, and, by the definition of J, ZjeJnj =ny+ ...+ n. =|A]. So, each root from A was
chosen exactly once, and we can set f(a) = a; if a was chosen as an element of Ry;;(A). This is a
simple root distribution on A, and it clearly has D-multiplicities n1,...,n, of simple roots.

=03

Let f be a simple root distribution. Then for each ¢, 1 <i <7, f~ ;) C Ry (A) and n; = | f~ )]
So, for each I C {1,...,7},

U F (i) € Ri(A).

el
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and

Zni = Uf_l(ai)

iel i€l
Therefore, >, n; < |R1(A)|.
Bl =1l
Follows directly. O
Corollary 4.3. Let w,nq,...,n, be a configuration of D-multiplicities.

Denote by J the set of indices of involved roots, i. e. of indicesi (1 <i <r) such that n; > 0.
The following conditions are equivalent:

1. For each I C J, |Rr(w)| > > ;c;ni-

2. There exists a simple Toot distribution on AT NwA~ with D-multiplicities n1, ..., n,.
3. Foreach I C{1,...,7r}, |[Rp(w)| > > ;o n. O
Proposition 4.4. Let w,nq,...,n, be a configuration of D-multiplicities.

Then the following conditions are equivalent:
1. There exists a labeled sorting process of w with D-multiplicities ny, ..., n. of labels.
2. There exists a simple root distribution on AT NwA~ with D-multiplicities nq, ..., ny.

If these conditions are satisfied, then there actually exists an antireduced labeled sorting process of
w with D-multiplicities ny,...,n, of labels.

Moreover, if there exists a labeled sorting process of w with D-multiplicities n1, ..., n, of labels that
starts with B € AT with label o; € 11, then B € AT NwA™ there exists a simple root distribution f on
AT NwA™ with D-multiplicities ny, ..., n, such that f(8) = «;.

Proof. Induction on £(w). Suppose that there exists a labeled sorting process of w with D-
multiplicities nq,...,n, of labels.

It has to start with some admissible sorting reflection, and all admissible sorting reflections are
reflections along some of the roots from AT N wA~™. Suppose that the sorting process starts with
B € AT NwA~ (this is exactly the 3 from the "moreover” part), and the label assigned to the first step
of the sorting process is a;. Denote wy = ogw.

The rest of the labeled sorting process of w actually gives us a labeled sorting process of w; with
D-multiplicities ny,...,n; — 1,...,n, of labels.

Recall that Lemma establishes a bijection between (AT NwA™)\ f and AT Nw;A~. Denote this
bijection by ©¥: (AT NwA™)\ = AT Nw A~

Lemma says that either ¢(vy) ==, or ¥(v) = v — 8. In both cases, ¥ (y) < 7.

By the induction hypothesis, there exists a simple root distribution on AT N w; A~ with D-
multiplicities ny,...,n; — 1,...,n, of simple roots. Denote this distribution by fi: AT Nw; A~ — IL

For each 7 € (A* NwA™)\ 8, since $(y) < 7 and f1((y)) € supp(y), we have fi(12(a)) € supp.
Also, a; € supp 3. So, we can define the following simple root distribution f on AT NwA™: f(8 = «,

and f(v) = f1(¥(7)) for v # B.

Note that this f satisfies the statement of the "moreover” part.

=1

We are going to construct an antireduced labeled sorting process, then the last claim in the problem
statement will be simultaneously proved.

By Lemma there exists an antireduced sorting process of w. Denote the roots occurring in
this sorting process by 1, ..., Bew) (in this order). By Lemma the set of roots occurring in this
antireduced sorting process is exactly AT NwA™, i. e. AT NwA™ = {fy,... s Beqw) }

We also know that there exists a simple root distribution on AT N wA~ with D-multiplicities
ni,...,n., denote it by f: AT NwA~ — II. Let us assign label f(Bx) to the k step of the sort-
ing process, and we will get an antireduced labeled sorting process with D-multiplicities nq,...,n, of
labels. O
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Corollary 4.5. Let w € W. Suppose we have a simple root distribution f: AT NwA~ — II.
Then there exists a labeled antireduced sorting process for w such that if at a certain step we make
a reflection along o € AT NwA™ (we make it only once, see Corollary , we assign the simple oot

f(a) to it.
In other words, since all roots occurring in an antireduced sorting process are different, to define a
function on the set of occurring roots is equivalent to define a function on {1,...,¢(w)}. And the claim

is that we can make the latter function, the distribution of labels of the labeled sorting process, the same
as the former function, an arbitrary simple root distribution on AT NwA™.

Proof. The proof exactly repeats the argument 2 = 1 in the proof of Proposition [£.4] O

Corollary 4.6. Let w,nq,...,n, be a configuration of D-multiplicities.
Then the following conditions are equivalent:

1. There exists a labeled sorting process of w with D-multiplicities ny, ..., n. of labels.
2. Foreach I C{1,...,7r}, |[Rp(w)| > > ,c;n.

If these conditions are satisfied, then there actually exists an antireduced labeled sorting process of
w with D-multiplicities ny, ..., n, of labels.

Proof. The claim follows from Corollary [£:3] and Proposition [4:4] O

Definition 4.7. Let w € W, and let o« € AT NwA~. A simple root distribution f on AT NwA~ is
called a-compatible if o, is an admissible sorting reflection for w, and the distribution has the following
additional property:

IfpeATNwA ", a<8, (o,8)=1,and § —a ¢ AT NwA™, then f(3) ¢ supp a.

Lemma 4.8. Let w € W, o € AT NwA~. Let f be simple root distribution on AT NwA~.
The following conditions are equivalent:

1. f is a-compatible
2. For each B € AT NwA™ such that o <y, 8 and (o, 8) = 1, we have f(B) ¢ supp a.

Proof.

Assume that there exists € AT NwA™ such that a <y, 8, (o, 3) = 1, and f(8) € suppa. Set
y=a-0 (WeAbyLemma. a <y 3,80 7 € WA,

If v € AT, then o, cannot be an admissible reflection for w by Lemma If vy € A=, then 8 < «a,
and —y =3 —a ¢ AT NwA~, so we have a contradiction with the definition of a-compatibility.

2={1

Admissibility of o,: assume the contrary. By Lemma there exist 3,7 € AT NwA™ such that
B+~ = a By Lemma 2.5, (8,7) = —1, so (a,3) = 1. —y = —a € wAT, so a <, . Also,
y=a—-LF€AT, s0B < a,and supp 3 C suppa. f() € supp 3, so f(3) € supp o, a contradiction.

Now suppose that 3 € AT NwA™, a < 8, (a,8) =1, and 8 —a ¢ AT NwA™.

a<fand (o,8)=1,50 8 —a€ AT,

B—a¢ ATNwA™,s0 B —a¢wA™,s0—acwAT and a <, B.

Condition [2| in the Lemma statement says that f(8) ¢ supp a, so the definition of a-compatibility
holds. O

Lemma 4.9. Let w €¢ W, a € AT NwA~. Let f be simple root distribution on AT NwA~.
The following conditions are equivalent:

1. f is a-compatible

2. There are no roots B € ATNwWA™ such that o <, 3, (o, 8) = 1, f(B) € suppa, and f(a) € supp 3.
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Proof.

Assume that there exists 8 € AT N wA™ such that a <, 8, (o,8) = 1, f(8) € suppa, and
f(a) esuppB. Set y=a— 3 (y € A by Lemma. a <y 8,80 7 € WA,

If v € AT, then o, cannot be an admissible reflection for w by Lemma If v € A™, then 8 < «,
and —y = 8 —a ¢ AT NwA~, so we have a contradiction with the definition of a-compatibility.

=1

Admissibility of o,: assume the contrary. By Lemma there exist 3,7 € AT NwA™ such that
B+v=a.

a,B,v € AT, so supp a = supp 8 U supp .

f(a) € supp «, so we may assume without loss of generality (after a possible interchange of 5 and ~)
that f(«) € supp S.

By Lemma 2.5, (8,7) = —1,50 (o, 8) =1. —y = —a € wAT,s0 a <, 8. Also, y =a — 3 € AT,
so B < a, and supp 8 C suppa. f(8) € supp 3, so f() € supp a, a contradiction.

Now suppose that 3 € ATNwA™, a <3, (a,8) =1, and f —a ¢ AT NwA™.

a<pBand (a,8) =1,50 B—a€AT.

B—ad ATNwA™,s0 8—a ¢ wA™,so—acwAt, and a <, 3.

a < B, sosuppa Csupp . f(«) € suppa, so f(a) € supp 5.

Condition [2| in the Lemma statement says that f(5) ¢ supp «, so the definition of a-compatibility
holds. O

Corollary 4.10. Let w € W, and let « € AT NwA™ be such that w™'a € —II.
Then every simple root distribution on AT NwA™ is a-compatible.

Proof. Since w™'a € —II, there are no roots 3 € wA~™ such that a <,, 3. O
Lemma 4.11. Let w,nq,...,n, be a configuration of D-multiplicities, and let o € AT NwA™.

Suppose that there exists an a-compatible distribution f of simple roots on AT N wA~™ with D-
multiplicities ny, ..., n, of simple roots. Suppose that f(a) =

Then there exists a labeled sorting process for w that starts with «, the label at this « is f(«), and
the whole list of labels is a0, . .., Q1 ooy Quyeen iy ooy Qy .oy O, where, after (excluding) the first
o, [ each o is written n; times, except for a;, which is written n; — 1 times |.

In particular, there exists [a labeled sorting process for w with D-multiplicities nq,...,ni,..., 0y of

labels] that starts with «, and the label at this o is f(«).

Proof. We start our sorting process with a. Set wy = o w.

By Lemmaestablishes a bijection between (AT NwA™)\ 3 and AT Nw; A~. Denote this bijection
by ¢: (AT NwA™)\ = At Nnw A~

The definition of a-compatibility says, in terms of Lemma that if case [2| of the procedure in
Lemma holds for some 8 € AT NwA~, then f(3) ¢ suppa. Since f(3) € supp « for such 3, then
also f(B) € supp(B — a) = supp(¢(8)).

And if case [3| holds in the procedure in Lemma for some 8 € AT NwA™, then ¥(3) = 8, so
clearly, f(B) € supp(¥(B)).

So, f(B) € supp(¢(B)) for all B € (AT NwA™)\«, and we can set f1: AT Nwi A~ f1(y) = f(¥71(7)).
Then fi(y) € supp, so fi is a simple root distribution on A+t N w; A~ with with D-multiplicities

ni,...,n; —1,...,n,. of simple roots.

By Proposition [£.4] there exists a labeled sorting process of wy with D-multiplicities ny,...,n; —
1,...,n, of labels.

By Corollary there exists a labeled sorting process of w; with the list of labels
Qoo y Oy e ey gy oy Qg o vy Qs ..., O, Where each «j is written n; times, except for o, which is
written n; — 1 times.

We write a with label «; in front of this sorting process, and we get the claim. O
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5 Clusters and excessive configurations

Definition 5.1. Let I C II be a set of simple roots.
A subset A C AT is called a cluster with set of essential roots I (or, briefly, an I-cluster) if the
following conditions hold:

1. If « € A and «; € I, then the coefficient in front of «; in the decomposition of « into a linear
combination of simple roots is at most 1.

2. fa,B € A, a8, then («, 8) can be equal to 1 or 0, but not —1.

3. If a,8 € A and (o, 8) = 0, then suppa Nsupp NI = &. In other words, supp a and supp 5 don’t
have essential roots in common.

Lemma 5.2. A subset of an I-cluster is an I-cluster again. Moreover, if I' C I, then every I-cluster is
also an I'-cluster.

Proof. Obviously follows from the definition. O

Definition 5.3. TODO: invent an appropriate word
A A-configuration is a sequence A,ny,...,n,, where A C At ny,....,n, € Z>p,and ny +...+n, =
|B|.

Definition 5.4. Let A,nq,...,n, be an A-configuration.
Denote by I the set of simple roots «; such that n; > 0.

A,ny,...,n,. is excessive if:
|Ri(A)] = > ni
and

For each J C I, J # 1, J # @, one has: |R;(A)| > >, ;n;.

Definition 5.5. Let A,nq,...,n, be an A-configuration.
Denote by I the set of simple roots «; such that n; > 0.

A,nq,...,n, is called an excessive cluster if:
A is an I-cluster

and

A,nq,...,n, is excessive.

We introduce the following definition by induction on n.

Definition 5.6. BASE

An A-configuration &,0,...,0 with |&| = n = 0 is always called ezcessively clusterizable.
STEP
An A-configuration A,ny,...,n, with |[A] =n > 0 is called excessively clusterizable if:

there exists a subset I C {1,...,r} such that:

denote k; =n; if i €I, k;=0iti ¢ [

then, in terms of this notation:

k; >0if i€ I and

> k; >0 and

|Rr(A)| = > k; (note that this implies that (A\ R;(A)),n1 — k1,...,n, — k, is an A-configuration)
and

R;(A),ky,..., k. is an excessive cluster and

(A\ R;(A)),ny —k1,...,n. — k, is excessively clusterizable.

Lemma 5.7. Let A,nq,...,n, be an excessively clusterizable A-configuration, and let A',nf,...,nl be
another excessively clusterizable A-configuration.
Denote by J the set of simple roots ay; such that n; > 0.
Suppose that:
ANA =@ andif a € A, then suppanJ =& and for each i (1 <i<r), (n;=0 orn},=0).
Then AUA' ,ny +nf,...,n. +n. is an excessively clusterizable A-configuration.

17



Proof. Induction on |A|. If A = &, everything is clear.
Otherwise, there exists a subset I C {1,...,r} such that:
denote k; =mn; ifie I, k;=0iti¢ T
then, in terms of this notation:
k; >0ifie I and
Z k; > 0 and
|Rr(A)| =>_k; and
Ri(A),ky,...,k, is an excessive cluster and
(A\ R(A)),n1 — k1,...,n, — k, is excessively clusterizable.
We are going to use the induction hypothesis for (A\ R;(A)),n1 —k1,...,n, — k. and A", n},...,n
Let us check that we can use it.
ANA =3, s0 (A\R;/(A))NA =2.
Denote J; = J\ I. Clearly, o; € J; if and only if n; — k; > 0.
If « € A’ then suppanJ = @.
Ji CJ,so,if « € A, then suppanJ; = &.
Clearly, if n; =0, then ¢ ¢ I, k; =0, and n; — k; = 0.
We know that for all ¢, n; =0 or n} = 0.
So, for all 4, n; — k; = 0 or n} = 0.
By the induction hypothesis, (A \ R;(A4)) U A',ny — k1 + nfy,...,n, — k. + nl is an excessively
clusterizable A-configuration.
Note that AN A’ =@, Rj(A) C A, so (A\ Ri(A)UA = (AU A\ R;(A).
Let us check that Rj(A) = R (AU A").
Indeed, I C J since if o; € I, then k; > 0 and hence n; > 0.
So, if a« € A’, then suppanl = @.
So, R;(A") =@, and R;(A) = Ri (AU A").
The previous conclusion can be rewritten as follows: (AUA)\R;(AUA"),ny—ki+nf,...,n.—k-+nl
is an excessively clusterizable A-configuration.
Forallie {1,...,r}, (n, =0 or n, =0).
If i € I, then k; = n; > 0, s0 n}, =0, and k; = n; + nl.
Recall that if ¢ ¢ I, then k; = 0.
Summarizing, we know the following: k; > 0 if ¢ € I and
Z k‘l > 0 and
|[R; (AU AN = |R;(A)] = > k; and
Ri(AUA") = Ry(A),k1,...,k, is an excessive cluster and
(AUAN\R(AUA"),ny — k1 +nl,...,n. — k. + n.. is excessively clusterizable.

/
e

By definition, this means that A U A" ,ny + nj,...,n, + n) is an excessively clusterizable A-
configuration. 0
Lemma 5.8. Let A,ny,...,n, be an A-configuration. Denote by I the set of simple roots c; such that
n; > 0.

Suppose that A is an I-cluster and
for each J C{1,...,7}: |R;(A)] > >, ni-
Then A,nq,...,n, is an excessively clusterizable A-configuration.

Proof. Induction on |A|. For A = @, everything is clear.

Let J be a minimal by inclusion nonempty subset of I such that |R;(A)| = >, ;n.
Then for each J' C J, J' # J, J' # @ we have |Ry (A)| > >, ni.

Let us try to use this J for the definition of an excessively clusterizable A-configuration. Denote
k; =n; if i € J, k; = 0 otherwise.

JCI, soifieJ, then k; =n; > 0.

J is nonempty, so > k; > 0.

|R7(A)| =3 ,c;ni = > k; by the choice of J.

By Lemma Rj(A) is an I-cluster and a J-cluster. It follows from the choice of J that
Rj(A),ki,..., k. is an excessive cluster.
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Finally, we have to check that (A\ R;(A4)),n1 — k1,...,n,. — k, is excessively clusterizable.
To use the induction hypothesis, denote Iy = I\ J.
Then n; — k; > 0 if and only if ¢ € Ij.
We have to check that A\ R;(A) is an Iy-cluster and for each J' C {1,...,r}: |[Ry(A\ R;(4))| >
Diey (i = ki)
By Lemma A\ R;(A) is an Iy-cluster.
Let us prove that for each J' C {1,...,7}: [Ry(A\ Ry(A))| > > (ni — k).
First, consider an arbitrary subset I C Iy and denote I{ = I U J. By the definition of R;(A), if
a € A\ Ryj(A), then suppanJ = o.
Therefore, R;(A\ R;(A)) = @ and
Ry (A\ R;(A)) = Ry (A\ R;(A)) UR;(A\ R;(A)) = Ry (A\ R;(A)).
J C I, s0 Ry(A) = Ry(R;(A)) € Ry (Rs(A)) € Ry(A).
So, R;(A) = Ry (R;(A)).
Clearly, Rj:(A) is the disjoint union of Ry (A\ R;(A)) and Ry (R;(A)).
So, Ry;(A) is the disjoint union of Ry (A\ R;(A)) and R;(A).
Therefore, Ry, (A)| = |Rp; (A\ Ry (A))| + |Rs(A)].
The hypothesis of the lemma says that R (A)| > ZieI{ n;.
We can write Ziel; ni > (3 ,cyn) + (Zielg, n;) and
(R (A)] 2 (e mi) + (Xiery mi) and
(R (A\ Ry (A)| + [Ry(A)] = (e s mi) + Riery mi)-
By the choice of J, [Ry(A)] = > ;c;ni-
So, [Riy (A\ Ry(A))] > ey e
Finally, k; > 0 if and only if 7 € J, otherwise k; = 0, so we can write |R, (A\ R;(A))| > Ziel& (n; — k;).
Now, take an arbitrary I’ C {1,...,7}. Set [y =TI, NI
Then Ry (A\ Ry(A)) € Ri/(A\ R;(A)).
So, |Rpr(A\ Ry(A))] > [Ryy (A\ Ry(A)).
Also we can write ), (n; — k;) = (Ziel(’) (ni — ki) + (Xserng, (i — ki)
We have already seen that n; — k; > 0 if and only if ¢ € Ij.
SO, Ziel’\Ig (n,’ — kz) = O and
Zie]’ ("z’ - ki) = Ziel{) (”z‘ - ki)~
We already know that for Iy: Ry (A\ Rj(A))] > Zz’eI()(ni —k;).
So, |[Rp(A\ Ry(A))| = |Ryy (A\ Ry (A)] = e py (ni — ki) = 2 e (ni — k).
Therefore, for every I' C {1,...,7}: [Rp(A\ Ry(A)| > > ;e (ni — ki).
By induction hypothesis, A\ Rj;(A),n; — k1,...,n, — k, is excessively clusterizable.
We have verified all of the conditions in the definition of an excessively clusterizable A-configuration,
so A,nq,...,n, is an excessively clusterizable A-configuration. O

Lemma 5.9. Let A,nq,...,n, be an excessive cluster, A # &.
Let oo € A and o be such that oj € supp o and nj > 0.
Then A\ {a},n1,...,nj_1,n; —1,njq1,...,n, is an excessively clusterizable A-configuration.

Proof. Denote mj; =n; — 1, my =n; for i # j.

Denote by I (resp. I’) the set of simple roots a; such that n; > 0 (resp. m; > 0). Clearly, I’ C I.
We are going to use Lemma
By the definition of an excessive cluster, 4 is an I-cluster. By Lemmal[5.2} A\ {a} is an I’-cluster.
Let Io C I. Clearly, >, ni > > ;e mi and [Ry, (A\ {a})] > |R, (A)] — 1.
If Iy = @, then |R;,(A\{a})|=0and > ,.; m; =0.
If]o #Iand IO 7& g

By the definition of an excessive cluster, |Ry,(A)[ > > 7.

Then |Ry, (A\ {a})] > [Riy(A) — 1> (Zyepm) — 1 2 (Soyegy mi) — 1.

