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Èñ÷èñëèòåëüíàÿ ãåîìåòðèÿ

Çàäà÷à Øóáåðòà

Ñêîëüêî ïðÿìûõ ïðîõîäèò ÷åðåç ÷åòûðå çàäàííûå ïðÿìûå
â 3-õìåðíîì ïðîñòðàíñòâå?
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Èñ÷èñëèòåëüíàÿ ãåîìåòðèÿ

Öåëü

Íàñ èíòåðåñóþò òîëüêî òå êîíôèãóðàöèè, äëÿ êîòîðûõ
îòâåò � ìàêñèìàëüíûé êîíå÷íûé. Åãî è íóæíî íàéòè.

Ìîòèâèðîâêà

Â çàäà÷àõ êîìïëåêñíîé èñ÷èñëèòåëüíîé ãåîìåòðèè ïî÷òè

âñå êîíôèãóðàöèè äàþò ìàêñèìàëüíûé êîíå÷íûé îòâåò.
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Èñ÷èñëèòåëüíàÿ ãåîìåòðèÿ

Ðèñóíîê Frank Sottile
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Ãåðìàí Øóáåðò (1848-1911),
íåìåöêèé ìàòåìàòèê
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Îáîáùåíèå

Âìåñòî ïðÿìûõ (èëè ïîäïðîñòðàíñòâ) ìîæíî
ðàññìàòðèâàòü ôëàãè: òî÷êà ∈ ïðÿìàÿ ⊂ ïëîñêîñòü ⊂. . .
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Ïðèìåð

Ôëàãè íà ïëîñêîñòè: òî÷êà ∈ ïðÿìàÿ.
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Óñëîâèÿ íà ôëàãè



Ðàçëîæåíèå Áðþà

Óïðàæíåíèå

Ãðóïïà ëèíåéíûõ îïåðàòîðîâ, îñòàâëÿþùèõ íà ìåñòå
äàííûé ôëàã, èçîìîðôíà ãðóïïà âåðõíåòðåóãîëüíûõ
ìàòðèö â GLn.

Îáîçíà÷åíèå
B � ãðóïïà âåðõíåòðåóãîëüíûõ ìàòðèö GLn

Òåîðåìà

GLn =
⊔
w∈Sn

BwB

Ïðèìåð n = 2

GL2 = B

(
0 1
1 0

)
B t B
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Ôëàãè è ñèììåòðè÷åñêàÿ ãðóïïà

Âçàèìíûå ðàñïîëîæåíèÿ äâóõ ôëàãîâ ↔ ïåðåñòàíîâêè â S3

s1 := (1 2), s2 := (2 3)

id s1 s2
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Ñèììåòðè÷åñêàÿ ãðóïïà

Ïåðåñòàíîâêè â ñòàíäàðòíîé ôîðìå

id =
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1 2 3
1 2 3
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s1 =
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1 2 3
2 1 3
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Îïåðàòîðû ðàçäåë�åííûõ ðàçíîñòåé

Îïðåäåëåíèå

Îïåðàòîð ðàçäåë�åííûõ ðàçíîñòåé δi (äëÿ i = 1,. . . , n − 1)
äåéñòâóåò íà êîëüöå ìíîãî÷ëåíîâ Z[x1, . . . , xn] îò n ïåðåìåííûõ

ñ öåëûìè êîýôôèöèåíòàìè ñëåäóþùèì îáðàçîì:

δi : f 7→
f (x1, . . . , xi , xi+1, . . . , xn)− f (x1, . . . , xi+1, xi , . . . , xn)

xi − xi+1
.

Ïðèìåð

δ1(x
2
1 ) =

x21 − x22
x1 − x2

= x1 + x2
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Îïåðàòîðû ðàçäåë�åííûõ ðàçíîñòåé

Ñâîéñòâà

1. Åñëè f íå ìåíÿåòñÿ ïðè ïåðåñòàíîâêå ïåðåìåííûõ xi è xi+1,

òî δi (f ) = 0

2. Äëÿ ëþáîãî f ìíîãî÷ëåí δi (f ) íå ìåíÿåòñÿ ïðè

ïåðåñòàíîâêå ïåðåìåííûõ xi è xi+1

3. δ2i = 0 (ñëåäóåò èç 1 è 2)

4. δiδi+1δi = δi+1δiδi+1
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Ìíîãî÷ëåíû Øóáåðòà

w ∈ Sn � ïåðåñòàíîâêà; w = si1 . . . si` � êðàò÷àéøåå

ðàçëîæåíèå â ïðîèçâåäåíèå ýëåìåíòàðíûõ òðàíñïîçèöèé

Îïðåäåëåíèå

Ìíîãî÷ëåí Øóáåðòà Sw ∈ Z[x1, . . . , xn], ñîîòâåòñòâóþùèé
ïåðåñòàíîâêå w , îïðåäåëÿåòñÿ êàê

δi`δi`−1
. . . δi1Sid ,

ãäå

Sid := xn−11 xn−22 . . . xn−1.