Since all number here are integers, |Ry,(A)| > 3¢ , mi
If Iy =1I

By the definition of an excessive cluster, |Ry,(A)| =3¢ i

i€ly
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Y ier, Mi = (D ni) — 1 and o € Ry, (A), so
B (AN LoD = Ry ()] — 1 = Sy i) — 1 = Saesy my-
So, for all Iy C I we have [Ry,(A)| > > ;o mi.
Now let I’ C {1,...,r} be arbitrary. Set Ip =1'N1.
I C T', 50 [Ri(A\ {a})] 2 [Riy (A {a})].
We already know that |Rj,(A)] > > e  mi-
And if i ¢ I, then n; = 0 and @ # j, so m; = 0. So, > ;e ™mi =D e p My
Therefore, for all I’ C {1,...,r} we have |Rp (A\ {a})| > >, ma.
By Lemma A\ {a},ni,...,nj_1,n; — L,njq1,...,n, is an excessively clusterizable A-
configuration. O

Proposition 5.10. Let A, ny,...,n, be an excessively clusterizable A-configuration with A # &
Let I C{1,...,r} be a subset such that:
denote k; =mn; ifiel, k;=0ti¢l
then, in terms of this notation:
ki >0i4fiel and
> k; >0 and
Ri(A) = ks
Ri(A), ki, ...,k is an excessive cluster and
(A\ Ri(A)),n1 —k1,...,n, — ky is excessively clusterizable.
(such I exists by the definition of an excessively clusterizable A-configuration)
Claim of the proposition: if & € Ri(A), j € I, and oj € supp «, then
A\{a}t,n, ... ,nj-1,n5 — Lnjqq, ..., 0y is an excessively clusterizable A-configuration.

Proof. We know that R;(A),k1,...,k, is an excessive cluster, a € R;(A), j € I (so, k; > 0), and
a; € supp .
By Lemma Ri(A\ {a}),k1,. .., kj—1,k; — 1,kjq1,..., k. is an excessively clusterizable A-
configuration.

We are going to use Lemma [5.7]

Denote m; = k;j—1, m; = k; for i # j. Then we can say that R;(A\{a}),m1,...,m, is an excessively
clusterizable A-configuration.
Then n}, =n;if i ¢ T and n; =0if i € I.
On the other hand, if ¢ ¢ I, then k; = 0 and m; = 0 (recall that j € I).
So, for all i € {1,...,r} we have (n, =0 or m; = 0).

Also, note that m; +n; =n; — 1 and m; +nj = n; if i # j.

So, we want to prove that A\ {a},m1 +n],...,m, +n. is an excessively clusterizable A-configuration.
The hypothesis of the proposition also says that (A \ R;(A)),n1 — k1,...,n, — k. is excessively
clusterizable. In other words, (A \ R;(A)),n},...,n, is excessively clusterizable.

The set of simple roots a; such that m; > 0 (denote it by J) is either I, or I\ {a;}. In both cases,
JCI.

By the definition of R;(A), if 8 € A and suppBNI # &, then § € Rj(A), and 5 ¢ A\ R;(A).
So, if B € A\ R;(A), then suppB8 NI = and suppSNJ =& since J C I.

Finally, R;(A) N (A\ R;(A)) = & and R;(A\ {a}) C R;(A), so Ri(A\{a})N(A\ R;(4)) = 2.
Therefore, we can apply Lemma [5.7|to R;(A\ {a}),m1,...,m, and (A\ Rr(A4)),n],...,n..
It states that Ry (A\{a})U(A\R;(A)), m1+n),..., m+n. is an excessively clusterizable A-configuration.

Finally, « € R;(A), a € A, so R;(A\ {a}) = Ri(A) \ {a}.

Again, a € Ry(A), a € A, 50 A\ R;(A) = (A\ {a}) \ (Rr(4) \ a) = (4\ {a}) \ Ri(4\ {a}).
So, Ri(A\ {a}) U (A\ Ry(A)) = Ry(A\ {a}) U[(A\ {a}) \ Ri(A\ {a})]
And Ri(A\{a}) C (A\{a}), so Ri(A\{a}) U[(A\{a}) \ Ri(A\{a})] = (A\{a}).

Therefore, A\ {a},m1 +n},...,m, +nl is an excessively clusterizable A-configuration. O

Lemma 5.11. Let A,nq,...,n, be an excessive A-configuration. Then for each o € AT NwA~, there
exists a simple root o; € supp a such that n; > 0.
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Proof. By Lemmal4.2] there exists a simple roots distribution f on A with D-multiplicities nq,...,n, of
simple roots.
Set a; = f(a). Then «; € supp « and [ takes value a; at least once, so n; > 0. O

Lemma 5.12. Let A,ny,...,n, be an excessive A-configuration.
If n; > 0, then there exists a <-maximal root o such that o; € supp «.

Proof. By the definition of an excessive configuration, if n; > 0, then [Rg;(A)| > n; > 0, so there exists
an element 3 € Ry;1(A), in other words, there exists a root 3 € A such that a; € supp f3.

Since A is a finite partially ordered set with order <, there exists a <-maximal element « of A such
that 8 < «. Then supp 8 C supp « and «; € supp a. O

Lemma 5.13. Let A,nq,...,n, be an excessive A-configuration. Denote by I the set of simple roots «;
such that n; > 0.
Suppose that the following is true: If B1,B2 € A are two different <-mazximal elements of A, then

supp i Nsupp B NI = @.
Then, in fact, A has a unique <-maximal element.

Proof. Denote all <-maximal elements of A by 81,. .., Bm-

Assume that m > 1.

Denote by I; (1 <j < m) the set of all indices ¢ (1 < < r) such that n, > 0 and «; € supp f;.

By the Lemma hypothesis, all sets I; are disjoint. By Lemma all of them are non-empty.

Clearly, I; C I for all j. Moreover, since m > 1, actually, I; # I. Also, it now follows from Lemma
that J = J I;.

By the definition of an excessive configuration, [Ry, (A)[ > > ;. ni.

For each o € A there exists a <-maximal root 8; € A such that o < 8;. This is always true for finite
partially ordered sets. And then supp a C supp f;, and it follows from Lemma applied to « that
o € Ry, (w).

Moreover, if for some oo € AT N wA~ we have o € Ry, (w), then there exists o; € supp o such that
n; > 0 and o; € supp B;. Then we cannot have a < B, for k # j, otherwise a; would be in supp B, and
this would be a contradiction with the Lemma hypothesis.

So, for each a € A there is a unique index j (1 < j < m) such that a € Ry, (4).

In other words, A is a disjoint union of the sets Ry, (A) for all values of j (1 < j <m).

So,

A=Y R (4]

On the other hand,

SR (D] >3 s,
j=1

j=1i€el;
and the right-hand side contains each index ¢ such that n; > 0 exactly once since J = JI;. So,
T
1A > ni=> n;= A,
i€l i=1
a contradiction. O

Definition 5.14. Let A,ny,...,n, be an A-configuration.
Denote by I the set of simple roots «; such that n; > 0.

A,nq,...,n, is called a simple excessive cluster if:
|[I| =1 and
A,nq,...,n,. is an excessive cluster.

MAYBE DELETE
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Lemma 5.15. Let A,nq,...,n, be an A-configuration. It is a simple excessive cluster if and only if:

there exists a number i, 1 < i <r, such that:

n; =0 forj#4i,n; >0, and

|A| = n;, and

a; € supp B for all B € A, and

(B,7) =1 for all B,y € A, B #~, and

for each B € A, the coefficient in front of cy; in the decomposition of B into a linear combination of
simple roots equals 1.

Proof. =. Denote by A the set of simple roots «; such that n; > 0. |A| = 1, so there exists a unique
index i such that n; > 0, and n; =0 for j # i. Then A = {a;}

The definition of an excessive cluster also says that A,ny,...,n, is an excessive A-configuration, in
particular this implies that |Ry;3(A)| = > n; = n;. The definition of an A-configuration also says that
|A] = > n; =n;, s0 A= R;3(A), and ; € supp 3 for all 5 € A.

The definition of an excessive cluster also says that A is an {i}-cluster.

Then for each 8 € A, the coefficient in front of a; in the decomposition of 5 into a linear combination
of simple roots is at most 1. But we also know that a; € supp 3, so this coefficient equals precisely 1.

Finally, if 8,7 € A, 5 # +, then suppa Nsupp 5 N {a;} = {a;} # @, so the only possible value for
(B,7) is 1.

<. The set of simple roots «; such that n; > 0 is {a;}.

(B,v) =1forall B,y € A, B #~, and

for each 3 € A, the coefficient in front of «; in the decomposition of 3 into a linear combination of
simple roots equals 1,

so A is a {i}-cluster.

For the definition of an excessive A-configuration, there are no sets I C {i} such that I # {i} and
I # @, so the only condition we have to check in this definition is that |Ry;3(A)| = > n; = n;. And this
is true since for each 3 € A we have o; € supp 3, so R;3(A) = A, and |A| = Y n; = n; by the definition
of an A-configuration. O

Lemma 5.16. Let A,nq,...,n, be an A-configuration. It is a simple excessive cluster if and only if:
there exists a number i, 1 < i <r, such that:
n; =0 forj#1i,n; >0, and
|A| = n;, and
a; € supp B for all B € A, and
A is an {i}-cluster.

Proof. =. Denote by A the set of simple roots «; such that n; > 0. |A| = 1, so there exists a unique
index ¢ such that n; > 0, and n; =0 for j # ¢. Then A = {a;}

The definition of an excessive cluster also says that A,nq,...,n, is an excessive A-configuration, in
particular this implies that |Ry;;(A)| = > n; = n;. The definition of an A-configuration also says that
|A] =3 n; = n;, s0 A= R;3(A), and o € supp S for all § € A.

The definition of an excessive cluster also says that A is an {i}-cluster.

<. The set of simple roots c; such that n; > 0 is {a;}.

A is a {i}-cluster.

For the definition of an excessive A-configuration, there are no sets I C {i} such that I # {i} and
I # @, so the only condition we have to check in this definition is that |Ry;3(A)| = > n; = n;. And this
is true since for each 3 € A we have o; € supp 3, so R;3(A) = A, and |A| = Y n; = n; by the definition
of an A-configuration. O

Lemma 5.17. Let A C At a; € II Suppose that a; € supp B for all B € A.
Then A is an {i}-cluster if and only if

(B,7) =1 forall B,y € A, B #~, and
for each B € A, the coefficient in front of cy; in the decomposition of B into a linear combination of

simple roots equals 1.
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Proof. =. For each B € A, the coefficient in front of a; in the decomposition of S into a linear
combination of simple roots is at most 1. But we also know that a; € suppf, so this coefficient
equals precisely 1.

If B,y € A, B # ~, then suppansupp SN {a;} = {a;} # &, so the only possible value for (8,7) is 1.

<. (B,y)=1forall B,y € A, B #~, and

for each 8 € A, the coefficient in front of «; in the decomposition of 5 into a linear combination of
simple roots equals 1,

so A is a {i}-cluster. O

We introduce the following definition by induction on n.

Definition 5.18. BASE

An A-configuration &,0,...,0 with || = n = 0 is always called simply excessively clusterizable.
STEP

An A-configuration A, ny,...,n, with |[A] =n > 0 is called simply excessively clusterizable if:
there exists an index 7 € {1,...,r} such that:

denote k; =mn; and k; =01if j #4

then, in terms of this notation:

k; > 0 and

|Rgiy (A)| = ki (note that this implies that (A \ Ry (A4)),n1 — k1, ..., n, — k, is an A-configuration)
and

Ry (A), k1, ..., ky is a simple excessive cluster and

(A\ Ry;3(A)),n1 — k1, ... ,n, — k. is simply excessively clusterizable.

Lemma 5.19. If an A-configuration A,nq,...,n, is simply excessively clusterizable, then it is excessively
clusterizable.

Proof. Follows directly from the definition of an excessively clusterizable A-configuration for I = {i},

the fact that a simple excessive cluster is an excessive cluster, and induction on |A|. O
Lemma 5.20. Let A,ny,...,n,. be a simply excessively clusterizable A-configuration, and let
A’ nl, ..., n. be another simply excessively clusterizable A-configuration.

Denote by J the set of simple roots ay; such that n; > 0.

Suppose that:

ANA =@ andif a« € A, then suppanJ =@ and for each i (1 <i<r), (n;=0 orn},=0).
Then AUA'  ,ny +nf,...,n. +n. is a simply excessively clusterizable A-configuration.

Proof. Induction on |A|. If A = @, everything is clear.
Otherwise, there exists an index i € {1,...,r} such that:
denote k; =mn; and k; = 01if ¢ # j
then, in terms of this notation:

k; > 0 and
|R{i}(14)| = ki and
Ry (A), k1, ... Ky is an excessive cluster and

(A\ Ry (A)),n1 — k1, ... ,n, — k, is excessively clusterizable.
We are going to use the induction hypothesis for (A\ R;(A)),n1 —k1,...,n, — k. and A", n},...,n
Let us check that we can use it.
ANA' =@,s0 (A\ R (A)NA =02.
Denote J; = J \ {i}. Clearly, a; € Jy if and only if n; — k; > 0.
If « € A’, then suppanJ = .
J1 C J, so,if a € A, then suppanJ; = .
Clearly, if n; =0, then j #4, k; =0, and n; — k; = 0.
We know that for all j, n; =0 or n; = 0.
So, for all j, nj —k; = 0 or n; = 0.
By the induction hypothesis, (A\ Ry;3(A))UA , ny — ki +nf,...,n,. — k. +n;. is a simply excessively
clusterizable A-configuration.

~
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Note that AN A’ = &, R{Z}(A) C A so (A\ R{Z}(A)) UA ' =(AUA) \R{l} (A).
Let us check that Ry (A) = Ry (AU A').
Indeed, i € J since k; > 0 and hence n; > 0.
So, if @ € A’, then «; ¢ supp « since suppa N J = .
So, R{i} (A/) = &, and R{i} (A) = R{i}(A @] A/).
The previous conclusion can be rewritten as follows: (AUA")\ Ry (AUA’), ny—ki+ny, ..., n.—k.+n;,
is an excessively clusterizable A-configuration.
For all j € {1,...,7}, (n; = 0 or n; = 0).
ki =n; >0, s0n; =0, and k; = n; +n}.
Recall that if j # 4, then k; = 0.
Summarizing, we know the following: k; > 0 and
|R(iy (AU A")| = [Ryy(A)| = k; and
R (AU A") = Ry (A), k1, k, is a simple excessive cluster and
(AUAN\ R (AU A"),ny — ki +nf,...,n, — k. 4 n;. is simply excessively clusterizable.

By definition, this means that AU A’,ny + nf,...,n, + n. is a simply excessively clusterizable A-
configuration. 0
Lemma 5.21. Let A,nq,...,n, be a simply excessively A-clusterizable configuration. Let I C {1,...,r}

be the set of indices i such that n; > 0. Then R;(A) = A.

Proof. Induction on |A|. If A = &, then everything is clear. Suppose that A # &.

There exists an index ¢ € {1,...,r} such that:

denote k; =mn; and k; =01if j #4

then, in terms of this notation:

k; > 0 and

|Rgiy(A)| = ki

Ry (A), k1, ..., ky is a simple excessive cluster and

(A\ Ry;3(A)),n1 — k1, ... ,n, — k. is simply excessively clusterizable.

Denote J = I'\ {i}. It follows from the definitions of I and of k; that n; —k; > 0 if and only if j € J.

By the induction hypothesis, A\ Ry;3(A) = Rj(A\ Ry;3(A)).

By the definition of notation R, this means that for each 8 € A\ Ry;}(A), there exists j € J such
that a; € supp 3. Also by the definition of notation R, for each 3 € Ry;)(A), we have a; € supp 3.

So, for each 8 € A there exists j € JU {i} = I such that a;; € supp 8. So, A= R;(A). O

Lemma 5.22. Let I C {1,...,7}, and let A be an I-cluster. Suppose that A= R(A).
Then there exist numbers nq,...,n, such that:
n;j=0ifj¢1I, and
ny+...+n, =|4|, and
A,ny,...,n,. is a simply excessively clusterizable A-configuration.

Proof. Induction on |A|. If A = @, everything is clear. Suppose |A| > 0.

We know that A = R;(A) and |A] > 0, in particular, there exists a simple root «; and § € A such
that ¢ € I and «; € supp . Fix this ¢ until the end of the proof.

By Lemma Ry (A) is a  {i}-cluster. Set n; = |[Ry(A)]. By Lemma
Ry (A),0,...,0,n4,0,...,0, where n; occurs at the ith position, is a simple excessive cluster.

Set I' =\{i}, A’ = A\ R;(A). By Lemmal[5.2} A’ is an I'-cluster.

Also, if g € A, then 8 € A, B € Rf(A), and suppB NI # @. If g € A, then 8 ¢ Ry;3(A), and
a; ¢ supp . So, in fact supp8NI' # @, and B € Ry (A').

Therefore, A’ = Rp/(A’).

By the induction hypothesis, there exist numbers nj,...,n. such that

n;=0if j ¢ I', and

ni+...+n, =]4’|, and

A',nj,...,n is a simply excessively clusterizable A-configuration.

Set nj = n/; for j # 4. Then, if j ¢ I, then j # i and j ¢ I’, so nj; = 0.

nit .o ne =04+ 40+ = |A 4 Ry (A)] = Al
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We have already verified all conditions in the definition that A,nq,...,n, is a simply excessively

clusterizable A-configuration. O
Proposition 5.23. Let A,ny,...,n, be an excessively clusterizable A-configuration.
Then there exist numbers mq, ..., m, such that

if n; =0, then m; =0, and
my+...+m, =|A4A|, and
A,my,...,m, is a simply excessively clusterizable A-configuration.

Proof. Induction on |A|. If A = @, everything is clear. Suppose |A| > 0.

There exists a subset I C {1,...,r} such that:

denote k; =n; ift €I, k; =0it i ¢ [

then, in terms of this notation:

k; >0ifie I and

Z k; > 0 and

|Rr(A)| =3 k; and

Ri(A),ki,...,k, is an excessive cluster and

(A\ Rr(A)),n1 —k1,...,n, — k, is excessively clusterizable.

R;(A),ki,..., k. is an excessive cluster, and the set of indices ¢ such that k; > 0 is exactly I, so
R;(A) is an I-cluster. By the definition of notation R, R;(R;(A)) = R;(A). So, by Lemma there
exist numbers m/, ..., m/. such that

if i ¢ I, then m} =0,

and mj + ...+ m) = |R;(A4)|, and

Rr(A),mf,...,m. is a simply excessively clusterizable A-configuration.

(A\ R;(A)),n1 —k1,...,n, — k, is excessively clusterizable.

By the induction hypothesis, there exist numbers m7, ..., m/! such that

if n; — k; =0, then mY = 0, and

m{ +...+m! =]A\ R(4)|, and

A\ Rr(A),mY,...,m! is a simply excessively clusterizable A-configuration.

We are going to use Lemma [5.20 We have two simply clusterizable A-configurations:
Ri(A),my,...,m, and A\ R;(A),m{,...,m!.

Denote by J the set of simple roots «; such that m} > 0. We know that if ¢ ¢ I, then m} = 0, so
J CI. Clearly, if 8 € A\ R;(A), then suppfNI=g,sosupppfNJ=g.

Now, for each 4, 1 < i <r, we have: if ¢ ¢ I, then m} = 0; if ¢ € I, then k; = n;, n; — k; = 0, and
mY = 0. So, (m, =0 or m =0).

Set m; = m} + m! (in other words, m; = m} for i : o; € I and m; = m{ for ¢ : a; ¢ I). Then
mi+...+my=mi+...+m.+ml +...+m! =|Ri(A)| +|A\ Ri(A)| = |4].

By Lemma A,mq,...,m, is a simply excessively clusterizable A-configuration.

Finally, if n; =0, then ¢ ¢ I, m; =0, also k; =0, so m}/ =0, and m; = 0. O

Lemma 5.24. Let A,nq,...,n, be a simple excessive cluster. Let w € W.

Denote by i (the only existing by Lemma index such that n; > 0.

Suppose that:

wA € AT

and

for each B € A, the coefficient in front of c; in the decomposition of B into a linear combination of
sitmple roots

the coefficient in front of ay; in the decomposition of wf into a linear combination of simple roots.
Then wA,nq,...,n, is a simple excessive cluster.

Proof. We use Lemma [5.16] We know that:
n; =0 for j # 4, n; > 0, and
|A| = n;, and
a; € supp S for all g € A, and
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A is an {i}-cluster.

By Lemma [5.17]

the coefficients in front of «; in the decompositions of all roots § € A into linear combinations of
simple roots are all 1, and

for each 8,y € A, 8 # ~, we have (8,v) = 1.

So, it follows from the lemma hypothesis that

the coefficients in front of «; in the decompositions of all roots 5 € wA into linear combinations of
simple roots are all 1,

and, since the action of W preserves scalar products,

for each 3,7 € A, 8 # ~, we have (3,7) = (w8, w™ty) = 1.

In particular, for each 5 € wA we have «; € supp 5.

By Lemma again, wA is an {i}-cluster.

We already know that «; € supp S8 for all 5 € wA.

|lwA| = |A| = n,.

The fact that [ n; = 0 for j # i, n; > 0] does not depend on w.

By Lemma wA is an excessive cluster. O

Lemma 5.25. Let A,nq,...,n, be a simply excessively clusterizable A-configuration. Let w € W.
Denote by I the set of simple roots «; such that n; > 0.
Suppose that:
wA C AT
and
for each p € A, for each a; € I, the coefficient in front of «; in the decomposition of 5 into a linear
combination of simple roots
the coefficient in front of a; in the decomposition of wp into a linear combination of simple roots.
Then wA,nq,...,n, is a simply excessively clusterizable A-configuration.

Proof. Induction on |A|. If A = @, everything is clear. Suppose A # @.
By definition, there exists an index ¢ € {1,...,r} such that:
denote k; =mn; and k; =01if j #4
then, in terms of this notation:

k; > 0 and
|R{i}(A)| = ki and
Ry (A), k1, ...,k is a simple excessive cluster and

(A\ Rgiy(A)),n1 — ki, ... ,ny — Ky is simply excessively clusterizable.

By the definition of notation R, for each 8 € Ry;;(A) we have «; € supp 3.

Ry (A) € A, and a4 € I since k; > 0, so

for each 3 € Ry;1(A), the coefficient in front of «; in the decomposition of 3 into a linear combination
of simple roots

the coefficient in front of «; in the decomposition of w3 into a linear combination of simple roots.

By Lemma [5.24]

wR; (A), k1, ...k, is a simple excessive cluster.

Again, for each § € A, the coefficient in front of «; in the decomposition of 5 into a linear combination
of simple roots

the coefficient in front of «; in the decomposition of wf into a linear combination of simple roots.

So, by the definition of notation R, for each 8 € A, we have [ wf € Ry (wA) iff 8 € Ry (A). | In
other words, wR;3(A) = Ry (wA).

Therefore, w(A\ Ry} (A4)) = wA\ Ry (wA).

So, Ry (wA), k1, ..., k, is a simple excessive cluster.

Recall that (A\ R;y(A)),n1 — k1, ...,n, — k, is simply excessively clusterizable.

By the induction hypothesis, (w(A\ R;3(A)) = wA\ Ry (wA)),ny — k1,...,n, — k, is simply
excessively clusterizable.
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By the definition of a simply excessively clusterizable A-configuration, wA,nq,...,n, is a simply
excessively clusterizable A-configuration. O

6 Necessary condition of unique sortability

6.1 Basic sufficient conditions for non-unique sortability

Lemma 6.1. Let w,nq,...,n, be a configuration of D-multiplicities.

If there exists a simple root distribution f: AT NwA~™ — II with D-multiplicities nq, ..., n, of simple
roots such that there exists a root « € At NwA™ such that the [coefficient in front of f(a) in the
decomposition of « into a linear combination of simple roots] is at least 2,

then Cyony....on,. = 2.

.

Proof. By Corollary there exists an antireduced labeled sorting process such that when we perform
a reflection along a root 8 € AT NwA™, the label at this root is f(3). Denote the corresponding
distribution of simple roots {1,...,¢(w)} — II by f;. The D-multiplicities of labels of this sorting
process are ni, ..., 0.

In particular, when we perform the reflection o, the label is f(a). By the definition of X-multiplicity,
that means that the X-multiplicity of this sorting process is at least 2 (more precisely, it is a positive
integer divisible by 2).

By Lemma Cw.ny,...n, is the number of [labeled sorting processes of w with the distribution of
labels f; ], counting their X-multiplicities, so, it is at least 2 since we have a labeled sorting process with

distribution of labels f; and X-multiplicity at least 2. O
Lemma 6.2. Let w,nq,...,n, be a configuration of D-multiplicities.
If there exists a simple root distribution f: AT NwA~™ — II with D-multiplicities nq, ..., n, of simple

roots such that there exist roots o, 3 € AT MwA™ such that (o, 8) = —1 and f(a) = f(B),
then Cwony,.on, = 2

Proof. a,p € A, (a, ) =—1,s0 a+ 8 € A.
a,f €AY soa+ B AT,
a,BewAT,sow ta,w I BeEAT sow Ha+B)=wla+w I BEAT, s0oa+ B € WA,
Therefore, a + 3 € AT NwA™.
Denote f(a) = £(8) = s, f(a+B) = aj.
Clearly, supp(a+ ) = supp aUsupp 8. «; € supp(a+ (), so a; is in at least one of (supp «, supp 3).
Without loss of generality, suppose that o; € supp a.
Consider the following new simple root distribution g on A* NwA™:
gla+ B) = a;, g(a) = aj, and g(vy) = f(v) for all other v € AT NwA~.
a; € suppa and «; € supp 3, so the coefficient in front of g(aw + 8) = «; in the decomposition of
a + B into a linear combination of simple roots is at least 2.

The claim follows from Lemma [6.11 O
Lemma 6.3. Let w,nq,...,n, be a configuration of D-multiplicities.
If there ezist two simple root distributions f,g: AT NwA~™ — II with D-multiplicities ni,...,n, of

simple roots such that there ewist Toots a, 3 € AT NwA™, a # B such that f is a-compatible, g is

B-compatible, and f(a) = g(B),
then Cy pny,...m, > 2

.

Proof. Denote a; = g(a) = f(8). Denote by L the following list of simple roots (i. e. a function
{1,.. ., 0(w)} = T0): i, 1y eeey Qe y Qg ey Qoo Oy o .oy (e, Where, after (excluding) the first oy, |
each o is written n; times, except for «;, which is written n; — 1 times |.

By Lemma there exists a labeled sorting process for w that starts with «, the label at this o is
f(a), and the whole list of labels is L.

And there is another labeled sorting process for w that starts with 3, the label at this g is g(53), and
the whole list of labels is L.

By Lemma Cwnyynn > 2. O
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Corollary 6.4. Let w,nq,...,n, be a configuration of D-multiplicities.
If there exists a simple root distribution f: AT NwA™ — II with D-multiplicities n1, ..., n, of simple
roots such that there exist roots o, 3 € AT NwA~™, a # B8 such that f is both a-compatible and j3-

compatible and f(a) = f(B),
then Cw,nl,.“,nr >2

Proof. This is the previous lemma with f = g. O

Lemma 6.5. Let w,ny,...,n, be a configuration of D-multiplicities, let 0 < k < £(w).
Let By,...,Bk be a labeled sorting process prefix of w with D-multiplicities mq,...,m, of labels.
Suppose that m; < n;. Denote wy = og,, ...08,W.
Then Cymy....,
In particular, if Cyy ny—ma,...np—m, = 2, then Cy ny, . n,. > 2.

n,. 2 ka,mfml ,,,,, Ny =My *

Proof. Denote the list of labels of the labeled sorting process prefix f1,..., B by L.

Fix a function {k+1,...,4(w)} — II with D-multiplicities n; —my, ..., n, —m, of simple roots. For
example, fix the following list of simple roots: aq,...,a1,...,Q,..., ., where «; is repeated n; — m;
times. Denote this list by L'.

For each labeled sorting process of wy with distribution of labels L, do the following. Denote this
sorting process by Bry1,- -, Bew). Write f1,..., B in front of Bxi1,. .., Bew), and assign the original
labels to these B1,...,8,. We get a labeled sorting process of w with list of labels L,L’. The D-
multiplicities of labels in L,L’ are ni,...,n,. And the X-multiplicity of this sorting process of w is
divisible by the X-multiplicity of the sorting process of wy.

Note that we will get different labeled sorting process of w for different labeled sorting processes of
Wi -
By Lemma Cuwini—ma,...nn—m, is the number of labeled sorting processes of w;, with list of
labels L', counting their X-multiplicities, and Cy ... n, is the number of labeled sorting processes of w
with list of labels L, L', counting their X-multiplicities. So, Ciy.ny.....n,. = Cupong—ma,....nr—m.- O

Corollary 6.6. Let w,nq,...,n, be a configuration of D-multiplicities, let 0 < k < {(w).

Let f be a simple root distribution on AY NwA™ with D-multiplicities ny,...,n, of simple roots.

Let 1, ..., Bk be an antireduced labeled sorting process prefiz with the label f(5;) at each B; (this is
well-defined by Lemma and Corollary . Denote wy, = 0, ...0g,W.

Denote by g the restriction of f onto AT Nwi A~ (this is well-defined by the "moreover” part of
Lemma , and denote by p1,...,pr the D-multiplicities of simple roots in g.

Then Cyny,....n. = Cuwpopr,.opr > 0.

In particular, if Cwy py,...pr = 2, then Cyny .o n, > 2.

,,,,,

Proof. Clearly, if we denote the D-multiplicities of simple roots of the distribution of labels on g1, ..., by
by m1,...,m,, then p; = n; — m,.

The fact that Cyy p,,...p, > 0 follows from the presence of g, Proposition f.4] and Lemma

The rest of the claim now follows from Lemma [6.5 O

Lemma 6.7. Let w € W. Suppose that At NwA™ contains exactly one root a such that w™'a € —II.
Then for every B € AT NwA~, supp 3 C supp a.

Proof. Fix 8 € AT NwA™. Denote w™'a = —q; and w8 = — > ai;.

Clearly, supp w(a;c;) = supp . Since « is the only root in A"wA~ such that w™la € —Pi, for all
other roots a; with j # i we have w(—a;) ¢ AT NwA~. Clearly, w(—a;) € wA™, so w(—ay;) ¢ A if
i # j, and w(—a;) € A™ if i # 4.

Therefore, all coefficients in the decomposition of w(—}_,; a;ja;) into a linear combination of simple
roots are nonpositive.

We also know that 3 € AT, so all coefficients in its decomposition into a linear combination of simple
roots are nonnegative.

Since all coefficients in the decomposition of w(— Zj i a;cy) into a linear combination of simple
roots are nonpositive, the (nonnegative) coefficients in the decomposition of 8 into a linear combination
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of simple roots are smaller than or equal to the corresponding (also nonnegative) coefficients in the
decomposition of w(a;a;) into a linear combination of simple roots.

So, supp 8 C supp w(a;a;) = supp . O
Lemma 6.8. Let w,nq,...,n, be a configuration of D-multiplicities. Suppose that AT NwA™ contains
exactly one root o such that w™ta € —II.

Suppose that there ezists a simple root distribution f: ATNwA™ — II with D-multiplicities ny, ..., n,

of simple Toots such that there exists B € AT NwA™ such that (o, 8) =0 and f(a) = f(B).
Then at least one of the following statements is true:

1. Cymyyoonn > 2.

2. There exists a (possibly different) simple root distribution g: AT NwA™ — II with (the same) D-
multiplicities ny,...,n, of simple roots such that there exist 3, 8" € AT NwA™ such that o # ',

a# B, (8,6") =0 and g(B) = g(8") = ().

Proof. First, until the end of the proof, call a root v € AT NwA™ red if ¥ # « and there exists a
simple root distribution g: AT N wA~ — II with D-multiplicities n1,...,n, of simple roots such that
gla) =g(v) = f(a).

Clearly, 3 is a red root.

Without loss of generality (after a possible change of f) we may assume that § is a [maximal in the
sense of <,,] element of the set of {red roots v such that (v, ) = 0}.

Suppose first that there exists a red root 7 such that (y,a) = —1.

This means that there exists a simple root distribution g: A*™ N wA~ — II with D-multiplicities
ni,...,n, of simple roots such that g(a) = g(v) = f(). By Lemma[6.2] (applied to the distribution g),
Cw,n1 ..... N > 2.

Now we suppose until the end of the proof that if «y is a red root, then (v,a) =0 or (v,a) = 1.

Similarly, note that if there exists a red root v such that the coefficient in front of f(«) in the
decomposition of «y into a linear combination of simple roots is at least 2, then Cy, ;... n, > 2 by lemma
61

So, we also suppose until the end of the proof that if v is a red root, then the coefficient in front of
f(a) in the decomposition of v into a linear combination of simple roots is 1.

Also, if the coefficient in front of f(«) in the decomposition of « into a linear combination of simple
roots is at least 2, then Cy p, .. p, > 2 by lemma

So, we also suppose until the end of the proof that the coefficient in front of f(«) in the decomposition
of a into a linear combination of simple roots is 1.

1. Consider the case when f is a S-compatible distribution.

By Lemma@ f is also an a-compatible distribution. By Corollary @, Cwni,ony = 2.
END Consider the case when f is a S-compatible distribution.

2. Now consider the case that f is not a S-compatible distribution.
By Lemma this means that there exists a root § € AT NwA™ such that 8 <, 6, (8,0) =1,
f(6) € supp B, and f(B) € suppd.
(8,9) =1, s0 d # a since (8, a) = 0.
Since f(B) € suppd, f(5) € supp 3, we can consider a new simple root distribution » on ATNwA™:
h(B) = f(9), h(6) = f(B), and h(e) = € for all e € AT NwA™, € # 8, € # §. Clearly, h has D-

multiplicities n1,...,n, of simple roots as well as f. Note also that h(d) = f(8) = f(a) = h(«®).
Therefore, d is a red root, and there are only two possibilities for (d,«): (§,«) =0 and (§,a) = 1.

In fact, (§, @) = 0 is also impossible, because § <, d, and S is a maximal with respect to <
element of the set of red roots orthogonal to «.

So, (6,a) = 1.

By Lemma a—0+ € A. Denote 3/ =a—4§+ 6. Lemma also says that (8/,) = 0. It
also says that (8',a) =1,s0 a # 3.
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We are now supposing that the coefficients in front of f(«) in the decompositions of « and of all
red roots into linear combinations of simple roots are all 1. By Lemma B € AT, and the
coefficient in front of f(«) in the decomposition of 3’ into a linear combination of simple roots is
1. In particular, f(«) € supp g’

B <w d, s0, by Lemma .15 8" € wA~.

By Lemma [6.7] supp 8’ C suppa, so f(8') € supp c.

Set 8" = § and define a new simple root distribution g on AT NwA™ as follows:
gla) = f(B').

9(8") =g(B") = fla) = f(B).

9(B8) = f(B").

Clearly, g has D-multiplicities nq, . .., n, of simple roots as well as f.

END consider the case that f is not a S-compatible distribution.

O

Lemma 6.9. Let w,nq,...,n, be a configuration of D-multiplicities.

If there exists a simple root distribution f: AT NwA™ — II with D-multiplicities ny, ..., n, of simple
roots such that there exist roots §',6"” € AT NwA™ such that (§',6"”) =0 and f(8') = f(8"),

then Cyony,.omny > 2

Proof. We are going to construct two different labeled sorting processes with the same list of labels.

Both sorting processes will begin in the same way and proceed in the same way, while possible.

Set wy = w.

We perform the following antisimple reflections while we don’t say we want to stop. We will denote
the current element of W after i reflections by w;.

While we perform these reflections, we will sometimes need to modify the distribution f. In rigorous
terms, we will have several simple root distributions fo = f, f1,..., fx (0 < k < £(w)) such that when
we perform the ith reflection (and it will be the ith reflection in both of the sorting processes we will
construct), and this reflection is o, for some v € AT N wA™ (recall that we are doing antisimple
reflections, see Lemma 7 we assign (in both processes) the label f;(y) to it. And when we modify
our distribution later, i. e. when we define f; with j > i, we don’t change its value that was already
assigned to a step of the sorting process, i. e. f;(y) will be the same as f;(y).

Also, all distributions f; will have the same D-multiplicities of simple roots as f.

In the end, when we stop after k steps, it will be true that when we performed the ith reflection and
this reflection is o, for some v € AT NwA~, the label assigned to this reflection was fi (7).

Also, while we perform this reflections, we will sometimes need to modify the values of §' and §”.
Again, in rigorous terms, we will have two sequences of roots, &, = ¢',07...,d) and 65 = 6”,0%...,d)
such that (8,,6)) =0, f:(8}) = f:(6)) = f(8'), and 6},0! € AT Nw;A~. In particular, this means that
AT N w;A™| = £(w;) > 2, and this means that at a certain point we will have to stop explicitly, we
cannot exhaust the whole |[AT NwA™|.

For each ¢ € N, starting from ¢ = 1.

1. Tf there exists v € At Nw;_1 A~ such that w; Yy € —II, v £ 8}_,, v # 6/ 1,
then:
Set fi = fi—1, 0; =0i_4, 0] =64
We are only performing antisimple reflections now, so by Lemma[3.13] A*Nw;_ 1A~ C ATNwA™,
and v € AT NwA™, and f is defined on +.

we say that the ith step of both sorting processes will be 3; = v with label f;(v), we perform the
reflection og,, we set w; = og,w;—1.
Bi # 0L, Bi # 0!, s0 61,07 € AT Nw;A™.

And we CONTINUE with the next step of the sorting process (with the next value of 7).
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2. Otherwise, if (w; 40/_, € —TI and w; "6/, € —1I), then we say that we WANT TO STOP.

3. Otherwise, there is only one v € AT Nw;_ A~ such that w; ',y € —II, and this v is either &/_, or
i1
Without loss of generality, suppose that v = d;_;.

Restrict f;_1 onto AT Nw;_1A™, and denote the result by g; 1. Temporarily (until the end of this
step of the sorting process) denote the D-multiplicities of simple roots in g;—1 by mq,...,m,.

Let us apply Lemma to w;_1, to the distribution g;_1, and to ¢;_; and 4/ ;.

Lemma may tell us Cuy, | my....m, > 2. Then by Corollary Cuwony,....n. > 2. Stop everything,
we are done.

Otherwise, Lemma gives us a new simple root distribution, which we denote by g;, on AT N
w;—1 A~ and a new pair of roots, which we denote by ¢ and §/, such that:

the D-multiplicities of simple roots in g; are the same as the D-multiplicities of simple roots in
gi—1, they are mq,...,m,.

8,07 e AT w;_1A7,

17 7

(87,87) =0,

177
9i(67) = 9i(6}) = gi—1(8;_1) = f(d")
& #, 07 # .
Expand this new distribution g; to the whole AT NwA™ using f;_1. In rigorous terms, define the
following new distribution f; on ATNwA™: f;(a) = gi(a) ifa € ATNw;_1A™, and f;(a) = fi_1(a)
otherwise.
The D-multiplicities of simple roots in g; are the same as the D-multiplicities of simple roots
in g;_1, they are my,...,m;,, so the D-multiplicities of simple roots in f; are the same as the
D-multiplicities of simple roots in f;_1, they are ny, ..., n,.

Now we again say that the ith step of both sorting processes will be 8; = v with label f;(v), we
perform the reflection og,, we set w; = og,w;—1.

Again, ; # 0}, B; # 6/, s0 8,0 € AT Nw;A™.

i Rt

And we CONTINUE with the next step of the sorting process (with the next value of 7).

END For each i € N, starting from i = 1.

After a certain number (denote it by k) of steps, we will stop. At this point we will have a simple
root distribution fr on AT NwA~™ with D-multiplicities n, ..., n, of simple roots, a sequence f1, ..., Bk
of elements of AT NwA™, a sequence wg = w, ws,. .., w; of elements of W such that

[0, is an antisimple sorting reflection for w;_1, and w; = og,w;],

and two roots 6,0, € AT N wiyA~ such that (6;,07) = 0, fe(6,) = fr(6)) = f(¢'), and
we), wte) € —IL

Again restrict f, onto ATNwA~, and denote the result by gi. Denote the D-multiplicities of simple
roots in g by mq,...,m,.

By Corollary gk is both 0;-compatible and J}/-compatible. By Corollary Cuwromy,.omy. = 2.
By Corollary [6.6} Cw n,,....n, > 2. O

6.2 Uniqueness and non-uniqueness of sortability in case of excessive con-

figuration
Definition 6.10. Let w,nq,...,n, be a configuration of D-multiplicities.
We say that it is excessive if AT NwA™,nq,...,n, is an excessive A-configuration.
Definition 6.11. Let w,nq,...,n, be a configuration of D-multiplicities.
We say that it is a free-first-choice configuration if for each « € AT NwA ™ and for each «; € supp «
such that n; > 0 there exists a simple root distribution f on A™ NwA— with D-multiplicities n,...,n,

of simple roots such that f(a) = «;
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Lemma 6.12. Let w,ny,...,n, be a configuration of D-multiplicities. If it is excessive, then it is a
free-first-choice configuration.

Proof. Fix a« € At NwA~ and an involved root «; € suppa. Set A = (AT NwA™) \ a.

Denote by J the set of indices j (1 < j <r) such that n; > 0. Note that i € J.

Set mj = n; for j # i and m; =n; — 1. Since n; >0, m; >0 forall j (1 <j <r).

Let I C J. Clearly, >, n; > > crmy and [Rr(A)] > [Ry(w)] — 1.

If I #J, then |[Ri(A)] > |[Ri(w)] —1> (3 ,c;n5) —1 > (32, my) — 1. Since all number here are
integers, [Rr(A)| > >, c;m;.

If I'=J, then } ;. rmj = (3 ,c,ny) — 1, and [Rr(A)] > [Rr(w)| — 1> (X 5e,n5) — 1= ,c,my.

So, for all I C J we have |Rr(A)[ > >, m;.

Denote by J' the set of indices j € {1,...,7} such that m; > 0. Clearly, J’ C J. So, for all I C J’
we also have [Ry(A)| > >,y m;. By Lemma there exists a simple root distribution g on A with
D-multiplicities mq, ..., m,.

Set f(a) = a; and f(B) = g(B) for € A. This is a distribution of simple roots on AT NwA™ with
D-multiplicities nq,...,n,. O]

Definition 6.13. Let w,nq,...,n, be a configuration of D-multiplicities.

We say that this configuration has large essential coordinates if there exists o € AT N wA~ and
a; € II such that n; > 0 and the coefficient in front of a; in the decomposition of a into a linear
combination of simple roots is at least 2.

We say that this configuration has small essential coordinates if it does not have large essential
coordinates.

Lemma 6.14. Let w,ny,...,n, be a free-first-choice configuration of D-multiplicities. If it has large
essential coordinates,
then Cyony,...n, = 2.

Proof. Since the configuration has large essential coordinates, there exists a € AT NwA~ and a; € I
such that n; > 0 and the coefficient in front of «; in the decomposition of « into a linear combination of
simple roots is at least 2.

By the definition of a free-first-choice configuration, there exists a simple root distribution f on
AT NwA~ with D-multiplicities ny, ..., n, of simple roots such that f(a) = ;. The claim follows from
Lemma [6.T] O

Lemma 6.15. Let w,nq,...,n, be a free-first-choice configuration of D-multiplicities.
If there exist roots o, 3 € AT NwA™ such that (a,8) = —1 and an involved simple root a; €

supp a Nsupp 3,
then Cyony....n,. = 2.