Óïðàæíåíèå

Ìíîãî÷ëåí Øóáåðòà Sw çàâèñèò òîëüêî îò âûáîðà

ïåðåñòàíîâêè w , à íå îò âûáîðà êðàò÷àéøåãî ðàçëîæåíèÿ.



Ìíîãî÷ëåíû Øóáåðòà

w ∈ Sn � ïåðåñòàíîâêà; w = si1 . . . si` � êðàò÷àéøåå

ðàçëîæåíèå â ïðîèçâåäåíèå ýëåìåíòàðíûõ òðàíñïîçèöèé

Îïðåäåëåíèå

Ìíîãî÷ëåí Øóáåðòà Sw ∈ Z[x1, . . . , xn], ñîîòâåòñòâóþùèé
ïåðåñòàíîâêå w , îïðåäåëÿåòñÿ êàê

δi`δi`−1
. . . δi1Sid ,

ãäå

Sid := xn−11 xn−22 . . . xn−1.

Óïðàæíåíèå

Ìíîãî÷ëåí Øóáåðòà Sw çàâèñèò òîëüêî îò âûáîðà

ïåðåñòàíîâêè w , à íå îò âûáîðà êðàò÷àéøåãî ðàçëîæåíèÿ.



Ìíîãî÷ëåíû Øóáåðòà

w ∈ Sn � ïåðåñòàíîâêà; w = si1 . . . si` � êðàò÷àéøåå

ðàçëîæåíèå â ïðîèçâåäåíèå ýëåìåíòàðíûõ òðàíñïîçèöèé

Îïðåäåëåíèå

Ìíîãî÷ëåí Øóáåðòà Sw ∈ Z[x1, . . . , xn], ñîîòâåòñòâóþùèé
ïåðåñòàíîâêå w , îïðåäåëÿåòñÿ êàê

δi`δi`−1
. . . δi1Sid ,

ãäå

Sid := xn−11 xn−22 . . . xn−1.

Óïðàæíåíèå

Ìíîãî÷ëåí Øóáåðòà Sw çàâèñèò òîëüêî îò âûáîðà

ïåðåñòàíîâêè w , à íå îò âûáîðà êðàò÷àéøåãî ðàçëîæåíèÿ.



Ìíîãî÷ëåíû Øóáåðòà

Ïðèìåð n = 3

Sid = x21x2 Ss1 = x1x2 Ss2 = x21

Ss1s2 = x1 Ss2s1 = x1 + x2
Ss1s2s1 = 1

Ïðèìåð n = 4, w = s3s2s1

Sw = x21x2 + x1x
2
2 + x21x3 + x1x2x3 + x22x3



Ìíîãî÷ëåíû Øóáåðòà

Ïðèìåð n = 3

Sid = x21x2 Ss1 = x1x2 Ss2 = x21

Ss1s2 = x1 Ss2s1 = x1 + x2
Ss1s2s1 = 1

Ïðèìåð n = 4, w = s3s2s1

Sw = x21x2 + x1x
2
2 + x21x3 + x1x2x3 + x22x3



Ìíîãî÷ëåíû Øóáåðòà
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2
2 + x21x3 + x1x2x3 + x22x3



Ìíîãî÷ëåíû Øóáåðòà

Ïðèìåð n = 3
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Ìíîãî÷ëåíû Øóáåðòà

Ïðèìåð n = 3

Sid = x21x2 Ss1 = x1x2 Ss2 = x21
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Sw = x21x2 + x1x
2
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Ìíîãî÷ëåíû Øóáåðòà

Ïðèìåð n = 3

Sid = x21x2 Ss1 = x1x2 Ss2 = x21

Ss1s2 = x1 Ss2s1 = x1 + x2
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Ìíîãî÷ëåíû Øóáåðòà
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Ïðèìåð n = 4, w = s3s2s1