Proof. a,p € A, (a,f) = —1,s0 a+ S € A.
a,BEAT  soa+BEAT.
a,fewA",sow ta,wtBeEAT sow Ha+B)=wla+w I BE AT, s0oa+ B € WA,
Therefore, v = a+ € AT NwA™.
Since a; € supp a and «a; € supp 3, the coefficient in front of «; in the decomposition of v = o + 3
into a linear combination of simple roots is at least 2.
«; is an involved root, so the configuration w,ny,...,n, has large essential coordinates. The claim

follows from Lemma [6.15 O

Definition 6.16. Let w € W. We call a simple root distribution f on AT NwA~ flezible if there exist
roots a, B € AT NwA™ such that (a, 3) =0, f(B) € suppa, and f(a) € supp 5.

Lemma 6.17. Let w,nq,...,n,. be a configuration of D-multiplicities. If there exist two simple root
distributions f and g on AT NwA~, both with D-multiplicities n1,...,n, of simple roots, and roots
a,B € AT NwA™ such that wla,w™13 € —1II, a # B, f(a) = g(B),

then Cyony....on, = 2.

32



Proof. By Lemma [4.10] f is a-compatible, and g is S-compatible.

By Lemma [6.3]) C.n, ... n, > 2. -
Lemma 6.18. Let w,nq,...,n, be a configuration of D-multiplicities. If there exists a simple root
distribution f on AT NwA™ with D-multiplicities ny, ..., n, of simple roots and roots o, 8 € AT NwA™,

a # B such that w™ra,w™1B € —II, f(a) € supp B, and f(B) € supp a,
then Cyony,...n, = 2.

Proof. Consider (possibly) another simple roots distribution g on At NwA™: g(a) = f(B), 9(B8) = f(a),
and g(y) = f(v) for all other v € AT NwA~. Since f(a) € supp and f(B) € supp «, this is really
a simple root distribution. Clearly, it also has D-multiplicities nq,...,n, of simple roots. The claim
follows from Lemma [6.17 O

Lemma 6.19. Let w,ny,...,n, be a configuration of D-multiplicities that has small essential coordi-
nates. Suppose that AT NwA™ contains exactly one root o such that w'a € —II.

Suppose that there ezists a simple root distribution f: ATNwA™ — II with D-multiplicities ny, ..., n,
of simple roots such that there exists B € AT NwA™ such that (o, 8) = 0 and f(«) € supp 3.

Then at least one of the following statements is true:

1. Cw,nl,...,nr > 2.

2. There exists a simple root distribution g: AT NwA~™ — II whose restriction to AT N (c,w)A™ =
(AT NwA™)\ « is flexible.

Proof. The proof is very similar to the proof of Lemma

First, until the end of the proof, call a root v € AT NwA™ red if v # « and f(a) € supp~.

Clearly, B is a red root.

Without loss of generality we may assume that § is a [maximal in the sense of <,,] element of the
set of {red roots « such that (v, «) = 0}.

Denote o; = f(«). Since f is a simple root distribution with D-multiplicities ny,...,n, of simple
roots and f(a) = ey, n; > 0.

Assume that there exists a red root v such that (v, ) = —1.

This means that f(y) = f(«), in particular, f(«) € supp «, f(a) € suppr.

By Lemma 2.5 a +v € A.

a,y€EAT, soa+vy€ AT,

o,y € wWAT,s0 a7 € wA™.

Therefore, a +v € AT NwA™.

f(a) € suppa, f(«a) € supp~y, so, the coefficient in front of f(«) in the decomposition of « 4 v into
the linear combination of simple roots is at least 2. We know that n; > 0, so w,nq,...,n, is actually a
configuration that has large essential coordinates. A contradiction.

Therefore, if «y is a red root, then (v,a) =0 or (y,a) = 1.

By Lemma supp S C supp «, so f(5) € supp a. We also know that f(«a) € supp .

Consider another simple roots distribution h on AT NwA™: h(a) = f(8), h(B) = f(a), and h(y) =
f(~) for all other v € AT NwA~. Since f(a) € supp 3 and f(3) € supp a, this is really a simple root
distribution. Clearly, it also has D-multiplicities nq, ..., n, of simple roots.

1. Consider the case when h is a S-compatible distribution.
By Lemma [ is an a-compatible distribution. By Lemma[6.3} Cun, ... n, > 2.
END Consider the case when h is a S-compatible distribution.

2. Now consider the case that h is not a 3-compatible distribution.

By Lemma this means that there exists a root v € AT NwA~ such that 8 <, v, (8,7) = 1,
h(v) € supp B, and h(B) € supp~y.

(B,7) =1, so v # « since (3,a) = 0.
v # o,y # B, s0 f(y) = h(v) € supp B, and h(B) = f(a) € supp7.
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f(a) € supp~, so v is a red root, and (v, a)ne — 1.

(v, @) = 0 is also impossible since 8 <., 7, and we would have a contradiction with the minimality
of 8 with respect to <,, in the set of red roots orthogonal to «.

So, (y,a) = 1. Recall that (o, 8) = 0.

Set 6 =a—~+ 5. By Lemma d € A and (4,7) =0.

By Lemma a—30+ 8 € A. Lemma also says that (v,0) = 0. It also says that (3,0) = 1,
(6,a) =1, 80 a #£ 0.

Since w,ny,...,n, has small essential coordinates, and n; > 0 that the coefficients in front of
f(a) = a; in the decompositions of « and of all red roots into linear combinations of simple roots
are all 1. By Lemma d € AT, and the coefficient in front of «; in the decomposition of § into
a linear combination of simple roots is 1. In particular, f(a) € suppd.

B <w 7, 80, by Lemma [2.15 § € wA~. Therefore, § € A* NwA~.

Now let us check that f(v) € suppd or f(d) € supp~y.

Assume the contrary: f(v) ¢ suppd and f(d) ¢ supp~y. Recall that f(v) € supp 8. Recall also
that (6,8) = 1. So, 83— 6 € A, and either 3 —5 € A=, or B —6 € A™T.

But if 5 — 6 € A, then 8 < 4, so supp 8 C suppd, and it is impossible to have f(v) € supp 8 and
f(v) ¢ suppd, a contradiction.

So, 83— € AT. Then « < v = — 6 + «, so suppa C supp~y. By Lemma supp 8 C supp «a,
so supp 3 C supp .

Also, 8 —38 € AT, 50§ < 3, and suppd C supp 8. We know that f(§) € suppd, so f(d) € supp 3.
We know that supp 8 C supp~, so f(J) € supp+y, a contradiction.

Therefore, f(v) € suppd or f(J) € supp~.

Let us consider 3 cases:

(a) f(v) € suppd and f(J) € supp~y. Set g = f. Then g(d) € supp~y, g(y) € suppd.

(b) f(7) € suppd, but f(8) ¢ suppy. Recall that f(«) € suppd. By Lemmal6.7, supp § C supp a,
so f(9) € supp a.

Set g(a) = f(3), g(6) = f(a), and g(e) = f(¢) for all other ¢ € AT NwA™. This is a simple
root distribution on AT NwA™ with D-multiplicities n,...,n, of simple roots.
Recall also that f(«) € suppr.
Summarizing, ¢(6) = f(a) € supp~, g(v) = f(7) € suppd.
(c) f(6) € supp~, but f(v) ¢ suppd. Similarly to the previous case:
Recall that f(«) € supp~y. By Lemma supp~y C supp a, so f(7) € supp a.

Set g(a) = f(7), g(v) = f(«), and g(e) = f(e) for all other e € AT NwA™. This is a simple
root distribution on AT NwA™ with D-multiplicities ny,...,n, of simple roots.

Recall also that f(a) € suppd.
Summarizing, g(v) = f(a) € suppd, g(d) = f(d) € supp~.
END consider 3 cases.

So, we have constructed a simple root distribution g on AT NwA~™ with D-multiplicities nq,...,n,
of simple roots such that g(d) € supp~y, g(v) € suppd.

Recall that « # &, a # 7, and (,8) = 0 so the restriction of g to (AT NwA™) \ « is flexible.
END consider the case that h is not a S-compatible distribution.

34



Lemma 6.20. Let w,nq,...,n, be a configuration of D-multiplicities that has small essential coordi-
nates.

If there exists a flexible simple root distribution f: AT NwA~™ — II with D-multiplicities nq, ..., n,
of simple roots,

then Cw,nl,.“,nr > 2

Proof. The proof is very similar to the proof of Lemma

Set wy = w.

We perform the following antisimple reflections while we don’t say we want to stop. This way we
construct a labeled antisimple sorting process prefix. Again, we will denote the current element of W
after 4 reflections by w;.

Again, we will have several simple root distributions fo = f, f1,..., fr (0 < k < £(w)) such that
when we perform the ith reflection (and it will be the ith reflection in both of the sorting processes we
will construct), and this reflection is o, for some v € AT N wA™ (recall that we are doing antisimple
reflections, see Lemma, we assign the label f;(v) to it. And when we modify our distribution later,
i. e. when we define f; with j > ¢, we don’t change its value that was already assigned to a step of the
sorting process, i. e. fj(y) will be the same as f;(y).

Also, all distributions f; will have the same D-multiplicities of simple roots as f.

In the end, when we stop after k steps, it will be true that when we performed the ith reflection and
this reflection is o, for some v € AT NwA~, the label assigned to this reflection was fi (7).

We will also maintain the following fact: the restriction of f; onto AT Nw; A~ (i > 0) is flexible.

For each i € N, starting from ¢ = 1.

1. If there exist two roots 7,7 € AT Nw;_; A~ such that w; 4y, w; 7' € —1II, fi_1(7) € supp~/,
fi—1(?') € supp~, and (v,7') = 0 then we say that we WANT TO STOP.

2. Otherwise, if there exist three different roots o, v,7 € AT Nw;_1A~ such that w;lloz € —Pi,
fi—1(v) € supp?’, fi—1(7') € supp~, and (v,7") = 0, then:
Set fi = fi—1
we say that the ith step of the sorting process prefix will be 8; = « with label f;(«), we perform
the reflection og,, we set w; = og,w;—1.
AT Nw; A~ still contains v and +/, so the restriction of f; to AT Nw; A~ is flexible.
And we CONTINUE with the next step of the sorting process (with the next value of 7).

3. Otherwise:

We know that (we are maintaining the fact that) the restriction of f;_; to AT Nw;_1 A~ is flexible.
So, there exist 7,7 € AT Nw;_1A~ such that f;_1(v) € supp~/, fi—1(y’") € supp~, and (v,7) = 0.

By Lemma there exists € AT Nw;_1 A~ such that w;_lla € —Pi.

All three roots «a,,~" cannot be different, this would be case 2| But v # 4’ since (v,7’) = 0. So,
a =y or a =+, without loss of generality let us suppose that o = ~.

Note that w; ',y ¢ —TI, otherwise this would be case

Also, we cannot have another root o’ € A*Nw;_;A~, different from o = +, such that wi__ll o e —II,
this would also be case [2l In other words, there exists exactly one root o/ € AT Nw;_ 1A~ such
that w; Yo’ € —1II, and this root is a.

Restrict f;_1 onto AT Nw;_1A™, and denote the result by g; 1. Temporarily (until the end of this
step of the sorting process) denote the D-multiplicities of simple roots in g;—1 by mq,...,m,.

We are going to apply Lemma to w;—1. The only condition we have to check is that the
configuration w;_1,m1,...,m, has small essential coordinates. But we are doing only antisimple
reflections, so AT Nw;,_1A~ C AT NwA~. Also, n; > m; by the definition of m;. So, if for
some § € AT Nw;_1A~, the coefficient in front of some «a; in the decomposition of § into a linear
combination of simple roots is at least 2, and m; > 0, then n; > 0, and 6 € AT NwA~. But this
is impossible since w,n1,...,n, is a configuration with small essential coordinates.
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So, the configuration w;_1,m1,...,m, has small essential coordinates, and we can use Lemma
0. 19

Lemma may tell us Cy, ; m,.....m, > 2. Then by Corollary Cwony,...n. > 2. Stop every-
thing, we are done.

Otherwise, Lemma gives us a new simple root distribution, which we denote by g;, on AT N
w;_1A~ such that:

the D-multiplicities of simple roots in g; are the same as the D-multiplicities of simple roots in
gi—1, they are mq,...,m,,

and the restriction of g; to (AT Nw;_1 A7)\ « is flexible.

Expand this new distribution g; to the whole AT NwA™ using f;_1. In rigorous terms, define the
following new distribution f; on AT NwA™: f;(6) = ¢;() if 6 € ATNw; 1A~ and f;(0) = fi_1()
otherwise.

The D-multiplicities of simple roots in g; are the same as the D-multiplicities of simple roots
in g;—1, they are my,...,m;,, so the D-multiplicities of simple roots in f; are the same as the
D-multiplicities of simple roots in f;_1, they are ny,...,n,.

Now we again say that the ith step of both sorting processes will be 5; = a with label f;(«a), we
perform the reflection og,, we set w; = og,w;—1.

The restriction of f; to AT Nw; A~ is the same as the restriction of g; to (AT Nw;_1A7)\ a, it is
flexible.

And we CONTINUE with the next step of the sorting process (with the next value of 7).

END For each i € N, starting from i = 1.

After a certain number (denote it by k) of steps, we will stop. At this point we will have a simple
root distribution f on AT NwA~™ with D-multiplicities n, ..., n, of simple roots, a sequence f1, ..., Bk
of elements of AT NwA ™, a sequence wy = w, wy, . .., wy, of elements of W such that o, is an antisimple
sorting reflection for w;_1, and w; = o,w;, and two roots v,7" € AT Nwp A~ such that w,;lv, w,;l'y’ €

—IL fr(v) € supp’, fr(7') € suppry, and (v,7") = 0.
Again restrict fi onto AT Nw,A~, and denote the result by gi. We know (we were maintaining the

fact that) g is flexible. Denote the D-multiplicities of simple roots in gx by my,...,m,.
By Lemma@ Cuwgoma,...m,. > 2. By Corollary@ Cwni,ny = 2. O
Lemma 6.21. Let w,nq,...,n, be an excessive configuration of D-multiplicities.

If there exist roots o, B € AT NwA™ such that (o, 8) = 0 and supp 8 C supp «,
then Cwony,...on, = 2.

Proof. If the configuration has large essential coordinates, Cy ..., > 2 by lemma [6.14]
Suppose that the configuration has small essential coordinates. By Lemma[5.11] there exists a simple
root ay € supp S involved in w, ny,...,n,.

By Lemma [6.12] w,nq,...,n, is a free-first-choice configuration, so there exists a simple root distri-
bution f on AT NwA~™ with D-multiplicities ny,...,n, of simple roots such that f(«) = a.

So, f(a) € supp 8. Also, f(8) € supp « since supp 5 C supp a. So, f is a flexible distribution.

By Lemma@ Cwny,yonn = 2. 0
Lemma 6.22. Let w,nq,...,n, be an excessive configuration of D-multiplicities.

If there exist roots a, 3 € AT NwA™, a # f such that w™'a,w™'f € ~II, and an involved simple
root a;; € supp a N supp G,
then Cyony....n,. = 2.

Proof. By Lemma [6.12] w,ny,...,n, is a free-first-choice configuration, so there exists a simple root
distribution f on A* N wA~™ with D-multiplicities n1,...,n, of simple roots such that f(a) = «a; and
(possibly) another simple root distribution g on AT N wA~ with D-multiplicities ny,...,n, of simple
roots such that g(8) = «;.

The claim follows from Lemma [6.17] O
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Lemma 6.23. Let w,nq,...,n, be an excessive configuration of D-multiplicities such that Cy p,,... n, =
1, Let o, B € ATNwA™, a # 3, suppa C supp 8.
Then (o, B) = 1.

Proof. If (o, ) = —1, then:
By Lemma there exists a simple root «; € supp « involved in w,nq,...,n,. Then a; € supp g,
and we have a contradiction with Lemma

If (o, B) = 0, then we have a contradiction with Lemma O
Lemma 6.24. Let w,ny,...,n, be an excessive configuration of D-multiplicities such that Cy, p, ... n, =

1, Let a, B € AT NwA™, (o, B) = —1.
Then v = a + 8 is a mazimal (in the sense of <) element of AT NwA™.

Proof. a,8 € A, (a,8) =—1,s0 a+ 8 € A.
a,BEAT soa+pEAT.
a,fewA T, sow ta,w I BEAT sow Ha+B)=wla+w I BEAT, s0oa+ B € WA,
Therefore, y = a+ 3 € AT NwA™. Clearly, a < v, 8 < 7.
Assume that there exists § € AT NwA~, v < §. Then o < § and 8 < §. So, suppa C suppd and

supp 8 C suppd. By Lemma[6.23] (a,d) =1 and (3,9) = 1. So (v,d) = 2, a contradiction. O
Lemma 6.25. Let w,nq,...,n, be an excessive configuration of D-multiplicities such that Cy p,,... n, =
L,

Let o be a mazimal (in the sense of <) element of AT NwA™.
If w™la ¢ —1I, then there exist roots 3,7 € A* NwA™ such that o = 3+ 7.

Proof. By Lemma there are two possibilities:
Either there exists 6 € AT NwA~™ such that a« < §, (§,a) =1, and § —a ¢ AT NwA™,
or there exist roots 8,7 € AT NwA~ such that o = 5 + .

But the existence of such a § is impossible since « is a maximal (in the sense of <) element of
AT NwA™. O

Lemma 6.26. Let w,ny,...,n, be an excessive configuration of D-multiplicities such that Cy, p,,... n, =
1, and let o be a <-mazximal element of AT NwA~.

Suppose that there exist roots B,y € AT NwA™ such that o = 3+ 7.

If6 e ATNwA™, 6 <a, 6§ # B, § # 7, then there are ezactly two possibilities:

1. (6,8) =1, (6,7) =0, (6,a) = 1.
2. (6,7)=1,(6,8)=0, (0,a) = 1.

Proof. § < a, so by Lemma [6.23] (§,) =1, and (6, 8) + (6,7) =1

Since § # 8 and ¢ # v, each of the numbers (J, 5) and (d,7) can be either 1, or 0, or —1.

The sum of two numbers from the set {1,0,—1} can equal 1 only if one of these numbers is 1, and
the other one is 0. O

Lemma 6.27. Let w,ny,...,n, be an excessive configuration of D-multiplicities such that Cy p, ... n, =
1, and let « be a <-mazimal element of AT NwA™.

Suppose that there exist roots 8,y € AT NwA™ such that o = 3 + 7.

Denote by L the set consisting of B and all roots 6 € AT NwA™, such that § < «, § # 3, § # -, and
(6,8)=1, (6,7) =0, (§,a) = 1.

Let B8 be a <-mazimal element of L.

Then w=tp" € —Il and B < 3.

Proof. First, note that 8 —a = —y € wA™T, s0 a <, B.

Our next goal is to check that § <, ' and 8 < 8. If 8 = 3, this is clear, suppose that 8 # 5
(until we say this assumption is over).

Then by construction, (3,5') =1, 8/ — 5 € A, and 8 and ' are <-comparable. 5’ < § is impossible
since we chose a maximal element of L, so 8 < .
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Now, B’ — 3 € AT NwA~ is impossible by Lemma since ' < a and 8’ cannot be a <-maximal
element of ATNwA™. But we already know that 8 < 8,50 /=3 € At s0 8/ -8 ¢ wA™, B/ - € wA™t,
and 8 <, B

END suppose that 8 # 3.

So, we see that in both cases, 8 <, 8’ and 5 < 3.

a <y B, B 2w B, 80 a <y B

B’ < a by construction, so (8',a) = 1 by Lemma and o — 3 € A by Lemma Denote
Y=a-8.8 <a,s0v € AT. a <, B ,509 € wA™,and v € AT NwA~.

Assume that w13’ ¢ —II.

Then by Lemma there are two possibilities:

Either there exist roots 6’,6” € AT NwA~ such that 8/ = ¢’ 4 6”, but this is impossible by Lemma
since 3 < a and ' cannot be a <-maximal element of AT NwA™.

Or there exists 8”7 € AT NwA~™ such that 8/ < 8”7, (8',8”) =1, and 8’ — 3’ ¢ AT NwA~. We have
to consider this possibility in more details.

First, (8',5") =1,s0 8" — p' € A.

/B/ < /Bl/a SO ﬁ// _B/ c A+.

B~ B ¢ A* NwA~, s0 B — B ¢ wA~, B" — B’ € wA*t, and B <y B

Recall that « <, 8/, s0 a < 8”7, and « # 8"

Let us find (8”,%').

If (8”,4') =1, then (8", a) = (8", 5") + (8”,7') = 2, but  # 8", so this is impossible.

If (8”,4') = —1, then 8" ++' € A by Lemma[2.5 8" ++' € At since 8,9 € AT, B’ ++' € wA~
since 87,7 € wA™, and aa = '+ < " ++' since 5’ < B”. A contradiction with the <-maximality
of a.

Therefore, (5”,~') = 0.

Then (8”,a) = (8",5")+ (8",7) =1, a — 8" € A, and « is <-comparable with 8”. Since « is a
<-maximal element of AT NwA~, 8" < a.

B <pB", B=<p soB=<p" By Lemmaf6.23] (3,8") = 1. In particular, 3 # " Note that B+~ € A,
so (B8,7) = —1 by Lemma So, 8" # .

By Lemma[6:20} (8, 5) = 1, (8”,7) = 0, and (8",a) = 1.

Summarizing, 8” < «, 8 # 8", 8" £, (8,8") =1, (8”,7) =0, and (8”,a) =1, and ' <,, 5" This
is a contradiction with the <-maximality of 5'.