Sw = x21x2 + x1x
2
2 + x21x3 + x1x2x3 + x22x3



Ìíîãî÷ëåíû Øóáåðòà

Ïðèìåð n = 3

Sid = x21x2 Ss1 = x1x2 Ss2 = x21

Ss1s2 = x1 Ss2s1 = x1 + x2
Ss1s2s1 = 1

Ïðèìåð n = 4, w = s3s2s1

Sw = x21x2 + x1x
2
2 + x21x3 + x1x2x3 + x22x3



Âîäîïðîâîäíûå ñåòè (pipe-dreams)

Êîíñòðóêöèÿ

Â êàæäóþ êëåòêó n × n òàáëèöû, ëåæàùóþ íàä äèàãîíàëüþ

i + j = n, âñòàâëÿåòñÿ ôðàãìåíò âîäîïðîâîäà îäíîãî èç äâóõ

òèïîâ:

Ïåðåñå÷åíèå Ðàñõîæäåíèå

Ïðîäîëæåíèå

Âî âñå êëåòêè íà äèàãîíàëè i + j = n âñòàâëÿþòñÿ ôðàãìåíòû



Âîäîïðîâîäíûå ñåòè (pipe-dreams)

Êîíñòðóêöèÿ

Â êàæäóþ êëåòêó n × n òàáëèöû, ëåæàùóþ íàä äèàãîíàëüþ

i + j = n, âñòàâëÿåòñÿ ôðàãìåíò âîäîïðîâîäà îäíîãî èç äâóõ

òèïîâ:

Ïåðåñå÷åíèå Ðàñõîæäåíèå

Ïðîäîëæåíèå

Âî âñå êëåòêè íà äèàãîíàëè i + j = n âñòàâëÿþòñÿ ôðàãìåíòû



Âîäîïðîâîäíûå ñåòè (pipe-dreams)

Êîíñòðóêöèÿ

Â êàæäóþ êëåòêó n × n òàáëèöû, ëåæàùóþ íàä äèàãîíàëüþ

i + j = n, âñòàâëÿåòñÿ ôðàãìåíò âîäîïðîâîäà îäíîãî èç äâóõ

òèïîâ:

Ïåðåñå÷åíèå Ðàñõîæäåíèå

Ïðîäîëæåíèå

Âî âñå êëåòêè íà äèàãîíàëè i + j = n âñòàâëÿþòñÿ ôðàãìåíòû



Âîäîïðîâîäíûå ñåòè (pipe-dreams)

Êîíñòðóêöèÿ

Â êàæäóþ êëåòêó n × n òàáëèöû, ëåæàùóþ íàä äèàãîíàëüþ

i + j = n, âñòàâëÿåòñÿ ôðàãìåíò âîäîïðîâîäà îäíîãî èç äâóõ

òèïîâ:

Ïåðåñå÷åíèå Ðàñõîæäåíèå

Ïðîäîëæåíèå

Âî âñå êëåòêè íà äèàãîíàëè i + j = n âñòàâëÿþòñÿ ôðàãìåíòû



Âîäîïðîâîäíûå ñåòè (pipe-dreams)

Êîíñòðóêöèÿ

Â êàæäóþ êëåòêó n × n òàáëèöû, ëåæàùóþ íàä äèàãîíàëüþ

i + j = n, âñòàâëÿåòñÿ ôðàãìåíò âîäîïðîâîäà îäíîãî èç äâóõ

òèïîâ:

Ïåðåñå÷åíèå Ðàñõîæäåíèå

Ïðîäîëæåíèå

Âî âñå êëåòêè íà äèàãîíàëè i + j = n âñòàâëÿþòñÿ ôðàãìåíòû



Âîäîïðîâîäíûå ñåòè

Ïðèìåð n=3

Âîäîïðîâîäíàÿ ñåòü,

ðåàëèçóþùàÿ ýëåìåíòàðíóþ

òðàíñïîçèöèþ (1 2) ∈ S3.



Âîäîïðîâîäíûå ñåòè

Ïðèìåð n=3

Âîäîïðîâîäíàÿ ñåòü,

ðåàëèçóþùàÿ ýëåìåíòàðíóþ

òðàíñïîçèöèþ (1 2) ∈ S3.



Âîäîïðîâîäíûå ñåòè

Ïðèìåð n=3

Âîäîïðîâîäíàÿ ñåòü,

ðåàëèçóþùàÿ ýëåìåíòàðíóþ

òðàíñïîçèöèþ (1 2) ∈ S3.