Therefore, w3’ € —IL O

Lemma 6.28. Let w,n,...,n, be an excessive configuration of D-multiplicities such that Cy p,,... n, =

1,
Let a be a mazimal (in the sense of <) element of AT NwA™.
Let o; € supp a.

Then there exists a root 5/ € AT NwA™ such that: w15 € —1I, o; € supp 8, 5 < a.

Proof. If w™la € —II, we are done.

Otherwise, by Lemma there exist 3,7 € AT NwA™ such that o = 8+ 7.

Then («; € supp B or «; € suppy), because it is not possible to have «; ¢ supp 3, a; ¢ supp~, and
@ € supp(B + 7).

Without loss of generality, «; € supp .

By Lemma there exists 8/ € AT NwA~ such that ' < a, w4’ € —II, and 8 < 3.

B < ', sosupp g C supp 3’

a; € supp f3, so «; € supp 3. O

Lemma 6.29. Let w,nq,...,n, be an excessive configuration of D-multiplicities such that Cy p, ... n, =
1,

Let o, o’ be two different mazimal (in the sense of <) elements of AT NwA™.
Then supp a Nsupp o’ does not contain involved Toots.
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Proof. Assume the contrary. Assume there exists o; such that n; > 0 and a; € suppa, «; € suppa’.

By Lemma [6.28) there exist 3,3 € At NwA~ such that w™'8,w~'f € ~1II, B < a, B < o,
a; € supp B, a; € supp 3.

Then by Lemma this is possible only if 3 = 5’

By Lemmal6.23] (o, 8) = (o, 8') = 1.

a; € supp aNsupp ', so by Lemma (o, @’) cannot be —1.

(a,@’) cannot be 1, otherwise « — o/ € A, and a and o’ would be <-comparable, they would not be
able to be both <-maximal.

So, (a, ') = 0.

By LemmaR.7 v =a -8 +d € A.

(a,8)=1,s0a—B €A wla—wlfeA, and @ and 3 are <,-comparable. By Lemma [3.10] 3
is a <,-maximal element of AT NwA™, so we cannot have 8 <,, a. Hence, a <., (5.

By Lemma v € wA™.

a; € suppa, a; € suppa’, «; € suppf. By Lemma the coefficients in front of «; in the
decompositions of a, o/, and 3 into linear combinations of simple roots are all 1. So, by Lemma [2.8

v e AT,

Therefore, v € AT NwA™.

B<a,s00<a—p0, and o/ <. A contradiction with the maximality of . O
Lemma 6.30. Let w,ny,...,n, be an excessive configuration of D-multiplicities such that Cy, p, ... pn, =
1,

Then there is a unique <-mazimal element of AT NwA™.

Proof. Denote by J the set of indices ¢ (1 < i < r) such that n; > 0.

By Lemma if 81 and B, are two different <-maximal elements of AT N wA~, then supp 51 N
supp B NJ = 2.

So, we can apply Lemma By Lemma there is a unique <-maximal element of AT N
wA™. O

Lemma 6.31. Let w,ny,...,n, be an excessive configuration of D-multiplicities such that Cy, p, ... pn, =
1, and let « be (the unique by Lemma <-mazimal element of AT NwA~.

Suppose that there exist roots B,y € AT NwA™ such that « = 3+ 7.

Denote by L the set consisting of 3 and all roots 6 € AT NwA™, such that § < o, 6 # B, § # 7, and
(6,8)=1, (6,7) =0, (0,a) = 1.

Then there exists a unique <-mazximal element of L.

Proof. We are going to use Lemma [6.2
Assume that there exist two different <-maximal elements of L. Denote them by 8’ and 3”.
By Lemma[6.27, 8 < §/, 8 < 8", w™ ' € —II, and w5 € —IL.
By Lemma there exists an involved root «; € supp 3. Then «; € supp 3, a; € suppS”. We

have a contradiction with Lemma [6.22) ]
Lemma 6.32. Let w,nq,...,n, be an excessive configuration of D-multiplicities such that Cy p, ... n, =

1, and let o be (the unique by Lemma <-mazimal element of AT N wA™.
Then it is impossible to find Toots 3,y € AT NwA™ such that a =+ .

Proof. Assume the contrary, assume that there exist roots 8,7 € AT NwA™ such that a = 8+ ~.

Denote by L the set consisting of 8 and all roots § € AT NwA ™, such that § < o, § # 3, § # v, and
(6a 6) =1, (57 ’7) =0, (67 Oé) =1

By Lemma there exists a unique <-maximal element of L, denote it by 4’. By Lemma
w g e —IL.

Similarly, denote by L’ the set consisting of v and all roots 6 € AT NwA™, such that § < «, § # 3,
§ #v,and (6,8) =0, (6,7) =1, (§,a) = 1.

We can apply Lemmas and to « instead of 8 and to L’ instead of L. We will find a
<-maximal element of L/, denote it by 4/, and see that w—'4’ € —II.

By Lemma AT NwA~ is a disjoint union of L, L', and {a}.
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The rest of the proof is similar to the proof of Lemma [6.30

Denote by J the set of indices ¢ (1 <14 <r) such that n; > 0.

Since « is the unique <-maximal element of AT NwA~, it follows from Lemmathat J C supp a.

Clearly, supp @ = supp S U supp~. Since 8 < 3 and v < 7/, we have supp a = supp ' Usupp~’. So,
J=JNsuppa = (JNsuppf’) U (J Nsuppy’).

But (J Nsupp B) N (J Nsuppy) = & by Lemma So, J is the disjoint union of J Nsupp 8’ and
J Nsupp'.

By the definition of notation R, R jnsupp s/ (W) U Rinsupp+ (W) = Ry(w). By Lemma Ry(w) =
At NwA~.

Suppose that 6 € L. 3 is the unique <-maximal element of L, so § < 3, suppd C supp ', and
suppd N (J Nsuppy’) = @. So, § & R jrsupp~ (w). Since R jnsupp g (W) U Rynsupp~ (W) = AT NwA™,
6 € Rynsupppr (w).

Similarly, if 6 € L', then , since ' is the unique <-maximal element of L', so § < +'. suppd C supp~/,
and supp 6N (JNsupp ') = &. S0, § & R jnsupp g (w). Since R jrsupp g (W) UR jasupp (W) = AT NwA™,
6 € Rynsupp~ (w).

Since ' < a and v/ < «, supp S’ C suppa and suppy’ C suppa. So, a@ € Rjnsupps (W), a €
RJﬂsupp ' (w)

Summarizing, for each § € AT NwA™:

If 6 € L, then 0 € Rjnsupp s (w) and 0 ¢ R jnsupp (W).

If 6 € L', then § ¢ Rjnsupp g7 (w) and § € Rjnsupp~ (w).

If § = «, then 6 € R jnsupp s (w) and § € Ryngupp 4 (W).

In other words, R jnsupp g (w) = LU {a} and Rjnsupp~ (w) = L' U {a}.

Therefore, |Rnaupp i ()] + [Rosupp (w)] = | L+ [L/] +2 = |AT AwA™| +1 = w) + 1.

On the other hand, by the definition of an excessive configuration, [Rjnsupp s (W)| > >_ i rrcupp g7
and |RJQSUPP’Y' (w)| > Eje]ﬁsupp ~! nj.

Since all numbers here are integers, |Rnsupps (W)] = 14+ 32 c jreupp s 7 a0d [Rynsupp~ (W) =
1+ ZjEJﬂsupp’y’ R

We know that J is the disjoint union of J N suppB’ and J N suppy’, so ZjeJﬁsupp gy +
Y jernsuppy M = 2ojes My By the definition of J, 37, ;n; =377 n;.

The sum of the two last inequalities is: ¢(w)+1>24+n; +...+n,. But ny +...+n, = ¢(w), and
we get a contradiction. O

Lemma 6.33. Let w,nq,...,n, be an excessive configuration of D-multiplicities such that Cy p,,... n, =
1.

It is impossible to find two roots B,y € AT NwA™ such that (3,7) = 0 and there exists an involved
root a;; € supp 8 N supp .

Proof. Assume the contrary.

Let « be the (unique by Lemma <-maximal element of At NwA~.

By Lemma (o, B) = (a0, y) = 1.

By Lemma 2.7, 0 = 8 —a+ v € A and (a,d) = 0.

By Lemma the coefficients in front of «; in the decompositions of «, 5, and ~ into linear
combinations of simple roots are all 1. So, be Lemma Je AT,

(o, 8) =1,80 a— B € A.

a is the unique <-maximal element of AT NwA~,s0 8 <, and B — o € AT,

By Lemma [6.32] it is impossible to have « — 3 € AT NwA™, so a — f € wA™T, and a <, B.

By Lemma [2.15] § € wA™.

So, § € At NwA™, (6,a) =0, and § < « since « is the unique <-maximal element of AT NwA™.

We have a contradiction with Lemma [6.23] O
Proposition 6.34. Let w,ni,...,n,. be an excessive configuration of D-multiplicities such that
Cw)n17'~~;n7- =1

Then AT NwA~,nq,...,n, is an excessive cluster.
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Proof. Denote by J the set of involved simple roots.

Let us check that AT NwA~ is a J-cluster.

Let o € AT NwA™, and let o; € J. Then the coefficient in front of «; in the decomposition of « into
a linear combination of simple roots is at most 1 by lemma

Let o, B € AT NwA~.

(o, B) cannot be equal —1 by Lemmas [6.24] and [6.32]

If (o, B) = 0, then supp a Nsupp 3N J = & by Lemma |6.33}

So, AT NwA™ is a J-cluster.

By the definition of a configuration of D-multiplicities, £(w) = |[AT N wA~| = > n;, and, by the
definition of an involved simple root, Y n; = Y, ; ni. So, [ATNwA™| =3,/ n,.

By the definition of an excessive configuration of D-multiplicities, if I C J, I # J, [ # &, then
|Rr(w)| = |Rr (AT NwA7)[ > >,y niy, s0 AT NwA™,ny, ..., n, is an excessive cluster. O

6.3 Reduction of the general case to the case of excessive configuration

Lemma 6.35. Let w,nq,...,n, be a configuration of D-multiplicities such that Cy p, ...
Then there exists a minimal by inclusion nonempty subset I C {1,...,r} such that |[Rp(w)| = >, n
andn; >0ifiel.

=1

Proof. n1+...4+n, = £(w) > 0. Denote by J C {1,...,r} the set of i such that «; is an involved simple
root, i. e. n; > 0. Then ), ;n; = ny + ... +n, = £(w). Clearly, J is nonempty.

By Lemma [3.26] there exists a labeled sorting process of w with D-multiplicities ny, ..., n, of labels.
By Corollary @, |Rj(w)] > > ,c;mi = £(w). On the other hand, by the definition of notation R,
Ry(w) € AT NwA~, so |Ry(w)| < [AT NwA~| = l(w). So, |R;(w)| = £(w) = >,c;ni. In particular,
this means that there exist nonempty subsets J’ C {1,...,7} such that [ Ry (w)| = >,c ;,n; and n; > 0
for all i € J']. (J is one of such subsets J'.)

Then there exists a minimal by inclusion nonempty subset I C {1,...,r} such that |[R;(w)| = >
and n; >0ifi e I.

ier v

Lemma 6.36. Let w € W, let o, be an admissible sorting reflection for w.

Let I C{1,...,r} be a subset such that

suppanl =a.

Then

Ri(oow) = oo Rr(w),

and for every j € I, for every 8 € Ry(w):

the coefficient in front of o in the decomposition of B into a linear combination of simple roots

the coefficient in front of a; in the decomposition of o8 into a linear combination of simple roots.

Moreover, by Lemmal3.7, there exists a bijection between (ATNwA™)\a and (At No,wA~). Denote
it by 1. Then Y(Rr(w)) = Rr(o,w).

Proof. Let 8 € Rr(w). Let j € I be an index such that the coefficient in front of a; in the decomposition
of B into a linear combination of simple roots is positive.

Then 8 — 0,8 is a multiple of a.

Also, 8 # « since suppa Nl = @. Lemma says that ¢(3) is either 8 or 8 — a. Again, in both
cases,  — () is a multiple of a.

Therefore, all three of the coefficients in front of ¢; in the decompositions of 3, of ¥(8) and of 0,
into linear combinations of simple roots coincide, and the coefficients in front of o; in the decompositions
of 0,8 and of 1(8) into linear combinations of simple roots are positive. In particular, 0,3 € AT. Also,
ol € oqwA™ since B € Ry(w) and 8 € wA™. Therefore, 0,8AT N (c,w)A™, and 0,6 € Ri(oaw).
Clearly, ¥(8) € AT N (cqw)A™, so ¥(B) € Ri(caw).

Similarly, if v € Ry(cqw), then there exists j € I such that the coefficient in front of «; in the
decomposition of 4 into a linear combination of simple roots is positive. v — oty = v — 0,7 is a
multiple of a. Also, Lemma says that 1 ~1(7) is either v or v + a.
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Again, the coefficients in front of «; in the decompositions of v, of 1»~1(v), and of o1y = 0,7 into
linear combinations of simple roots coincide. And the coefficients in front of ¢; in the decompositions
of 0,y and of ¥~1(y) into linear combinations of simple roots are positive. So, o,y € AT. Also,
oY € 0aOqwA™ = wA™ since v € Rr(o,w) and v € o,wA~. Therefore, o,yAT N wA™, and
0oy € Rr(aw). Clearly, ¥~ 1(7) € AT N (0,w)A™, so ¥(y) € Ri(caw).

Hence, o, establishes a bijection between R;(w) and Ry(c,w).

Finally, let 8 € R;(w). Let j € I be arbitrary. Again we can say that 8 — 0,0 is a multiple of a.
Therefore, the coeflicients in front of o; in the decompositions of 8 and ¢,/ into linear combinations of

simple roots coincide. O
Lemma 6.37. Let w,ny,...,n, be a configuration of D-multiplicities such that Cy ... n, > 1.
Suppose that there exists I C {1,...,7} such that |Rr(w)| =3 _;c;ni < L(w).

Then there exist o € AT NwA™ and «; such that:

0q 18 an admissible sorting reflection for w, and

1¢ 1, and

Co’aw,nl,‘..,ni,l,nifl,ni+1,u.,n7. > 1; and

Ri(oqw) = 04 Rr(w),

and for every j € I, for every 8 € Ry(w):

the coefficient in front of oy in the decomposition of B into a linear combination of simple roots

the coefficient in front of a; in the decomposition of o8 into a linear combination of simple roots.

Proof. We know that >, ;n; < f(w) and ny + ... + n, = £(w), so there exists i ¢ I such that n; > 0.
Fix this 7 until the end of the proof.

Consider the following list of labels: L = ay,a1,...,Q1,..., Q..o Qe Qp, ..., o, Where, after
(excluding) the first «;, [ each «; is written n; times, except for «;, which is written n; — 1 times |.
Clearly, it has D-multiplicities n1, ..., n, of labels. By Lemma/[3.26] there exists a labeled sorting process
of w with list of labels L. Denote the root it starts with by a. Then, by Proposition (?moreover”
part), there exists a simple root distribution f on AT NwA™ such that f(a) = ;.

04 is an admissible sorting reflection for w by the definition of a sorting process.

If we remove a with its label a; from the beginning of the sorting process, we will get a la-
beled sorting process for o,w with D-multiplicities n4,...,n;-1,n7; — 1,n441,...,n, of labels. So,
Ccraw,nl ..... Ni—1,Mi—1,n41,..., N Z 1.

Let us check that a ¢ Rj(w). Assume the contrary. By the definition of notation R, if f(3) € I,
then 8 € R;(w). The number of roots 3 € AT NwA™ such that f(3) € I, is exactly Zjel nj. So, we
have » .y n; roots B in Ry(w) such that f(B8) € I, and one more root v € Ry(w), which is different
because f(a) = a; ¢ I. So, |Rr(w)| > 1+ > .., ny, a contradiction with Lemma hypothesis.

So, a ¢ Ry(w), and suppanl = o.

Now the rest of the claim follows from Lemma [6.36] O
Lemma 6.38. Let w,ni,...,n, be a configuration of D-multiplicities such that Cyp,....m, > 1 and
w # id.

Let I C {1,...,7} be a subset such that |Rr(w)| = Y ,c;ni (not necessarily minimal by inclusion,

not necessarily consisting of involved roots only).

Denote k; =mn; ifi ¢ I, k; =0 ifi € I. Denote k =ky + ...+ k.

Then there exists a labeled sorting process prefiz B, ...,k of w with D-multiplicities k1, ..., k, of
labels such that

Denote wy, = og,, ...08,w

Owk,nl—kl,“.,nr—k,‘ >1, and

R](’wk) =08 --- U/_;lR](w),

and for every j € I, for every f € Ry(w):

the coefficient in front of o in the decomposition of B into a linear combination of simple roots

the coefficient in front of a; in the decomposition of o, ...0s, 3 into a linear combination of simple
T00tS.
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Proof. Induction on k. If k£ = 0, everything is clear.

If K> 0, then », ;n; < {(w), and we can use Lemma

It says that there exists an index i € {1,...,7}, 4 ¢ I, and a root @« € AT NwA~. Denote 3 = «
and fix this ¢ until the end of the proof.

Lemma [6.37] also says that:

0, is an admissible sorting reflection for w, and

Ca[;lw,nl,,..,ni_l,nifl,ni_'_l,...,nr Z ]-7 and

Ry (Jﬁlw) =0p Rf(w)'

In particular, |[Ri(og,w)| = > ,crn;-

We can apply the induction hypothesis to the configuration og, w,n1,...,7—-1,7; — 1, ni41,..., 0y
of D-multiplicities (recall that ¢ ¢ I). This induction hypothesis will use numbers ki, ..., ki—1,k; —
1,kiy1,..., k. instead of kq,...,k, and k — 1 instead of k.

As an output, the induction hypothesis will give a labeled sorting process prefix of o, w of length
k — 1 with D-multiplicities k1,...,k;—1,k; — 1, kiy1,...,k, of labels. Denote this sorting process prefix
by B2, .., Bk

Then, if we denote wy = 0g,, ...08,08, w, this sorting process prefix will have the following properties:

C’wk,nl—kl,“.,ni,l—kk,i,(ni—l)—(ki—l),nprl—ki+1,..4,n7~—kr = C1Uk7n1_k'17~--7nr_kr 2 17 and

Rl(wk) =08 --- gﬁQRI(Uﬁlw)a

and for every j € I, for every 8 € Ry(op,w):

the coefficient in front of «; in the decomposition of § into a linear combination of simple roots

the coefficient in front of a; in the decomposition of og, ...0g,3 into a linear combination of simple
roots.

We already know that Ry(og,w) = o, Rr(w), so Rr(wy) = og, ...0p, Ri(w).

Finally take any j € I and any 3 € R;(w). Recall that Lemma [6.37 also says that

the coefficient in front of «; in the decomposition of 5 into a linear combination of simple roots

the coefficient in front of o; in the decomposition of og, 8 into a linear combination of simple roots

and that o, 8 € og, Rr(w) = Ry(0o,w), so the conclusion we made from the induction hypothesis
says that

the coefficient in front of «; in the decomposition of og, 5 into a linear combination of simple roots

the coefficient in front of a; in the decomposition of og, ...08,0,3 into a linear combination of
simple roots.

Therefore,

the coefficient in front of «; in the decomposition of § into a linear combination of simple roots

the coefficient in front of a; in the decomposition of og, ...0g, 3 into a linear combination of simple

roots. O]
Lemma 6.39. Let w,nq,...,n, be a configuration of D-multiplicities such that Cyp,, .. n, = 1 and
w # id.

Let T C {1,...,r} be a minimal by inclusion nonempty subset such that |Ry(w)| =
n; >0ifiel.

Denote m; =n; ifi €I, m;=0ifi¢l.

Then Ry(w),my,...,m, is an excessive cluster.

scr i ond

Proof. Denote k; =n; ifi ¢ I, k; =0if i € I. Denote k = k1 + ...+ k,.. Clearly, m; + k; = n; for all i
(I1<i<r).

By Lemma there exists a labeled sorting process prefix 51,..., 0, of w with D-multiplicities
ki,...,k, of labels such that

Denote wy, = og,, ...0g,w

ka,nl—kl,“.,nr—kr > 1, and

R[(wk) =08, +-- aﬁlRl(w),
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and for every j € I, for every 8 € R;(w):

the coefficient in front of ¢ in the decomposition of § into a linear combination of simple roots

the coefficient in front of a; in the decomposition of og, ..., 3 into a linear combination of simple
roots.

First, note that by Lernmal@7 Cugna—k1,....nn—k, must be 1, otherwise Cy ;. n
than 1.

By the lemma hypothesis, |[R;(w)| = Y
Z my;.

m; = n; — k; for all 4, and > k; = k, and by the definition of a configuration of D-multiplicities,
>n; =L(w). So, Y. m; =L(w) —k, and |R;(w)| = £(w) — k.

We also know that Rr(wy) = o, ...08, Rr(w), so |Ri(wy)| = |Rr(w)| = {(w) — k.

On the other hand, since fi,...,8 is a sorting process prefix for w, for each j, 1 < j < k, o,
is an admissible sorting reflection for o, | ...0p,w, and £(og, ...08,w) = L(op,_, ...08w) — 1. So,
Uwy) =l(op, .. .0pw) =L(w) — k.

Therefore, |Ry(wy)| = £(w) — k = £(wg) = |[AT NwrA™|, and Ry(wy) = AT NwipA™.

Now, choose an arbitrary subset Iy C I, Iy # I, Iy # @. Clearly, Ry, (w) C Rr(w).

If B € Ry, (w), then there exists i € Iy such that the coefficient in front of a; in the decomposition of
[ into a linear combination of simple roots is positive. We know that this coefficient equals the coefficient
in front of a; in the decomposition of og, ...0s, 5 into a linear combination of simple roots. So, the
coefficient in front of a; in the decomposition of o, ...0s, 5 into a linear combination of simple roots is
positive. We know that o, ...0p, Ri(w) = Ri(w,) = AT NwyA~, s0 0, ...05, 0 € AT NwpA™, and
0By - ..ngﬁ S R[O(wk).

Similarly, take an arbitrary v € Ry, (wg). Then (o, ...05,) 'y € Rr(w). Moreover, there ex-
ists ¢ € Iy such that the coefficient in front of «; in the decomposition of v into a linear combination
of simple roots is positive. And this coefficient equals the coefficient in front of «a; in the decom-
position of (0, ...05,) 'y into a linear combination of simple roots. So, the coefficient in front of
@; in the decomposition of (og, ...0s,) 'y into a linear combination of simple roots is positive, and
(Jﬁk s 051)717 € RIO (U))

Summarizing, Ry, (wy) = o, ...0s, Ri,(w). Therefore, |Rj, (wg)| = | Ry, (w)].

We chose Iy so that Iy # I, Iy # @, and I was a minimal by inclusion nonempty subset of {1,...,7}
such that >,y n; = [Rr(w)]. So, [Rp,(w)| # > cq, -

Also, Cy.ny,....n, = 1, so, by Lemma @, there exists a labeled sorting process of w with D-
multiplicities nj,...,n, of labels. By Corollary |Rio(w)| > >;cp, ni- Therefore, [Ry,(wg)| =
Ry ()] > Soe, i

Now recall that m; =n; for all ¢« € I, and Iy C I. So, ZiGIU m; > | Ry, (wy)].

We know that if ¢ € I, then n; > 0 by lemma hypothesis and m; = n; so m; > 0, and if i ¢ I, then
m; = 0 by the definition of m;. So, I is the set of involved roots of the configuration wy,mq, ..., m, of
D-multiplicities. And we have checked that |Rr(wg)| = (wy) = D,y mi, and that if Iy C I, Iy # 1,
Iy # @, then |Rp,(wg)| > >_..; m;. Together this is exactly the definition of an excessive configuration
of D-multiplicities.

Therefore, wyg, mq,...,m, is an excessive configuration of D-multiplicities.

By Proposition AT Nw, A~ is an excessive cluster.

Let us check that Ry(w) is an I-cluster.

Let o € Rr(w), and let i € I. Then o, ...05 a € Rr(w,) = ATNwiA™. AT NwpA™ is an excessive
cluster, so it is an I-cluster, and the coefficient in front of ; in the decomposition of og, ...0p, o into a
linear combination of simple roots is at most 1. And Lemma also says that this coefficient equals
the coefficient in front of «; in the decomposition of « into a linear combination of simple roots. So, the
coefficient in front of «; in the decomposition of « into a linear combination of simple roots is at most 1.

Let o, 8 € Ri(w), a # B. Note that (o, 8) = (038, ...08,a,08, ...08,5).

Again, op, ...08,a,08, ...08 8 € Rr(wg) = AT NwyA™, and AT N wp A~ is an I-cluster, so
(08, -..08,&,08, -..08, ) cannot be equal —1, and («, 8) cannot be equal —1.

If (o, ) = 0, then (0g, ...08,a,08, ...08,3), and supp(og, ...0s, &) Nsupp(og, ...0p,0) NI = 2.
If suppa NsuppB NI # &, then there exists i € I such that both of the coefficients in front of

would be bigger

s

se1 M- By the definition of mg, >, o, ns = > my, so |Rr(w)| =

i€ly
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«; in the decompositions of v and  into linear combinations of simple roots are positive. But these
coefficients equal the coefficients in front of «; in the decompositions of o, ...05,a and 03, ...0s, 5 into
linear combinations of simple roots, respectively, a contradiction with the fact that supp(og, ...os,a) N
supp(og, ...0pa) NI = 2.

Therefore, R;(w) is an I-cluster.

By the definition of a configuration of D-multiplicities, £(w) = |[AT N wA~| = > n;, and, by the
definition of an involved simple root, Y- n; = >,c; ni. So, |AT NwA™| =", n,.

By the definition of an excessive configuration of D-multiplicities, if I C J, I # J, I # &, then
|Rr(w)] = |[Ri(AT NwA™)[ >3,y ni, so AT NwA™,ny, ..., n, is an excessive cluster.

We have already seen that ). ;n; = |[Ry(w)| and if Iy C I, Iy # I, and Iy # @, then |Rp,(w)| >
Zielo n;. Now recall that m; = n; if i € I, and that Y m; = ), ;n;, and that I is exactly the
set of indices such that m; > 0. So, |R;(w)| = > m; and if Iy C I, Iy # I, and Iy # &, then

| R, (w)] > Zielo m;.

Therefore, Rr(w), my,...,m, is an excessive cluster. O
Proposition 6.40. Let w,nq,...,n, be a configuration of D-multiplicities such that Cy ;... n, = 1.
Then AT NwA™,n1,...,n, is an excessively clusterizable A-configuration.

Proof. Induction on ¢(w).

If w = id, then everything is clear.

Suppose that w # id.

By Lemma [3.20] there exists a labeled sorting process of w with D-multiplicities nq, ..., n, of labels.
By Proposition @L there exists a distribution f of simple roots on AT N wA~ with D-multiplicities
ni,...,n, of simple roots.

By Lemma there exists a minimal by inclusion nonempty subset I C {1,...,r} such that
|Rr(w)] =3 ,c;mi and ng > 0ifi € I.

Denote m; =n; if i € I, m; =0 if i ¢ I. Denote also k; = n; —m;.

Clearly, m; > 0 if and only if ¢ € I. Also, > m; > 0 since I is nonempty.

We know that |Rr(w)| =) ;c;ni and ng = m; if i € I, so [Rp(w)| = >, c;m;.

By Lemma R;(w), my,...,m, is an excessive cluster.

To prove that ATNwA™ ny,...,n, is excessively clusterizable, it suffices to prove that (AT NwA™)\

Rr(w), ki, ..., k. is excessively clusterizable (we have just checked all other conditions in the definition
of an excessively clusterizable A-configuration).
Set m = |Ry(w)].

By Lemma there exists an antireduced sorting process prefix 31, ..., By, of w such that R;(w) =
{B1,.--,Bm}- Recall that we have a distribution f of simple roots on AT NwA™ with D-multiplicities

ni,...,n, of simple roots. Let us make a labeled antireduced sorting process prefix out of 8y,..., Bm:
we assign label f(8;) to 8; (this is well-defined by Lemma and Corollary [3.17). Denote the D-
multiplicities of the labels we have just assigned by m},...,m,. Clearly, m} + ...+ m] = m.

Now note that if « € AT NwA™ and f(a) € I, then, by the definition of a simple root distribution,
fla) € suppa, and o € R;(w), in other words, a € {f1,...,08m}. Therefore, if ¢ € I, then the D-
multiplicity of label «; in the antireduced sorting process prefix (i, ..., 8y equals the the D-multiplicity
of value «; in f, i. e. it equals n; = m;. In other words, m, =m; if i € I.

We know that m = |R(w)| = >, mi. So, m = [Ry(w)| = >,; m; We also know that ) m;
Since m/ are nonnegative integers, m/, = 0 for all i ¢ I. We also know that m; = 01if ¢ ¢ I, so m, =m;
for all ¢ ¢ I. Therefore, m; = m/} for all4, 1 <i <rand k; =n; —m/ forall i, 1 <i <r.

So, if we restrict f to (AT NwA™)\ Ry(w) = (AT NwA™)\ {B1,...,Bm}, we will get a simple root
distribution (denote it by g) with D-multiplicities k1, ..., k, of simple roots.

Denote w,, = og,, ...0p,w. By Lemma (AT NwA )\ {B1,..-,Bm} = AT Nw,,A™. By
Corollary@ Cwnpn = Cukiryoky, > 00 But Cypy o, = 1, 80 Cy, iy, b, = 1, and we can
apply the induction hypothesis. It says that AT Nw,, A~ k1,...,k, is an excessively clusterizable A-
configuration. We have already checked that (AT NwA™)\ Ri(w) = (AT NwA" )\ {B1,...,0m} =
AT Nw, A7, so (ATNwAT)\ Ry(w), ki, ..., k, is an excessively clusterizable A-configuration. And this
was the last condition we had to check in the definition of an excessively clusterizable A-configuration
for AT NwA™,nq,...,n,. O

=m.
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7 Sufficient condition of unique sortability

Lemma 7.1. Let w € W, and let I C{1,...,7} be a nonempty subset such that Ry(w) is an I-cluster.
Let o € Ry(w) be such that o, is an admissible sorting reflection for w.

Suppose that suppa Nl # 1.

Denote by Ay the set of roots § € Rr(w) such that a <, f.

Denote by As the set of roots v € Ry(w) such that (o, 7y) = 0.

Then R[\Suppa(’w) g A1 U A2.

Proof. Let § € Rp\supp (W)

0 # « since suppa N (I \ supp o) = 2.

Clearly, Ry\suppa(w) € Ri(w), so 0 € Rr(w), and we have two possibilities for d: either (d,a) = 1,
or [ (6,a) =0 and suppd NsuppanNl =g ].

Suppose that (§,«) = 1. Then § —a € A, so « and § are <-comparable. Moreover in fact, o < 6,
otherwise supp § C supp a and supp 6 N (I \ supp @) = &, a contradiction with 6 € Rp\gupp o (w).

So, § —a € AT. Assume that also § —a € wA™. Let ¢ € I\ supp a be an index such that «; € supp d.
Then «; ¢ supp o, and «a; € supp(d — «). So, § —«a € Ry(w). But then (o, — ) = —1, a contradiction
with the fact that R;(w) is an I-cluster.

So,d —acwAT, and w6 —wlta=w"1(0—a) € AT, s0 a <, J,and § € A;.

END Suppose that (§,«) = 1.

If (0,) =0, then 0 € As. O

Lemma 7.2. Let w,nq,...,n, be a configuration of D-multiplicities. Let I C {1,...,r} be a nonempty
subset such that:

denote k; =n; fori €I, ki =0 otherwise

in terms of this notation, suppose that |Rr(w)| = >_ k; and Rr(w), k1, ..., k- is an excessive cluster.

Let o € Ry(w).

Suppose that « is not the <,,-greatest element of Ry(w) (in other words, either a is not a <,,-maximal
element of Rr(w), or it is a <y -mazimal element, but there are more <,,-mazimal elements in Ry(w)).

Denote by Ay the set of roots 8 € Rr(w) such that o <., f.

Denote by As the set of roots v € Rr(w) such that (o, ) = 0.

Then |A1UA2| >E )k‘l

1€(I\supp o

Proof. First, suppose that suppa NI = I, in other words, I C suppa. Then I\ suppa = & and
Zie([\suppa) ki = 0.

a is not the <,-greatest element of Ry(w), so either there exists 8 € Ry(w) such that o <, 8, or
there exists v € Ry(w) such that « # v and « and v are not <,,-comparable.

If there exists 8 € Ry(w) such that a <, 8, then 5 € Ay, and A; # &, and |A; U A3| > 0.

Suppose that there exists v € Ry(w) such that § and ~ are not <,,-comparable. Then («, ) cannot be
1, otherwise y—a € A by Lemma wt(y—a) =w ly—wla € A, and a and v are <,,-comparable.

R;(w) is an I-cluster, so (a,) cannot be —1. Therefore, (o,v) = 0, v € As, Ay is nonempty, and
|A1 U A2| > 0.

END suppose that suppani =1.

Now suppose that suppa Nl # I. By Lemma Rpsuppa(w) C A1 U Ay, so |[A; U Ay >
| Rn\supp o (w)|. By the definition of an excessive cluster, [Rp\suppa(W)| > 3 ic(n\supp a) Ki- O

Lemma 7.3. Let w e W, and let I C{1,...,7} be a nonempty subset such that Ry(w) is an I-cluster.
Let a € Rr(w) be such that o, is an admissible sorting reflection for w.

Denote by Ay the set of roots 8 € Rr(w) such that o <., f.

Denote by As the set of roots v € Ry(w) such that (c,7y) = 0.

Lemmal3.7 establishes a bijection between (A* NwA™)\ a and A* No,wA™. Denote this bijection
by : (AT NwA™)\a— AT No,wA™.

Then Rsupp ani(0aw) NY(A1 U Ag) = 2.
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Proof. Suppose that v € A. Then by Lemma () = 1.

v € Ry(w), and Ry(w) is an I-cluster, so suppa Nsuppy NI = &. Therefore, ¥(y) = v ¢
Rsupp aﬂI(an)~

It suffices to prove that if 3 € Ay, 8 ¢ A, then ¢¥(8) ¢ Rsupp ani(caw).

So, suppose that 8 € A, 8 ¢ As. Then (8,a) cannot be —1 since Ry(w) is an I-cluster, (53, )
cannot be 0 since 5 ¢ A,y so (8,«a) = 1.

Then f—a € A, and w3 —w ta € AT since a <, 8. So, B —a € wAT and a — 3 € wA™.

Ifa-Bc€ AT, thena— 8 AT NwA™, € AT NwA™, and o, is not an admissible reflection by
Lemma a contradiction.

So, @« — B € A~, and a < . Recall that 8 — a € wA*, s0o 8 —a ¢ AT NwA~. By Lemma [3.7]
B(8) = B —a.

Assume that ¥(5) = f — a € Rsuppani(caw). Then there exists a simple root a; such that i €
suppa N I and the coefficient in front of «; in the decomposition of 5 — « into a linear combination of
simple roots is at least 1. i € suppaN I, so the coefficient in front of «; in the decomposition of « into a
linear combination of simple roots is also at least 1. So, the coefficient in front of «; in the decomposition
of 8 into a linear combination of simple roots is at least 2, and i € I, a contradiction with the definition
of an I-cluster. O

Lemma 7.4. Let w,nq,...,n, be a configuration of D-multiplicities. Let I C {1,...,r} be a nonempty
subset such that:

denote k; =n; fori €I, k; =0 otherwise

in terms of this notation, suppose that |Rr(w)| = > k; and Rr(w), k1, ..., k- is an excessive cluster.

Let a € Ry(w).

Suppose that o is not the <,,-greatest element of Ry(w).

Letie .

Then there are no labeled sorting processes of w with D-multiplicities ny,...,n, of labels that start
with « with label c;.

Proof. If «; ¢ supp a, everything is clear. Let a; € supp a.
1 € 1,80 k; =n;. If n; =0, then everything is also clear. Let n; > 0.

Assume the contrary, assume that there exists a labeled sorting process Bi,...,Byw) of w with
D-multiplicities nq, ..., n, of labels such that 5; = «, and the label at this a is a;.

Then fBa, ..., Byw) With the same labels form a labeled sorting process of o,w with D-multiplicities
Niy...,Ni—1,M; — L,n;y1,...,n, of labels.

Set n; = n; for j #1i, nj =n; — 1.

By Corollary | Rsupp ani(0aw)| > Zjesupp anl n; Since ¢ € suppa N I, we can write
|Rsuppaﬂ1(gaw)| Z -1 + ZjESupp anl .

Lemma [3.7] establishes a bijection between (AT NwA ™)\ a and AT No,wA™. Denote this bijection
by ¥: (AT NwA™)\a— AT No,wA™.

By Lemma if 3 € ATNwA™, 8 # «, then (8) equals either 8, or § — a. In particular
Y(B) = B, and suppy(f) C suppB. So, if ¥ € Rsuppani(daw), then suppy Nsuppa NI # @, so
supp () Msupp anl # 2, and supp 6~ (1)1 # &, and v~ 1(7) € Ry (w). So, 1 (Raupp ant (Fat) C
R[ (w)

Denote by A; the set of roots 5 € Ry(w) such that a <, 5.

Denote by As the set of roots v € Ry(w) such that («,v) = 0.

By Lemma Rsupp ani (0aw) N (A1 U Ay) = &, 80 Y (Rsupp ani(0aw)) N A1 U Ay = @.

So, we have three disjoint subsets of R;(w): ¥~ (Rsuppani(daw)), (A1 U Az), and {a}. Therefore,

|Rr(w)] > [~ (Reuppant (0aw)) |+ A1UA2|+1 = |Raupp ars (00w) [ H|A1UA|[+1 > =14 Y nyt|AlUAz|+1.

jE€supp anl

By Lemma |A1 U Ag| > Z‘je(l\supp ) k;. So,

Ri(w)[ > > mi+ A UA> > mi+ Yk

j€Esupp anl j€E€supp anl JE(I\supp @)
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Now, I is the disjoint union of suppa NI and I\ supp o, and k; = n; for j € I. So, [Ri(w)| > >_.c;n;.
This is a contradiction with the definition of an excessive cluster. O

Lemma 7.5. Let w,nq,...,n,. be an excessively clusterizable configuration of D-multiplicities, w # id.
Let I C{1,...,r} be a subset such that:
denote ki =mn; ifi€l, k;=0iti ¢l
then, in terms of this notation:
ki >04fiel and
> ki>0 and
[Rr(w)| = Sk,
Rr(w),ky,..., k. is an excessive cluster.
Then R;(w) contains a unique <,-maximal element a. Moreover, I C supp a.

Proof. First, assume that there are at least two different <-maximal elements in Ry(w).

We are going to use Lemma Let 8, and f3; be two different <-maximal elements of R;(w).

Then (81, 82) cannot be —1 since R;(w) is an I-cluster, and (S1,82) cannot be 1, otherwise they
would be <-comparable. So, (51, 82) = 0, and, by the definition of an I-cluster, supp 81 Nsupp foNI = .

So, by Lemma there is actually a unique <-maximal element of R;(w), denote it by 3.

Now let ¢ € I. By Lemma/[5.12] «; € supp 5. So, I C supp .

Again let 7 € I. Assume that there exists a <,,-maximal element of v € Ry(w) such that a; ¢ supp~y.
Clearly, v # .

B is the unique <-maximal element of R;(w), so v < 3, and supp~y C supp 3. Also, suppy NI # &
since v € Rr(w). So, suppy Nsupp 8N I # &, and, by the definition of an I-cluster, (3,7) = 1. Then
B —~¢c AT, and 8 and v are <,,-comparable.

v is a <,-maximal element of R;(w), so 8 <, 7, and v — 3 € wA™, and 8 — v € wA™, and
B—ve€ATNwA™.

1 € 1, so a; € supp B, but we have assumed that «; ¢ supp~y. So, o; € supp 8—~, and 5—v € R;(w).
But (7,8 —v) = —1, a contradiction with the definition of an I-cluster.

Therefore, if 7 is a <,,-maximal element of R;(w), then I C supp .

Finally, assume that there are two different <,,-maximal elements of R;(w). Denote them by « and
~v. We know that I C suppa and I C supp-y, so suppa Nsuppy NI # &. By the definition of an
I-cluster, («,y) = 1. Then a —y € A, and « and ~ are <,,-comparable, a contradiction.

So, there exists a unique <,,-maximal element of Ry(w). O
Lemma 7.6. Let w,nq,...,n, be an excessively clusterizable configuration of D-multiplicities, n = {(w).
Then there exists a function f: {1,...,n} — II that takes each value «; exactly n; times and such

that there exists a unique sorting process of w with list of labels f, moreover, this unique sorting process
is in fact antireduced, and its X -multiplicity equals 1.

Proof. Induction on n. If n = 0, everything is clear.

If n > 0, then, by the definition of an excessively clusterizable configuration,

there exists a subset I C {1,...,r} such that:

denote k; =n; if i€ I, k; =0iti ¢ [

then, in terms of this notation:

k; >0if i e I and

Z k; > 0 and

[Ri(w)] = 3 ki

Ri(w),ki,...,k, is an excessive cluster and

(AT NwA™)\ Ry(w)),n1 — k1, ...,n, — k, is excessively clusterizable.

By Lemma R;(w) contains a unique <,,-maximal element, denote it by £, and I C supp ;.

Choose an arbitrary ¢ € I. Set f(1) = ;.

«; € supp B, so, by Corollary there exists & € AT NwA~ such that «; € suppc, and o, is
an antisimple sorting reflection for w. «; € supp «, so a € Ry(w). By Lemma « is a < -maximal
element of AT NwA~. Then it also <,-maximal in R;(w). But by Lemma R[(w) contains only
one <,-maximal element, so oo = ;. In other words, o, is an antisimple sorting reflection for w.
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Set w; = o5, w. By Lemma AT Nw A~ = (AT NwA™)\ fi.

By Proposition (AT NwA™)\ B1,n1,...,ni_1,7 — 1,n441,...,n, is an excessively clusterizable
A-configuration. So, wi,n1,...,1;—1,1n; — 1, n;41,...,n, is an excessively clusterizable configuration of
D-multiplicities.

By the induction hypothesis, there exists a function g: {1,...,n — 1} — II that takes each value ¢;
with j # ¢ exactly n; times and takes value «; exactly n; — 1 times and such that there exists a unique
sorting process of wy with list of labels g. Denote this sorting process by Bs, ..., B,. It is antireduced,
and its X-multiplicity equals 1.

For each j, 2 < j #n, set f(j) = g(j — 1). Then f takes each value «; exactly n; times.

Then we can assign label «; to 81, and 1, B9, ..., 8, becomes a labeled antireduced sorting process
for w with list of labels f.

By the definition of an I-cluster, the coefficient in front of «; in the decomposition of 3 into a linear
combination of simple roots equals 1. So, the X-multiplicity of the labeled sorting process we have
constructed for w is 1.