Âîäîïðîâîäíûå ñåòè

Ïðèìåð n=3

Âîäîïðîâîäíàÿ ñåòü,

ðåàëèçóþùàÿ ýëåìåíòàðíóþ

òðàíñïîçèöèþ (1 2) ∈ S3.



Âîäîïðîâîäíûå ñåòè

Êàæäîé âîäîïðîâîäíîé ñåòè D ìîæíî ïîñòàâèòü â ñîîòâåòñòâèå

ïåðåñòàíîâêó w(D) ∈ Sn è ìîíîì x(D) ∈ Z[x1, . . . , xn]

Îïðåäåëåíèå ïåðåñòàíîâêè

Òðóáà, âõîäÿùàÿ â ñòîëáöå i , âûõîäèò â ñòðîêå w(i).

Îïðåäåëåíèå ìîíîìà

x(D) = x
÷èñëî+ â 1-îì ñò-öå
1 · x÷èñëî+ âî 2-îì ñò-öå

2 ·. . .

·x÷èñëî + â (n − 1)-îì ñò-öå
n−1



Âîäîïðîâîäíûå ñåòè

Êàæäîé âîäîïðîâîäíîé ñåòè D ìîæíî ïîñòàâèòü â ñîîòâåòñòâèå

ïåðåñòàíîâêó w(D) ∈ Sn è ìîíîì x(D) ∈ Z[x1, . . . , xn]

Îïðåäåëåíèå ïåðåñòàíîâêè

Òðóáà, âõîäÿùàÿ â ñòîëáöå i , âûõîäèò â ñòðîêå w(i).

Îïðåäåëåíèå ìîíîìà

x(D) = x
÷èñëî+ â 1-îì ñò-öå
1 · x÷èñëî+ âî 2-îì ñò-öå

2 ·. . .

·x÷èñëî + â (n − 1)-îì ñò-öå
n−1



Âîäîïðîâîäíûå ñåòè

Êàæäîé âîäîïðîâîäíîé ñåòè D ìîæíî ïîñòàâèòü â ñîîòâåòñòâèå

ïåðåñòàíîâêó w(D) ∈ Sn è ìîíîì x(D) ∈ Z[x1, . . . , xn]

Îïðåäåëåíèå ïåðåñòàíîâêè

Òðóáà, âõîäÿùàÿ â ñòîëáöå i , âûõîäèò â ñòðîêå w(i).

Îïðåäåëåíèå ìîíîìà

x(D) = x
÷èñëî+ â 1-îì ñò-öå
1 · x÷èñëî+ âî 2-îì ñò-öå

2 ·. . .

·x÷èñëî + â (n − 1)-îì ñò-öå
n−1



Âîäîïðîâîäíûå ñåòè

Ýòîé ñåòè ñîîòâåòñòâóåò ìîíîì

x1.



Âîäîïðîâîäíûå ñåòè

Ýòîé ñåòè ñîîòâåòñòâóåò ìîíîì

x1.



Âîäîïðîâîäíûå ñåòè

Ýòîé ñåòè ñîîòâåòñòâóåò ìîíîì

x1.



Òåîðåìà Êèðèëëîâà�Ôîìèíà

Îïðåäåëåíèå

Âîäîïðîâîäíàÿ ñåòü íàçûâàåòñÿ ïðèâåä�åííîé, åñëè íèêàêèå äâå

òðóáû íå ïåðåñåêàþòñÿ áîëüøå îäíîãî ðàçà.

Îáîçíà÷åíèå

w0 :=

(
1 2 . . . n
n (n − 1) . . . 1

)

Òåîðåìà

Sw =
∑

w(D)=w0w

x(D),

ãäå ñóììà èä�åò òîëüêî ïî ïðèâåä�åííûì âîäîïðîâîäíûì ñåòÿì

D.



Òåîðåìà Êèðèëëîâà�Ôîìèíà

Îïðåäåëåíèå
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ãäå ñóììà èä�åò òîëüêî ïî ïðèâåä�åííûì âîäîïðîâîäíûì ñåòÿì

D.



Òåîðåìà Êèðèëëîâà�Ôîìèíà
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ãäå ñóììà èä�åò òîëüêî ïî ïðèâåä�åííûì âîäîïðîâîäíûì ñåòÿì

D.