Suppose that we have another sorting process for w with list of labels f, denote it by ~1,...,vn.
By Lemma [7.4] v; = 1. It follows directly from the definition of a labeled sorting process that
Y2, .-+, 7n is a labeled sorting process of wy with list of labels g. Therefore, by the induction hypothesis,
B =4 for 2 < j < n, and the labeled sorting process of w with list of labels { is unique. O
Proposition 7.7. Let w,nq,...,n, be an excessively clusterizable configuration of D-multiplicities.
Then Cyn,,...n, = 1.
Proof. Follows directly from Lemma [7.6] and Lemma [3:26] O

8 Criterion for unique sortability

Theorem 8.1. Let w,nq,...,n, be a configuration of D-multiplicities. The following conditions are
equivalent:

1. w,ny,...,n, is excessively clusterizable.

2. Comyromy = 1
Proof. Follows directly from Proposition [6.40] and Proposition O

9 Powers of a single divisor

Definition 9.1. We call a sequence 0 = 39, 31, ..., Bk, where B1,..., Br € AT, path-originating if:
Bj — Bj—1 for all j (1 < j < k) are simple roots, denote them by a;; = 8; — 3;_1 (1 < j < k)
(aij7aij+l) = _17 and (aijaaij/) =0if |.] - ]/| > 1

Remark 9.2. In terms of the notations from Definition[9.1}, B; = o + ... + .

Remark 9.3. In terms of the notations from Definition there are mo coinciding roots among

Qgyye ey Oy

Remark 9.4. If 0 = o, b1, ..., Br is a path-originating sequence and j < k, then 0 = By, B1,...,5; is
a path-originating sequence of roots.

Remark 9.5. In terms of Dynkin diagrams (recall that we are working only with simply-laced Dynkin
diagrams), two vertices i and j are connected with an edge if and only if (o, ;) = —1. Otherwise,
(a,05) =0 fori # j, (i, ) = 2.

So, in terms of Dynkin diagrams, the path-originating sequences of roots are exactly the sequences of
roots constructed as follows:

Take any simple path in the Dynkin diagrams, i. e. any sequence i1, ...,i. of vertices such that each
two subsequent vertices are connected with an edge, and the vertices don’t reappear.

Then set 1 = vy, P2 = s, + iy, -, B =y + ... + vy -
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Remark 9.6. If 0 = By, 51,..., Bk is a path-originating sequence and j < k, then 81 < B2 < ... < [.

Lemma 9.7. Let 0 = Bo, 1, .., Bk is a path-originating sequence. Denote o, = B — Bj—1.
If B =7v+ 6, where 1 <m <k and v,6 € A", then, up to an interchange of v and §, there exists
an index p (1 <p <m) such that y= By and § = o, + ...+ ,, .

Proof. Note that if 0 = Sy, B1,...,0 is a path-originating sequence and 1 < m < k, then 0 =
B0, 81, - - -, Bm is also a path-originating sequence. So it suffices to consider the case when k = m.

Induction on k. If kK =1, then 8y = 5y € II, and everything is clear.

Suppose that & > 1. Then Bx_1 = By — oy, € AT, so, by Lemma (Bk, ap,) = 1. So, (v, a,) +
(6, Oéik) =1.

If v = ay, (resp. 0 =y, )), then 6 = 1 (resp. v = Pr—1), and we are done.

Suppose that v # «a;, and 6 # «;,. Then one of the products (v, «;, ) and (d, «;, ) has to be 1, and
the other has to be 0.

Without loss of generality, (v, ;) =0 and (4, a;,) = 1. Then § — oy, € A.

§ € At and oy, €11, so a, — 0 cannot be in AT, Hence, § — a;, € AT,

Now we have 8;_1 = B — a;, =7+ (d — a, ). By the induction hypothesis, there exists p (1 <p <
k — 1) such that either v = ,, or § — a;,, = Bp.

Assume that § — a;, = Bp. Then by Lemma (Bp,a;,) = —1. On the other hand, 5, =
@iy + ...+, and p <k —1, 50 (B, as,) = 0, a contradiction.
So, v = Bp, then § = B, — Bp = g, + ... + . O

Lemma 9.8. Let 0 = By, f1,- .., Bk is a path-originating sequence.
Then (ﬂjvﬂj’) =1 Zf]- < jaj/ < k} .7 7£ j/'

Proof. Using Remark and induction on k, it is sufficient to prove that (8;,8;) =1 for 1 < j < k.
Denote a;; = 3;—3;-1 (1 <j <k). Then f, = a;, +...+0;,. By the definition of a path-originating
sequence, if 1 < j <k, then (ay; ,, ;) = —1, (@i;, ;) = 2, (i, 045) = =1, and (o, a;;) = 0 for
j/ 7& j - 17jaj + 1. 807 (ﬁkaaj) =0.
By Lemma [2.5] (B, Bk-1) = 1 since B — fr—1 € A. Now, for 1 < j < k we have (B, ;1) =
(Brs Bj) — (B, ai;) = (Br, Bj)- S0, (B, Br—1) = (Br, Be—2) = - .. = (B, f1) = 1. O

Lemma 9.9. Let 0 = By, b1, ..., Bk is a path-originating sequence. Let B1 = a, .
Then {B1,..., 0k} is a {i1}-cluster.

Proof. Since all differences 8; — ;1 are different simple roots, the coefficients in front of simple roots
in the decomposition of any 3; into a linear combination of simple roots are at most 1.

By Lemma (B, B5r) =1if1 <4, 5" <k, j#7j. So, {B1,...,0k} is a {i1}-cluster. O
Lemma 9.10. Let 0 = Sy, b1, ..., Fn S a path-originating sequence. Let 1 = «, .
Then {f1,...,6n},0,...,0,n,0,...,0 (where n occurs at the i1th position) is an excessive cluster.

Proof. By Remark a;, X B for 1 <j<n,soa; €supppf; for 1 <j<mn. So, R;; {B1,...,0n}) =

{/Bla s 7ﬂn}
By Lemma {B1,...,Bn} is a {i1 }-cluster. We have to check that {g1,...,6,},0,...,0,n,0,...,0

is an excessive A-configuration, but since the sequence 0,...,0,7n,0,...,0 contains only one non-zero
entry, the i;th one, the only requirement in the definition of an excessive A-configuration is that
|Riy ({$1,---,Bn})| = n, but this is clear since R;, ({$1,...,8n}) = {B1,---,Bn}- O

Lemma 9.11. Let 0 = By, 1, - - -, Bn 1S a path-originating sequence.

Letw=o0g, ...08,.

Then By, ..., H1 s an antireduced sorting process for w, and w = og, ...0g, s an antireduced ex-
pression for w.
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Proof. Induction on n. If n = 0, then w = id, and the list 3,,..., 81 is empty, so everything is clear.

Suppose that n > 1. Let us check that o, is an antisimple sorting reflection for w. Let us compute
w~1B,. Note that w=! = ap, ...05,

Denote a;; = fj — Bj—1 (1 < j <n). Then B = o, +... +ay; (0 <5 < n).

First, o, fn = —fn.

If n =1, we can write —f3,, = —a;,.

Ifn>1:

We have 8, = fp—1 + i, and (Bn_1,0n) =1, 50 08, ,0n = v, and 0g, ,(—Bn) = —u,,.

Now, for each j, n —2 > j > 1, we have (fj,s,) = (a;, + ...+ ay;,a;,) = 0 by the definition of a

path-originating sequence. So, o, (—;, ) = —a;,.
Therefore, w8, = —a;, .
END If n > 1.
Summarizing, for all n we always have w13, = —q; .

Now, 3, € AT and 3, = w(—a;,), s0 B, € wWA™, and 3, € At NwA~. Again, w™ '3, = —a;, . By
Lemma 0, is an antisimple sorting reflection for w.

Set wy = 0g,w =03, , ...0s,. By the induction hypothesis, 8,_1,...,8: is an antireduced sorting
process for w. Now it follows directly from the definition of a sorting process that S,,...,51 is an
antireduced sorting process for w, and w = og, ...0p, is an antireduced expression for w. O

Corollary 9.12. Let 0 = By, B1,-- -, Bn 1S a path-originating sequence.
Letw=o0g, ...08,.
Then AT NwA™ ={B1,...,8a}.

Proof. Follows directly from Lemma [3.16| and Lemma [9.11 O

Corollary 9.13. Let 0 = By, B1,...,0n @S a path-originating sequence. Let 1 = ay, .
Let w = OB, 0B+
Then AT NwA™,0,...,0,n,0,...,0 (where n occurs at the i1th position) is an excessive cluster.

Proof. Follows directly from Lemma [9.10] and Corollary [0.12] O

Corollary 9.14. Let 0 = o, B1, ..., Bn is a path-originating sequence. Let 51 = o, .

Letw=o0g, ...08,-

Then ATNwA™,0,...,0,n,0,...,0 (wheren occurs at the i1 th position) is an excessively clusterizable
A-configuration.

Proof. Follows directly from the definition of an excessively clusterizable A-configuration for I = {i;}

and Corollary O
Lemma 9.15. Let w e W, oy, € II, n = {(w).

Suppose that AT N wA™,0,...,0,n,0,...,0 (where n occurs at the i1th position) is an excessive
cluster.

Then it is possible to write AT NwA™ as {B1,...,Bn}, where 0 = By, B1, ..., Bn is a path-originating
sequence, [if n > 0, then B1 = «y, [, and B,,...,B1 is an antireduced sorting process for w (w =
Jﬁn e 0’51).

Proof. Induction on n. If n = 0, everything is clear. Suppose that n > 0.

First, AT NwA™,0,...,0,n,0,...,0 (where n occurs at the i;th position) is an excessive cluster, so,
in particular, it is an excessive A-configuration.

Note that there is only one possibility for the set I from the definition of an excessive A-configuration,
namely I = {i; }, because all other entries in the sequence 0, ...,0,n,0,...,0 are zeros. So, this definition
actually says that Ry 1(w) = AT NwA~.

The definition of an excessive cluster also says that Ry; ) (w) is a {a, }-cluster.

In other words, AT NwA™ is a {a, }-cluster.

By Corollary there exists a root, denote it by 8, 8, € ATNwA™, such that og, is an antisimple
sorting reflection for w.

Denote wy = o, w. By Lemma AT Nwi A~ = (AT NwA™)\ Bn.
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Recall that Ry;,y(w) = AT NwA~. In particular, a;, € supp f,, and we can use Proposition
It says that AT NwyA~,0,...,0,n —1,0,...,0 (where n occurs at the i;th position) is an excessively
clusterizable A-configuration.

By the induction hypothesis, it is possible to write AT N w A~ as {B1,...,8n-1}, where 0 =
Bos B1y .-, Pn—1 is a path-originating sequence, [ if n > 1, then 8; = «;, |, and B,-1,...,01 is an
antireduced sorting process for wy (w1 =0, ,...0p,).

Then we can write AT N wA™ = {B1,...,8,}. It also already follows from the choice of 3,, and of
the definition of an antireduced sorting process that 3,,Bn_1,..., 01 is an antireduced sorting process
for w (w=o0g, ...08,).

Denote o;; = 3; — ;-1 for 1 < j < n.

ATNwA™ is a {ay, }-cluster and Ry;, 3 (w) = ATNwA™, so there are no orthogonal roots in A*NwA ™.
Indeed, if 61,00 € AT NwA™ and (d1,02) = 0, then 01,02 € Ry;,3(w), and «;, € suppd; Nsupp da, a
contradiction with the definition of a {«; }-cluster.

Therefore, if 1 < j,j' <k, j #j, then (5;,8;) = 1.

Denote v = 8, — Bn_1. By Lemma v €A, (v,Bn-1) = —1, and (v,8,) = 1. Also, og, is an
antisimple sorting reflection for w, so, by Lemma B is a <,-maximal element of AT NwA~, so
Y =0Bn—Bn-1€ wA™T, and —7 = Bn-1 — Bn € WA™.

Also, (v,8n) = 1, so (—7v,8,) = —1, and —y cannot be in AT N wA™, because AT NwA™ is a
{a, }-cluster. So, —y ¢ AT and v € AT.

Assume that v ¢ II. Then there exist 1,72 € AT such that v; + 2 = . We have (v, Bp,—1) = —1,
(71, Bn-1) + (72, Bn—1) = —1. So, one of the products (v1,Br—1) and (72, Bn—1) equals —1, and the other
equals 0.

Without loss of generality (after a possible interchange of 41 and 72) we may suppose that (y1, 8n—-1) =
—1 and (72, Bn—1) = 0. Recall that if 1 < j,5' <k, j # j, then (5;,8;7) = 1. So, 72 cannot be equal to
one of the roots 3;, 1 < j < k. In other words, 72 ¢ AT NwA™.

Set § = -1+ 7. By Lemma de€AT. Then §+v =Fn1+71 +72 =Bn1+7 = Bn.

Clearly, 8,1 < 0. We already know that 0 = 3y, 1, ..., Bn_1 is a path-originating sequence, so by
Remark B1 < B2 <...<Bn-1. S0, fj <éfor1 <j<mn,and B; # 6 for 1 < j <n. Also, B, #6
since 3, = § + 2, and 72 € AT, 50 72 # 0.

Therefore, § ¢ AT NwA™.

On the other hand, 6,72 € AT. So, §,72 ¢ wA™ and 6,72 € wA™T. But then 8, = § + 72 € wA™,
Bn & WA™, B, € AT NwA™, a contradiction.

END Assume that v ¢ II.

Therefore, v € II.

If n =1, then:

Bn—1 = Bo = 0, and we see that 81 = v € II. We also know that «;, € supp S, soinfact oy, = 81 = 7.

END If n = 1.

Denote «;, = 7. The previous argument shows that there is no conflict of notation for n = 1.

If n = 1, then it is already clear that [y, 81 is a path-originating sequence. Let us check that if n > 1,
then By, ...,y is also a path-originating sequence.

We already know that fy,...,[08,—1 is a path-originating sequence, so the products (a;,a;:) for
1 < 4,7 < n are the same as they should be in the definition of a path-originating sequence. So we have
to check that (o, ,q;, ,) = —1and (a;,,a;;) =0for 1 <j<n—1.

First, note that (6,-1,a;, ) = —1 by Lemma If1<j<n-—1,then (8;,a;,) = (8;,6n) —
(Bj,Bn-1)=1—1=0. If j =0, then §; =0, and also (§;,a;,) =0.

So, if 0 < j <n—1, then (8;,q;,) =0.

Now, (a;,,i, ;) = (i, Bn-1) = (ai,,Pn-2) = —1, and if 1 < j < n —1, then (a4,,0qs) =
(ai, . ;) = (i, Bj—1) = 0.
So, By, ..., is a path-originating sequence. O

Corollary 9.16. Let w € W, a;, € II, n = {(w).
Suppose that AT NwA~,0,...,0,n,0,...,0 (where n occurs at the iyth position) is an excessively
clusterizable A-configuration.
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Then it is possible to write AT NwA™ as {B1,...,8n}, where 0 = By, B1, ..., Bn is a path-originating

sequence, [if n > 0, then f1 = «;, [, and By,...,01 is an antireduced sorting process for w (w =
o8, -..08, ).

Proof. There is only one possibility for the set I from the definition of an excessively clusterizable A-
configuration, namely I = {i;}, because all other entries in the sequence 0,...,0,n,0,...,0 are zeros.
So, this definition actually requires AT NwA~,0,...,0,n,0,...,0 to be an excessive cluster. The claim
now follows from Lemma [9.15] O

Proposition 9.17. Let w € W, let o;, € II, and let n = {(w).
The following conditions are equivalent:

1. Cyo,.0n0,.,0=1 (where n occurs at the i1th position)
2. At NwA™,0,...,0,n,0,...,0 (where n occurs at the i1th position) is an excessive cluster.
3. AT NwA™T,0,...,0,n,0,...,0 (where n occurs at the iith position) is an excessively clusterizable

A-configuration.

4. There exists a path-originating sequence 0,81, ..., B, such that o, = B1, and AT NwA~ =
{617 o 7ﬁn}

5. There exists a path-originating sequence 0, 1, ..., By such that o, = 1 and w =o0g,, ...0p, .

The sequence 0, B, . .., By in conditions[f] and[j is actually the same and unique. Moreover, By, ..., B
is an antireduced sorting process for w, and and w = 03, ...0s, is an antireduced expression.

Proof. follows from Theorem [8.1

Bl =4 follows from Lemma [9.15]

=[5l follows from Lemma

follows from Corollary

follows from Corollary

H =2 follows from Lemma .10l

follows from Corollary

Uniqueness in [4] follows from Remark [9.6]

By Corollary [9.12] if [5] holds for some path-originating sequence, then [ also holds for the same
sequence, so the path-originating sequence in [5|is also unique and is the same in |4| and

Finally, the "moreover” part follows from Lemma [9.11] O

Corollary 9.18. Let i € {1,...,r}. Then the mazimal number n such that DI is a multiplicity-free
monomial equals the length of the longest simple path in the Dynkin diagram that starts at the ith
vertez. O

10 Powers of many divisors

In this section, we are going to give an upper bound on the length of w € W such that there exist
numbers ny, ..., n, such that Cy, ... n. = 1. We are going to talk about simply excessively clusterizable
A-configurations most of the time, and then we will use Proposition [5.23]

Lemma 10.1. Let w € W. Let AT N wA™,ny,...,n, be a simply excessively clusterizable A-
configuration.

Let iy € {1,...,7} be an index such that:

denote ki, =n;, and kj =0 if 7 # 41

then, in terms of this notation:

ki, > 0 and

|R{a, y(w)| = ki, (note that this implies that (AT NwA™)\ Ry, (w)),n1 — ki, ...,n, — k. is an
A-configuration) and
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R{ail}(w), ki,..., k. is a simple excessive cluster and

(AT NwA™)\ Ria, y(w)),n1 — ki, ,np — iy is simply excessively clusterizable.

Then there is a path iy, ... ik, of length ki, in the Dynkin diagram, which is simple (i. e. no vertices
reappear) and is such that:

there exists a root o € A* NwA™ such that o, € supp o for all j (1 <j < k;, ).

Proof. Tt is clear from the definitions of a simply excessively clusterizable A-configuration and an
excessively clusterizable A-configuration that AT N wA~,ny,...,n, is an excessively clusterizable A-
configuration.

By Theorem@ Cwni,.on,. = L.

Consider the following list of labels of length £(w):

(SRR S PN 0 7 SRty PN 0 7 PR R 0 7 IS DU 0 7 S, DO 0 7 AP € 75PN 0 7 PRI € 7
—— —_—— ——
n1 times ni, —1 times niy —1 times n, times ni, times

By Lemma @, there exists a labeled sorting process f1, ..., By of w with this list of labels. Denote
w' = OBy(wy—m, ---0pw. Then
i1

Biy... ,Bg(w),nil is a labeled sorting process prefix of w with D-multiplicities n1 — k1, ..., n, — k; of
labels

and

,Bg(w)_nil_;,_l -+ Be(w) 18 a labeled sorting process of w with D-multiplicities k1, ..., k; of labels.

So, by Lemma Cuw' ky.... ke > 0, and by Lemma Cwnyoiny = Cot kgl

Therefore, Cyy ky,... 1, = 1.

By Proposition there exists a path-originating sequence 0,71, ..., v, such that o;, =1 and
At Nw A = {71, Y, }-

Choose indices i; (2 < j < k;,) so that a;; = v; —v;-1. By Remark the vertices numbered

i1,...,1n, form a simple path in the Dynkin diagram. Moreover, v,, =i, + ...+ apn, .
So, for all j (1 <j <ny,), a;; €SUPPYp, , and vp, € AT Nw A,
Now for each m, 0 < m < £(w) — n;,, denote w,, = og,, ... w. In particular, w’ = We(w)—n, -

For each m, 1 < m < £(w) — n;,, Lemma [3.7| establishes a bijection ¥y, : (AT Nwy,_1A7)\ {Bm} —
At Nw,, A™. Tt also follows from Lemma|3.7| that § < 1,.1(5) for all § € AT Nw,, A~.

Set a = wl_l(...w_(,lu)_m (Yni,)---)- Then v, = a. Therefore, for all j (1 < j < n;,), o, €
supp a. ' O

Definition 10.2. Let «;,,...,a;, € II be different simple roots, let ny,...,ni € N.
We say that a multipath with beginnings i1, ..., 1, and with lengths nq, ..., ng in the Dynkin diagram
is a sequence of simple paths

.71,17 e ,]1,1113

jk?,la e ajk,nk

such that: i, = jm,1 for all m (1 < m < k) and if m < m/, then i, does not occur among
jm/,ly .. a.jm/,nm/-
Definition 10.3. Let ji1,...,J1,n1}---3Jk,15--->Jkn, be a multipath. We say that it avoids vertices
i1,...,%m of the Dynkin diagram if

for each m’, 1 <m/ < 'm, i,y does not occur among ji 1,..., Jinii---iJk1s-- s Jhng-

Definition 10.4. Let ji11,...,J1,n13---3Jk,1,- -+, Jkn, De a multipath. We say that its total length is
ny+...+ng.

MAYBE SHOULD GO TO SECTION 37

Lemma 10.5. Letw e W, «; € II.
Denote k = |Ry;y (w)|.
Then there exists an antireduced sorting process prefic PBi,...,0r for w such that Ryy(w) =

{B1,- - Be}-
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Proof. Induction on k. If k£ = 0, everything is clear. Suppose k& > 0.
k >0, so there exists a € Ry;)(w), in other words, there exists a € AT NwA™ such that a; € supp a.
By Corollary . there exists 81 € AT NwA™ such that «; € supp 1 and op, is an antisimple

sorting reflection for w. Then 31 € Ry;y(w).

Denote wy = og,w. By Lemma AT NwA™ = (AT nwA™)\ {B1}. B € Ryy(w), so
Ry (w1) = Ry (w) \ {A1} and [Ryp(wi)| =k — 1.

By the induction hypothesis, there exists an antireduced sorting process prefix (s, ..., 8 for wy such
that R{i}(wl) {ﬁg,...,ﬂk}

Then fi, ..., Bk is an antireduced sorting process prefix for w, and Ry;y(w) = {B1, ..., Be}- O
Lemma 10.6. Let w € W. Let AT N wA™,ny,...,n, be a simply excessively clusterizable A-
configuration.

Let I C1I be a subset such that Ry(w) = @.

Then there exists a number s and a sequence of indices iy, ..., is (1 < i, < 1) such that:

all of them are different, and

a (1 <a<r)ispresent among iy,...,is if and only if ng > 0, and

there exists a multipath with beginnings i1, ...,is and with lengths n;,,...,n;, that avoids I.

Proof. Induction on £(w). If w = id, we can take the empty sequence of indices 4,,. Suppose that w # id.

If w # id, then by the definition of a simply excessively clusterizable configuration, i; € {1,...,7}
be an index such that:

denote k;, =n;, and k; = 01if j # 4y

then, in terms of this notation:

ki, > 0 and

|R{q, y(w)| = ki, (note that this implies that ((A* NwA™)\ Ry, y(w)),n1 — ki,...,ny — k; is an
A-configuration) and

R{ail}(w), k1, ..., k. is a simple excessive cluster and

(AT NwA™) \ Ra, y(w)),n1 — k1,...,n, — ky is simply excessively clusterizable.

By Lemma there exists a simple path ji1,...,51,n,, of length n;, in the Dynkin diagram such
that i, = j1,1 and there exists a root & € AT NwA~ such that a;, ,, € suppa for all m (1 <m < n;,).

Assume that ji 1,..., 1, doesnotavoid I. Then there exists m (1 < m < n;,) such that oy, ,, € I.
Then suppa Nl # @, so a € Rr(w), and Rr(w) # @, a contradiction. So, ji,1,...,ji,n, avoids I.
By Lemma there exists an antireduced sorting process prefix fBi,...,8,, for w such that

Ria, y(w) = {B1,...,Bn;, }. Set w' = 0B, ---0pw. By Lemma At AW AT = (AT NwA™)\
R{an}( w).
Ri(w) = @, 50 Riufa,, } () = Ria, 3 (w), and Rrofa, } (AT NwAT)\ Ria, 1 (0)) = Ria, y(w)) \

Ria, y(w)) = @. In other words, Ryy{a, j(w') = 2.

By the induction hypothesis,

there exists a number s and a sequence of indices 7, . ..

all of them are different, and

a (1 <a <r)is present among i}, ..., if and only if n, — k, > 0, and

there exists a multipath with beginnings #},...,4., and with lengths ni, = ki, ny, — ki;/ that
avoids I U {a, }.

Let us reformulate this conclusion of the induction hypothesis using the fact that k;;, = n;, and
km = 01if m # i1. Denote also s = ¢’ + 1 and iy, =), (2 <m <s). We get the following:

(1 <i!, <r) such that:

?s/

We have a sequence of indices is,...,is (1 < i, <r) such that:

all of them are different, and

a (1 <a <r)is present among is,...,4s if and only if n, > 0 and a # i1, and

there exists a multipath with beginnings o, .. .,7s and with lengths n,,, ..., n,_ that avoids T U{a, }.
Denote this multipath by jo1,... 02,55 Js,15 -+ Jsni, -

We can say the following about the sequence of indices i1, ..., s:

all of them are different, and

a (1 <a <r)is present among iy,...,is if and only if n, > 0.

Consider the sequences of paths ji,1,...,J1,n, 592,15+ J2,m0y5 - <3 Js,15 -« -5 Js,ma, -
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The only thing we have to check to conclude that this is a multipath is that if 1 < m, then i; does not

OCCUr AMONEG Jim, 1, - - - 5 Jm,n,, - Bub this is true since jo,1,...,92n,,5 - Js,15- - -, Js,n,, avoids I'U {ai, }.
So, ji1,--- 7j1,ni1 192,15 - - ,j27n1.2; c++3Js,15- -5 Jsn,;, 18 a multipath. It avoids I since ji 1,. .. 7j1,ni1
avoids I and jo,1,.,J2,n,,5 3 Js,15- -+ Js,n;, avoids U {ai, }-
Its beginnings are i1, 42, ..., % and its lengths are n;,,...,n,,. O

Lemma 10.7. Let w € W. Let AT N wA™,ny,...,n,. be a simply excessively clusterizable A-
configuration.
Denote by J the set of simple roots o such that n; > 0, denote s = |J|.

Then there exists a sequence of indices i1, ...,is such that J = {i1,...,is}

and

a multipath with beginnings i1, ...,1s and with lengths n; ,...,n;,.
Proof. Follows directly from Lemma [10.6] O
Proposition 10.8. Let w,n1,...,n, be a configuration of D-multiplicities such that Cy pn,,...n, = 1.

Denote by J the set of involved roots.
Then there exists a multipath in the Dynkin diagram whose total length is £(w) and whose beginnings
are contained in J.

Proof. By Theorem AT NwA™,n1,...,n, is an excessively clusterizable A-configuration.
By Proposition there exist numbers my,...,m, such that:
my+...+m,=n1+...+n,, and
if m; > 0, then «; € J, and
AT NwA™,my,...,m, is a simply excessively clusterizable A-configuration.
The claim follows from Lemma [[0.7 O

Corollary 10.9. Let D' ... DI be a multiplicity-free monomial.

Denote by J the set of roots o; such that n; > 0.

Then there exists a multipath in the Dynkin diagram whose total length is n1 + ...+ n, and whose
beginnings are contained in J.

Proof. As we figured out in Introduction, if D}* ... D7 is a multiplicity-free monomial, then there exists
w € W such that Cy pn,,..n, = 1.
The claim follows from Proposition [10.8 O

Lemma 10.10. Let w € W. Let I C1I be a subset such that Ry(w) = AT NwA~.

Let 0 = Bo, B1,- -, Bn be a path-originating sequence. Denote o, = Br — Br—1.

Suppose that o, ¢ I for allk (1 <k <n).

Denote w' = og, ...08w

Then:

03, s an admissible sorting reflection for w,

and Rr(w') = (og, ...08, ) (AT NwA™).

and AT NwW' AT ={B1,..., 8.} U (0, ...08, ) (AT NwA™),

and this union is disjoint,

and for every a; € I, for every v € Rr(w):

the coefficient in front of a; in the decomposition of v into a linear combination of simple roots

the coefficient in front of a; in the decomposition of o3, ...0g,7y into a linear combination of simple
T001S.

Proof. Induction on n. If n = 0, everything is clear. Suppose that n > 0.

Suppose that we already know the induction hypothesis for n — 1. Note that o, is an admissible
sorting reflection for w’ if and only if o, is an admissible desorting reflection for og,w’ = og, , ... w.
So, let us check that o, is an admissible desorting reflection for og, w’ =03, ,...08 w.

By the induction hypothesis, AT N (og, w )A™ = {B1,...,Bn-1} U (05, ,---05,) (AT NwA™) =
{61, ce 3/871—1} U R](O',@nw/).
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By Remark Bn =a;, +...+a;,. Wehave a;, ¢ I forall k (1 <k <n),sosuppf,NI =g,
and 3, ¢ Ry(op,w'). Also, B, # B for k <n, so B, ¢ AT N (op,w")A™.

But 8, € AT, s0 8, € AT N (0p,w)AT.

If B, = v+ 6, where 7,8 € AT, then, by Lemma without loss of generality, there exists k
(1 <k <n)suchthat vy =g, and 6 = a5, ,, +...+a;,. So,v € ATN(og,w)A™. By Lemma og, is
an admissible desorting reflection for g, w’ =0, ,...0s,w. So, 0g, is an admissible sorting reflection
for w'.

Recall that supp 8,NI = @. By Lemma os, Ri(w') = Ry(og,w'), so Ry(w') = O’E:R[(G'ﬁnu)/) =
os, Ri(og,w').

By the induction hypothesis, Ri(og,w') = (05, ,...08)(AT N wA™), so Ri(w') =
(08,08, ---08,) (AT NwAT).

Finally, Lemma 3.7| establishes a bijection between (AT Nw/A™)\ 3, and AT N (o, w')A~. Denote
this bijection by ¢: (AT Nw' A7)\ B, = AT N (op,w)A™.

By the induction hypothesis, Rr(os,w') = (0p, , ...08 ) (AT NwA™).

and AT Nog WA~ ={B1,...,Bn—1}U(0s, ,...08) (AT NwA™).

By Lemma Y (Ri(og,w')) = Ri(w'). So, v ((0p, ,-..08) (AT NwAT)) = Rr(w').

It from Lemmal3.7|that ¥ ~1(Bx) (1 < k < n—1) is either 8, + Bk, or B. But (8, k) = 1 by Lemma
50 Bn + Bk ¢ A by Lemma2.5] So, v=1(B%) = B

Therefore, (AT Nw' A7)\ B = {B1,-- -, Bn_1} URr(w').

We already know that R;(w') = (65,08, ,...08,)(ATNwA™) and that o, is an admissible sorting
reflection for w’. So, o5, € AT Nw'A™.

Therefore, AT Nw' A~ ={p1,...,Bn-1} U (0,08, 1 -..05) (AT NwA™).

By Remark Br =i +...+a; for 1 <k <n Anda; ¢ I for 1 < j < k by Lemma
hypothesis. So, supp B NI = @, and B ¢ Rr(w') = (05,08, ,---05,)(AT NwA™), and the union
At NW AT ={B1,...,Bn-1}U(0p,08, ,...08) (AT NwA™) is disjoint.

By the induction hypothesis,

for every a; € I, for every v € Rr(w) = AT NwA™:

the coefficient in front of «; in the decomposition of v into a linear combination of simple roots

the coeflicient in front of a;; in the decomposition of 05, , ...0g,y into a linear combination of simple
roots.

We already know that R;(cs,w') = (0s, ,...08 ) (AT NwA™),s0 05, ,...087vRi(o,w).

By Lemma [6.36] again, the coefficient in front of «; in the decomposition of og, , ...0s7 into a
linear combination of simple roots

the coefficient in front of a; in the decomposition of og,, ...0g,7 into a linear combination of simple

roots.

So,

the coefficient in front of ¢; in the decomposition of 7 into a linear combination of simple roots

the coefficient in front of a; in the decomposition of og,, ...0g, into a linear combination of simple
roots. O
Lemma 10.11. Let w,nq,...,n, be a simply excessively clusterizable configuration of D-multiplicities.

Let I C 11 be the set of involved roots.
Let 0 = Bo, B1,- - -, Bp, where p > 0, be a path-originating sequence. Denote o, = B — Pr—1.
Suppose that oy, ¢ I for allk (1 <k <p).
Denote w' =0, ...05w.
Set m;, =p and mj =n; if j # i1.
Then w',m1,...,m, is a simply excessively clusterizable configuration of D-multiplicities.

Proof. By Lemma [5.21] R;(w) = AT NwA™.
Clearly, n;;, =0,somi+...+m, =n1+...+n, +p.
By Lemma [10.10, AT Nw’A~ is the disjoint union of {#1,...,8,} and (0g, ...0s,) (AT NwA™).
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So, l(w") = p+ 4(w), and w’',mq,...,m, is a configuration of D-multiplicities.
By Lemma [10.10} for every j € I, for every v € Ry(w):
the coefficient in front of o; in the decomposition of 7 into a linear combination of simple roots

the coefficient in front of ; in the decomposition of o, ...0ps,7 into a linear combination of simple
roots.

By Lemma (08, ...08, ) (AT NwA™),n1,...,n, is a simply excessively clusterizable configura-
tion.

By Lemma {B1,...,6,},0,...,0,p,0,...,0 (where p occurs at the i;th position) is an excessive
cluster. It follows directly from the definitions of a simple excessive cluster and of a simply excessively
clusterizable A-configuration that {f1,...,06,},0,...,0,p,0,...,0 (where p occurs at the i;th position)
is a simply excessively clusterizable A-configuration.

By Lemma the sets {f1,..., 8} and (0g, ...0p,) (AT NwA™) are disjoint.

By Lemma [5.20) w’, m1,...,m, is a simply excessively clusterizable configuration of D-multiplicities.
O
Lemma 10.12. Let
j1717 o 7,]‘1,?117
jk,l» R ajk,nk

be a multipath.

‘S”etﬁpﬂzo%1 +.tay,, for1<p<kand0<q<n,.

Set w = U,Bk,7Lk "'UBk,l M. '051,n1 "'051,1 .

Also set mj, | = ny, and set m; =0 if i & {j11,...,Jk1}-

Then w,mq,...,m, is a simply excessively clusterizable configuration of D-multiplicities.

Proof. Induction on k. If k£ = 0, everything is clear, suppose that k£ > 0.

Set w' = OB 1my - OBk11 - OB1py 0By St m;kvl =0, set m} =m; for i # jr1.
By the induction hypothesis, w’,m},...,m! is a simply excessively clusterizable configuration of

D-multiplicities.
Denote I = {j1,1,...,jk—1,1} Then I is set of indices ¢ such that m} > 0.
By the definition of a multipath, ji; ¢ I for 1 < i < ny. Clearly, 0 = Br0, 8k, Pkn, 15 2
path-originating sequence.
By Lemmal[I0.11} w, m1, ..., m, is a simply excessively clusterizable configuration of D-multiplicities.
O

Proposition 10.13. Let | € Z>, let J C 1L
If there exists a multipath in the Dynkin diagram whose total length is | and whose beginnings are
contained in J,

then there exists a configuration of D-multiplicities w,nq, ..., n, with {(w) =1 such that Cy p,,...n, =
1 and such that the set of involved roots is contained in J.

More precisely, if the lengths of the multipath are mq,. .., my and the beginnings are i1, .. .,1k, then
the numbers n; are defined as follows: n;, =my for 1 <p <k andn; =0 if j ¢ {m1,...,my}. The set
of involved roots is {au,, ..., }.

In this case, DI* ... D" is a multiplicity-free monomial.

Proof. Let us keep the notation k, mq,...,mg, and nq,...,n, from the "more precisely” part of the
problem statement.
By Lemma [10.12] there exists w € W such that w,nq,...,n, is a simply excessively clusterizable con-

figuration of D-multiplicities. By Lemma [5.19] w, ny,...,n, is an excessively clusterizable configuration
of D-multiplicities. By Theorem@ Cwni,...m, = L.
The last claim follows from the discussion in the end of Introduction. O

Theorem 10.14. Let I CII.
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the mazximal degree of a multiplicity free monomial DY* ...D, where n; =0 if a; ¢ I, (i. e. the

mazimal value of the sum ny + ...+ n,. over all r-tuples ny,...,n, of nonnegative integers such that
D" ...Dpr is a multiplicity-free monomial and n; = 0 for each o; € II\ I)
equals

the mazximal total length of a multipath in the Dynkin diagram whose beginnings are contained in I.

Proof. Follows directly from Corollary [10.9] and Proposition [10.13] O

11 Numerical estimates

Lemma 11.1. If the Dynkin diagram has type A,., then the mazimal degree of a multiplicity free mono-
mial D' ...D isr(r+1)/2

Proof. Tt is easy to construct a multipath of total length r(r +1)/2 =r+4... + 1

1,...,7;
2,...,m1;
T.

Set n1,...,n,. =r,...,1. By Proposition [10.13} DT* ... D" is a multiplicity-free monomial.
On the other hand, r(r +1)/2 is the maximal length of any element of the Weyl group of type A, at
all, so all monomials of higher degrees equal 0 in the Chow ring. O

Recall that we are working only with simply laced Dynkin diagrams.

Lemma 11.2. If there exists a simple path in the Dynkin diagram that passes through all vertices, then
this Dynkin diagram is of type A,.

Proof. Let i1, ...,ix be a path. We can identify the Dynkin diagram we have (denote it by Z) with A,

by sending ¢; + j. Then the edge between i; and 7;; is mapped to the edge between j and j + 1.
Dynkin diagrams have no loops, so there are no other edges in =. There are no other edges in A,

either, so this is an isomorphism of Dynkin diagrams. O

Lemma 11.3. The mazimal total length of a multipath is always < r(r +1)/2. An equality is possible
only of the diagram is of type A,..

Proof. Let

j1,17 oo 7j1,m1a

jk?,l? e ajk,mk

be a multipath. Its total length is mj + ...+ my. By definition, for each i, 1 < i < k, the vertices
J1,1s- -5 Ji—1,1 do not appear among j; 1, ..., ji k- 50, m; <r — (i —1).

So,mi+...+4mp<r+(r—-1)+...4r—k+1<r+@r-1+...+1=r(r+1)/2

This inequality become an equality m; + ... +mg = r(r+1)/2 only if k = r and m; =r — (i — 1)
foralli (1 <i<k).

In particular, if m; + ... 4+ mg = r(r +1)/2, then m; = r. By Lemma this is possible only if
the Dynkin diagram is of type A,. O

Proposition 11.4. If the Dynkin diagram has type D, (r > 4), then the mazimal degree of a multiplicity
free monomial DT* ... D isr(r+1)/2 — 1.

Proof. By Theorem [10.14] it suffices to prove that the maximal total length of a multipath in the Dynkin
diagram of type D, is r(r +1)/2 — 1.

Suppose we have a multipath

j1,17 cee ,jl,m“

jk,h e 7jk,mk
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Its total length is my + ... 4+ my.
If k = 1, then the total length of the multipath is at most r — 1 < r(r +1)/2 —1
If £ > 2, then, by the definition of a multipath,

j2717 LR 7j2,mz7

Ik, 1y s Jkmy

is a multipath that avoids vertex j; ;1. In other words, if we denote the original Dynkin diagram by
E, then this is a multipath in the Dynkin diagram Z\ {j11}. Its total length is mg + ... 4+ my. By
Lemma me+...+mp < (r—1)r/2.

J115--+»J1,m, is a simple path in the whole Dynkin diagram of type D,, so by Lemma[T1.2} its length
is at most r — 1, in other words, m; < r — 1.

Therefore, m1 + ...+ m, <r—1+@r—-1r/2=r+r(r—-1)/2—-1=r(r+1)/2—-1.

An example of multipath of total length r(r 4+ 1)/2 — 1 can be constructed as follows:

ror—2,r—3,...,1;

r—1,r—2,...,1;

r—2,...,1;

1.

The total length is indeed (r— 1)+ (r—1)+(r—2)+...41=(r+...+1)—-1=r(r+1)/2-1. O
Theorem 11.5. If the Dynkin diagram has type E, (6 <r < 8), then the mazimal degree of a multiplicity
free monomial DT ... DI isr(r+1)/2 —2.

In other words, this mazimal degree

for Eg is 19,

for Er is 26,

for Eg is 34.

Proof. Similar to type D.

By Theorem it suffices to prove that the maximal total length of a multipath in the Dynkin
diagram of type E, is r(r +1)/2 — 2.

Suppose we have a multipath

j1,17 e 7j1,m13

jk,17 oo ajk,mk

Its total length is mq + ... + mg.

If K =1, then the total length of the multipath is at most r — 1 < 8 < 19.
If k£ > 2, then, by the definition of a multipath,

J2,15-+5J2,ma

Tk, s« s Jhymy

is a multipath that avoids vertex ji,;. In other words, if we denote the original Dynkin diagram by
=, then this is a multipath in the Dynkin diagram =\ {j1,1}. Its total length is mo + ... + my.

Let us consider 2 cases:

Case 1. j11 =2.

Then E\ {j1,1} is a diagram of type A,_;. By Lemma mo+...+mg < (r—1)r/2. A direct
observation of Dynkin diagrams of types Fg, F7, and Eg shows that the maximal length of a path in =
starting at 2 is always r —2,som; <r—2,and m;+...4+m, <r—-2+(r—-1)r/2=r+r(r—-1)/2-2=
r(r+1)/2—2.

Case 2. ji11 # 2.

Then a direct observation of Dynkin diagrams of types Eg, E7, and Eg shows that E\ {j1,1} is not
of type A,_1. (More precisely, it can be

either of types D or E, if j;; is 1 or r,

or not connected if j1 1 # 1 and ji1 # r.)

By Lemma[I1.3] mo+ ... +my < (r —1)r/2, and mo + ... + my < (r — 1)r/2 — 1.
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J11s--+,J1,m, is a simple path in the whole Dynkin diagram of type D,, so by Lemma[I1.2} its length
is at most 7 — 1, in other words, m; < r — 1. Therefore, m; + ...+ m, <r—14+(r —-1)r/2 -1 =
r+r(r—1)/2—-2=r(r+1)/2-2.

It is easy to construct a multipath of total length r(r +1)/2 — 2:

2,4,5,...,7;
1,3,4,5,...,7;
3,4,5,...,1;
r

The total length is indeed (r—2)+ (r—1)+(r—=2)+...41=(r+...+1)—-2=r(r+1)/2-2. O

Lemma 11.6. If the Dynkin diagram is the disjoint union of several subdiagrams =1, ...,2,, and for
each 1,

the maximal total length of a multipath in Z;

18 My,

then the mazimal total length of a multipath in the whole Dynkin diagram is mi + ...+ my,.

Proof. Follows directly from the definition of a multipath. O
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